University of Texas at El Paso

Digital Commons@UTEP

Open Access Theses & Dissertations

2009-01-01

Introduction to Pseudo-ordered Groups

Maria Dolores Cruz
University of Texas at El Paso, lolitacq@hotmail.com

Follow this and additional works at: https://digitalcommons.utep.edu/open_etd
& Part of the Mathematics Commons

Recommended Citation

Cruz, Maria Dolores, "Introduction to Pseudo-ordered Groups" (2009). Open Access Theses & Dissertations. 2663.
https://digitalcommons.utep.edu/open_etd/2663

This is brought to you for free and open access by Digital Commons@UTEP. It has been accepted for inclusion in Open Access Theses & Dissertations

by an authorized administrator of Digital Commons@UTEP. For more information, please contact lweber@utep.edu.


https://digitalcommons.utep.edu/?utm_source=digitalcommons.utep.edu%2Fopen_etd%2F2663&utm_medium=PDF&utm_campaign=PDFCoverPages
https://digitalcommons.utep.edu/open_etd?utm_source=digitalcommons.utep.edu%2Fopen_etd%2F2663&utm_medium=PDF&utm_campaign=PDFCoverPages
https://digitalcommons.utep.edu/open_etd?utm_source=digitalcommons.utep.edu%2Fopen_etd%2F2663&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/174?utm_source=digitalcommons.utep.edu%2Fopen_etd%2F2663&utm_medium=PDF&utm_campaign=PDFCoverPages
https://digitalcommons.utep.edu/open_etd/2663?utm_source=digitalcommons.utep.edu%2Fopen_etd%2F2663&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:lweber@utep.edu

Introduction to Pseudo-ordered Groups

MARIA DOLORES CRUZ QUINONES

Department of Mathematical Sciences

APPROVED:

Piotr Wojciechowski, Chair, Ph.D.

Art Duval, Ph.D.

Vladik Kreinovich, Ph.D.

Patricia D. Witherspoon, Ph.D.

Dean of the Graduate School



(©Copyright

by

Maria Cruz

2009



ESPOSO ADRIAN Y A MI HIJO MAXIMO

con carino



Introduction to Pseudo-ordered Groups
by
MARIA DOLORES CRUZ QUINONES, B.S.

THESIS

Presented to the Faculty of the Graduate School of

The University of Texas at El Paso

in Partial Fulfillment

of the Requirements

for the Degree of

MASTER OF SCIENCE

Department of Mathematical Sciences

THE UNIVERSITY OF TEXAS AT EL PASO

December 2009



Acknowledgements

I would like to express my gratitude and profound respect to my mentor Dr. Piotr Woj-
ciechowski, for his reliable guidance and clarification of important issues encountered during
the thesis. Thanks Piotr for giving me the chance to do a MS degree. Since I started the
masters degree, he helped me to get into the program, even though I did not complete the
requirements such as the TOEFL. I am very grateful to him. He was very very patient and
generous with me. Le estoy eternamente agradecida.

I want to thank to Julio Urenda, an excellent friend, besides of his friendship, for his
help to do the programm to count and show the positive parts. Gracias, no tengo palabras
para agradecerte lo que me has ayudado.

Thanks Art Duval and Vladik Kreinovich for being part of the committee.

I am very grateful to Elsa for her unconditional help. Gracias!

I want to express my gratitude to my husband for his innumerable help of taking care
of our son while I was studying. Gracias por todo.

The last gratitude but not less impotant, it is for God. Gracias por siempre estar

conmigo.



Preface

Transitivity and partial order have been like the guideline of the thought of the human
being. Even more in science, being more specific, in mathematics is fundamental the idea
of transitivity as partial order is in plenty of theories. However, there are some real-life
situations in which the transitivity fails. For instance, a familiar relationship: Antony is
brother of Bob sons of the same father. Bob is brother of Chris sons of the same mother,
This does not necessarly imply that Antony is brother of Chris. Another example is the
famous children game rock, paper, scissors, is a non-transitive game, in which we know
that scissors beats paper and paper beats rock, but it is not true that scissors beats rock.

The concept of non-transivity gives us the idea to construct a mathematical structure
without transitivity. Then we restricted ourselves in an algebraic structure such as pseudo-
ordered group. We will develop the concept of an order that does not make use of transitive
property on groups. In addition, we try to see the relation of an order as a set satisfying
certain properties. Moreover, this special set allow us to talk about positive and negative
elements of a group. Besides, this set establishes a relationship between positive elements
and elements which are a conjugate of their inverses.

Moreover, we disscuss when this special set P is maximal. That is, what conditions P
must have in order to be a maximal pseudo-order. In addition, we deal with the definition
of pseudo chains. This is a new concept on groups. A pseudo-ordered group is a pseudo
chain if every element can be connected with another element, then we say that the pseudo-
order induces a pseudo chain on the pseudo-ordered group. This work is the beginning of
a new theory related to groups. All the results written here more additional conditions or

properties will give a rich source of researc on pseudo-ordered groups.

vi



Abstract

We will give a definition, examples and basic properties of pseudo-ordered groups. These
generalize partially-ordered groups. The pseudo-ordered groups have a compatible pseudo-
order relation that may lack transitivity. Unlike partially-ordered groups, our groups can
be finite and still admit a non-trivial pseudo-order. We will show necessary and sufficient
conditions for a group to have a compatible pseudo-order. We also consider maximal
pseudo-orders. We give a definition of a pseudo chain induced by a pseudo-order and
characterize all pseudo chains on the group Z,. We will calculate the number of non-

isomorphic pseudo-orders on 7Z,, for n < 24.

vil
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Chapter 1

Some Preliminary Considerations

In this chapter we will recall necessary material from number theory and set theory. Of
special significance are the topics of the greatest common divisorof numbers and so called
pseudo-ordered sets. We show basic definitions, and prove some theorems. For more

detailed examples, results, and proofs see [1] and [3].

1.1 The Greatest Common Divisor

Let us recall the g.c.d. and some of its properties.

Definition 1.1.1. An integer b is said to be divisible by an integer a # 0, written a |b, if

there exists an integer ¢ such that b = ac.

