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Abstract

Nowadays it is well known that nuclear matter has a liquid and a gas phase, as well as
a coexistence of phases region. Symmetric nuclear matter (same number of protons and
neutrons) exhibit phase transitions from the gas phase to a liquid-gas mixture. A useful
tool to represent such phases and transitions is through diagrams that show the necessary
conditions of density and temperature to be in either of the phases. Now the question is,
what if we extend the traditional phase diagram for symmetric matter to the asymmetric
cases (different number of protons and neutrons)?

This study uses classical molecular dynamics to simulate infinite nuclear matter and
study the effect of isospin asymmetry on bulk properties such as energy per nucleon, pres-
sure, density, as well as the coexistence of phases region in nuclear matter. The simulations
are performed on systems embedded in periodic boundary conditions with densities and
temperatures in the ranges p = 0.01 to 0.2fm ™2 and T = 1 to 15MeV , and with isospin
content of X = Z/A = 0.3, 0.35, 0.4, 0.45, and 0.5, where Z refers to the number of protons
and A the total number of nucleons.

The results indicate that the main effect of isospin asymmetry is found to be the dis-
appearance of the liquid-gas phase transition when X = Z/A = 0.13.

Particularly in this study we obtain the phase diagram of nuclear matter extending it
from the traditional two-dimensional density-temperature plane to three-dimensional space
of density, temperature, and isospin asymmetry. We identify the liquid-gas coexistence

region by means of Maxwell constructions over pressure-volume isotherms.
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Chapter 1

Introduction

Many research facilities have been performing experiments using neutron-rich nuclei to
extend our knowledge of nuclear forces. These reactions between radioactive nuclei can
help us understand properties of isospin asymmetric nuclear matter, needed in several
areas of physics [1].

The importance of asymmetric nuclear matter, and how it affects the nuclear forces, was
noticed by Weizsécker in 1935 [2] when he introduced an asymmetry term in a parametriza-
tion of the nuclear binding energy in favor of the condition A = 27, where Z refers to the
number of protons and A to the total number of nucleons. In the next decades this inves-
tigation was extended to study the isospin dependence of a generalized density-dependent
asymmetry term [3], as well as other nuclear properties [4]. A limitation of the asymmetry
term of Bethe-Weizsicker parametrization is that when N = Z (same number of protons
and neutrons), it does not show appropriate results in nuclei of A > 40. The problem
is that for this type of nuclei we need the presence of a higher quantity of neutrons to
compensate the long-range Coulomb repulsion.

On the other hand, there have been several attempts to extend the liquid-drop formula
into the isospin asymmetric cases; the strategy was to represent the nuclear energy E(p, «)
in terms of & = (N — Z)/A about the isospin symmetric point a = 0: E(p,a) = E(p,a =
0) + Esym(p)a? + O(a?) [3]. In the same way these expressions can be used to obtain a
density-dependent symmetry energy through Eg,,(p) = (1/2!)(9*E/da?), but producing
modest results in comparison to experimental data [3]

At this point, with the limitations of the parametrizations, one may think that a better

option to follow would be through the use of microscopic theories to develop an equation of



state dependent of density, temperature and isospin, unfortunately, we would have to deal
with many body theories, which is far of being perfect, and only produced modest results
at low temperatures. For example, studies obtained with Hartree-Fock approximations
[10, 11, 12, 13, 14, 15, 16|, for studies with relativistic and non-relativistic mean-field
models [17, 18, 19, 20, 21, 22, 23, 24|, and for non-zero temperature studies [1].

Nevertheless, a way that one can follow to avoid these technical difficulties is through
numerical methods to construct systems where we can extract desired properties of nuclear
matter. One of the most used methods is known as Classical Molecular Dynamics (CMD);
this is not a new method, actually, it has been used for decades to study nuclear reactions
[25, 26, 27, 28|, and more recently to get properties of infinite systems as found in neutron
star crusts |29, 30, 31, 32, 33, 34, 35, 36|, as well as on the isospin dependence of nuclear
matter properties [4].

In particular, CMD studies [33, 34, 35, 37, 36] have investigated phases in low tempera-
ture nuclear matter, as they exist in neutron star crusts, and the effect of isospin asymmetry
on bulk properties such as energy per nucleon, pressure, saturation density, compressibil-
ity, and symmetry energy [4]. The results of these studies indicate that symmetric and
asymmetric nuclear matter show liquid and gaseous phases and transitions between them,
as well as the coexistence of phases regions that tend to be reduced because of the isospin

content.



1.1 Objectives

In view of the need to see how the isospin content affects the properties, as well as the
approximations to describe nuclear matter, the motivation of this study is the extension
of the traditional two-dimensional phase diagram (which correspond to symmetric nuclear
matter) to include the isospin content degree of freedom.

The phase diagram is usually represented in the two-dimensional density-temperature
plane, but now it would span a volume in the p — a — T space. Here we use CMD to
study infinite nuclear systems with varying density, temperature and isospin content to
obtain pressure-density isotherms and, from them, extract the boundary of the liquid-gas
phase coexistence region by means of Maxwell constructions for temperatures that go from
T =1MeV to 15MeV.

The structure of the thesis is as follows: Section II introduces the computational model
used (CMD), all data obtained from the simulations will be presented on section I11I, followed
on Section IV by showing a procedure which is vital for our study; Maxwell’s construction,

the desired Phase Diagrams in section V, and lastly, the conclusions of the study in section

VL

1.2 Metodology

To achieve our goals, we will construct systems of infinite nuclear matter with different
isospin content and temperature 7" using numerical simulations on the interval of our in-
terest.

From the simulations we are interested on getting the energy and pressure in terms of
density from such systems, then, turn the obtained pressure vs density curves into pressure
vs volume to use them on the Maxwell construction process.

With the density delimitations we will construct two-dimensional phase diagrams that

includes al temperatures in our interval for each value of X. Finally, we combine the



individual diagrams on the three-dimensional diagram that includes the isospin degree of

freedom.



Chapter 2

Computational Model

2.1 Classical Molecular Dynamics

There are several numerical methods to study many-body nuclear systems, CMD is just
one of them. Another of the most used methods are known as semiclassical models (BUU,
[BUU) and quantum molecular dynamics models (QMD, AMD, IQMD, etc. [39, 40, 41]).
The problem with these methods is that they have a limitation, even when they predict
accurately density fluctuations in heavy-ion reactions, they both fail to produce realistic
clusters [38], which means they cannot be used to the study of phase transitions.

The advantage of using CMD instead semiclassical and quantum models is that this
method does not have adjustable parameters such as wavepackets, mean fields, effective
masses and cross sections [42]. What CMD does is consider the protons and neutrons
as interacting particles through potentials with their classical equations of motion solved
numerically. This means that a lot of systems can be described using this method, for
example; cold nuclei, nuclear reactions, phase transitions and infinite systems as neutron
star crust [29, 30, 31, 32, 33, 34, 35, 36|.

The only disadvantage of using CMD is the lack of Pauli blocking, which does not allow
us to get appropriate results at low energies. Fortunately, in hot systems (7" > 1 MeV),
the results do not get affected by this limitation |4].



2.2 Potential

Since CMD works with potentials, several of them have been used in the past [25, 26, 27, 28|,
but there is strong evidence that says that the main characteristics of the phases in nuclear
matter are not affected wherever the potential we choose [37]. In our study we are going to
use the Pandharipande potentials which were designed at the University of Illinois Urbana-
Champaign to fit experimental nucleon-nucleon collisions of up to 600MeV to produce
infinite systems with realistic binding energy, density, and compressibility comparable to
experimental results. This potential describes the motion of nucleons by solving their
classical equations of motion.

