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Abstract

Atmospheric numerical modeling has been going through drastic changes over the past decade,
mainly to utilize the massive computing capability of the petascale systems. This obliges the modelers to
develop grid systems and numerical algorithms that facilitate exceptional level of scalability on these
systems. The numerical algorithms that can address these challenges should have the local properties
such as the high on-processor operation count and minimum parallel communication i.e. high parallel
efficiency, it should also satisfy the following properties such as inherent local and global conservation,
high-order accuracy, geometric flexibility, non-oscillatory advection, positivity preservation.

In the present work, A Third-order Semi-discrete genuinely multidimensional central scheme for
systems of conservation laws and related convection-diffusion equations, is considered to address the
challenges mentioned above, this scheme is constructed by Kurganov et al. The construction is based on
a multidimensional extension of using more precise information of the local speeds of propagation, and
integration over non-uniform control volumes, this scheme is a simple genuinely multidimensional
semi-discrete scheme. A two-dimensional piecewise quadratic non-oscillatory reconstruction is
employed which ensures the high resolution of the scheme. The scheme is demonstrated for different
problems in one-dimension, solid-body rotation and deformational flow tests are considered to test the
scheme mentioned above in two-dimensions, some accuracy tests were also performed to test the
scheme. The main aim of the project would be to extend the considered scheme to solve compressible

Euler equations. Further, to extend the same for Shallow Water model on a cubed sphere.
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Chapter 1: Introduction

In the past few decades, supercomputing in general have evolved enormously. Far from
Control Data Corporation's single-operation scalar processors in the 1960s, present day petascale
computers that are believed to be capable of performing one quadrillion floating-point operations
per second. To utilize the massive computing potential available, atmospheric modelers are
obliged to develop grid systems and numerical algorithms that facilitate exceptional level of
scalability on these parallel petascale systems. For this reason atmospheric numerical modeling
has been going through drastic changes over the past decade [1]. The ideal numerical algorithms
that can address these challenges should possess the local properties such as high on-processor
operation count and minimum parallel communication i.e. high parallel efficiency, the numerical
method should also satisfy the following properties [2] such as:

* Inherent local and global conservation.

* High-order accuracy.

*  Geometric flexibility.

* Non-oscillatory advection.

* Positivity preservation.

*  Monotonicity.

The discretization schemes for these new generation models are based on finite-volume
or spectral-element methods, and using spherical grid system such as the geodesic or cubed-
sphere grid that are free from singularities which are prevalent in latitude-longitude type of grid
systems at the poles.

A Third-order Semi-discrete genuinely multidimensional central scheme for systems of
conservation laws and related convection-diffusion equations, is considered to address the
challenges mentioned above, this scheme is constructed by Kurganov et al. [3]. The construction
is based on a multidimensional extension of using more precise information of the local speeds

of propagation, and integration over non-uniform control volumes.



A two-dimensional piecewise quadratic non-oscillatory reconstruction (see [4]) is
employed which ensures the high resolution of the scheme. The scheme considered has the main
advantage of the Godunov-type central schemes — simplicity, i.e. it does not employ Riemann
solvers [23] and characteristic decomposition; Riemann solvers in general are computationally
very expensive. This scheme can be employed as a universal method, which can be easily
implemented to a wide variety of problems and can be used as a black-box solver for many
multidimensional systems. The scheme is also potential to be computationally efficient and
highly scalable to petascale systems, due to the reason that the scheme uses compact stencils to
solve the given problem. The scheme is demonstrated for different problems in one-dimension,
solid-body rotation and deformational flow tests are considered to test the scheme mentioned
above in two-dimensions. The foremost aim of the project would be to extend the considered
scheme to solve compressible Euler equations. Further, to extend the same for Shallow Water
model on a cubed sphere.

The present material is organized as follows. In chapter 2, we briefly described the
background of central schemes and numerical methods considered in atmospheric modeling. In
chapter 3, we give an overview of central schemes, Godunov type schemes and the methodology
of the scheme (Kurganov et al. [3]) considered for present research work. Results and analysis
were mentioned in chapter 4, where we assess the scheme with some standard tests accepted by
climate community. In chapter 5, we talk about future work and conclusions. The future work

will be accomplished to fulfill the requirements for a doctoral thesis.



Chapter 2: Background

The ensuing material presented in the background has been divided into the following:
Firstly a brief introduction and literature review of central schemes is mentioned. Secondly, we
talk about numerical methods in atmospheric modeling; here a brief overview of numerical

methods considered by modelers in atmospheric modeling is given.
21  CENTRAL SCHEMES

Central schemes are used to solve nonlinear convection—diffusion equations, these
schemes can be implemented in a straight forward manner as black-box solvers to solve various
general conservation laws and related equations governing the spontaneous evolution of large
gradient phenomena, therefore the central schemes can be considered as universal finite-
difference methods. The central schemes available today are originated from the first-order Lax-
Friedrichs scheme, which was developed by Lax [5]. This is a numerical method for the solution
of hyperbolic partial differential equations based on finite differences. The method can be
described as the forward in time and centered in space (FTCS) scheme. Nessyahu et al. in their
work, [6] presented a family of non-oscillatory, second order, central difference approximations
to nonlinear systems of hyperbolic conservation laws. These approximations can be viewed as
natural extensions of the first-order Lax-Friedrichs (LxF) scheme. This scheme offers high
resolution while retaining the simplicity of the Riemann-solver-free approach. Liu et al.
developed a third order, non-oscillatory central difference scheme for the approximate solution
of non-linear systems of hyperbolic conservation laws [7]. This scheme is the extension of first
order Lax-Friedrichs scheme and second order central scheme of Nessayhu and Tadmor (NT).

