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Abstract 

The purpose of this project is to investigate the system parameter and certain signal processing 

techniques to achieve wide bandwidth and frequency agility in order to build a high resolution radar. 

The technique relies on the output of an n-dimensional (n>2) non-linear system that exhibits chaotic 

behavior.   

Firstly, the compressed Lorenz attractor is considered which has a set of three state variables x, y 

and z and three control parameters ρ, β, and σ.  By varying ρ and β as function of time highly chaotic 

parameter space region is simulated such that chaotic signal behaves optimally.  

For comparison purpose we introduced the Lang-Kobayashi attractor which also has a set of 

three state variables the electric field e, its phase component  and the excess carrier number z and two 

main control parameters L and η for. The FM signals are generated from both the attractors using 

anyone of the state variables as an instantaneous frequency.  

In both cases, we demonstrated that the obtained FM signal is ergodic and stationary and that the 

time samples exhibit an invariant probability density function. The corresponding pseudo-phase space 

trajectories reveal themselves as a strange attractor that may take on the shape of a Mobius strip 

depending on the time evolution of the signal.  

A time-frequency analysis of the FM signal shows that the spectrum is centered on a time-

dependent carrier frequency. Thus, the FM signal has a high time-bandwidth product and fractional 

bandwidth similar to that of a chirp. However, the carrier frequency continuously shifts in a linear or 

quadratic pattern that folds over range of (-fs/2, fs/2). 

The time averaged autocorrelation has main width inversely proportional to bandwidth of the FM 

signal. The ambiguity surface reveals that the optimized chaotic based FM signal has shape as a set of 

mountain ridges with low sidelobes both in range and Doppler which is desirable for obtaining high 

resolution radar and range-Doppler imaging.  
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Chapter 1: Introduction 

 The term chaos is used to describe nonlinear, deterministic and bounded phenomena that 

possess unpredictable behavior or disorder. In an instance of time, phenomena may vary considerably 

for an infinitesimal change in initial conditions, causing an exponential divergence in the final outcome 

[1]. In context of telecommunications and radar signal processing aspects chaos have excellent 

applications in spread spectrum schemes [2] and signal transmission purposes. 

1.1 Problem Statement 

Radar performance tends to be less than ideal for surveillance and military roles when high 

resolution is required under electronic counter countermeasures (ECCM) [3]. For radar imagery 

applications, the transmitted signal should look like wide band noise [4] with a spectrum that is 

uniformly spread over a wide bandwidth. Also, the signal should be constructed such that it yields high 

resolution in the range-Doppler plane [5], has little likelihood of intercept and intrusion, and is easy to 

generate. In some cases the pulse width of transmitted signal should be increased simultaneously 

maintaining adequate range resolution. This can be resolved by using pulse compression techniques 

which depends on the time-bandwidth product of transmitted signal. 

In order to overcome all the above mentioned limitations, we propose using a chaos based 

Frequency Modulated (FM) signal where the instantaneous frequency varies randomly over some 

prescribed bandwidth. The typical task of having a large bandwidth, high time-bandwidth product and 

frequency agility can be achieved by using this chaos based FM signal [6].  

1.2 Previous Work 

 Extensive research has been done since mid-20
th

 century on the use of the random FM signals 

for radar applications [7]. Applications of a random FM signals for radar imaging have been given in [8-

9]. In previous work done by Flores [10-12], it was considered the use of chaotic maps to construct a 

chaotic FM signal with applications in radar imaging. Most of the research was concerned with target 

imaging. Also a sufficient condition for the chaotic FM signal was provided for the case of a one 

dimensional map [13]. The analysis was based on the Lyapunov exponent that explains the presence of 
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chaos in the signal. It was proven that the chaos based FM signals have features similar to that of 

random FM signals but is not exactly random in nature [12]. 

1.3 Proposed Solution, Goal and Methodology 

In this research effort, we are interested in optimizing the bandwidth of a chaotic signal. We 

propose the usage of output of n-dimensional (n>2) non-linear system that exhibit chaotic behavior for 

the construction of FM signals. In particular, we consider the Lorenz attractor and vary the control 

parameters in order to obtain highly chaotic signal that behaves optimally [15]. Later we use a 

compression factor for the Lorenz attractor such that it oscillates with high frequency similar to that of 

the Lang-Kobayashi attractor used by Verdin [16-17], where the signal possess high bandwidth and 

range resolution. 

Since the obtained chaotic signals are noise like in nature, we expect the FM signals that are 

constructed using the chaotic variables also have similar desirable properties. We use any one of the 

state variables from both the attractors as an instantaneous frequency to generate a wideband realization 

FM signal. We compare the Lorenz chaotic FM signal with the Lang-Kobayashi chaotic FM signal and 

we verify that both of these signals have significant features in terms  of time frequency analysis, time 

bandwidth product, fractional bandwidth, power spectral spread, mainlobe width of autocorrelation, 

ambiguity function, range resolution and Doppler resolution.  

This thesis is organized into five chapters. Chapter two shows the chaotic properties of the 

attractors used to generate the chaos based FM signal. Chapter three discusses behavior of the FM signal 

constructed in highly chaotic parameter space region compared to that of other parameter space regions. 

Chapter four shows the obtained time-bandwidth products, fractional bandwidths, ensemble 

autocorrelation and ambiguity functions of both the chaos based FM signals. Chapter five summarizes 

the conclusions of this work. 
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Chapter 2: Strange Attractors, Lyapunov Exponent and Highly Chaotic Parameter 

Space Region 

2.1 Introduction  

The orbit or a trajectory of a chaotic system will be drawn into a limited region of state space as 

time goes to infinite, where upon it moves to a deterministic but unpredictable manner on a fractal object 

called strange attractor. A signal is said to be chaotic if its time behavior exhibit fractal nature. Similarly 

its three dimensional flow should appear as a strange attractor rather than a stable origin, transient chaos 

or a point attractor. Another interesting feature of an attractor is its pseudo-phase space trajectory should 

resemble its own attractor. This feature is known Diffeomorphism which is essential condition for a 

system to be chaotic. The Lorenz attractor and the Lang-Kobayashi attractor are examples of strange 

attractors possessing all above mentioned chaotic properties. 

