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Chapter 1

Introduction

The purpose of this thesis is to review forms following the generalized gamma distribution.
Such forms include the exponential, the standard gamma, the weibull and other distribu-
tions. These distributions are used in many fields, in particular life studies and they are
very common in application of statistics. The generalized gamma distribution is given in
a form that has been studied in the literature. We examine the estimation of parameters
by the method of maximum likelihood and method of moments. Chapters from two to
four concern to the gamma distribution. In chapter two the gamma distribution is briefly
studied. How to obtain the density starting from the gamma function and obtaining its
mean, variance and moment generating function. Particular cases and shapes are shown,
those of the standard gamma, exponential and chi square distribution. For the chi square
distribution we give the distribution for a linear combination of random variables each with
chi-square distribution (Moschopoulos 1985). In chapter 3 we estimate the parameters for
the gamma distribution by using the method of moments and the maximum likelihood es-
timation. We applied this estimation to show how data from real world can be used to fit a
gamma distribution. In chapter four some distributions related to the gamma distribution
are presented. We define the log gamma distribution as a random variable X that satis-
fies that log(X) follows a gamma distribution. The quotient for two independent gamma
distributions is analyzed. The distribution for the sum of £ independent gamma when the
scale parameters are different is shown (Moschopoulos 1985). We also state two ways to
approximate the exact distribution of this sum. One of them is with two moments and the
other one is by means of a third moment normal approximation motivated with the ideas

of (Jensen and Solomon 1972).



Chapters five to nine talk about the generalized gamma distribution. In chapter five the
generalized gamma distribution is introduced. We obtain the density for the generalized
gamma in the same way as we did for the gamma distribution, by means of a simple change
of variable. Some basic properties for the generalized gamma distribution are stated. We
obtain the gamma, weibull and half normal distribution as particular cases of the gen-
eralized gamma distribution. The shape of the generalized gamma when the parameter
0 increases or decreases is obtained and analyzed and this leads to see that d is a shape
parameter. In chapter six we obtain the maximum likelihood estimators for the general-
ized gamma distribution. Chapter seven talks about the product and ratio of generalized
gamma random variables. We start developing the density for the ratio of two random
variables having a generalized gamma density. Then we give the distribution for the prod-
uct of this kind of ratio (Coelho and Joao 2007). Chapter eight gives a new approach for
generalized gamma distributions, those of the hierarchical models. We obtain a hierarchi-
cal model when Y'|A follows a Poisson distribution and A is a generalized gamma random
variable. In chapter nine we obtain a way to generate random numbers for a generalized
gamma distribution. We take a look at the empirical distribution of these kind of random
variables. And finally we use the same normal approximation as in chapter 4 to estimate

the distribution of the sum of k£ independent generalized gamma random variables.



Chapter 2

The Gamma Distribution and its

Basic Properties

2.1 History and Motivation

The gamma distribution is known since the Laplace age is mentioned. The gamma distri-
bution appears naturally in theory associated with normally distributed random variables,
as the distribution of the sum of squares of independent standard normal variables. In
applied work, gamma distributions give useful representations of many physical situations.
They have been used to make realistic adjustments to exponential distributions in life-
times problems. The model has an application in the theory of random processes in time,
in particular in meteorological precipitation processes. Gamma distributions play a very

important role when studying the formal theory of mathematical statistics.

2.2 The Gamma Function

The function
[Na) = / y* e Vdy, o > 0, (2.1)
0
is known as the gamma function. The gamma function satisfies the following properties:
1. Na+1) =al'(a)

2. T'(n) = (n —1)!, where n is a positive integer.

3. T(1/2) = V7.



To prove property 1 we have that
MNa+1) = / ylet=ley gy = / yeVdy = a/ yre ¥ —y“e Y ;o,
0 0 0
using integration by parts. As the term yo"le’y‘go — 0 as y — oo we have that
o
Ia+1)= a/ y* eV = al'(a).
0

Property 2 follows immediately setting o = n, where n is a positive integer and applying
property 1 n times:
F'n)=(n—-1)xT'(n-1)
=n—-1)x(n—-2)xI'(n-2)

=n—-1)x(n—-2)x(n—-3)xI(n-23)

=nmn—-1)xn—-2)x(n—-3)...3x2x1=(n-1)!

To prove property 3 we will use the fact that ffooo e " dz = 7. Now noting that e is
symmetric respect to zero we have
[e.e]
['(1/2) = / e V2.
0 2
= e " du, setting = u?, we obtain du = 2~ /2dz (2.2)

There are interesting alternative ways to define the gamma function (Continuous Uni-

variate Distributions [1]). It can be defined in terms of a limit by

nOé

Ha) =l T+ 9. .1+ (2:3)

Note that this definition does not involve any integral at all. This definition is equivalent

to

= ae’® - 1+ge’a/n, a > 0,n is an integer , 2.4
N g
i=1



where 7 is the Euler-Mascheroni constant given by

m

. 1
N = 771520[; ~ —log m] ~ 0.5772156649 . . . . (2.5)

The gamma function is studied in text of advanced calculus and arises often in applications.

2.3 Getting the Gamma Density

A function of the form

f(x) =ca® e P o, >0, (2.6)

defines a very special probability density. To find ¢ we set
/ cx® e Py =1
0
Letting y = x/f the integral above becomes
/ cx® e By = cﬁo‘/ y* e Vdy = c3°T(a) = 1,
0 0

from where we get

B 1
BT (a)
Now with this value for ¢ the gamma density in (2.6) becomes
1 ~1,-a/8
r,a,f) = ———x% e P o, >0. 2.7
Fe,0.0) = s 2.)

2.4 Mean, Variance and Moment Generating Func-
tion

We will use the notation X ~ G(a, ) to denote that a random variable X with density
given by (2.7), follows a gamma distribution with parameters a, .
The rth moment for the gamma distribution is given by

T
. =E(X") = M, a, 3 > 0,r a positive integer. (2.8)

()



The derivation for the rth moment comes from the definition

E(XT) = ﬁo‘fl‘(a) /Oo zot. $T€_m/ﬁdx
0
. 1 > a+r—1_—z/8
_ﬁaf‘(a)/o e dx
1 atr _ B'T(a+T)
— —BQF(Q)F(a—i—T)B = —F(a) )

Thus we have that the mean is equal to

_ pr(a+1) Bay(a)

/

= E(X = =af 2.9)

O T |

The variance is given by
T(a+2) Br(a+1),2
X = ! — 2 = /6 — == 2. 210
VCLT’( ) Mo (:ul) F(Oz) ( F(Oé) ) Oéﬂ ( )
The moment generating function for the gamma is given by
> 1

Mx(t) = E(e'*) = / e . 22 e Pdr, — oo <t < oo0. 2.11
x) =B = [ o (211)

In order to get this moment generating function we will try to express the right side above

as a gamma density. We do the change of variable y = x(1 — (t) then:

& 1
F(etX) = a—1,—z(1-5t)/B 4
(") /0 5T (a) x4 e x

_ 1 y ! Ly
‘/o BT(a) (1 —pot 1—pt° Y

(S S S NS
(I—pt 11— Bt ﬁar<a>/o e = e

One application for the moment generating function of a gamma distribution is that

of the reprodcutive property. If X; ~ G(aq, ) and Xy ~ G(az, 8) are independent with

respective densities

1

fi(z,aq, 8) = miﬂm_l@_wﬁ, ag, >0 (2.12)
and
1
fo(x, a0, 8) = mxarleﬂ/ﬁ, a, B >0, (2.13)



then X; + Xy ~ G(ay + aw, ). That is, the density for the sum of the random variables

Xl —|—X2 is
1

= 50‘1+a2r(061 + a2>

This easily seen using the properties for the moment generating function. Note that

fX1+X2 (;C, a1 + o, ﬁ) xa1+a271€71/ﬁ. (214)

Mx, 1 x,(t) = Mx,(t) - Mx,(t) because X; and X, are independent. So we have
MX1+X2<t) = MXI (t) ’ MX2(t) = (1 - 5t)_al ’ (1 - 525)—042 = (1 - 5t)—(o¢1+a2)'

Here we use the fact that there exists a unique correspondence between moment gener-
ating function and distribution. This means that as My, x,(t) has the form of a moment
generating function for a gamma with parameters 3, a; + as then X; + X5 has a gamma
distribution with parameters 8 and a; + as. We can even generalize this to k independent
gamma’s. Let X, ... X} be k independent random variables each one following a gamma
distribution with parameters («;, 5), ¢ = 1,2,... k. Then the moment generating function

for these k independent gamma is
My, x,(t) = Mx, () ... My, (£) = (1 = Bt)™ - ... (1 = Bt) ™% = (1 — Bt)~ Zi=a .

This is the moment generating function for a gamma with parameters Zle a; and . So
by the same reasoning as in the two parameters case we conclude that the random variable

X1+ ... X, has a gamma distribution with parameters (Zle a;, 3).

2.5 Particular Cases and Shapes

2.5.1 Standard Gamma

Several forms of the gamma density can be obtained by changing the parameters in (2.7).
We will analyze these forms and study them for some values. One of them is obtained by

setting § =1 in (2.7). That is

1
flz,a,1) = e >0, a>0, (2.15)

I(a)



this form for the gamma is called the standard gamma. The integral

Iy(a) :/ totetdt
0

is called the incomplete gamma function.