Kurganov et al., in the their work, [8] introduced a new family of central schemes which
admit a particularly simple semi-discrete formulation. The main idea behind the construction is
to use more precise information of the local propagation speeds. No characteristic information is

required beyond these CFL related speeds. A high-order extension of this scheme, a new third-



order, semi-discrete, central method for approximating solutions to multi-dimensional systems of
hyperbolic conservation laws, convection-diffusion equations, and related problems was
developed by Kurganov et al. [8]. Kurganov et al. [3] constructed a new third-order semi-discrete
genuinely multidimensional central scheme for systems of conservation laws and related
convection-diffusion equations. The construction is based on a multidimensional extension of the
idea, introduced in [8]. In this scheme more precise information about the local speeds of
propagation is used, and integration over non-uniform control volumes, which contain Riemann

fans.
2.2 NUMERICAL METHODS IN ATMOSPHERIC MODELING

Over the past two decades Global Spectral Transform methods have dominated in climate
simulation [9]. Spherical harmonics spectral methods provide a completely isotropic
representation of a scalar function on the sphere with higher accuracy. Global methods based on
spherical harmonic basis functions have difficulty exploiting the full potential of current
petascale systems, due to the expensive non-local communication operations.

In recent years, researchers have focused on local methods, which adapt favorably for
parallel systems [10] [11]. The quest for a positive scheme led to an increase in the popularity of
high-order methods, the spectral element (SE) methods that are high-order methods have become
more popular during this era [12]. Spectral elements combine the accuracy of conventional
spectral methods and the geometric flexibility of finite element methods. The SE method is not
inherently conservative [13] because it is not based on conversation laws. For atmospheric
applications, the exact conservation of integral invariants such as mass and energy is crucial. It is
very crucial to have atmospheric models based on conservative numerical methods; it has been
shown that the models that are not based on conservation tend to lose mass over a period of time
[14].

Cockburn et al. constructed Discontinuous Galerkin (DG) method, a high-order

conservation algorithm for the nonlinear systems of conservation law [15]. Nair et al. developed



a conservative transport scheme on a cubed-sphere using the DG method and extended for the
shallow water model [16]. There is a need for a slope limiter in DG method, if the solution
contains large discontinuities. There are no known efficient limiters for multidimensional DG
methods of polynomial order greater than 4. The capability of the conventional slope limiter to
control spurious oscillation diminishes as the order of the polynomial increases [17]. This limits
the appliance of high-order DG method in atmospheric modeling.

In atmospheric modeling, finite volume methods are a popular approach, these methods
that ensure conservation in atmospheric models. It treats the equations in flux form with control
volumes, obtaining conservation through careful discretization of the control volume fluxes.
Wang and Liu [18] [19] developed a conservative high-order spectral finite volume (SFV)
method for the solution of two-dimensional systems of conservation laws. SFV method is based
on classical finite volume scheme and applied to each cell appearing in a spectral element, with
the reconstruction based on a high-order method. It is easy to incorporate traditional
multidimensional limiters in a finite volume approach. Choi et al. [20] developed a SFV method
for the numerical solution of the shallow water equations. A flux-corrected transport (FCT)
scheme is incorporated to enforce monotonicity near strong discontinuities or under-resolved
gradients. Vani et al. [21], in their work developed a SFV scheme for transport equation. SFV
scheme employs rectangular elements with high-order nodal discretization based on Gauss—
Lobatto-Legendre points [22]. A third-order explicit strong stability preserving time integration

scheme was used.



Chapter 3: Overview of the Central Schemes and Methodology

3.1 INTRODUCTION

Kurganov et al. constructed a third-order semi-discrete genuinely multidimensional
central scheme for systems of conservation laws and related convection-diffusion equations [3].
We consider this scheme to apply it in atmospheric modeling; in the present work presented here
we test the considered scheme using some standard tests accepted by climate community. The
construction is based on a multidimensional extension of the idea, introduced in [8]. This scheme
is a simple genuinely multidimensional semi-discrete scheme, Two-dimensional piecewise
quadratic non-oscillatory reconstruction ensures the high resolution of this scheme. The
advantages of this scheme include the simplicity, the main advantage of Godunov type central
schemes. It does not contain Reimann solvers [23], which are computationally very expensive,
and also does not have characteristic decomposition.

The material in this chapter is divided into the following: we describe the Godunov type
central schemes and later we elucidate the methodology of the scheme considered (Kurganov et
al. [3]). Brief description about the limiter and time integration method employed in the present

work is also mentioned in this chapter.
3.2  GODUNOV TYPE SCHEMES

Godunov's scheme is a conservative numerical scheme, developed by S. K. Godunov

[23], for solving partial differential equations. These schemes are projection-evolution methods,

the conservative variables are considered as piecewise constant over the grid cells at every time

step and the time evolution is determined by the exact solution of the Riemann problem at the
inter-cell boundaries [25]. There are three consecutive stages at every time step:

1. Reconstruction: Piecewise constant data (the cell-averages) is computed at the

previous time step from which a piecewise polynomial interpolant is

reconstructed.



2. Evolution: The reconstructed interpolant is evolved in time according to
considered conservation laws.

3. Projection: The solution is then projected onto a space of piecewise constants.

Depending on the final step (projection) these schemes are classified into two types:

1. Upwind: Characteristic decomposition and Riemann solver are involved. E.g.
Monotone Upstream-centered Schemes for Conservation Laws (MUSCL),
Piecewise parabolic Method (PPM), weighted essentially non-oscillatory
(WENO)

2. Central: Exact evolution and averaging over Riemann fans, characteristic
decomposition and Riemann solver are not involved, this type requires a
staggered grid system. E.g. Lax-Friedrichs scheme [5, 25], NT [6], higher order
generalizations of NT [4, 26, 27], 2-order multidimensional central schemes [28,
29], the higher order extensions of these are given in [30, 31]

Therefore this makes the Godunov type central schemes simple and universal methods,
and can also be used as black-box solvers for many multidimensional systems. The advantage of
the higher-order schemes is that they reduce the excessive numerical viscosity, typical for the
Lax-Friedrichs scheme, and give much sharper resolution of the shocks and rarefactions.