2.2 Chaotic Signals 

            A signal is said to be chaotic if its time series plot exhibit aperiodic and apparently random 

behavior. Chaotic systems are mathematically modeled by non-linear differential equations. Three 

descriptors are needed to characterize a chaotic system: the time evolution equations, the values of the 

parameters describing the systems, and the initial conditions. Chaotic systems are highly sensitive to 

initial conditions; a very small variation in initial condition produces an exponential difference in output. 

In addition, a small change in the control parameters can cause chaos to disappear or to reappear. For 

simplicity, consider a three-dimensional chaotic flow with variables )(tx , )(ty and )(tz .  Let ])1[( tnx 

, ])1[( tny   and ])1[( tnz  be the discrete versions of the variables from which three FM signals are 

generated.   In each case, the instantaneous frequency will be proportional to  

 ])([])1[( tnxgtnx                       (2.1) 

 ])([])1[( tnygtny   (2.2) 
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 ])([])1[( tnzgtnz   (2.3) 

where the sampling index is n = 0, 1, 2 ….  

Here   represents the sampling interval and (.)g represents the folding function that gives 

relation between the present and previous values of trajectories. This folding function is chosen in a way 

that the samples }...,,{ 210 nxxxx , }...,,{ 210 nyyyy and }...,,{ 210 nzzzz of (2.1), (2.2) and (2.3) exhibit 

fractal behavior. 

2.3      Lyapunov Exponent 

     The chaotic behavior of a system is quantified in terms of the Lyapunov exponent, which 

measures the degree of divergence of the state-space orbit of system when it forms a strange attractor. 

Strange attractor is an appearance of chaos in nonlinear dynamical system. A system with three state 

variables will have three Lyapunov exponents 321   [1]. Chaotic nature of a system can be 

determined if
1 is positive irrespective of magnitude. The degree of divergence is going to be high if 

1

has high value. In the particular case of 3-dimensional maps, the Lyapunov exponent can be calculated 

by using the following algorithm: 

1. Start with an initial condition
000 aaa  Zand Y ,X . The initial condition has to be inside of the 

attractor. This is called the unperturbed orbit a. 

2. Choose a second initial condition separated from the initial conditions of orbit „a‟ by d0 in any 

direction
000 bbb  Zand Y ,X . This is called the perturbed orbit b. 

3. Iterate the delay differential equations one time step for each set of initial conditions. 

4. Determine the new separation between orbits d1. The separation is calculated by using 

])()()[( 222

1 bababa
ZZYYXXd   



 5 

5. Evaluate  )log(
1

0

1
1

d

d

n
 which is the local Lyapunov exponent. 

6. Readjust the initial conditions of orbit b hence the separation between the orbits is d0. 

7. Repeat step 3 to 6 to obtain an average of the Lyapunov exponent. 

In the case that the dynamical equations of the system are not know the Lyapunov exponent can 

be calculated by using the “poor man‟s Lyapunov exponent”. The poor man‟s Lyapunov exponent is 

equal to the inverse of the width of the main lobe of the autocorrelation function.  

2.4      Lorenz Attractor and Highly Chaotic Parameter space Region 

           Initially in this project we propose use of the Lorenz attractor that has three state variables; x, y 

and z which are governed by three control parameters the Rayleigh number ρ, Temperature constant β, 

and the Prandtl number σ [18]. The mathematical expression for the Lorenz system is given as 

)]()([
)(

txty
dt

tdx
       (2.4) 

)()]()[(
)(

tytztx
dt

tdy
       (2.5) 

)()()(
)(

tztytx
dt

tdz
      (2.6) 

Due to parameter complexity of the Lorenz system we limited the sampling frequency to 1 MHz 

initially. In order to oscillate the Lorenz attractor fast, to make signal smooth enough and to increase 

bandwidth of FM signal constructed using this Lorenz signal we added a new parameter called 

compression factor α. By adding the compression factor, the sampling frequency is increased to 50 GHz, 

but the attractor becomes smoother. The new mathematical expression for the Lorenz attractor is as 

shown in equations (2.7), (2.8) and (2.9). In what follows, we use the compressed Lorenz attractor to 

compare it with an uncompressed Lang-Kobayashi attractor. 
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)]}()([{
)(

txty
dt

tdx
       (2.7) 

)]())()[((
)(

tytztx
dt

tdy
      (2.8) 

)]()()([
)(

tztytx
dt

tdz
       (2.9) 

The most common control parameter values of the Lorenz attractor are β= 8/3, ρ =28 and σ= 10 

[1] and the corresponding Lyapunov exponent is 0.98. Figure 2.1 shows the strange attractor of the 

Lorenz system for values of β= 8/3, ρ =28 and σ= 10. The corresponding chaotic signal is considered as 

reference signal and FM signal constructed based on this chaotic signal is said to be the reference 

Lorenz chaotic FM signal. Figure 2.2 shows the pseudo-phase Space trajectory of the Lorenz attractor 

for same parameter values. Figure 2.2 illustrates that the Lorenz attractor exhibits Diffeomorphism 

property which is an essential condition for a system to be chaotic.  Figure 2.3 shows the time behavior 

of the Lorenz attractor exhibiting fractal nature. 2.4 shows the probability distribution of x(n) at normal 

parameter space region. From an observation made the chaotic behavior of signal for these parameter 

values seems to be normal. Hence the main objective is to maximize chaotic behavior of signal from the 

Lorenz attractor. For that purpose the attractor is simulated at different parameter space region and 

measured the Lyapunov exponent and simultaneously observed their time behavior. A small change in 

control parameters can cause a significant change in chaos. 