Gamma distribution

g | alpha_1=2,beta_1=1
N
> S ]
2 alpha_2=2,beta_2=1
o
S

Figure 2.1: Example of a standard gamma

2.5.2 The Exponential

Another very important form of the gamma distribution is obtained by setting o = 1 in

(2.7). This is the exponential distribution.

fx,1,8) =P >0, §>0. (2.16)

This distribution arises often in practice. It can be used to model the waiting time
between arrivals of a Poisson process (see [8] pp 203). According to (2.9) and (2.10) we can

see that the the mean and variance for the exponential are equal to 3 and 32 respectively.



Gamma distribution

red.—alpha_1=1,beta_1=1

blue.—alpha_2=1,beta_2=2

0.00 0.05 0.10 0.15 0.20
|

Figure 2.2: Example of an exponential distribution

2.5.3 The Chi square distribution

A chi-square distribution is perhaps the most important special case of a gamma distribu-

tion. This distribution is defined with o = v/2,v > 0 and § = 2.

1
f(l?, I//2, 2) = maz(”/z)_le_x/z ,x>0,v>0. (217)

We then say that the density in (2.17) is a Chi-square with v degrees of freedom. If a random
variable X follows a chi-square distribution with v degrees of freedom we will denote it as
X ~ x*(v). This distribution plays a very important role in many applications. It also
serves as a way to characterize the square of standard normal distributions. For example
if Uy,Us,...U, are standard normal random variables (N(0,1)) then the distribution of
>r , U? has a chi-square distribution with n degrees of freedom.

The mean and variance of the chi square x?(v) distribution are v and 2v respectively.



Gamma distribution

0.20
|

alpha_1=5/2,beta_1=2

0.00
|

0 5 10 15 20

Figure 2.3: Example of a chi-square distribution, v =5

2.5.4 Linear Combinations of Independent Chi-Square

We include here the distribution of a linear combination of independent chi-square ([10]

Moschopoulos 1985), X; ~ x%(n;) defined by

p
Y = Z cix*(n;), ¢ > 0, n; a positive integer for i = 1,2,3...p
i=1

(2.18)

where x%(n;),i = 1...pis independent with n; degrees of freedom. The moment generating

function for the equation in (2.18) is obtained as

p

M(t) =T = 2cit)™™ m; = ny/2.
i=1
For t < min(1/2¢;) then
(126 = (/e 3 1y e (1 - 20,
r=0 r!

So that with this information and multipliying the expression in (2.19) we get
p o0 . P
M(t) = (Z bz Z CL]‘(]_ — 201t)_(5+j)), S = Z m;,
=2 j=0 i=1

10

(2.19)

(2.20)

(2.21)



with

b; = (c1/¢;)™ and A(i,r) = (m;),(1 —c1/¢;)" /7!,

besides the a;s satisfy the relation

H[Z Alei,r)a™'] = Z az.

From this we can get the a;s recursively that is
AW = ZAZ "Aei, j — k)
where 1 =3,4,...,p7=0,1,2... and forr =0,1,2,...

Ag) = A(OQ, ’I“).

(2.22)

And now we invert (2.21) term by term. Since the density corresponding to the factor

(1 — 2¢,t)~+9) is the gamma density g;(y) where

gi(y) =y e v [(2¢)) "D (s + )

the density function F'(w) = P(Y < w) (the probability that the random variable Y is less

or equal than w) is
p 0 0
F(w) = (] ) Zaj/o 9i(y)dy
=2 j=0

([10] Moschopoulos 1985).

11

(2.23)



Chapter 3

Estimation of Parameters

3.1 Method of Moments

We know from (2.8) that the r-th moment for X ~ G(«, ) is given by

iy = Fllotr) PIE(O;;F )
these are the population moments for r =1,2,3.. ..
If we consider random variables X, Xs, ... X,, ~ G(«, 3), and if we (%bserve a particular
value from each, 1, x», . .. z,, then the sample moments are given by %xf The method

of moments consists on setting those population moments equal to the sample moments.

Considering the cases r = 1,2, we must solve the equations

Bl(a+1) Z?:l Li

== d
(o) n (3:1)
and
r 2 A
6 (Oé + ) — ZZ:]. x’t (32)
['(«) n
for # and a.
By using the properties for the gamma function (3.1) and (3.2) become
o = 2=l (3.3)
n
no9
B+ 1)a — 2=t % (3.4)

n
iz i Now if we substitute in (3.4) for

Solving (3.3) for § we obtain [ = -

, where T =

e l&l

12



o we have

Z?:l %2
n

52 Zn 1.2

& (a+1)a = ==L substituing § =
n

fla+1a =

218l

a2
L Platl) S
«Q n
o (a+1) _ D i1 7
o 2n
n o2
o1p Lo X
o °n
Sl Yo | _Yu-Tn
o Tn ?n
from where finally we get
- °n
o =

—Z2n

g
8
o

and

®)
I
D1 &l

3.2 Maximum Likelihood Estimation

Let Xy, Xo,... X, ~ G(a,B) for i = 1,2...n. The likelihood function is given by

n

1
L(xl,...xn,oz,ﬂ) - Hf(xhaaﬂ) = W
i=1

The maximum likelihood estimation method consists on finding the values for a and g such

(21, ... 2,)  Le™ Zim @i/, (3.5)

that (3.5) is a minimum.
Taking natural log at both sides of (3.5) and using the properties for logarithms we

have
In(L(xy...2n,,8)) = —nIn(l'(«)) —naln(B) + (o — 1) In(xy, ... x,) — X7 (2:/8). (3.6)

The derivative respect to « in (3.6) set it equal to zero give the corresponding equation

g_i} _ _nll:('((yo)é) —nln(B) + ;ln(a;i) = 0.

13



This can be expressed as

n

0 = T 2 ()~ ) =0

nl” (04) = (3.7)
=— + > In(z;/5) =0.
) 2
Differentiating with respect to
L - A
oL _ —ma 222211: . (3.8)
op B B
Setting (3.8) equal to zero the equation is
_—na 27:21 Zi _
p p
& —na + 2y T =0
B
D i1 Ti
& == =
B
From where we obtain
B = Lz T =—. (3.9)
no a

Where we have used the notation 3 to denote the maximum likelihood estimator for 5.
Try to solve for a the equation (3.7) is quite complicated because of the function I'(«).
There is no closed way to solve for « in this equation. By adding the value for g in terms

of a obtained in (3.9) to (3.7) we get

Zln x;/B) = Zln /)

+ Z (In(z;) + In(a) — In(7))

nF’(a
n
()

= —n(a) + Zln () + nln(a) — nln(T) (310)

w +In(a) —In(Z) =0
< In(a) — (o) = In(Z) — M’

14



where () is the digamma function defined as () = % One approximation for the

left side of (3.10) is

—_

1 1

n(a) = p(a) = 25+ 550 13)

So (3.10) becomes

1,1 Loy i In()
2 Gt oa ) @ n

Finally solving this equation for @ we obtain the approximate maximum likelihood estima-

tion for «

3— s+ /(s —3)%+ 24s
12s

where s =In(z) — = 3" | In(z;) ([5] S. C. Choi and R. Wette. (1969)).

~
o~

(3.11)

3.3 Applications

Now we will use the previous estimators to fit a gamma density to a set of data.

Data set 1 The Bedfordshire county give the next information about the daily rainfall
since january 1984 up to december 2010 by month (see Table 10.1). The histogram for this
data is given in figure ( 3.1).

The estimation of the parameters by means of the maximum likelihood is given by

(3.11)

_3—s54+/(s—3)+24s
- 125

where s is given by In(z) — £ 3" | In(z;) and

eIl

B=

The estimation of the parameters lead to @ ~ 2.617 and 3 = 20.9016. So that the estimated

density function is given by

~ 1
flx

() = PR -T(2.617) . 2617 ,—2/20.9016

15



Bedfordshire Rainfall
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Figure 3.1: Relative Frequency Histogram of Bedfordshire Rainfall

At first glance it seems to be a very good fit to this data in figure ( 3.2), where we have
the estimated density with the estimated parameters as above. We can be sure of this by

doing a goodness of fit test. With the hypotheses

Hy : Data follows a gamma distribution.

H, : Data doesn’t follow a gamma distribution.

The used statistic is o

. e.)2
X2:Z(fz e‘ez) ’

=1

The data in table (10.1) was arranged into nine class intervals. The table shows 324
numbers representing rainfall in milimeters. We omit the value for august in 2003 because
it is zero. Here f; and e; are the observed and expected frequency for each class respectively,
for i =1,2,...,9. Under the hypothesis that H is true the expected frequency is defined
as eip1 =323 % (f(yir1) — f(wi)), i =0,2,...8 and yo = 0,y = 20,45 = 40,...yo = 180.
This information is summarized in table (3.3).

We reject Hy if x? > x2,_,_,, otherwise we do not reject Hy. Here m is the number of

16



Bedfordshire Rainfall
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Figure 3.2: f(z) = 2.617—1,—2/20.9016

1 -
I'(2.619)-(20.99)(2:619)

terms in the summation and ¢ is the number of parameters estimated. In this case m =9

and ¢t = 2. Hence we have that
x? = 3.0421 < xi = 12.5916,

so that we do not reject Hy and conclude that this data does follow a gamma distribution.
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Table 3.1: Table of Observed and Expected Frequency

Class Interval Observed Frequency Expected Frequency

0-20 38 38.76
20-40 90 88.43
40-60 80 79.40
60-80 o1 93.18
80-100 29 30.88
100-120 18 16.49

120-140 9 8.32
140-160 7 4.04
160-180 1 1.903

18



Chapter 4

Distributions Related to the Gamma

Distributions

4.1 Log Gamma Distribution

We say that a random variable X is log gamma distributed if In(X') is gamma distributed.

