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Abstract

When analyzing a stationary time series, one of the questions we are often interested in
is how to estimate its spectrum. Many approaches have been proposed to this end. Most
are focused on smoothing the periodogram using a single smoothing parameter across all
Fourier frequencies. In this paper, we smooth the log periodogram by placing a spatially
adaptive prior called the dynamic shrinkage prior, so that varying degrees of smoothing
may be applied to different intervals of Fourier frequencies, resulting in less biased estimates
of the spectrum. Further research will extend this approach to spectral estimation for

nonstationary time series.
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Chapter 1

Introduction

The following definitions are taken from Shumway and Stoffer (2017).

Definition 1 A discrete time series is a sequence of data points being recorded at specific
times. Usually these time points are equally spaced, in which case the time series is denoted

by {x;;t=0,4+1,£2,...}.
Definition 2 The mean function of time series {x;;t = 0,£1,£2,...} is defined as

Mzt = E(xt)7

where E denotes the usual expectation operator. When no confusion exists about which

time series we are referring to, we will drop a subscript and write g as jy.

Definition 3 The auto-covariance function of a time series {z;;t = 0,+1,+2,...} is

defined as
Y (8, 1) = cov(zs, ) = E((ws — ps) (@ — pae))

for all s and ¢. When no possible confusion exists about which time series we are referring

to, we will drop the subscript and write 7,(s,t) as (s, t).

Definition 4 A weakly stationary time series is a finite variance process where
1. the mean value function, 4, is constant and does not depend on time ¢, and

2. the auto-covariance function, (s, t), depends on s and ¢ only through their difference

|s — t|.



Since the mean function, F(z;) = y4, of a stationary time series is independent of time
t, we will write p; = pu. Also, because the auto-covariance function, (s, t), of a stationary
time series, x;, depends on s and ¢ only through their difference |s — t|, we may simplify

the notation. Let s =t 4+ h, where h represents the time shift or lag. Then
Vot 4 hyt) = cov(xiqpn, x) = cov(zy, o) = Y(h, 0)

because the time difference between times ¢t + h and t is the same as the time difference
between times h and 0. Thus, the auto-covariance function of a stationary time series does
not depend on the time argument ¢. Henceforth, for convenience, we will drop the second

argument of y(h,0).

Definition 5 The auto-covariance function of a stationary time series will be writ-

ten as

v(h) = cov(ziin, x1) = E((wen — 1) (0 = ).

Definition 6 A strictly stationary time series is one for which the probabilistic behavior

of every collection of values and shifted values

{l’t1>$t27 . >$tk} and {37t1+h, Tty+hy - - - J’tﬁh}

are identical, for all £ = 1,2,..., all time points ¢1,ts,...,%;, and all time shifts h =

0,+1,+2,....
Definition 7 A time series {z;;t = 0,+1,+2,...} is ARMA(p, q) if it is stationary and
Ty = lext—l + -+ ¢p$t_p +wy + Grwe—y + -+ + qut_q

with ¢, # 0, 6, # 0, and 02 > 0. The parameters p and ¢ are called the autoregressive

and the moving average orders, respectively. We assume that w, is a Gaussian white noise
2

w*

series with mean zero and variance o



Definition 8 An autoregressive model of order p, abbreviated AR(p), is of the form
Ty = Qr1&p—1 + -+ OpTy_p + Wy,

where z; is stationary, and ¢1, ¢o,..., ¢, are constants ¢, # 0. We assume that w; is a

Gaussian white noise series with mean zero and variance o2,

Ezample. ©; = 41 — 0.924_9 + w; is an AR(2) model, where w, is white Gaussian noise

with o2.
Definition 9 The moving average model of order q, or M A(q), is defined to be
Ty = Wy + let_l + -+ qut_q,

where z; is stationary, and ¢1, ¢o, ..., ¢, are constants such that ¢, # 0. We assume that

w; is a Gaussian white noise series with mean zero and variance o2 .

Ezample. x; = w; + Ow;_1 is an MA(1) model, where w; is white Gaussian noise with o2,

0 0.

Definition 10 If the auto-covariance function, (h), of a stationary process satisfies

> ()] < oo,

h=—o00

then it has the representation

v(h) = /2 AT f(WYdw  h=0,%1,42, ...,

N

where f(w) is the spectral density. The latter has the representation

o0

flw)= 3 Amemien

h=—00

<w

IA

N | =
N —

Properties of the spectral density function:

1. f(w) >0 for all w.



2. f(—w) = f(w), it is an even function.
3. It is a periodic function, f(w+ 1) = f(w).
In addition, putting h = 0 in

v(h) = /2 N f(W)dw h=0,41,£2,...

NI

yields 1
~v(0) = Var(zy) = ’ f(w)dw,

1
2

which expresses the total variance as the integrated spectral density over all of the frequen-

cies.
Definition 11 Given data x4, ..., z,, we define the discrete Fourier transform (DFT)
to be
d(wj) = no Z zpe 2Tt
t=1
for j =0,1,..., M, where the frequencies w; = % are called the Fourier or fundamental

frequencies, M = ["T’l] (the largest positive integer no greater than ”T’l)

Definition 12 Given data z,...,x,, we define the periodogram to be
I(w;) = |d(wy)[?
forj=0,1,....,M, M = [”771]
When the sample size n is large, I(w;) %dExponential( f(w;)), approximately.

Definition 13 Let z = z; + iz9, where i = /—1 and z1, 2; i N(0, %2) Then
2 2

1 1 1 2 2
s Sen ) xenl-3) = (223,
o o2 o o2 o2 o2

We say z has a complex normal distribution with mean 0 and variance ¢? and denote
it as z ~ CN(0,0?). The pdf of z is given by

1 *
f(2) o = exp(= =),

where z* is the complex conjugate.



Definition 14 A random variable X has a Z distribution with parameters a,b, u, o,

denoted X ~ Z(a,b, u,0), if its pdf

1) = gy (YL exp( e

where the Beta(a,b) mean beta distribution with parameters a and b.