The Pandharipande potentials are [26]:

Vap(r) = Vilexp(—p,r) /1 — exp(—prre) /e — Valexp(—par) /1 — exp(—pare) /re  (2.1)

Vn (r) = Van(r) = Vip(r) = Volewp(—por) /7 — exp(=pore) [7e (2:2)

where V,,, is the potential between a neutron and a proton, and Vi is the repulsive
interaction between either nn or pp, and all the values of the parameters are given in table
2.1. The cutoff radius r. = 5.4 fm (known as cutoff length; the distance after which you
will neglect all the other particles, because you consider their influence on the present to
be zero). Both potentials are set to zero when r > r. .

The Yukawa parameters p,, i, and po were determined by Pandharipande to yield an
equilibrium density of py = 0.16 fm™3, a binding energy E(py) = 16 MeV /nucleon. Notice

that, since the potential Vyy does not permit bound states between identical nucleons,

Table 2.1: Parameters of Pandharipande potentials

Te Ve Va Vo Hor Ha Ko
5.4fm | 3088.118 | 2666.647 | 373.118 | 1.7468 | 1.6000 | 1.500




pure neutron matter is unbound and, at a difference from potentials used by other mod-
els, the Pandharipande potentials have a hard core. A more complete description of the
Pandharipande potentials can be found elsewhere [26].

The main advantage of the C'M D model is the possibility of knowing the position and
momentum of all particles at all times, which allow us to study the structure of the nuclear
media from a microscopic point of view. Even more, C M D provides the time evolution of
the particles, which is then used to study the resulting structures.

To simulate nuclear matter as an infinite medium, systems with thousands of nucleons
were constructed using C'M D under periodic boundary conditions. Cases symmetric in
isospin (i.e. with X = Z/A = 0.5, 1000 protons and 1000 neutrons), and cases with
asymmetric isospin (with X = 0.3,0.35,0.4 and 0.45) were constructed in cubical boxes
with sizes adjusted to have densities between 0.01fm™3 and 0.2fm™3. Once the cubical
box is filled with the appropriate amount of particles and density, the box with its particles

is then replicated in the 26 cells surrounding the box to guarantee periodic boundaries.



Chapter 3

CMD Results

3.1 Classical Molecular Dynamics Set Up Description

For the study of infinite systems of nuclear matter, we used a CMD code fitted with
the Pandharipande potentials |[53]. With this model we simulated the evolution of 2000
nucleons inside a cubic cell with periodic boundary conditions. The isospin content had
values of X = Z/A =0.3,0.35,0.4,0.45 and 0.5 (where Z is the number of protons and A
the total number of nucleons), densities between 0.01fm ™2 and 0.2fm 3, and temperatures
that went from 7" = 1 to 15MeV. The nucleons were placed in random positions with a
minimum interparticle distance of 0.01 fm and initial velocities according to the Maxwell-
Boltzmann distribution at the desired temperature. Finally, the equations of motion were
solved to simulate the evolution of the system.

Because this calculations take long times to be performed, a heat reservoir was added
to the newtonian mechanics to speed up the process yielding the Nosé-Hoover equations
of motion which were integrated by Stgrmer finite differences; although this method does
not conserve energy (which is added or removed by the heat reservoir), it reaches thermal
equilibrium faster than the usual formalism of newtonian mechanics plus an Andersen’s
thermostat [54].

Once that all the conditions are set up, we let the system evolve until it reaches equi-
librium (determined by variations of AT < 0.1%), at this point we collect and store the
pertinent data such as nucleon positions, momenta, energy per nucleon, pressure, temper-
ature, and density. Now that we have our first data stored, we let the system evolve again

to get data of the system in a different time that must be far enough from the first time, so



they are not related to each other. Finally, we repeat the process to form a Markov chain.

3.2 Average Energy and Pressure

From the simulations, we obtained values of average energy and pressure for each proportion
X, temperature T', and density p. To get each point for the average energy we took values
from the list of energies that the code gives us as result, those values needed to be far away
enough in tome in order to not have relation between them. With these values we formed a
Markov chain making sure that the percentage of error was less than 10% for each of such
points. The tables that contain the average energy values will be shown at the end of the
document in appendix A of energy tables, meanwhile, on figures 3.1, 3.2, 3.3, 3.4, and 3.5
we show such values corresponding to these energies for each of the proportions.

In the energy plots it is clear to see a characteristic "U" shape that is expected for this
type of curves; this region contains information of the phases of the system.

Meanwhile, in the pressure curves 3.6, 3.7, 3.8, 3.9, and 3.10, we see a behavior where
the slope of the curve is always positive dp/dp > 0. As well as for the energy, this pressure
curves contain information about the phases, and they will be used later in other procedure
in this thesis. Results from similar calculations at lower temperatures were published

elsewhere [4].
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Figure 3.1: Plot for the average energy for X = 0.3 obtained using C'M D simu-
lations. The graph shows the characteristic U shape for the density
versus energy graphs that we have been observing in past studies.
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lations. The graph shows the characteristic U shape for the density
versus energy graphs that we have been observing in past studies.
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Figure 3.8: Plot for the average pressure for X = 0.4 obtained using C'M D simulations.
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Figures 3.11 and 3.12 show illustration of the energy and pressure for the cases 7' =
1MeV and 11MeV.

If we center our attention on figures 3.11(a) and 3.12(a), one could realize that they
are full of physics; the equilibrium points for the liquid phase are the minima of the energy
curves (maximum binding), the corresponding densities for those points are the liquid sat-
uration densities and they vary with X decreasing for higher asymmetries. It is important
to say that this behavior is expected to be found for all temperatures until we reach a
critical temperature where the phase coexistence region ends.

Now, to extract the information from figures 3.11(a) and 3.12(a), the liquid phase can
be identified by the section of the curve with a “U” shape; being the clearest case X = 0.5.
Meanwhile, the points that deviate from the described “U” shape denote the existence of
the liquid-gas mixture region, here we represent such points as empty symbols.

Another option to identify the liquid region is by their compressibility, that we can
observe in figures 3.11(b) and 3.12(b), where the curvature of the pressure is dp/dp > 0.

The goal of the present study is to find the delimitations of the coexistence region.
Although this has been sketched in the past for isospin symmetric matter |55, 56, 50| and
evaluated for isospin asymmetric matter [57], this will be first time this is done dynamically

with full inclusion of the isospin degree of freedom.
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Figure 3.11: Energy per nucleon (a) and pressure (b) versus density for systems with
X =0.3,0.4 and 0.5 at T = 1 MeV.
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Chapter 4

The Maxwell Construction

4.1 Complete Isotherms

To perform the Maxwell construction we need complete isotherms, to construct such curves
we assume that at very low densities the pressure vs density isotherm is approximately the
curve from a free nucleon gas, and around the saturation density the curves are given by
CMD simulations, thus, a complete isotherm can be constructed by joining the gaseous
segment with the liquid segment by an interpolation.

For the low-density gaseous part of the isotherm, we will use the pressure from a gas
of nucleons approximation of a free Fermi gas p(p,T) = %pap(p, T) which, using the

parametrization of the Fermi energy introduced in [56], can be approximated by

5

2

P0.T) =25 iaip/po) 4 LS (Tl (4.1)
=2 i=0

where ¢,(T) = 25:1 g,;17, and the coefficients ¢;; and a; are listed in table 4.1.