This means that if Y = In(X) then the density for Y denoted by f(y,«, ) is given by
1 -1,-y/8
= —y“ > 0. 4.1
fY(y7O[76) 6@_F(a>y € 7570479 ( )
We will get the density for X. Noting that Y is a transformation for X the density for X is

d d 1
given by f(x,«, ) = fy(In(z)) - ’£| As we know that In(z) = y and |d—i‘ = we obtain

(In(=)*™" s

Flavn8) = S
_ (@)t s @) s,
23T (@) T (a) b

Some properties ([6] P.C Consul and G. C. Jain) for the log gamma distribution are:

1. If Y is a log gamma with density f(z,a, 3) then Y™ is also a log gamma distribution
with density f(z,a/n, ).

2. If Y1,Y5,...Y, are independent log gamma variables with densities f(z;,«, ;) for

i=1,2...,then U = II7|Y; is also a log gamma density with density f(u,a, Y ., 5i).

3. It Y1,Y5,...Y, is a sequence of independent log gamma variables, where Y; has density
f(zi,a, p;) for all i = 1,2..., then the product U = II]_,Y;" is also a log gamma
variable with density f(u,a/n,> . Bi).
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4.2 The Quotient of Two Independent Gamma

Now if we consider the ratio X/Y, where X ~ G(ay, ;) and Y ~ G(az, 52) and they are
independent. Setting

X
=X+Yv=—
U + Y,v v

then the jacobian becomes |J| = _(17_7})2 So
B 1 Cuy UV Naj—1, U yap—1 U2
fortw) ~riora T+ 030 130
1

_ efuualJrozgfl,Uagfl(l + U)f(a1+o¢2).

[(a)T(az)

If we integrate this with respect to u we obtain

1 o
() =5 ) / ettty e (1 g )T dy
0

F(Oq)F
1 1 o
= — 2 14w (a1+“2)/ e Uyrtea—logy,
Maag Y :
1

- - el f(a1+a2)r
F(Oél)F(Oég)v (1+0v) (o + ),

[e.e]
because / e turte gy = Doy + as).
0

L] ].
4.3 The Quotient —
X1+ Xy
If X; and X are independent random gamma variables with parameters (a4, §) and (az, )

respectiveley, then X;/(X; 4+ X3) has a beta distribution with parameters oy, as. We can

deduce this from

1
( 1) ¢ 'F(Oél) 1
1
T — I,agfl —$/ﬁ7
F) = B e

then as the random variables are independent we have

1 1 1 —(z1+x9)
B

H ) = Fay Ty 5

a:f“_lxg”_l. (4.2)
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Now we set

U:X1+X2, U:Xl/(Xl—l—Xg),

then
X; =w, Xy =u(l —v).

With this the jacobian becomes |J| = u. So

:L _u/ﬁ‘ a1—1, as—1 1_ as—1
vt Sparay 3
_ u —u/Byontaz—1 a1—10] _ yaa—1 .
MaT(ag) w0 =™

Therefore, integrating (4.3) respect to v the sum has distribution
—u/B,,a1+taz—1
e u
flu) = ———+—
F(O[l + (1/2)

which is a gamma distribution with parameters a; + ay and . Now using (4.3) and

integrating respect to u the ratio v = X;/(X; + X3) has distribution

[(ag + az)

Mo T’ 707

fv(v) =

which is a beta function with parameters aq, .

4.4 Sum of k£ Independent Gamma

We can say even more about the random variable ¥ = Zle X; where each variable has
gamma distribution, that is X; ~ («;, ), i = 1,2...n and they are independent ([9],
Moschopoulos 1985) . We can obtain the exact distribution for Y. We know that each X;

has moment generating function given by
M(t) = (1= pit)~™,

then Y has moment generating function given by

k

M(t) = [ -ty

i=1

21



The idea is to express M(t) as
M(t)=C(1—Bit) " - exp(d_ (Ll — Bit) ™),
k=1

where exp(a) = e® and
C=11B/s),

with 1 = min(81, 52 ... 5,) (the minimum among all 3’s),

Ve = Zai(l - 51/5i)k/k7

p= Z a; > 0.
i=1
And now if we let

wp}jwl—ﬁl 2:%1—51

By differentiating with respect to (1 — 8t)~!, the coefficients d; can be obtained by means

of the formula
k+1

Z 2716]64’1 i

This leads to the next theorem which gives an expression for Y ([9] Moschopoulos 1985).

Theorem 1. If X; ~ (o, ;) and independently distributed for i = 1,2,...n. Then the

density for Y can be expressed as
025 Y Do+ k)BT y > 0 (4.4)

and 0 elsewhere.
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4.4.1 Aprroximation for the Exact Distribution of the sum of k&

Independent Gamma
Approximation with Two Moments

If X; ~G(a,p;) fori=1...n,and Y = X; + ...+ X,,. Then we know that the density is
given by (4.4)

g(y) = CD oy le VPN (p + k)BT y > 0. (4.5)
k=0
If we want to compute G(y), the distribution for this sum, we need to evaluate this

inifinite sum. But we can approximate it assuming that ¥ ~ G(«, ) and knowing two
moments of this assumed distribution. If Y ~ G(«, 8) then EY = af and Var(Y) = a?,
from where we obtain

~ Var(Y)

5= "Fy

and
E(Y)?

Var(Y)’
but E(Y) = a1 + azfs + ... anf, and Var(Y) = a18 + ... + a,, 2. So that with these

values we obtain assuming that Y ~ G(a, )

5= i+ .. 4
a1+ s + .. oy

and

_ (11 + agfla + ... anfh)’
(1Bi+4 ... +a,B2)
If we use this values for aw and  we can approximate (4.5) with G(a, 3), where « and

[ are given as above.

Normal Approximation

If X;,i=1...n are independent standard normal variables and considering the following

linear combination ([18] Solomon and Jensen 1972)
k

Qilc,a) = ¢j(23 +a),¢;>0,1>j <k, (4.6)

J=1
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then the sth cumulant of Q(c,a) is

k
= 257 15—1 'Zc —i—sa
7j=1

Under the condition that the parameters c;, a; are bounded, it can be shown that the dis-
tribution of @) tends to a gaussian distribution as §; — oo where 61 = E(Qx(c,a)). So
following this idea (Solomon and Jensen 1972) used the transformation (Qy,/0;)" to accel-
erate the rate of convergence and thus to provide a Gaussian approximation for moderate
values of #;. The moments of (Qy/6;)" expanded in powers of (f;)~! were obtained. In

particular the third central moment is

palh) = g (2004301~ 1))
%(72@ + 24(7Th — 10)¢y35) (4.7)

+ 4(17h* — 55h + 44)¢5 + 0(0; ),
where ¢, = 0,/6,,7 = 2,3. A similar expression for 71, the skewness of (Q;/60;)"
4(2¢3 + 3(h — 1)¢3)

h) =
= e
2 _ 3
(= 1)(7261 + 24(Th — 10)agy + 0" 255/}; +44)63) (4.8)
1
+0(6,°3).

Now h is chosen so that the leading term in v, and pg vanishes. This is

203 05

— h—1)(2)* =0. 4.
g T3 =1)(5) =0 (4.9)
This yields to
20,05
=1- """ 4.1
"= e (4.10)

Now the distribution of the random variable (Q/6;)" can be approximated by a Gaussian

distribution with mean

py(h) =1+ 60h(h —1)/62, (4.11)
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and variance

V&T(Qk/gl)h(h) = 292h2/91. (412)

In summary the variable z = 6, ((Qx/61)" — 1 — 6,h(h — 1)/6%) /(265h?) is approximately a
standard normal variable.

Now, motivated with this ideas, we will consider another approximation for the distri-
bution of Y = X+ Xy +... X,,, with X; ~ G(ay, ;)7 = 1,2...n. We propose that (Y/6;)"
with h given as in (4.10) and E(Y) = 6, can be approximated with a standard normal
distribution with mean j;, and variance o3 given as follows. We introduce the cumulant ,,

of the random variable Y defined as

dn
—gmpy =L
fin = g (t) = —9(t),
where
_ PERIIE o D
g(t) =In (B(™)) = ;nu BE(e™))
B o0 l B o0 /ﬁ "
_;n( mzzlumm!)
/ !/ !/ t2 / ! ! 1\3 t3
= it + (e — 1) 5y + (5 = 3pashy +2(0)%) 37 + -

We have used the fact that In(z) = — > °7 A—a)"

n=1 n

Hence we have that
R1 = 9/(0) - M/7
ko = g"(0) = py + (117)?,
ks = g (0) = iy — Bubpty + 2(uh)°.