Definition 15 A random variable X has a Pélya-Gamma distribution with parameters

b> 0 and ¢ € R, denoted X ~ PG(b,c), if

1 < Ik
X = _
o

where the g, ~ Ga(b, 1) are independent gamma random variables.



Chapter 2

Estimation of spectral densities

Several approaches have been taken to estimating the spectral density nonparametri-
cally.
When the sample size n is large, d(w;) M oN (0, f(wj)), approximately. This implies
1 |d(w;)?] 1 I(w;)
gld(wy) o - exp{ =5 = exp{ - (2.1)
70 fwy) flw;) f(w;) f(w;)

where g(d(w;)) is the pdf of d(w;) and I(w;) is the peridogram. From (2.1) we see

that /(w;) ~ Expon ( f (wj)> approximately, where Expon ( f (wj)> denotes the exponential

distribution with mean f(w;). Let ¢; = ]{%)), then ¢; ~ Expon(1). It follows that I(w;) =

€;f(w;). Taking logs of both sides leads to the log-linear model

log(I(w;)) =log(f(w;)) +mny, for j=1,...,M, (2.2)

where 7; = loge; ~ log(Expon(1)) = log(3x3). Model (2.2) was used by Wahba (1980) to

estimate the spectral density by smoothing splines.

Whittle likelihood

Since I(w;) ~ EXpon{ f (wj)} approximately, we can write the likelihood as follows:

M Wm

= exp{= X0, log f(wn) + exp{log [ (wn) — log f(wm)} }.

which is called the Whittle likelihood (Whittle, 1962).



Pawitan and O’Sullivan (1994), used the penalized Whittle likelihood to estimate the
spectral density of a stationary time series.

Carter and Kohn (1997), used a Bayesian approach where the error term n; was ap-
proximated by a mixture of normal distributions with fixed values.

Some traditional methods for estimating the spectral density (such as averaged peri-

odogram) are mentioned in Shumway and Stoffer (2017).

2.1 Nonparametric regression

If in a regression analysis we assume there is a predetermined relation between indepen-
dent variables and a dependent variable then this regression analysis is called parametric,
otherwise it is called a nonparametric. In nonparametric regression we need to estimate
the form of the relationship between the independent variables and the dependent variable
based on observed data. To this end, we need a set of basis functions, whose linear com-
bination will capture the interesting features of the data. B-splines are an example of a

possible type of basis functions.

B-splines

To define a family of B-spline functions of order p 4+ 1 uniquely, two things are needed:

1. A polynomial of degree p (the order of a B-spline function equals the polynomial

degree p plus 1).

2. A non-decreasing sequence of knots, t1,...,,1,.

Then the ith member of of a family of B-splines of order 1 is defined as

1 if ti§$<ti+1
Bi,l(ac) =

0 otherwise.

B-splines of higher order k are defined recursively as follows,



sz(ﬂf) = 52'71«31',1@—1(3?) + (1 - 5i+1,k)Bi+l,k—1(x)>

where

T—1; : . )
8 1= { kil it # i

)

0 otherwise.

Here are some general properties of a B-spline of order p + 1, see Eilers and Marx (1996).
1. It consists of p + 1 polynomial pieces, each of degree p.
2. The polynomial pieces join at p inner knots.
3. At the joining points, derivatives up to order p — 1 are continuous.

4. The B-spline is positive on a domain spanned by p + 2 knots; everywhere else it is

ZEro.
5. Except at the boundaries, it overlaps with 2p polynomial pieces of its neighbours.

6. At a given x,p + 1 B-splines are non-zero.

With these good properties, B-splines are ideal basis functions for nonparametric mod-

eling.

P-splines

Marx and Eilers (1999) proposed a generalized linear regression model for curve fitting,
in which the idea of P-splines is proposed. P-splines consist of a combination of B-splines
and a second-order difference penalty placed on the coefficients of these B-splines (to control
the smoothness of the fitted curve).

Lang and Brezger (2004) developed a Bayesian version of P-splines and put a random-
walk prior (up to a second-order) on the B-spline coefficients. In this paper, the first order

random-walk prior is defined as



5/) - 6,0—1 + Up, (2.4)

and the second order random-walk prior is defined as

5[2 = 25/)—1 - 6;)—2 + Up,

where the (3,5 are B-spline coefficients, u, ~ N(0,72), and diffuse priors are placed on j3;
(for a first-order random-walk) or 5; and f, (for a second order random-walk prior). The
diffuse (improper) prior is p(5;) < 1, ¢ = 1,2. (p(B;) means the prior on ;). The amount
of smoothness is controlled by the smoothing parameter 72, which is a global smoothing
parameter. In other words, the same amount of smoothing is applied to different covariate

values (frequency in our case).

Bayesian variable selection

P-splines are one way to prevent over-fitting. Another approach is to start with a
relatively large number of basis functions and to allow some of the coefficients to be close

to zero. This approach is common in Bayesian variable selection for regression models

(George and McCulloch, 1997).

Spike and slab prior

One of the first priors on the regression coefficients used in Bayesian variable selection
was the spike and slab prior (George and McCulloch, 1997). It is often written as a two-

component mixture of Gaussians

Bilpi,c ~ piN(0,¢*) + (1 = pi)N(0,€%),  p; ~ Ber(), (2:5)

where p; ~ Ber(m) means p; has a Bernoulli distribution with probability = that p; = 1.
The parameter c is called the slab width.



In (2.5), the first term on the right-hand side is called slab. The variance ¢? is relatively
large so N(0,c?) has its support over a wide range of plausible values of 3;. The second
component is the spike with €2 << 2. If we set € = 0, then the spike is called a Dirac’s

delta at dg.

The horseshoe prior

The setting of the horseshoe prior is as follows.