The examples given for central schemes do not provide good resolution when small steps
are enforced, and they do not admit semi-discrete form. These difficulties are resolved in the
scheme constructed in KT [8], In the new construction of this scheme, the evolution step is
executed by integrating over non-equal control volumes, here the sizes are proportional to the
local speeds of propagation. The evolved solution is then projected back onto the original grid,
which requires an additional piecewise polynomial reconstruction. This ensures, a non-staggered
fully-discrete central scheme. This is therefore reduced to a semi-discrete scheme. The multi-
dimensional semi-discrete scheme in KT [8] was obtained by so called dimension-by-dimension
approach. Kurganov et al. [3] developed a high order genuinely multidimensional semi-discrete

central scheme based on multidimensional generalization of the one-dimensional construction
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from KT [8]. In general semi-discrete schemes consist of three steps: firstly piecewise
polynomial reconstruction, and then flux discretization spatially and finally an Ordinary
Differential Equation (ODE) solver. The scheme constructed by Kurganov et al. [3] provides the
fluxes. For reconstruction purpose we can choose any from the available non-oscillatory
reconstruction schemes such as [32, 33, 34, 35, 6, 36], to build a third-order accurate scheme,
one can use essentially non-oscillatory (ENO) or weighted essentially non-oscillatory (WENO)
reconstruction [33, 37, 38, 39, 27]. Kurganov et al. [3] in their scheme used a less dissipative
one-dimensional modification of the reconstruction of [4]. The two-dimensional numerical

fluxes are obtained from the generalization of one-dimensional reconstruction.
3.3  GOVERNING EQUATIONS

In this project we are interested in solving the multidimensional system of conservation
laws, the equations that are considered are as follows:

One-dimension scalar conservation law:

U+ Vi f(w) =0 ey

here
X € R4

Convection-diffusion equation is given by:

us + Vg f(u) = VXQ(u’ qu) ()

where Q satisfies the condition
ViQ(u,s) =0 V(u,s)

The initial data is considered as:

u(x,0) = uy(x) 3)

we considered linear advection for simplicity, and is given by:



f@) =cu
3.3.1 Third-Order Semi-Discrete Non-Oscillatory Scheme for conservation laws

The sliding average is defined by the following expression:

S IGEL: @
I1(x
where:
Ax
I(x) = {&: 1§ — x| <7} (5)

Equation (1) is integrated over (5) X [t, t+At], and the resultant equation, which is equivalent to
(1), we arrive at the starting point for the construction of Godunov type schemes, the resulting
equation is as follows:

1 t+At Ax t+At Ax
u(x, t +At) = u(x, t) — v ie f fu(x +7,T))dl' — f fu(x —7,1))dr 6)
=t =t

Reconstruction:

First step is the reconstruction, in this step a piecewise polynomial function is
reconstructed from the data which is computed at the previous time step, at time level ¢ = ¢".
Piecewise polynomial function is given by the following equation:

u(x, t") = pj(x)
where the algebraic polynomials are defined by: p]’-l

The illustration of piecewise linear construction can be seen in figure 2.1
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Figure 3.1: Schematic illustration of piecewise linear construction

In figure 2.1 (© R. Nair) the cell averages u, are shown as horizontal lines and the cell

boundaries are labeled by X1 The smooth dashed line indicates the actual solution #(x) which
-2
is approximated by piecewise linear distributions on each cell.
The cell width is given by the following expression:
Ax; = X]._% — x]._%
The reconstruction procedure should satisfy the following properties:

1. Conservation of the considered cell averages
xj_%
| Gevac=a, i
X

j—

N

2. For smooth u(x,?), the accuracy
a(x, t™) = ulx, t™) + 0((Ax)")
where 7 is the order of the scheme.
The second step in the procedure is the Evolution step, in this step the piecewise polynomial
u"( ) is evolved exactly according to the equation (6) and the solution is obtained at time ¢ =

"*!, the solution thus obtained is in terms of sliding averages.

10



The final step is the projection, this is done by the evaluation of the sliding averages (obtained in
evolution step) at the particular grid points, this gives us the approximate cell averages of the
solution at the next time step.

The equation (6) therefore leads to so called Godunov type central scheme and is given by:

Xj+1/, Xj+1
1
at=o| [ ppedx+ [ e

*j Xj+/;

tn+1 tTL+1
A
- [f f (u(xj+1, t)) dt — f f (u(xj, t)) dt

tn tn

Here A = At/Ax.

The RHS of the equation mentioned above can be evaluated easily compared to the upwind
schemes, which saves a lot of computation time. Using a quadrature formula, whose order should
be greater than the order of the scheme constructed, can approximate the flux integrals in the
above equation. The function values, which are needed in the quadrature can be computed using

Runge-Kutta method [40].
Time Integration

There are many known time integrators available that one can use to solve the differential
equation in above expression. In this work we use a strong stability preserving third order
Runge-Kutta (SSP-RK) time integration [40]. SSP time integration schemes are widely used in
DG literature [15], these schemes do not generate new local maxima or minima due to time
discretization. For this very reason we consider SSP third-order Runge—Kutta time integration

scheme for the method considered. For a given ordinary differential equation,

S U = L(U) in(0,T)
the third order SSP-RK scheme is given by the following set of equation:

T = [07 + AeL(T",
U@ =20+ 2 [0D + AtLT V)],

11



Gs) = 20n + [T + AL [T)

Here the superscripts 7 denotes the time level # and n+ 1 denotes the time level ¢ + At.

