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Abstract

Elliptical copulas provide flexibility in modeling the dependence structure of a random vec-
tor. They are often parameterized with a correlation matrix and a scalar function, called
generator. The estimation of the generator can be challenging, because it is a functional
parameter. In this dissertation, we provide a rigorous approach to estimating the generator
in a Bayesian framework, which is simpler, more robust, and outperforms existing estima-
tion methods in the literature. Based on the proposed framework in this dissertation, other

researchers may modify the model for other types of generators in their own research.
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Chapter 1

Introduction

1.1 Copula

Suppose we are asked to compare the two bivariate data sets in Figure 1.1 in terms of the
underlying dependence structures between the two respective variables. By eyeballing the
scatter plots, the two data sets seem very different. The X = (X;, X;) data are more
concentrated in the center while the Y = (Y},Y5) data are more dense in the bottom
left corner. Just by observing the two scatter plots, it is difficult to notice the similarity
between their dependence structures, since the linear correlation between X; and X, (or

between Y] and Y3) depends on their marginal distributions.
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Figure 1.1: Scatter plots of n = 500 observations from two bivariate distributions.
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Figure 1.2: Kernel density estimations of (Xj, X3) and of (Y7, Y3).

We obtain estimates of the marginal probability densities of (X, X») and (Y3, Y3) by
kernel density estimation (KDE) and plot the results in Figure 1.2. We see that variables
X1 and X, have the same marginal distribution, and so do Y; and Y5. But X and Y
have very different marginals. The marginal distribution of X is bell-shaped whereas that
of Y is right-skewed. The difference in the marginal distributions makes the comparison
between the dependence structures of these two bivariate distributions difficult. If we could
transform X and Y, making their marginal distributions identical, it would be much easier
to compare their dependence structures.

In the univariate case, the Probability Integral Transform (PIT) can achieve this goal.

The PIT can transform any continuous distribution into the standard uniform distribution.

Lemma 1 (Probability Integral Transform) Let F' be the cumulative distribution func-
tion (CDF) of a continuous random variable X, that is, X ~ F. Then U = F(X) follows
a standard uniform distribution, that is, U ~ U(0,1). The transformation U = F(X) is

called the Probability Integral Transform.

The PIT can be generalized to the bivariate or multivariate cases. Genest (2018) refers

to the multivariate PIT as the Copula Transform.



Theorem 2 (Copula Transform) Let H be the joint distribution function of a d-dimensional
random vector X = (Xi,...,Xy) and F, ..., F; the continuous marginal CDFs. Then

Uy =Fi(Xy) ~U0,1),...,U; = Fy(Xq) ~U(0,1),
and
U= (U,...,Uy) ~C,

where C' is the copula of H, i.e., a multivariate distribution with standard uniform marginals.

The copula transform converts the margins of a multivariate distribution into the stan-
dard uniform distribution. The transformed random vector U = (Uy,...,Uy) follows a
special multivariate distribution called copula.

If we apply the copula transform to a data set drawn from a multivariate distribution
H, the transformed data set can be viewed as drawn from its copula. The copula trans-
form standardizes the margins of the data sets, which reveals the dependence structure.
Figure 1.3 is the scatter plots after applying the copula transform to X and Y. We can

easily tell that their dependence structures are exactly the same.
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Figure 1.3: Scatter plots of X (left) and Y (right) after applying the copula transform,

revealing the dependence structure.

The above example shows that a multivariate distribution has an underlying copula,

which captures the dependence structure between the random variables. This copula can



be obtained through the copula transform. According to Sklar (1959), a multivariate
distribution with continuous marginals can be uniquely defined by its copula and marginal

distributions.

Theorem 3 (Sklar’s theorem) Given a vector Y = (Yi,...,Yy) of d > 2 continuous

random variables, its joint CDF' can be represented by

H(y1, .- Ya) :C(F1<y1)u---Fd(yd>)a (1.1)

where C' is a copula and F, ..., Fy are marginal CDFs. If the Fi, ..., Fy are continuous,

then C' is unique.

The joint probability density function (PDF) of Y can be obtained by differentiating
the CDF in Equation (1.1) through the chain rule:
OMH (y1, ..., v4)

QY1+ ya
_ _O'Hy. ) ﬁ OF (1)
OF1(y1) -+ - 0F4(ya)

:C(F1<y1),---,Fd(yd)) 'fl(yl) """ fd(yd>7

h(ylv"'ayd) =

where ¢ is the PDF of the copula and f;,72 =1,...,d, are the marginal PDF's of Y.

1.2 Archimedean Copulas

Archimedean copulas have been extensively used in both research and applications, such as
Joe (2014), Genest and MacKay (1986), Genest and Rivest (1993), McNeil and Neslehova
(2009), McNeil (2008) and Miiller and Scarsini (2005). This type of copulas has two main
advantages. First, most Archimedean copulas have an explicit formula. Second, they
only have a single parameter controlling the strength of dependence regardless of their
dimensions, which may be advantageous in modeling the dependence of high-dimensional

data.



A copula C is called Archimedean if it admits the representation

Cuy,...,uq) =" (w(ul) — - w(ud)>,

where 1 is a continuous, strictly decreasing function from [0, 1] to [0, co) such that ¢ (1) = 0.
Common Archimedean copulas include the Clayton copula, the Frank copula and the

Gumbel copula.

e The Clayton copula has the copula function (CDF)

[

0

Clug,...,uq|0) = ( 1+Zu0> , 0€(0,00)
with Kendall’s tau given by 7 = 6/(6 + 2).

e The Frank copula has the copula function

1+J1i1@“*_&m“ml,ee<—umm)\mh

C(ur,y ... uq | 0) :—llog

6 exp(—0) — 1

with Kendall’s tau given by 7 = 1+ 3(D1(0) — 1), where D, () = 5 fo v t —a—dt is
the Debye function.

e The Gumbel copula has the copula function

1
d

WM”WWZM)JHFM%ﬂ 0 el,00),

i=1
with Kendall’s tau given by 7 =1 —1/6.
Figure 1.4 consists of scatter plots of 500 observations from the three bivariate Archimedean

copulas with Kendall’s 7 = 0.7.

1.3 The Inversion Method

Unlike Archimedean copulas, many other copulas, such as the Gaussian copula, do not
have simple analytical forms for their copula functions. In such cases, a common way to

construct the copula is to use the Inversion Method.
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Figure 1.4: Scatter plots of n = 500 independent observations from bivariate Archimedean

copulas with Kendall’s 7 = 0.7.

Given a multivariate distribution F and marginal distributions Fi, ..., Fy, its copula

function C' can be obtained by inverting Equation (1.1) in Sklar’s theorem
Cluy,...,uq) = F[Fy (w),..., Fy (ug)], wa, ... uq € (0,1), (1.2)

where Fy'', ... F; " are the inverses of the marginal CDFs.

Equation (1.2) can be differentiated to obtain the copula density

I (), Fy 't (ug)]
d _
[Tzt fo [Fk 1(Uk)}
where f is the probability density of F' and fi, ..., f4 are the marginal probability densities.

, Uty .., ug € (0,1), (1.3)

c(uy, ..., ug) =

1.4 Gaussian Copula

Gaussian copulas are another important family of copulas beside Archimedean copulas,
related to multivariate Gaussian distributions. According to the Sklar’s Theorem, a multi-

variate Gaussian distribution can be decomposed into a Gaussian copula and a collection



of marginal distributions that are also Gaussian. It is well known that a multivariate dis-
tribution with Gaussian margins is not necessarily a multivariate Gaussian distribution,
because its copula might not be a Gaussian copula.

Gaussian copulas can be derived from multivariate Gaussian distributions by the inver-

sion method. The resulting copula function can be written as
CGaUSS (4 g | Q) = B [0 (wy), ., ()], s ua € (0,1),

where ®~! is the inverse CDF of a standard normal distribution and @, is the joint CDF
of a multivariate Gaussian distribution with mean vector zero and covariance matrix equal
to the correlation matrix €. Figure 1.5 demonstrates the density of a bivariate Gaussian
distribution BVAN(0,p = 0.7) and its underlying copula. Gaussian copulas belong to the
family of elliptical copulas, which are the topic of this dissertation. We introduce elliptical

copulas in subsequent sections of this chapter.

0.2
. 0.15 s
= S
H 0.1 3
= T
0.05

(a) Gaussian distribution (b) Gaussian copula

Figure 1.5: Surface plots of a bivariate Gaussian distribution and its copula.

1.5 Elliptical Distribution

Elliptical copulas are derived from elliptical distributions via the inversion method, which

is why we introduce elliptical distributions first. A d-dimensional continuous random vector



X = (Xy,...,X4) has an elliptical distribution &;(p, X, g) if its density function takes the

form of

flaip, 2, g) = det(S) g (. — p)"S e — p), (1.4)

where
e 1 € R? is the mean vector;
e Y is the covariance matrix;
e ¢ is the generator, which is a non-negative function defined on [0, 00).

Since the dissertation is focused on elliptical copulas, without loss of generality, we only
consider elliptical distributions £(0, 2, g), where €2 is a Pearson correlation matrix. In this
case, the elliptical distribution has identical margins. In later chapters, we refer to the
Pearson correlation matrix simply as a correlation matrix.

Stochastic form:

If a d-variate random vector X has elliptical distribution £(0, (2, g), it can be expressed

in the following stochastic representation (see Fang et al. (2002) and Fang et al. (2005))
X = RAU, (1.5)
where
e Ais a Cholesky factor from the decomposition of Q (AAT = Q);
e U is a random vector uniformly distributed on the unit sphere of R

e R is a continuous nonnegative random variable with density function

27Td/2

(1.6)

e R and U are independent of each other.