Definition 1.1.2. Let a and b be integers, with at least one of them different from zero. The
greatest common divisor of a and b, denoted by ged(a,b), is the positive integer satisfying

the following:
1. d|a and d|b.
2. If ¢|a and ¢|b, then c|d.
One of the most important facts about the g.c.d of two numbers is the following

Theorem 1.1.1. Let a and b be integer, not both of which are zero. Then there exist

integers x and y such that

gcd(a,b) = ax + by



The proof is in any number theory book, see eg [1] and [3]

Definition 1.1.3. Two nonzero integers a and b, are said to be relatively prime whenever

gcd(a,b) = 1.

The following theorem characterizes relatively prime numbers in terms of their linear

combinations.

Theorem 1.1.2. Let a and b be integers, not both zero. Then a and b are relatively prime

if and only if there exist integers x and y such that 1 = ax + by.

Proof. (=) If a and b relatively prime then ged(a,b) = 1, and Theorem 2.3 in [3] guarantees
existence of x and y satisfying 1 = ax + by.

(<) Assume that d = ged(a,b) and 1 = ax + by for some integers x and y. Since d is a
divisor of a and b, dis a divisor of any linear combination of a and b, so d is a divisor of 1
and since, d is a positive integer, d = 1.

[
Some of the properties of the g.c.d may be easily extended to three or more numbers.
Definition 1.1.4. Let n > 2. By the ged(ay, ..., a,) we understand a positive d such that
1. Vi d|a;,
2. If Vi c|a; then c|d.

Proposition 1.1.3. For any n > 2 we have

ged(ay, ag, ..., a,) = ged(ged(ay, ag, ..., ap_1), ap).

Proof. By (1) the Definition 1.1.4 for n numbers, d = gcd(ay, as, ..., a,) must be a divisor
of ay,as, ...,a,_1 so that d is a divisor of ged(aq, asg, ..., a,—1) by (2) Definition 1.1.4. Since d
is also a divisor of a,, d must be a common divisor of gcd(ay, as, ..., a,_1) and a,. Then d is

a divisor of k = gcd((ay, az, ..., an—1), an) by (2) the Definition 1.1.4. Now, by definition k



is a divisor of gcd(ay, as, ..., a,—1) and a,. This implies that k is a divisor of ay, as, ..., a,_1.

Hence, k is a divisor of d = gcd(ay, ag, ..., a,). Thus, d = k. ]

Proposition 1.1.4. If d = ged(ay, as, ..., ay), there exist n integers 1, xg, ..., T, for which
d = a1x1 + asxs + - - + apx,.

Proof. Induction on n. If n = 2, the result follows by Theorem 1.1.1. Suppose it holds for
n — 1. Since ged(ay, asg, ..., a,) = ged(ged(aq, ag, ..., an_1), ay,), it follows that there exist two

integers v and wu,, such that

ged(ged(ay, g,y ...y Gp_1), ay) = uged(ay, g, ..., Gp_1) + UpGp. (1.1)

Then there exist n — 1 integers, wuy, us, ..., un—1, for which ged(ay,ag,...,an—1) = ajuy +
agly + +  + + ay_1Up_1. Substituting in (1.1), we get ged(ged(aq, ag, ..., an_1), a,) = ajuug +
AUty + -+ + Ay 1UU, 1 + Upay, sO that ged(ay, ag, ..., a,) = a121 + asxs + - - - + a,x,, where

T1 = UUL, Tg = UU, ..., Tp_1 = Ullp_1 Ty = Usy. ]

In particular, if ged(ay, as, ..., a,) = 1 then we say that aq, as, ..., a,, are relatively prime.

If ay,as, ..., a, are relatively prime then there are n integers, x1, xo, ..., z, such that

a1, + asxo + - - + apT, = 1.

1.2 Pseudo-ordered Sets

In order to start the study of pseudo-ordered groups, we need to review the definition and

examples of pseudo-ordered sets.

Definition 1.2.1. Let A be a set. A relation “ <” on A is a pseudo order if “ <7 satisfies

the two following conditions:

e For any g € A, g < g (Reflexive),



o If g < handh < g, then h = g (Antisymmetric).
Then A is called a pseudo-ordered set.
Note 1. All partially-ordered sets are pseudo-ordered.

Example 1.2.1. A well-known pseudo-ordered set is the set of all real numbers R with
the following relation: x < y iff 0 < y — x < a, where a is a given positive number. The
relation “ < 7 is reflexive since r < = because 0 < z — x = 0 < a. Antisymmetry holds
because if © < y and y < « we have that 0 <y — 2 < aand 0 <z —y < a. Then we
conclude that x = y since “ <7 is the usual order on R. Note this relation is not transitive.

This happens in the situation when for example, a =4, x =1, y = 2, and z = 6.

For more examples and results see [10]. The next definition plays an important role in

pseudo-ordered set theory since it is analogous to the definition of a totally-ordered set.

Definition 1.2.2. Let A be a pseudo-ordered set is said to be a pseudo-ordered subset if
B C A and B is pseudo-ordered set with the pseudo-order of A.

Definition 1.2.3. Let (A, <) be a pseudo-ordered set, and B C A. We say that B is a
pseudo chain if for every two elements b, b’ € B, there exists a finite subset of by, b, ..., b, €

B,such that b <b; <by <---<b, <borb <b <by<---<b, <b.



Chapter 2

Pseudo-ordered Groups

The foundation of the theory of pseudo-ordered groups can be found in [10]. We will
develop this concept further here. We will show some basic examples and properties.
This theory is a generalization of the theory of partially-ordered groups. Basic concepts

of the latter can be found in [5].

2.1 General Considerations

Definition 2.1.1. A pseudo-ordered group is a set G such that:
1. G is a group under multiplication.
2. (G is a pseudo ordered set.
3. For a,b,c € G we have a < b if and only if ca < ¢b and ac < be.

Note 2. Let G be a pseudo-ordered group. We say that G is trivially pseudo-ordered if
and only if ¢ < h iff g = h. We show that this indeed defines a pseudo-ordered group for

any group.

Proof. (=) It is clear.