In general x,, = g™ (0). Now if we define

h=1-rkir3/(3- k),

hh=1)-6s  he(h=1)-(h=2)- (49543 (h=3) )

=1
Hn * 2Ky 24 - K3
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and

oh? (=) h?(2¢3 + (3h — 5)¢3)

2
0’ pr—
Tk 27 ’
with
R2
¢2 -
R1
R3
(b?) -
R1

then we take

7 = (W) (4.13)

Oh
to be approximately a standardized Gaussian variable. So that we can use this information
to approximate the distribution of Y. This kind of approximation has been used in literature
with other applications. Moschopoulos in 1983 ([11]) and Moschopoulos and Mudholkar in
1983 ([12]) used and actually improved the efficiency of these approximations. In the next
pages tables with the normal and two moments approximation are shown. We consider

here the distribution P(Y < t) where Y = X; + ...+ X,,.
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Table 4.1: Approximation with two moments for the sum of the exact distribution
of 2 gamma variables. a3 = 2,0 = 1.5, = 3,0, = 2, E(Y) = 9,

Var(Y) = 24.
t Exact Approximate Difference
5 .2122 2137 -.0014
6 .3045 .3050 -.0005
7 .3989 .3985 .0003
8 .4899 4888 0011
9 .5740 5724 0015
10 .6490 6472 .0017
11 .7143 7125 .0017
12 .7698 7682 0015

Exact and Two Moments App Distribution

1.0

Red=Exact

0.6
|

Ex
0.4

Blue=Two Mome App

0.2

0.0
|

0 5 10 15 20 25 30
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Table 4.2: Approximation with two moments for the sum of the exact distribution

of 2 gamma variables. a1 = .7,a0 = 5,01 = 3,0 = 2, E(Y) = 3.1,
Var(Y)=28.3
t Exact Approximate Difference
1 .2404 .2442 -.0038
3 .6110 .6099 .0011
5 .8070 .8051 .0019
7 .9051 .9040 .0010
9 .9533 9531 .0002
11 .9770 9772 -.0001
13 9887 9889 -.0002
15 .9944 .9946 -.0002

Ex

Exact and Two Moments App Distribution

o
—

0.8

0.6

0.4

_ Red=Exact
Blue=Two Mome App
T T T T 1
0 10 15 20 25 30
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Table 4.3: Approximation with two moments for the sum of the exact distribution

of 5 gamma variables. oy = 1, a0 = 2,a3 = 3,4 = 2.5,a5 = 1.2,

2, 52 = 2.5,63 = 3, 54 = 35, 55 = 4, E(Y) = 2955, VCL’I“(Y) =93.32

t Exact Approximate Difference
20 .1558 1565 -.0007
23 .2661 2661 -.0000
26 .3931 .3924 .0006
29 .5219 .5207 .0011
32 .6401 .6388 0012
35 .7400 7390 .0010
38 .8191 8185 .0006
41  .8783 8781 .0002
44 9206 .9206 .0000

Ex

Exact and Two Moments App Distribution

0.8

0.6

0.2 0.4

0.0

Red=Exact

“Blue=Two Mome App
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Table 4.4: Approximation with two moments for the sum of the exact distribution
of 5 gamma variables. a; = .7, a0 = .3, a3 = .9,a4 = .5, a5 = 1.2,

2,80 =25, =3,81=35,08=4, E(Y) =114, Var(Y) = 38.1

t Exact Approximate Difference
12 6112 .6088 .0023
14 7184 7161 .0023
16 .8013 7994 .0018
18 .8627 .8615 .0011
20 .9067 9062 .0005
22 9375 9374 - .0000
24 9586 .9589 - .0002
26 .9728 9733 - .0004
28 .9886 9828 - .0004

Ex

Exact and Two Moments App Distribution

08 1.0

0.6

02 04

0.0

Blue=Two Mome App

Red=Exact

30

30 40



Table 4.5: Approximation with two moments for the sum of the exact distribution
of 10 gamma variables. oy = 2,5 = 2.5,a3 = 3, a4 = 3.5, a5 = 4, a5 =
4.5,057 = 57048 = 5.5,049 = 6,@10 = 6561 = 2,52 = 2.5,53 = 3,ﬁ4 =
3.5,85 = 4,06 = 4.5,87 = 5Ps = 5.5, B = 6, /10 = 6.5, E(Y) = 201.25,
Var(Y) = 1030.625. Both graphs are overlapping one to each other due
to the good approximation

t Exact Approximate Difference

180  .2636 2633 .003

200 .5068 .5056 .0011
220 .7330 7322 .0007
240  .8828 .8829 -.0000
260 .9576 9581 -.0004
280 9868 9875 - .0006
300 .9958 9968 - .0009
320 .9980 9993 - 0012
340 .9984 9998 - .0013

Exact and Two Moments App Distribution

1.0

Red=Exact

0.8

0.6
|

Blue=Two Mome App

Ex
0.4

0.2

0.0
|

0 50 100 150 200 250 300
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Table 4.6: Normal approximation for the sum of the exact distribution of 2 gamma
variables. a1 = 2,00 = 15,01 =3,6, =2, E(Y) =9, Var(Y) = 24.

t Exact Approximate Difference

5 2122 2108 .0014
6 .3045 3030 .0015
7 .3989 3977 .0011
8 .4899 4892 .0006
9 .5740 D738 .0001
10 .6490 .6493 -.0003
11 .7143 7149 -.0006
12 .7698 7706 -.0008

Exact and Normal App Distribution

1.0

0.8

Red=Exact

0.6
|

Ex
0.4

Green=Normal App

0.2

0.0
|
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Table 4.7: Normal approximation for the sum of the exact distribution of 2 gamma
variables. a1 = .7,a0 = .5, = 3,5, =2, E(Y) =3.1, Var(Y) = 8.3

t Exact Approximate Difference

1 .2404 .2358 .0045
3 .6110 .6100 .0009
5 .8070 .8091 -.0021
7 .9051 9069 -.0018
9 .9533 9543 -.0009
11 .9770 9773 -.0003
13 9887 9886 .0000
15 .9944 9942 .0001
Exact and Normal App Distribution
@ Red=Exact
i <
Green=Normal App
<
S
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Table 4.8: Normal approximation for the sum of the exact distribution of 5 gamma
variables. a; = 1,0 = 2,a3 = 3,4 = 2.5,a5 = 1.20; = 2,5, =

25,85 = 3,84 = 3.5, 85 = 4, B(Y) = 29.55, Var(Y) = 93.32

t Exact Approximate Difference

20 .1558 1554 -.0003
23 .2661 .2656 -.0004
26 .3931 3924 .0003
29  .5219 5218 .0000
32 .6401 .6403 -.0001
35 .7400 7404 -.0003
38 .8191 8195 -.0003
41 8783 .8786 -.0002
44 9206 9207 -.0001

Exact and Normal App Distribution

0.8
|

Red=Exact

0.6

Green=Normal App

Ex
0.4

0.2
|

0.0
|
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Table 4.9: Normal approximation for the sum of the exact distribution of 5 gamma
variables. a1 = .7, a0 = 3, a3 = .9, a4 = 5,a5 = 120, = 2,6, =
25,83 =3,01=3.5,0s =4, E(Y) =114, Var(Y) = 38.1 Both graphs
are overlapping one to each other due to the good approximation

t Exact Approximate Difference
12 .6112 6114 -.0001
14 .7184 7191 -.0006
16 .8013 .8021 -.0008
18  .8627 .8634 -.0007
20 .9067 9073 -.0005
22 .9375 9378 -.0003
24 .9586 9588 - .0001
26 .9728 9729 - .0000
28 9886 9823 .0000
Exact and Normal App Distribution
y g n Green=Normal App
L
<
2 1 Red=Exact
S b T T T T
0 10 20 30 40
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Table 4.10: Normal approximation for the sum of the exact distribution of 10
gamma variables. a; = 2,ay = 2.5,a3 = 3,a4 = 3.5,a5 = 4,05 =
4.5,0&7 = 5,0(8 = 5.5,&9 = 6,0[10 = 65B1 = 2,62 = 2.5,53 = 3,54 =
3.5,85 = 4,06 = 4.5, 7 = 503 = 5.5, By = 6, f10 = 6.5, E(Y) = 201.25,
Var(Y) = 1030.625 Both graphs are overlapping one to each other due
to the good approximation

t Exact Approximate Difference

180  .2636 2635 .0000
200 .5068 .5068 .0000
220 .7330 7331 -.0000
240  .8828 .8829 -.0000
260 .9576 9377 -.0001
280 9868 9871 - .0003
300 .9958 9966 - .0007
320 .9980 9992 - .0011
340 .9984 9998 - .0013

Exact and Normal App Distribution

1.0

Red=Exact

0.8

0.6
|

Green=Normal App

Ex
0.4

0.2

0.0
|

0 50 100 150 200 250 300
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Chapter 5

Generalized Gamma Distributions

5.1 History

Generalized gamma distributions were discussed since the beginning of the 20th century. It
appeared when fitting such distribution to an observed distribution of income rates. There
was not a good interest in this kind of distribution up to the middle of the 20th century.
From that time on, the interest in the generalized gamma was increasing. Properties,
applications, distributions which were related to a generalized gamma were showing up.
Stacy (see [15] 1963) published a paper which developed the idea of a generalized gamma
introducing basic properties. It was the first paper talking entirely about this generalized

distribution.

5.2 Motivation and Getting the Generalized Gamma
Density

So far we have seen several properties for the gamma distribution. We will focus our
attention on investigating the properties of the generalized gamma functions. If X is a

random variable we say X has generalized gamma density if its pdf is given by
flz) = cxéa*le_(%)é,x,a,ﬁ,(; > 0. (5.1)

This distribution contains all previous densities we have just seen, such as gamma

density and its densities derived from it. This is one form of the generalized gamma
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that appears often in literature (see [1]), but there exist others forms that depend on the
parameters. This is form is convenient for our purposes.

The constant ¢ in (5.1) is the reciprocal of the integral
/ 2% 1e (5 dy.
0
If we let y = (/) we get 29071 = y*=5 - #%=1 And the differential dz is given by
dr = (8/8)-y'5.
And then we get

o0 . 1 [= L=
/ e’ 1e™(5) gy = poe . —/ cy I ey = o —/ cy*le Vdy = 1.
0 5 0 5 0

But as
/ ya—le—ydy
0

has the form of a standard gamma we obtain

/ y* e Vdy = T'(a).
0

Finally have

1 [ 1
ﬁ‘;a . S/ cy* e Vdy = 6&“ . gcf(oz) =1.
0

From where we get

. )
- peT(a)
And thus the generalized gamma density becomes
5 a—1 —(Z)8
f(I7a7B76):W'TE6 16 (3) . (52)

5.3 Basic Properties for the Generalized Gamma Dis-
tribution

We will use the notation X ~ GG(«, 3,0) to denote that a random variable X has a

generalized gamma distribution with density given as in (5.2).
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If X ~GG(a,B,9),k >0 and m is a positive integer then

kX ~ GGy, kB, a,0), (5.3)

X"~ GG(z,B™ a,6/m). (5.4)
For example (X/3)°, this random variable will follow a generalized gamma distribution
fly,1,0,1) =y le™,y > 0,

which is the common gamma distribution.