Minmod Limiter:

The above-mentioned SSP-RK scheme is suitable when the solution is smooth, but if the
solution contains strong shocks or discontinuities, oscillations that lead to non-linear instabilities
will appear. A SSP-RK scheme cannot alone control such undesirable effects; therefore a slope
limiter is required after each step of SSP-RK time integration. Minmod limiter [41] is used in our
work to control these spurious oscillations. The slopes are given by:

gt — gt gt —
(u]- Uy Uy u]>

Ax ~  Ax

sj" = minmod
s";are the slopes and
sgn(a) + sgn(b)
2

minmod(a, b) := min (|al, |b])

Semi-Discrete Central Scheme in One-Dimension:

The first step in the process is piecewise polynomial reconstruction p”j, there may be
some discontinuities at the interface points X;, , », these discontinuities (shown in Figure 3.3) may
propagate at different speeds, these speeds for genuinely nonlinear or non-linear degenerate case

may be:

. of (- \\ (OF (. ns
aj% =maxyp a(ﬂﬁ_%) P a(ﬂﬂ_%)

The Domain €2 (Periodic) is partitioned into Nx Non-Overlapping cells. We can see the

partitioning in the Figure 3.2:
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Figure 3.2: Schematic illustration of domain decomposition.

Xi1/2 Xit1/2

L(-) R(+) L(-) R(+)

Figure 3.3: Illustration of possible discontinuities at the interfaces.

where:
I - [x] 1, X. 1] ]: 1; le Ax] = <xj+% _xj_%>

The semi discrete formulation can be achieved in the following way, substitute 4 +1 j (from fully

d u; -
—u;(t) = lim A

discrete scheme) in the following expression:
=n+1 =N
—-u
dt At+0< At )

here Ax is fixed, the r'" order semi discrete scheme is derived and can be represented as
H 10 -H 1(t)
2
t) =
dt %) = Ax

Here H is numerical flux and is given by:

f(uf 1(0) +f< (t)> (0
Jt3 ] =
H, () = 5 - [u;l(t) - uf_+1(t)l

where u™;,, », are the cell intermediate values and can be defined in the following way

+
Yy T P <x1+1> Yag T p’( )

13



Here p; is the r" order piecewise polynomial reconstruction at time 7. We refer the reader to see
Kurganov et al. [3] for all the details and derivations. The reconstruction pnj can be calculated

from:
pj(x) = (1 -6)Li(x) + 6;*qj (x)

Here L. is the linear interpolant, ¢"; is basic piecewise quadratic function, and are given by:
i rp [ P q given by

L;‘(x) = 17.}1 + ij(x — xj)
(Ax)?

n —n =N —n 1 —=n 2
q;i (x) = |4 — TDJrD_uj + Dy (x - xj) + §D+D_uj (x - xj)

The non-oscillatory property of the piecewise quadratic reconstruction is ensured by 9"]- and is

given by:
§
M=y <xj+1> m1 =L <xf—1>
min 2 2 2 1y ifut, < At <y,
M]” - le <x +l> m]" - L;I <x _1>
2
0 :=
3 M", — L;l <x 1) mTl+1 - L;l <x +1>
=3 2 ) 2 e —
min z , 2 ;1 qu]"1> u}l>u]n+1,
M”—L”(x 1) m"—L"(x 1)
J j — j j +2
\1 else
where

This new reconstruction is less dissipative and allows has to have better resolution.

A Genuinely Multi-Dimensional Third-Order Semi-Discrete Scheme:

The one-dimesional case mentioned above is generalized for multi-dimensional case. The two-

dimensional case for system of hyperbolic conservation laws is given.

e + F ) + g(u)y =0

14



The cell averages is defined by the following equation:
1y

}+— k+—
_ 1
Ujy = Axdy f f pjk (x, y)dxdy
X, 1 Y

-5 k-

N[~

The corresponding point values are determined as:
Ujk = P]r'fk(x';J’k); ujl'\,’k =Pk <xj;yk+%>;
ujs,k = P]r'fk <xj'yk_%>' ufk = P]r'fk <xj+%, yk>,
ufl = pl ( X 1 yk> W = ph (xj+§, yk%),
8 = (g pves) = (g.0s)

SW = p] Kk < j—%’ yk—%)'

The local speeds of propagation are given by:

=l (S0 ) o (3080
2= maslo (i) ) o (S50 |

In the process of deriving the new genuinely multidimensional semi-discrete scheme, the

gttt — g
]k(t) lim (—J'k Lk)

At—0 At

first step is:

We recommend for the reader to refer to Kurganov et al. [3], for the description and derivation of

the scheme. The new semi discrete scheme is represented by:
Hj%’k(t) Hj_%'k (®) j,k%( ) j,k_%( )
dt 7k

Ax B Ay
Wher the numerical fluxes are given by:
% (®) :
(@) + 7 (wk©) +4 (F (w2®) + £ () + £ (w2®) + £ ()}
{12}
SO0

B iIZ X [u1+1 MOERTAGRES 4( W1 (6) = JEk(t)) +1k(t) - k(t)]
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1(6) :

k+—
) {g( . ©) + g (W8 ©) +4(9 (452 ©) + 9 (1)) + 9 (wE ©) + g ()}
a?]k+1(t) 1)

=2 [ua © = WO + 4 (4a (O = w®) + () = wEEO)]

. . N E s W NE NW SE sw -
The eight point values U, U™, Wi U jpy W0y U0 W4 W5y, are required to

compute the numerical fluxes determined above, this is done in two individual steps first the
values in coordinate direction and the secondly the values in diagonal direction are computed.

These values are defined by using ‘dimension-by-dimension’ approach.

A

Figure 3.4: Reconstruction in x and y directions.

The point values (uNj,k, qu,k, usj’k, qu,k) in the coordinate directions (above figure) are

computed using the following equations:

Pik(x,y) = (1—6/%) nk(x y) + 07595, (x,y)
0<6 <1

Here

16



— y
9]-"‘,{ = min {Hj?fk, Hj,k}

and the values of 0xj 0 0 jx are given by values defined in one-dimensional case above.