(<) We will show that this “ <7 is a pseudo-order. Then for g € G, g < g iff g = g,
so the reflexive condition is satisfied. Now, for g,h € G such that ¢ < h and h < g, so
each inequality imples that g = h. Then the antisymmetric condition holds and therefore
“ <7 is a pseudo-order. It is called trivial since every group can be pseudo-ordered with

this “ < 7. [l



Example 2.1.1. All partially-ordered groups are pseudo-ordered groups, since they hold
with the Definition 2.1.1

The following example comes from [10].
Example 2.1.2. Let Z be a group. Then (Z, X) is a pseudo-ordered group by setting
k< m iff k <m and either m =k (mod 3) or m =k + 1 (mod 3)

for k,m € Z. Suppose that k € Z and k < k then k < k and k = k (mod 3) we will show
antisymmetry, let k,m € Z and suppose that £ < m and m < k. Then k£ < m and either
m =k (mod 3) or m =k + 1 (mod 3) and m < k and either Kk =m (mod 3) or k =m + 1
(mod 3) Since “ < 7 is the usual order on Z, m = k. Condition (3) of Definition 2.1.1 is
satisfied because if k£ < m and ¢ € Z then k£ < m. So multiplying by ¢ on both sides we get
ck < em, by the usual order on Z. Moreover, cm = ck (mod 3) or cm = ck + ¢ (mod 3)

since ¢ = ¢ (mod 3) Then ck < cm.

We will see later more examples of pseudo-ordered groups. Similarly to partially ordered

groups, we have the following:

Theorem 2.1.1. G is a pseudo-ordered group if and only if for all g < h, xgy < xhy for
any g, h,z,y € G.

Proof. (=) is clear.
(<) Suppose that g < h then xge < zhe. Therefore zg < xh. Similarly, gz < hz. O

Theorem 2.1.2. Let G be a pseudo ordered group, x <y iff y=! < a~ L

Proof. <y if and only if e < yz~! if and only if y ! <y lyz~! =271 m

The next proposition talks about existence of a special set P, analogous to the positive

cone in partially-ordered groups.

Proposition 2.1.3. A group G can be pseudo ordered if and only if there is a subset P of
G such that:



1. PN P!t ={e},

2. grg~' € P for each g € G and x € P.

Proof. (=) If G is a pseudo ordered group, we define P = {g > e : ¢ € G}. Then
g,g~ ! € P implies that ¢ > e, and ¢! > e. Then gg~! > ge, so e > g and we get g = e by
antisymmetry of “ <”. Thus PNP~! = {e}. Let g € G and z € P. Upon multiplying z > ¢

lrg > g 'eg = e, hence g~'zg € P.

on the left by ¢~! and on the right by g, we obtain g~
Therefore, P is closed under conjugation.
(<) Now, let P satisfy the conditions (1) and (2). Let us define a relation “<” on G

by saying

g<hiff hgt € P.

' = ¢ € P. Therefore, “ < 7 is reflexive. In order to prove

Then g < ¢ because gg~
antisymmetry let ¢ < h and h < ¢g. This implies hg~* € P and gh™' € P. But gh™! =
(hg7hYy™t € P71, So gh™' € PN P~! = {e}, so gh™' = e. Therefore g = h. In order to
prove that G is pseudo-ordered by “ < 7 let ¢g,h,z,y € G and g < h. Then hg~' € P.

Therefore, z(hg~)z~! € P since P is closed under conjugation. So

1

(zhy)(y ‘g 's™") = zheg s~ = xhg "2~ € P.

Then xgy < zhy.

We will refer to the set P = {g > e: g € G} as the positive part of G.
A pseudo-ordered group G with the positive part P will be denoted by (G, P).
For convenience, if (G, P) is a pseudo-ordered group, we will refer to the set P as to

the “the pseudo-order P”.

Note 3. The trivial pseudo-order is equivalent to P = {e}.



Let us denote by G the set {a € G :a ' = gag™! for some g € G}. The following

proposition shows the relationship between P and G.

Proposition 2.1.4. Let (G, P) be a pseudo-ordered group,
(PUP YNNG = {e}.

Proof. Assume a € (PUP)NG. Then a € (PUP™') and a € G. Suppose a € PN G.
Then there exists g € G such that gag™ = a™!, so a™! € P by condition (2) of Proposition
2.1.3. Therefore, a = e by Proposition 2.1.3. Similarly the case when a € P71 N G. O]

Example 2.1.3. Let S, be the group of permutations of n objects. Then S, does not
admit a non-trivial pseudo-order. By [6] every o € S,, is a conjugate of its inverse, i.e,

S, = S,. So by Proposition 2.1.4 if (Sn, P) is a pseudo-order then P = {e}.

Example 2.1.4. Let A, be the alternating group of all even permutations of n objects.
For n =1,2,5,6,10,14, A, does not admit a nontrivial pseudo-order. Indeed, by theorem
1.2 of [6], A, = A,. So by Proposition 2.1.4, if (An, P) is pseudo-ordered then P = {e}.

Let us recall that an element a € G has order n if n is the least natural number such
that a” = e. The order of an element a is denoted by o(a). The set of all elements of G of

order two will be denoted by 0?(G).

Note 4. For a € G, o(a) = 2 if and only if @ = a~'. Since for any a € 0*(G) we have

cae™t = a1, Tt follows 0%(G) C G.

The following corollary makes use of the previous note.

Corollary 1. Let (G, P) be a pseudo-ordered group. The pseudo-order P does not have
elements of order two.

Proof. Since 0?(G) C G and by Proposition 2.1.4 (PUP~1)NG = {e}, we obtain 0?(G)NP =
{e}.



In the abelian case we will use the additive notation. If GG is an abelian group, condition
(2) in the Proposition 2.1.3 is always true, so in order to verify that (G, P) is a pseudo-
ordered group it is enough to check if PN —P = {0}. So we have the following.

Corollary 2. Let G be an abelian group. If a € G and o(a) # 2 then G can be pseudo-
ordered by P ={0,a} .

Proof. Let P be the set P = {0,a}, a € G\ 0*(G). Then we need to show that P is a
pseudo order on G. Since a ¢ 0*(G), a # —a. By hypothesis, a € P so —a € —P. So
—P = {0, —a} and therefore P N —P = {0}. O

Recall the following e.g. [7]:

Definition 2.1.2. Let a and b be elements of a group G. We say that a and b are conjugate

in G if xaz=! = b for some x € G. The conjugacy class of a is the set

c(a) = {rax™' : 2 € G}

Proposition 2.1.5. Let G be any group. Then G can be pseudo-ordered by P = {e}Ucl(a),
where a € G\ G.