If F(z) is the cumulative distribution function for (5.2) given by

F(z) = /0 " f(ea B,8)d,

then
Fy(a)/T(«) if 6 >0

1 -Ty(a)/T(a) ifz<d

F(x) =

Where w = (z/8)° and T, is the incomplete gamma function.
A necessary and sufficient condition for [W|'/? to have a G(a,3) distribution is that
the pdf is of the form

g (ol
pw(w) = h(w)|w|* et~ 57),

with
h(w) + h(—w) = [6] - (8T () ™", for all w.

([14] Roberts 1971).

5.4 Particular Cases and Shapes

If § =1 1in (5.2) we have the well known gamma distribution

_ L et s
f(maaaﬁ)*ﬁal—x(a)x ! € )
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given by (2.7).
If « =1 (5.2) turns out the Weibull distribution, given by
0%t .
h(z, B3,0) = e (). (5.5)
We can also get from (5.2) the exponential distribution given by (2.16) just setting

d = 1in (5.1). This means that an exponential is a special case of a Weibull distribution.

Figure ( 5.1) presents a graph for the Weibull when parameters are « = 1,5 = 2,0 = 2.

Generalized Gamma Distribution

0.20 0.30
| 1

0.10
|

0.00
|

T T T T T T T
0 5 10 15 20 25 30

x,alpha=1,beta=5,delta=4

Figure 5.1: Weibull, A(z,2,2)

By setting a = 1/2,6 = 2 we get the Half-Normal distribution defined by

2 .
By

Where we have used the fact that I'(1/2) = /7. Often this distribution appears in literature

P x>0 (5.6)

™8

e (

g(l',ﬁ) =

with the patameter 8 = /20, where ¢ is the standard deviation of a normal random

1 2 w2
g(x,0) = —- \/j e a7,
g T

Figure ( 5.2) shows a graph for the density of a half normal distribution

variable. So (5.2) becomes
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Generalized Gamma Distribution

0.6

0.4

0.2

0.0

x,alpha=1/2,beta=sqrt(2),delta=2

Figure 5.2: Half Normal, g(z,1)

Is interesting to analyze the form of the generalized gamma when ¢ either increases or
decreases. The generalized gamma distribution has two shape parameters o and §. A plot
with several graphs when § is increasing is shown in figure ( 5.3). Note how the shape
is becoming thinner due to the § factor. When 0 ranges between 0 and 1 the shape for
the generalized gamma is skewed to the right. The skewness to the right becomes more
notorious as § — 0. Figure ( 5.4) shows several graphs analyzing this situation.

When ¢ decreases the graph of the generalized gamma is very skewed to the right.
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Generalized Gamma Distribution
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Figure 5.3: Analyzing when ¢ increases
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0.10 0.20 0.30

0.00

Generalized Gamma Distribution

black.—delta=.1

green.—delta=.7

blue.—delta=.8

red.—delta=1

x,alpha=2,beta=2,delta=varies

Figure 5.4: Analyzing when 0 decreases
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Chapter 6

Estimation of parameters

6.1 Method of moments

To find the moments of the generalized gamma we again use a change of variable for the

equation
/ xrf(x)dm:/ cxdotrLe=(@/B)’ gy (6.1)
0 0

and doing as before the change of variable y = (z/3)° we get

g r4+oa—1 /OO ats—1_—y
YO S

So that the r*® moment is given by

p'l(a+5)
/ o
= ——2°° 6.2
Thus the equations are obtained by equating population and sample moments
__ BT(a+3)
Z__—B at3) (6.4)
(a)
Z xi 5 (a ) ‘ (6.5)

(@)

Stacy ([16] 1965) suggested another method involving the method of moments. If we

set

Z; = In(X,/8)’ = 6(In(X;) — In(B)), (6.6)
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where the X;s, i = 1,...n, are independent generalized gamma random variables. And if
we denote the central moment of any random variable, say Z by ux(Z), k = 2,3.... So

that (6.6) indicates that
pi(Z:) = 6", (In(X5)). (6.7)

Applying (5.3) and (5.4) to Z = In(X/3)° we see that
Z =In(W) = exp(az — exp(z))/I'(a), (6.8)
from where we get that the moment generating function of 7 is
E(?) =T(a+0)/T(a). (6.9)

It happens that any kth order derivative of I'(a + ), evaluated at 6§ = 0, is the same

whether the derivative is taken with respect to 6 or a. Hence the kth moment of 7 is
E(Z") =T®(a)/T(a), (6.10)

where I'®) (@) is the kth derivative of I'(at) with respect to a. It follows from (6.6) and (6.7)
that
SE(In(X) — n(8)) = s, (6.11)
0 pa(In(X)) = 4/,
0 pz(In(X)) = .

In terms of the z;, y; = In(x;),i = 1,2,...n. Solutions for this equations are
ag = exp(Y — pio/d0) = exp(y — sypo/ (1)),

dp = (//0)1/2/531’

—lgy| = 1"/ (1)*?,

where [, is determined by the last equation , By = u(5o) and uy = p/'(5o). The sign of 4 is
according to whether g, is less than or greater than zero respectively. Here 7, 35 and g, are

respectively the sample mean, sample variance and sample skewness for the ;.
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6.2 Maximum likelihood estimation

The likelihood function for the generalized gamma is given by

n N . ,
L(zy,...2n,,3,0) = H flzi,a,B,0) = W(xl, T )504*16721:1(9:1/[3)5‘ (6.12)
i=1

Taking natural log we have

L(xy... 20, a,3,6) = nln(d) —nn(T(a)) —ndan(B) + (ad — 1) In(zy, . .. 2,) — X7 (z:/8)°.

(6.13)
Now taking derivative the corresponding equations are
oL nl'(«) =
% T " n(B) + Z n(z;)
This can be expressed as
oL nF’ -
0= +5 Z(lnxz ))zO
(6.14)

_ nl'(a n(
o) +5Zl /).

~—

Differentiating with respect to g

Z_g - _(;m - ix;?(—a)ﬁ“ - %[—na + i In(x:/8)’] = —na+ i In(z:/8)" =
i=1 =1 =

And from this last equation 3 turns out to be

n (0 \8)1/6
Bla,d) = (Zi(j;;)ip (6.15)

it depends on « and from 6.

Differentiating with respect to §

oL - - n(%
%:%—naln(5)+a;1n(aﬁ, ; (x:/8)°) B))

Now considering —nln(5) = — 3", In(f8) and using the properties of the function In we

have

—+a21n Z g) m(fg). (6.16)

=1
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So putting the value of 5 (6.15) into (6.16) we have

n T
—‘I‘QZIH (o, @)/ 1/5 Z S (2)° 1/5) ln((znzl(xi)é)l/a)'

3

(na)l/‘s i=1 (na)l/‘s (na)1/5

After rearranging terms we get an expression fot « in terms of 9 :

1
6 - [ ) /n) — (X0, 2 () /(0 )]

If we substitute (6.17) and (6.15) into (6.14) we will have an equation in terms of §

a(8) = (6.17)

only. This equation is

H() = —¢(a) + 5M —In (ixf) + In(na), (6.18)

n

where ¥(a) = Fr((a) is the digamma function. And « is given by (6.17).

Thus if we are going to try to estimate the parameters for the generalized gamma
distribution we need to solve (6.18) for §. It is not always possible to find a solution for
H(9). In many cases it is not even possible to know if there exists a solution. Some authors

say that the MLE may not exist unless n > 400. ([1] Continuous Univariate Distributions)
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Chapter 7

Product and Ratio of two

Generalized Gamma

The problem of obtaining an explicit expression, without involving any unsolved integrals,
for both the probability density functon and the cumulative distribution of the product of
two independent random variables with generalized gamma distributions is a challenging
one. Expressions for the pdf of such a product had been obtained by some statisticians
in terms of complicated functions. But these functions are not readily computable. They
are usually computed in terms of the integrals that define them. And is even harder

try to extend beyond the product of more of two variables. The computations get really

complicated.
If
51 ) 1 _(ﬂ)&l
X = a1 (& 51 ,
f( 1) F(O&l) 151041 1
and
f(za) = i gl 1= (5)”

 D(aw)per?

are two densities of two independent random variables X; and X, with generalized gamma

distribution then the joint density is given by

61 Srar—1 —(E)o 62 Saan—1 —(32)%2
f(q;bx2):W$11 -1, (3y) ,szz 2—1, (35) ) (71)

We want to find the distribution of Y = X;/X,. If we set W = X; then we have the

variables

14
W:Xl, and X2: 7
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The jacobian for these transformations is given by w/y?. So the joint density of Y and W

is
frw(w,y) = F(al(;lﬁ‘;lal : F(a;;fb’g?% Sran—1,=(57)" (w/y)égagfle—(“’g/?y))é? _ % _
1 cou1Toza2 =241 (;)520‘2—1+2 e B = (w/(yB2))?2 _ (7.2)
¢t toza=l (i)émﬂ.e—%”l)“le—(w/(yﬂa))&z
Thus