The first term of Equation (4.1) approximates 2p/3 times the Fermi energy of a cold
nucleon gas, and the second term approximates 2p/3 times the T-dependent Fermi gas
energy. It is important to mention that, as we expected, at low densities, equation (4.1)
does not depend on the isospin content X, as the system is highly noninteracting.

We will use the obtained approximation in the low-density gaseous region (p < po/6),
and the CMD data curves for the liquid phase (from p > pr, where pp refers to the
luquid saturation density), and as we said, we will join both segments of curve by a least-

squares cubic interpolation that matches the three segments and their first derivatives (to

guarantee smoothness in the connections) to construct the complete isotherm. Figure 4.1

23



Table 4.1: Coefficients €/, and a;

Coeflicient Value Coeflicient Value
€01 0.693 €02 0.037TMeV 1
€11 —5.420 12 0.082MeV 1
€91 11.447 €99 —0.312MeV 1
a9 21.1MeV as —38.3MeV
a4 —26.7MeV as 35.9MeV

shows one example of a resulting pressure-density curve; the values used for the matching

liquid density p; vary depending on the values of T" and X.
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Figure 4.1: Example of pressure density interpolated curves for the cases of T'=5
and 10MeV, X = 0.3 and 0.5. "FG" stands for Fermi gas, located on
the left-hand side of the curve (continuous line) and obtained with equa-
tion 4.1, "MD" indicates the right-hand side segments (short dashes)
and corresponds to the fit to the molecular dynamics results, and "In-
terpolation" refers to the middle segment obtained by a least-squares
cubic interpolation to match the FG and MD segments. The points
indicate MD-calculated points.
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4.2 Maxwell Construction

To determine the region of liquid-gas coexistence we use the Maxwell construction. In
summary, the conditions of equilibrium lead to a mathematical identity for the Gibbs free
energy, which in turn allows the calculation of the equilibrium pressure and the boundaries
of the coexistence region.

The conditions for thermal, mechanical and chemical equilibrium between a liquid and
a gaseous phases are that both phases must maintain the same temperature, pressure and
chemical potential, namely Tj;guid = Tgas, Pliquid = Pgas aNd [iiquid = [gas; this last condition
is related to the Gibbs free energy.

The Gibbs free energy is defined in terms of the internal energy U: G =U +pV — TS,
and since U =TS — pV + uN, we get that G = pN, which indicates that equilibrium will
be achieved when Gjiquia = Ggqes- To find such point it is convenient to plot G as a function
of p. Although G is not calculated in this thesis, its behavior as a function of p generally
looks as figure 4.2 [56].

In physical terms, the segment from before point A and up to C' shows the Gibbs free
energy the system has in the gaseous phase, and the segment G to [ and beyond is for
the liquid phase. The segment C' — D corresponds to supercooled vapor and F' — C to
superheated liquid, both metastable, and D — F' is an unstable region. It is clear that the
only stable point where the equilibrium condition, fuiquid = figas, 15 met is at points C' and
G where Giguia = Ggqs- Determining such crossing point would determine the equilibrium
pressure uniquely.

To determine the exact location of the point C' or G we observe that a medium that
traverses the loop C — D — F — G will end up with the same amount of free energy it had at
the start, i.e. AG|cpre = 0. To evaluate such change we remember that an infinitesimal
change is

dG = dU + pdV + Vdp — TdS — SdT,
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Figure 4.2: Gibbs free energy G as a function of pressure p for an isotherm below
the critical temperature T,

and since dU = T'dS — pdV + udN this becomes
dG =Vdp — SdT + pdN,
but since dG = (0G/0p)r ndp + (0G/OT), ndT + (0G/ON )7 ,dN, we get
(0G/op)rn =V, (0G/OT), n = —S and (0G/ON )1, = p. (4.2)
Since we are keeping constant the temperature and N, we focus on the first of the equali-

ties (4.2):
ies (4.2) .

(0G/Op)rn =V = AG = / Vdp =0 (4.3)
C
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To evaluate the integral 4.3 we study the plot of V(p); figure 4.3 shows the case of the
isotherm for T'=9 MeV and X = 0.4.

In Figure 4.3 the gaseous phase corresponds to all points before C', the coexistence arc
to those between C' and G, and the liquid phase to all points beyond G. The arc where
dV/dp > 0 (points between D and F') is unstable to any density fluctuation. The portion
of the isotherms from the boundary of the coexistence curve to the limits of the unstable
spinodal region are physically accessible, albeit momentarily, and are called the superheated

vapor (points between C' and D) and supercooled liquid (points between F' and G.)

T =9 MeV
x=04

o)
o

30

Volume (fm3)

10

0.35 04 0.45 0.5
Pressure (MeV/fmS)

Figure 4.3: Pressure Isotherm for T'= 9MeV and X = 0.4 plotted sideways versus
the volume. The shaded area to the right of the dotted line C'-G' and
the curve C-D-F equals the area to the left of the dotted line and the
curve F-F-G. The liquid-gas coexistence region is limited by volumes
Ve and Vi, and the unstable region lies between volumes Vp and V.
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Integral (4.3) then becomes

/CDEFG V(p)dp = /CD V(p)dp — /DE V(p)dp — /EF V(p)dp+/FG Vip)dp=0  (4.4)

which implies that
/ Vidp — / Vidp = / Vidp — / Vdp (4.5)
cD DE EF FG

Which in turn indicates that the areas determined by the vertical straight line of constant
pressure p (going through points C, F and G) and the isotherm under study, to the left
and the right of the intersect in the unstable region, must be equal. Finding the pressure at
which those two areas are equal to each other is known as the “Maxwell Construction”, and
it is used to determine 7) the equilibrium pressure, and ii) the boundaries of the coexistence
curve, i.e. the corresponding volumes, Vo and V.

In practice the Maxwell Construction is carried out numerically by finding the pressure
at which f‘YCG pdV = 0 for each isotherm; once the pressure is known it automatically yields
Ve and Vi; appendix B contains a Mathematica routine to evaluate this procedure.

To determine the boundary points of the whole coexistence region it is necessary to
apply this Maxwell construction method to all the cases in our study, this is, a total of 75
times. Figure 4.4 shows three pressure isotherms plotted versus the volume for the cases
T =1, 10 and 15MeV and for X = 0.35. The continuous curves of the left show a fit to the
CMD results (points), and the dashed curves of the right are the least square fits inverted
to appear as a function of the volume. The coexistence region is obtained by repeatedly
integrating the area between a given pressure value and the pressure isotherm, until the
pressure at which the integral is zero is found. The resulting pressures for the cases T'=1
and 10MeV are indicated with the horizontal lines; for the case of T' = 15MeV no pressure
satisfied the condition of zero integral indicating that for X = 0.35 the coexistence region

ends at a lower temperature.
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Figure 4.4: Pressure isotherms for 7" = 1, 10 and 15MeV and X = 0.35. The points
are the CMD results, the continuous curves are fits to such results, and
the dashed curves are the cubic least square fits. The pressures at which
g= f‘YLG:V dp = 0 are shown (horizontal lines) for the cases T'= 1 and
10MeVl; at T = 15MeV nuclear matter at X = 0.35 never reaches a

liquid-gas mix phase.
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Chapter 5

The Phase Diagram

After we applied the Maxwell construction for all our cases, we got two values of density
Prig and pges, which delimitate the phase coexistence region for each of the individual
cases. There are several cases where we were not able to get such density values, this is
because the coexistence region tends to disappear for asymmetric nuclear matter at high
temperatures.