Table 2.1: Parameter specification of the Lorenz attractor at different regions. 

Parameter values       
1  

Barbaroza values 22.50 0.63 3.03 0.65 

Sprott  values 28.00 2.67 10.00 1.01 

Highly chaotic region 90.00 to 250.00 5.00 to 10.00 10.00 8.00 to 26.50 
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By varying the value of ρ and β as function of time, we simulated highly chaotic parameter space 

region by estimating the Lyapunov exponents, observing attractor and time behavior. Interestingly in 

this region the signal starts behaving more chaotic in nature Figure 2.5 shows the Lorenz attractor 

parameter space region as function of ρ and β. Highly chaotic parameter space region occurs from the 

values ρ equal to 150.00 to 250.00 and β from 6.00 to 10.00. The Lyapunov exponent in this region 

varies from 8.00 to 26.50. An infinite number of local regions can be simulated with in a small global 

parameter space region. Hence irrespective of the value of the Lyapunov exponent, the Lorenz attractor 

behaves highly chaotic in this range of parameter space region. To show that the Lorenz attractor 

behaves optimally in highly chaotic parameter space region we have selected control parameters β = 

9.00, ρ = 172.00 and σ = 10.00 randomly from the highly chaotic parameter space region. Figure 2.6 

shows the strange attractor of the Lorenz system for values of β = 9.00, ρ = 172.00 and σ = 10.00. The 

corresponding chaotic signal is said to be optimized signal and FM signal constructed based on this 

chaotic signal is said to be the optimized Lorenz chaotic FM signal. Figure 2.7 shows the pseudo-phase 

space trajectory of the Lorenz attractor for same parameter values of β = 9.00, ρ = 172.00 and σ = 10.00. 

Figure 2.7 illustrates that Lorenz attractor exhibits Diffeomorphism property with more orbits hence 

showing more chaotic nature in this parameter space region. Figure 2.8 shows the time behavior of the 

Lorenz attractor in highly chaotic parameter space region having more fractal nature. Figure 2.9 shows 

the probability distribution of x(n) at highly chaotic parameter space region. By comparing the attractor 

and time behavior at normal parameter space region and highly chaotic parameter space region, the 

Lorenz attractor behaves optimally in highly chaotic parameter space region. Just above the highly 

chaotic parameter space region Lyapunov exponent drops drastically and corresponding attractor 

behaves like transient chaotic attractor.  
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Figure 2.1: Lorenz attractor for reference parameter values of β= 2.67, ρ=28.00 and σ= 10.00. 

 

Figure 2.2: Pseudo phase space trajectory of x(n) for  reference parameter values. 
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Figure 2.3: Time behavior of x(n) for reference parameter values. 

 

Figure 2.4: Probability density function of x(n) for reference parameter values. 
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Figure 2.5: Highly chaotic parameter space region of the Lorenz attractor as function of β and ρ. 

 

Figure 2.6: Lorenz attractor for optimized parameter values of β= 9.00, ρ=172.00 and σ= 10.00. 
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Figure 2.7: Pseudo phase space trajectory of x(n) for optimized parameter values. 

 

Figure 2.8: Time behavior of x(n)  for optimized parameter values. 
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Figure 2.9: Probability density function of x(n) for optimized parameter values. 

2.5      Lang-Kobayashi Attractor 

In order to show that the Lorenz attractor has better features such as more chaotic nature, and 

show the FM signal constructed from the Lorenz attractor chaotic signal has wide bandwidth and more 

power spectral spread we compare with the normalized Lang-Kobayashi attractor[16-17]. The 

mathematical expression for the dynamic normalized Lang-Kobayashi attractor is given in terms of 

magnitude of the state variable e, its phase  and the state variable z as a function of normalized time 

variable„t‟ as 

 

))()(cos()( 0  ttteze
dt

de
   (2.10) 

))()(sin(
)(

)(
0





 tt

te

te
Rze

dt

d
              (2.11) 
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2
)21( ezzP

dt

dz
T                   (2.12) 

Where the values for 
c

L2
 , 

p


  , and other parameters are listed in Table 2 for reference. 

Table 2.2: Parameter specification of the Lang-Kobayashi attractor. 

Symbol Value 

  0.02-0.09 

P 1 

  133 

p  12105.4   

s  1210700   

R 5 

T 155.5 

0  151027.2   

L 0.30 meters 

 

Figure 2.10 shows the Lang-Kobayashi attractor for control parameter values of external cavity 

length L = 0.30 meters and feedback level η = 0.09. Figure 2.11 shows the strange attractor of the Lang-

Kobayashi system in different projection. Figure 2.12 shows the pseudo phase space trajectory of second 

projection of the Lang-Kobayashi attractor for same parameter values of external cavity length L = 0.30 

meters and feedback level η = 0.09. Figure 2.12 illustrates that the Lang-Kobayashi attractor exhibits 

Diffeomorphism property showing chaotic nature of system. Figure 2.13 shows the time behavior of the 

Lang-Kobayashi attractor. Figure 2.14 shows the probability distribution of e for Lang-Kobayashi 

attractor.  
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Figure 2.10: Lang-Kobayashi attractor for of L= 0.30 and η=0.09. 
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Figure 2.11: Second projection of the Lang-Kobayashi attractor. 

 

Figure 2.12: Pseudo phase space trajectory of the Lang-Kobayashi attractor.  
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Figure 2.13: Time behavior of e(n) of the Lang-Kobayashi attractor. 