> 1
frly) = / T
0 Y

1 o (e

)62042+1 . 6_(%)51 6_(“}/(1/62))62 dw

6102 52a2+1/ w d(ar+az)—1 | 6_(‘%) —(w/(yB2)) CZU) _

0
ci1ea(— 62(12“ / wlleatez) =1, e_wé((ﬁi)éJr(yﬁlz)‘;)dw =

0

1 5 L [T w 5 /a1/8\6 1 1 1

crea(— 202+ / (cataz)—=1  o=w/(B°)° 1) — where — = +

o 5= Gy )

L pgorreel(og 4 o) 1 (81 Bay) 1 te)
) — T —

I 5 = OO T ()5 + (B (02

C1Co - (ﬂ152) (a1+a2) F(Oé1+a2) y50<1+6a2 —Sag—1 )

0 ((yBa)? + (By)?)atez
y [(ea + ag) oot

0 ((yBa)? + (By)?)atez
&)5(014-042) . F<a1 + 042) y6a1_1
2 WG

C1Co - (5152) (o1-+a2)

We will say that a random variable which has this distribution has a GGR (generalized
gamma ratio) with parameters (0, k, a, ap) where k = 1/ 5.
Coelho and Mexia ([7] Coelho and Joao 2007) gave explicit and concise expressions for

the pdf and cumulative distributions of
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where the X are independent random variables with all distinct shape parameters. If

X; ~ GGR(kj, a1, a24,0;),7 = 1...m. Where all the parameters are positive. Let
Slj = Oéij and 52j = 042]',

then if §;s1; # Orsik and 0,59 # OpsSox, for all 7 # k, 5,k = 1,2...n, the density and

cumulative distribution of the random variable
w =[x (7.3)
j=1

are given by

limmy, oo K1 Ko 32000 S0 o Hojndpy(w/K*)*in L if 0 < w < K

fw (w) = .
lim,, oo K1 K> Z;n:l Y oneo Hljhchj(w/K*)_S%h% if w> K*,
And
Fur() — lim o0 K1 Ko 3270 STH H2jth';;(w/K*)sijh if 0 <w< K*
T i KUK ST Yo { Hangt + Hijngs (1= () ™)} ifw > K,
where

K* =Tk,
j=1

m n m n
* *
K =TT st %2 =TT 1T sim

j=1h=0 j=1h=0

and, for j=1....,mand n=20,1,...,

1 1
o =1l o— ew =11l
n=1 v S2’V]V - $2jh n=1 v= Slnu Sl]h
and
m n m n
2 : dkl Crl
Hl]h - * HQ]h - E E )
=1 1= S2jh T 51k =1 =g S T Sa
with

Sin = 05(s1; + h) and 855, = 05(s2; + h), (j=1,...m).

There are other considerations when the parameters are not the same. (See [7] Coelho

and Joao 2007).
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Chapter 8

Hierarchical Models

All of the cases seen thus far a random variable had a single distribution depending on
parameters. Sometimes is more convenient to think of the things in a hierarchy. A well
known hierarchical model is the following. An insect lays a large number of eggs , each
surviving with probability p. On the average, how many eggs will survive? The "large
number” of eggs laid is a random variable , often chosen to be Poisson (\). Furthermore
we assume that each eggs survival is independent, then we have Bernoulli trials. So if we

set, X = number of survivors and Y = number of Bernoulli trials we have
X|Y ~ binomial(Y, p)

Y ~ Poisson(A).

We want to compute

=) P(X=alYy =y)PY =y)
00 e_)\ y
= Sl (-l

Since X |Y = y is binomial(y, p) and Y is Poisson(\). If we now simplify this last expression
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we have

Y

zzgg%lﬂwu
xT!

— ()‘pei)\) epr

z!

Y

so X ~Poisson(Ap) And from this is easily seen that
EX = \p.

Now if X is a random variable with Generalized Gamma density in the form of (5.2)

we will use the notation X ~ GG(a, 3,§). We will also write ¢(«, 3,0) = o to refer

awe
to the constant in the generalized gamma density. Let’s consider Y'|A ~ Poisson(A) and

A ~ Gg(a, 8,6). Then the distribution of Y is given by

X0 N\Yo—Y
f@%:/ A; (o, B,0) - X7 e,
0 .

To evaluate this integral we wiil use the fact that e™* =32 D"k So for this case we

k!
have
_ [T A Cract N CDF A e
flo) = [ o p.6) A >S5

= _C<a’ 6’ 5> /OOO e*/\)\y+a71 . i <_k1')k (%)5kd>\

y| k=0
C(Oé,ﬁ,é) C > <_1)k A\ ok +a—-1_ =X\
ey FELG) e
k=0 V0

c(a, B,9) = (=1* [ Skty+a—1 =\
= ka/o ARl eAG,
k=0

Seeing the integral in the right hand side as T'(dk 4+ y + «) we get

c(a, B,0) ~= (—1)k
fly) = ( " );(k!ﬁl T(0k+y+a). (8.1)
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So we can get the distribution of Y just by changing parameters. For example if § = § =1

we have that A is a random variable with standard gamma density, so

cla, 1,1) 1, 1) & 1 = (—1)F
f) EO k, (k+y+a)= Tyl ’;:0 o Lk+y+a)
If @ =0 =1 we have an exponential distribution. So (8.1) becomes
1L o (D
= T(k+y+1
W) =2 ;0 iy kY +l)

[e.9]

Now making the change of variable u = (1 + %))\ we arrive to

1 e, w8
f(y)‘ﬁ~y!/o T S I

1
B
= 1 /00 e “uYdu
1+ 3 (B+1) -y o
I'(y+1) B 1

JREE R R VR R (S TR R VY

Remember that for any two random variables we can relate them with the following
formula

E(X) = B(E(X|Y)), (8.2)

and
Var(X) = E(Var(X|Y)) + Var(E(X]|Y)), (8.3)

provided that the expectations exist. For the same case from above we have that

E(Y) = E(E(Y]A)) = B(A) = %
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which is just the expected value given by (6.3).
The variance for Y is given by
Var(Y) = E(Var(Y|A)) + Var(E(Y|A))
= E(A) 4+ Var(A) = BE(A) + E(A?) —

_Bl(a+3)  FTe+3) 52r(a+ %) |

[(a) (o)
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Chapter 9

Random Numbers Generation for a

Generalized Gamma Distribution

If we set the change of variable y = (x/8)° in (5.2) a standard gamma distribution with

parameter « is obtained.

flz,a,p,6)dx = 5 ?( ) L pha1,—(%)°
2«

1/6 =2 =2
) (5y1/5>5a716—(ﬁy )2 69_5 By )

B

L ,0—1/6+1/6-1 e~V

1 a—1

:f(y):m'y e .

So we can generate random numbers for y (which is easy with the adequate software)

in this gamma density and then relate this numbers to the generalized gamma by means

of the equation
x = By, (9.1)

This can work to estimate the cummulative distribution when X ~ GG(«, 3,6). That is,

for any ¢ > 0

t
(5 z\6
PX <t)= 9o 1e=(5) gy 9.2
X< [ Zor (9.2

If we generate n random numbers x1, T, . .. z, from X, ¢ > 0 then the empirical distribution

is defined as

Fo(z) =Y 1{z; < t}. (9.3)

i=1
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Here 1{x} is the indicator function which is equal to 1 if z < ¢ and 0 otherwise. Consider
for example X ~ GG(2,4,2). Generating n = 5000 for a standard gamma with parameter
a = 2 and using (9.1) we obtain the next table

Table 9.1: Empirical distribtuion for a generalized gamma random variable. o =
2,6=4,6=2, E(X)=5.31, Var(X) = 3.725

~

Empirical distribution
.0024
.0264
1070
.2648
4644
.6586
.8054
9030
.9592
.9840

© o0 N O Ot ks W N

—_
e}
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Emp. Dist. of a Generalized Gamma

1.0

_| alpha=2,beta=4,delta=2

0.8

emp_dist

0.4

0.2

2 4 6 8 10

Figure 9.1: Empirical distribution for a Generalized Gamma

9.1 Estimation of the sum of n Generalized Gamma
Distributions

As we have (9.1) to obtain the empirical distribution for a generalized gamma, we can
obtain empirical distribution for Y = X; + X5 + ... + X,,, where X; ~ GG(«y, §;,0;) for
i=1,2,...n. And we can use the normal approximation we used in (4.13) and see how it

works here for a sum of generalized gamma distributions.
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Table 9.2: Normal approximation for the sum of the exact distribution of 2 gener-
alized gamma variables. oy = 2,0 = 5,81 = 4,8, = 3,01 = 2,05 = 3,
E(Y)=10.33, Var(Y) =4.3

t  Empirical Normal Approximation Difference
5 .0011 .0013 -.0002
7 .0436 .0429 .0005
9 2736 2708 .0028
11 .6446 .6442 .0004
13 .8927 .8957 -.0030
15 9810 .9809 .0001
17 .9981 9977 .0004
19 .9998 .9998 .0000

Emp. Dist. of a Generalized Gamma

1.0

red=empirical

0.6

N blue=approximate

emp_dist
0.4
!