On tables 5.1 and 5.2 we list for all the cases that we worked, the initial density where
the phase coexistence region begins as pgqs, and the last density where such region ends
as prig- The spaces in blank inside the tables correspond to the cases where the phase

coexistence region disappears.
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Temperature T’ X =0.5 X =045 X =04
PGas PLiq PGas PLiq PGas PLiq

T=1 0.0172952 | 0.103496 | 0.0172759 | 0.102106 | 0.0174856 | 0.0896282
T=2 0.0177649 | 0.0821142 | 0.017749 | 0.0819108 | 0.0179559 | 0.0731937
T=3 0.0179833 | 0.064122 | 0.0182973 | 0.0692462 | 0.0184892 | 0.0640718
T=4 0.0187425 | 0.0571258 | 0.0187307 | 0.0572324 | 0.0189015 | 0.0544435
T=5 0.0193743 | 0.0534634 | 0.0193518 | 0.0535684 | 0.0195647 | 0.0514435
T=6 0.0195024 | 0.0477828 | 0.0194798 | 0.047816 | 0.0196799 | 0.0467042
T=7 0.020331 | 0.0461789 | 0.0202925 | 0.046198 | 0.02053 | 0.0451352
T=28 0.0210552 | 0.044305 | 0.0210676 | 0.0443702 | 0.0213164 | 0.0433816
T=9 0.0217928 | 0.0426258 | 0.021775 | 0.0426424 | 0.0221017 | 0.0418684
T =10 0.0226099 | 0.0412351 | 0.0226106 | 0.0412836 | 0.0229829 | 0.0405883
T=11 0.0234831 | 0.0400937 | 0.0234322 | 0.0401447 | 0.0240483 | 0.0395036
T =12 0.0244019 | 0.0391836 | 0.0243304 | 0.0391819 | 0.0249838 | 0.0386945
T=13 0.0256057 | 0.0384858 | 0.0254483 | 0.038441 | 0.026417 | 0.0380719
T=14 0.0269367 | 0.0379123 | 0.0268907 | 0.03793 | 0.0286876 | 0.0375824
T =15 0.0293301 | 0.0375117 | 0.0293067 | 0.0375351 — —

Table 5.1: Values of density (fm—3) that delimitate the phase coexistence region
for each temperature T (MeV).
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Temperature T' X =0.35 X =0.3
PGas PLig PGas PLig
T=1 0.0178656 | 0.073841 | 0.0183724 | 0.0614397
T=2 0.0183023 | 0.0615306 | 0.0187915 | 0.0532862
T=3 0.0188889 | 0.0570436 | 0.0194957 | 0.0506966
T=14 0.0191471 | 0.0495062 | 0.0196703 | 0.0459223
T=5 0.0199495 | 0.0478285 | 0.0206311 | 0.0443808
T=6 0.0207041 | 0.0455759 | 0.0215489 | 0.0426095
T=17 0.0208091 | 0.0431495 | 0.0216161 | 0.0410875
T=38 0.0218055 | 0.0417506 | 0.0228773 | 0.0398652
T=9 0.0227627 | 0.0404584 | 0.0241932 | 0.0388194
T =10 0.0237867 | 0.0393539 | 0.0259145 | 0.0379845
T=11 0.025056 | 0.0385276 | 0.0289724 | 0.0373101
T=12 0.0267483 | 0.0378612 — —
T=13 — — — —
T=14 — — = —
T=15 — — — —

Table 5.2: Values of density (fm~3) that delimitate the phase coexistence region

for each temperature T (MeV).
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5.1 2 -Dimensional Phase Diagrams

Using the values showed on tables 5.1 and 5.2, we can construct a phase diagram for
each proportion X, on such a manner that we can see with more clarity the necessary
conditions where our system is on the gas phase region, the liquid phase region, or the
phase coexistence region. These diagrams are in function of density and temperature, see
figures 5.1, 5.2, 5.3, 5.4, and 5.5.

To have an approximate limit of the coexistence region, we performed an interpolation
of the values in both tables with a polynomial function of 3th grade, plotted only in our
interval of interest. Here, the highest point of the interpolation is defined as “critical
temperature”; this is the approximate value of temperature where the coexistence of phases
region disappears for each of the proportions X.

The left-hand side of the phase diagrams correspond to the gas region, the right-hand
side to the liquid region, and the area below the curve correspond to the phase coexistence

region.
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Figure 5.1: Phase diagram with the values of pgqs and pri, for the case X = 0.5, in
the left-hand side of the highest peak in the plot we have the gaseous
phase, on the right-hand side we have the liquid phase, and in the area
below the curve we have the phase coexistence region.
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Figure 5.2: Phase diagram with the values of pgqs and pri, for the case X = 0.45,
in the left-hand side of the highest peak in the plot we have the gaseous
phase, on the right-hand side we have the liquid phase, and in the area
below the curve we have the phase coexistence region.

36



X=0.4
16

14 -

12

Gas Liquid

Temperature (MeV)
(o]
|

Gas-Liquid
Coexistence

Density (fm?)

Figure 5.3: Phase diagram with the values of pgqs and pri, for the case X = 0.4, in
the left-hand side of the highest peak in the plot we have the gaseous
phase, on the right-hand side we have the liquid phase, and in the area
below the curve we have the phase coexistence region.

37



X=0.35
16

14 -

12

1019 Gas Liquid

Temperature (MeV)
(o]
|

Gas-Liquid
Coexistence

Density (fm?)

Figure 5.4: Phase diagram with the values of pgqs and priq for the case X = 0.35,
in the left-hand side of the highest peak in the plot we have the gaseous
phase, on the right-hand side we have the liquid phase, and in the area
below the curve we have the phase coexistence region.
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Figure 5.5: Phase diagram with the values of pgqs and pri, for the case X = 0.3, in
the left-hand side of the highest peak in the plot we have the gaseous
phase, on the right-hand side we have the liquid phase, and in the area
below the curve we have the phase coexistence region.
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5.2 Phase Diagram

At this point, it is clear to see that we can obtain a two-dimensional phase diagram for
each of the different isospin content cases X = 0.3, 0.35, 0.4, 0.45 and 0.5. Now, such two-
dimensional phase diagrams can be combined in a three-dimensional phase diagram in the
density-X-temperature space as shown in figure 5.6. The generated surface was obtained
using the software Mathematica with the instruction ListPlot3D, which approximate the
obtained 2-D diagrams to fit a surface that joins the array of temperature-density-X

points. The volume under the surface is the liquid-gas coexistence region generalized into

the proton fraction X axis.