The basic parabolas are given by:
. ()2 (8y)?
q]k(xy)_( i 24 Dfo ]nk_ 24

—ﬁj.k> + DE e (x — x;) + DY (v — yi)

1 1
+§Dfoﬁ},‘k(x ]) + = DyDyu My — yk)z-i-D(’)‘Do ]k(x—xj)(y—yk)

where:
Div(x,y) = 4 LEELEN V)
DYv(x,y) = 1252 AAy; ——
DEv(x,y) = v(x + Ax, Y)ngv(x — Ax,y)
DYv(x, ) = v(x,y + Ay)zgyv(x, y — Ay)

The piecewise linear functions are:
Lk (o y) = W + s (x — %) + 5 SACES)

The slopes are given by:

—Nn —n —n
x . Uk — Wk Uk — Uik
s¥, = minmod ,
k A

1 X Ax
—n —n —n —n
y Uik —Uik-1 Uik+1 — Uik
s/, = minmod ,
]r Ay Ay
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Figure 3.5: Reconstruction in diagonal directions.

The computation of diagonal point values ensures there are no oscillations in the diagonal
direction, and also ensures there is no loss of dissipation in the diagonal direction unlike the
conventional FV methods.

The reconstruction is given by the piecewise polynomial function in the following expression:
ﬁ]r'fk(x' y)=(1- q\j,k)z?,k(x' y)+ é\jr,lkfﬁfk(x' y)
0<6/, <1

The basic parabolas for the diagonal directions are given by:

18



(4)2
48

A A
+Dd+ n (E(y—yk)+m(x—xj)>
A
+ 057 (zw = -))
+Dg AZ 2 _ A® 2

2
1 A
+ 5 DI DI ( O =y + 5 (x - x,))

A 2

QJk(x y) = (_]nk

2
1 A A
_pd-pd—5n — [ — .
+2D+ D— u’],k <2Ay(y yk) ZAX(x xj)>

where
A= @07 + @y)?

and the divided differences for the diagonal directions are given by:

D v(x,y) = + vixtAxy J—“AAJ’) —v(%,y)

D¢ v(x,y) = + v(x ¥ Ax,y iAAy) —v(xy)
D¢*tv(x,y) = v(x + Ax,y + AY)Z—AV(x — Ax,y — Ay)
DYv(x,y) = v(x — Ax,y + Ay)z—Av(x + Ax,y — Ay)

The linear functions for the diagonal directions are given by:
- . . A A
Li(x,y) = 4 + 5'+ [_ =)+ —(x — xj)]
+87 [sz ¥ =) = 55 (x = x7)]
The slopes in the diagonal direction are given by:

—~n —=n —~n —=n
Y, —u ul — U
A . k -1,k-1 +1,k+1 k
st = mmmod( ! ! ! ! )

1 A ’ A

o =N =N i
Ae d Uik ~ Wiirk+1 Yi-1k+1 — Ujk
$ix = minmo A , A

where
n _
9] e = mln{ h k,Hj'k}
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( (2rt _*n(xly ) + zn<x1y1>
) gkt P k) Tiagkg R e
min | , 1
+ ™ + ™
= —LilXx m:, ; X._
L j.k Ji < ji%'yk+%> j.k ],k< j_léiyk %)
F =N
U Uy o1 < Uige < Uy gers
0jic = (M s <x 1,y ) m* <x 1,y 1)
1. 17 Ljk -1, 1001 k .1 1
. j¥zk—3 ] Jjt3 T k=5 JE5k+5 ] Ji5 7 k+5
min | , 1
+ ™ + ™
M= — L} x m; Lol x
R ANt P e T Bk Xyl Yy L
s =T —n
if Ui 1> Uik > Ujsq kst
\ 1. else
where
* _ NG NG
jk = Mmax {qj.k <xjil' yk+l> 4k <xj¢1' yk_1>}
2 2 2 2
+ AN ~N
= =m1n{q~ <x, 1,y 1) q; <x._1 y 1)}
k k =’ ) "jk )2
J J j15" 7kt J JF+5 T k=5
Mt 1—max1 L <x 1,y 1>+An <x 1,y 1) qr <x 1,y 1)
; - j,k =’ = j+1,kt1 =’ =) ) 1jt1Lkt1 =’ =
jrykts ANEGRNEE= 2= J Jjx5' T ki J Jjx5' T ki
M, 1—max1 L <x 1,y 1>+En <x 1,y 1) g <x 1,y 1)
- = ik \ X zLY, . 1 iFLk+1 \ X zL Y, 1) AFie+1 \ X200 Y, (1
JFS kS 2\ TENTTFS ks J J¥5 T kt5 J J¥5 ket
mt 1—min1 L? <x 1,y 1>+E" <x 1,y 1) qt <x 1,y 1)
; - Kk =’ = j+1,kt1 =’ =) | "jt1kt1 =’ =
jrgkts 2\ Tk \ Tty Tkaz) T jiy' etz ) |1 ji5 7 ket
m_ :minl Y lx 1,y 1) +1% x_1,Y, .1)],4% X_1,Y, .1
]i%ki% 2 'j,k 115' kiz j+1,k+1 ];E’ kif »Hj+1,kx1 ]$§’ kif
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Chapter 4: Results and Analysis
41  NUMERICAL TESTS ONE-DIMENSION CASE

In this section we illustrate the scheme considered [3] by solving two examples of the
one-dimensional conservation law. The first one is a problem involving the advection of Leveque
data [42], consists of a cone and a rectangular wave. The second is a sine wave. The Numerical
solutions are computed using the one-dimensional scheme explained above. For the linear
advection problem the domain is €2 = [-1,1] with periodic boundary conditions. The initial data is
a cone and a rectangular wave, the rectangular wave is considered as non-smooth case, the wind
velocity is considered as ¢ = 1, In this case the flux function in eq. (1) is simply considered as
f(u) = ¢ u. The domain is partitioned into N,,, = 80 elements. The resulting time independent
ODE is solved with the third-order SSP-RK. 400 time steps are needed for one complete
revolution along the domain. Figure 4.1 shows the Leveque data after one revolution. The dotted
line shows the initial data and the solid line shows the computed data after one revolution with
out a limiter. The solution with out a limiter has spurious oscillations are introduced by the

scheme as one can see in Figure 4.1.
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Leveque Data(No Limmiter) 1D Advection
2 [ Compuds ] T
. e ———————— Initial_Data . -
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Figure 4.1: Numerical solution after one revolution of the one-dimension advection problem with
the scheme considered [3]. The solution shown here is without limiting the solution.

