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Abstract
Photonic crystals are engineered periodic structures that provide great control over
electromagnetic waves. One of these mechanisms is self-collimation, in which the electromagnetic
wave travels through the photonic crystal along an axis of the lattice without diffracting or
spreading. This mechanism of self-collimation is a dispersion phenomenon, which is dependent
on the unit cell’s physical and geometrical characteristics. An algorithm for generating spatially
variant lattices (SVL) was developed that can change geometrical properties in photonic crystals
as a function of position, like unit cell orientation, fill fraction, symmetry, and others in a manner
that is smooth, continuous, and virtually free of unintentional defects, allowing unprecedented
control over electromagnetic waves in self-collimating photonic crystals.
Through the development of analysis tools to analyze photonic crystals in frequency, time
and Fourier domains, optimization of lattices and their unit cells, generation of graphics, scientific
discoveries through simulations, and the implementation of a novel SVL iterative algorithm, this
work provides a way to simultaneously control multiple aspects of an electromagnetic wave by
spatially varying different geometrical properties throughout a photonic crystal. Specifically, two
significant contributions are shown. First, the phase and power of a wave were controlled
independently by changing the unit cell orientation and its fill fraction through the same space, in
two- and three-dimensional crystals. Second, the power flow of a wave was arbitrarily controlled
in a three-dimensional photonic crystal by spatially varying the unit cell orientation throughout the
device.
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Chapter 1: Introduction
1.1 – PURPOSE
The ability to arbitrarily control electromagnetic waves within a given volume is the
ultimate goal of electromagnetic engineering. Wave properties like power flow, phase, and
polarization, among others, are sought to be controlled arbitrarily, either some or all at the same
time and independent from each other.
Periodic structures like photonic crystals (PCs) can provide exceptional control over
electromagnetic waves using band gaps [1, 2] and dispersion [3]. However, these periodic
structures are still limited in their range of interactions with electromagnetic waves. In order to
enhance control in these devices, defects need to be introduced in the otherwise perfectly periodic
lattice, like waveguides [4-8], air gap mirrors [9-11], bends [12, 13], rotation of material inclusions
[14], and spatial chirping [15]. These defects may often compromise the original shape of the unit
cells, introducing unwanted scattering and reflections, and may reduce the overall desired
performance of the device.
A SVL algorithm was developed that introduces geometrical changes as a function of space
to an otherwise homogenous lattice, in a manner that is smooth, continuous, and free of
unintentional defects [16]. The smoothness of the lattice is made possible because the algorithm
preserves the original form of the unit cells when introducing changes, unlocking the full potential
of periodic structures. Properties that can be changed simultaneously includes unit cell orientation,
fill fraction, spacing, material composition, and symmetry, among others [17].
Through extensive literature search and analysis tools for photonic crystals, a set of unit
cells were discovered that exhibit self-collimation over a wide range of frequencies and angles,
which is especially useful when incorporating spatial variance in these devices. To characterize
the behavior of spatially variant photonic crystals, a wide array of analysis tools were developed
to simulate photonic crystals in frequency, time and Fourier domains, along with the
implementation optimization algorithms that increase speed and efficiency. The results of these
simulations are presented by generating high quality graphics.
1

Spatial variance allows dispersion phenomena like self-collimation to be engineered [18]
and fully exploited by introducing different geometrical changes to the lattice as a function of
space while keeping its self-collimation properties. Each of these changes controls different
aspects of the wave. In the present work, the flow of power was controlled by unit cell orientation,
while the spatial phase was controlled by the unit cell fill fraction [19]. This level of freedom and
control is unprecedented, and may lead to miniaturization of optical systems by multiplexing
different functionalities [20], creating a new paradigm for designing devices based on diffraction
optics.
To date, there have been many successful approaches that introduce the SVL algorithm in
self-collimating photonic crystals, both in simulations and experimentally at microwave and
infrared frequencies [21, 22]. However, the spatial variance implemented has been restricted in
planar PCs or stacked 3D layers. The spatial variance in these cases is implemented in two
dimensions using 3D unit cells [16]. The main limitation for designing a fully 3D spatially variant
photonic crystal has been the current method of implementing the algorithm, which requires
prohibitive computational resources, especially memory. Most recently, an advancement in the
implementation of spatial variance in an iterative manner [23] has been developed, which allows
the design and simulation of 3D self-collimating photonic crystals that incorporate multiple bends.
This advancement paves the way to a practical methodology of designing fully 3D devices that
control multiple wave properties enabled by spatial variance.
1.2 – OVERVIEW OF DISSERTATION
Chapter 1 encompasses the motivation behind this dissertation, as well as the overview of
the chapters.
Chapter 2 explains in detail the numerical tools needed to study and simulate
electromagnetic phenomena in photonic crystals in two and three dimensions. It starts by
introducing Maxwell’s equations and lays down the framework of finite differences to develop
computational algorithms that encompass time, frequency, and Fourier domains.
2

Chapter 3 sets the theoretical background needed to understand photonic crystals and their
related electromagnetic phenomena. Understanding concepts like dispersion, band diagrams, and
equifrequency contours in two and three-dimensional photonic crystals are essential to
understanding the mechanisms in which electromagnetic waves are controlled in these devices.
Chapter 4 provides the mathematical formulation of the spatial variance algorithm. It also
explains how to implement it in an iterative manner more suitable for 3D photonic crystals, as they
are computationally expensive to create.
Chapter 5 lays the groundwork for controlling electromagnetic wave properties in spatially
variant photonic crystals. The chapter presents two different crystals, one 2D and one 3D, that
simultaneously control power and phase direction.
Chapter 6 shows the advantage of using the newly developed iterative SVL algorithm to
design a 3D spatially variant photonic crystal. The device is designed to present two consecutive
bends to control the power flow of an electromagnetic wave arbitrarily.
Finally, chapter 7 has concluding remarks of this research work and future ways in which
it can be expanded in different research paths.
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Chapter 2: Computational Electromagnetics for Photonic Crystals
2.1 – MAXWELL’S EQUATIONS
This chapter lays the mathematical foundations in which electromagnetic waves behave in
PCs. Maxwell’s equations are presented in their general form, and then suitable frameworks are
formulated, which are easy to implement using computational methods. These methods are molded
by the physical constraints of photonic crystals and encompass the time, frequency, and Fourier
domains.
Maxwell’s equations are a set of four equations, which along with two constitutive
relations, describe electromagnetic phenomena in the universe. The four equations are shown in
their time-domain differential form below.


D  
(2.1)

B  0
(2.2)


B
 E  
(2.3)
t

  D
 H  J 
(2.4)
t

Equation (2.1) is called Gauss’ Law and relates electric charges with the electric flux D ( C/m 2 )
and charge density  ( C/m3 ). Equation (2.2) is the magnetic form of Gauss’ Law that states that


the magnetic flux density B ( Wb/m2 ) traveling outwards of a surface is always zero. Eq. (2.3) is
Faraday’s Law, and it states that a time-varying magnetic field induces a circulating electric field




E ( V/m ). Lastly, Eq. (2.4) is Ampère’s Law and states that a current source J   E (A/m 2 ) or

a time-varying electric field induce a circulating magnetic field H ( A/m ).
If the electromagnetic fields are time-harmonic, Maxwell’s equations can be written in
their frequency-domain form, which will be used from this point onwards to formulate the
framework for computational electromagnetics.



 D  
4

(2.5)


B  0


  E   j B
 

  H  J  j D

(2.6)
(2.7)
(2.8)

The final pair of equations shown below are the constitutive relationships



D  [ ]E


B  [  ]H

(2.9)
(2.10)

Where

    0 [ r ]
    0 [  r ]

(2.11)
(2.12)

Equations (2.9) and (2.10) relate the electromagnetic fluxes and fields through the media
parameters of free-space permittivity  0 and permeability 0 , and relative permittivity and
permeability tensors r  ,[  r ] . The tensors are shown in their Cartesian form below.

 0  8.854187817... 1012 (F/m)

(2.13)

0  4 107 (H/m)

(2.14)

 xx

[ r ]   yx
 zx

  xx

[ r ]    yx
  zx


 xy  xz 

 yy  yz 
 zy  zz 

(2.15)

 xy
 yy
 zy

(2.16)

 xz 

 yz 
 zz 

The constitutive relations account for general anisotropic media. In the time domain, they become
convolutions with the electromagnetic fields instead of a simple product. It is worth noting that the
measured values of vacuum permittivity and permeability are related to the speed of light in
vacuum, which is constant.
c0  299, 792, 458(m/s)
1
0 
0c0 2
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(2.17)
(2.18)

2.1.1 – Physical Media Considerations for Photonic Crystals
The material parameters in the photonic crystals shown in this research work are diagonally
isotropic, meaning that only diagonal components of the material tensors are non-zero.
 xx
[ r ]   0

 0
  xx
[ r ]   0

 0

0

 yy
0
0

 yy
0

0
0

 zz 

(2.19)

0 
0 

 zz 

(2.20)

They are also inhomogeneous, meaning that they vary as a function of space. This property
modifies the constitutive relationships to

 
  
D ( r )   ( r ) E (r )
 
  
B( r )   ( r ) H (r )

(2.21)
(2.22)


where the vector r denotes position in space. The materials are also linear, which means that the
relative permittivity is a linear combination of the electric susceptibility  , which is the ability of
the material to get polarized in the presence of an electric field.
 
  
D( r )   0 [1   ( r )]E (r )

(2.23)

The last consideration made is the absence of external charges (   0) and materials with
negligible conductivity, which leads to the final form of Maxwell’s equations.

D  0

(2.24)

B  0


  E   j B


  H  j D

(2.25)



(2.26)
(2.27)

Equations (2.24) - (2.27), along with constitutive relationships (2.21) and (2.22) form the basis to
develop computational algorithms for studying photonic crystal phenomena throughout the rest of
this research work.
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2.2 – FINITE-DIFFERENCE METHOD
2.2.1- Representation of Functions in a Discrete Grid
Physical phenomena like electromagnetic waves exist on an infinitesimal space and time
continuum in the real world. In order to translate this continuum to the computer domain, space
and time must be discretized in computer memory. One method to achieve this is to partition the
physical continuum into a grid made of discrete smaller cells. A single function value in a cell
point is stored in memory along with its physical dimensions and interrelations between its
neighboring cells. Figure 2.1 shows the translation of representing functions from the real physical
space to discretize and store it in computer memory.

Fig. 2.1 – Translating physical functions into discrete cells in computer memory [24].
2.2.2 – Finite-Difference Operators
Linear operators like curl and divergence are present in Maxwell’s equations and can be
easily represented using finite-differences. The finite-difference approximation takes advantage of
the fact that the function values are stored in a discrete grid placed a certain distance apart.
Figure 2.2 shows an example of central finite-difference across three points in space along the
7

x  axis. This second-order accurate, first-order derivative is the one that will be used throughout

this work.

Fig. 2.2 – Example of a one-dimensional central finite-difference approximation.
It is more convenient to group all finite-difference derivative operations on a discrete grid
in the form of matrix operators. The coefficients are stored in a sparse diagonal matrix, and the
unknown function quantities, like fields, are stored in separate column vectors. Matrix operators
are intuitive and versatile to implement in electromagnetic computational methods, and they are
easily implemented.
In finite-difference approximations, it is essential to address the values outside the
boundaries of the grid. The boundary conditions needed for this research are periodic, Dirichlet,
and Neumann [25]. Periodic conditions set values based on the opposite side of the grid. Dirichlet
condition sets the values to zero outside the grid, and Neumann sets the boundaries to values
consistent with varying linearly outside the grid.
Figure 2.3 shows how to build a matrix derivative operator with Dirichlet boundary
conditions for a 3  3 grid. The matrix is usually a square matrix initialized to all 0’s. The function
values are placed into a single column vector. Then, the matrix is populated with  1’s where the
function exists at the appropriate grid indices and function values, and the common term 2x
brought outside the matrix operator. The matrix derivative operators result in essentially two main
diagonals with numbers, which can be defined by a sparse matrix to optimize memory.
The matrix derivative operator notation (shown below the matrix) will be used throughout
the rest of this work.