Tempel‘atu re (M eV)

Figure 5.6: Density-X-Temperature phase diagram. The liquid-gas coexistence
region is the volume under the surface. The points are the density-

temperature points obtained from the Maxwell construction for the
various values of X [60].
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Approximately the surface on 5.6 closes at a value of X less than 0.3, this was found by
an extrapolation of the trend of the critical temperatures we already have because of the
lack of information for smaller values of X. However, from CMD we know that for lower
values of X the systems are unbound almost for all temperatures, which means that the
Maxwell construction process cannot be applied anymore (as in the case T = 15MeV for
X = 0.35, see figure 4.4)

Now, on figure 5.7 we can see how the critical temperatures decline for lower values of
X. The points in the figure show the critical temperatures obtained from the maxima of
the fits used in figures 5.1, 5.2, 5.3, 5.4, and 5.5 for all values of X. The continuous line
is a parabolic fit, which has been extended to lower values of X with an artistic touch in
the background indicating the region where bubbles and droplets coexist. As the curve
reaches the 7' = 0 value at X = 0.1324, we conclude that such point is the lower X limit
of the liquid-gas mix region, and that outside of this p-T-X volume all nuclear systems are
expected to be fully unbound. Although this coexistence region has never been calculated
before, our findings are in general agreement with the low binding energy of X = 0.3
matter found in |[58|, and of unbound pure neutron matter (X = 0) found in [59] at zero

temperature.
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Figure 5.7: Temperature of the critical points as a function of the proton fraction
X. The background image under the curve indicates the region where
liquid and gas coexist. Extending the trend toward lower values of X,
the curve suggest that the lowest X at which liquid and gas can coexist
is 0.13.
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Chapter 6

Concluding Remarks

6.1 General Conclusion

In the present study we obtained for the first time a phase diagram of infinite nuclear matter
which has information in 3-dimension space of Density-Temperature-1sospin Asymmetry.
The liquid-gas coexistence region was obtained by the Maxwell construction method, using
volume vs. pressure isotherms obtained through classical molecular dynamics (CMD) sim-
ulations and Fermi gas approximations. Such coexistence region is found to be on values
of density that went up to p = po/2 (with py = 0.16fm~3), temperatures of up to 16MeV,

and isospin content down to X = 0.13.

6.2 Future Work

One of the disadvantages of using the CMD code in this thesis is that we did not consider
Pauli’s exclusion principle, this is because we are not considering quantum phenomena and
our study is completely classic.

There is evidence that quantum effects do not allow us to get appropriate results at low
temperatures where 7' is less than 1MeV.

Therefore, a path that we can follow as future work is to include such quantum effects
on our CMD routine to get more accurate results even at low temperatures. With this we

could complement our findings in the low temperature region.
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Appendix A

Average Energy Tables

Table A.1: Average Energy in MeV for X =0.3

Density p (fm™3) T=1 T=2 T=3 T—4 T=5
0.01 —4.759860468 | —1.576961532 | 0.954061266 | 3.152540963 | 5.125380573
0.02 —5.059894361 | —2.159692462 | 0.295287184 | 2.384230072 | 4.361234427
0.04 —5.187374119 | —2.553754959 | —0.219165049 | 1.827495376 | 3.871541809
0.06 —5.029319496 | —2.431157101 | —0.124031833 | 2.005151732 | 4.041462196
0.08 —4.529336725 | —1.896546996 | 0.444789329 | 2.619575308 | 4.791361151
0.10 —3.611289764 | —0.948607656 | 1.505790244 | 3.775018253 | 5.955357019
0.12 —2.315846631 | 0.445109063 2.952618272 | 5.318289798 | 7.590024708
0.14 —0.674513986 | 2.183625549 4.77022218 | 7.235359005 | 9.637108072
0.16 1.319224643 4.282388695 6.977545768 | 9.553361411 | 11.96203257
0.18 3.632226677 6.702005061 9.515515054 | 12.11974879 | 14.60063823
0.20 6.280590413 9.474379042 12.32071684 | 14.97694919 | 17.58689166
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Table A.2: Average Energy in MeV for X = 0.3

Density p (fm™3) T=6 T=7 T=8 T=9 T=10
0.01 6.946178674 | 8.697443114 | 10.43139716 | 12.11882593 | 13.72277229
0.02 6.2176172 | 8.031987275 | 9.799398505 | 11.59320074 | 13.22458304
0.04 5.75562904 | 7.678790936 | 9.443578188 | 11.25517513 | 13.08906063
0.06 6.02424391 | 7.990907955 | 9.89154045 | 11.73366771 | 13.64192381
0.08 6.916295659 | 8.906940015 | 10.88962351 | 12.82082997 | 14.67828455
0.10 8.101974573 | 10.21008383 | 12.1884781 | 14.32593086 | 16.15809156
0.12 9.864494878 | 12.02993079 | 14.07636899 | 16.1866821 | 18.16242937
0.14 11.87127542 | 14.08348368 | 16.2721468 | 18.42938088 | 20.45877451
0.16 14.27486831 | 16.62788145 | 18.84349292 | 21.03302739 | 23.15516011
0.18 17.01731176 | 19.31381941 | 21.63712995 | 23.8474606 | 26.06368593
0.20 20.06698271 | 22.43226308 | 24.80874379 | 27.10521352 | 29.21114912
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Table A.3: Average Energy in MeV for X =0.3

Density p (fm™3)

T=11

T=12

T=13

T=14

T=15

0.01 15.41972595 | 16.98127246 | 18.58266665 | 20.17580126 | 21.76030827
0.02 14.94322742 | 16.56001936 | 18.26244594 | 19.92236228 | 21.46556388
0.04 14.82123691 | 16.49742509 | 18.36157282 | 19.99998021 | 21.75393718
0.06 15.39002384 | 17.22320241 | 19.05439637 | 20.78656524 | 22.6965581
0.08 16.53271565 | 18.59858336 | 20.32874258 | 22.22676757 | 23.99469822
0.10 18.1781732 | 20.13147056 | 22.09526515 | 24.13145061 | 25.82938171
0.12 20.26367202 | 22.22998044 | 24.17832385 | 26.05804784 | 28.10625571
0.14 22.54714369 | 24.61859065 | 26.68549731 | 28.68647407 | 30.69664571
0.16 25.32312774 | 27.33357964 | 29.3465943 | 31.53705195 | 33.40323499
0.18 28.30547067 | 30.45156075 | 32.39371047 | 34.56602146 | 36.53876865
0.20 31.43318937 | 33.66692057 | 35.83993129 | 37.92876187 | 40.11513804
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Table A.4: Average Energy in MeV for X = 0.35

Density p (fm™3) T=1 T=2 T=3 T—=4 T=5
0.01 —5.736587979 | —2.216812119 | 0.526044677 | 2.798737676 | 4.785712236
0.02 —6.180459064 | —2.954118581 | —0.42202781 | 1.756362044 | 3.734367482
0.04 —6.574327063 | —3.739882694 | —1.394811731 | 0.733891455 | 2.759550848
0.06 —6.82003285 | —4.150683512 | —1.875331714 | 0.27204663 | 2.344636821
0.08 —6.894945638 | —4.283548393 | —1.954391809 | 0.268592961 | 2.373798243
0.10 —6.735101877 | —4.066448536 | —1.674351308 | 0.626973319 | 2.818592815
0.12 —6.273828879 | —3.522960359 | —0.997062303 | 1.376420296 | 3.684626945
0.14 —5.4852681 | —2.654043255 | —0.010035976 | 2.485903602 | 4.775047996
0.16 —4.336754531 | —1.370066214 | 1.348882569 | 3.856327201 | 6.313909464
0.18 —2.903095999 | 0.186379395 2.986951481 | 5.58268014 | 8.124243121
0.20 —1.175202157 | 2.056392956 4.934543355 | 7.655788888 | 10.18615885
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Table A.5: Average Energy in MeV for X = 0.35