0.2

5 10 15
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Table 9.3: Normal approximation for the sum of the exact distribution of 2 gener-
alized gamma variables. a3 =2,a0 = 5,01 =4, 8, = 3,01 = .7,0 = .8,
E(Y) =3540, Var(Y) = 326.92

t  Empirical Normal Approximation Difference

11 .0305 .0265 .0040
21 2162 2113 .0049
31 4763 4766 -.0003
41 .6914 .6933 -.0018
51 8310 8324 -.0014
61 9120 9119 .0001
71 9537 9768 -.0008
81 9764 9768 -.0004
91 9883 9882 .0002

Emp. Dist. of a Generalized Gamma

1.0

red=empirical

emp_dist
0.4

blue=approximate

0.2

0 20 40 60 80
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Table 9.4: Normal approximation for the sum of the exact distribution of 5 gener-
alized gamma variables. a; = 2,a0 = 5,a3 = 10, a4 = 3, a5 = 78,1 =
4,08, =3,03=81,0,=37,05 = 125,01 = 2,00 = 3,03 = 4,04 = 5,05 =
6, E(Y) = 456.012, Var(Y) = 188.68

t  Empirical Normal Approximation Difference

410 .0006 .0006 .0000
420 .0054 .0051 .0003
430 .0313 .0308 .0006
440 1233 1224 .0009
450 3268 3279 -.0010
460 .6087 .6109 -.0021
470 .8446 .8459 -.0013
480 9622 9614 .0009
490 9942 .9942 .0000

Emp. Dist. of a Generalized Gamma

1.0

red=empirical

0.8
|

0.6

blue=approximate

emp_dist
0.4

0.2
|

0.0
|

400 420 440 460 480 500
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Table 9.5: Normal approximation for the sum of the exact distribution of 10 gen-

eralized gamma variables.

77 g = .20,0[7 =

.97O[8 = 2.5,0[9 =

5,(55 - 6,57 -

a1 = 2,0&2 = 5,0[3 = 10,044 = 3,065
.3,0410 = 0551 = 4,62 = 3,53 =
5,8, = 6,58 = 2,85 = 500, B; = 1885 = 25, B = 20, 3,0 = 100.5, 5,
2,(52 - 3,53 - 4,54 -
E(Y) = 405.1474, Var(Y) = 19932.65.

8,(58 -

9,59 = 10,510 - 11,

t Empirical Normal Approximation Difference
300 2572 2275 .0298
400 A798 4840 -.0042
500 7174 7487 -.0312
600 9127 9168 -.0040
700 9915 9821 .0094
800 9998 9976 .0022
900 1 9998 .0002
1000 1 1 .0000

emp_dist

Emp. Dist. of a Generalized Gamma

1.0

0.4

red=empirical

blue=approximate

300 400 500 600 700 800 900
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Chapter 10
Appendix

All the codes have been written in the software R.

10.1 Code to Approximate the sum of £ Independent
Gamma Random Variables

#Number of terms

n=10

#Number of generation for the random numbers

n2=1000

#Setting the parameters
alpha=c(1:n)

beta=c(1:n)

alpha[1]=2
alpha[2]=2.5
alpha[3]=3
alpha[4]=3.5
alpha[5]=4
alphal[6]=4.5
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alpha[7]=5
alpha[8]=5.5
alpha[9]=6
alpha[10]=6.5

beta[1]=2
beta[2]=2.5
beta[3]=3
betal[4]=3.5
beta[5]=4
beta[6]=4.5
betal[7]=5
beta[8]=5.5
beta[9]=6
betal[10]=6.5

#Normal approx

k1=sum(alpha*beta)
k2=sum(alpha*beta~2)
k3=sum(alpha*beta~3)
phi_2=k2/k1
phi_3=k3/k1
phi_4=k4/k1
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h=1-k1xk3/(3%¥k272)

mu_h=1+h* (h-1)*phi_2/(2xk1) +h* (h-1) * (h-2) * (4*phi_3+3x (h-3) *phi_2"2) /(24*k1"2)
sigma_h=phi_2¥h~2/(k1)+(h-1)*h" (2)* (2+phi_3+(3*h-5)*phi_272)/(2+k1"2)

#Estimation with random numbers
Gen=matrix(0,n,n2)

for(i in 1:n)

{
Genl[i,]=rgamma(n2,alphali],1/betali])
}

#Estimation of alpha

alpha_est=c(1:n)

s_est=c(1:n)

for(i in 1:n)

{

s_est[i]l=log(mean(Gen[i,])) -sum(log(Gen[i,]))/n2
alpha_est[i]=(3-s_est[i]l+sqrt ((s_est[i]-3) "2
+24%s_est[i]))/(12%s_est[i])

}

#Estimation of the parameter "beta"
beta_est=c(1:n)

for(i in 1:n)

{

beta_est[i]=mean(Gen[i,])/(alpha_est[i])
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beta_est

alpha_est

#Exact distribution
#Number of terms we will use in the infinite sum

k=100

#Length of the subintervals the interval is divided in
c=.1

#Right extreme of the interval

lim_r=300

#Setting the minimum between beta’s

beta_min=min(beta)

#Setting the coefficient rho

rho=sum(alpha)

#Coefficients C and Lower gamma
beta_min_ov_beta=(beta_min~{rho})/(prod(beta~{alphal))
C=prod(beta_min_ov_beta)

G=1-beta_min/beta

lower_gamma_matrix=matrix(1l,n, (k+1))

for(j in 1:n)
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{

for(i in 1:(k+1))

{
lower_gamma_matrix[j,i]l=(alphal[jl*(G[j1)~{i})/i
}

}

lower_gamma=colSums (lower_gamma_matrix)

#Setting the delta’s

delta=c(1:(k+1))

delta[1l]=lower_gamma[1]

for(j in 2:(k+1))

{

b=c(1:(j-1))

for(v in 1:(j-1)){b[v]=vxlower_gamma[v]*delta[(j-v)]}
d=sum(b)+j*lower_gamma [j]

deltaljl=(1/3)*(d)

}

#Domain

y=seq(0,1lim_r,by=c)

#Density

density_sum_gamma=matrix (1, (k+1),(1/(c/lim_r))+1)

for(u in 1:(k+1))

{
density_sum_gamma[u,]=((gamma(rho+u)*(beta_min) “{rho+u}) “{-13})
xdelta[u] *y~{rho+u-1}*exp(-y/beta_min)

}
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E=C*colSums (density_sum_gamma)+C*y~{rho-1}*exp(-y/beta_min)
* ((gamma (rho) * (beta_min) “{rho}) ~{-1})

#Approximate
expect_z=sum(alpha*beta)
var_z=sum(alphaxbeta~{2})
beta_z=var_z/expect_z
alpha_z=expect_z"(2)/var_z

App=1/(beta_z"{alpha_z}*gamma(alpha_z))*y~{alpha_z-1}*exp(-y/beta_z)

#Graphs for the distribution

#Exact

pgamma_vector_ex=c(1l:1im_r)

for(j in 1:1im_r)

{

A=c(1:(k+1))

for(i in 1:(k+1))

{

Ali]=deltal[i] *pgamma(j,rho+i,1/beta_min)
}
distribution_1=c(A,pgamma(j,rho,1/beta_min))
pgamma_vector_ex[j]=Cxsum(distribution_1)
}

domain=c(1:1im_r)

Ex=pgamma_vector_ex
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#Approximate

pgamma_vector_app=c(1l:1im_r)

for(j in 1:1im_r)

{
pgamma_vector_app[j]=pgamma(j,alpha_z,1/beta_z,)
}

App=pgamma_vector_app

#Estimated

pgamma_vector_est=c(1:1im_r)

for(j in 1:1im_r)

{
pgamma_vector_est[j]=pgamma(j,alpha_z_est,1/beta_z_est)
}

Est=pgamma_vector_est

#Estimated_h
k1=sum(alpha*beta)
k2=sum(alpha*beta~2)
k3=2*sum(alpha*beta”3)
phi_2=k2/k1
phi_3=k3/k1
phi_4=k4/k1

h=1-k1%k3/ (3%¥k272)
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#h=1/3

mu_h=1+h*(h-1)*phi_2/(2*k1) +h* (h-1)* (h-2) * (4*phi_3+3* (h-3)*phi_2"2)/(24xk1"2)
sigma_h=phi_2%h~2/(k1)+(h-1)*h" (2)* (2*phi_3+(3*h-5)*phi_272)/(2¥k1"2)
pgamma_vector_est_h=c(1:1im_r)

for(j in 1:lim_r)

{

z_h=((j/k1)"{h} -mu_h)/(sqrt(sigma_h))

pgamma_vector_est_h[jl=pnorm(z_h)

}

Est_h=pgamma_vector_est_h

par (mfrow=c(1,2))
plot(domain,Ex,type="1",col="red",xlab="x",main="Exact distribution")
#plot(domain,App,type="1",col="blue",xlab="x",main="Two moments app")
plot(domain,Est_h,type="1",col="brown",xlab="x",main="Normal Approx")
#plot(domain,Ex_est,type="1",col="black")

#plot(domain,Est,type="1",col="green")

#Distribution several times
#Approximate

a_1=180

b_1=340

c_1=20
vector_t=seq(a_1,b_1,by=c_1)
Approx_1=c(1:((b_1-a_1)/c_1 +1))
for(i in 1:((b_1-a_1)/c_1+(1)))
{
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Approx_1[i]=pgamma(vector_t[i]/beta_z,alpha_z)
}

#Exact_dist=Cxsum(distribution)

#Exact

Exact_1=c(1:((b_1-a_1)/c_1 +1))

for(j in 1:((b_1-a_1)/c_1+(1)))

{

A=c(1:(k+1))

for(i in 1:(k+1))

{

Ali]=deltal[i] *pgamma(vector_t[j],rho+i,1/beta_min,)
}
distribution_2=c(A,pgamma(vector_t[j],rho,1/beta_min))
Exact_1[j]=C*sum(distribution_2)

}

#Estimated exact

Exact_1_est=c(1:((b_1-a_1)/c_1 +1))

for(j in 1:((b_1-a_1)/c_1+(1)))

{

A_est=c(1:(k+1))

for(i in 1:(k+1))