 

Figure 2.14: Probability density function of e(n) of the Lang-Kobayashi attractor. 
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Chapter 3: Behavior of Chaos-Based Frequency Modulated  

3.1 Frequency Modulated Signals 

The frequency modulation conveys information over a carrier wave by varying its frequency. 

The Frequency Modulated signal (FM signal) is given by 

 )](cos[)( tAts   (3.1) 

where A is the amplitude and )(t is the phase given by 

 

t

dttgktft
0

0 ')'(2)(   (3.2) 

where fo is the carrier frequency, k is the modulation index and g(t) is a function that conveys 

information.   Accordingly, the instantaneous frequency is given by 

 )(
2

)(

2

1
)( 0 tg

k
f

dt

td
tfi






  (3.3) 

3.2 Chaos Based Frequency Modulated Signals 

 Let us consider a three-dimensional Lorenz chaotic flow with variables )(tx , )(ty , and )(tz  as 

shown in equations 2.1, 2.2 and 2.3.  The continuous baseband Lorenz based chaotic FM signals are 

given by  

 )](2exp[)( tkXjAtsx   (3.4) 

 )](2exp[)( tkYjAtsy   (3.5)  

 )](2exp[)( tkZjAtsz   (3.6) 
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Similarly, Let us consider a three-dimensional Lang-Kobayashi chaotic flow with variables )(te , )(t , 

and )(tz  as shown in equations 2.1, 2.2 and 2.3.  The continuous baseband Lang-Kobayashi based 

chaotic FM signals are given by  

 )](2exp[)( tkEjAtsE   (3.7) 

 )](2exp[)( tkjAts    (3.8)  

 )](2exp[)( tkZjAtsZ   (3.9) 

 Notice that X(t), Y(t) and Z(t) are the corresponding time integrals of x, y, and z  and E(t), )(t , and 

Z(t) are the corresponding time integrals of e,  , and z of the form: 

 
T

tt
0

)()(   (3.10) 

Depending on the FM signal, the corresponding range resolution is given by  

 
B

c
r

2
  (3.11) 

where c is the velocity of light and Bξ is the bandwidth of FM signal. 

The discrete version of the FM signal )(ns is given by  

 ])(2exp[)](2exp[)(
0





n

k

kjAnjAns   (3.12) 

In order to avoid aliasing, )(n  is normalized with respect to twice its range 

 )]}(min[)]({max[2)( nxnxn   (3.13) 

The signal )(ns is ergodic in the autocorrelation if both the ensemble mean and the time mean of 

)1(*)( nsns are the same [7], i.e. 
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  )1(*)()}1(*)({),( nsnsnsnsEnmR  (3.14) 

We will show that the histogram of Real part of the FM signal s(n) approaches its density regardless of 

whether the histogram is obtained from either a single realization of N samples or from the nth sample 

of an experimental ensemble. A signal is said to be wide sense stationary if  

 )(),( mRnmR   (3.15) 

The Fourier transform of the FM signal of (3.12) is given as 

 dttsfs ftj


 2exp)()(  (3.16) 

By computing absolute square of (3.16) gives rise to the spectrum of the corresponding chaos based FM 

signal. 

 
2

)()( fsfS   (3.17) 

Autocorrelation is essentially the cross correlation of the signal with itself but with zero delay. If 

s(t) is the transmitted signal and s(t-τ) is the received signal, then autocorrelation of the signal can be 

given as 

 )}()({)(   tstsER            (4.1) 

 

The ambiguity function of the signal is used to determine the achievable range and Doppler 

resolution. In practice, the ambiguity function can be viewed as a time-frequency correlation of the 

signal that gives an idea of side lobe energy level distribution both in range-Doppler. The corresponding 

ambiguity surface which is the magnitude square of the ambiguity function is given by: 

 
2

22
exp)(*)(),( 


 dttstsf

tfj

d
d  (3.18) 
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3.3 Block Diagram of Chaos Based FM Signal Generation 

Figure 3.1 shows the block diagram of generation of the chaos based FM signal. The Lorenz or 

the Lang-Kobayashi oscillator develops the chaotic signal which is used as input to the voltage control 

oscillator. FM signal is fed to the band pass filter and a certain part of FM signal is leaked to the 

Correlator which acts as a reference signal. From the band pass filter the signal is delivered to Phased 

array blocks by means of waveguide or other transmission lines, which is used as antenna for the 

purpose of the signal transmission. Using phase shifters at each of radiating elements, an electronically 

driven phase arrays can rapidly change the direction of antenna beam in space without moving antenna 

manually. Mixing the received signal with reference signal and using low pass filter gives a low 

frequency component signal which is the input for display and a decision is made whether target is 

present or not. The radars vary the frequency of transmitted signal and measure the range based on 

instantaneous transmitted and received signals. Whenever there is shift in the Doppler the radial velocity 

of the target can be found. 
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Figure 3.1: Block diagram of the Chaos based FM signal generation. 

3.4 Ergodicity, Time-Frequency Analysis and Spectra 

We chose any one of the state variables x, y or z as instantaneous frequency to generate 

realizations of the wideband Lorenz chaotic FM signal s(n). Similarly we choose any one of the state 

variables E,   or Z as instantaneous frequency to generate realizations of the wideband Lang-Kobayashi 

chaotic FM signal s(n). Figure 3.2 shows that the constructed Lorenz chaotic FM signal s(n) is the same 

for the ensemble mean [9] and the time mean of s(n)s*(n+1) in normal parameter space region. Figure 
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3.3 shows that the constructed FM signal s(n) is the ergodic in highly chaotic parameter space region. 

Similarly, Figure 3.4 shows that the Lang-Kobayashi chaotic FM signal s(n) is the same for the 

ensemble mean [9] and the time mean of s(n)s*(n+1).  Plots with „*‟ are obtained by processing 1024 

samples of a single realization. The plots with „Δ‟ are obtained from the 1024
th

 sample of the 1024 

realizations of s(n) with an arbitrary initial condition. The ergodicity in the mean of s(n) is apparent from 

the provided illustration [10].  