Density p (fm™3) T=6 T=7 T=8 T=9 T=10
0.01 6.617052965 | 8.459070839 | 10.12639374 | 11.8228686 | 13.49142953
0.02 5.707568288 | 7.478900234 | 9.26974958 | 10.99871798 | 12.7063644
0.04 4.665338675 | 6.520033325 | 8.389449241 | 10.20817727 | 11.97091421
0.06 4.262054558 | 6.220459729 | 8.173126322 | 10.05793363 | 11.92273383
0.08 4.406144604 | 6.511541294 | 8.392840254 | 10.34908253 | 12.35701836
0.10 4.962852225 | 7.073638947 | 9.044073833 | 11.09822557 | 13.11286656
0.12 5.909883712 | 8.037627114 | 10.11859553 | 12.18810181 | 14.27901851
0.14 7.121282431 | 9.31094463 | 11.51451504 | 13.68518077 | 15.69744912
0.16 8.627670931 | 10.96744076 | 13.19958306 | 15.29736829 | 17.48614588
0.18 10.55779184 | 12.93598073 | 15.22235816 | 17.41559725 | 19.64689895
0.20 12.72219333 | 15.11093437 | 17.42557406 | 19.74972009 | 22.07130234
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Table A.6: Average Energy in MeV for X = 0.35

Density p (fm™3) T=11 T=12 T=13 T=14 T=15
0.01 15.14477547 | 16.76576336 | 18.2420688 | 19.92624009 | 21.53962472
0.02 14.41710526 | 16.02153919 | 17.73067824 | 19.34657935 | 21.0057488
0.04 13.64306718 | 15.43718311 | 17.1777423 | 18.90676832 | 20.66172604
0.06 13.68098003 | 15.51841367 | 17.39983479 | 19.1895381 20.846914
0.08 14.26300825 | 15.96089473 | 17.98537616 | 19.71539786 | 21.54236932
0.10 14.99807792 | 16.99504716 | 18.94454597 | 20.76033594 | 22.66884641
0.12 16.32810836 | 18.22744383 | 20.25031395 | 22.12651847 | 24.13936416
0.14 17.76949471 | 19.99124262 | 21.91023707 | 23.86253693 | 25.75529369
0.16 19.72838042 | 21.78639676 | 23.76944951 | 25.91392273 | 28.06707675
0.18 21.81534712 | 23.91252762 | 26.04938622 | 28.18846312 | 30.1696579
0.20 24.21015418 | 26.45148408 | 28.59104065 | 30.58707397 | 32.79892523
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Table A.7: Average Energy in MeV for X =04

Density p (fm™3) T=1 T=2 T=3 T—=4 T=5
0.01 —6.595069425 | —2.647576959 | 0.181061811 2.512971987 | 4.57981014
0.02 —7.1653559 —3.58568612 | —0.912250562 | 1.323291696 | 3.297822292
0.04 —T7.736888118 | —4.662565643 | —2.235738794 | —0.077609058 | 1.92855562
0.06 —8.169795067 | —5.381910941 | —3.072889276 | —0.936862771 | 1.126147477
0.08 —8.588074271 | —5.990570165 | —3.614505879 | —1.453244721 | 0.669721267
0.10 —8.976633367 | —6.315205148 | —3.912086489 | —1.601383491 | 0.584193878
0.12 —9.118106588 | —6.350991069 | —3.871805987 | —1.51270937 | 0.823783543
0.14 —8.938153792 | —6.063307949 | —3.455500075 | —0.960827876 | 1.383194835
0.16 —8.441516375 | —5.433215146 | —2.726051987 | —0.179390352 | 2.31993201
0.18 —7.648130231 | —4.52660314 | —1.655756681 | 0.987193888 | 3.459345424
0.20 —6.536897324 | —3.297443237 | —0.357805234 | 2.35277543 | 4.887806382
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Table A.8: Average Energy in MeV for X =04

Density p (fm™3) T=6 T=7 T=8 T=9 T=10
0.01 6.386689292 | 8.246682113 | 9.940190751 | 11.6179418 | 13.2615246
0.02 5.238363577 | 7.123889171 | 8.851849512 | 10.62223102 | 12.25831906
0.04 3.9688912 | 5.750234622 | 7.553018128 | 9.39277663 | 11.22026542
0.06 3.092308374 | 5.025421363 | 6.975685053 | 8.697426894 | 10.71980182
0.08 2.723790562 | 4.683684699 | 6.656420255 | 8.651824783 | 10.57220467
0.10 2.690452428 | 4.835129959 | 6.869056633 | 8.851892693 | 10.78117234
0.12 3.11277253 | 5.160221444 | 7.339898376 | 9.388946213 | 11.48447362
0.14 3.769486093 | 5.914246805 | 8.124044647 | 10.10981053 | 12.33137727
0.16 4.656234768 | 6.923963023 | 9.233109801 | 11.35751147 | 13.63877278
0.18 0.935956272 | 8.285307181 | 10.53721381 | 12.76253884 | 14.94172018
0.20 7.439218251 | 9.857468362 | 12.25649314 | 14.49766707 | 16.83414016
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Table A.9: Average Energy in MeV for X =04

Density p (fm™3) T=11 T=12 T=13 T=14 T=15
0.01 14.93433813 | 16.50946013 | 18.13884459 | 19.70673739 | 21.3147825
0.02 13.92927066 | 15.68378878 | 17.35812664 | 18.95240053 | 20.57458654
0.04 12.92852726 | 14.70579273 | 16.44498731 | 18.12995393 | 19.79816976
0.06 12.49884179 | 14.28814946 | 16.10577855 | 17.81899136 | 19.62789387
0.08 12.46168597 | 14.36527166 | 16.14256002 | 18.05582516 | 19.86002159
0.10 12.79703187 | 14.75970907 | 16.64929799 | 18.50618324 | 20.37342965
0.12 13.5047876 | 15.43611326 | 17.35330817 | 19.30183029 | 21.31541923
0.14 14.39321101 | 16.47437435 | 18.46991969 | 20.42115308 | 22.4780674
0.16 15.66362216 | 17.82294682 | 19.77700968 | 21.88137577 | 23.95285573
0.18 17.19174379 | 19.34283903 | 21.46198316 | 23.55826272 | 25.61279635
0.20 19.07115143 | 21.21540904 | 23.40701744 | 25.53359394 | 27.6324626
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Table A.10: Average Energy in MeV for X = 0.45

Density p (fm™3) T=1 T=2 T=3 T—=4 T=5
0.01 —7.268368578 | —2.935371861 | —0.002924369 | 2.36812659 4.378432782
0.02 —8.009735499 | —3.948421211 | —1.235409994 | 1.018163946 3.072094678
0.04 —8.540773811 | —5.186058024 | —2.700461261 | —0.554254521 | 1.509723838
0.06 —9.0659595 | —6.123219499 | —3.817622664 | —1.647815692 | 0.401548806
0.08 —9.634354915 | —7.004018587 | —4.63055798 | —2.405584509 | —0.344412389
0.10 —10.30398899 | —7.672397083 | —5.244717369 | —2.977748556 | —0.786790891
0.12 —10.82172637 | —8.042262884 | —5.553118432 | —3.172954332 | —0.880408119
0.14 —11.02363109 | —8.146421459 | —5.511364047 | —3.071573143 | —0.624441947
0.16 —10.91586019 | —7.917022415 | —5.173386715 | —2.576135444 | —0.045297937
0.18 —10.49316287 | —7.336158211 | —4.506381988 | —1.842360155 | 0.694387369
0.20 —9.771390567 | —6.487084167 | —3.568121168 | —0.80774903 | 1.825601115
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Table A.11: Average Energy in MeV for X = 0.45