{
A_est[il=delta_est[i]*pgamma(vector_t[j],rho_est+i,1/beta_min_est)
}

distribution_2_est=c(A_est,pgamma(vector_t[j],rho_est,1/beta_min_est,))
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Exact_1_est[j]=C_est*sum(distribution_2_est)

3

#Estimated with two moments

Estimated_1=c(1:((b_1-a_1)/c_1 +1))

for(i in 1:((b_1-a_1)/c_1+(1)))

{
Estimated_1[i]=pgamma(vector_t[i],alpha_z_est,1/beta_z_est)
}

#Estimated with h

Normal_ App_1=c(1l:((b_1-a_1)/c_1 +1))
z_h=c(1:((b_1-a_1)/c_1 +1))

for(i in 1:((b_1-a_1)/c_1+(1)))

{

z_h[i]l=((vector_t[i]/k1) "{h} -mu_h)/(sqrt(sigma_h))
Normal_App_1[i]=pnorm(z_h[i])

}

Approx=round (Approx_1,digits=7)
Exact=round(Exact_1,digits=7)
Estimated=round(Estimated_1,digits=7)
Est_ex=round(Exact_1_est,digits=7)
Normal_App=round(Normal_App_1,digits=7)
Diff_1=Exact_1-Approx_1

Diff _E_A=round(Diff_1,digits=7)
Diff_10_3_1=Diff*1000
Diff_10_3=round(Diff_10_3_1)

Diff_2=Exact-Estimated
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Diff_E_Est=round(Diff_2,digits=7)
Diff_3=Exact-Est_ex
Diff_E_EE=round(Diff_3,digits=7)
Diff_4=Exact_1-Normal_App_1
Diff_E_Normal=round(Diff_4,digits=7)

#Printing out results
#Table_results=cbind(vector_t,Exact,Approx,Est_ex,Estimated,Normal_App,
Diff_E_A,Diff_E_EE,Diff_E_Est,Diff_E_Normal)
#Table_results=cbind(vector_t,Exact,Approx,Diff_E_A)
#Table_results=cbind(vector_t,Exact,Est_ex,Diff_E_EE)
Table_results=cbind(vector_t,Exact,Normal_App,Diff_E_Normal)
#Table_results=cbind(vector_t,Exact_1,Approx_1,
Estimated_h_1,Diff_1,Diff_4)

Table=data.frame(Table_results)
#write.table(Table,"C:/Users/Hugo/Desktop/Hugo/Thesis/

Simulation_Independent_Sum_of_Gamma/ex_norm_tabla_1.txt",sep=",")
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10.2 Code to Approximate the Sum of k£ Independent
Generalized Gamma Random Variables

#Sum of Generalized Gamma
#Empirical distribution
#Number of terms

n=5

#Number of random data generated

n1=50000

#Standard gamma numbers

y_ran_data=matrix(0,n,nl)

#Parameters
alpha=c(1:n)
beta=c(1:n)

delta=c(1:n)

alpha[1]=2
alpha[2]=5
alpha[3]=10
alpha[4]=3
alpha[5]=78
#alpha[6]=.2
#alpha[7]=.9
#alpha[8]=2.5
#alpha[9]=.3
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#alpha[10]=.05

betal[1]=4
beta[2]=3
beta[3]=81
beta[4]=37
beta[5]=125
#beta[6]1=500
#beta[7]=18
#beta[8]=25
#beta[9]=20
#beta[10]=100

#m=2

delta[1]=.5
deltal[2]=.6
delta[3]=.3
delta[4]=.8
delta[5]=.2

#delta[6]=m+5
#delta[7]=m+6
#delta[8]=m+7
#delta[9]=m+8
#delta[10]=m+9

#Gen gamma numbers
x_vectors=matrix(0,n,nl)

for(i in 1:n)
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{

y_ran_datal[i,]=rgamma(nl,alphali])
x_vectors[i,]=betalil*(y_ran_datal[i,] {1/deltalil})
}

sum_gen_gamma=colSums (x_vectors)
a_1=300

b_1=1000

c_1=100
vector_t=seq(a_1,b_1,by=c_1)
emp_dist=c(1:((b_1-a_1)/c_1 +1))
for(i in 1:((b_1-a_1)/c_1 +1))

{

cont=0

for(j in 1:n1)

{

if (sum_gen_gamma[j]<=vector_t[i]){cont=cont+1}
}

emp_dist[i]=cont/nl

}

#Cumulants

mean=sum (beta* (gamma (alpha+(1/delta)))/gamma(alpha))
var=sum(beta”{2}* (gamma (alpha+(2/delta)))/gamma(alpha)-
(beta*(gamma (alpha+(1/delta)))/gamma(alpha)) ~2)

kl=mean

k2=var
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k3=sum(beta"{3}*gamma (alpha+(3/delta))/(gamma(alpha))-3*beta {2}

* (gamma (alpha+(2/delta)))/gamma(alpha)

* (betax* (gamma (alpha+(1/delta)))/gamma(alpha))+2*(beta*(gamma(alpha+(1/delta)))
/gamma (alpha)) ~(3))

phi_2=k2/k1

phi_3=k3/k1

phi_4=k4/k1

h=1-k1xk3/(3*k2"2)

mu_h=1+hx (h-1) *phi_2/ (2%k1)+hx (h-1) % (h-2) * (4*phi_3+3* (h-3)*phi_2"2)/(24*k1"2)
sigma_h=phi_2xh~2/(k1)+(h-1)*h~(2)*(2+phi_3+(3*h-5)*phi_272) /(2%k172)
Normal_App_sum_gg=c(1:((b_1-a_1)/c_1 +1))

z_h=c(1:((b_1-a_1)/c_1 +1))

for(i in 1:((b_1-a_1)/c_1+(1)))

{

z_h[i]=((vector_t[i]/k1)~{h} -mu_h)/(sqrt(sigma_h))
Normal_App_sum_gg[i]l=pnorm(z_h[i])

}

diff=emp_dist-Normal_App_sum_gg

results=cbind(vector_t,emp_dist,round(Normal_App_sum_gg,4) ,round(diff,4))
#results=cbind(vector_t,emp_dist)

Results=data.frame(results)
#write.table(Results,"C:/Users/Hugo/Desktop/Hugo/Thesis

/Simulation_Independent_Sum_of_Gamma/sum_gen_gamm_7.txt",sep=",")
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Results

plot(vector_t,emp_dist,type="1",col="red",xlab="t",main
="Emp. Dist. of a Generalized Gamma")
lines(vector_t,Normal_App_sum_gg,col="blue")

text (locator(1l),"red=empirical")

text (locator(l),"blue=approximate")
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10.3 Bedfordshire Rainfall Statistics Table

Source:http://www.zen40267.zen.co.uk/rainfall /rainfall. html. Table made by Andrew Leaper

Table 10.1: Rainfall Statistics in mm

Month 2010 2009 2008 2007 2006 2005 2004 2003 2002 2001 2000 1999
January  46.3 36.8 70.6 6685 196 19 694 328 373 579 263 67.1
February 82 60.1 226 668 284 435 305 193 712 69.7 413 16

March 33 222 838 327 40.7 551 334 194 374 816 43.7 381

April 159 301 343 3.7 434 301 779 194 248 937 123 431

May 51.1 31.2 110 146 84.5 22,1 487 43.1 624 587 83.8 49.6
June 437 554 70.7 136 89 57.6 291 437 334 228 249 86.3
July 229 121 776 110 575 43 632 676 80 894 558 18.1
August 173 65.7 914 315 732 428 125 0 75.9 587 55.6 64.9
September 585 9.3 486 343 629 66.3 127 227 21.3 673 482 56.9
October  44.6 424 56.6 93 101 559 109 36.5 102 934 153 53.1
November 36.5 95.8 80.6 50.3 909 378 558 881 102 28.6 103 14.1
December 222 785 239 329 581 297 214 59 128 394 98.1 829
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Table 10.2: Rainfall Statistics in mm (continuation)

Month 1998 1997 1996 1995 1994 1993 1992 1991 1990 1989 1987
January 6.8 157 39.6 8.9 67.8 70.8 621 51.3 419 377 26.3
February 4.3 27.8 555 69.8 38.3 5.8 132 156 854 36.6 90.3

March 23.5 204 265 53.1 325 15 33 61.4 18 18 60.9
April 143.5 15 284 278 61.7 896 469 243 31.8 111.7 123
May 28.1 1127 179 294 79.2 544 1152 37 1 16.6  83.8
June 1371 99 17 258 235 763 484 945 30.6 26.8 249
July 8.6 21.2 17 47 16.2 529 96.5 374 29.2 76.7 558

August 33.1  59.9 432 27 331 50.7 107.1 534 263 328 556

September 104.3 159 524 106.6 109.1 68 143.7 1025 229 35.1 482

October 63.5 621 186 332 548 1224 749 156 553 365 153
November 109.9 63.5 47.8 41.8 452 46.65 143.3 66.6 342 46.2 103
December 55.3 72.1 394 1042 727 995 547 157 548 1203 98.1
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Table 10.3: Rainfall Statistics in mm (continuation)

Month 1988 1987 1986 1985 1984
January  97.7 325 54.5 42 513
February  25.7 17 35  26.8 38.5
March 56.8 60.55 43.1 289 39.5
April 158 56 755 225 205
May 65.2 477 71  50.3 575
June 42,1 132 225 98 69
July 145 52 415 242 22
August 138 89 855 65 46.5
September 71.5 33 25.5 155 79
October  59.3 155 43 24 375
November 13.8 694 79.5 39.5 &87.5
December 42.8 13.66 30.5 101 43.5
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