A typical example of an elliptical distribution is the multivariate Gaussian distribution,
whose generator takes the form of g(t) o exp(—1/2). Figure 1.6 shows a scatter plot of
2000 observations from the bivariate Gaussian distribution, which forms an ellipse. This is

the motivation for the term “elliptical” distributions.

N W b

X

Figure 1.6: Scatter plot of n = 2000 observations from a bivariate normal distribution with

= (0,0) and correlation p = 0.8.

Table 1.1, taken from Lemonte and Patriota (2011), includes common elliptical distri-
butions and their generators. For a detailed introduction to elliptical distributions, see

Fang and Zhang (1990).

1.6 Elliptical Copulas

Elliptical copulas, also called meta-elliptical copulas, were originally introduced by Fang

et al. (2002). These copulas induce a dependence structure of elliptical distributions, the

same way Gaussian copulas describe the dependence in multivariate Gaussian distributions.
The density of an elliptical copula can be derived from the density of an elliptical

distribution £(0, 2, ¢g) via the inversion method,

det($2) /29 (Qu (w) 72 1Qs ()

. we (0,19 1.7
15, f1(Qu(wy)) =10 7

c(u |, g) =



Table 1.1: Different elliptical distributions and their generators.

Elliptical distribution Distribution of R? Generating function g(t)
Normal R? ~ X3y clexp(—t/2)

Student R%*/d ~ F(d,v) c(1+4t/v)d)/2

Pearson type II R* ~Beta(d/2,v+1) c(1—t)", te[-1,1,v>—1
Logistic R? ~ *2 cet/(1+et)?

! The ¢ is normalizing constant.

2 The distribution of R? is not a standard distribution and its kernel is

(TZ)(d—z)/ze—ﬂ/(l + e—r2)2_

where the numerator is the density of £(0,€2,¢) and f; and (), in the denominator are
respectively the marginal PDF and the marginal inverse CDF of £(0, 2, g).

We denote the elliptical copula in (1.7) as C(€2,¢g), and call £(0,€, g) the “associated”
elliptical distribution, which means that it is the distribution from which the copula is
derived. As we see, the elliptical copula C(£2, g) has exactly the same parameters as its as-
sociated elliptical distribution. To some extent, estimating an elliptical copula is equivalent
to estimating the associated elliptical distribution.

As mentioned before, a copula describes the dependence structure of a multivariate
distribution. When it comes to elliptical copulas, the correlation matrix €2 describes the
linear dependence. In this dissertation, we will only focus on the estimation of generators.

The correlation matrix is assumed known or its estimate is obtained in a separate procedure.

10
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Figure 1.7: Scatter plots of n = 500 observations from two elliptical copulas with correlation

p=0.7.
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Chapter 2

The Generator of an Elliptical Copula

2.1 Relation between the Generator and R

An elliptical copula is parameterized by the correlation matrix €2 and the generator g. The
generator g can be expressed by the PDF of R. Recall that R is the random variable in
the stochastic form of the associated elliptical distribution £(0, {2, g) and the PDF of R is
denoted by h(r).

Most of the relevant literature, such as Genest et al. (2007) and Liebscher (2005),

mentions the relation between g of h(r) as follows

'(d/2)
g(t) = %t(l D2p(tH2), t > 0 <= h(r) =

omd/2

WT’ g(r?), r > 0. (2.1)

The generator can also be expressed through the density of the squared radius R%. Denoting

the squared radius R? by Y, and the probability density of Y by fy, we have

d 7T'd/2
o) = B0, 120 frlo) =

[NJisH

-1

g(y), m>0. (2.2)

Equations (2.1) and (2.2) are equivalent. In fact, g can also be written in terms of the
PDF of other functions of R, such as R, V'R, or R*, where a is power. Once the PDFs of
these random variables are available, h(r) can easily be obtained by a transformation.

The key to understanding the generator is understanding the role of R. The notation
R actually means “radius”. To explain this, we introduce a special elliptical distribution

called spherical distribution.

12



2.2 Spherical Distribution

When p = 0 and (2 is the identity matrix I, the elliptical distribution £(0, 1,4, g) is called
spherical distribution which can be denoted by SP(g). If a random vector X has elliptical
distribution £(0, (2, g), then

Y =A'X ~ SP(y),

where A is the Cholesky factor of 2. If a random vector Y has spherical distribution
SP(g), then

X = AY ~ £(0,Q, g).

X

(a) Scatter plot of X ~ £(0,€2, g). (b) Scatter plot of Y = A71X.

Figure 2.1: Scatter plots of n = 2000 observations from a bivariate elliptical distribution

and its associated spherical distribution.

Figure 2.1 shows the relation between £(0,€,g) and SP(g). Instead of an ellipse, a
bivariate spherical distribution forms a circle centered at the origin. If a random vector
Y follows SP(g), there is no linear dependence between its entries. The operation A~ X
removes the linear correlation from the entries of X, whereas the operation AY restores

linear dependence.

13



If the random vector X has elliptical distribution, it has the stochastic representation
X = RAU, as shown in Equation (1.5). The vector Y = A~' X has spherical distribution
and its stochastic form is Y = RU. It is not difficult to see that the R in stochastic
form (1.5) is equal to (Y7Y)~'/2 which is the Euclidean distance from Y to the origin.
The two-dimensional spherical distribution forms a circle and R can be intuitively viewed
as its “radius”. For a detailed introduction to spherical distributions, see Kelker (1970),
Cambanis et al. (1981) and Steerneman and van Perlo-ten Kleij (2005). For now, we only

need to remember that R is a radius.

17 /——--—. 4
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Y1 Yl
(a) Uniform distribution on a unit sphere. (b) Spherical distribution.

Figure 2.2: Scatter plots of n = 500 observations from a uniform distribution on sphere

and a spherical distribution.

A spherical distribution should not be confused with another distribution related to
spheres, which is the uniform distribution on a sphere. In most situations, the dimension of
a sphere is at least three, but for simplicity, we use the two-dimensional case to demonstrate
the difference. Figure 2.2 displays scatter plots of a sample from a uniform distribution
on the unit sphere and a sample from a spherical distribution. The difference is obvious:
the uniform distribution on a sphere forms a hollow circle while the spherical distribution

forms a solid circle. Also, all points in plot (a) are equally distant from the origin while
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the distances of the points in plot (b) to the origin are different.

A spherical distribution is determined by h(r), which is the distribution of R in the
stochastic form. Equivalently, it can be determined from the generator g because g and
h(r) have a one-to-one relation. Drawing a sample from a spherical distribution is a two-

step procedure:
1. Draw a radius R from its distribution h(r);
2. Draw a point uniformly from a sphere with radius equal to R.

A spherical distribution is made of uniform distributions on spheres with a random radius
distributed with density function h(r). Thus, the solid circle in Figure 2.2 (a) is actually
formed by many hollow circles with all different radii. Now we have a better understanding

of R and its distribution h(r).

2.3 Nonlinear Dependence

Generalizing our statements in the previous section to the d-dimensional case, if a d-

dimensional random vector Y has spherical distribution, then its entries must satisfy

\/Y12+Y22+..._|_Y2:Rwh(r). (2'3)

The dependence described in Equation (2.3) is nonlinear. In fact, the correlations between
entries of Y are all zero, which means that these entries are linearly independent.

A spherical distribution has only nonlinear dependence, which is described by the dis-
tribution of R. The generator is derived from the distribution of R, and so it also contains
information of nonlinear dependence.

We now take a look at the parameters of an elliptical copula C(£2, g). The correlation
matrix informs us about the linear dependence, while the generator expresses nonlinear

dependence. This is how a copula describes the entire dependence structure.
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2.4 Condition 1

The generator cannot be an arbitrary function. Equations (2.1) and (2.2) show that h(r)
and the generator are related. Since h(r) is a probability density, it must integrate to one,

and so the generator g must satisfy

% 2t d—1_/ 2 a1 2 I'(d/2)
/0 F(d/2)r g(r )drzl(z)/o r¢g(r?)dr = o2 (2.4)
If we derive this condition in terms of the PDF of Y = R?, it can be expressed as
00 7Td/2 J 00 F(d/Q)
— P () dy = 1 = / 4210 () dy = . 2.5
/0 rd/2)” 9(y)dy Y 9(y)dy = —5 (2.5)

Equations (2.4) and (2.5) are equivalent. We refer to both of them as Condition 1. Beside
Condition 1, g needs to satisfy other conditions but those are relatively weak and will not be
discussed in this dissertation. See Derumigny and Fermanian (2022) for other constraints

on g.

2.5 Normalization of a Copula Generator

Given a function that does not satisfy Equation (2.4) or Equation (2.5), it can be trans-
formed to satisfy Condition 1. We call this process “normalization”, because it amounts
to normalizing the corresponding PDF of R. Algorithm 1 describes the steps to normalize

a generator.

Algorithm 1 Normalization of a Generator

Input: A function g that is not normalized.

1: Compute Z; = [;°t%?7!g(t)d¢t, where the integrand is the kernel of the PDF of R%;

d/2

2: Denote Sd = m,

3: Calculate §(t) = Sdlzlg(t).

Output: A normalized § satisfying Condition 1 in Equation (2.4).
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2.6 Identifiability

The elliptical copula C(£2, g) is parameterized in the same way as its associated elliptical
distribution £(0,2, g). However, generators are not unique and identifiable for elliptical
copulas. This problem has been discussed by Derumigny and Fermanian (2022).
Here we give a simplified explanation. For a given generator g, the marginal CDF and
PDF of £(0,, g) are given by
Fy(x) = % + W(d—l)/; /Ox /:(y —u?) g (y)dydu,

ey (2.6)

d-1)/2 oo o
) = Ty [ = a0 ().