Proof. Assume there is ¢ # x € PN P~'. Then for some ¢,h € G gag™! = v = ha *h™!
(since P71 = {e}Ucl(a™t)). So

(h*g)a(h™'g) ™' = htgagth = h'zh =a™".

But then a € é, which contradicts the assumption about a. So x = e. We will show that

this P is closed under conjugation. Let € P be any element, then grg~! = e or

grg~" = ghah™'g~" = (gh)a(h~'g™")



since z € cl(a). Since (gh)a(gh)™! € cl(a), so
grg~* = gha(gh)™" € P.

]

Example 2.1.5. Let A4 be the alternating group of even permutations of {1,2,3,4}. Then

Ay is a non-abelian pseudo-ordered group, with a non-trivial pseudo-order

P ={{(e)} Uc((123))}.

The condition PN P~! = {e} is satisfied because if z € PN P! then z = e or = € cl((123))
and z € cl((132)). So if x € ¢l((123)) and x € l((132)) then (132) = ¢g(123)g™" for some
g € Ay. So (132) € ¢l((123)), which is not true since cl((123)) = {(123), (134), (243), (142)}.
Thus z = e. To show that P is closed under conjugations let x € P and g € A4. Then if

x=e, grg~t = e. However, if x # e then for some h € A,

grg~" = gh(123)h'g~"

so grg~t € cl(123). Therefore, gzg~' € P.

Example 2.1.6. The dihedral group D, of eight elements does not have a non-trivial

pseudo-order P. The elements of D, in the notation of [7] are
ROa R907 R1807 R2707 V7 H7 D7 D/

The conjugacy classes are

Cl(Ro) = {RO}, Cl(Rgo) = 05(3270) = {R270, R90}7

cd(V)=A{V,H} =cl(H),cl(D) ={D,D'} = cl(D"), cl(R1s0) = { R1so}-

10



We can see that the only two elements that are not of order two are Ray7g and Ryg.
However, Ry7 is a conjugate of its inverse Rgy. Therefore, by Proposition 2.1.4. the only

pseudo-order on D, is the trivial one.

Example 2.1.7. The quaternion group @ is a group of order 8 which may be presented
as a group of two generators a and b subject to the relations a* = e, b*> = a2, and aba = b.

To be specific, the elements of () are
e,a,a’, a®,b,ab,a’b, a®b.

So the conjugacy classes of () are

cl(a) = {a,a®} = cl(a?), cl(a?) = {a?}, cl(e) = {e}, cl(b) = {a®b, b} = cl(a?D),
cl(ab) = {a®b, ab} = cl(a®b).

Therefore, it can be easily seen that Q = cl(e) U cl(a) U cl(a2) U cl(b) U cl(ab), which is all

Q. Therefore, () cannot be pseudo-ordered.

Example 2.1.8. The dihedral group Dj5 of ten elements does not have a non-trivial pseudo-

ordered P. If the elements of Dj are denoted by:
6’ A? B7 C? D? E’ F7 G’ H7 I7

then by [7] the conjugacy classes are

clle) ={e},c(B) ={B,C} =cl(C),cl(A) ={A, D} = cl(D),cdl(E) ={E,F,G,H,1} =
c(F)=cl(GQ) =c(H)=cl(I).

We can see that the only four elements that are not of order two are A, B,C, D . However,
A is a conjugate of its inverse D and B is a conjugate of its inverse C. Therefore, by

Proposition 2.1.4. the only pseudo-order on Dy is the trivial one.

11



Theorem 2.1.6. A non-abelian non-trivially pseudo-ordered group must have order at least

12.

Proof. By Examples 2.1.3, 2.1.4, 2.1.6, 2.1.7, 2.1.8 all the non-abelian groups of order less
than 12 do not admit a non-trivial pseudo-order. (See classification af all groups of small
order in [9].) However, the Example 2.1.5 shows that A4 can be non-trivially pseudo-

ordered, and o(A4) = 12. O

2.2 Maximal Pseudo-orders

In this section we will study pseudo-orders with maximal pseudo-orders, i.e. those with a

the maximum number of elements.

Definition 2.2.1. Let (G, P) be a pseudo-ordered group. We say that the pseudo-order

P is maximal if for any pseudo-order P’ on (G, the condition P C P’ implies P = P’.
Theorem 2.2.1. Any pseudo-ordered group G contains at least one mazximal pseudo-order.

Proof. Let & be the set of all pseudo-orders on G. & # @ since the trivial pseudo-order is
in § and (3, C) is a partially-ordered set. Let 7" C & be totally-ordered by inclusion. We
will show that 7" has an upper bound, i.e. there exists P’ C G such that P; C P’, for every
P, € T. We totally order the index set of all 7’s, by a relation <, so that i < k implies
P, C B

Let P' = U;P;, P; € T. We must demonstrate that P’ is a pseudo-order on G.

We show that (UB;) N (U(P)™!) = {e}. Assume there is x € (UP;) N (U(P;)™!). Then
x € UP; and € UP;'. This means that z € P; for some j and z € P, ' for some k.
If j < k then P; C Py and since P, N (P,)~! = {e}, then x = e. Now if k < j then
(Pe)™ C(P;)~' and P; N (P;)~" = {e}. Then x = e. Therefore, P’ € J is a pseudo-order
on GG and P’ is an upper bound of T'.

By Zorn’s lemma, & has a maximal element, i.e. GG has at least one maximal pseudo-

order. 0

12



The following theorem characterizes the maximal pseudo-orders on pseudo-ordered

groups with the help of the set G.

Theorem 2.2.2. P is a mazimal pseudo-order on G if and only if
G=PUP'UG.

Proof. (=) Let P be a maximal pseudo-order on G and let a ¢ P. Let further S = PUG,,
where G, = {gag™ : g € G}.

Since P is maximal pseudo-order and P C S, we must have then SN S~! # {e}. We
show that S is closed under conjugations. Suppose z € S so z € P or ¢ € G,. Then if
x € P grg~' € P. And if z € G, then

grg~" = ghah™'g™" = (gh)a(gh)™".
Then grg~' € S. So there exists e # x € S N S~ By set theory,
SNST=(PNP HU(G. NP HUPN(G) HU(G,N(Ga)™h).