8

Fig. 2.3 – Process of creating a matrix derivative operator. Start with the grid and a general
equation (left), generate finite difference equations (middle), and finally arranged in
matrix form (right).
2.2.3 – Maxwell’s Equations on a Yee Grid
In the real world, electric and magnetic fields exist in the same place at the same time.
When placing these fields on a discrete grid, it would be logical to assume that the fields would be
placed at the same place in the grid, perhaps at the origin. However, this causes stability issues in
the numerical domain and is very difficult to implement. It is best practice to stagger the field
components in an arrangement called the Yee grid [26]. The Yee grid staggers the electromagnetic
fields in a manner that is divergence-free, satisfies the physical boundary conditions, and provides
an intuitive and elegant arrangement to approximate the curl equations [24]. Figure 2.4 shows the
3D Yee grid unit cell with its corresponding staggering of the fields in cartesian space.
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Fig. 2.4 – the 3D Yee grid unit cell.
The Yee-grid approach is a powerful method that will allow us to derive finite-difference
frequency-domain and finite-difference time-domain, as is shown in the subsequent sections of
this chapter.
2.3 – 2D FINITE-DIFFERENCE FREQUENCY-DOMAIN
The finite-difference frequency-domain (FDFD) is a numerical method that calculates the
steady-state solution of Maxwell’s equations. The FDFD formulation leads to a system of linear
equations in matrix form Ax  b that does not necessarily scale well in memory use for large
problems. However, it is a fast solver and very easy to implement in two-dimensional scattering
problems. The next sections will show the formulation and the numerical implementation of the
2D FDFD algorithm.
2.3.1 – Normalization of the Magnetic Field for Numerical Stability
The relationship between the amplitudes of electric and magnetic fields in vacuum is called
the intrinsic impedance of free space.
10


E
0
 120 ()
  0 
0
H

(2.28)

Equation (2.28) shows that the difference in magnitude between the fields is large. When
computing electromagnetic fields, this discrepancy can quickly build up and lead to truncation and
rounding errors [27]. For the FDFD formulation, the magnetic field is normalized in this work.


   j 0 H
H

0

(2.29)

In Eq. (2.29) the negative sign was placed to have sign consistency with respect to the electric
field. Also, taking advantage of the fact that the free-space wavenumber k0 is defined as
k 0    0 0

(2.30)

we can write Maxwell’s curl equations in their normalized form,




  E  k0  r H


k E
 H
0 r

(2.31)

which we will then proceed to expand and formulate the FDFD algorithm.
2.3.2 – 2D FDFD formulation
The pair of equations from (2.31) are expanded into their Cartesian components, as per the
assumptions of section 2.1.1
Ez E y
x

 x x H
y z 
Ex E z
y

 y y H
z  x
E y E x
z

 z z H


x
y
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(2.32)

 z H
y
H

  x x Ex
y
z 
 x H
z
H

  y y Ey
z 
x
 y H
x
H

  z z Ez
x
y

(2.33)

where the Cartesian grid coordinates are normalized to k0 : x  k0 x, y   k0 y, z   k0 z . The partial
derivatives can be approximated using finite differences in the Yee grid:
i , j , k 1

Ezi , j 1,k  Ezi , j ,k E y

y

 E yi , j , k
 ix, j , k
  xxi , j ,k H
z 

Exi , j , k 1  Exi , j ,k E zi 1, j , k  Ezi , j ,k
 iy, j , k

  iyy, j ,k H
z 
x
i , j , k 1
i , j ,k
i 1, j , k
Ey
 Ey
E
 Exi , j ,k
 iz, j , k
 x
  ziz, j ,k H
x
y

(2.34)

 iz, j ,k  H
 iz, j 1, k H
 iy, j ,k  H
 iy, j ,k 1
H

  xxi , j , k Exi , j ,k


y
z
 ix, j ,k  H
 ix, j ,k 1 H
 iz, j ,k  H
 iz1, j , k
H

  yyi , j , k E yi , j ,k
z 
x 
 iy, j ,k  H
 iy1, j , k H
 ix, j ,k  H
 ix, j 1,k
H

  zi z, j , k E zi , j ,k
x 
y 

(2.35)

where i, j , k are the index values in the x, y, z Cartesian grid. This set of equations are written
for every point in the grid, and they can be grouped and written in matrix form. The finitedifference approximations can be rewritten with matrix derivative operators and the field quantities
and materials expressed in column vectors. This yields Maxwell’s equations in matrix form.
Deye z  Deze y  μ x x h x

Deze x  Dexe z  μ y y h y
Dexe y  Deye x  μ z z h z
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(2.36)

D hy h z  Dhz h y  ε x x e x

D hz h x  Dhx h z  ε y y e y

(2.37)

D hx h y  Dhy  h x  ε z z e z

where e x , e y , e z and h x , h y , h z are the electric and magnetic field components, respectively, stored
in a column vector. μ x x , μ y y , μ z z and ε x x , ε y y , ε z z are the isotropic permeability and permittivity
arrays, respectively. In this work, the FDFD simulations are two-dimensional, making the fields
uniform along the z  direction and wave propagation is restricted to the x  y plane, thus
vanishing the derivatives along the z  axis:

 0, Dez  Dhz   0
z

(2.38)

Which leads to the simplified version of Maxwell’s equations in matrix form, decoupled in two
distinct, independent modes:
Dhx h y  Dhy h x  ε z z e z

Deye z  μ x x h x

E-mode

(2.39)

H-mode

(2.40)

 Dexe z  μ y y h y

Dexe y  Deye x  μ z z h z

Dhy h z  ε x x e x

 Dhx h z  ε y y e y

The set of equations (2.39) solve for the perpendicular electric field E z , called the E-mode,
while the set (2.40) solves for the perpendicular magnetic field H z , which is called the H-mode.
In this work, only the E-mode will be solved by solving for h x and h y , and then substituting the
terms in the equation with the e z term.
h x  μ xx1Deye z

h y  μ yy1 Dexe z
Dhxμ xx1Dey e z + Dhyμ yy1Dexe z  ε z z e z
(Dhxμ xx1Dey + Dhyμ yy1 Dex  ε z z )e z  0
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(2.41)

The last equation of (2.41) is a Ax  b system of linear equations, where A is the matrix
derived from the wave equations x is the column vector that contains the unknown electric field
components to solve and b is the excitation source. If b  0 a trivial solution is obtained.
Therefore, a non-zero source needs to be incorporated with a technique known as totalfield/scattered-field.
2.3.3 – 2D FDFD Implementation: Total-Field/Scattered-Field (TF/SF)
Rumpf [28] devised a TF/SF framework that allows the easy computation of the source
term. The last equation of (2.41) is written as follows:
Ae z =b

(2.42)

A  Dhxμ xx1Dey  + Dhy μ yy1 Dex  ε z z

(2.43)

where

and b is the source term vector to be implemented using TF/SF.
The TF/SF approach consists of separating the grid into two different regions: the TF,
which is where the source exists and transmission and general scattering takes place, and the SF,
which is the region in which only scattered fields are shown. Fig. 2.5 shows the graphical
description of the TF/SF implementation in two dimensions. Two rules must be followed in order
to implement the TF/SF approach successfully. The first is that the totality of the points in the grid
must be either a TF quantity or an SF quantity, completely enclosing the source in a contour. The
second rule is that the source must be close a rigorous solution to Maxwell’s equations, like plane
waves or cylindrical sources.
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Fig. 2.5 – Graphical depiction of the TF/SF framework for 2D FDFD.
A masking grid Qi , j is created that contains all 0’s where the total-field is located, and all
1’s where the scattered-field is designated. Problems arise at the boundaries of the TF/SF, where
the finite-difference equations described in the matrix operators contain both TF and SF terms.
The SF side has TF terms, so the source must be subtracted so that they are SF quantities. Likewise,
the TF has SF terms, so the source must be added so that they appear as TF quantities. The Q mask
is used to locate TF and SF quantities to correct the interface terms.
The correction of the TF/SF terms is done by rearranging the Qi , j function into a sparse
matrix Q array containing the 1’s and 0’s along the main diagonal. Equation (2.44) shows the
sparse diagonal array, where 1’s are 0’s are placed arbitrarily to illustrate TF and SF locations.
1


Q




0
0








1 

(2.44)

The source field fs rc is computed across the entire grid. It is then reshaped in a column vector.
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 f src1,1 
 2,1 
 fsrc 


fsrc   fsrc3,1 
(2.45)


  
 f Nx ,N y 
 src 
With the Q mask, source field fsrc and identity matrix I , the source field can be isolated to the
TF and SF regions.
fSF  Qfs r c

(2.46)

fT F  (I - Q)fs r c

(2.47)

The overall corrections applied to derivative operators described in Eq. (2.42) with the TF/SF
implementation gives
Ae z  QAf T F  (I  Q ) AfS F  0

(2.48)

where the second term is the quantity that must be corrected on the SF side, and the third term
contains the quantities that must be corrected on the TF side. We can arrange Eq. (2.48) to obtain
the expression in a Ax  b form.
Ae z  QAfT F  (I  Q) AfS F

(2.49)

The right-hand term can be written in terms of Q , A E and fs r c to obtain the final expression for the
source vector b [29].
b  QAfT F  (I  Q ) AfS F

(2.50)

b  QA (I  Q)fsrc  (I  Q) AQfsrc

(2.51)

b  (QA  AQ)fs r c

(2.52)

Eqs. (2.42) and (2.52) summarize the implementation of 2D FDFD using the TF/SF
approach. Now the electric field can be calculated as

e z  A E1b

(2.53)

The TF/SF method is intuitive and easy to implement, allows for TF and SF regions to be
placed arbitrarily in the grid, and it is hypothesized that it can be independent of the numerical
method used to construct A .
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2.3.4 –The Perfectly Matched Layer
The perfectly matched layer (PML) is a computational apparatus designed to artificially
absorb waves going out of the simulation boundaries [30]. It is used to truncate the computational
regions in numerical methods like FDTD and FDFD, giving the impression as if the waves
propagate infinitely to space. To achieve this behavior, the PML is required to “perfectly” absorb
scattered waves while actively suppressing reflections to the domain’s interior. The introduction
of complex quantities in the constitutive parameters is required to match the medium impedance,
while also introducing loss.

r   r  j r

(2.54)

 r   r  j r

(2.55)

A simple and effective method for FDTD is the uniaxial PML or UPML [31], which applies
uniaxial anisotropic boundaries. The use of anisotropic materials ensures that the UPML absorbs
waves encompassing all polarizations, frequencies, and angles of incidence. The tensors associated
with the UPML are defined in cartesian coordinates as follows.

 sx1

[Sx ]   0
0

 s y1

[S y ]   0
0

 sz1

[Sz ]   0
0


0
sx
0
0
sy
0
0
sz
0

0

0
sx 
0

0
s y 
0

0
sz 

These tensors can be combined into a single tensor as shown below.
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(2.56)

(2.57)

(2.58)

 s y sz

 sx

[S ]  [S x ]  [S y ] [S z ]   0


 0


0
sx sz
sy
0


0 


0 


sx s y 
s z 

(2.59)

The UPML quantities are defined as complex materials with a fictitious conductivity and
permittivity parameters as a function of position.

 x ( x)
j 0
 y ( y )
sy ( y)  1 
j 0
  ( z)
sz ( z )  1  z
j 0
sx ( x)  1 

(2.60)
(2.61)
(2.62)

For this choice of parameters, as  reduces to zero outside of the UPML, the parameters are
reduced to an isotropic medium [32]. The conductivity terms are

 y ( y ) 

 z ( z ) 
 x ( x) 

0  y 

3

 
2t  Ly 

0  z 

(2.63)

3

(2.64)

 
2t  Lz 

0  x 

3

 
2t  Lx 

(2.65)

Where x, y, z are the positions within the UPML, and Li is the size of the UPML region. For best
performance, the conductivity terms are defined in a polynomial cubic fashion to ensure that the
loss terms increase gradually into the PMLs.
2.3.5 – Incorporating the UPML into Maxwell’s Equations
The incorporation of the UPML into Maxwell’s equations is straightforward in the
frequency domain. The terms are incorporated in a way that is independent of the materials, while
keeping the PML impedance matched to the background material parameters.
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  E  k0 [  r ][ S ]H


  H  k0 [ r ][ S ]E

(2.66)
(2.67)

With this implementation, the UPML parameters can be directly absorbed into the material
values, and all that must be done is to modify the materials at the boundaries where the UPML is
located.

 xx   xx
 yy   yy

sy

 xx   xx

sx
sx
sy

 yy   yy

 zz   zz sx s y

sy
sx
sx
sy

(2.68)

 zz   zz sx s y

Now the two modes in matrix form can be rewritten as
D hx h y  Dhy h x  εzz e z

Deye z  μxx h x

E-mode

(2.69)

D hy h z  εxx e x

H-mode

(2.70)

 Dexe z  μyy h y
Dexe y  Deye x  μzz h z
 Dhx h z  εyy e y

and now can be solved with the incorporated UPMLs.
2.3.6 – 2D FDFD Implementation: Block Diagram
With the formulation and implementation methods presented in the previous sections, a
high-level block diagram is presented in Fig. 2.6 that shows the necessary steps to implement the
FDFD algorithm.
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Fig. 2.6 – High-level block diagram for implementing the FDFD algorithm.
The first step is to build the device on the grid. The permittivity and permeability tensor
values of the device are set for each cell and collocated according to the Yee-grid scheme. The
next step is to incorporate the UPML into the grid. The formulation and implementation on the
previous sections makes this step easy to implement, as it is just setting the corresponding UPML
quantities at the borders of the grid. The third step is to build the A matrix written on Eq. 2.42,
with the use of matrix derivative operators and the materials grid built on the previous step. After
the A matrix is built, the Q mask array is built and the TF/SF is implemented with the construction
of the source b . Finally, the electric field can be calculated by solving the inverse matrix problem
outlined in Eq. 2.52. The resulting field is a column vector, so it needs to be reshaped into the
original grid dimensions.
This section went through the theory and implementation of the FDFD algorithm. Starting
with Maxwell’s equations, the formulation was derived and two distinct modes were identified.
To solve for the E-mode, the A matrix was constructed with derivative operators and material
parameters. The next derivation was b with the help of A and the masking array Q corresponding
to the TF/SF implementation. Finally, to implement absorbing boundary conditions at the edges
of the grid, a UPML was derived to be implemented seamlessly as part of the permittivity and
permeability arrays. A block diagram was presented that synthesizes the necessary steps required
for FDFD and highlights the simple execution of the algorithm.
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2.4 – 3D FINITE-DIFFERENCE TIME-DOMAIN
The finite-difference time-domain (FDTD) is a powerful method that allows the modeling
of electromagnetic wave propagation over time. In the computational domain, FDTD problems
scale linearly in memory and are easily parallelizable [30], allowing large scale simulations to be
made in a reasonable amount of time. The formulation will introduce the discretization of
Maxwell’s equations in the Yee-grid, the incorporation and conversion of the UPML to the time
domain, and the derivation of the update equations that solve for future time steps.
2.4.1 – Normalization of the Electric Field for Numerical Stability
Just as the magnetic field was normalized to formulate FDFD, the conventional approach
is normalizing the electric field for FDTD formulation. As stated in the FDFD formulation,
normalization of the electromagnetic fields adds numerical robustness to the simulations and
reduces numerical errors due to the magnitude discrepancy between the electric and magnetic
fields. The electric field and the electric flux are normalized as follows:

  1 
E  0 E  E

0


D 

1

 0 0

0



D  c0 D



D   r E

(2.71)
(2.72)
(2.73)

The second constitutive relation, and the curl equations are rewritten time-domain as follows:



B  r H



1 B

 E  
c0 t

 1 D
 H 
c0 t

(2.74)
(2.75)
(2.76)

2.4.2 – Maxwell’s Equations with UPMLs
Maxwell’s equations must be manipulated in their frequency-domain form in order to
incorporate more easily the UPML parameters. This way, the UPML can be incorporated into the
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equations regardless of the actual materials placed in the grid. After some manipulations, the
equations will be converted back to time-domain.