Bilhi, T~ N(0,N/7%), Ailo ~ C*(0,0), 7l ~ C*(0,n). (2:6)

In (2.6), C*(0,a) means the half-Cauchy distribution with scale parameter a. We can
see that the level of shrinkage of §; is controlled by two parameters, A; (the local smoothing
parameter) and 7 (the global smoothing parameter). Thus, the horseshoe prior has the
freedom to shrink globally (via 7) and yet act locally (via \;). The global parameter 7
pulls all the weights globally towards zero, while the thick half-Cauchy tails for the local
scales \; allow some of the weights to escape the shrinkage, see Carvalho et al. (2010).

The density function of the horseshoe prior (Figure 2.1) has an infinitely tall spike at
the origin and flat, Cauchy-like tails. These two features allow ;s with large values to
remain large and force small ;s to shrink to values close to zero. So it can accommodate

unknown levels of sparsity by changing the value of 7.

In (2.6), set 7 =0 =1 and let ﬁi:ﬁ,then we obtain
BB = (125 )+ (75 )0 = (11— 27)
Zyl7i_ ].—'—)\12 yz 1+A12 - th .

where y; is the observed data.
Under the setting 7 =0 =1, \; ~ C*(0,1), x; = ﬁ ~ Beta(3, 3). Figure 2.2 shows
the density curve of k;, which looks like a horseshoe. Most of the mass is concentrated at

k; =0 and k; = 1.

10
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Figure 2.1: Different prior on f;

In (2.7), if x; = 0, then E(Bi|y;, A\?) = y;, which means there is no shrinkage. If x; = 1,
then E(B;|y;, A?) = 0, which means total shrinkage, see Piironen and Vehtari (2017).

In Bayesian linear regression, we usually assume that regression coefficients (3;s are
independently normally distributed. In this case, the spike and slab prior can be rewritten

as

Bi ~ pN(0,¢?) + (1 — p)do(B:),

11



25 20
1 1

20

1.0

0.0 02 04 08 08 10

Figure 2.2: Density of the k;

where

1 if 5,=0
do(Bi) == e

0 otherwise,
which concentrates all its mass at zero and makes those S; corresponding to unimportant
covariates shrink to zero.

If the value of j3; is not close to zero, then by the slab component, 3; ~ N (0, c?), and

2

c 1
E ii:—i:<1_—)ia
(Bilys) = T2 )Y

1
14c¢2

which has the same form as k; = H%)\ If we set \; = ¢,

so the shrinkage factor is k; =
then both priors will be the same, which means under this setting, both the horseshoe prior
and the spike and slab prior will assign the same amount of shrinkage to the nonzero f;s.

If the value of ; is close to zero, then by the spike component, it will be shrunk to zero,

12



which means total shrinkage (k; = 1). Thus, the horseshoe prior can closely mimic the
spike and slab prior.

The performance of the spike and slab prior mainly depends on the choice of ¢(-) and
p. A spike and slab prior is often considered as the ‘gold standard’ for variable selection.
The horseshoe prior often performs better than the spike and slab prior in terms of the
mixing of the MCMC (Markov chain Monte Carlo) algorithm. For more details about the
Spike and Slab prior and the Horseshoe prior, see Piironen and Vehtari (2017), who also

proposed the regularized horseshoe prior as an improvement of the horseshoe prior.

The regularized horseshoe prior

The setting of the regularized horseshoe prior is as follows.

2 2

5i|/\i,7'70NN(0,>:i27'2>, )\7, NC+<O,1), ):z = 222 (2 8)

+ — _Po L
T~ C(0,70), T0o= A

In (2.8), po is the number of relevant covariates expected, and L is the total number of

coefficients of basis functions. In linear regression, ¢ is the standard deviation of the error
term. In the context of spectral estimation, it is the standard deviation of 7; in (2.1), which
is equal to \/ig.

Compared with the horseshoe prior with ¢ = 1, we can see that if 3; is close to 0, then
its corresponding local shrinkage parameter ); will be small, thus 72)? << 2. In this case
):iz = czf% ~ A?, which leads to 3| \;, 7,c ~ N (0, A\?72), the same as the horseshoe prior.

When f; has a large value, then its corresponding local shrinkage parameter \; will

242
A

2
~ C 1
Zree N which leads to §;|A\;, 7, ¢ ~

be large, thus 72A? >> ¢%. In this case, ):2-2 =
N(0, 5—272) = N(0,¢?). This is identical to the slab term in the spike and slab prior.

Now we can see that, both the horseshoe prior and the regularized horseshoe prior will
shrink f3;s that are close to 0 in a similar fashion. However, large (3;s will be regularized by

the regularized horseshoe prior, but the horseshoe prior will not do any regularization.

13



Chapter 3

Baysian framework

The Posterior Distribution

Combining the likelihood with the prior distributions yields the posterior distribution

needed for Bayesian inference, i.e.

posterior o prior x likelihood. (3.1)

In our case, the likelihood is the Whittle likelihood (2.3), and we let y,,, = log I(wy,).
Let q,, = (1, qm1, - - -, @), Where g1, ¢mo, - - -, gmr are basis functions evaluated at w,, and
let 8 = (ao,P1,---,0L) be a vector of unknown coefficients such that log f(w,) = d.,8-
We then rewrite the Whittle likelihood as

M

exp{~ S lduB + explyn — 4,81} (3.2

m=1

The prior we place on 8 depends on what model we use.

The priors for P-splines

In this case, the posterior distribution is given by

P(g,7ly) < exp{ = 3" lg B+ exp{ym — 6B} } x P(B) x P(7),

=1

where
1. The prior on g satisfies P(8) = P(ag) X P(81) x P(fa) x - -+ x P(f31), where

ap ~ N(0,10%), 3, ~ N(0, 7'2),6,, = Bp_1 + up,u, ~ N(0O, ),

14



forp=2,3,..., L.

2. The prior on 7 is Half-t3(0,10%), where Half-¢3(0,10%) means the half ¢ distribution
with degrees of freedom 3, location parameter 0, and scale parameter 103. If 7 ~

Half-¢, (i, o), then its density function is

2F(”Tl) ( 172\ -4
T) = 1 ——) for m > 0.
9(7) I'(5)vVvmo? vo?