Then x ¢ PN P~ because x # e and P is a pseudo-order. So if x € G, N P! then
r =gag~! € P! for some g € G. So (gag™*)~* € P hence ga~—'g~! € P. From Proposition
2.1.3 condition (2) we have a=! = g 'galg7'g € P,so a € P71

Now, if z € PN (G,)™!, we similarly obtain that a* € P which implies that again
a€ Pt

Finally, if 2 € G, N (G,) ™!, we have that
gag ' =x =ha'h!

for some g, h € G. Upon multiplying on the left by A~! and on the right by h we obtain
h=t'gag™'h = a~'. Hence, (h"'g)a(h™'g)™' =a'soa! € G, and a € G,;'. Therefore,
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a € G. We conclude that either a € Por a € P~ or a € G.

(<) Now suppose that G = PUP‘lua, where P is a pseudo-order and that P C M C G
and M is a pseudo-order. Take x € M\ P. By hypothesis © € P~! or 27! = gzg~! for some
g€ G If v € P!, then 27! € P and since M is a pseudo-order with P C M, z = e.
The other option is 27! = gzg~!, but we know by Proposition 2.1.4 that GNM = {e}.
Therefore, x = {e}

Let us return to the Example 2.1.3

Example 2.2.1. Let A, the alternating group of even permutations of the elements

{1,2,3,4}. The elements of the group are
e, (12)(34), (13)(24), (14)(23), (123), (134), (243), (142), (132), (143), (234), (124).

The pseudo-order P used in Example 2.1.3 is a maximal pseudo-order since
PUP T UA; = {e}Ucl((123)) Ucl((132)) U Ay = A,

That is,
P = {e} U{(123), (134), (243), (142)}

and

P~ = {(e)} U {(132),(143), (234), (124)}
and 1/41 ={(1),(12)(34), (13)(24), (14)(23)}.
The next corollary is about abelian groups.

Corollary 3. P is a mazimal pseudo-order in G if and only if

G=PU-PU®QG).
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Proof. Since G is abelian, 0?(G) = G. So the claim of the corollary follows inmediately
from Theorem 2.2.2. O]

2.3 Homomorphisms

In this section, we will define a pseudo-ordered group homomorphism and pseudo-ordered
group isomorphism. In addition, we shall discuss some theorems of pseudo-ordered homo-

morphisms.

Definition 2.3.1. Let G, H be pseudo-ordered groups and f : G — H be a function.
Then f is called a homomorphism of pseudo-ordered groups if f is a group homomorphism

and an isotone function, i.e, if a,b € G we have a < b then f(a) < f(b).

The function f : (G, P) — (H, Q) is an isomorphism of pseudo-ordered groups if f is a
group isomorphism and both f and f~! are isotone functions.

The following theorem involves the concept of pseudo-ordered isomorphisms.

Theorem 2.3.1. f : (G,P) — (H,Q) is a pseudo-ordered group isomorphism if and
only if f is a group isomorphism and f(P) = @, where P = {g € G : g >¢ €} and
Q={he€ H:h>pye}.

Proof. (=) For any element g € P such that g >¢ e we have f(g) >y f(e) = e, so
f(P)C Q. Now let h € @, then h >y e and since f is an isomorphism h = f(g), for some
g € G. So we have h = f(g) >y e so g >g e. Hence Q) C f(P), so Q = f(P).

(<) Let f(P) = @ and let f be a group isomorphism. Suppose that a < b. Then
ba~' € P so we have f(ba™') € Q. So f(ba™) >y e and so f(b)f(a)"' >y e. Therefore,
f(b) > f(a) so f is isotone Conversely, if f(a) < f(b) then f(b)f(a)™' € Q, so f(ba™?') €
Q = f(P). Thus, ba™' € P so a < b, therefore f~! is isotone. O

Proposition 2.3.2. Let (G, P) be a pseudo-ordered group, and let f : G — H be a group
isomorphism. Then (H, f(P)) is a pseudo-ordered group and f is a pseudo ordered group

isomorphism.
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Proof. We show that f(P) is a positive part of H. Suppose that there exists e # = € H
such that z € f(P)N f(P)~!. So x € f(P) and = € f(P)~! which implies that z = f(py),
for some p; € P and x = f(py) for some p, € P~1. But we know that p; # p, since
PN P! ={e}, and we have f(p1) = f(p2). Therefore, f is not injective. This contradicts
the hypothesis of f being an isomorphism. Moreover, let h € H and p € P. We have
hf)h=" = f(g)f(p)f(9)~" = f(gpg™") € f(P) where g € G. Then (H, f(P)) is a positive
part of a pseudo-ordered group. The isomorphism f is a pseudo-ordered group isomorphism
by Theorem 2.3.1.

O

Corollary 4. Let (G, P) be a pseudo-ordered group. Every group automorphism f: G — G

18 a pseudo-ordered group isomorphism.
Proof. Inmediate from Proposition 2.3.2 with H = G. O
The next corollary shows the previous results to finite pseudo-ordered groups.

Corollary 5. Let G be a finite group and P and Q) be a pseudo-orders on G. Then
f (G, P) — (G,Q) is an isomorphism of pseudo-ordered groups if f is injective and

1sotone.

Proof. 1f f is injective then f is surjective, since G is finite. By hipothesis f is isotone, so

f is an isomorphism of pseudo-ordered groups by Theorem 2.3.1. O
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Chapter 3

The Pseudo-ordered Group %,

In this chapter we will concentrate on the structure of the pseudo-ordered group 7Z,. In
particular, we will find the necessary and sufficient conditions for existence of induced

pseudo chains on Z,,.

3.1 Preliminaries on the Group %,

Recall that Z,, = {0,1,..n — 1} is a group under addition. The addition on Z, is taken
by modulo n, i.e, for a and b belonging to Z, we have a & b = r where a +b =np +r
for p,r € Z and 0 < r < n. Since Z, is abelian, the conjugates of elements are trivial,
so the only condition for the set P C Z, to be the positive part of a pseudo-order is that
Pn—-P={0}.

Note that if n = 2 then by Corollary 1 of Theorem 2.1.4. the only pseudo-order is the

trivial one. So let n > 3 and consider the pseudo-ordered group (Z,, P)
Lemma 3.1.1. If n is even, Z, has only one element of order two.
Proof. Suppose that n is even. We have that for any a € Z, such that a € {§+1,...,n—1}

its inverse is —a € {0,1,...,5 — 1}. That is,

Z, = {0,1,..., g eon—1}

n

if m € Z, is on the right side of ¢, then (—m) is on the left side of . the inverse of 7 is §

2

So % is the one element of order two.
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Lemma 3.1.2. If n is odd, Z, has no elements of order two.