Initial data is Leveque data with computational domain €2 = [-1,1] and it consists of
80 elements.

Figure 4.2 shows the Leveque data after one revolution but this time limiting the solution
using minmod limiter as explained above. One can see by comparing Figure 4.1 and Figure 4.2

the spurious oscillations are eliminated by using the limiter. And the limiter is not affecting the

final solution itself and it is preserving the solution.
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Leveque Data 1D Advection
1.2 [ L Computdd [ r
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Figure 4.2: Numerical solution after one revolution of the one-dimension advection problem with
the scheme considered [3]. The solution shown here is with limiting (minmod
limiter) the solution. Initial data is Leveque data with computational domain 2 = [-
1,1] and it consists of 80 elements.

Figure 4.3 shows the solution of sine wave after one revolution with minmod limiter.

This test case is considered to demonstrate the scheme for smooth solution. The problem

considered is:
u; + u, = 0;x €[0,27]
u(x,0) = sinx

In the Figure 4.3 the computed solution after one revolution is plotted with a solid line
but it is visually indistinguishable from the initial data. So, we can say that the limiter is not
affecting the computed solution; it preserves the smoothness of the solution. The solution is

smooth and free from shocks.
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Sine Wave 1D Advection
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Figure 4.3: Numerical solution after one revolution of the one-dimension advection problem with
the scheme considered [3]. The solution shown here is with limiting (minmod
limiter) the solution. Initial data is a sine wave with computational domain €2 = [-
1,1] and it consists of 80 elements.

4.2 LINEAR ACCURACY TESTS ONE-DIMENSION CASE

The accuracy of the scheme is tested on the initial boundary value problem for the linear

transport equation with periodic boundary conditions.
u; + u, = 0;x €[0,27]
u(x,0) = sinx

We calculated the L1 and Lee errors by considering N grid points, Nelm = 40, 80, 160, 320.
These errors are plotted (logarithmic scale) and are shown in Figure 4.4. The values are given
Table 4.1. Order (rate) is also calculated which can be seen in Table 4.1. These values clearly

validate that the solution obtained by the considered scheme is third order.
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L1 and Loo Errors vs. No of Cells
25 T
-3 - ——Log10(L1)
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oo
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40 1900 of cend® 340

Figure 4.4: L1 and Lo errors (Logarithmic scale), for different grid points.

Table 4.1: L1 and Lo errors and order of the scheme (rate).

I:f:I:)f L_1 error rate L_eo error rate
40 2.57459728253895889E-003 2.02373253303633760E-003
80 3.23984067162432496E-004 3 2.54507246700952372E-004 3
160 4.16561979646968363E-005 3 3.27189791449189471E-005 2.7
320 6.33817825783723357E-006 2.8 4.98023693862315042E-006 2.7
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4.3 NUMERICAL TESTS TWO-DIMENSION CASE

We consider two standard advection tests, rotational and deformational flow problems in

two-dimensions.
4.3.1 Rotational Flow

Here we considered solid body rotation test to test the scheme. Solid body rotation of
Gaussian hill and a non-smooth (Leveque Data in two-dimensions) function is considered with

velocity (u,,u,) = (-U,,U,), where U is given below.
Solid body rotation of Gaussian Hill

We first consider the solid body rotation of Gaussian Hill, which is a smooth function to
test the scheme.

The initial condition is given by:
Uo(x,y) = agexp[—bo((x — x0)* + (¥ — ¥0)?)]

Where a, = 1 and b, = 100/3.
Tests are run on the periodic domain € = [-1, -1] x [-1, -1] with Nelm = 40x40, with time step =
2712000 and number of time steps = 2000.

In the Figure 4.5 the computed solution after one rotation is plotted and is shown in the
right panel (b and d) but it is visually indistinguishable from the initial data (Gaussian Hill, left
panel a and ¢). So, we can say that the limiter is not affecting the computed solution; it preserves
the smoothness of the solution and does not introduce any noises. Negligible dissipation is

occurred when a smooth function is considered as initial data.
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FV2D Solution FV2D Solution

0.80 0.80

0.40 0.40

0.00 0.00

-0.40 -0.40

-0.80 0.80
0.00 040  0.80

-0.80 -0.40

-0.80 -0.40 0.00 0.40 0.80

0.1 0.2 0.3 04 0.5 0.6 0.7 0.8 0.9

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

(a) (b)

(©) (d)

Figure 4.5: The solution shown here is with limiting (min-mod limiter) the solution in right panel
(b and d) after one rotation. Initial data (a and ¢) is a Gaussian Hill with domain Q =
[-1, 1]* Ne = 40x40 elements with time step = 271/2000 # of time steps = 2000.

Solid body rotation of Leveque Data (non-smooth function)

Solid body rotation test given in Leveque [42] is considered to test the scheme. This test
consists of a quasi-continuous data and provides an excellent test for the monotonicity of the

advecting field. The initial data is given by the following:
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1 if 1<x<.6and—.25<y<.25

r
U(x,y,0) = 1-—¢ ifr=4(x+.4)?2+y2<.35

0. otherwise

The initial data is a cone, growing to a value 1 at the center and square region whose

height is 1, it is plotted and can be seen in left panel of Figure 4.6 (a and c).