The Horseshoe prior

In this case, the posterior distribution is given by

P87, Ay) o< exp{ = Y lgluB+ explyn — 4,.8Y) | x P(B) x P(7) x P(\).

1. The prior on B satisfies P(8) = P(ag) x P(81) x P(B2) x -+ x P(BL), where

ag ~ N(0,10%), B, ~ N(0,A27?),
forp=1,2,..., L.
2. The prior on A, is Ayjo ~ CT(0,0). In our case, we let 0 = 1, so P()\,|0) = W(%/\Qp)
3. The prior on 7 is 7|n ~ C*T(0,7n). In our case, we let n =1, so P(7|n) = #

The regularized Horseshoe prior

In this case, the posterior distribution is given by

P(B,7, )\, t)y) o exp{ Z lq..B + exp{ym — q;n,B}]} x P(B) x P(1) x P(\) x P(c?).

15



1. The prior on B satisfies P(8) = P(ag) x P(51) x P(B2) x -+ x P(BL), where

~ 2

ag ~ N(0,10%), 8, ~ N(0,A,"77),
forp=1,2,..., L.
2. The ):,2 = 0212% is a transformed parameter. The prior on A, is A, ~ C*(0,1).

The prior on ¢? is Inv-Gamma(15,375), where Inv-Gamma(15,375) means the inverse

Gamma distribution with shape parameter 15 and scale parameter 375. It allows c?

to take larger values, so the amount of shrinkage of large ;s will be small

3. The prior on 7 is 7 ~ (0, 79) = C7(0, 225 —%), where v = 7.

Hamiltonian Monte Carlo

The random walk nature of the Metropolis algorithm makes it slow to explore the
parameter space and to converge to the target distribution (Gelman et al., 2013).

The Hamiltonian Monte Carlo (HMC) was proposed by Duane et al. (1987), and was
first used in statistics by Neal (2011). HMC is based on Hamiltonian dynamics borrowed
from physics to reduce the local random walk behaviour of the Metropolis algorithm.

Hamiltonian dynamics use an object’s location # and momentum ( at time ¢ to describe
its motion in the system. Each location of the object is associated with potential energy
U(B), and for each momentum there is an associated kinetic energy K({). The sum of

these two types of energy is given by H(S, ().

H(B,¢) =U(B) + K(¢), (3.3)
where the H( B8, () is the total energy.

Equation (3.3) leads to the Hamiltonian equations

A dH dK(()

dt d¢  d¢

16



d¢  dH _ dU(B)
dt —  dB 4B

dK(¢) dU(B)
i and B

tonian equations to predict the location 8 and momentum (.

Given and a set of initial values of ¢ and B, we can use the Hamil-

In HMC, we use the vector of unknown coefficients 8 as the location, and for each g;
in B we assign a corresponding momentum variable ;. The potential energy U(f) is the
log-posterior density of 8, i.e., U(B) = log P(B|y). As for {, we assume it has a multivariate
normal distribution with independent components, so its variance covariance matrix M is
diagonal, i.e., (; ~ N(0,M;;) where M,; is the ith diagonal element of M. The kinetic
energy is given by K(¢) = 18" M~'B.

At the beginning of the HMC iterations, draw random values of 8 and denote them as
B°, where B is the value of B after the ith HMC iteration.

Then in the ith HMC iteration (i =1,2,...)

1. Get current values for this iteration. Let 8 = ', draw a random sample of ¢ from

its posterior distribution, ¢ ~ N (0, M) and denote it as ¢°, let ¢ = ¢°.

2. Propose a new candidate for the next position. Update 8 and { by R ‘leapfrog steps’,

each scaled by a factor €. In each leapfrog step, we do

1 dlog P d log P
(a) (=(¢— 7€ Ogdﬁ(ﬂlw. Use Ogdﬂ(mw to update ( for half a step.
(b) B=B+eM (. Use ¢ and M~! to update B for a whole step.
1 dlog P d log P
(c) (=¢— o Ogdﬁ(ﬂlw. Use Ogdﬂ(mw to update ¢ for another half step.

After (a), (b) and (c), we have updated both § and ¢ by a whole step. Steps
(a), (b) and (c) together are called a leapfrog step. At the end of R leapfrog
steps, the values of 8 and ( are denoted by * and (*.

3. Compute the acceptance ratio r.

_ PBWPE)
PE ) P(C)
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4. Update

8 B*  with probability min(r,1)

B! otherwise.

The main difference between the Metropolis-Hastings method and Hamiltonian Monte
Carlo is how they propose the candidate for the next iteration. In the Metropolis-Hastings
algorithm, the proposal distribution only depends on 8, but in the Hamiltonian Monte
Carlo, the proposal distribution is the joint distribution P(8|y)P({), which depends also
on . Beside that, the Hamiltonian Monte Carlo also uses the gradient of log P(B|y),
so compared with the Metropolis-Hastings algorithm, each single iteration of Hamiltonian
Monte Carlo will be more costly but with a higher acceptance rate which allows Hamiltonian

Monte Carlo to move faster and reach convergence earlier.
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Chapter 4

Spatially Adaptive Estimation of
Time Series in the Time Domain

Using the Dynamic Shrinkage Prior

To motivate the dynamic shrinkage prior (DSP), proposed by Kowal et al. (2019), con-
sider figures 4.1 and 4.2 which display on their left panels true spatially inhomogeneous
signals. These were used by Donoho and Johnstone (1994) as examples of spatially in-
homogeneous signals. The right panels display data generated by adding noise to these
signals, along with two types of fitted curves. For each signal, there are 128 equally spaced
sample points, in the time interval [0,1]. The red lines are based on smoothing splines
while the green ones were fit using the single-component nonparametric regression with the
DSP, implemented in the dsp R package (Kowal (2020)). The DSP is explained later in this
chapter. As evident from these plots, the smoothing splines which are not spatially adap-
tive, miss some important features of the signals. The single-component nonparametric
regression with the DSP does a good job due to its spatial adaptivity. This method allows
for different amounts of smoothing in different intervals. This property is advantageous
when fitting data from spatially inhomogeneous signals like the ones shown in these plots.
In Chapter 5 we propose using the DSP in the frequency domain for estimating spectra of
stationary time series.