[ ] 
  E ( )   j r [ s]H ( )
c0


j
  H ( ) 
[ s]D ( )
c0


D ( )  [ r ]E ( )

(2.77)
(2.78)
(2.79)

Equations (2.77) and (2.78) are rearranged, respectively, as follows.



c
j[ s ]H ( )   0  E ( )
[ r ]



j[ s ]D( )  c0  E ( )

(2.80)
(2.81)

Assuming diagonal material tensors, Eqs. (2.79), (2.80), and (2.81) are expanded into its cartesian
components.
1
 y  

 x  
c0  E z ( ) E y ( ) 
 z 
j  1 
1

1

H
(
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 x
j 0  
j 0  
j 0 
 xx  y
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1
 y  

 x 
 z 
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 1 
 1 
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j 0 
j 0  
j 0 
 yy  z
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1
 y 

 x  
c0  E y ( ) E x ( ) 
 z 
j 1 
1

1

H
(
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z
j 0  
j 0 
j 0 
 zz  x
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1
 y  

 H z ( ) H y ( ) 
 x  
 z  
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 1 
 1 
 Dx ( )  c0 

j

j

j


y
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0  
0 
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(2.82)
(2.83)
(2.84)
(2.85)

1

  

  
 
 H ( ) H z ( ) 
j 1  x  1  y  1  z  D y ( )  c0  x

j 0  
j 0  
j 0 
x 
 z

1
 y 

 H y ( ) H x ( ) 
 x  
 z  
j 1 

 1 
 1 
 Dz ( )  c0 

j 0  
j 0 
j 0 
y 
 x


(2.86)
(2.87)

D x ( )   x x E x ( )

(2.88)

D y ( )   yy E y ( )

(2.89)

D z ( )   zz E z ( )

(2.90)
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2.4.3 – Conversion of Maxwell’s Equations with UPMLs to the Time-Domain
The conversion of Maxwell’s equations with UPMLs (2.82)-(2.87) to time-domain is
straightforward with the use of Fourier transform pairs. The process of conversion will be shown
with one equation (2.82) , and will be numerically approximated throughout the next sections, and
by inspection a similar procedure is followed for the remaining equations.
The process starts by simplifying the notation of the curl term for easier manipulation:
1

 y  

  
c0 E
 z 
j  1  x   1 
C x ( )
 1 
 H x ( )  
j 0  
j 0  
j 0 
 xx


where
CxE ( ) 

E z ( ) E y ( )

y
z

(2.91)

(2.92)

The inverted term in Eq. (2.91) is brought to the right, and the full equation is expanded by
multiplying all the terms.
     z 
c0 E
1   y z 
1 c0 x E
j H x ( )   y
C x ( ) 
Cx ( ) (2.93)
 H x ( ) 
 2  H x ( )  
j   0 
 xx
j  0  xx
 0 

Recall the properties of Fourier transform pairs F  g (t )  G ( )
F ag (t )  aG ( )

 da

g (t )   ( j ) a G ( )
a
 dt


(2.95)

1
G ( )
j

(2.96)

F
F

(2.94)



t





g ( )d 

Applying the relevant Fourier transform, each term in Eq. (2.93) is converted to time-domain.
t  y z
t c 
H x (t )  y   z
c

H x (t )  
H x ( )d   0 C xE (t )   0 x C xE ( )d
2
 
  
t
0
 xx
0
0 xx

The same approach is applied to derive the rest of the curl equations.
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(2.97)

2.4.4 – Numerical Approximations for Maxwell’s Equations with UPML
The time-domain Maxwell’s equations with PML must be incorporated into the Yee grid
scheme shown in Fig. 2.4. The incorporation requires that the equations are discretized, and the
derivatives and integrals numerically approximated. For easy identification, each term in Eq.
(2.97) will be colored and each term will be approximated in both time and space.
t  y z
t c 
H x (t )  y   z
c

H x (t )  
H x ( )d   0 C xE (t )   0 x C xE ( )d
2
 
  
t
0
 xx
0
0 xx

(2.98)

The first term (colored red) is approximated in time using finite-differences.
i , j ,k

i, j,k

H x (t ) H x t t 2  H x t t 2

t
t

(2.99)

The second term (orange) requires the magnetic field H x interpolated at time t . The
interpolation is required because the value H x is defined at half-time step intervals. The
interpolation is done by averaging the future and previous values of H x

 y   z
 yH |i , j ,k  zH |i , j ,k
H x (t ) 
0
0

 H x i, j ,k  H x i, j ,k 
t t 2
t t 2


2





(2.100)

The third term (colored green) is an integral and so is approximated using a summation.

 y z
 yH |i , j ,k  zH |i , j ,k
  02 H x ( )d 
 02
t

t t /2



T t / 2

i , j ,k

H x T t

(2.101)

The integral only goes up to t , but the summation goes to t  t / 2 . Since the magnetic field H x
exists only at half-time steps, the last term at t  t / 2 of the summation is extracted, interpolated,
and integrated over half of a time step.

 y z
 yH |i , j ,k  zH |i , j , k
H
(

)
d


  02 x
 02
t

 H x i , j , k  H x i , j ,k t t t / 2

i , j ,k
t t 2
t t 2

  H x T t 

2
2 T t / 2
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(2.102)


 y z
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 x T 
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(2.103)



The fourth term finite-difference approximation (colored blue) is straightforward.
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(2.104)

The final term (colored magenta) is an integral and is approximated with a summation.
c0 x

c0 t  xH |i , j ,k

C ( )d  
  
 0  xx |i , j ,k
0 xx
t

E
x

t

C

T 0

E i , j ,k
x T

(2.105)

Notice that the integration involves the electric field which exists at integer time steps, requiring
no interpolation. Finally, the constitutive relationship shown in Eq. (2.88) is approximated by
i , j ,k
D x |it , j ,k   xx |i , j ,k E x

(2.106)

t

The full summary of the numerical approximation is shown below.
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i , j ,k
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0
2





i , j ,k
i , j ,k

( yH  zH )t  H x t  t 2  H x t  t 2 t t / 2
i , j ,k


H
 x T  
 02

4
T t / 2


H i , j ,k t
i , j ,k
c0
c t  x |

CxE (t )  0
CE
i, j ,k
i , j ,k  x T
 xx |
 0  xx | T 0



(2.107)

The rest of the equations are derived in a similar manner by inspection.
2.4.5 – Deriving the Update Equations
The final step in numerically implementing FDTD is to solve the field components at future
time values. The terms to be solved in Eq. (2.107) are shown in red below.
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(2.108)

The equation is expanded by multiplying all terms, and the common terms are grouped with their
respective coefficients.
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Solving for the future term H x yields
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The other update equations for the future field components are found using a similar
approach. The coefficients accompanying the curls and summations are independent of the time
step calculations and can be calculated beforehand to increase the speed of the algorithm.
2.4.6 – The TF/SF Framework for FDTD
In order to inject a source, the TF/SF framework in section 2.3.3 will be used and
implemented in a similar form in the time-domain. The TF/SF separates the computational grid
into two distinct regions depending on where the source is injected. The same two rules described
in section 2.3.3 apply in the time-domain; however, the implementation is different as it involves
modifying the finite-difference curl approximations along with the TF/SF interface. Figure 2.7
shows the FDTD setup that will be used to implement TF/SF regions.
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Fig. 2.7 – TF/SF grid scheme for simulating a periodic structure along the x  y plane. PMLs
regions are placed along  z and  z axis. The TF/SF planes are showing the
interface where a plane-wave periodic source along the x  y plane is injected
To illustrate this concept, a plane-wave source periodic in the x  y plane is injected and
travels along the z  axis. PMLs are placed at the top and bottom ends of the grid, and a single
unit cell of a periodic structure along the x  y plane is simulated. Periodic boundaries are applied
along the x  y plane as well. Along the TF/SF boundary, the position indices are ks r c  1 for SF,
and ksr c for TF. The curl equations for the electric fields are defined as
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Given the staggered nature of the Yee grid, the electric field curls existing at the SF need
to be corrected. Equations (2.111) and (2.112) contain TF components (highlighted in red) even
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though they exist in the SF side. The source terms at the TF must be subtracted in order to make
all the terms appear as SF quantities, which are shown in blue.
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The correction terms can be taken out for simpler and faster implementation.
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The same problem arises at the SF side of the TF/SF boundary for the curl of the magnetic fields.
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Equations (2.118) and (2.119) have SF terms (highlighted in red) even though the curls exist in the
TF region. The source must be added to these fields, shown in blue below.
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Now we define the functions for the electric and magnetic sources. It must be done
carefully because the staggered nature of the Yee grid states that the electric and magnetic fields
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are displaced from one another a half-cell in space and half-step in time. The magnetic source must
have a correction term relative to the electric field. Assume electric field functions

E xsrc
E ysrc
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t
i , j ,ksrc
t

 Px  g (t )

(2.123)

 Py  g (t )

(2.124)

where Px , Py are the polarization components of the source wave and g (t ) is the source function
that is injected. The magnetic source components must then be defined as
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(2.125)
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where  r,inc , r,inc are the permittivity and permeability at the TF/SF interface, respective, and  t is
the grid correction term, defined as

t  

ninc z t

2c0
2

(2.127)

where ninc is the refractive index at the TF/SF interface. Since the electric and magnetic fields are
collocated in different indices based on the Yee grid, he first term accounts for the half-cell
difference in space, while the second term accounts for the half-time step difference in time.
2.4.7 – Block Diagram for FDTD Implementation
To summarize all the steps necessary to implement the FDTD algorithm, a block diagram
is shown in Fig. 2.8 below. The first steps deal with the calculation of the necessary parameters
before entering the main time loop. The device is built on the grid, the UPML values are calculated
at the edges, and the update coefficients accompanying the curls and summations are computed
beforehand. Then, the main time loop begins, where the “heartbeat” of the algorithm is
implemented. The H field is calculated from the curl of E and all necessary update coefficients.
Then, the H source is injected per the TF/SF framework. After this, the curl of H is computed,
and the E fields are updated accordingly. The final step is to inject the E source per the TF/SF
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framework, and the loop starts again with the calculation of the curl of E . This loop is calculated
with enough steps to reach a converged solution.