 

Figure 3.2: Ergodic behavior of the Lorenz chaotic FM signal for reference parameter values. 
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Figure 3.3: Ergodic behavior of the Lorenz chaotic FM signal for optimized parameter values. 

         

Figure 3.4: Ergodic behavior of the Lang-Kobayashi chaotic FM signal. 
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The pseudo-phase space trajectories [11] of constructed FM signals obtain the shape as a strange 

attractor. The strange attractor may take on the shape of a Mobius strip, disc or extended disc based on 

the time evolution of the signal. The time-frequency distribution of the FM signal is characterized by 

taking the entire signal into several frames of L=4500 of length M=4096 samples each frame. A time-

frequency distribution has a wideband centered on a time shifting carrier frequency. This carrier 

frequency continuously shifts in a linear or quadratic pattern over a range of (0,fs), and the pattern on a 

time-frequency distribution appears to be fractal in nature, same as a chaotic signal. Two comparisons 

are made based on the time evolution of the pseudo-phase space trajectory of the FM signal, its spectrum 

and its time frequency analysis. 

In the first case, the pattern on a time-frequency distribution exhibits fractals in a linear or a 

quadratic pattern. Whenever a time-frequency distribution has a linear pattern the corresponding pseudo-

phase space trajectory of the FM signal appears as a Mobius strip. The spectrum of the corresponding 

FM signal, whose pseudo-phase space attractor takes shape as a Mobius strip, has a wide bandwidth 

with broad band characteristics. If a time-frequency distribution has a quadratic pattern, its 

corresponding pseudo-phase space trajectory of the FM signal appears as an extended disc and the 

respective spectrum has very narrow bandwidth.  In between the linear and quadratic pattern of a time-

frequency distribution the pseudo-phase space trajectory of the FM signal appears as a circular disc with 

the spectrum having narrow bandwidth. Figure 3.5 and Figure 3.6 shows the fragment of a time-

frequency distribution and behavior of the corresponding pseudo-phase space trajectory and its spectrum 

depending on the time evolution of the Lorenz chaotic FM signal and the Lang-Kobayashi chaotic FM 

signal respectively. 
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Figure 3.5: Behavior of pseudo phase space trajectory and spectrum of the Lorenz chaotic FM signal 

depending on time-frequency distribution. 
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Figure 3.6: Behavior of pseudo phase space trajectory and spectrum of the Lang-Kobayashi chaotic FM 

signal depending on time-frequency distribution. 
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Figure 3.7: Time-frequency distribution analysis of the Lorenz chaotic FM signals in different parameter 

space regions. 
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In the second case, as shown in Figure 3.7, a time-frequency distribution behavior of the FM 

signal is simulated in different chaotic regions. Keeping σ constant as 10, a time-frequency analysis of 

the FM signal at ρ equal to 28.00 and β equal to 2.67 has less fractal in nature. Similarly, a time-

frequency analysis of the FM signal at ρ equal to 55.42 and β equal to 4.01 has better fractal nature. As 

mentioned above, in the optimal region the FM signal behaves optimally and its time-frequency analysis 

has more fractal behavior. Just above the highly chaotic parameter space region, the Lorenz chaotic 

signal behaves as a transient chaos. A Time-Frequency Analysis of the FM signal constructed in this 

region resembles its chaotic signal having transient fractal behavior.  

Figure 3.8 shows the complete time-frequency distribution of the FM signal of x(n) for highly 

chaotic parameter space region with values of β equal to 9.00, ρ equal to 172.00 and σ equal to 10.00. 

Figure 3.9 shows the close up view of time-frequency distribution of the FM signal of x(n) for parameter 

value of β equal to 9.00, ρ equal to 172.00 and σ equal to 10.00. Figure 3.10 shows the complete time-

frequency distribution of the FM signal of E(n) parameter values of L equal to .30 and η equal to 0.09 

while Figure 3.11 shows the close up view of time-frequency distribution of the FM signal of E(n) for 

same parameter values. 

 

 

                           Figure 3.8: Time-frequency distribution of the Lorenz chaotic FM signal for optimized 

Parameter values. 
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Figure 3.9: Close up view of time-frequency distribution of the Lorenz chaotic FM signal for optimized 

parameter values. 

 

 

Figure 3.10: Time-frequency distribution of the Lang-Kobayashi chaotic FM signal. 
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Figure 3.11: Close up view of time-frequency distribution of the Lang-Kobayashi chaotic FM signal. 

Depending on the slope of a time-frequency distribution, a finite number of discrete wide 

bandwidths with in-ultra high wide bandwidth are achieved. This method is known as frequency agility 

which can be used to detect targets even in presence of jammer. Using this type of technique it is easy to 

achieve required range of frequencies to obtain high resolution and reduce glint error [12]. Since the 

bandwidth obtained for different instants of time varies in range of 150MHz it is easy to decorrelate the 

glint error. 
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pattern tends to unity we get Mobius strip of large area, with many orbits and corresponding spectrum 

has wide band in nature as shown in Figure 3.12 and Figure 3.13. 

Since the time-frequency distribution of the Lorenz attractor at normal parameter space region 

has less fractal behavior as shown in Figure 3.7, the corresponding linear patterns has less length and 

slope. Hence the spectrum has narrow bandwidth. 

The time-frequency distribution of the Lorenz attractor at highly chaotic parameter space region 

has more fractal behavior as shown in Figure 3.7, the corresponding linear patterns has more length and 

slope. Hence the spectrum has wide bandwidth as shown in Figure 3.14 compared to that of spectrum of 

the FM signal constructed in normal parameter space region. 