The goal of trend filtering is to smooth out a time series by filtering out the noise.

Consider the single-component nonparametric regression model
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Figure 4.1: Left: Doppler and Bumps signals. Right: Data along with fitted curves. The
red lines are based on smoothing splines while the green ones were fit using the single-

component nonparametric regression with the DSP.

yi = Bi+ €, €|oe w N(0,0?), for1 <i < M.

Given an observed time series {y;}, the goal is to filter out the noise and estimate the

smooth filtered time series.

L, trend filtering model

Kim et al. (2009) find the fs that minimize the following objective function

Zi\il(yz — B+ A Zfi;l |Bi—1 — 2B + Bit]. (4.1)

N[ =
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Figure 4.2: Left: Blocks and Heavisine signals. Right: Data along with fitted curves. The
red lines are based on smoothing splines while the green ones were fit using the single-

component nonparametric regression with the DSP.

In (4.1), "M (3 — 8;)? is the residual sum of squares, which measures goodness of fit.
The expression Z?:_Ql |Bi—1 — 2B; + Bir1| is the sum of the absolute values of the second-
order differences, often used to impose smoothness on the values of ;. First-order or
higher orders may be used instead. The parameter A is a global smoothing parameter,
which controls the trade-off between the two objectives of minimizing the residuals and
maximizing smoothness. Since A is a constant that does not depend on ¢, the same amount

of smoothing is applied everywhere.

21



The Baysian trend filter model

Faulkner and Minin (2018), proposed the following model

Y = Bi + €, ei|06iQdN(0,0§), for1 <i< M, (42)

A%Biy = wy, w; | T, N nd N(0,72)?), for1<i < M. .
Model (4.2) is a Bayesian adaptation of the L; trend filtering model (4.1). The prior placed
on the second-order difference of {3;}, A?8;,1, is the horseshoe prior, proposed by Carvalho
et al. (2010), which is a global-local shrinkage prior. The shrinkage imposed by this prior
induces a locally adaptive smoothing of the trend, where the local scale parameters {\;}

are assumed to be iid. Kowal et al. (2019) propose the dynamic shrinkage prior (DSP)

which does not assume independence of the {\;}.

The dynamic shrinkage prior (DSP)

Let h; = log(7?A?) and define

hivi = p+ ¢(hy — 1) + s,
m~ Z(L,1,0,1),

272

(4.3)

where 1 =log(7?) and ¢(h;—; — p) + n;—1 = log(A?). This formulation induces dependence
between the \; and \; 1. If ¢ = 0, then h; = p + n;, and since n; by Z(a, 3,0,1), the h;
are i.i.d, which is the standard global-local prior, i.e., there is no extra spatial adaptivity.
When ¢ > 0, the first equation of (4.3) shows that the {h;} follow an AR(1) model, and
the dependence between \; and A;;; is controlled by the AR(1) coefficient ¢. Because ¢
is positive, the correlation between \; and \;;; is positive. The larger ¢, the stronger the
relation between \; and A;;;. This means that the value of A\;;; will be more likely to be
close to \; so the degree of smoothing in adjacent intervals will not change a lot.

As for the parameter 7, we set 7 ~ CT(0,7), where v = \/“—SM and C is the half-Cauchy

distribution with pdf P(r) = % : H(l 7z In the Horseshoe prior £ ~ N(0,72)?), so the

=23
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conditional posterior distribution of 3; is conditional on the value of 7 or 72 directly. But
in the DSP, the evolution equation (4.3) is used to get h;1 for i =1,2,3,..., M — 1. Thus
when implementing the DSP, we work with p = log(7?) rather than with 72. For this
reason, we now derive the distribution of p. Since 7 ~ C*(0, 1), it follows that the density

function of A = 72 is

B TVA(A2 +42)
Now, letting p = log(A) = log(7?) = A = exp(u), we obtain

1 esn—log(y) 1 eslr—2log(7)
P(p) = ——— e = = T e
71+ er—2log(y) T 14et g(7)
By Theorem 1 of Polson et al. (2013), let p(,) denote the pdf of the Pélya-Gamma
random variable £, ~ PG(b;0), b > 0. Then the following integral identity holds for all

a € R.

Pya 00 2

where ( = a — . Letting ¢ = p — 2log(7), we see that
3 (n—210g(7)) (ew)%

1
o (L+ed)t

1
P(y) = 1 + er—2log(v)

1 11 W L
=g [T = o [ ST ng )
Thus, given §, ~ PG(b,0), ¥ | £, ~ N(O,{“ljl). Also, the conditional distribution
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In our case, ¥ = p—2In(y), a = 1 and b = 1, then ( = 1 -1 =0. So P(u) =
_( 210g(w)) 3 o2 _

%fo - ‘ (gu)dgu Thus (:u | f;mae) ~ N<2 log(ﬁ)/) ) N(log(ﬁe)aful) and

Since w; = A%B;,1 and w; ~ N(0,72A?) = N(0, exp(h;)), we see that —%— ~ N(0,1)

exp(")
expih) ~ x1. Taking the log, we obtain log(w?) — h; ~ log(x3) <= log(w?) =

and
h; +log(x?). Kastner and Frithwirth-Schnatter (2014) use this expression to write the joint
distribution of the h;. The distribution of log(e?) can be approximated by the 10-component
mixture of normal distributions proposed in Omori et al. (2007). Conditional on the mixture
component indicators s;, log(e7)]s; ~ N(ms,, vs,), where m;, pj and v, j = 1,..., 10, are the
pre-specified means, weights and variances of the 10-component Gaussian mixture provided
in Omori et al. (2007). Thus log(w?) = h; + log(e?)|s; implies log(w?) ~ N(h; + my,, vs,).
In practice, to avoid numerical issues when w? is too small, we add a small offset ¢ = 107
to w?, resulting in log(w? + ¢) ~ N(h; + m,, vs,).