Fig. 2.8 – High level block diagram for implementing the FDTD algorithm
The derivation and implementation of the FDTD algorithm was presented in this section.
The derivation went through the process of Maxwell’s equations with UPML in the frequency
domain, and later converted to the time domain with the help of Fourier transform pairs. Then the
terms were manipulated so that they exist in the same time step, and the future term was solved. A
TF/SF framework was also devised to inject the source. Finally, a block diagram was presented
that summarizes all the necessary steps outlined in the previous sections to implement the FDTD
algorithm.
2.5 – PLANE WAVE EXPANSION METHOD
The last computational technique shown in this work is the plane wave expansion method
(PWEM). PWEM is widely used for calculating dispersion bands in periodic structures like
photonic crystals [33] that allows the analysis of phenomenon like self-collimation. PWEM is a
rigorous method that solves Maxwell’s equations in Fourier space by posing an eigenvalue
problem [34], which allows the calculation of modal solutions for inhomogeneous media given a

Bloch wave vector  .
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2.5.1 – Maxwell’s Equations in Fourier space
Maxwell’s equations need to be translated into Fourier space in order to formulate PWEM.
In real space, electromagnetic fields exist at points within the cartesian grid. In Fourier space, the
electromagnetic fields are represented as a sum of plane waves called spatial harmonics, with angle
and frequency associated with them. Material parameters are also represented in Fourier space as
the sum of planar gratings at different angles and periods. For 3D periodic functions, the Fourier
series expansion [35] is defined as
f ( x, y , z ) 
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and the Fourier series expansion over one unit cell is
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where p, q, r are the discrete spatial harmonics in the x, y and z directions respectively. The
  
Fourier series is written in terms of the reciprocal lattice vectors T1 , T2 , T3 .
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Based on this definition, Maxwell’s equations are expanded into Fourier series. We start
with the normalized Maxwell’s curl equations.
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(2.132)
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where the magnetic field is normalized according to
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(2.138)
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The Fourier series expansion assumes that the device is infinitely periodic in all directions. The
permittivity and permeability functions are expanded into their Fourier series.
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The Fourier expansion of the electromagnetic fields is different because the Bloch wave

vector  can have any direction. The expansions must satisfy the Bloch-Floquet theorem [36],
which states that in an infinitely periodic structure, the field inside is equal to the plane wave term
times an envelope in the direction of periodicity, leading to the expansion
 
 
E (r )  e  j  r

 
E (r ) 











 

j  pT  qT  rT  r
S ( p, q, r )e 1 2 3

(2.143)

p   q  r 











 

 j    pT1  qT2  rT3  r
S ( p, q, r ) e

(2.144)

p  q   r 

which can be simplified by defining a wave vector as
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and expanding the terms leads to
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(2.145)
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where
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k z ( p, q, r )   z  pT1, z  qT2, z  rT3, z
A similar approach can be followed to obtain the expression for the magnetic field. The
wave vectors are shown in Eq. (2.148) and apply for any symmetry. In this derivation, the
orthorhombic symmetry will be chosen, which reduces the expansion to
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Now the curl equations are ready to be expanded. For illustrative purposes, only Eq. (2.151)
will be expanded, but the others can be expanded as well with the same process. The first term
z
H
is handled as follows.
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is also done by inspection.
z
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The terms can be grouped inside the triple summation.
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For the term in the right-hand side, we can take the Fourier transform of each term.
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By Fourier transform properties, point-by-point multiplication becomes a discrete convolution.
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Combining Eqs. (2.154) and (2.156) we obtain
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The terms inside the braces must be satisfied for each p, q, r combination.
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The common exponential term is dropped and j is moved to the right side.
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(2.159)
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2.5.2 – Matrix Form of Maxwell’s Equations in Fourier Space
For practical purposes, the spatial harmonics P, Q, R are truncated in their respective
direction. Truncating the summations in Eq. (2.160) we obtain
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(2.161)

Eq. (2.161) must be written once for each spatial harmonic, where the total number of spatial
harmonics is P  Q  R . This large set of equations can be written in matrix form as
K y u z  K y u z  jk0  r  s x

(2.162)

where K i are diagonal matrices containing all wave vectors, u i , s i are column vectors containing
the amplitudes of each spatial harmonic, and

 r  ,   r 

are matrices that perform a 3D

convolution in Fourier space. Maxwell’s curl equations in Fourier space are written in matrix form
below.

K y u z  K z u y  jk0  r  s x
K z u x  K x u z  jk0  r  s y

K x u y  K y u x  jk0  r  s z
K y s z  K z s y  jk0   r  u x
K z s x  K x s z  jk0   r  u y

K x s y  K y s x  jk0  r  u z

(2.163)

(2.164)

2.5.3 – PWEM Formulation
Now that Maxwell’s equations are expanded in Fourier space, the formulation of the
eigenvalue problem for PWEM can be formulated. We can rewrite the equation groups (2.163)
and (2.164) into block-matrix form.
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The matrices can be written in a compact form
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To rewrite the block matrix equations as
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To formulate the eigenvalue problem, the magnetic field u is solved in Eq. (2.171) and then

substituted into Eq. (2.170).
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Eq. (2.173) can be simplified to
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(2.174)

which is the final form of the generalized eigenvalue problem for 3D PWEM.
Ax   Bx

1 
A  K   r   K 
B   r 

xs

(2.175)

   k02

For each incident Bloch wave vector  , there is a k0 which are the eigenvalues to be solved and

convey the frequency of the modes and s are the eigenvectors that contain field information.

2.5.4 - Constructing the Convolution Matrices
The construction of the convolution matrices needed for the eigenvalue problem is straightforward.
First, the Fourier coefficients are calculated for every combination of values of p, q, r . This is
done by solving Eq. (2.176) or using a multi-dimensional fast Fourier transform algorithm. Then,
the Fourier coefficients are placed in the proper location in each row and column of the convolution
matrix. To better understand the placement of the coefficients, Fig. 2.9 shows a graphical
interpretation of the construction of a convolution matrix [37].

Fig. 2.9 – Graphical representation describing the construction of a convolution matrix.
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2.5.5 - PWEM Implementation: Block diagram
The implementation of the PWEM algorithm is represented in the block diagram shown in
Fig. 2.10 below.

Fig. 2.10 – Block diagram for the implementation of the PWEM algorithm.
The first step is to construct the device with its corresponding permittivity and permeability
parameters, to then compute the convolution matrices as stated in the previous section. Then, a list
of Bloch wave vectors is declared, which spans over the period of the unit cell in the range of
  
   . Then, for each Bloch wave vector, the eigen-value problem is built as stated in Eq.


2.173 and solved. The final step is to normalize the eigen-value k0 so that the result is in terms of
the unit cell length a / 0 , making it easier to scale in order to operate at any desired frequency.
This section laid down the theoretical foundations and practical methodology to implement
the PWEM algorithm in photonic crystals. Starting from Maxwell’s equations in Fourier space, a
derivation followed through which culminated in the construction of an eigen-value problem that
is solved for each Bloch wave vector. The process to compute convolution matrices is also shown,
and the necessary steps to run the PWEM algorithm is summarized in a block diagram. It is worth

noting that the eigen-value problem is built and solved for each value of  , and it converts into
an iterative loop in which a wide span of Bloch wave vectors is solved, giving rise to equifrequency
contours, which will be explained in the next chapter.

39

Chapter 3 – Photonic Crystals
3.1 - INTRODUCTION
Photonic crystals (PCs) are periodic structures that control electromagnetic waves in an
analogous manner to semiconductors controlling the flow of electrons [38, 39]. In semiconductor
theory, crystals are atomic or molecular periodic arrangements, in which electrons experience a
periodic potential that is modulated by the periodic arrangement of charges in the lattice. In
electromagnetics, PCs are macroscopic media, generally composed of low-loss dielectrics, and the
periodic potential for electrons is replaced by a periodic refractive index. PCs exist in one, two, or
three dimensions, as shown in Fig. 3.1. In these devices, phenomena like band-gaps [1, 40] and
dispersion [3] are extensively studied for their many applications in controlling electromagnetic
waves. Band gaps are “rejected” frequency bands in which waves do not propagate inside the
photonic crystal. Dispersion refers to the propagation characteristics of the lattice varying
depending on the light’s wavelength, direction, and/or polarization. Self-collimation (SC) arises
due to dispersion and forces light to travel in a specific direction without the beam diffracting or
spreading [41-45].
Lord Rayleigh was the first to discover the scattering phenomenon of one-dimensional
stacked layers in 1887, describing the first optical photonic band-gap [46]. One hundred years
later, Yablonovitch and John [47, 48] published two breakthrough papers, coining the modern term
“photonic crystal” and laying down the modern theory for these devices.
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Fig. 3.1 – Examples of photonic crystals in one (left), two (middle), and three (right) dimensions.
Materials with distinct dielectric materials are shown in different colors.
Based on the frequency scaling property of Maxwell’s equations, many of the theoretical
concepts of PCs were proven in the microwave regime rather than the optical regime, given the
manufacturing limitations at the time. In 1991, Yablonovitch [49] demonstrated the first threedimensional photonic band-gap in the microwave regime. Krauss [50] in 1996 demonstrated the
first two-dimensional PC at optical frequencies.
PCs now have a wide range of applications such as Bragg gratings [51] thin-film optics
[52, 53], crystal fibers [54], optical computing [55, 56], super prisms [3, 57, 58], waveguides [58, 59, 60], solar cells [61, 62], and cloaking [63], among many others. In this chapter, the
mathematical framework of PCs will be laid out based on the already familiar Maxwell’s
equations. Special attention will be paid to the dispersion phenomenon of SC, which is the
phenomenon this research work is built.
3.2 – MAXWELL’S EQUATIONS FOR PHOTONIC CRYSTALS
The derivation of the wave equation for PCs is straightforward. We start from Maxwell’s
equations derived from the material considerations in section 2.1.1 and are rewritten for
convenience below.


•D  0

•B  0

41

(3.1)
(3.2)
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Substituting Eqs. (3.5) into (3.4) and (3.6) into (3.3) and, we obtain
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The magnetic field is solved in Eq. (3.7) and substituted into (3.8).
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A similar equation is found for the magnetic field.
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The form of the equations is the same for electric and magnetic fields, and the solution
takes the same form. According to Bloch’s theorem, the electromagnetic fields inside photonic
crystals take the same symmetry and periodicity. Then, the solution to Eq. (3.11) is of the form
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where  is the Bloch wave vector. Substituting this expression into the wave equation gives
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2
 
 H 


(3.13)

With a similar expression found by inspection for Eq. (3.10). Equation (3.13) derived above
is an eigenvalue problem. These problems have discrete solutions, or eigenfrequencies, that

are

orthogonal from each other. This means that in periodic structures such as PCs, electromagnetic
waves only exist as discrete modes called Bloch modes. Based also on this theorem, linear
combinations of Bloch modes are also solutions inside periodic lattices.



H 
H 
a
 


(3.14)



3.3 –DISPERSION BANDS AND EQUIFREQUENCY CONTOURS
As described in the previous section, the solutions to the eigenvalue problem are modes

that are allowed to propagate in photonic crystals given a Bloch wave vector  . If the

eigenfrequencies are plotted over the full range of  in the full Brillouin zone, the eigenvalues
start to group on surfaces called dispersion bands that are useful to quantify dispersion behavior in
PCs.
From the dispersion bands, equifrequency contours can be obtained by slicing a band with
a plane at a fixed frequency height and looking at the intersections, as shown in Fig. 3.2 (A) and
(B) [19]. Equifrequency contours can be used to predict the relationship between the Poynting

vector , which describes the direction that power advances in the lattice, and the direction of the

phase profile, which is given by  . The Bloch wave vector is drawn from the origin of the
Brillouin zone to the contour of interest, and the Poynting vector is drawn from the tip of the Bloch
wave vector in a direction normal to the equifrequency contour, as seen from Fig. 3.2(C) [19].
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Fig. 3.2 (A) Full band structure with equifrequency planes slicing horizontally. (B) Extraction of
equifrequency contours from the Brillouin zone. (C) Direction of phase and power
determined from the equifrequency contours.
3.3.1 – Direction of Phase and Power in Photonic Crystals

As described in the previous section, the Poynting vector  , which describes the power

direction, and the Bloch wave vector  , which describes the phase profile, are related through the

equifrequency contours. In a homogeneous medium, the equifrequency contours are shaped as
circles, aligning the phase and power vectors. This leads to the phase and power of a wave traveling
through this medium in the same direction.
In periodic structures like PCs, these contours can have different shapes other than circles
or ellipses, including squares, “pincushion”, stars, and flat lines, among others. When the wave


propagates through these devices,  and  can have different directions. This may seem
counterintuitive to understand at first glance, as people usually understand the phase and power of
a wave as always traveling along the same direction. But this seemingly “unnatural” behavior in


PCs is just caused by the misalignment of  and  based on the geometrical properties of the
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unit cell, leading to phenomena like negative dispersion and self-collimation. Figure 3.3 shows


different shapes of equifrequency contours and their respective vectors  and  .