Similar results are obtained for the Lang-Kobayashi attractor whose time-frequency distribution 

more fractal behavior as shown in Figure 3.10, the corresponding linear patterns has more length and 

slope. Hence the spectrum has wide bandwidth as shown in Figure 3.15.  

Since the time-frequency distribution of the Lorenz chaotic FM signal has more length and slope 

of linear pattern, the corresponding FM signal has more power spectral spread compared to the Lang-

Kobayashi chaotic FM signal. This can be illustrated in Figure 3.14 and 3.15 where the Lorenz chaotic 

FM signal has more power spectral spread. 
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Figure 3.12: Behavior of pseudo phase space trajectory and spectrum of the Lorenz FM signal 

depending on slope and length of time-frequency distribution of FM signal. 
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Figure 3.13: Behavior of pseudo phase space trajectory and spectrum of the Lang-Kobayashi FM signal 

depending on slope and length of time-frequency distribution of FM signal. 
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Figure 3.14: Spectral behavior of the Lorenz chaotic FM signal for optimized parameter.      

                
Figure 3.15: Spectral behavior of the Lang-Kobayashi chaotic FM signal. 
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Chapter 4: Statistical Analysis of Chaos-Based Frequency Modulated Signals 

4.1 Time Bandwidth Product of Chaos Based Frequency Modulated Signals 

One of the main issues in detecting the target is optimizing time-bandwidth product. Range 

resolution for given radar can be significantly improved using very short pulses. However utilizing short 

pulses decrease the average transmitting power, which can hinder radar‟s normal modes of operation, 

particularly for multi-function and surveillance radars. Thus pulse width of transmitted signal should be 

increased simultaneously maintaining adequate range resolution. Therefore it is always tradeoff in 

choosing the duration of single pulse to be transmitted in order to achieve high resolution in range and 

Doppler. This can be resolved by using pulse compression techniques which depends on time-bandwidth 

product of transmitted signal. Hence time-bandwidth product improvement is always challenging and 

desirable feature required for signal to be transmitted.  

Figure 4.1 shows the results obtained for the range of time-bandwidth product for the reference 

Lorenz chaotic FM signal. The time-bandwidth product in this case is typically around 50,000. Figure 

4.2 shows the results obtained for the range of time-bandwidth product for the optimized FM signal. The 

time-bandwidth product exceeds 75,000 in this case. Similarly, Figure 4.3 shows the time-bandwidth 

product for the Lang-Kobayashi chaotic FM signal. The range of time-bandwidth products obtained in 

this case is around 50,000. Hence the compression gain or signal to noise optimization or matched filter 

gain is high for the optimized Lorenz chaotic FM signal using a right choice for signal transmission.  
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Figure 4.1: Time-bandwidth product of the Lorenz chaotic FM signal for reference parameter values. 

 

Figure 4.2: Time-bandwidth product of the Lorenz chaotic FM signal for optimized parameter values. 
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Figure 4.3: Time-bandwidth Product of the Lang-Kobayashi chaotic FM signal. 
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A rule of thumb for a signal to be wideband is that its fractional bandwidth βo should be greater 

than 0.1. The fractional bandwidth of a signal is a measure how wideband the signal is. If the signal has 

center frequency fc between lower frequency f1 and higher frequency f2 then fractional bandwidth can be 

given as  
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      (2.4) 
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Figure 4.4 shows the results obtained for the range of fractional bandwidth of the reference 

Lorenz chaotic FM signal. Figure 4.5 shows the fractional bandwidth for the optimized Lorenz chaotic 

FM signal. Figure 4.6 shows the result obtained for the Lang-Kobayashi chaotic FM signal. It is obvious 

from the illustrated results that all the signals are exhibiting wideband characteristics. In particular most 

of the reference Lorenz chaotic local FM signals has fractional bandwidth of 0.8 but most of the 

optimized Lorenz chaotic local FM signal has fractional bandwidth of 1. In case of the Lang-Kobayashi 

chaotic local FM signal the fractional bandwidth is of range 0.9 to 1. Since the signal has more fractional 

bandwidth, it possesses a wideband characteristic nature which gives range resolution of radar less than 

a few meters. 

 

Figure 4.4: Range of fractional bandwidth of the Lorenz chaotic FM signal for reference parameter 

values. 
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Figure 4.5: Range of fractional bandwidth of the Lorenz chaotic FM signal for optimized 

parameter values. 

 

Figure 4.6: Range of fractional bandwidth of the Lang-Kobayashi chaotic FM signal. 
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Radar jamming refers to radio frequency signals originating from sources outside the radar, 

transmitting in radar‟s frequency and thereby masking targets of interest. The originating of foreign 

signals can be done by operating at same center frequency. Apart from transmitting same frequency 

signals during some occasions there might be chance of blocking the radar transmitting signals. In order 

to avoid all the above problems electronic counter countermeasure for persistence of anti-jamming and 

collision warning is necessary. Such can be made possible by achieveing frequency agility of a signal 

where a finite number of discrete wide bandwidths with in-ultra high wide bandwidth are achieved. 

Hence there will be always a center frequency varying depending on each discrete wideband.  

Hence the varied center frequency can be estimated by plotting its distribution. Figure 4.7 shows 

the center frequency distribution for the reference Lorenz chaotic FM signal. Figure 4.85 shows the 

center frequency distribution for the optimized Lorenz chaotic FM signal. Figure 4.9 shows the result 

obtained for the center frequency distribution of the Lang-Kobayashi chaotic FM signal. It is obvious 

that the center frequency distribution of the Lang-Kobayashi chaotic FM signal range making it a good 

choice for transmission of signal during the presence of jammer. 

 
Figure 4.7: Distribution of center frequency of the Lorenz chaotic FM signal for reference parameter 

values. 
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Figure 4.8: Distribution of center frequency of the Lorenz chaotic FM signal for optimized parameter 

values. 