Proof. Let n be an odd number. So

1
Zo = {0,1,.., =

sy — 1},

We have that if m € {2, ...,n—1}, then (—m) € {0, 1, ..., %51 }. The inverse of 2#! is %1

2
and %+ € {0,1,..., %% }. So m, m # —m.

3.2 Pseudo Chains on Z,

In this section we will give a formal definition of a pseudo chain. Moreover, we will see the

specific needs of a pseudo-order P to induce a pseudo chain.

Definition 3.2.1. Let (G, P) be a pseudo-ordered group, we say that P induces a pseudo

chain on G if for each pair of g, ¢’ € G at least one of
g<p<...<gp<gogd<g<...<g,<yg

holds, for some g1, g2, ..., g, € G.

The next theorems say what happens if the unity element of Z,, is in a pseudo-order on

/.

Theorem 3.2.1. Let (Z,, P) be a pseudo-ordered group, if P contains 1 or -1 then P

mduces a pseudo chain on Z,,.

Proof. Since 1 € P we have that
0<1<2<3<---<n—1.

This implies that we can connect any two elements of Z,, because every element of Z,, is in

this chain. 0
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Example 3.2.1. Let us take (Zy4, P), a pseudo-ordered group with P = {0,1}. We obtain
the following pseudo chain

0<1<2<3.
we can clearly connect any number of Z, with another of Z,.
The converse, however, is not true.

Example 3.2.2. Take Z5 and P = {0,2} this P induces a pseudo chain on Zs, since the
only pseudo chain is

0<2<4<1<3,
so it is possible to connect every two elements of Zs, however 1 ¢ P and —1 ¢ P.

Corollary 6. Let (Z,, P) be a pseudo-ordered group. If P is a mazimal pseudo-order on

Z, then P induces a pseudo chain on Z,.

Proof. Since P is maximal, by Corollary 1 of Theorem 2.2.2 Z,, = P U —P U 0?*(Z,,). Since
n>21¢0*Z,),sol e Porle—P,solePor—1¢e P By Theorem 3.2.1 P induces

a pseudo chain on 7Z,,. O

The converse, however, is not true, because again in Example 3.2.2 P = {0, 2} induces
a pseudo chain, but P C P’ = {0, 1,2}, and P’ is a pseudo-order on Zs.
In case when a pseudo-ordered group of order infinite the previous corollary is not

necessarly satisfied.

Example 3.2.3. Let G =7Z X Z,. If we take,

P={{(a,b):a>0}U{(0,0)}}

GG becomes a pseudo-order group.

Claim. There is no pseudo chain on G.
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Proof. Let 0 < a € Z and xz = (a,0), y = (a,1) in G. We show there is no pseudo chain
from x to y. Let U(x) and L(y) be the strict upper set and the strict lower set of « and y,
respectively. Then U(z) = {(a;,0), (a;, 1) : a; > a for any i} and L(y) = {(a;,0), (a;,1) :
a; < afor any j}. So assume that there exists z € U(x) N L(y). This means that z = (a,,0)
or z = (a,, 1) with a, > a. Moreover, z € L(y), so z = (a,,0) or z = (a,,1) with a, < a,
which is impossible in a pseudo-order. Therefore, U(x)NL(y) = ¢. Thus, we cannot connect

x and y.

The following is our main theorem about Z,.

Theorem 3.2.2. Let (Zy, P) be a pseudo-ordered group with P = {0, ay,...,a,}. Then P

induces a pseudo chain on Z, if and only if gcd(n,aq, ...,a,) = 1.

Proof. (=) Let us for convenience, denote ay = n. Assume that Z, is a pseudo chain

induced by P. By hypothesis there exist by, ..., by € Z, such that

0=0by <b; <...< b <bpyq =1,

where
b1 = CLil
by = by + aj,
bj = bj_l + (Zi].
by = br—1 + a;,

and a;; € P for all 7, . So every equality above has the form

b; = non-negative integer combination of elements of P.
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Therefore, as an integer

1 =mgpag + miay + ... + mpa, = mogn + miay + ... + m,a,,

for some integers my, ..., m,.. Therefore, we have

1 =mon + mya; + ... + mya,.

We conclude that
ged(n,ay,...;a;) =1
by Theorem 1.1.4.
(<) Suppose that gcd(n,ay, ...,a,) = 1. Then by Theorem 1.1.4. we can write
mon + miay; + ... + mya, = 1.
Then modulo n,
mia; + ... + mha, = 1,

where m, = m; (modn).

We want to construct a pseudo chain from any element of Z,, to another element of Z,,.
Let us take g, h € Z, with ¢ = g — h. Upon multiplying both sides of the above equality
by ¢ in Z,, we get mjaic+ ... + mLa,c = c. Let us put &y = mic, ... , x, = m.c. Then we

obtain

h§h+a1§h—|—a1+a1§~--§h+a1—|—...—|—a1:h—|—x1a1§h+x1a1—|—a2

<h+4+zia; +az+ay <---<h+x10; + 2209
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§h+x1a1+x2a2+a3§---§h+x1a1+x2a2+x3a3.

Continuing this way we arrive at :

h<---<h+z0a;+ 2200+ ... + 0, = h+c=g.

Therefore, we can connect any two elements, i.e, Z,, is a pseudo chain induced by P. [
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Chapter 4

Conclusions

We developed the concept of a pseudo-ordered group, showing some theorems and propo-
sitions. Moreover, we gave an equivalent result of the positive cone of partially-ordered
groups, defining the positive part of a pseudo-ordered group similarly to the positive cone.
We got a relationship between a pseudo-order P and the set G whose elements are a con-
jugate of their inverses. Besides, we proved that some important groups can not be non-
trivially pseudo-ordered such as the group of permutations of n elements S,,, the quaternion
group @, the dihedral groups D4 and Ds, and finally, the alternating group A, for some
specific n.

In addition, we defined maximal pseudo-orders on pseudo-ordered groups. One of our
main results was the characterization of maximal pseudo-orders, using the set G as the
main tool. We also gave analogous results for the abelian group.