Fig. 3.3 - Different equifrequency contours with their respective phase and power vectors. (A)
Homogeneous medium corresponding to positive dispersion. (B) Pincushion shape
corresponding to negative dispersion. (C) Square shape leading to zero dispersion
or self-collimation.
To understand the underlying theory in this work, it is then crucial to understand that when


a wave travels through a PC, the corresponding phase  and power are effectively uncoupled,
and can take different directions based on the shape of the equifrequency contours. If aspects of
the unit cell, like material composition, fill fraction, orientation, among others are changed as a
function of position in the PC, the equifrequency contours are effectively engineered [18], and the
phase and power can be controlled independently and at the same time throughout the PC. Figure
3.4 describes the behavior of a wave entering from a homogeneous medium to a PC with negative
dispersion as shown in Fig. 3.3(C), showing different directions of phase and power among the
different mediums.
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Fig. 3.4 – Left image showing the interface between a homogenous medium and a negative
dispersion medium with their phase and power vectors. Right image shows a wave
traveling in air (medium 1) impinging on a PC (medium 2). The misalignment of
the vectors inside the PC is shown, showing the uncoupling of phase and power.
3.4 - SELF-COLLIMATION IN PHOTONIC CRYSTALS



When a wave enters a PC, and the equifrequency contour exhibits a flat line over a range

of  , the wave is self-collimated inside the PC, and the power will propagate in a direction normal
to the contour. The wave is forced to travel in a single direction without spreading or diffracting
and can be independent of the angle of incidence, as shown in Fig. 3.5 [19], where a wave travels

from a homogeneous medium into a self-collimating medium.  conveys the direction of phase,
which is normal to the direction of the wave front, shown as red dotted lines. In the homogeneous


medium, the equifrequency contour is circular and so  and  are aligned with each other. In the
SC medium the vectors are misaligned and so phase and power advance in different directions.
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Fig. 3.5 - Wave at an interface of a homogeneous medium and a SC medium showing the
misalignment of the phase and power vectors.
In order to control multiple electromagnetic wave properties in PCs, it is greatly desired
that SC properties are present over a wide range of frequencies, as it will be explained in the next
chapters. For this purpose, there has been an effort to identify unit cells with unique properties that
can exhibit this property in both 2D and 3D PCs. To achieve this, the unit cell must be periodic
along the desired direction of SC [64], it needs to possess wide, flat equifrequency contours over
a big range of frequencies [65] , and the flat contours must be wide enough to cover a wide range
of incident wave angles [66].
Another important thing to consider is the limitation in technology for fabrication of PCs.
Most of the unit cells described in literature correspond to ideal cases with geometrical features
that are difficult to fabricate with current technology. Also, these ideal structures can employ high
index materials that can be expensive and difficult to manufacture. It is then essential to take this
limitation into account for the practical implementation of PCs that control multiple wave
properties, and search for alternative unit cells with low index materials and ease of manufacturing.
To aid in this effort, a table was created, shown in Fig. 3.6, organizing the “ideal” unit cells
discovered in literature in 2D and 3D, and their “fabrication-friendly” alternatives [67].
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Fig. 3.6 – Table figure showing the “ideal” or “absolute best” unit cells at the left upper half of
each quadrant, and the right lower half showing the fabricable alternative. The
different colors represent the low and high index values.
Figure 3.6 summarizes the discovered best unit cells for SC. These unit cells were found
through parametric sweeps and optimization algorithms using the performance metrics explained
in [35]. The table is separated into four quadrants using the following criteria: 1) in-plane, low
index (low n ); 2) in-plane, high index (high n ); 3) volumetric, low n ; and 4) volumetric, high
n . These classes are further divided into two halves. The top half shows the absolute best unit

cell for self-collimation in planar PCs. These unit cells have the strongest performance metrics and
are great for designing and simulating PCs. However, these unit cells do not take into consideration
fabrication limitations. Specifically, free standing, unconnected features are very difficult to
manufacture and are structurally unreliable. Therefore, the bottom half shows unit cells with fully
connected features, which makes them easy to fabricate, but they do not perform as well as their
ideal counterparts, and show weaker performance metrics. The volumetric case does not present
this issue, as the ideal unit cell has connected and easy to fabricate features allowing them to have
the same performance as the “ideal” case.
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Chapter 4 – Spatial Variance
4.1 – INTRODUCTION
Electromagnetic wave properties like power direction, spatial phase, and polarization,
among others, are sought to be controlled arbitrarily throughout the volume of a device, as a
function of position, either some or all at the same time, and independent from each other. Periodic
structures like photonic crystals cannot effectively control a wave as they are macroscopically
homogenous. In order to control waves in these devices, the introduction of inhomogeneities to an
otherwise homogeneous PC is required. Periodic devices like PCs can provide exceptional control
over waves by manipulating their dispersion surfaces and band gaps [18], offering functionalities
that do not occur in natural materials, like SC, a phenomenon described in the previous chapter. A
SVL algorithm was developed [16] that can fully unlock the potential of controlling waves inside
PCs by changing unit cell properties like orientation, fill fraction, material composition, symmetry,
and others in a manner that is smooth, continuous, and free of unintentional defects.
Conventional spatial transforms establish a one-to-one relationship between the original
lattice points and the warped space via a transformation function, resulting in squeezed or stretched
lattice regions. The SVL algorithm differs from these transforms in that it does not map points
from one space to another, but rather builds the lattice from scratch using plane-wave gratings.
Figure 4.1 compares two techniques to incorporate a sharp 90° bend into a periodic structure. The
original uniform lattice is shown in Fig. 4.1(a) [19]. If a conventional approach is used to bend the
lattice, the unit cells are severely distorted, as shown in Fig. 4.1(b). Last, Fig. 4.1(c) shows how a
90° bend can be realized using the spatially variant algorithm. The geometry of the unit cells is
preserved well in this last lattice, which also preserves the intrinsic electromagnetic properties
despite the introduction of inhomogeneities with the SVL algorithm.
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Fig. 4.1 - Figures comparing techniques for incorporating SV. (a) Uniform lattice. (b) 90° bent
lattice generated using conventional spatial transform. (c) 90° bent lattice generated
using SVL algorithm.
This chapter lays the theoretical and mathematical background for the SVL algorithm. It
introduces the concepts of grating vectors and grating phase, as well as the general derivation of
the SVL equation and its solution. Then some techniques for improving the efficiency of the
algorithm will be shown, like reducing the number of spatial harmonics by their magnitude, and
further reduce the number of harmonics by sorting collinear vectors. Finally, this chapter will show
an iterative approach to solving the SVL equation using finite differences, which reduces greatly
the amount of memory required for the generation of large 3D PCs.


4.2 –GRATING VECTOR K

AND GRATING PHASE



The SVL algorithm is implemented through the modification of planar gratings defined by
grating vectors. Grating vectors are defined in the same way as wave vectors, conveying both the
orientation and period of a planar periodic disturbance. A dielectric analog grating function is
defined by





 



 r  r )   avg   cos K (r ) • r





(4.1)

where  avg is the average permittivity and  is the dielectric contrast. K is the grating vector
function defined by
 
K (r )  K x xˆ  K y yˆ  K z zˆ
with its magnitude given by
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(4.2)

 2
K 



and the position vector r is

(4.3)


r  xxˆ  yyˆ  zzˆ

(4.4)
  
For a grating vector defined as a function of position, cos  K (r ) • r  fails to calculate the



SV grating. Instead of using the vector K , an intermediate parameter called the grating phase


(r ) is used. The grating vector is related to the grating phase through the gradient.
 

 (r )  K (r )

(4.5)

The formula is rewritten into its cartesian components as
 

 x 
 K x (r ) 
 
   
 y   (r )   K y (r ) 


 K z (r ) 
  z 

(4.6)

The matrix operators are used to write the formula in block matrix form
 Dx 
k x 
 D  Φ  k 
 y
 y
 D z 
 k z 

(4.7)

Which leads to a system of equations in the form of Ax  b in which there are more
variables than unknowns. This is solved numerically in the method of least squares:



    Dx



Dy

 Dx  

Dz   Dy  
 Dz  
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  Dx



Dy

k x  

Dz  k y  
 k z  

(4.8)

4.3 – SPATIALLY VARIANT PARAMETER INPUTS



In order to spatially vary a lattice, spatial maps for orientation  (r ) , period (r ) , and fill

fraction  ( r ) must be defined beforehand and used as inputs for the SVL algorithm. Usually, these
inputs are derived from previous electromagnetic simulations that calculate the parameters to
obtain the desired functionality. The grating vector expressed in two dimensions is shown below
 
2


K (r )   a x cos[ (r )]  a y sin[ (r )]
(r )





(4.9)

This expression includes the parameters of orientation and period that will be spatially varied with
the algorithm. In three dimensions, the expression for the grating vector is not straightforward, and
a rotation matrix was used in this work to apply the orientation parameter. After  is calculated,
the fill fraction in both two and three dimensions is applied by a threshold function according to


  1 cos[ (r )]   ( r )
 (r )  


 2 cos[ (r )]   ( r )

(4.10)

Examples for different SVs on a vertical grating are shown in Fig. 4.2, in which each row
shows the inputs of orientation, period, and threshold to the left, the grating phase constructed
from the input parameters, and the calculated grating output to the right. At the top row, no spatial
variance is implemented, resulting in a homogeneous grating. The second row from top to bottom
spatially varies period in the vertical direction, with a higher period at the top and a lower period
at the bottom. The third row varies the orientation of the grating, forming a 90-degree bend. The
fourth row spatially varies the fill fraction according to the map, resulting in thicker bars in the
circle region. Finally, the bottom row spatially varies all the properties at once.
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Fig. 4.2 –Construction of SV gratings based on different input parameters.
4.3.1 – Block Diagram for Spatially Varying Planar Gratings
The process for synthesizing spatially variant gratings is simple and straightforward. A
block diagram outlining the steps is shown in Fig. 4.3 below.
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Fig. 4.3 –Block diagram describing the algorithm for synthesizing spatially variant gratings.
The first step is to construct the spatial maps defining the inputs to the algorithm as

described in the previous section. Then the K function is constructed per Eq. (4.11), and the grating

phase is then calculated with the help of matrix derivative operators and the K function. The analog
grating function is then extracted from the grating phase, and finally the binary threshold is applied
to obtain the binary grating.
4.4 – DECOMPOSITION OF LATTICES INTO SETS OF PLANAR GRATINGS
Based on the concept of the complex Fourier series, the baseline unit cell for the infinitely
periodic lattice can be expanded into its complex Fourier series:
f ( x, y , z ) 







  a

p  q   r 

a p ,q , r

1

V

 f ( x, y, z)e
V
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p ,q ,r

e

 2 px 2 qy 2 rz 
j



 x
y
 z 


 2 px 2 qy 2 rz 
 j



 x
y
 z 


dV

(4.12)
(4.13)

where p, q, r are the integer harmonics in the x, y, z directions, respectively, and  x ,  y ,  z are
the lattice periods also in the x, y, z directions. For practical purposes, the infinite summation is
truncated to faithfully reconstruct the unit cell with the minimum number of harmonics. Unit cells
with small or sharp features typically require more harmonics to be resolved. Figure 4.4 [16]
illustrates the decomposition of a three-dimensional unit cell into its Fourier components, showing
the truncation to 5  5  5 spatial harmonics.

Fig. 4.4 –Truncated spatial harmonics for a 3D unit cell in an infinitely periodic lattice.
4.5 – SYNTHESIS OF SPATIALLY VARIANT LATTICES
With the introduction of the decomposition of the unit cell into its planar gratings, the
general algorithm for SVLs can be developed [17]. The first step is to generate the input maps for
the algorithm, such as the lattice size, and the spatial maps for the different spatial variances, like
orientation, fill fraction, lattice spacing, among others.
The second step is to generate the unit cell and decompose it into its planar gratings. The
unit cell can be “grayscale” or “analog”, or effectively blurred in order to implement the fill
fraction variance, as well as to improve the convergence of the algorithm. The spatial harmonics
can then be truncated by their magnitude to resolve the unit cell features in a shorter time without
compromising the performance.
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Then, for each of the planar gratings, the grating phase is computed with the SV maps
added, and the planar grating added to the overall analog lattice. Once all the planar gratings are
resolved, the fill fraction variance is incorporated to generate the binary lattice from the analog
lattice.
To graphically summarize these steps, a block diagram is shown in Fig. 4.5 that describes
how to generate an SVL.

Fig. 4.5 – Graphical block-diagram for constructing an SV lattice.
The block diagram follows a similar approach as the previous block diagram for spatially
varying planar gratings. The first step is to define the spatial maps with the parameter inputs such
as period, orientation, fill fraction, etc. The second step is to decompose the unit cell into its set of
planar gratings, as discussed in the previous section. Each spatial harmonic is a planar grating, so
the grating phase will be solved in each one and added to the overall lattice. The analog grating is
constructed once all the spatial harmonics are solved and added, and the binary threshold operation
is applied to obtain the binary grating.
4.6 – OPTIMIZATION OF THE SPATIALLY VARIANT ALGORITHM
4.6.1 – Truncating Spatial Harmonics by Magnitude
As stated in the previous section, the SVL is reconstructed by looping through all spatial
harmonics of the unit cell and adding the planar gratings to the overall lattice. A method to improve
the efficiency and speed up the algorithm is to reduce the number of iterations by truncating the
number of spatial harmonics that fall below a certain magnitude threshold. Since most of the spatial
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harmonics have negligible amplitude with respect to the highest absolute (typically  2% of the
maximum), they can be discarded without affecting the overall shape of the unit cell
reconstruction. The truncation of harmonics by amplitude is shown in Fig. 4.6.

Fig. 4.6 – Example of truncation of spatial harmonics by magnitude threshold. Left image shows
the full set of spatial harmonics. Right image shows the truncated set, dropping all
harmonics below 2% of the maximum magnitude.
4.6.2 – Truncation of Spatial Harmonics by Collinear Vectors
The spatial harmonics are described by grating vectors, which contain amplitude and angle
information. The number of grating vectors can be further reduced by sorting them based on their
collinearity to one another. To test for collinearity between three-dimensional vectors, the cross
product between them should equal the zero vector:
aˆ  bˆ  0ˆ

(4.14)

The vectors are then sorted in sets according to their collinearity. Then, when solving the
grating phase, only one grating in each set is solved, and the rest of the collinear vectors are added
to the overall lattice by the ratio of their amplitude, described by:
aˆ

bˆ

(4.15)

The effect on the number of vectors using this truncation algorithm is shown in Fig. 4.7,
where the spatial harmonics of a unit cell are reduced significantly after eliminating all collinear
vectors.
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Fig. 4.7 – Truncation of spatial harmonics based on collinear components.
If the truncation techniques shown in this section are applied at the same time in the SVL
algorithm, a reduction of 90  99% on the number of spatial harmonics can be possible [17],
significantly shortening the time and memory required to solve 3D lattices.
4.7 - ITERATIVE CALCULATION OF SPATIALLY VARIANT LATTICES
The SVL algorithm described in the previous section solves a the grating phase as a matrix
problem in the form of Ax  b by direct LU decomposition, which does not scale well in memory
requirements when solving three-dimensional lattices. A method has been developed that makes
use of finite differences to solve the grating phase equation [23]. The finite-difference approach
leads to an iterative method that scales linearly in memory with lattice size at the cost of longer
computation times. When dealing with large three-dimensional lattices, this was the most practical
approach for this research.
4.7.1 – Formulation of Basic Update Equation
In the SVL algorithm, solving the grating phase is the main bottleneck for memory
requirements.