A random variable from n; ~ Z(3,1,0,1), can be generated by drawing from n; | & ~
N(0,&7) and & ~ PG(1,0).

As for ¢, we let w ~ Beta(10,2), which places most of the mass of the density of ¢

n (0, 1), so ¢ has a prior mean of 2/3 and a prior mode of 4/5.
For o., we use Jeffreys’ prior, i.e p(o¢) Uie

The setting of the DSP is summarized as follows.

A26i+1 = Wy, ’U}i|7'7 /\Z ZZ\LJd N(O,TZ/\?)7 for 1 <1 < M
T~ CF(0,22), = log(7?) = (uloe,&;") ~ N(log(
mil& ~N(0,&), &% PG(1,0), i=12,...,M

ol Beta(10,2), p(oe) o< 2.

€

), &t)s &~ PG(1,0),

ilﬁm
~—~
~—

As mentioned earlier, in the DSP, the local parameters \; depend on the AR(1) coeffe-
cient ¢, so the shrinkage paramter x; introduced in Chapet 2 also depends on ¢. Figure 4.3
below displays simulation-based estimates of the stationary distribution of x; for various

AR(1) coefficients ¢. The blue line represents the density of the shrinkage paramenter r;
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Figure 4.3: Blue line: density of ; of the horseshoe prior. Histograms: densities of x; for
the DSP. (a) ¢ = 0.25, (b) ¢ = 0.5, (c) ¢ = 0.75, (d) ¢ = 0.99. The plot is from Kowal
et al. (2019).

of the horseshoe prior, i.e., k; ~ Beta(%, %) The histograms show the densities of x; in
the DSP for different values of ¢: (a) ¢ = 0.25, (b) ¢ = 0.5, (c) ¢ = 0.75, (d) ¢ = 0.99.
We see that when ¢ is close to 0, which means weak dependence between \; and ;. 1, the
DSP works very similar to the horseshoe prior, where there is no dependence between \;
and ;1. But when ¢ is close to 1, compared with horseshoe prior, the density of x; in the

DSP gives more mass to values near 0 (no shrinkage) and 1 (maximum shrinkage).
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Chapter 5

Spatially Adaptive Estimation in the
Frequency Domain Using the

Dynamic Shrinkage Prior

Kowal et al. (2019) proposed the dynamic shrinkage prior (DSP) but applied it only in
the time domain. In this paper our goal is to apply the DSP to the frequency domain. By
using the DSP, we aim at finding a spatially adaptive estimate of the spectrum of stationary

time series.

5.1 The Posterior Distribution

Multiplying the likelihood by the prior distributions yields the posterior distribution
needed for Bayesian inference. In our case, the likelihood is the Whittle likelihood (2.3).
Given an observed time series {z;}, we apply to it the discrete Fourier transform (DFT)
introduced in Chapter 1 and denoted it by d(w;). Based on the d(w;) we then calculate the
periodogram (w;) as described in Chapter 1. In Chapter 2 we mentioned that when the
sample size is large, we have approximately /(w;) ~ Expon ( f (wl)> from which the Whittle
likelihood (2.3) follows. Letting y; = log(I(w;)), the Whittle likelihood is given by

M

exp{ — 3 [log (i) + expiy; — log f(w)}]

=1
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5.2 Single-component nonparametric estimation

We start with the single-component nonparametric estimation, where log f(w;) is mod-

eled by f3;. Under this setting the Whittle likelihood becomes

exp{— > 18 + exply: - @-}]}. (5.1)

M
i=1

5.2.1 The conditional posterior distribution of g

The prior on B is

P(D:pIS.) = (2m) ¥ et (%)L exp{ (D)7, (Do)},

T
where B = |B,, Bo, ---, Ba| 1san M x 1 vector and
1 0 0 O 0 0
0 1 0 0 0 0
1 -2 1 0 0 0
D2 = )
0 1 =21 0 0
o0 0 0 - =21

which is an M x M matrix. X, = diag({o2 }2,) for 02 = 72\
Since it is the second-order difference, the priors on 8; and 3, are 3; ~ N(0,a?), i = 1,2.

This guarantees that the prior is proper pdf. The conditional posterior of £ is given by

3 [ i %
exp{— ) _[B; + exp{y: — Bi}]} x exp{—(D2B)" ¥, (D2B)} x eXP{—2—a%} X eXP{—Q—ag}

i=1
Taking the log yields
S 1 Ts1 i B
log P = = [6: + exp{ys — B} = 5 (D)5, (Dab) - 55 = 525

=1
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We want to use the Metropolis-Hastings algorithm or the Hamiltonian Monte Carlo algo-

rithm mentioned in Chapter 3 to draw samples of 8 from the conditional posterior distri-

bution, for which the gradient and Hessian with respect to B are needed. Next we will

derive these two.

[ exp(n — A1)~ 1 | E
B exp(yz—'ﬁz) -1 §%WTD2TE;1D2ﬂ] + 0%
exp(yn — Bur) — 1) 0
[exp(yn — 1) — 1 - f_{
| exp(y: - 5.2) -1-3| 1%[ﬂTDTE 'D,p).
| exp(ym — Bu) =1

Denote DIY71Dy by C, then since 3!

that 5 ?[ BTCB| = CB and

exp(yr — A1) —1—
d exp(ys — o) —1— %
—log P = a3
(9,3 og P = '
| exp(ym — Bu) — 1

The Hessian is given by
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is diagonal, it is symmetric and CT =

C. It follows

- CB.



exp(y1 — B1) —1— B

o 0 |explye—B2) 132
9poB" log P = %[ . — Cp]

eXp(yM - 5M) —1

—exply — i) ~ & 0 0
0 —exp(ys— o) — % - 0
0 0 —exp(yam—1 — Buv-1)
0 0 0
—C,

which is an M x M matrix.