Initial solution Leveque data (2-D) 5D Solution No Limiler

0.80

0.40

0.00

-0.40

-0.80

-0.80 -0.40 0.00 0.40 0.80

0.1 02 03 04 05 06 0.7 08 09

-0.80 -0.40 0.00 0.40 0.80

0.1 02 03 0.4 05 0.6 0.7 0.8 0.9

(a) (b)

(c) (d)

Figure 4.6: The solution shown here is without limiting the solution in right panel (b and d) after
one rotation. Initial data (a and c) is a Leveque Data with computational domain €2
=[-1, 1] x [-1, 1] and it consists of 40x40 elements with time step = 272000 and
number of time steps = 2000.
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Initial solution Leveque data (2-D)

2D Solution with Limiter

0.80

0.40

0.00

-0.40

-0.80

-0.80 -0.40 0.00 0.40 0.80

0.1 02 03 04 05 06 0.7 08 09

-0.80 -0.40 0.00 0.40 0.80

| 1

0.1 0.2 0.3 04 05 06 0.7 0.8 0.9

(a) (b)

(c) (d)

Figure 4.7: The solution shown here is with limiting (min-mod limiter) the solution in right panel
(b and d) after one rotation. Initial data (a and c) is a Leveque Data with
computational domain Q = [-1, 1] x [-1, 1] and it consists of 40x40 elements with
time step = 25t/2000 and number of time steps = 2000.

Figure 4.6 in the right panel (b and d) shows the result of one full solid body rotation of

the function defined above for Leveque data, this solution is not limited, therefore we can see the
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irregularities (spurious oscillations) at the corners (top and bottom) of the square region. Figure
4.7 in the right panel (b and d) shows the solution of one full solid body rotation with limiting the
solution (min-mod limiter). The limiter removes the spurious oscillations, which are introduced

by the scheme, and the solution with limiting is free from shocks and noises.
4.3.2 Deformational Flow Test

We consider a deformational test mentioned in Staniforth et al. [44], for details about this
test please refer to [44]. In Figure 4.8, (a) and (c) shows the initial data considered, a cone with
centre at the value 1, and, in the right panel (b) and (d), we show the solution (deformation flow
with cone as initial data) with limiting after 250 time steps. Figure 4.10 (e) is taken from
Staniforth et al. [44] to compare with the solution we obtained after 250 time steps. By visual

inspection we can say that both Figure 4.8 (d) and (e) are almost identical.

2D Sol Smolar Flow initial sol 2D Sol Smolar Flow 250 time steps

80.0

80.0
60.0 60.0
40.0 40.0 »
20.0 20.0

20.0 40.0 60.0 ‘80.0
s =
0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9
(a) (b)
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Figure 4.8: The solution shown here is with limiting (min-mod limiter) the solution in right panel
(b and d) after 250 time steps. Initial data (a and c) is a cone with computational
domain Q =[-1, 1] x [-1, 1] and it consists of 40x40 elements. The solution after
250 time steps obtained by Staniforth et al. [44] is shown in (e).

44 LINEAR ACCURACY TESTS TWO-DIMENSION CASE

Accuracy tests are conducted on the same problem mentioned above (Gaussian Hill), but
the hill is placed at the centre. We calculated the L1 and Lo errors by considering N grid points,

Nelm = 40, 80, 160. These errors are plotted (logarithmic scale) and are shown in Figure 4.9. The
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values are given Table 4.2. These values clearly validate that the considered scheme is third

order.

L1 and Loo Errors vs .No. of Cells
-1 T T
1.5 ——Log10(L1)
_2 -
——Logl10(Loo
25 g10(Loo)
o
— 3 -
3.5
-4
-4.5
40 90 140 190
N(# of Cells)

Figure 4.9: L1 and L errors (Logarithmic scale), for different grid points.

Table 4.2: L1 and Lo errors and order of the scheme (rate).

No of Cells L1 Error Rate Loo Error Rate
40 4,95E-03 4.56E-02
80 6.75E-04 2.87209539 6.72E-03 2.7627349
160 1.13E-04 2.579128 8.69E-04 2.95064157

Normalized global mass (integral invariant) was computed as a function of time using Eq.

(135) of Williamson et al. [43], and the result is shown in Fig. 4.10. The normalized mass is

conserved to the machine precision as expected and is found to be independent of the particular

grid resolution used (i.e., N).
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Normalized Mass Error (Gaussian Hill)

2.50E-14

(Mass_err)

-1.00E-14
0 100 200 300 400 500

# of Time Steps

Figure 4.10: Time traces of total normalized mass error for the Gaussian Hill problem for one
complete rotation. Note that the total mass is conserved to machine precision
(double-precision arithmetic) and is independent of the number of elements used

and polynomial degree.
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Chapter 5: Future Work and Conclusions
5.1 FUTURE WORK

Future work consists of applying the scheme Kurganov et al [3] on to a cubed sphere.

This involves solving of shallow water model on the cubed sphere geometry.
S5.1.1 Shallow Water Model:

In modeling of the global atmospheric flows, the shallow water equations on rotating
spheres are considered the primary test problems. The shallow water equations are only a first
test because they don’t represent the whole atmospheric system [52]. In curvilinear coordinates,
the continuity and momentum equations for the shallow water system may be written as follows:

(see [42], [49], [50] for further details)

0 0 0
a(\/gh) +ﬁ(\/5u1h) + w(\/guzh) =0

duy 0 5
aa_t-l_?E__\/Eu (f+{)
Oz 9 L _ _Jm
o tzE= VGul(f + Q)

where

1
E= ¢+ E(ulu1 + u,u?)
1 [auz duy

oxl 0x?

‘=%

5.1.2 Cubed-Sphere Geometry:

Atmospheric modelers are adapting to grid systems such as cubed sphere geometry [45],
to avoid singularities at the poles of the sphere, in conventional latitude-longitude grid systems.
Cubed-sphere gridding takes care polar singularities due to mesh convergence in conventional
global atmospheric models usually based on the latitude-longitude spherical geometry. Grid
point models based on latitude-longitude grid systems also face stability restrictions in the Polar
Regions and they require non-local polar filtering, which decreases the communication on a

vastly parallel machine.
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Sadourny [46] originally introduced the quasi-uniform spherical grid to avoid the pole
problems associated with conventional spherical grids. This type of cubed sphere geometry has
been recognized as commanding tool for global modeling (see [45], [47], [12]). Figure 5.1 shows

the cubed sphere geometry.

+11/4

- +1/4

Physical Domain Computational Domain

Figure 5.1 (a): Cubed Sphere geometry (Courtesy R. Nair, NCAR).