We used the group Z,, to pseudo-order it in many different ways. Moreover, we described
all the pseudo chains of the group Z,,. Finally with computers help, we counted the number

of non-isomorphic pseudo-orders on Z, for n < 24.
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Appendix A

Algorithms

In this appendix we will present an algorithm to obtain the positive parts of Z,, to count
the number of non-isomorphic ones. At the end of the appendix we will give particular

examples.

A.1 Representations Positive Parts

This fragment of the algorithm gives the represantation of the positive parts of Z,.

Representation of the cone (positive part) in java class:

/%%

* The class of cone implements the notion of a cone (positive part) of a psedo-p.o.
* set in a finite cyclic group.

* Qauthor Lola

*/

public class Cone {

private int groupCard; //the cardinality of the finite cyclic group

private ArrayList<Integer> list; //the set of positive elements

/%%
* Creates a cone given a consistent binary representation (refer to the

* definition of ConesWinView.isConsistent) and the cardinality
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* @param binRep a consistent binary representation
* @param grCard the cardinality of the finite cyclic group
*/
public Cone(String binRep, int grCard){
groupCard = grCard;
list = new ArrayList();
list.add(new Integer(0));
int strlLen = binRep.length();
int half = -1;

boolean odd = grCard % 2 == 1;

if (todd){
half = strlLen/2;
}//end if
//create the set of the cone according to the binary
//representation
for(int i = 0; i < strlen; it++){
if (binRep.charAt (i) == ’1’){
if (odd){
list.add(new Integer(i+1));
}//end if
elseq{
if (i < half){
list.add(new Integer(i+1));
}
elseq{
list.add(new Integer(i+2));

}//end if-else

27



}//end if-else
}//end if
}//end for
}//end Cone

/**
* Creates a cone with the specified set of positive elemets and the given
* cardinality
* Oparam posElem a set of positive elemets that is a positive part for
* Z_{grCard}
* @param grCard the cardinality of the finite cyclic group
*/
public Cone(ArrayList<Integer> posElems, int grCard){
list = posElems;
groupCard = grCard;
}//end Cone

/*x
* Produces the image of the cone under the given automorphism preserving
* the total order of the correspondent integer elements
* e.g. in Z_4 for C = {0,3} and f in Aut(Z_4) with f(x) = 3*x (mod 4)
* comageCone(f) = {0,1}
* Oparam automorphism represented as an integer b/w 1 and groupCard - 1
* with gcd(automotphism, groupCard) = 1.
* Q@return the image of this cone.
*/
public Cone imageCone(int automorphism)<{

Cone imCone; //the image of the cone
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int autOfElem; //the image of an element of the cone
int insertionIndex = 0; //used to preserve the total ordering
ArrayList<Integer> imageSet = new ArrayList();
for(int i = 0; i < list.size(); i++){
autOfElem = automorphism*(list.get(i).intValue()) % groupCard;
//find insertion index
insertionIndex = 0;
while(insertionIndex < imageSet.size()
&% autOfElem > imageSet.get(insertionIndex).intValue()){
insertionIndex++;
}//end while
imageSet.add(insertionIndex, new Integer(autOfElem));
}// end for
imCone = new Cone(imageSet, groupCard);
return imCone;

}//end imageCone

/*x
* Retrives the integer that is at the position index
* e.g. in C = {0,2,3} in Z_7 getElement(2) = 3
* @param index an integer that is in b/w O and groupCard - 1
* Q@return the integer at the given index
*/
public Integer getElement(int index){
return list.get(index);

}//end getElement

/%%
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* Retrives the cardinality of the cone
* e.g. in C = {0,3} in Z_4 getConeCardinlity() = 2
* @return the cardinality of the cone
*/
public int getConeCardinality(){
return list.size();

}//end getConeCardinality

@0verride
public int hashCode() {
int hash = 7;
hash = 11 * hash + (this.list '= null 7 this.list.hashCode() : 0);

return hash;

@0verride
public boolean equals(Object c){
Cone cone;
if (¢ instanceof Cone){
cone = (Cone)c;
}
else{
return false;
}
if(list.size() != cone.getConeCardinality()){
return false;
}

for(int i = 0; i < list.size(); i++){
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if(!list.get (i) .equals(cone.getElement (i))){

return false;

3

return true;

}//end equals

/**
* Produces a string representation of the cone
* in set notation e.i. {a_1, a_2,..., a_k}.
* Q@return the string representation
*/
public String toSetNotation(){
int coneSize = list.size();
String setRep = "{"; //string that represents the set
for(int i = 0; i < coneSize-1; i++){
setRep = setRep + list.get(i).toString() + ", ";
}//end for
if (coneSize > 0){
setRep = setRep + list.get(coneSize-1);
}//end if
return setRep + "}";

}//end toSetNotation

}//end class definition
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A.2 Classification of Positive parts

This part of the programm classifies all positive parts according to the automorphisms of
Z,. Then the algorithm counts the equivalence classes of the positive parts and gives the

number of them.

private ArrayList<ArrayList<Cone>>[] generateClasses(int card){
int size;

if(card % 2 == 0){

size = card / 2;
}
elseq{

size = (card + 1) / 2;
}

this. jProgressBarClassGen.setMinimum(0) ;

this. jProgressBarClassGen.setMaximum(100) ;

//initialize collection
ArrayList<Cone>[] collectorBySize = new ArrayList[size];
for(int i = 0; i < size; i++){

collectorBySize[i] = new ArrayList();

Cone tmpCone;
String numRep;
String flagStr = "";

int maxLen, n;
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if(card % 2 == 0){

maxLen = card - 2;
}
else{

maxlLen = card - 1;
}

n = (int) Math.pow(2, maxLen);
int half = maxLen/2;

String tmp;

for(int i = 0; i < half; i++){
flagStr = flagStr + "1";

}

for(int i = 0; i < n; i++){

numRep = Integer.toBinaryString(i);

if (numRep.length() == maxLen){
tmp = (numRep.substring(0, half));
if (tmp.equalsIgnoreCase(flagStr))

i = n;

tmp = formatBinStr (numRep,maxLen) ;
if (isConsistent (tmp,maxLen)){
tmpCone = new Cone(tmp,card) ;
//add cone by correspondent cardinality

collectorBySize [tmpCone.getConeCardinality()-1].add (tmpCone) ;
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VAT

//once all cones are in the same size class collect them by
//equivalence class;

ArrayList<Integer> automorphisms = generateSetOfRelPrimes(card);
ArrayList<ArrayList<Cone>> partition;