P(z) ?

Thus, an elliptical distribution’s generator not only contains information about the non-
linear dependence, but also information about the marginal distributions. This can cause
an identifiability problem when using g to parameterize an elliptical copula. In particular,
assume that two elliptical distributions, £(0,€, g,) and £(0, 2, g,), share the same depen-
dence structure but have different marginal distributions. In such a case, these distributions
have different generators, g, and g,, but their copulas are the same, which can be denoted
by either C(£2,g,) or C(€,gy). It should be mentioned that the correlation matrix 2 is
unique and identifiable for elliptical copulas, because the correlation matrix contains only
information about the linear dependence.

Derumigny and Fermanian (2022) propose a transformation for changing the generator
of an elliptical copula without modifying the dependence structure. Specifically, let €2 be
a positive definite correlation matrix and ¢ a generator. Then, for any positive value a,
C(Q2,9) = C(, ga) by setting

9a(1) = a”g(at). (2.7)

In other words, the dependence structure induced by g is invariant under the transformation
(2.7), although the marginal distribution Fj and f, have changed to Fj, and f,, because

of their relation to the generator described in Equation (2.6).
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2.7 Standardization of the Copula Generator

It was shown in the previous section that the generator of an elliptical copula is not unique
or identifiable because it contains information on both the dependence and the marginal
distribution. The transformation (2.7) can modify the corresponding marginal distribution
associated with a generator without changing the dependence structure. This transforma-
tion is able to make the generator unique and constrain the marginal distribution to a have
a specific form.

According to Derumigny and Fermanian (2022), for an elliptical copula, there “most

often” exists a unique normalized generator g satisfying

d—1

T )/OO s%g(s)ds =0, (2.8)

(4
where b is a positive number that we call a standardization constant. In other words, each
elliptical copula has only one generator satisfying the constraint in Equation (2.8).
The quantity b is in fact f,(0). Recall that f, is the marginal PDF derived from g via
Equation (2.6). When fixing f,(0) = b, f, is specified. We do not need to fix the values of
fy everywhere to specify the marginal distribution. For a detailed proof, see Proposition 3

and Appendix A and in Derumigny and Fermanian (2022).

Algorithm 2 Standardizing the Generator

Input: A generator ¢ that is already normalized by Algorithm 1, such that Z; =
2 15(0)dt = T(d/2) 2

1: Compute and Z, = [ t{=3/2g(t)dt ;

2: Set 8 = (b/(sae1T2))?, where b is any positive constant, and sg_; =
a0 /T ((d = 1)/2) ;

3: Calculate g, = 872 §(31) ;

Output: A modified version g satisfying the normalization and identification constraints.

We provide Algorithm 2 for standardizing the generator of an elliptical copula. It has

been modified from the algorithm in Derumigny and Fermanian (2022).
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2.8 Literature Review

Though elliptical copulas were introduced a while ago, research on the estimation of ellip-
tical copulas is fairly limited. Related articles are mostly focused on the application of a
specific type of elliptical copula, such as a Gaussian copula or a Student-t copula. In other
words, these articles assume a known generator g. Genest et al. (2007) assume that the
generator g is unknown but is one option from a fixed list, such as those listed in Table 1.1.
Genest et al. (2007) provide goodness-of-fit tests to select the best generator from a list
for a given data set but there is no rigorous way to estimate the generator of an elliptical
copula.

Recently, an iterative procedure was proposed by Derumigny and Fermanian (2022).
This iterative procedure estimates the generator of an elliptical copula on a pre-specified
grid. The algorithm interactively “translates” the copula data into pseudo data having
an elliptical distribution and then estimates the generator of the elliptical distribution
using the procedure from Liebscher (2005). There are two major deficiencies in their
algorithm. Firstly, it does not show very good results in some simulation studies. Secondly,
Derumigny and Fermanian (2022) do not evaluate the likelihood through the density of
elliptical copulas, rather, they estimate an elliptical distribution from the transformed
data. This makes the assessment of their algorithm difficult. Besides, there is no proof of
convergence of their algorithm, though it seems to have converged in their experiments.

Liebscher (2005) provides an estimator of the generator g of elliptical distributions,
which is constructed indirectly through the estimator of h(r). We have introduced Lieb-
scher’s model in Chapter 3. This method works on elliptical distributions. Estimation of
the generator of an elliptical copula and an elliptical distribution can be quite different due
to two factors. Firstly, the generator of elliptical copulas is not unique, as mentioned in
Section 2.6. Secondly, the estimation of elliptical copulas involves the evaluation of the
marginal quantile function and the marginal probability density function of its associated

elliptical distribution, both of which have no closed form in many cases.
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Chapter 3

Methodology

3.1 Modeling the Generator

To estimate the generator, we first need to construct a model for it. In Section 2.4, we
have mentioned in Section 2.4 that to be a generator, a function must satisfy Condition 1
described in Equation (2.4). The model for g can be constructed through the density of R
or the density of R? because of the relations described in equations (2.1) and (2.2). In this
case, the model automatically satisfies Condition 1.

We model the generator g via fy(y), which is the density of the squared radius, i.e.,
Y = R?. Assume that we have a model for fy(y), denoted by m(y), then a model for g,
denoted by ¢, (%), can be written as

Gm(t) = %tl‘mm(t). (3.1)

We refer to model (3.1) as the “naive model”. The deficiency of the naive model is discussed
in Liebscher (2005). The lim; o g,n(t) goes to oo when m(y) is bounded away from 0 in a
neighborhood of zero because lim,_,ot'~%? = 0o when the dimension d is greater than 2.
This implies that the copula density (1.7) goes to infinity at w = (1/2,1/2,...,1/2). In

many cases, we do not want such a strong constraint on the model.

3.1.1 A Model Based on a Mixture of Noncentral I'-Distributions

In order to make g, well-behaved near zero, we can use some methods to cancel out the

tl_d/2

term . One solution is to use noncentral F-distributions in modeling m(y). The PDF
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of a noncentral F-distribution is

0o —)\/2 /2)k: v v1/va+k Vs (v1itv2)/2+k -
v1/2—1+k
poselnnd =S peatm () (Gm) o

- 2 (3.2)

where v; and v, are degrees of freedom and A is the noncentrality parameter.
Assume that model m(y) is fycor(x | v1, 2, A) with its first degree of freedom 14 equal
to the copula dimension d, then the model for the generator becomes

d+vg
[D(d/2) = e M2(\/2 d\ " 2tk
gm(t | V27 - / § ‘ ( / ) ) = tk7 (33)
/2 B(%, 4+ k)k! \ v vo + dt

=0 ~\2"

which is well-behaved near zero because the term t'~%? is cancelled out by a term from
the density of the noncentral F-distribution.
In order to improve flexibility, we use a mixture of noncentral F-distributions as the

model for fy, and denote it by m;

m1(y) = ijfNCF(y ’ hy = d, Vog, )\j)> (3-4)

j=1
where the w;s are mixing proportions, and (v, A;) are parameters for the jth compo-
nent. Every component has its first degree of freedom v,; equal to the dimension d. The
corresponding model for the generator is

(d/2) 5 T(d)2)
Im, () = 7Td52 =2, Z a2 — T fnep(y | vy = dy g, Ag). (3.5)

The g, in (3.5) can be viewed as a mixture of generators whose components are the g,,

in Equation (3.3).
Proposition 4 A mixture of generators is also a generator.

Proof: To be a generator, a function g(t) has to satisfy Condition 1 in Equation (2.4)

/OO L/deﬂ—l (2)dz = 1
o T Y '
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Now assume ¢ is a mixture of generators,

g(t) = Z w;g;(t),

where the g; all satisfy

Then we have

I
=
S
o\
4
Q|
S
N
&
no
&
S
QL
N
Il
]~
&
Il

Thus, g also satisfies Condition 1 and is a valid generator.

3.1.2 A Model Based on a Mixture of Truncated Normal Distri-

butions

Another way to fix the deficiency of the naive model in Equation (3.1) is to build the

generator model through the probability density of Y%2. It can also dissolve the term

t1=4/2 and make the model behave well around zero.

If we have a model for the PDF of Y%2, denoted by ms, then the model for the generator

g can be
['(d/2)d
rd/2

d
2

Gy (1) = ). (3.6)

However, Liebscher (2005) pointed that this model became wiggle for large value of ¢, since

mo (t

the power transformation magnified small differences. Liebscher (2005) provided a way to

create a model for the generator g, which can overcome disadvantages mentioned above.
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Now assume we have a transformation function ¥ and Y = (V). The model for g is
built through the density of Y. Liebscher (2005) gave an example of the transformation
function ¥, which is

U(Y) = —a+ (a¥? + YY)/, (3.7)

where a is a positive constant, such as 1.