 

 (r )  K (r )

(4.16)

This equation is now expanded into its Cartesian components:



 (r )
 (r )
 (r )



aˆ x 
aˆ y 
aˆ z  K x (r ) aˆ x  K y (r )aˆ y  K z (r )aˆ z
x
y
z
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(4.17)

The scalar components are extracted from this vector equation.


 (r )

 K x (r )
x

 (r )

 K y (r )
y

 (r )

 K z (r )
z

(4.18)
(4.19)
(4.20)

Each scalar equation can be approximated using finite differences. To illustrate this, (4.18) is
approximated using backward and forward finite-differences.
 i , j ,k   i 1, j ,k



x
 i 1, j ,k   i , j ,k



x

K x i , j ,k  K x i 1, j ,k
2
 K x i , j ,k

K x i 1, j ,k

2

i -1 side

(4.21)

i  1 side

(4.22)

Both equations are solved for  i , j ,k




x
K x i , j ,k  K x i 1, j ,k
2
x

K x i 1, j ,k  K x i , j ,k
2

 i , j ,k   i 1, j , k 
 i , j ,k   i 1, j ,k




i -1 side

(4.23)

i  1 side

(4.24)

The equations are added and then solved again for  i , j ,k
 i , j ,k 

 i 1, j , k   i 1, j ,k
2





x
K x i 1, j ,k  K x i 1, j , k
4



(4.25)

To make this an iterative method, the equation is interpreted as an update equation in which
new values for  i , j ,k are solved from old values of  i , j ,k . Following this procedure, the update
equations are derived for the other scalar differential equations.

 new
 new

i , j ,k



i , j ,k



 old i 1, j ,k   old
 old

i , j 1, k

i 1, j , k

2
  old i , j 1,k
2
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x
K x i 1, j , k  K x i 1, j , k
4
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4



i , j 1, k

 Ky

i , j 1, k



(4.26)



(4.27)
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i , j ,k



 old

i , j , k 1

  old

i , j , k 1
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z
Kz
4

i , j , k 1

 Kz

i , j , k 1



(4.28)

The problem with these update equations is that all three are trying to satisfy one variable.
This is an overdetermined system, which means that there are more equations than unknowns. A
single value of  i , j ,k cannot satisfy all equations at the same time, so a best fit approach is needed.
The approach taken in this research is solving the system of equations using the least-squares
method. To implement this, an error term is incorporated into each equation.
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Solving for the error terms in each equation gives
 old i 1, j ,k   old i 1, j ,k x
1   new i , j ,k 

K x i 1, j ,k  K x i 1, j , k
2
4
 old i , j 1,k   old i , j 1,k y
 2   new i , j ,k 

Ky
 Ky
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i , j 1, k
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4
 old i , j , k 1   old i , j , k 1 z
 3   new i , j ,k 

K z i , j ,k 1  K z i , j ,k 1
2
4

(4.29)

2

(4.30)

3

(4.31)





(4.32)





(4.33)





(4.34)

A single number called the error metric is used to measure the value computed for  new . The error
metric is defined in terms of least squares as

E  12   22   32
To minimize the value of E , the first derivative is taken and set it to 0 .
dE
d
0

12   22   32 

d  new i , j ,k d  new i , j ,k
Solving for this derivative we obtain
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(4.35)

(4.36)
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Solving for  new we obtain
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(4.38)

Rearranging the terms, we can obtain the expression
 new
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(4.40)
(4.41)
(4.42)

Equations (4.40)-(4.42) are now the revised update equations solved in the sense of least squares.
4.7.2 – Neumann Boundary Conditions
When numerically calculating the grating phase based on the equations above, there are
boundary problems at the edges of the grid. At the low end of the grid (i.e. i  1 ) , a
problem arises when calculating:



 x 1, j ,k  2  old

0, j ,k

  old

2, j ,k
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  x  K

x 0, j ,k

 Kx

2, j , k



(4.43)

where the terms highlighted in red reference values outside the grid. Since the values do not exist
in the computational domain, boundary conditions need to be applied so that only values from
within the boundaries of the domain. This work uses Neumann boundary conditions. Recall that
(4.43) was derived by combining the equations
x
 i , j ,k   i 1, j , k 
K x i , j ,k  K x i 1, j ,k
i -1 side
(4.44)
2
x
 i , j ,k   i 1, j ,k 
K x i 1, j ,k  K x i , j ,k
i  1 side
(4.45)
2
For the case of  x 1, j ,k and i  1 , the Neumann boundary condition indicates that (4.44) is taken







out and only (4.45) is used to calculate  x 1, j ,k .
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(4.46)

When dealing with values at the upper edge of the grid (i.e. i  N x ), there is a problem
when calculating  x

N x , j ,k

:
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(4.47)

where highlighted in red reference values outside the grid. Since the values do not exist in the
computational domain, Neumann boundary conditions are applied. Recall that (4.47) was derived
by combining the equations
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(4.49)

For the case regarding the lower edge of the grid (i.e. i  1 ), Eq. (4.49) is dropped and only
(4.48) is used to calculate  x N , j ,k . The revised equation is as follows:
x

x

N x , j ,k

 4  old

N x 1, j , k



 2 x K x

N x , j ,k

 Kx
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(4.50)

4.7.3 – Revised Update Equations and Block Diagram
Putting all the revised equations together with Neumann boundary conditions, we obtain
the full update equation to iterate.
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for 2  i  N x  1 (4.52)
for i  N x







for i  1

for 2  j  N y  1 (4.53)
for j  N y
for k  1



for 2  k  N z  1 (4.54)
for k  N z

Figure 4.8 provides a block diagram summarizing the iterative SVL method. The
computation is repeated until a converged by the equation given by
 new   old  tolerance

(4.55)

The calculation of a tolerance constant is still a work in progress, as very little is known
about the solution criteria for this iterative algorithm. Based on evidence by working with the 3D
lattices presented in this work, a tolerance value between 2 and 5 was proven to be sufficient for
the algorithm to converge.
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Fig. 4.8 –Block diagram for the iterative SV algorithm
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Chapter 5 – Independent and Simultaneous Control of Phase and Power in
Spatially Variant Self-Collimating Photonic Crystals
5.1 – INTRODUCTION
With the theoretical and computational background explained in previous chapters, this
chapter will use the numerical tools to design and simulate self-collimating PCs that control
multiple wave properties using the SVL algorithm. The chapter presents the simultaneous control
of phase and power in two different photonic crystals, one 2D and the other 3D. The control of
power flow is made possible by changing the orientation of the unit cells throughout the device,
and the change of phase occurs as the result of uneven fill fraction distributions.
5.2 – CONTROLLING PHASE AND POWER IN SPATIALLY VARIANT SELF-COLLIMATING
PHOTONIC CRYSTALS

PCs, as described before, have demonstrated great potential for achieving strong control
over electromagnetic waves using two main phenomena: band gaps and dispersion. SC arises due
to the shape of the dispersion bands and forces light to travel in a specific direction without the
beam diffracting or spreading. Alternating layers of mediums with opposite dispersion curvatures
can also achieve a SC effect, which is demonstrated in mesoscopic photonic crystals [68, 69]
Some approaches to change the direction of light inside PCs using SC include the
introduction of bends [12] and defects, such as air gap mirrors and discontinuities [11, 70-73].
Another approach to control the flow of waves was accomplished by rotating rectangular
inclusions in the unit cells of self-collimating phononic crystals [14] as well as PCs [74]. In order
to attemnpt to control phase inside these devices, line defects have been introduced into the lattices,
which modulate it via constructive or destructive interference [71, 75]. Defects change the overall
shape of the homogeneous lattice, invariably affecting the shape of the equifrequency contours
(EFC), and only so many geometrical changes can be introduced before they lose the flat contours
needed for self-collimation. The approach to control the flow of waves inside SC PCs by rotating
the orientation of the unit cell features as a function of position throughout the lattice is limited
because the rotation must be very gradual and does not rotate the lattice unit cells, only the
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inclusions. Last, all these works do not intentionally control both phase and power independently
and at the same time.
As stated before, a method for controlling waves inside SC PCs is employing SV. In
prior research, SV was implemented in a self-collimating photonic crystal to control the beam
direction at both optical and microwave frequencies [21, 22]. In the present research, the phase
profile and power direction are controlled independently and at the same time. The level of control
obtained with SV uncovers a vast domain of possibilities for new optical devices. One of these
applications is the multiplexing of different functions inside the photonic crystal [67], leading to
miniaturization of optical systems and potentially unlocking new physical mechanisms for imaging
or other optical functions.
This research shows an approach that can control both phase profile and power flow
throughout the volume of a SC PC by adjusting its unit cell characteristics using SV. The flow of
power of a beam is controlled via unit cell orientation, while the phase profile of the beam is
controlled by the fill fraction distribution in the lattice. To the authors’ best knowledge, there have
been no documented attempts to control independently, and at the same time, phase and power in
any photonic crystal.
The ability of the SVL algorithm to change multiple aspects of the lattice at the same time,
combined with the dispersion properties of the EFCs, creates a way to control multiple properties
of light at the same time and functionally grade that control throughout the volume of a lattice. In
the present work, the SVL algorithm is used to manipulate the unit cell orientation to control the
flow of power while the phase profile is controlled through fill fraction to realize gradients of the
effective refractive index of the Bloch modes. As the unit cells are rotated in a smooth and
continuous manner, the corresponding EFCs are locked to the unit cells and so they rotate as well.
As the wave propagates through the lattice, SC forces the wave to follow the curvature of the lattice
without significant scattering. Gradients in the effective refractive index were incorporated by
adjusting the fill fraction of the lattice, but it is hypothesized that any adjustment which modifies
the effective refractive index of the Bloch wave can be used. This gradient creates a misalignment
66

of the Bloch wave vector and Poynting vector inside the SC PC, as described before in previous
sections. These two changes to the lattice can be incorporated independently from each other using
SV without degrading the properties of the lattice.
5.2.1 - Decoupling Phase and Power Using Spatial Variance in Two-Dimensional SelfCollimating Photonic Crystals
It is desired that a unit cell exhibits SC behavior over a wide range of frequencies and
Bloch wave vector angles introduce SV algorithm in PCs. The broadband behavior ensures the
unit cell is robust enough to vary its geometrical properties without losing SC properties. A suitable
unit cell was found in [66], where a hybrid photonic crystal consisting of rods and circles was
shown to possess flat equifrequency contours over a wide range of k-vectors in the 4th TM band.
Figure 5.1 shows the unit cell and EFCs of this unit cell.

Fig. 5.1- (A) Unit cell with dimensions 0.2a for the rod thickness and 0.16a for radius of the
circles. The unit cell and its dimensions are obtained from [66]. (B) EFCs for the
full Brillouin zone for the 4th TM band.
With the unit cell dimensions described in [66], a self-collimating spatially variant
photonic crystal (SVPC) was designed that manipulates the phase profile and direction of power
of the wave independently, shown in Fig. 5.2. When a wave propagates through the SVPC, the
power advances in a direction normal to the EFCs, which is the direction parallel to the rods. Inside
the green triangle highlight, the rods are thickened slightly, while also being rotated, as seen in the
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middle inset. This change does not erase the self-collimation effect because the basic shape of the
unit cell is preserved, so the beam remains self-collimated. However, due to the fill fraction
gradient, the direction that phase advances misaligns from the direction that power advances. The
effective refractive index of the material changes as a function of position and shifts the EFCs of
the unit cell, but still preserves the flatness for self-collimation. When the wave exits the SVPC to
a homogeneous medium, like air, the power and phase realign, which results in a beam steering
the output.

Fig. 5.2 - Concept picture of a 2D SVPC with a 90° bend and fill fraction change in the rods
inside the green highlighted triangle. The unit cell is showing different geometric
attributes in different parts of the lattice, along with their corresponding 4th band
EFCs of the quarter of the full Brillouin zone.
Six SVPC lattices were simulated, having different combinations of SV. The lattices were
composed of 40a  40a unit cells and were simulated with a single-frequency Gaussian beam
incident from the left or the top. Figure 5.3 shows the angle orientation map of the unit cells in
degrees, while Fig. 5.4 shows the regions of thick and thin regions of the waveguides throughout
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the lattice. In order to suppress reflections caused by the interface between the different fill
fractions, the transition is smoothed using a simple gaussian blur as shown in the gradient between
the blue and yellow regions. Moreover, the medium mismatch in the interface of a photonic crystal
is a non-trivial issue that may reduce the coupled power into the lattice [76-78]. In order to
minimize reflections at the interface, an antireflection layer described in [67] is placed at the input
and output faces of the lattice.
To prove that unit cell orientation controls power flow and fill fraction controls the phase
profile, the SVPCs were simulated in MATLAB using FDFD [28] and FDTD. To experience SC,
the wavelength was set to 0  a / 0.4951 and the beam width was w  20 . The beamwidth value
was chosen for two reasons. The first is that this value is optimal for the beam to cover the middle
of the lattice while avoiding any unwanted scattering at the edges. The second reason is that it is
the beam travels through the full width of the fill fraction region, showing in a clear manner the
phase and power decoupling in SVPCs. Other choices for beam width can be used to obtain similar
results.