I
—]

Figure 5.1 (b): The cubed-sphere grid used on each hybrid-pressure surface by the spectral
element atmospheric model component of the CCSM.
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A sphere is decomposed into six identical regions, obtained by a central projection of the
faces of the inscribed cube onto the spherical surface. Each of the six local coordinate systems is
free of singularities and employs the identical metric terms, thus creating a non-orthogonal
curvilinear coordinate system on the sphere. A new level of parallelism (2D domain
decomposition) is supported by Cubed sphere geometry; it is not practical within the current
latitude-longitude grid implementation [48]. Here equi-angular central projection with central
angles x = x(A, 6), y = y(A, 0) such that x, y € [—71/4,71/4] for each of the six faces, where
A and 0 are the longitude and latitude coordinates, respectively is considered, it is shown in
Figure 5.2. One-eighth of the cube is shown in the Figure 5.2. A point on the cube face P, is
marked by a solid square with local Cartesian coordinates (X, ¥), and the corresponding point on
the sphere is marked by a solid circle with absolute Cartesian coordinates (X, Y, Z). Where r is

the radial distance from the center to any point (X, ¥) on the cube face.

“\(a,a,a)
a__— | Sphere point
S (X,Y,2)
R..-@®

000k o)

Cube face-1

Figure 5.2: Schematic illustration of gnomonic mapping between sphere with radius R and the
inscribed cube with side of length 2a (a = 71/4) (Courtesy R. Nair, NCAR).
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Figure 5.3: Schematic illustration of the relative positions of six cube faces (Courtesy R. Nair,
NCAR).

Figure. 5.3 shows the orientation of the different cube faces and their local connectivity.
Lateral faces are identified by F,, n =1, . . . 4, whereas the top and bottom faces are F's and F,
respectively. Nair et al. in [48] explained in detail the transformation laws on the six faces of the
cubed-sphere. Let @, and a, be the covariant base vectors of the transformation and v(4, 6) =
(u, v) be the spherical velocity vector. Then the components of the covariant vectors are given
by,u, =v-a,, u, = v-a,, and the corresponding contravariant vectors are related through v =

u,a, + u,a,. To transform the spherical velocity (#, v) to the cubed-sphere velocity vectors, we
afw] =
w2l v

l= [

A and A7 are interpreted as cube-to-sphere and sphere-to-cube transformation matrices. The

use the following relation:

metric tensor of the transformation is given by:
9ij = ATA
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g = det(gij), R is the radius of the sphere.

For the Finite volume formulation, each face of the cubed-sphere is partitioned into Ne X
Ne rectangular non-overlapping spectral volumes. Each spectral volume is mapped onto the
reference element [—1, 1] x [-1, 1], which is further divided into k X k control volumes.

Future work consists of extending the scheme for Shallow Water model on a cubed
sphere, which consists of parallel implementation on supercomputer. Further incorporating this
scheme in High-Order Method Modeling Environment (HOMME) framework. HOMME, a
dynamical cores’ component, has been integrated into the Community Atmospheric Model
(CAM), which is the atmospheric component of the Community Earth System Model (CESM).
CESM is a fully coupled, global climate model that provides state-of-the-art computer
simulations of the Earth's past, present, and future climate states. CESM is composed of five
separate models simultaneously simulating the Earth’s atmosphere, ocean, land, land-ice, and
sea-ice, plus one central coupler component [http://www.cesm.ucar.edu]. The CESM system can
be configured a number of different ways from both a science and technical perspective. CESM
supports several different resolutions and component configurations. In addition, each model
component has input options to configure specific model physics and parameterizations.

HOMME provides monotonic and mass-conserving transport of multiple species, and
easily couple to community physics packages such as Community Atmosphere Model (CAM)
physics. Achieving these objectives will allow climate scientists to take full advantage of the
petascale computing capabilities (see [51]) being deployed by NSF, and will lead to dramatic
increases in climate science productivity. Next step would be to perform accuracy tests for the
shallow water equations for the seven test problems as proposed in the climate simulation
community:

(1) Advection of Cosine-Bell over the Pole.
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(2) Global steady state nonlinear geostropic flow.

(3) Steady state zonal geostropic flow with compact support.
(4) Forced nonlinear system with a translating low.

(5) Zonmal flow over isolated mountains.

(6) Rossby-Haurwitz wave.

(7) Analyzed 500 mb height and wind field initial conditions.
5.2 CONCLUSIONS

In many applications, advective processes are crucial; their treatment in the numerical
modelling of the transport of trace constituents in atmospheric models is critical. Solving these
equations are simple but the solutions should satisfy some constraints such as the numerical
solutions should be high-order accurate, conservation of mass and energy, which is crucial for
atmospheric chemistry applications. Further, these applications require solutions preserving
positivity and monotonicity.

There is a need for modelers to develop grid systems and numerical algorithms that
facilitate exceptional level of scalability on petascale parallel systems. The numerical algorithms
that can address these challenges should have the local properties such as the high on-processor
operation count and minimum parallel communication i.e. high parallel efficiency, the numerical
method should also satisfy the following properties such as inherent local and global
conservation, geometric flexibility, non-oscillatory advection, positivity preservation. The
discretization schemes for these new generation models are based on finite-volume or spectral-
element methods, and using spherical grid system such as the geodesic or cubed-sphere grid that
are free from singularities.

In the present work we considered a scheme developed by Kurganov et al. [3], which can
address the challenges mentioned above, which could be a potential numerical method for
atmospheric modeling. Accuracy tests were performed to evaluate the scheme both in one-

dimension and two-dimensions. Two standard advection tests, solid-body rotation and
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deformational flow, were performed to evaluate the scheme in two dimensions. From the results
presented above we can conclude that the scheme is third-order accurate, the solution is non-
oscillatory and conservative. This method uses compact computational stencils, for this reason it
is potential to be computationally efficient. The numerical method is coded in Fortran 90

programming language and is ready to be implemented in parallel on cubed sphere geometry.
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