ArraylList<ArraylList<Cone>>[] finalCollection = new ArrayList[size];
this. jProgressBarClassGen.setValue(50) ;
for(int i = 0; i < collectorBySize.length; i++){

partition = generateEquivalenceClasses(collectorBySize[i],automorphisms) ;

finalCollection[i] = partition;

this. jProgressBarClassGen.setValue(100);

return finalCollection;

* Produces the set of all equivalence classes of

* @param allCones

*/

private ArrayList<ArrayList<Cone>>

generateEquivalenceClasses (ArrayList<Cone> allCones, ArrayList<Integer> aut
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ArraylList<ArraylList<Cone>> equivClasses = new ArrayList(Q);

Cone tmpCone, image;
ArrayList<Cone> tmpConeSet;
int removalIlndex = O;

boolean cont = true;

while('allCones.isEmpty()){
tmpCone = allCones.get(0);

tmpConeSet = new ArrayList<Cone>();

equivClasses.add(tmpConeSet) ;

for(int i = 0; i < aut.size() && cont; i++){

image
removalIndex = allCones.index0f (image) ;
if (removalIndex !'= -1){

tmpConeSet . add (image) ;

allCones.remove(removalIndex) ;

}
else{

cont = false;
}
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}//end for
cont = true;

}//end while

return equivClasses;

private static ArrayList generateCones(int card){
ArrayList allCones = new ArrayList();
Cone tmpCone;
String numRep;
String flagStr = "";
int maxLen, n;
if(card % 2 == 0){

maxLen = card - 2;

}
else{

maxlLen = card - 1;
}

n = (int) Math.pow(2, maxLen);
int half = maxLen/2;

String tmp;

for(int i = 0; i < half; i++){
flagStr = flagStr + "1";
}

for(int i = 0; i < n; i++){
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numRep = Integer.toBinaryString(i);

if (numRep.length() == maxLen){
tmp = (numRep.substring(0, half));
if (tmp.equalsIgnoreCase(flagStr))

i = n;

tmp = formatBinStr (numRep,maxLen) ;
if (isConsistent (tmp,maxLen)){
tmpCone = new Cone(tmp,card);

allCones.add (tmpCone) ;

3

return allCones;

Example A.2.1. Let Z; be a group. On the following list are all the possible pseudo-orders
of Z7 and the number of them.

{{[{03]}, {[{0, 131}, {[{0, 1, 2}], [{0, 1, 3}]}, {[{0, 1, 2, 3}], [{0, 3, 5, 6}], [{0, 1, 2, 4}]} }

Number of classes of positive parts: 7

Example A.2.2. Let Z;s be a group. On the following list are all the possible pseudo-
orders of Z12 and the number of them. {{[{0}]}, {[{0, 1}], [{0,2}], [{0,9}], [{0, 4}], [{0, 3}]},

{[{0, 1, 23], {0, 1, 3}], {0, 2, 3}], {0, 1, 4}], {0, 2, 4}], {0, 3, 4}], {0, 7, 11}], {0, 2, 5},
{0, 4, 53], {0, 1, 73], {0, 3, 73], {0, 2, 8}], [{0, 1, 53]},
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{[{0, 1,2, 3}, {0, 1, 2, 4}], [{0, 1, 3, 4}], [{0, 2, 3, 4}], [{0, 1, 2, 5}], [{0, 7, 9, 11}],
{0, 2, 3, 5}], [{0, 1, 4, 5}], [{0, 2, 4, 5}], [{0, 3, 4, 5}], [{0, 1, 2, 7}], [{0, 1, 3, 7}, [{0, 2, 3,
T3, [{0, 1, 4, 73], [{0, 3, 4, 73], [{0, 1, 2, 8}], [{0, 2, 3, 8}], [{0, 2, 5, 8}], [{0, 1, 7, 8}], [{0,
3, 7,8}, [{0, 3, 7, 113], [{0, 2, 5, 93], [{0, 1, 7, 10}], [{0, 1, 5, 93], [{0, 1, 3, 5}]} , {[{0,
1,2, 3,4}, [{0, 1, 2, 3, 5}], [{0, 1, 2, 4, 5}], [{0, 1, 3, 4, 5}], [{0, 2, 3, 4, 5}], [{0, 1, 2, 3,
T}, [{0, 1, 2, 4, T}, [{0, 1, 3, 4, T}], [{0, 2, 3, 4, T}], [{0, 1, 2, 3, 8}], [{0, 1, 2, 5, 8}], [{0,
2,3, 5, 8}], [{0, 1, 2, 7, 8}], [{0, 1, 3, 7, 8}], [{0, 2, 3, 7, 8}], [{0, 1, 2, 5, 9}], [{O, 1, 4, 5,
9}, [{0, 2, 4, 5, 93], [{0, 2, 5, 8, 9}], [{0, 1, 3, 7, 10}], [{0, 1, 4, 7, 10}], [{0, 1, 7, 8, 10}]} ,
{[{0, 1, 2,3, 4, 5}], [{0, 1,2, 3, 4, 7}, [{0, 1, 2, 3, 5, 8}], [{0, 1, 2, 3, 7, 8}], [{0, 1, 2, 4, 5,
9}, [{0, 1, 2, 5, 8, 9}, [{0, 1, 3, 4, 7, 10}, [{0, 1, 3, 7, 8, 10}]} }

Number of classes of positive parts: 74

We would be run out of space in order to write more examples including their positive
parts. So the following list gives the name of the group and the number of positive parts.

For Zs; we have 2 positive parts. For Z, we have 2 positive parts. For Zs we have 3
positive parts. For Zg we have 5 positive parts. For Z; we have 7 positive parts. For Zg
we have 11 positive parts. For Zg we have 17 positive parts. For Z;y we have 21 positive
parts. For Z;; we have 26 positive parts. For Z;, we have 74 positive parts. For Z;3 we
have 67 positive parts. For Z4 we have 125 positive parts. For Z,5 we have 315 positive
parts. For Z,s we have 322 positive parts. For Zq; we have 411 positive parts. For Zig
we have 1121 positive parts. For Z9 we have 1111 positive parts. For Zs, we have 2563
positive parts. For Zs, we have 5204 positive parts. For Zsys we have 5913 positive parts.

For Zs3 we have 8055 positive parts.
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