Density p (fm™3) T=6 T=7 T=8 T=9 T=10
0.01 6.301141095 | 8.10149685 | 9.811066518 | 11.49802015 | 13.09861765
0.02 4.950995385 | 6.786141318 | 8.632676923 | 10.40375228 | 12.15414277
0.04 3.394591156 | 5.303419422 | 7.092114047 | 8.880549607 | 10.7115786
0.06 2.31616119 | 4.277551778 | 6.154925313 | 8.082785633 | 9.95842814
0.08 1.675470242 | 3.742936008 | 5.732742113 | 7.612636341 | 9.575081079
0.10 1.309624251 | 3.452014805 | 5.491368332 | 7.482624839 | 9.458853846
0.12 1.302361324 | 3.430245152 | 5.610960267 | 7.748458697 | 9.816984663
0.14 1.656617204 | 3.862370892 | 6.075494986 | 8.180532274 | 10.19203389
0.16 2.195336061 | 4.546248232 | 6.776745364 | 9.003559522 | 11.20278175
0.18 3.112239717 | 5.4940735 | 7.847449985 | 10.0404248 | 12.36672782
0.20 4.303109877 | 6.735402878 | 9.137747091 | 11.35185156 | 13.58158834
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Table A.12: Average Energy in MeV for X = 0.45

Density p (fm™3) T=11 T=12 T=13 T=14 T=15
0.01 14.81370923 | 16.4097204 | 18.03578437 | 19.59177984 | 21.16361612
0.02 13.73462941 | 15.470975 | 17.15055501 | 18.75518969 | 20.36819839
0.04 12.42463314 | 14.26830251 | 15.90412227 | 17.69742728 | 19.36597925
0.06 11.71377746 | 13.52352196 | 15.41613307 | 17.08576253 | 18.86605238
0.08 11.35144096 | 13.3097014 | 15.10959745 | 16.94356808 | 18.72604733
0.10 11.41115057 | 13.29181442 | 15.26869159 | 17.22169803 | 19.07708479
0.12 11.73874945 | 13.79922066 | 15.72038105 | 17.78573035 | 19.58441277
0.14 12.37284314 | 14.37632969 | 16.49230291 | 18.40952428 | 20.44436694
0.16 13.19692052 | 15.34417035 | 17.46230603 | 19.48110163 | 21.44313339
0.18 14.53758223 | 16.64212766 | 18.89052533 | 20.81838401 | 22.92050296
0.20 15.99540842 | 18.07277331 | 20.31067868 | 22.45902264 | 24.54707057
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Table A.13: Average Energy in MeV for X = 0.5

Density p (fm™3) T=1 T=2 T=3 T—=4 T=5
0.01 —7.344689647 | —3.048605861 | —0.090836023 | 2.268371858 4.408808928
0.02 —8.106402619 | —4.098984535 | —1.339571106 | 0.975739423 3.000328359
0.04 —8.758221369 | —5.363564212 | —2.882291023 | —0.693300726 | 1.320070304
0.06 —9.334598892 | —6.389552295 | —4.061274146 | —1.861306577 | 0.187662964
0.08 —9.962712093 | —7.274124002 | —4.965239705 | —2.766991273 | —0.682136489
0.10 —10.72843597 | —8.091468497 | —5.680469168 | —3.404185279 | —1.203583463
0.12 —11.37754907 | —8.648557212 | —6.106261431 | —3.72417737 | —1.373076152
0.14 —11.74976111 | —8.838000239 | —6.202478185 | —3.735346833 | —1.308000268
0.16 —11.75585937 | —8.698166003 | —6.01615654 | —3.370156719 | —0.968206111
0.18 —11.44646798 | —8.293511287 | —5.43390709 | —2.777464164 | —0.182440581
0.20 —11.50041451 | —7.551790732 | —4.625685782 | —1.878741804 | 0.773431256
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Table A.14: Average Energy in MeV for X = 0.5

Density p (fm™3)

T=6

T=7

T=8

T=9

T=10

0.01 6.245355459 | 8.034098445 | 9.745146238 | 11.45547218 | 13.10455001
0.02 4.926739027 | 6.755033541 | 8.498671324 | 10.24131782 | 11.97912742
0.04 3.193004049 | 5.1644701 | 6.965171507 | 8.795555801 | 10.4841341
0.06 2.135441299 | 4.075342614 | 6.005473207 | 7.738968649 | 9.638143743
0.08 1.346005688 | 3.339779595 | 5.266844225 | 7.332509685 | 9.20140891
0.10 0.934533651 | 2.969186654 | 5.044143582 | 7.053633503 | 9.012831649
0.12 0.828627362 | 2.920252301 | 5.070859122 | 7.164298311 | 9.165985891
0.14 0.975559583 | 3.18375089 | 5.378747093 | 7.520835578 | 9.643573224
0.16 1.409613756 | 3.76626437 | 5.960781483 | 8.158689467 | 10.32042388
0.18 2.159930169 | 4.582585715 | 6.876664413 | 9.246012058 | 11.32732958
0.20 3.282477451 | 5.644887571 | 8.014805154 | 10.35875037 | 12.66780982
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Table A.15: Average Energy in MeV for X = 0.5

Density p (fm™3) T=11 T=12 T=13 T=14 T=15
0.01 14.69463428 | 16.37542126 | 18.01561863 | 19.60364114 | 21.13214687
0.02 13.68311524 | 15.30303509 | 17.03110094 | 18.59267854 | 20.28496193
0.04 12.2769125 | 14.0093278 | 15.80420068 | 17.55512872 | 19.15378877
0.06 11.49441876 | 13.27949086 | 15.01425524 | 16.82624347 | 18.6453337
0.08 11.06182989 | 12.93747189 | 14.76200889 | 16.58427041 | 18.42557279
0.10 10.98406227 | 12.87572523 | 14.80527236 | 16.88078915 | 18.63623949
0.12 11.27016865 | 13.18043392 | 15.24026802 | 17.1961628 | 19.00145857
0.14 11.73552758 | 13.72090924 | 15.75825408 | 17.84673966 | 19.76627169
0.16 12.44926674 | 14.59413063 | 16.79326176 | 18.69407827 | 20.70010737
0.18 13.52923902 | 15.63396048 | 17.92144566 | 19.93862719 | 22.10574734
0.20 14.83424984 | 17.09568993 | 19.26721739 | 21.21086902 | 23.54613556
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Appendix B

Wolfram Mathematica Routine

To show how the Maxwell construction was performed, we take as example the case of
T = 10MeV and X = 0.5. The routine was written using the Wolfram Mathematica
package. The only thing that is changing between the routines for the different cases are

the values of pressure that correspond to the given case, meanwhile, the steps of the routine

remain the same.
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Temperature T=10 y Proportion X=0.5

dens = {0.04, 0.06, O.08, 0.10, D0.12, D.14, D.16, 0.18, D.20}

pres = {0.445592, 0.768151, 1.19803, 1.75891, 2.473%4, 3.36741, 4.45529, 5.75525, 7.37
mat = {dens, pres} // Transpose

nder = 0.04;

gl = ListPlot[mat, AxesOrigin = {0, 0}]

fit[n ] =Fit[mat, {1, n, n*2, n*3}, n]