0

—exp(ym — Bum)

The derivation of the conditional posterior distributions for other parameters are similar

to the one in Kowal et al. (2019). Details are provided in Section A.2

29




Chapter 6

Future Work

6.1 Future Work

6.1.1 Spectral estimation using the DSP in the single-component

model

I will continue working on programming the sampling scheme for estimating the spec-
trum of a stationary time series using the DSP in the single-component model. As described
in Chapter 5, in this case, the estimation is based on Whittle likelihood, given in Equation
(5.1), where the log spectrum is modeled using the vector 8 and the DSP. I will use the
Metropolis-Hastings algorithm or the Hamiltonian Monte Carlo algorithm mentioned in
Chapter 3 to draw samples of 8 from the conditional posterior distribution. After finishing
the coding, I will evaluate the model performance through simulations, as well as fitting
the model to real date.

The Metropolis-Hastings algorithm we want to use is described below:

e Find the conditional posterior distribution of 8, as done in Chapter 5, and denote
it by P(B]...), where ... represents parameters like ¥, a? and a3 on which the
conditional posterior distribution of 8 is conditioned.
e Calculate the gradient and the Hessian of log P(8 | .. .), % log P(B] --..) and ﬁ log P(B] --..).
e Find B which maximizes log P(8 | ...).

e Propose from the multivariate normal distribution N(B, 2 5), where

B
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You— (— O
8= opoppp ‘ )
distribution by ¢(-) and a proposed value by ﬁp . Let the current value be g .

log P(B]-..))"'. We denote the pdf of this multivariate normal

ap e
e Calculate the acceptance probability as a = min{1, L'gc)%}, where P(Bp ) and
PP )aP )

P(BC) are the values of the conditional posterior distribution P(8 ] ...) at Bp and BC,
respectively. Similarly, q(,['}p ) and q(,BC) are the values of the proposal pdf at Bp and
,36, respectively.

6.1.2 Spectral estimation using the DSP in the multi-component

model

We will extend the single-component model to the multi-component model (Kowal et al.
(2019)), using B-spline basis functions to model log f(w;) by Zle Bi.j%; ;, where x; ; is the j-
th B-spline basis function evaluated at the Fourier frequency w;, and let z; = (x;1,...,2;1)"
and B8; = (Bi1,- .., Bir)" such that log f(w;) =z B;. We then rewrite the Whittle likelihood
as

M
exp{— > (&l B, + exp{ys — 27 B} }. (6.1)

=1
Model (6.1) is a varying-coefficient model (Hastie and Tibshirani (1993)), which means

that the coefficients are allowed to vary as smooth functions. The DSP is then applied to
B;. The setting of the DSP for the multi-component model is described below.

A2ﬁi+1 =B — 2B, + By = w;, (wi,j | 70, Ti, )\i,j) (g N(077—027_i2)‘12,j)7 (6.2)
hi; = log<7_()27—i2)\z2,j)? hisy =p+ ®(h; — p) +n;,
where w; = (wi1, ..., wir)", hi = (hix, . hin)’ w= (pa, . pwn)”s = (iay oo ymiz)t
and ® = diag(¢1,....dn). As before, (ni; | &) ~ N(0,&1) and &; ' PG(1,0). The
7~ C*(0,1) and 75 ~ C*(0, Z=).
I will derive the conditional posterior distributions required for implementing MCMC

methods for this model and write code for implementing it.
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6.1.3 Other tasks

In the proposed future research we will extend spectral estimation to a single nonsta-

tionary time series (Rosen et al. (2012)), as well as to multiple time series with covariates.

6.2 Time Schedule of Future Research

Table 6.1: Time schedule

Tasks to complete

Approximate time

Finish coding the single-component model for spectrum esti-

mation.

Jan - Feb 2021

Deriving the conditional posterior distributions for the multi-

component model.

Feb - Mar 2021

Coding the multi-component model.

Mar 2021

Working on spectrum estimation of nonstationary time series.

Apr - May 2020

Deriving the algorithm for estimation for nonstationary time

series.

Jun -July 2021

Implementing the estimation for nonstationary time series.

Aug - Sep 2021

Dissertation writing: Literature review Oct 2021
Dissertation writing: Methodology Nov 2022
Dissertation writing: Experiment Dec 2022
Dissertation writing: Results Jan -Feb 2022
Dissertation writing: Writing and revising March 2022
Defense Apr 2022
Submission for publication. May 2022
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Appendix A

Appendix

A.1 Derive the distribution of the p

In chapter 4 we have p = log(A) = log(7?) = A = exp(u), then the density function

of wis P(u) = %,ﬁieu : e%% - el, we use 712 = e72In0) to rewrite the equation above and get
P(p) = %Heu,—lmw - e2”. Then use % = 719809 to rewrite the equation above and get

1 eéu—log(v) e%(p,—Qlog("y))

1
() = 71+ er—2log(y) T + epr—2log(v)

A.2 Posterior distribution for parameters in single-

component nonparametric estimation

For h
hy
ho : : : L
We defineh = | The evolution equation contains h;, which is h;1 1 = p+ o(hy —p) +
hat

itd 1 1 . .
Niy Mi ~ (5, 5,0, 1). We can rewrite it as

i = (hig1 — p) — ¢(hs — )

ind

since 17; ~ Z(%, %,0, 1), we can draw samples of 7; ~ Z(%, %,O, 1) by n:]& = N(0,&71) for
iid
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(1 0 0 0 0 0]
hy = 6 1 0 0 0 0 [
So if we let b = h2._M , Dy = 0 - 10 o0 .= 72 . Then
- 0 0 —¢ 1 0 0 -
s — 1] A |
00 0 0 0 - -6 1

we have n = Dgh ~ N(0, X¢), here X - diag{(& M, }.
Another part which contains h is log(w; + ¢) ~ N(h; 4 ms,, vs,), denote log(w; + c)

(7
by ;, then from ; n N(h; + ms,, vs;) we have § ~ N(m + h+ i, Y,). Here g = y? ,
i T H
M,
Msy | 7. .
m = , = ||, h is the same as we defined above, ¥, = diag{(vs,)i_, }.
i

From n = Dgh ~ 1_\1(0, Y¢) we have

P(DyI5) = (2m) % det() exp{ ~ 3 (Dgh) S (Dgh)}.

if we denote D¢TZ§_1D¢ by ¥3', then we can rewrite it as

1~ -
P(Dy|%¢) = (27) % det () exp{—§hT2g1h}.