We model the probability density function of ¥ via a finite mixture

K
ms(§) = Y wif;(i | 6)), (3.8)

j=1
where the w;s are mixing proportions and f;, j = 1,..., K are mixture components with

the parameter vector ;. The density of Y = R? is

K
_ (ad/2 + yd/2)2/d71yd/271 Z wjfj( —a+ (ad/Q + yd/2)2/d).
j=1

fr(y) = f3(7) x

4y
dy

The corresponding generator is

T'(d/2) .
Gms (1) = ( dfz Jp-are Fr(t)
m
I'(d/2) &
=i (ad/2 + td/2)2/d 1 Z wjfj( —a+ (ad/2 + td/2)2/d)
j=1
3 (3.9)
I'(d/2
= Z W 7(_‘_142 ) (ad/2 + td/2>2/d71fj( —a+ (CLd/2 + td/z)Q/d)
j=1
K
- wjgj(t)v
j=1
where
I'(d/2 ~
9ill) = %(“d/z AL (= at (a4 292)27) (3.10)

is a generator itself. It is easy to prove that g; in Equation (3.10) satisfies Condition 1.
The mixture in Equation 3.8 can be a mixture of any continuous distribution with its
support on (0,00). What we use is a mixture of truncated normal distributions. Assume

we have

K
m3(y) = ijﬁbj(o,oo)@ | pj, o5 =1), (3.11)
7=1
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where the gbj(o 00) is a normal distribution with its mean equal to p; and its standard
deviation equal to one, truncated to (0,00). From Equation (3.11), the model for the

generator is
K
Ims (t> = Z wjgj(t)> (3'12)
j=1

where

'(d/2)

]( ) — W(dd/z +td/2)2/d—1¢j(o’oo)( —a+ (ad/Q —|—td/2)2/d | N],O—] — 1) (313)

3.2 Priors

3.2.1 Prior for Mixing Proportions

For the mixing proportions, we use the Dirichlet distribution as prior,
(wy,...,wg) ~ Dir(ay, ..., ak),

where a; = ... = ax = 1/K.
In this dissertation, Metropolis algorithm is used to sample the mixing proportions
from the posterior distribution, so it would be convenient to transform ws,...,wg to un-

constrained variables. A common way to do this is using multi-logits,

exp(v; .
w; = K(1]) ,7=1...,K—1
14>, exp(vg)
=1 P(ve
K-1
L 1 g
WK = = 1— Wy
K—1 ’
1+ Ze:1 eXp(W) =1
where vy, ..., vx_1 € (—00,00). The Jacobian for this transfomation is
[ Odwy w1 Owy i
8'01 81)2 Tt 8vK,1
Ows Ows Ows
o ov Ova U Oug
J = . . N
Jwg_1  Owg_1 Owg 1
vy Ova T Qv |
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where diagonal elements are

pu, () (1 EE () - exp(zn,)

avj

Q+z£%mm02
exp(v;) (1 + 300 exp(vg) — exp(vj)>

(st i)
exp(v;) <1 + 3 exp(w)>

2
<1 ! exp(vg))
and off diagonal elements are
ow; —exp(v; + vg)

T (s o)

5 JF k.

3.2.2 Priors for Mixture Components

For the mixture of noncentral F-distributions, we use uniform priors for both degrees of

freedom and noncentrality parameters,
l/gj ~ Z/[ (O, 50)

and

)‘j ~ Z/{(O, 50),

where the upper bound ¢y is a positive number, such as 50.

For the mixture of truncated normal distributions, we use uniform priors on p;s,

where L and U are lower and upper bounds, respectively. In our experiments in Chapter 4,

we set L = -5 and U = 5.
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3.3 Likelihood

Given N independent observations Uy, ..., Uy from an elliptical copula C(€2, ¢) in Equa-
tion (1.7), where the correlation matrix €2 is known or its estimate is obtained from a

separate procedure, the likelihood function is given by

N e 1/2 -1 ;
L(g|Uy,....Uy) =] (d uin H,:(f?]fg((Q:( Z))QQ(U ))> : (3.14)

where
Fy(z) = (= / / y — u?)P=V27 g () dydu, (3.15)
Qy(u) = (u), (3.16)
and o
v) = G — g?)-b/2d . :
) = ey [, 0= gy (3.17)

Recall that F; and f, are the marginal CDF and marginal PDF of the associated elliptical
distribution £(0, 2, g), and @), is the inverse function of F,.

The likelihood function (3.14) can hardly be further simplified no matter what model
is used for the generator g. Though F,, @), and f, can be derived from a given g, these
functions are expressed as complex integrals. Due to the same reason, it is challenging to
directly evaluation the likelihood. If we use numeric integration to evaluate F, and f, and
root finding method to obtain the inverse function @, = F, 9—1’ it can be very time consuming
and often not accurate. Instead, we propose to use B-spline smoothing to approximate Fj,

and f,.

3.4 Evaluation of Marginal Generator

As we mentioned, the f; is the marginal PDF of the associated elliptical distribution
£(0,9Q,g). The marginal distribution of an elliptical distribution is also elliptical, see

Theorem 6 of Gomez et al. (2003). Thus, the marginal elliptical distribution has its own
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generator, denoted by ¢g;. The marginal PDF f, can be computed from g; via

To evaluate f,, we can evaluate g; first. The marginal generator is defined as

(d—1)/2 o0
T ) / g(t + 5)s'99/2(s.
0

9i(t) = T((d—1)/2)

By using the substitution y = ¢ + s, g; can be written as

7l > —3)/2
m/t g(y)(y — 1) 2dy.

d—1)/2

q(t) =

(3.18)

(3.19)

(3.20)

This integral can approximated via Riemann sum. In particular, denote the integrand in

Equation (3.20) as f(y) = g(y)(y — t)@3/2. Assume we need to evaluate g, at the knots

0=t,...,t, = T,, where T} is a value to which we truncate the generator g, such that at

Ty, 9(T,) is about zero. Knots t1,...t, are evenly spaced by At. We have

61 (L) x / " o)y — )92y

J

tn
%/ g()(y — t;) 92y
t

J

-/ %nf(y)dy-

J

The value of fti" f(y)dy can be approximated with Right Riemann sum:
tn
/ f(y)dy o< At (f(tj + At) + f(t; +2A0) + ...+ f(tn)>
2
= At (f(th) + f(tj2) + ...+ f(tn))

n

=AY f(t),

We will need to evaluate the integrand f(y) at ¢;41 to t,, in total n — j knots. In this way,

we can obtain gi(t1) to g1(t,—1). To obtain g;(t,_1), we only need to evaluate f(t,).

The integrand for calculating g (¢;) is

d—

ft) =glt)ti—t,) = i=j+1,... n
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Note that the integrand’s second term depends on ¢;. Thus, the integrand will change with
t; at which we want to evaluate g;. Since t; = 0 and we partition [t1,?,] evenly with space

At, we have
tQ == At

ts = 2At

tnjs1 = (n — j)AL.

Thus,

d—3 d—3
I p—

ftjm) = g(tj)(At) 2 =g(tjs1)(t2) =
Flte0) = 9(t142) 28T = glty40)(ts) T

(3.21)

d—3

f(tn—l) = g(tn—l)tnij
(1) = 9(ta) (0 = DA T = g(t2) 1n-yi0) T

From the Equations in (3.21) above, we can see that we need the value of ¢(¢;11) to g(t,)

and knots ty to t,_ji1.

Table 3.1: Approximation of g; via Riemman sum.

Evaluation of ¢, Integrand Evaluation of g Knots Number of knots
g1(t1) f(t2) to f(ty) g(t2) to g(tn) téd_g)/Q to ¢4/ n-1 points
g1(t2) f(t3) to f(tn) | g(ts) to g(tn) téd_g)/Q to tq(md:l?’)/Q n-2 points
g1 (tj) f(tj+1) to f(tn) g(th) to g(tn) tgd_g)/z to tﬁd__fﬂz n-j points

g1 (tn 1) f(tn) gltn) 5" 1 points

The process of evaluating ¢g; at knots ¢; to t,,_; is summarized in Table 3.1. The first

column needs to be evaluated. The second column is the integrand. The third and forth
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columns are values required to compute the integrand and the last column is the total
number of knots at which the integrand needs to be evaluated.
With the approximation of g;(t1),...,g1(tn—1), we can use (3.18) to compute the ap-

proximation of
fg(_ V tn—1)7 t fg(_\/ﬂ), fg(\/a)7 Tt .fg( V tn—l)' (322)

The sequence in (3.22) can be used to obtain a spline function approximation of f;.

3.5 B-spline

Assume that we have a sequence of samples (z;,v;), ¢ = 1,...,n from an unknown function

y = f(x), and we want to obtain a smoothing estimator f (x) for the function, it is popular

0.4

037

=027

0.1

Figure 3.1: A sequence of samples (red) from an unknown function (blue).

to model the unknown function f as a linear combination of K basis functions By, ..., B,
so that
K
J=> a;Bj(x). (3.23)
j=1

In such case, the model in Equation (3.23) can be written as

Y = Ba +e, (3.24)



where Y = (y1,...,Yn), € = (€1,...,€,) are the vector of error terms, the a = (v, .. ., ag)

is the vector of coefficients, and B is a n by K design matrix

Bi(z1) Ba(xy)... Bgl(z)
Bl(l'g) BQ(.’EQ) e BK((L’2>

Bi(z,) Ba(xy,)... Bg(z,)

with its ¢th row equal to basis functions By, ..., Bx evaluated at z;.

There are a few options for the basis functions. Here we consider the commonly used
B-splines. The name “B-spline” is short for basis spline. A mth order spline is a piecewise
polynomial function of degree m — 1, that is continuous and has continuous derivatives of
order 1,...,m — 1, at its knot points. See de Boor (1978) and Eilers and Marx (2021) for
more details. Figure 3.2 visualized the B-splines with order= 4 and degree= 3, which are

called cubic B-splines.

Figure 3.2: Example of Cubic B-slines.