Fig. 5.3 - SV map for unit cell orientation for a 90° bent lattice.
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Fig. 5.4 - SV fill fraction showing the heat map of the rods. Left image shows the reduced fill
fraction with thinner rods, while the right shows the increased fill fraction with
thicker rods.
The lattices in Fig. 5.5 are straight (no 90° bend) and were spatially varied by thickening
and thinning the rods within the unit cells based on the spatial maps of Fig. 5.4. Different output
beams were observed depending how the fill fraction was spatially varied. The middle simulation
shows the straight lattice with no modifications to the fill fraction. The left simulation shows the
lattice with thinner rods highlighted in the red region, while the right simulation shows thicker
rods in the green region. The uneven fill fraction distribution caused a phase gradient in the cross
section of the beam that made phase in parts of the self-collimated beam advance faster or slower,
creating a beam steering effect at the output. The lattice with no fill fraction modification exhibited
a straight output beam as expected. In the left lattice, the wave accumulates more phase in the left
side of the beam than the right side. This uneven fill fraction distribution causes a misalignment
of the Bloch wave vector and the Poynting vector, steering the beam to the left when it exits the
lattice. In the right lattice, the thicker rods in the green region makes the wave accumulate more
phase in the right side of the beam, steering it to the right on exit.
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Fig. 5.5 - Electric field from FDFD simulations showing beam steering outputs. Middle lattices
shows no fill fraction change with output beam width 1.03w, left lattice has lower
fill fraction in the red region with output beam width 0.96w, and right lattice has
higher fill fraction in the green region, with output beam width 0.98w. Transmission
percentage is shown in figure.
The last three lattices, shown in Fig. 5.6, had the orientation spatially varied in addition to
the fill fraction per the spatial maps of Fig. 5.3 and Fig. 5.4. Figure 5.6 shows the steady-state
simulations of the three lattices. In the middle simulation, fill fraction is not adjusted and so the
lattice exhibits a straight output beam, which is an interesting observation considering the bend.
The varying path length in the cross-section of the beam through the bend does not introduce a
phase gradient that would cause the beam to propagate at some angle off the surface normal. This
indicates that a SVPC is not operating as an array of uncoupled waveguides. Electromagnetic
coupling inside the lattice maintains the phase profile of the beam through the bend. The left lattice
has the rods thinned in the red region and shows the output beam steering to the left. The right
lattice has the rods thickened in the green region and shows the output beam steered to the right.
This is the same beam steering effect observed in the first three lattices in Fig. 5.5.
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Fig. 5.6 - Electric field FDFD simulations for an SVPC with a 90° bend and fill fraction change.
Middle lattice shows no fill fraction change with output beam width 1.01w. Left
lattice shows thin fill fraction in the red region, and the output beam steered to the
left with output beam width 1.00w. Right lattice shows thick fill fraction in the
green region with output beam width 0.99w, and the output beam steered to the
right (See Visualizations 1,2, and 3 for FDTD simulations). Simulations show the
output width beams are virtually the same as the input beam width. Transmission
percentage is shown in figure.
5.2.2 – Observations for decoupling phase and power using spatial variance in threedimensional self-collimating photonic crystals
The previous subsection dealt with an SVPC, including a unit cell with strong selfcollimation properties in two dimensions. The permittivity shown for the lattice corresponds to Si
or GaAs in the near-infrared spectrum at around 1.5- μm wavelength. To manufacture this lattice
in the infrared regime would require minimal variations in the rods that current advanced
manufacturing techniques would struggle to realize. Furthermore, this permittivity can be used
only for a theoretical 2D infinite structure along the z  axis. If the structure is truncated to obtain
a finite lattice, the beam would diverge along the z  direction and potentially destroying its
electromagnetic properties.
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In order to extend the phase and control of electromagnetic waves to 3D SVPCs, a suitable
3D unit cell is needed. Just like the previous subsection which discussed a suitable 2D unit cell, it
is desired to ensure the unit cell is robust enough to vary its geometrical properties, like fill fraction
and orientation, without losing S. A promising unit cell was found in [64], in which a 2D hexagonal
unit cell exhibits out-of-plane SC propagation over a wide range of frequencies. The unit cell
measurements, along with its corresponding 3D isosurfaces are shown in Fig. 5.7

Fig. 5.7 – (a) 3D unit cell described in [64] exhibiting out-of-plane SC. The unit cell length is set
to b  1 . (b) Flat isosurfaces of the first band showing omnidirectional, broadband
SC.
Even though this unit cell exhibits SC properties over a wide range of angles and
frequencies, some problems that arise when simulating the device with an impinging sinusoidal
beam. The first one is diffraction, which leads to multiple beams in different directions exiting the
lattice, which is unwanted to control phase and power, as it is desired for the beam to focus all the
incident power into a single-mode beam that can be easily controlled within the lattice using SV.
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Another potential concern is in the multiple bands showing flat surfaces in the same regions [64],
leading to multiple modes being excited when the electromagnetic wave within that range of
frequencies impinges on the lattice. This is called band degeneracy [79] and requires further
research in possible effects when applying the SV algorithm. This problem does not arise in the
previously shown 2D unit cell as all the SC behavior occurs completely isolated in the fourth band,
leading into a single clean beam exiting the lattice.
The last problem arises with the nontrivial problem of reflection, especially for photonic
structures [80]. Given that the lattice has a high refractive index (n  3.4641) , there are significant
reflections that occur at the interface and at the end of the lattice, further reducing its transmission
efficiency. The 2D lattice shown in the previous section had incorporated antireflection gratings
that greatly improved the transmission efficiency, achieving an efficiency of over 95% in all cases.
With this motivation, antireflection structures must be designed for this lattice in order to continue
further research of controlling electromagnetic waves using this unit cell.
Even though the unit cell presented above has its limitations that need to be solved, it can
be shown that even a simple 3D unit cell can show that it is possible to show the decoupling of
phase and power in three dimensions. It is then desired to create a lattice with a lower refractive
index, to avoid significant reflections at the interface, that also has SC properties, and has
negligible or slight diffraction. Pazos et al. [21] achieved the control of power flow in three
dimensions with a simple cubic unit cell working in the microwave regime. Building upon this
work, this section will introduce the ability to control phase and power independently in a threedimensional photonic crystal using the same simple cubic unit cell.
The unit cell was built with a continuous function and then applied a binary threshold, as
presented in [16]. The analog cubic unit cell was constructed by the superposition of three
orthogonal grating vectors

 2
2
2
K
xˆ 
yˆ 
zˆ



and the binary threshold applied as
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(5.1)


  1.0  a ( r )  
 r (r )  

2.45  a ( r )  

(5.2)

the analog unit cell is shown in Fig. 5.8(a), showing its scaled values from 0.0 to 1.0 . A binary
threshold operation is applied in Fig. 5.8(b), with the threshold value set to   0.6165 .

Fig. 5.8 – (a) Analog cubic unit cell constructed on the superposition of three orthogonal
gratings. (b) Binary threshold operation for the unit cell with value   0.6165 .
The 3D unit cell with the binary threshold operation is shown in Fig. 5.9, along with its
corresponding isosurfaces of the 3rd band, calculated using PWEM. The red highlighted isosurface
corresponds to the normalized frequency n  0.725 , which exhibits flat faces that correspond to
self-collimation properties.
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Fig. 5.9 – Cubic unit cell with its corresponding 3rd band contours. Highlighted cube in red
corresponds to isosurface at n  0.725 which corresponds to self-collimation.
The generated lattice is 20a  20a  1a , where a is the lattice constant and is set to 1 . The
orientation of the unit cells was spatially varied with the orientation map shown in Fig. 5.10.
Two radial maps were created to generate the SV fill fraction that changes the threshold
value  as a function of position. The first one is generated with “negative” or subtractive fill
fraction, in which the threshold value is higher than the original   0.6165 to create thinner unit
cells near the radial origin. The second map was generated with “positive”, or additive, fill fraction,
in which the threshold value is lower than the original   0.6165 , so there are thicker unit cells
near the radial origin. Both maps are shown in Fig. 5.11.
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Fig. 5.10 – SV orientation map for the cubic unit cell, which represents a 90  bend.

Fig. 5.11 – Fill fraction maps for the cubic unit cell lattice. (a) “Negative” radial fill fraction
map, in which the unit cells are thinner towards the radial origin. (b) “Positive”
radial fill fraction map, in which the unit cells are thicker towards the radial origin.
It is worth noting that the SV fill fraction maps differ from the previous subsection using
triangles, but they work in the same manner to modify the phase of the wave and steer the beam
when it exits. In the “positive” radial fill fraction map, when the wave travels in the thicker unit
cells region, the wave experiences a higher effective index and phase advances more slowly. In
the “negative” fill fraction map, when the wave travels in the thinner unit cells region, the wave
experiences a lower effective index, and phase advances more quickly. The change in fill fraction
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in both cases is subtle enough to warrant a change in the phase behavior of the wave when it exits,
while keeping the isosurfaces of the unit cell from changing too much from the ideal flat surfaces
causing SC. In both cases, the wave still follows the SV bend while experiencing the changes in
effective index. When the beam exits the lattice, as described in the previous subsection, the beam
is steered according to the different fill fraction maps, showing independent phase and power
control. The unwanted scattering in the PC is because the cubic unit cell is not optimized for SC
and has a range of acceptance angle, or field-of-view (FOV), limited to the highlighted red region
in Fig. 5.9 in which the wave can self-collimate. The waves outside this FOV will scatter to
different directions and will not follow the path of SC.
Three different lattices with the same SV orientation were simulated with FDTD with
different fill fraction distributions as shown in Fig. 5.12. The steady-state fields are shown in the
figure as a single slice from a 3D lattice with periodic boundary conditions in the z  axis, and
with lattice dimensions 20a  20a  1a . The periodic boundary conditions effectively simulate an
infinitely long lattice along the z  direction, as shown in Fig. 5.13. In the three FDTD simulations
in Fig. 5.12, the middle simulation had uniform fill fraction, with the threshold value set to

  0.6165 . Left and right simulations had “negative” and “positive” radial fill fraction maps,
respectively, as described previously in Fig. 5.10. The incident beam is a vertically ( z) polarized
Gaussian beam with normalized wavelength 0  a 0.725 and beam-width 1.50 .
To measure the amount of phase and power control inside the device, the exit beam angle
was measured. A vertical line crossing through the middle of the exiting beam was drawn, and the
wave front line was sketched. After this, a line perpendicular to the wavefront was calculated and
placed so that it intersected the vertical line. The beam angle was then calculated from the vertical
line to the line perpendicular to the wavefront.
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Fig. 5.12 – FDTD simulations showing x  y slices of the electric field for different fill fraction
maps, along with its corresponding beam angle with respect to the middle vertical
line. Left image shows “negative” radial fill fraction corresponding to thinner unit
cells towards the radial origin. Middle image shows constant fill fraction throughout
the lattice. Right image shows “positive” fill fraction corresponding to thicker unit
cells towards the radial origin.