From § ~ N(m + h + fi,3,), we have

PFIS,) = (2m) ¥ det(S,) exp{—5 (5 —m — h— B, (G —m— h— @)},

we denote § —m — i by k, then we can rewrite it as
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P15, = (@) ¥ det(S,) exp{— (-h+ B, (4 B)).

14

So
(2m) ¥ det(S) expl— 5 (Dgh)T5; (Dgh)

1 -

x(2m)" % det(E,) exp{—3 (§ —m —h — @)"S," (G~ m — h— i)}

~ exp{—%izTZgliz} « exp{—%(—iz RIS (R4 R

1 - - . - . -
xexp{—5[h S h+ RS h - SR — BT R)

_ exp{_é[if@; YA - RIS — B

v

> eXp{‘%[@ — (S TSR (S + 5 (- (5 + 2,8 R

so we can see that the conditional distribution of h is h ~ N((33% + X)) 712k, (251 +
5,07 = N((Dg"S "Dy + 35,0718 1§ — m — i), (D" 5S¢ "Dy + 1) 71, I we let

Q, = Dy'X.'Dy + X! and [ = X1 (§ — m — fi), then we can rewrite the conditional
distribution of h as h ~ N(lelﬁ, le). We can sample h in this way:

For 1

™ N

From ploe, &, ~ N(log(%5),&,"), we have

Plaloe &) = i expl 3 By o - =2

2mg, ! 2 " 2 &'

}.

From the evolution equation h;y1 = p + ¢(h; — ) + nm;, we have u + 19 = hy ~
N(u, &), € ~ PG(1,0) and
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1 eXp{_M} x exp{— M
N 2 2
Fori=1,2,...,M — 1. hiy1 = p+ ¢(hy — p) +m, i Z(a, 5,0,1) implies that
hiy1 = ¢hi + (1 — @)+ 15, 50 hip1 ~ N(odh; + (1 — ), &), & ~ PG(1,0). Then we can
see that

P<h1|:u7 50) =

1 exp{— ( +1 ¢h ( ¢):u)2
V2mg 26

( i+1 ¢h ( ¢)M)2
26,

so the posterior distribution of u is

p(hivalp, ¢,&) = }

X exp fori=1,2,...,n—1
{- }

exp{—%—(u_?gl(]\;)) } x exp{— (o= P 250 }>< H exp{— i = (bhsz( = $)u) }
OCGXP{—%[(@‘FSO‘FQ—(?Yifi)MQ—Q(IOg( 2)§u+h150+ 1—¢ 22 i1 — 0hi)&)]}

Implies that z has a normal distritbution with mean &,+&+(1—¢)2 S £i)_1(10g(%)£u+
Mo + (1= 0 300 (hier — 0hi)&; and variance &, + & + (1 - 6)” T ' &)™

For ¢

The prior of ¢ is =5% ~ Beta(10,2), it means

146191 _ 14011 14949 _lidm

then d—d)(#) = 3, so we have p(¢) = 20(1£2)9(1-2) o (14 ¢)?(1 — ¢).

The evolution equation contains ¢, which is h;y1 = p + ¢(h; — ) + 7, We have
gm0 =hi ~N(u, &), & ~ PG(1,0), which implies

39



(hy — p)? (b1 — p)?

1
P<h1|:u7§0) = \/Wexp{_T} X eXp{ To_l}a

and fori =1,2,...,M — 1,

(hiy1 — ohi — (1 — @)p)?

1
p(hi+l|lu’7 ¢7 51) = \/Tg._lexp{ 25‘—1 }’
so we have
b (hips — dhi — (1 — ¢)u)?
1 o exp{— 2 }
=
o exp{—§ Z [(Ris1 — p) — d(hi — p)]*&}
i=1
M—1 M—1
o exp{—— [¢? Z & —2¢ Z (hiv1 — ) (hi = )&l }
i=1 i=1
then
M—1
p(e) x H p(hivilp, &, &)
i=1
| M- M—1
o (1+0)°(1 = ) x exp{—5[6* Y (hi = )’ = 26 D (hia — 1) (b — )&}
i=1 i=1

The second term in the formula above is a kernel of normal distribution, which is

N<Z£II(AZH11_ )(hiz_ )& . 1 : )
Zzl(h_)gi 211(h_)§i

For mixture component indicators {s;}

In Omori et al. (2007) , the P(s; = k), my, and v, for k =1,2,3,...,10 are show in the
table below.

From log(w? + ¢) = §; ~ N(h; + m,, vs,), we have
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Table A.1: Table of the 10-component Gaussian mixture

k | P(s; = k) my Uy,

1 | 0.00609 1.92677 | 0.11265
2 | 0.04775 1.34744 | 0.17788
3 | 0.13057 | 0.73504 | 0.26768
4 | 0.20674 | 0.02266 | 0.40611
5 | 0.22715 | -0.85173 | 0.62699
6 | 0.18842 | -1.97278 | 0.98583
7 | 0.12047 | -3.46788 | 1.57469
8 | 0.05591 | -5.55246 | 2.54498
9 | 0.01575 | -8.68384 | 4.16591
10 | 0.00115 | -14.65000 | 7.33342

P(j;) = \/%VSZ exp{— (i — f;zy; msi)2} o \/1V_SZ exp{— (9i — ZZV; msi)z}’

so the conditional distribution of s; is

For ¢&;

Since n;|xi; ~ N(0,&_1) and & ~ PG(1,0), then based on theorem 1 of 7, we have the
conditional distribution of &;|n; ~ PG(1,n;).

For o,

The prior we place on o, is o, Ui Then from y; = f; + €;,€¢; ~ N(0,02) for i =

1,2,...,M and 7 ~ C*(0, \/LM)’ we have the conditional distribution of o, is
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X O,

(M+1) |
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