B-splines can be constructed by the Cox-de Boor recursion formula, which was intro-
duced by de Boor (1978). Given a knot sequence tg,t1, ... ,t,, the B-splines of order 1 are

defined by

1 lftz <z <t
Bi71(27) =

0 otherwise
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The basis functions for order 1 can be viewed indicator functions. If x is between knots t;
and t;,1, the corresponding basis function, which is indexed by ¢, will be equal to 1, while

other basis functions are equal to zero. The higher-order B-splines are defined by recursion

Bijpy1(x) = wip(x) B p(v) + (1 — wi+1,k($)) Bit1(),

where

Tt T ,
w;p(z) = Hrh if tis 7 1 .
0 otherwise
Thus, in order to compute basis functions of higher orders, we have to compute those for

all lower orders first.

3.6 B-spline Smoothing with Constraints

In order to estimate the coefficient vector ar, we minimize the objective function

S=(Y - Ba)" (Y — Ba)
(3.25)
=a"B"Ba—-2a"B"Y +Y'Y.
To minimize S, we solve linear system

a9
o = 20" BB - 2B"Y «— B"Ba = B'Y.

Beware that the B is not a square matrix and does not have inverse. The solution is
a= (B"B)"'B'Y.

By so far, the fitting is not smooth because smoothness is not regulated yet. For B-spline
smoothing, the term of smoothing penalty needs to be added onto the objective funtion
(3.25),

S=(Y — Ba)"(Y — Ba) + A\(Da)" (Da) (3.26)

where the A is the fixed smoothing parameter, such as 1000, and D is the matrix that forms

differences of «, usually second differences. Then we solve the new linear system

S
o 20"’ BT"B —2BTY +2a"\DTD =0
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which has solution

a=(B"B+AD'D)'BTY.

If we want to enforce positiveness of the fitting, another penalty term xa’Vea has to

be added onto the objective function in (3.26), where the V' is diagonal matrix with
v; = I(a; <0).
Given V, ¢ is computed as
a=(B"B+A\D"D+xV)'BTY.

Beware that the value of V' is not given a priori, but updated with « iteratively until
convergence. For details about B-spline smoothing with shape constraints, see Chapter 8

of Eilers and Marx (2021).

3.7 Approximation of f, and @),

We use B-spline smoothing on the sequence of samples in (3.22) to obtain a B-spline
function as an approximation for f,, which can simplify the evaluation of copula likelihood
in (3.14).

To approximate the marginal quantile function @), first we need the marginal cumula-
tive distribution function F,, which is the integral of f,. Since f, is already approximated
with a B-spline function, it is not difficult to obtain its integral. After that, we have the

value of Fj at a grid

Fy(—/tt)s s Fy (=), Fy (VI - Fy (V). (3.27)

Now we flip z-axis and y-axis of the sample (3.27) and apply interpolation to obtain the
functional approximation of (),. For simplicity, we used linear interpolation here, the
same as the one used in Derumigny and Fermanian (2022). Now the evaluation of copula

likelihood (3.14) becomes practical in speed as well as accuracy.
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3.8 Sampling Scheme

Since the likelihood function (3.14) is complex, the joint posterior function as well as con-
ditional posterior functions will are complicated. Thus, we use Metropolis algorithm to
sample all parameters, including mixing proportions and parameters in mixture compo-
nents.

Recall that the mixing proportions (ws,...,wg) are transformed into unconstrained
(v1,...,VK_1), SO we operate on the unconstrained variables instead. For the transformed
mixing proportions, the proposal distributions are all uniform. The new value vj(.p ) is pro-
posed by vj(.p ) =u (v](-c) — by, v](-c) + 0,), where 4, is a fixed tuning parameter and vj(»c) is the

current value of v;.

We sample v = (vy,...,vx_1) jointly. First, we propose v® = (ng)’ - ,vﬁf)_l). The
proposed value v®) is accepted with probability min{ 1, ’;"El’vi—m }, where p,, is the posterior

density of v® = (ng ), e ,vﬁ?ll) conditioned on the current values of other parameters.

Before starting the MCMC loop, we need to tune the value of 9, by running 500 iterations
and see the acceptance rate. If the acceptance rate is between 0.3 and 0.6, then the value
of 9, is assumed to be good.

For other parameters, such as the y;s in the truncated normal mixture, the Metropolis
algorithm is slightly different. Because those parameters have upper and lower bounds,
if the proposed values are not inside of the range set by the prior, the algorithm keeps
proposing until a proper value is obtained. Other steps of Metropolis algorithm are the
same with those of drawing mixing proportions. Besides, proposal distributions are also

uniform.
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Chapter 4

Simulation Study

4.1 Data Generation

To sample from an elliptical copula, we can sample from its associated elliptical distribution

first, then apply the copula transform. The steps of sampling from an elliptical copula

C(£2, g) is described in Algorithm 3.

Algorithm 3 Generating data from elliptical copula C(€2, g)

Input: The correlation matrix €2 and the generator g.

1:

2:

3:

4:

5:

6:

7

Compute h(r) from ¢ using Equation (2.1);

Sample R from the distribution h(r);

Sample U, uniformly from the unit sphere in R%;

Compute the Cholesky factor A such that AAT = (;

Compute X = RAU g, which is a sample from elliptical distribution £(0, €2, g);
Compute the marginal CDF F, from g via Equation (2.6);

Deliver U = F,(X).

Output: A sample U from C(€2, g).

4.2 Bivariate Cases

For the simulation study on 2-dimensional cases, we used five elliptical copulas from Deru-

migny and Fermanian (2022). They have generators (before normalization and standard-

ization):
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Log(t) =1/(1+?);
2. g(t) = exp(—t);

3. g(t) = exp(—t)+bump(t), where bump(z) = 1{z € [1, 1+7}(z—1)(14+7—z) sin(z—1)

is a smooth function supported on [1,1 + 7J;
4. g(t) =t/(1+°);
5. g(t) = t? exp(—t?).

Their correlation matrix is

which is assumed known.

For each copula, we generated N = 1000 independent samples using steps in Algo-
rithm 3. The MCMC had 10000 iterations with the first 5000 as burn-in stage. Each
iteration returned an estimate of the generator g. In total, we got 5000 estimates from the

MCMC loop. Then we computed the posterior mean of these estimates and denoted it as

~

g.

Each simulation study was repeated for 40 times on independent data sets generated
from the same copula. Thus, for each copula, we have 40 posterior means of estimates for
its generator. We plotted the 40 gs together with the true generator g(¢). We call this plot
as “spaghetti plot”.

We also evaluated these 40 gs and the true generator g at a grid (¢y,ts,t3,14,t5) and
calculated the distance between g(t,) and g(t,), ¢ = 1,...,5. Box plot of the distances was
created at each value of t,.

In Simulation 1 - 3, we used the model based on a mixture of truncated normal distri-
butions (3.12), and in Simulation 4 - 5, we used the model based on a mixture of noncentral

F distributions (3.5).
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Figure 4.1: Simulation 1: g(t) = 1/(1 + t?)
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Figure 4.2: Simulation 2: g(t) = exp(—t)
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Figure 4.3: Simulation 3: ¢(t) = exp(—t) + bump
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Figure 4.4: Simulation 4: g(¢) = ¢/(1 + %)
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(a) The fitted and true g(t)

g(t) — 9(t)

(b) Distance between the true and fitted g(t)
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Figure 4.5: Simulation 5: g(t) = t? exp(—t?)

The results are shown in Figure 4.1 to Figure 4.5.
spaghetti plot, which includes the true g (black dashed line) and the estimates gs (solid
colored lines). The (b) is box plot of the distances between the value of the true generator

and g evaluated at the grid. It has to be mentioned that the plotted generators and their

estimates are normalized and standardized.

From the figure (a) of each simulation, we can see the ¢ are close to the true generator
almost everywhere. From the box plots, we can see the distances are all very small, including

outliers, which indicates goodness of fit. The distance between ¢ and ¢(t) can be larger

In each figure, The (a) is the

when ¢(t) take sharp turns. But overall, the fittings are satisfying.
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4.3 Higher Dimensions

4.3.1 Gaussian Copula

We generated N = 1000 observations from a 3-dimensional Gaussian copula with correla-

tion matrix
1 05 0.6

Q=105 1 07/, (4.1)

06 07 1
and also assumed the correlation matrix was known. The model used is based on a mix-
ture of truncated normal distributions. The MCMC settings are the same with that in

Section 4.2. From the spaghetti plot and box plot in Figure 4.6, we can see the fitting is

also very good.

0.04

0'029* ] R

-0.02 E =8

g9(t) = 4(t)

0 0.2 0.4 0.6 0.8 1 ' ‘ ' ‘ '
¢ t=0.1 t=0.3 t=0.5 t=0.7 t=0.9
(a) The fitted and true g(t) (b) Distance between the true and fitted g(t)

Figure 4.6: Gaussian copula: g(t) = exp(—t/2)

4.3.2 Logistic Copula

We also tested our method ion a less common elliptical copula, which is a 3-dimensional
logistic copula with unnormalized generator g(t) = e~ */(1 4+ e*). The correlation matrix

is the same one in (4.1) and is assumed known. The model is also based on a mixture of
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truncated normal distributions and MCMC settings are the same. The results in Figure 4.7

look good, though the boxplot has many outliers, which are all very small numbers.

g(t)

0.8
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047
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0.2 0.4 0.6 0.8 1
t

(a) The fitted and true g(t)

Figure 4.7: Logistic copula:

4.3.3 Student-t Copula
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+
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+
+

t=0.1 t=0.3 t=0.5 t=0.7 t

=0.9

(b) Distance between the true and fitted g(t)

g(t) =e'/(1+e™)

We generated N = 1000 observations from a Student-¢ copula with degree of freedom v = 5

and correlation matrix

0.2

Student-¢ copulas have their generators of the form g(t) ~ (1 + t/v)~(@)/2. We use the

model based on the mixture of noncentral F distributions. Again, MCMC settings are the

same with that in Section 4.2. By looking at the Figure 4.8, we can see that the distance

between the true and estimated generators is a little larger when ¢ is around zero. Besides,

the fitting is still acceptable.
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Figure 4.8: Student-t copula: g(t) = (14 t/v)~w+d)/2
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Chapter 5

Application

5.1 Meta-elliptical Distribution

A typical application of elliptical copulas is to construct meta-elliptical distributions, which
are also introduced by Fang et al. (2002). Elliptical distributions require their marginal
distributions to be also elliptical. However, many real world data do not satisfy this condi-
tion. For modeling multi-dimensional data sets with heterogeneous margins, a good choice
would be meta-elliptical distributions. A meta-elliptical distribution consists of an ellipti-
cal copula and a collection of arbitrary chosen continuous marginals. In other words, the
dependence structure is induced by an elliptical copula while its marginal distributions are
not necessarily elliptical.