Fig. 5.13 – Graphical representation of the 3D FDTD simulation setup from Fig. 5.12. The
simulations show a single slice from a lattice with dimensions 20a  20a  1a , but
periodic boundary conditions along the z  axis effectively simulate an infinitely
long lattice.
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The three simulations show the beam bending and following the curvature of the SV
orientation map. There is some diffraction at the entrance of the lattice and when the beam exits,
which is consistent with similar SV bends with cubic unit cells [21, 22]. It is hypothesized that the
diffraction happens because the wavelength of operation is bigger than the unit cell dimensions.
This is compounded with the fact that this particular unit cell is not optimal for SC behavior, given
its very limited range of frequencies in which it exhibits SC. Even with this unwanted diffraction,
most of the beam power follows the curvature and exits in a single direction. The beam steering
effect is subtly observed in all three cases. The bend with no fill fraction exhibits a beam exiting
at an angle   31.37 . The bend with “negative” radial fill fraction has thinner unit cells near the
radial origin. This leads to a lower effective index that causes the inside part of the beam to travel
faster than the rest, steering the beam to the right. This is confirmed by observing that the beam
angle is   34.66 . The wave travelling through the “positive” radial fill fraction experiences a
higher effective index, lowering the wave speed along the inside of the bend with respect to the
rest of the beam, steering it left. This is confirmed by noticing that the beam angle is   27.52 .
5.3 - CONCLUSION
This research demonstrated the implementation of a two- and three-dimensional SVPCs to
control both the wave phase profile and direction of power independently and at the same time
throughout the volume of the lattice. To the authors’ best knowledge, there have been no
documented attempts to control independently, and at the same time, different wave properties in
a photonic crystal, either using band gaps or self-collimation. This was accomplished in the present
work by spatially varying the unit cell orientation to control the flow of power and changing the
fill fraction to control the flow of phase.
The 2D case used a “super” collimator unit cell with broadband and its power and phase
control is clearly visible by the simulations showing the beam steering. The three-dimensional
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case, even though it used a simple cubic unit cell with limited SC behavior, the beam still
demonstrated phase and power control by showing subtle beam steering behavior at the exit.
Combining multiple patterns of SV allows different properties of the wave to be controlled
at the same time. This concept lets us have an unprecedented level of control over the waves inside
SCPCs, and potentially unlock new ways to utilize diffraction to control light inside these devices.
This approach provides new degrees of freedom to control light inside of a single photonic crystal,
paving the way to develop new tailored, specialized devices based on SVPCs that can multiplex
different functionalities into a single photonic crystal [28], leading to design of refractionless
optical systems, encryption and decryption of spatial information, and spatial control of
polarization.
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Chapter 6 – Arbitrary Control of Power Flow in 3D Self-Collimating Photonic
Crystals Using Spatial Variance
6.1 - INTRODUCTION
As stated in the previous chapter, electromagnetic wave properties like power flow, phase,
and polarization have always been of great interest to control throughout some device. Photonic
crystals are used to arbitrarily control waves inside PCs given the great level of control they can
achieve using self-collimation. The implementation of SC in 3D PCs has been of interest for many
years [81-85]. Attempts to control power flow inside these structures in an arbitrary manner in 3D
SCPCs have been limited to the introduction of defects or deformations, which often weaken or
destroy the overall electromagnetic properties of the PC. The SV algorithm enhances guiding
mechanisms in PCs like SC and paves a way to unlock their true potential to control
electromagnetic waves in an arbitrary manner. To date there have been successful approaches that
incorporate the SV algorithm in SCPCs, both in simulations and experimentally at microwave and
infrared frequencies [13, 21]. SV has also been successfully introduced in SCPCs to arbitrarily
control multiple aspects of an electromagnetic wave, like power and phase, independently and at
the same time [19]. However, the SV implemented in these papers has been either in planar PCs
or implemented in 2D using 3D unit cells, with layers stacked on top of one another. Moreover,
the main limitation for the implementation of a truly 3D SVPC is the current algorithm for
implementing SV [16], which requires prohibitive computational requirements when computing
3D lattices, especially memory.
Most recently, an advancement in the implementation of the SV algorithm in an iterative
manner [23], described in detail in chapter 4, has been developed which makes it practical to
generate fully 3D SVPCs. To demonstrate this advancement, in this paper we design and simulate
a fully 3D SV SCPC that contains two consecutive volumetric bends in different planes.

82

6.2 - GENERATION OF FULLY 3D SVPCS
The generation of a 3D SVPC follows the procedure of assigning the orientation of the
lattice defined by a 3D vector field. In this research, the vector field is generated by drawing a line
path which defines the desired path, which will be a double bend in two orthogonal planes. Then,

a vector field is created from that line that defines the K functions to be fed into the SVL algorithm.
The line path and its generated vector field is shown in Fig. 6.1. In the figure, inset (a) shows the
line path drawn (highlighted in blue) defining the desired path that the wave will take when it
travels through the device. The path has a defined starting point, shown as a circle, and an ending
point, drawn as a cross. The start and end points define the direction that the generated vectors will

have. Then, based on the line with its starting and end points, the vector field defining the K
functions, is calculated, shown in inset (b). Notice that the direction of the vectors goes from the
starting point to the end point. Insets (c) and (d) offer different orthogonal plane views of the vector
field to convey that the line path along with the generated vector field is in fact a double bend.
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Figure 6.1: K functions for the generation of a double bend SCPC using the iterative SV
algorithm. (a) Generation of the intended line path in the PC, shown in blue.
(b) Vector field generated from the line path, shown with red arrows. (c) View from
the x  y plane of the PC. (d) View from the x  z plane of the PC.
Two lattices were generated with the iterative SVL algorithm using two different unit cells,
shown in Fig. 6.2. The first one is a simple cubic unit cell, which was used to prove the first SVPC
in the SC regime [21]. The second lattice uses a hexagonal unit cell with that exhibits broadband,
out-of-plane SC as shown in [64], with the original radius changed to r  0.40b , where b is the
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lattice constant. The final lattices generated from the iterative SVL algorithm are shown in Fig.
6.3, with the arrows showing the input and output locations of the incident electromagnetic wave.

Figure 6.2: Unit cells used to generate the two SC SVPCs with their respective materials and
dimensions. The cubic unit cell (left) has dimensions a  1.59 cm , while the
hexagonal unit cell (right) has dimensions b  1.00 cm

Figure 6.3: Two SC SVPCs generated with the iterative algorithm. The arrows show the input
and output positions and directions of the electromagnetic wave. (a) The SC SVPC
generated with the cubic unit cell, with dimensions 20a  31.80 cm . (b) The SC
SVPC generated with the rectangular unit cell, with dimensions 12b  12.00 cm
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6.2.1 -Simulation, Results, and Discussion
Full-wave simulations were done using the XFdtd software. The source, a single frequency
gaussian beam, is linearly polarized along the z  axis, impinging in the input face as shown in
Figure 6.4. The beam inside the lattice is expected to follow the orientation of the unit cells and
exit the lattice in the output face. The results for both SVPCs are shown in Figs. 6.4 and 6.5.

Figure 6.4: FDTD simulation showing the electric field intensity in the simple cubic lattice, with
arrows showing the input and output faces. The source is a Gaussian beam input
with frequency f  15 GHz , beam waist w  2.985 cm , and linearly polarized along
the z  axis. (a) and (b) Perspective views. (c) Top view showing the x  y plane.
(d) Side-view showing the x  z plane.
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Figure 6.5: FDTD simulation showing the electric field intensity in the hexagonal lattice, with
arrows showing the input and output faces. The source is a Gaussian beam input
with frequency f  22.5 GHz , beam waist w  1.333 cm , and linearly polarized
along the z  axis. (a) and (b) Perspective views. (c) Top view showing the x  y
plane. (d) Side-view showing the x  z plane.
As expected, in both simulations, the wave travels through the lattice following the
curvature defined in Figure 2 and exiting through the output face. However, the performance of
both lattices is different. The simulation is shown in Fig. 6.4, which corresponds to the lattice with
cubic unit cell, has more unwanted scattering than the hexagonal unit cell, shown in Fig. 6.5. There
are two main reasons why this may happen. The first reason is that the cubic unit cell is not optimal
for SC and has a limited range of acceptance angle, or field-of-view (FOV), in which a wave can
self-collimate. The waves outside this FOV will scatter to different directions and will not follow
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the path of SC. The second reason is that the vector field fed into the SV algorithm is not enforcing
which direction is perpendicular to the direction of SC, and thus the unit cell orientation across the
three axes of freedom is not completely controlled. This can further change or reduce the limited
FOV of the unit cell, leading to unwanted scattering. It is hypothesized that the performance of the
lattice with the cubic unit cell can be improved by enforcing all three axes of freedom to follow
the curvature, along with a deformation control [17] algorithm to further suppress any
deformations along the path. The simulation of the hexagonal lattice works as expected and has
minimal unwanted scattering. This is because the unit cell used has omnidirectional SC along the
main axis of propagation.
6.3 - CONCLUSION
A new iterative SV algorithm was proved to produce SVPCs that can arbitrarily control the
power flow of an incident beam. The algorithm was used to generate a SVPC that incorporates a
doublebend in two orthogonal planes. Simulations two lattices with different unit cells are shown,
one being a cubic unit cell with a narrow FOV for SC and the other being a hexagonal unit cell
with out-of-plane SC. The development of this algorithm paves the way to develop a practical
workflow to create SVPCs that can arbitrarily control the flow of power. Future works with this
algorithm will include the simultaneous change of many geometrical properties besides
orientation. This advancement may lead to the unlocking of the full potential that SVPCs are
capable of, by arbitrarily controlling multiple properties of electromagnetic waves at once.
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Chapter 7 - Conclusion
7.1 -SUMMARY
The work presented in this dissertation developed new ways to control electromagnetic
wave properties in SVPCs. Specifically, this work presented the arbitrary control of phase and
power in 2D and 3D PCs using the SVL algorithm. The first four chapters revealed the theoretical
and numerical tools needed to comprehend and analyze the mechanisms behind PCs and SC to
control waves in these devices, as well as the implementation of SVL algorithm that allows
arbitrary control of geometrical properties in these devices as a function of position.
Chapter 5 showed the integration of the theory and numerical tools to achieve fully
independent control of phase and power in 2D and 3D SVPCs. The phase of the wave and the
power flow were controlled by changing the fill fraction and orientation of the unit cells,
respectively. To prove the control of phase and power inside the devices, the output beam was
observed to change directions with different configurations of fill fraction, while the orientation of
the unit cells followed a 90-degree bend. Simulations and discussions were performed for a square
2D unit cell exhibiting strong SC properties, and with a simple cubic 3D unit cell with limited SC
properties. The 2D lattice incorporated a 90-degree bend and the fill fraction changed within a
triangular-shaped region with thicker or thinner unit cell features. The output beam was observed
able to steer left or right with respect to a SVPC with no fill fraction change. The 3D lattice with
a simple cubic unit cell had a different fill fraction map than the 2D unit cell, following a radial
distribution instead. Even though the simple cubic unit cell exhibits limited SC behavior and FOV,
was also able to show changes of phase and power by subtly steering the exit beam left and right.
Chapter 6 dealt with the implementation of a fully 3D SVPC that showed arbitrary control
of power flow by changing the orientation of the unit cells with a double bend. This was done by
means of a novel iterative SV algorithm that greatly reduced memory requirements to solve the
algorithm, making it possible to design 3D PCs that were not possible before with the traditional
algorithm. Two different unit cells were used to show the control of power, one hexagonal with
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broadband SC capabilities, and the second was a simple cubic unit cell. Both lattices showed the
electromagnetic wave following the bends, with the hexagonal bend working better than the simple
cubic unit cell.
7.2 – FUTURE WORK
This work of research laid the basic theoretical elements to start exploring the role SV plays
inside SCPCs. However, it only scratches the surface of the immense depth of this relationship and
how it influences wave behavior inside these structures. As dispersion surfaces are actively
engineered by SV when changing the geometrical properties throughout the lattices, many
properties like unit cell symmetry, anisotropy, period, and its combinations with other geometrical
changes, are still areas of research in which little is known about how they can be exploited to
control different aspects of waves inside PCs. The richness of emerging behavior, but also its
complexity, is compounded when SV is incorporated in PCs in the third dimension, which is
something the author looks forward for the future direction of this research.
One aspect of electromagnetic waves that will become of great interest for future work is
polarization. This aspect has yet to be considered by the SVL algorithm. The first observations of
polarization effects were recorded in [86], where an SVPC was measured experimentally at optical
frequencies with different wave polarizations. The vertical polarization, as expected, followed the
bend, while the horizontal polarization did not follow the bend and exited on the opposite face. At
the time, was attributed to the fabrication process producing an imperfect, non-cubic unit cell that
introduced birefringence. It was thought this caused the wave to behave differently with both
polarizations. However, a recent 3D FDTD simulation showed the same behavior with a
horizontally ( y) polarized wave impinging on a bend with a perfectly cubic unit cell, as shown
in Fig. 7.1. The wavelength, beamwidth, bend, and materials are identical as the simulations in
Fig. 5.12, except for the polarization.
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Fig. 7.1 – 3D FDTD simulation of a horizontally polarized wave incident on the 90-degree bend
from Fig. 5.12. All other source and material parameters are identical.
The beam in the simulation still does not follow the bend curvature, discarding the
previously held belief that the different polarization behavior arose due to the fabrication process
of the lattice producing a non-cubic unit lattice, and points to a more fundamental behavior that
requires a deeper level of understanding beyond the scope of this exploratory research. It seems
that a polarization parallel to the SVPC may not be rotating alongside the bend like the vertical
polarization and may point to the introduction of SV might be causing this behavior. A small
amount of energy is observed to exit in the desired direction of the bend, but this is speculated to
be Bragg scattering and not SC.
Another area of future work is also discussed in Chapter 5, where a suitable hexagonal unit
cell suited for broadband SC was found in [64]. As discussed before, the diffraction orders at the
exit, the degenerate bands, and antireflection structures need to be addressed if it is to be used with
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SV to control waves in SVPCs. Another possibility of future work is on the discovering of a
different 3D unit cell, that although it may have a more limited range of SC frequencies and FOV,
does not have the issues presented with the current hexagonal unit cell.
The last possibility for future work is the incorporation of multiple out-of-plane property
changes using SV. Chapter 6 laid the foundations of designing fully 3D SVPCs using SV, where
the orientation of the unit cells was changed to incorporate a double bend. Future work will
incorporate other property changes, like fill fraction, anisotropy, material parameters, and
symmetry, among others.
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Glossary of Abbreviations
EFC

equifrequency contour

FDFD

finite-difference frequency-domain

FDTD

finite-difference time-domain

FOV

field-of-view

LU

lower-upper

PC

photonic crystal

PML

perfectly matched layer

PWEM

plane wave expansion method

SC

self-collimation

SCPC

self-collimating photonic crystal

SV

spatial variance

SVL

spatially variant lattice

SVPC

spatially variant photonic crystal

TF/SF

total-field/scattered-field

TM

transverse magnetic

UPML

uniaxial perfectly matched layer
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