[0.04, 0.06, 0.08, 0.1, 0.12, 0.14, 0.16, 0.18, 0.2}
{0.445592, 0.768191, 1.19803, 1.75891, 2.47394, 3.36741, 4.45529, 5,75525, 7.37083)

{{0.04, O0.4455%2, [(0.06, 0.7681591}, {({0.08, 1.15803}, {0.1, 1.75891}, {0.12, 2.473594)

[a1]

n

0.05 0.10 0.15 0.20

0.0264688 + 9.78558 n + 25,8348 n” + 549.562 n’

Figure B.1: Routine Step 1: We plug the pair of values of pressure vs density for

the given case, then we approximate such values using a function of
third degree.
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In[71]:= Clear[a, T]
€p1 = 0.693;
€11 =-5.420;
€z 1 = 11.447;
€pz =0.037;
€12 =0.082;
€32 = -.312;
ndl=0.15;

er[i , T ] =Zei,j T ;

er[n_, T] =ZET[ir T] n*;

i=0
a[2] =21.1;
a[3] = 38.3;
a(4] = 26.7;
a[5] = 35.9;
nd 2 n oy i3l
pln_, T_]=— D ia[i] (—] +(2/3) ner[n, T)
;P n0
i 5,2 2 T3 B3y %
ouesi 0.05 (996.538 n®? 4 5106.67 n + 8933.57n"? 4 28258.8n%?) 4 -
3

ine5;= pI = Plot[p[n, 10], {n, O, .02}]

0.4}

Out[EE]=

Figure B.2: Routine Step 2: We define the equation of Fermi gas approximation
and all its variables, plotted in the low-density region.
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Clear[dD, d1, 42, 43, =sol]

poli[n ] =d0+dl+n+d2+n® +d3+n?;
dpeli[n ] =D[poli[n], n]
derp[n ] =D[p[n, T], n]-
derfit[n ] =D[fit[n], n]:

nizq=.02; T=10;

gol = Solve[{poli[nizq] = p[nizgq, T],
dpoli[nizg] = derp[nizg],
poli[nder] == fit[nder],
dpoli [nder] == derfit[nder]}]

Oufsd4}= [ [dO » -2.63229, dl - 312.695, dZ »-10233.7, d3 - 108436.) )

{do, 41, 42, 43} = {d0, d1, 42, d3} /. sol[[1]]

poli[n ] =d0+dl+n+d2+n’+d3+n’

Outf6l -2.63229 ¢+ 312.695n - 10233.7 n® + 108 436. n®

gd = Plot[poli[n], {n, nizg, nder}, PlotStyle =+ Red]

n noR n nan n nar n nan

Figure B.3: Routine Step 3: We find the polynomial of third degree that will be
used to connect the Fermi gas equation in step 2 and the approximation
for the pressure in step 1. This polynomial needs to meet with the
conditions of having the same value at the ends, as well as for its first
derivative, to make the connection smooth.

66



Show[pI, g5, g2, AxesOrigin - {0, 0}, PlotRange -> All]

B
<

L]
-
i
(=]
1
(<]
TTTT7T

T=10; nmax = .18;

vmin = 1/ nmax

vl =1 /nder

vz =1/nizg

vmax = 1000

pv[v , T ] =p[n, T] /. n=+1/

gas = Plot[pv[v, T], {v, v2, vmax}, AxesOrigin= {0, 0}]

CQut[101}= 5.55556

Ou[102]= 25 .
Out[103}= 50.
Out[104}= 1000
] 152 14753 r1 B3 £E10&6.687T"
Out[105F= 0.05 (996,538 [—| £ B933.57 |- 28258.8 |— =
v v v we

Figure B.4: Routine Step 4: We plot all the parts of the curve together and imme-
diately start changing the dependence from density for volume just by
substituting V' = 1/p in each of the expression we already have.
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dens

vols = 1/ dens // Reverse

ow[i07E {0.04, 0.06, 0.08, 0.1, 0.12, 0.14, 0.16, 0.18, 0.2}

cuffizg= (5., 5.55556, 6.25, 7.14286, §.33333, 10., 12.5, 16.6667, 25.)

In[103]= mat2 = {vols, pres // Reverse} // Transpose
glvols = ListPlot[mat2]

{{5., 7.37083), [5.55556, 5.75525), [6.25, 4.45529), [7.14286, 3.36741],
[8.33333, 2.47394), (10., 1.75891}, {12.5, 1.19803), [16.6667, 0.768191}, (25., 0.445592}}

5]

Clear[a, b, e, d]
fit[v_] = NonlinearModelFit[mat2, {d+a/v+b/v*2+c/v*3}, {a, b, ¢, d}, v] // Hormal
g2vols = Plot[fit[v], {v, vmin, v1}]
Show [glvols, g2vols, PlotRange - All]
545.562 25.8348 9.TBSSE

w? w2 v

oufiizE -0.0264688 4

Figure B.5: Routine Step 5: Continue changing the dependence from density for
volume just by substituting V' = 1/p in each of the expression we
already have.
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poli[n ] =d0+dlsn+d2+n’ +d3«n’
poli2[v_] =peli[n] /. n=s1/v

Out[115}= -2 .63229 4+ 312_695n-10233.7n° 108436 n?

108436. 10233.7 312.655

w? v v
Inf[117]:=
gd =Plot[poli2[v], {v, v1l, v2}, PlotStyle = Red, Axes0rigin= {0, 0}]
In[118]:=
Show [g2vols, g5, PlotRange =+ All, Axe=s0Origin = {0, 0}]
a4k
3=
Out[118}= 2
1L
1 1 1 1 1 1 1
10 20 30 40 B0
In[115):=
Clear[at, o, areal, area?, areal]:’
Manipunlate[cons = Plot[c, {x, 9, 60}] -
g0ll = FindRoot[fit[v] -2, {v, 8}]:
a=v/.s30ll ; (*este es el extremo izg para la integralsx)
(#ahora hay gone integrar de a hasta vlsx)
areal = NIntegrate[c = fit[v], {v, a, v1}]:
Off[Solve: :ratnz] ;
enlD = CEAaTlwvalrvumT A3 TarT == AT Ff Plattan

Figure B.6: Routine Step 6: Once we change the dependence of density to volume,
we plot the three parts of the curve together again.
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b=sol2[[2, 2]]:

vE=8s8012[[3, 2]]:

area? = NIntegrate[c - poli2[v], {v, vl1l, b}]:

area3 = NIntegrate[c - poli2[v], {v, b, vE}]:

area = areal + area2 + area3;

pf=c;

Show [g2vols, g5, cons, PlotRange -+ All, AxesOrigin = {0, 0}, PlotLabel =+ "area = " <> ToString[areal]]

, {cy .45, .5, Appearance + "Labeled"}]

C I 04595

area = 0.000449381

w

Out{120}=

A1z
Print[Style["Temperatura = " <> ToString[T], 24, Bold, Blue]]
Print[Style["Presion = " <> ToString[pf], 24, Bold, Blue]]
Print[Style["Volumenes = " <> ToString[{a, b, v£}], 24, Bold, Blue]]
Print[Style["Densidades = " <> ToString[{1/a, 1/b, 1/vf}], 24, Beld, Blue]]

Figure B.7: Routine Step 7: Finally, we designed an interface that find the value of
pressure that satisfies the condition that the areas below the curve must
be equal, and prints the corresponding values of density and volume
where such areas are equal.
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