A d-dimensional meta-elliptical distribution can be denoted as ME(Q, g; F, ..., Fy),
where () is a correlation matrix, g is a copula generator and Fi,..., F; are its marginal

CDFs. Its CDF is in the form of
Fue(zy, ..o xq) = Ce (Fl(xl), ce Fd(a:d)>,
where C¢ is the CDF of the elliptical copula C¢(€2, g). The PDF of ME is given by
d
Fus(nr. ) = ce (ﬂ(m, - ,Fd(a:d>> T1 foleo).
=1

where the c¢ is the PDF of C¢(€2, g) and f;s are marginal PDFs.
When we estimate a meta-elliptical distribution, its marginal distributions and copula

can be estimated separately. Assume we observe a data set @y, ..., @, from meta-elliptical
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distribution ME(L, g; Fy, ..., Fy),

/
Ty T11 T12 ... X1q
/
Ty T2 T2 oo Xoq
= , (5.1)
/
T, Tni, Tn2y, ---5, Tnd

we often estimate its marginal distributions first. There are many ways to estimate
Fy, ..., F;, such as normal mixtures, Gamma mixtures, kernel densities, empirical CDFs,
etc. After we obtained estimates of marginal CDFs, denoted as Fi, ..., Fy, we apply the

copula transform in Theorem 2 on data (5.1),
uy = Fizy), j=1,....d i=1 ..., n, (5.2)

to obtain the pseudo data

/
uq Uyp Uiz Uid
/
2 21 22 2d
= : (5.3)
/
u, Unpl Up2 ... Upd

which can be called “copula data”. The copula data (5.3) can be viewed as a data set from
an elliptical copula Cg (€2, g), which is the copula of ME(2, g; F, ..., Fy). The estimation

of copula is often performed on the copula data.

5.2 Water Quality Data

The water quality data was collected by SRBC (Susquehanna River Basin Commission),
which contain parameters of the water at Susquehanna River Basin in the United States,
such as temperature (Celsius), flow (cubic feet/second), dissolved oxygen (mg/L), dissolved
nitrogen (mg/L), from 1985 to 2021. The data are available at (https://www.srbc.net/portal
s/water-quality-projects/sediment-nutrient-assessment /sites /susquehanna-river-towanda.h

tml).
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Li et al. (2019) used the subset of the data (from 1988 to 2018) to perform a copula-based
analysis for time series. Thus, this is a time series data set, but we ignore the sequential
dependence at this moment. We use elliptical copula to model the dependence between
the water temperature (Temp) and the dissolved nitrogen (DN). In such case, the joint
distribution of Temp and DN is assumed to be a meta-elliptical distribution. Nitrogen is
one of the most common elements existing in many chemical compounds, such as nitrogen
gas and protein. The dissolved nitrogen in water is mainly from the decomposition of
organic compounds, including fish drops, died water plants and water creatures, etc. The
rate of dissolving is related to the water temperature. Mostly, when the temperature goes
up, so does the dissolving rate. This is because that heating up a solvent makes the

molecules move faster, which increases the frequency of the solvent molecules collide with

the solute.
250
200 1507
I =
& 150 = 100}
g g
S 100} A
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501
0 0
0 10 20 30
Temp
(a) Water temperature (Celsius). (b) Dissolved nitrogen (mg/L).

Figure 5.1: Histograms of water temperature and dissolved nitrogen.
The histograms in Figure 5.1 show heterogeneity of marginal distributions. The marginal

distribution of the water temperature is multi-modal while the one of the dissolved nitrogen

is uni-modal with slight skewness on the right side.
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5.3 Estimation and Results

We estimate marginal distributions of Temp and DN first. We used 3-component nor-
mal mixture to approximate the marginal distribution of the water temperature while the
dissolved nitrogen’s distribution is estimated by kernel densities. The estimation was per-
formed with functions “fitgmdist” and “fitdist” in Matlab, respectively. In Figure 5.2, we

can see the curves of fitted PDFs above the histograms, which shows very good fitting

results.
0.08 | o7
0.06 1
i = 1]
G Z
£ 004 z
057
0.02 ¢
0
-10 0 10 20 30 40 50 0 1 2 3 4 5
Temp DN
(a) Water temperature (Celsius). (b) Dissolved nitrogen (mg/L).

Figure 5.2: Fitted marginal PDFs of water temperature and the dissolved nitrogen.

In the next step, we use the copula transform to obtain the copula data. We denoted

the estimates of marginal PDFs as fT and fN, and marginal CDFs as Fr and Fy. The

copula data can be computed by

A

U = Fr(Temp)
and
V = Fx(DN).

We plotted the marginal histograms of copula data in Figure 5.3. They have standard uni-

form distributions as we expected. The bivariate histogram is demonstrated in Figure 5.4.
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We can see that it has radial symmetry, which indicates that elliptical copulas are suitable

to fit this copula data set.

1.2
127 1
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U = Fr(Temp) V = Fx(DN)
(a) Water temperature. (b) Dissolved nitrogen.

Figure 5.3: Marginal histograms of copula data.

Figure 5.4: Histogram of copula data.

We use the sample correlation as the estimate of €2, which is
1 —0.46
—0.46 1

0=

Thus, in the MCMC loop, we only estimate the generator of the copula. The generator is

estimated with the model based on the mixture of truncated normal distributions. We use
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five components and truncated the generator to 15, which assumes the generator vanish
at t = 15. The prior setting are the described in Section 3.2, the same as that for the
simulation studies. The MCMC loop contains 10000 iterations with the first 5000 as burnin.
The results are demonstrated in Figure 5.5 and Figure 5.6. The estimated copula PDF and
generator are the posterior means after the burnin stage. We can see that the results look
very good. By looking at the plot of the estimated generator, the elliptical copula of the

water temperature and the dissolved nitrogen is a Gaussian copula.

Density
—o N A O ®

Figure 5.5: Fitted copula density on the histogram of copula data.

== = Posterior mean
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Figure 5.6: Fitted generator with 95% credible interval.
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Chapter 6

Discussion

In this dissertation, we provided a method to estimate the generator of elliptical copulas
in Bayesian framework. It is more convenient and rigorous than old approaches in the
literature. Our method is inspired by the iterative algorithm in Derumigny and Fermanian
(2022) and has better performance in the simulation studies. In the application of the
water quality data, our approach also shows excellent results.

The major contribution of our work is that we provided a framework, instead of a single
model, to estimate the generators of elliptical copulas. The framework enables researchers
to construct new models or extend the two models we provided according to some certain
situations. Besides, we offered a steady way to evaluate the copula likelihood, including
evaluation of the marginal PDF f, and the inverse CDF @Q,. Although we still need to find
out at which point the generator starts to vanish into the z-axis. It can be a difficult task
in practice and may require some trial and error.

For future work, we might add more flexible models in our existing framework. Besides,
it would be nice to find a better way to evaluate f;, and @), which can avoid truncating
the generator g. We shall also apply our method on real world data of higher dimensions

and evaluate the results with tests of goodness of fit introduced by Genest et al. (2009).

48



References

Cambanis, S., Huang, S., and Simons, G. (1981), “On the theory of elliptically contoured
distributions,” Journal of Multivariate Analysis, 11, 368-385.

de Boor, C. (1978), A Practical Guide to Splines, Applied Mathematical Sciences, Springer.

Derumigny, A. and Fermanian, J.-D. (2022), “Identifiability and Estimation of Meta~
Elliptical Copula Generators,” Journal of Multivariate Analysis, 190, 104962.

Eilers, P. and Marx, B. (2021), Practical Smoothing: The Joys of P-splines, Cambridge

University Press.

Fang, H.-B., Fang, K.-T., and Kotz, S. (2002), “The Meta-elliptical Distributions with
Given Marginals,” Journal of Multivariate Analysis, 82, 1-16.

— (2005), “Corrigendum to “The meta-elliptical distributions with given marginals” [J.

Multivariate Anal. 82 (2002) 1-16],” Journal of Multivariate Analysis, 2.

Fang, K. T. and Zhang, Y. T. (1990), Generalized multivariate analysis, Springer-Verlag,

Berlin; Science Press Beijing, Beijing.

Genest, C. (2018), “Part 1: A Gentle Introduction to Copula Modeling and Rank-Based

Inference,” Joint Statistical Meetings, Vancouver Convention Centre.

Genest, C., Favre, A.-C., Béliveau, J., and Jacques, C. (2007), “Metaelliptical Copulas and
Their Use in Frequency Analysis of Multivariate Hydrological Data,” Water Resources
Research, 43.

Genest, C. and MacKay, R. J. (1986), “Copules archimédiennes et familles de lois bidimen-

sionnelles dont les marges sont données,” Statistical Society of Canada, 14, 145-159.