 

Figure 4.9: Distribution of center Frequency of the Lang-Kobayashi chaotic FM signal. 
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4.3 Ensemble mean Autocorrelation of Chaos Based Frequency Modulated Signals 

In order to achieve high resolution of the target in range, the autocorrelation plot should be 

characterized by a sharp mainlobe at its center and successive side lobes must die out with increase in 

time lag. It is possible to roughly estimate the autocorrelation of the signal from a single realization of 

the chaotic signal as suggested elsewhere. However, it is preferable to lower the variance of the 

autocorrelation or spectrum by utilizing traditional approaches, such as the correlogram or periodogram. 

Our chosen methodology is to generate the local FM signal realizations, compute the biased time 

autocorrelation of each realization, and calculate the autocorrelation average bin by bin.  

From time-frequency distribution of the respective FM signals, we consider the local FM signal 

that gives positive linear pattern of time-frequency distribution as N. By calculating the autocorrelation 

of each of N and averaging the response, the ensemble mean autocorrelation is obtained.   

 

Figure 4.10: Ensemble mean autocorrelation of the Lorenz chaotic FM signal for reference parameter 

values. 
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Figure 4.11: Ensemble mean autocorrelation of the Lorenz chaotic FM signal for optimized parameter 

values. 

 

Figure 4.12: Ensemble mean autocorrelation of the Lang-Kobayashi chaotic FM signal. 
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Figure 4.10 and 4.11 shows the ensemble mean autocorrelation of the reference Lorenz chaotic 

FM signal and the optimized Lorenz chaotic FM signal of x(n). Figure 4.12 shows the ensemble mean 

autocorrelation of the Lang-Kobayashi chaotic FM signal of E(n). Figure 4.10 shows a very blunt 

mainlobe which is not desirable for the obtaining high resolution. From Figure 4.11, the autocorrelation 

of the optimized signal has very sharp mainlobe compared to the reference Lorenz chaotic FM signal 

which is desirable feature required in obtaining high resolution radar imaging applications [23]. Even 

the ensemble mean autocorrelation of the Lang-Kobayashi chaotic FM signal from Figure 4.12 has a 

blunt mainlobe compared to ensemble mean autocorrelation of the optimized Lorenz chaotic FM signal. 

The sidelobes of the autocorrelation should be shallow and die out with increase in time lag [24] as it is 

seen in all the three cases.  

The density shows a peak at the mean and dies out as the variable moves away from the 

mean. The ensemble mean autocorrelation in all the three cases approximate quasi-Gaussian distribution 

as expected because the distribution of its corresponding chaotic signals also approximates the quasi-

Gaussian distribution.  Compared to all the three cases the optimized Lorenz chaotic FM signal has high 

decorrelation because of the high value of divergence in its phase component which shows effect on its 

correlation characteristics. Most importantly, the autocorrelation mainlobe width is inversely 

proportional to the bandwidth of the FM signal in all cases.  

4.4 Ensemble mean Ambiguity Surface of Chaos Based Frequency Modulated Signals 

Equation 3.18 conveniently summarizes the response of a matched filter to a point target that is 

delayed and Doppler-shifted with respect to expected target for which the matched filter is tuned. If 

radar is matched to a target at a particular range and velocity, ambiguity function or ambiguity surface 

gives information regarding the extent to which the radar can distinguish between that target and another 

target at respective range and velocities.  
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The ambiguity surface of each of the chaos based FM signal resembles a set of mountain ridges 

with positive slopes as shown in Figure 12. The bandwidth of the signal depends on the slope of the 

ambiguity surface. It is tested that if slope tends to unity, the bandwidth will be higher similar to chirp 

signal which has high bandwidth as chirp rate tends to unity. 

We computed the average of the ambiguity surface using Equation 3.18 for the FM signals that 

gives corresponding positive linear pattern of time-frequency distribution. Figure 4.13 shows the 

ambiguity surface of the reference Lorenz chaotic FM signal of the Lorenz attractor and figure 4.14 

shows the ambiguity surface of the optimized FM signal of the Lorenz attractor. The FM signals 

constructed in highly chaotic parameter space region have a wide range of signals to be transmitted with 

high bandwidth compared to the FM signal constructed in normal parameter space region. Figure 4.15 

shows the ambiguity surface of the Lang-Kobayashi chaotic FM signal. 

Each ambiguity surface has a prominent peak at the center of range as well as Doppler with 

miner sidelobes off the main axes. On average, the sidelobes on range-Doppler plane have a relative 

magnitude of 10log10(1/N) [17] with respect to peak. In the case of the reference Lorenz chaotic FM 

signal the range sidelobes occur at -12dB whereas Doppler sidelobes occur at -13dB.  In the case of the 

optimized Lorenz chaotic FM signal the range sidelobes occur at -9 dB and Doppler sidelobes occur at -

13.4dB.  In case of the Lang-Kobayashi chaotic FM signal both the range and Doppler sidelobe occur at 

-13.4dB along the range axis at zero Doppler the feature sidelobes match the autocorrelation of the FM 

signal. Similar results can be obtained for negative slopes of time frequency plots, but the ambiguity 

surface has result with mountain ridges having negative slopes. The sidelobes adjacent to the main 

response peak can be lowered using windowing techniques.  

Even though the autocorrelation of the optimized FM signal has more sidelobes than the 

autocorrelation of the reference Lorenz chaotic FM signal and the Lang-Kobayashi chaotic FM signal, 

because the main lobe width is sharp for the optimized FM signal, it gives high resolution in target 
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imaging. The corresponding range resolution for the optimized Lorenz chaotic FM signal and the Lang-

Kobayashi chaotic FM signal is obtained as 0.99 cm, whereas the reference Lorenz chaotic FM signal 

resolution is obtained as 13.5 cm. Hence the optimized Lorenz chaotic FM signal and the Lang-

Kobayashi chaotic FM signal gives better results compared to the reference Lorenz chaotic FM signal. 