49



Genest, C. and Rivest, L.-P. (1993), “Statistical Inference Procedures for Bivariate
Archimedean Copulas,” 88, 1034-1043.

Genest, C., Rémillard, B., and Beaudoin, D. (2009), “Goodness-of-fit tests for copulas: A

review and a power study,” Insurance: Mathematics and Economics, 44, 199-213.

Goémez, E., Gémez-villegas, M. A., and Marin, J. M. (2003), “A survey on continuous
elliptical vector distributions,” Revista Matematica Complutense, 16, 345 — 361.

Joe, H. (2014), Dependence Modeling with Copulas, Chapman & Hall/CRC Monographs
on Statistics & Applied Probability, Taylor & Francis.

Kelker, D. (1970), “Distribution Theory of Spherical Distributions and a Location-Scale

Parameter Generalization,” Sankhya: The Indian Journal of Statistics, 13.

Lemonte, A. J. and Patriota, A. G. (2011), “Multivariate elliptical models with general
parameterization,” Stat. Methodol., 8, 389—-400.

Li, F., Tang, Y., and Wang, H. J. (2019), “Copula-based semiparametric analysis for time

series data with detection limits,” Canadian Journal of Statistics, 47.

Liebscher, E. (2005), “A Semiparametric Density Estimator Based on Elliptical Distribu-
tions,” Journal of Multivariate Analysis, 92, 205-225.

McNeil, A. J. (2008), “Sampling nested Archimedean copulas,” Journal of Statistical Com-
putation and Stmulation, 78, 567-581.

McNeil, A. J. and Neslehovd, J. (2009), “Multivariate Archimedean copulas, $d$-monotone

functions and $\ell_1$-norm symmetric distributions,” The Annals of Statistics, 37.

Miiller, A. and Scarsini, M. (2005), “Archimedean Copulae and Positive Dependence,”
Journal of Multivariate Analysis, 93, 434-445.

Sklar, M. (1959), “Fonctions de repartition an dimensions et leurs marges,” Publ. inst.

statist. univ. Paris, 8, 229-231.

20



Steerneman, A. and van Perlo-ten Kleij, F. (2005), “Spherical distributions: Schoenberg
(1938) revisited,” Expositiones Mathematicae, 23, 281-287.

o1



Chapter 7

Appendix: Matlab Code

7.1 Utilities

N

function [T_grid,

% Return gl values on grid

% input:
% g: generator
% output:

YA T_grid: grid

U gl_grid:

% make grid
dx=0.01;
T_grid_raw=(0: dx:
T_grid_plus =

g_grid=g(T_grid_raw); %

nl=length(T_grid_raw);
gl_grid_raw = zeros(mnl-1,

for j = 1:(n1-1)

gl_grid_raw(j)=dot(g_grid((j+1):n1),

end

T_grid=T_grid_raw(1l:n1-1)

gl_grid =

gl_grid] =

evaluation of

T_d,

g_trunc) ’;

T_grid_raw."((dim-3)/2); %

get_gl(g,

dim, g_trunc)

computed by Riemann Summ

gl on T_grid

evaluate g on grid

1)

5
’ (]

% we can only get gl(1:n1-1)

only nl-1 points are valid!

gl_grid_raw*dx * (pi~((dim-1)/2) / gamma((dim-1)/2));
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evaluate first term on grid

T_grid_plus(2:(nl-j+1)));



26

29

30

end

Listing 7.1: Evaluation of ¢;

function [sp] = BsplineFit_positive(x, y, xl, xr, nseg, bdeg)
% x: covariate values of the sampe

% y: response values of the same

% xl: left bound of segmentation

% xr: right boundary for segmentation

% nseg: the number of segments between x1 and =xr
% bdeg: degree, which is equal to order -1

[B, knots] = bbase(x, xl, xr, nseg, bdeg);

% number of knots

nknots=1length (knots) ;

order=bdeg+1;

% number of basis functions

nbasis=nknots-order;

lambda=1000;

D = diff (eye(nbasis), 2);

BTB=B’*B; ’nbasis by nbasis

DTD=D’*D; Ynbasis by nbasis

BTY=B’*y; 7% nbasis by N times N by 1= nbasis by 1

% get coefficients
kappa = 1e8;
DO=eye (nbasis) ;
a=ones (nbasis, 1);

epsilon=1.0e-4;
for i=1:100

v_vec=(sign (DO*a) <=0) ;

V=diag(v_vec);
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% update a
a_new=(BTB + lambda #* DTD+kappa*DO’*V*D0O)\BTY;

dz=max (abs (a_new-a)) ;

if dz< epsilon

%fprintf (strcat ("Converged after ", num2str (i),

" jternations!\n"));

break;

end

if 1i==100 && dz> epsilon

fprintf ("Warning: Divergent after 100 iteratiomns!\n");
end

a=a_new;

end

a=max(a, realmin);

sp=spmak (knots, a’);

end

Listing 7.2: Bspline smoothing with constraint of positiveness.
function [f1_sp, f1] = get_f1(g, dim, g_trunc)
% return f1

% g: generator

% dim: dimension

[T_grid, gl_grid] = get_gl(g, dim, g_trunc);
% get sample of f1 on grid
fix=[-flipud(sqrt(T_grid)); sqrt(T_grid)];
fly=[flipud(gl_grid); gl_gridl;

% get spline function of f1

x1l=min (fi1x);

xr=max (f1x) ;

nl=length(fix) ;
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%nseg=nl;
nseg=n1/10;
%nseg=1000;
bdeg=3;

% get b form of f1, f1_sp must be positive between -sqrt(g_trunc)
sqrt (g_trunc)

f1_sp=BsplineFit_positive(filx, fly, x1, xr, nseg, bdeg);
p p p y g g

% normalize f1_sp
flinte=diff (fnval (fnint (f1_sp), [x1l; xrl));

fl_sp.coefs=f1_sp.coefs./flinte;
f1=0(x) fnval(fi_sp, x);

end

Listing 7.3: Approximation of f,.

function [g_n] = g_normalize(g, dim)

% return normalized copula generator.

Il=integral (@(s) s. (dim/2-1) .*g(s), 0, Inf);
SD=pi~(dim/2)/gamma (dim/2) ;
g_n=0(t) 1/SD/Il1xg(t);

end

Listing 7.4: Normalization of generator.

function [g_s, A, bl = g_standardize(g, dim, b)
% g: a normalized generator

% g take column input, return column output

% dim: copula dimension

% return standardized copula generator, which is unique.
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N

10

%make this interation faster and more robust!

I2=integral (@(s) s. ((dim-3)/2) .*xg(s), 0, Inf);

A=(b/I2/sd_EllipCop (dim-1)) "2;
g_s=0(t) A~ (dim/2) .*g(A.*t);

end

Listing 7.5: Standardization of generator.

function gt= g_ncF(t, dim, v2,

DELTA)

% return g(t) from a noncentral F distribution

% v2: seconde degree of freedom

% DELTA: noncentrality parameters

7.2 Model Based on Noncentral F' Mixture

gt=gamma (dim/2) /(pi~(dim/2)) .*(t. (1-dim/2)) .*ncfpdf (t,

]

end

Listing 7.6: Generator based on noncentral F-distribution.

function [gmix] = g_ncFMix(t,

dim,

Weights ,

v2s,

DELTAs)

% Return the generator from a noncentral F Mixture

% t: ROW or COLUMN vector

% Weights: mixing proportions

ndat=length (t) ;

K=length(Weights) ;

if (size(t, 1)>size(t, 2))

% if t is column vector
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% repeat by columns

tMat=repmat(t, 1, K); % n by K

% parameters are always columns

% transpose and repeat byt rows
WeightsMat=repmat (Weights’, ndat, 1); % n by K
v2sMat=repmat (v2s’, ndat, 1);

deltasMat=repmat (DELTAs’, ndat, 1);

g_mat=g_ncF(tMat, dim, v2sMat, deltasMat) ;

gnix= sum(WeightsMat.*g_mat, 2);

else

% if t is row vector, parameters are still columns!
% repeat by rows

tMat=repmat (t, K, 1); % K by n

WeightsMat=repmat (Weights, 1, ndat); % K by n
v2sMat=repmat (v2s, 1, ndat);
deltasMat=repmat (DELTAs ,1, ndat);

g_mat=g_ncF(tMat, dim, v2sMat, deltasMat) ;

gmix= sum(WeightsMat.*g_mat, 1);

end

end

Listing 7.7: Generator based on noncentral F' mixture.

function [g_s, f1, Q1] = getFuncF(dim, Weights, v2s, DELTAs, g_trunc, b
)

% Return related functions according to dim and mixParameters

g =0(t) g_ncFMix(t, dim, Weights, v2s, DELTAs);
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g_s = g_standardize (g, dim, Db);

[fi_sp, f1] = get_f1(g_s, dim, g_trunc);
cdfl = get_cdf1(fl_sp, g_trunc);
Q1 = get_Q1(cdfl, g_trunc);

end

Listing 7.8: Function conversions for model based on noncentral F' mixture.

function [logPost] = logPostCopulaNCF (U, dim, Omega, Etas, v2s, DELTAs,
g_trunc, b)
% Return log Likelihood for Copula data at mixParameters

% U: Copula data ndat by dim

ndat=size (U,1) ;

% Transform back to constrained
Weights=Etas_to_Weights (Etas) ;
K=length(Weights); ’ number of components

%sum(Weights)

[g, f1, Q1] = getFuncF(dim, Weights, v2s, DELTAs, g_trunc, b);
% Get pseudo data

Z=Q1(U) ;

Rsq=zeros(ndat, 1); J% ndat by 1 vector

for i=1:ndat

Rsq(i)=Z(i, :)/OmegaxZ(i, :)’;

end
logNum=reallog(g(Rsq));
£f1Z=f1(2) ;

logDen=reallog(f1Z); % n by dim

logLike=sum(logNum, ’all’)-sum(logDen, ’all’);
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logPWeights = dirichletlogpdf (Weights, 1/K*ones(K, 1));
JWeights = Jacobian_WtoEta(Etas) ;

logJWeights=reallog(abs(det (JWeights)));

logPost=loglLike+logPWeights+logJWeights;

end

Listing 7.9: Log posterior distribution for the model based on noncentral F' mixture.