Table 4.1. shows the different measures obtained for the reference Lorenz chaotic FM signal, the 

optimized Lorenz chaotic FM signal and the Lang-Kobayashi chaotic FM signals. 

Table 4.1. Comparison of results obtained for different types of chaos based FM signal. 

Measures Reference Lorenz FM 

signal 

Highly chaotic Lorenz  

FM signal 

Lang-Kobayashi FM 

signal 

Lyapunov exponents 1.01 26.15 0.61 

Time-Bandwidth 

Product 

50000.00 75000.00 55000.00 

Mean Fractional 

bandwidth 

0.80 1.05 1.10 

Range sidelobe level -13.00 dB -9.00 dB -13.4.00 dB 

Bandwidth 1.10 GHz 15.15 GHz 15.00 GHz 

Resolution 13.50 cm 0.99 cm 1.00 cm 
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Figure 4.13: Ensemble mean ambiguity surface of the Lorenz chaotic FM signal for reference parameter 

values.        

 

Figure 4.14: Ensemble mean ambiguity surface of the Lorenz chaotic FM signal for optimized parameter 

values. 
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Figure 4.15: Ensemble mean ambiguity surface of the Lang-Kobayashi chaotic FM signal. 
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Chapter 5: Conclusions 

Deterministic chaotic signals have been presented for the designing of wideband radar signals in 

high resolution applications. Chaotic signals which have random and bounded behavior were generated 

by using a set of non linear differential equations which are governed by a set of control parameters. For 

simplicity we chose the Lorenz system which has a set of three state variables x, y and z and three 

control parameters ρ, β, and σ. For comparison purpose we introduced another chaotic system called the 

Lang-Kobayashi attractor which has three state variables e,  and z and two main control parameters L 

and . Any one of the state variables x, y and z or e,  and z are chosen as an instantaneous frequency to 

generate realizations of the wideband chaos based FM signal s(n).  

A technique for optimizing the bandwidth of the constructed FM signal is developed based on 

optimizing the Lorenz control parameter region. The method is based on exploiting highly chaotic 

parameter space region by varying control parameters as function of time. Considering parameter 

complexity we have introduced a compression factor such that the Lorenz attractor starts oscillating with 

high frequency. We observed that the FM signal constructed in the highly chaotic parameter space 

region behaves optimally compared to the FM signal constructed in normal parameter space region. The 

constructed Optimized Lorenz chaotic FM signal has similar characteristics as that of the Lang-

Kobayashi chaotic FM signal. 

The FM signals constructed from both the attractors are ergodic and wide sense stationary and 

the time samples exhibit an invariant probability distribution function.  We noticed that the 

corresponding pseudo-phase space trajectories of the FM signal reveal themselves as a strange attractor 

that may take on the shape of a Mobius strip, disc or an extended disc, depending on the time evolution 

of the signal. The time frequency analysis of the FM signal shows that the spectrum is centered on a 

time-dependent carrier frequency. The carrier frequency continuously shifts in a linear pattern or 
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quadratic pattern exhibiting the fractal nature same as that of a chaotic signal. We observed that the 

pseudo-phase space trajectory of the local FM signal achieves the shape of a Mobius strip whenever it is 

a linear pattern and it attains the shape of an extended disc whenever it is quadratic pattern. Depending 

upon slope and length of linear pattern the pseudo phase attractor of FM signal evolves as a Mobius strip 

with more number of orbits. The corresponding spectra have an ultra wide bandwidth in nature.  

Based on the shifts in carrier frequency as observed in time-frequency distribution, frequency 

agility has been achieved with a finite number of discrete wide bandwidths of range varying more than 

150 MHz with in ultra- high wide bandwidth. We estimated the time average autocorrelation of both the 

chaos based FM signals. In particular we determined that the autocorrelation of the optimized Lorenz 

chaotic FM signal has a very sharp mainlobe with sidelobes dying out quickly with increase in time lag. 

The autocorrelation of the Lang-Kobayashi attractor has no sidelobes and its samples are high 

decorrelated. The time average autocorrelation in both cases approximate quasi-Gaussian shape as 

expected because the distribution of its corresponding chaotic signal has quasi-Gaussian distribution. 

The fractional bandwidth of the chaos based FM signal, in particular the optimized Lorenz 

chaotic FM signal has a value above 1.0 which shows the wideband characteristics of constructed FM 

signal nature. The Time-bandwidth product of the chaos based FM signal, also in particular for the 

optimized Lorenz chaotic FM signal is way above 75,000 which is highly desirable for signal 

compression techniques. Using ensemble mean, the ambiguity surfaces for both the types of chaos based 

FM signals has been computed. The ambiguity surface shows that the optimized FM signal has more 

range of mountain ridges compared to the reference Lorenz chaotic FM signal with positive slopes 

depending on slopes of time-frequency distribution. Also the ambiguity surface of the Lang-Kobayashi 

has wide range of mountain ridges which is desirable property. We also proved that the bandwidth of the 

FM is high whenever there is more slope in the ambiguity surface. Thus the range resolution obtained 

for the FM signal in the normal parameter space region is 13.5 cm while in highly chaotic parameter 
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space region and for the Lang-Kobayashi chaotic FM signal is 0.99 cm. Hence the FM signal 

constructed in the highly chaotic parameter space region has higher bandwidth and high resolution. 

Future work includes the analysis of chaos based FM signal in presence of noise. Implementation 

of the Lorenz chaotic chaotic FM signal in real time application has already been started. We plan to 

extend the work by simulating wider region of parameter space region and to estimate the cutoff value 

of the Lyapunov exponent after where the constructed FM signal behaves similarly.  
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