%% Initialize parameters
% Weights trans
Etas=normrnd (0, 1, K-1, 1);

Weights=Etas_to_Weights (Etas) ;

% v2 trans and DELTA trans
v2s=unifrnd (v2L, v2U, K, 1);
DELTAs=unifrnd (DELTAL, DELTAU, K, 1);

% hold values after burn in, each column is one sample
weights_chain=zeros (K, nloop-nwarmup) ;
v2_chain=zeros (K, nloop-nwarmup) ;

DELTA_chain=zeros (K, nloop-nwarmup) ;

e_chain=zeros (3, nloop-nwarmup) ;

for i=1:nloop

if mod(i, 1)==0
fprintf ("loop: %d\n", i)

end

% Draw v2_trans
v2sl=unifrnd (v2s-v2_tuning, v2s+v2_tuning);
% repeat untile get proposal in range

while (any(v2s1<v2L) || any(v2s1>v2U))
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v2sl=unifrnd (v2s-v2_tuning, v2s+v2_tuning);

end

A=logPostCopulaNCF (U, dim, Omega, Etas, v2sl, DELTAs, g_trunc, b);
B=logPostCopulaNCF (U, dim, Omega, Etas, v2s, DELTAs, g_trunc, b);
logRate=A-B ;

Rate=exp (logRate) ;

el=min (1,Rate);

u=rand;

if u<=el

v2s=v2s1l;

end

% Draw DELTA_trans

DELTAsl=unifrnd (DELTAs -DELTA_tuning, DELTAs+DELTA_tuning);
% repeat untile get proposal in range

while (any (DELTAs1<DELTAL) || any(DELTAs1>DELTAU))
DELTAsl=unifrnd (DELTAs -DELTA_tuning, DELTAs+DELTA_tuning);

end

A=logPostCopulaNCF (U, dim, Omega, Etas, v2s, DELTAsl, g_trunc, b);
B=logPostCopulaNCF (U, dim, Omega, Etas, v2s, DELTAs, g_trunc, b);
logRate=A-B;

Rate=exp(logRate) ;

e2=min (1,Rate);

u=rand;

if u<=e2

DELTAs=DELTAs1;

end

% Draw Etas

Etasl=unifrnd (Etas-Eta_tuning, Etas+Eta_tuning) ;

A=logPostCopulaNCF (U, dim, Omega, Etasl, v2s, DELTAs, g_trunc, b);
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B=logPostCopulaNCF (U, dim, Omega, Etas, v2s, DELTAs, g_trunc, b);
logRate=A-B;

Rate=exp(logRate) ;

e3=min (1,Rate);

u=rand;

if u<=e3

Etas=Etasl; ’update eta

Weights=Etas_to_Weights (Etas) ;

end

% record value after burn in

% each COLUMN is a sample

if i>nwarmup

v2_chain(:, i-nwarmup)=v2s;
DELTA_chain(:, i-nwarmup)=DELTAs;
weights_chain(:, i-nwarmup)=Weights;
e_chain(:, i-nwarmup)=[el; e2; e3];

end

end

Listing 7.10: MCMC loop for noncentral F' mixture.

7.3 Model Based on Truncated Normal Mixture

function gt= g_trcnorm_Lieb(t, dim, a, mu, sigma)

% a: any positive value for the transformation function
const=gamma (dim/2) /(pi~(dim/2));
y=-a+(a”(dim/2)+t." (dim/2)) .~ (2/dim) ;
termli=(a~(dim/2)+t.~ (dim/2)) .~ (2/dim-1) .*t .~ (dim/2-1);

gt=const.*terml.*trcnormpdf (y, mu, sigma);

end

Listing 7.11: Generator based on truncated normal distribution.
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function [gmix] = g_trcnormMix_Lieb(t, dim, a, Weights,

% Return the generator from a Gamma Mixture
% t: ROW or COLUMN vector

% Weights: mixing proportions

Sigma=1;

ndat=length (t) ;

K=length(Weights) ;

if (size(t, 1)>size(t, 2))
% if t is column vector
% repeat by columns

tMat=repmat(t, 1, K); % n by K

% parameters are always columns
% transpose and repeat byt rows
WeightsMat=repmat (Weights’, ndat, 1); % n by K

MuMat=repmat (Mu’, ndat, 1);
g_mat=g_trcnorm_Lieb(tMat, dim, a, MuMat, Sigma);
gmix= sum(WeightsMat.*g_mat, 2);

else

% if t is row vector, parameters are still columns!
% repeat by rows

tMat=repmat(t, K, 1); % K by n

WeightsMat=repmat (Weights, 1, ndat); % K by n

MuMat=repmat (Mu, 1, ndat);

g_mat=g_trcnorm_Lieb(tMat, dim, a, MuMat, Sigma);

gnix= sum(WeightsMat.*g_mat, 1);

62

Mu)



N

end

end

Listing 7.12: Generator based on truncated normal mixture.

function [logPost] = logPostCopulaTrcnorm_Lieb (U, dim, a,
Mu, g_trunc, b)

% Return log Likelihood for Copula data at mixParameters

% U: Copula data ndat by dim

% mixParametersTrans 3K-1 include:

% etas (K-1), AlphaTrans (K)

ndat=size (U,1);

% Transform back to constrained

Weights=Etas_to_Weights (Etas);

K=length(Weights); % number of components

Omega,

[g, f1, Q1] = getFuncTrcnorm_Lieb(dim, a, Weights, Mu, g_trunc,

% Get pseudo data

Z=Q1(U) ;

Rsq=zeros(ndat, 1); J% ndat by 1 vector

for i=1:ndat

Rsq(i)=Z(i, :)/Omegax*Z(i, :)’; %make this more efficient!

end

logNum=reallog(g(Rsq));

£172=£1(2);

logDen=reallog(f1Z); % n by dim
logLike=sum(logNum, ’all’)-sum(logDen, ’all’);

logPWeights = dirichletlogpdf (Weights, 1/K*ones(K, 1));
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JWeights = Jacobian_WtoEta(Etas);

logJWeights=reallog(abs (det (JWeights))) ;

logPost=loglLike+logPWeights+logJWeights;

end

Listing 7.13: Log posterior distribution for the model based on truncated normal mixture.

function [g_s, f1, Q1] = getFuncTrcnorm_Lieb(dim, a, Weights, Mu,
g_trunc, Db)

% Return related functions according to dim and mixParameters

g =0@(t) g_trcnormMix_Lieb(t, dim, a, Weights, Mu);

g_s = g_standardize (g, dim, b);

[f1_sp, f1] = get_f1(g_s, dim, g_trunc);
cdfl = get_cdfi(fl_sp, g_trunc);
Q1 = get_Q1(cdfl, g_trunc);

end

Listing 7.14: Function conversions for model based on truncated normal mixture.

%% Initialize parameters

% Weights trans
Etas=normrnd (0, 1, K-1, 1);
Weights=Etas_to_Weights (Etas);

Mu=unifrnd (Mu_L, Mu_U, K, 1);

% MCMC chains, each column is one sample
weights_chain=zeros (K, nloop-nwarmup) ;
Mu_chain=zeros (K, nloop-nwarmup) ;

e_chain=zeros (2, nloop-nwarmup) ;
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for i=1:mnloop

if mod(i, 100)==
fprintf ("loop: %d\n", i)

end

% Draw Mu

Mul=unifrnd (Mu-Mu_tuning, Mu+Mu_tuning);
% repeat untile get proposal in range
while (any(Mul<Mu_L) || any(Mul>Mu_U))
Mul=unifrnd (Mu-Mu_tuning, Mu+Mu_tuning);

end

A=logPostCopulaTrcnorm_Lieb(U, dim, a, Omega, Etas, Mul, g_trunc, b);

B=logPostCopulaTrcnorm_Lieb (U, dim, a, Omega, Etas, Mu, g_trunc, b);

logRate=A-B;
Rate=exp (logRate);
el=min (1,Rate);
u=rand;

if u<=el

Mu=Mul ;

end

% Draw Etas

Etasl=unifrnd (Etas-Eta_tuning, Etas+Eta_tuning) ;

A=logPostCopulaTrcnorm_Lieb(U, dim, a, Omega, Etasl, Mu, g_trunc, b);
B=1ogPostCopulaTrcnorm_Lieb(U, dim, a, Omega, Etas, Mu, g_trunc, b);
logRate=A-B;

Rate=exp(logRate) ;

e2=min (1,Rate);

u=rand;
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if u<=e2
Etas=Etasl; ’update eta
Weights=Etas_to_Weights (Etas) ;

end

% record value after burn in

% each COLUMN is a sample

if i>nwarmup

Mu_chain(:, i-nwarmup)=Mu;
weights_chain(:, i-nwarmup)=Weights;

e_chain(:, i-nwarmup)=[el; e2];

end

end

Listing 7.15: MCMC loop for model based on truncated normal mixture.
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