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Abstract

In this work we introduce methods for model order reduction using orthonormal wavelets. Specifi-

cally, we propose techniques and algorithms for wavelet-based reduced order parameter estimation

using orthonormal wavelets for solving nonlinear least squares problems. Approaches for param-

eter reduction using the one dimensional and two dimensional wavelet transforms are presented

using multiple levels of decomposition.

The performance of wavelet-based reduced order parameter estimation is tested using a suite

of orthonormal wavelets on a groundwater hydraulics model provided by the U.S. Army Corps of

Engineers. Using the hydraulics model, the goal is to find a least-squares solution of the perme-

ability field given the pressure field observations such that the discrepancy between the model and

the observed behavior of the system is minimized.

The results show that in terms of the number of iterations, time, and error, there exist reduced

order parameter estimation models obtained with orthonormal wavelets that can be used in lieu of

the full order model. By incorporating these wavelet-based reduced order parameter estimation

techniques into nonlinear least squares parameter estimation problems, a faster characterization

can be achieved.
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Chapter 1

Introduction

1.1 Motivation

Inverse, least squares and parameter estimation problems have received much attention in diverse

fields of science and engineering. Medical imaging [15, 14], geophysics [19], heat transfer [3],

quantum, wave, and electromagnetic scattering [26], and electrical impedance tomography [10]

are a few examples. In all of these fields, it has been shown that reliable parameter estimation is a

cornerstone for improving predictions and reducing the risk of application decisions.

However, as the size of the problem and the number of parameters to estimate increases, the

computational cost involved in obtaining a solution also increases. Realistic models are highly

complex and can have thousands, millions, and in some cases billions of equations and unknowns

that need to be satisfied. Simplification of the model and the underlying parameters is thus needed

in order to perform simulations within an acceptable amount of time and to cope with limited

memory and storage capacity among other requirements.

To reduce the computational cost of the so-called full order model, model reduction methods

have been developed that approximate the full order model and simplify computations by reducing

the dimensions of the system in question [11, 18, 5, 2]. Accomplished primarily through singular

value decomposition (SVD) based techniques, model reduction is applied to either the forward

model, known as model order reduction (MOR), or to the parameters, known as reduced order

parameter estimation (ROPE), using what has been termed a “data compression” step in [5]. These

SVD model reduction techniques borrow heavily from ideas traditionally found in the area of

image processing and transform coding where a subset of singular values are used to approximate

and compress an image, i.e. the full order model.

1



Although model reduction borrows techniques typically found in image processing, it is very

surprising that model reduction using wavelets has not received much attention and has not been

adequately addressed in the literature. The use of the wavelet transform in image processing is

by far the most popular and practical technique used in many applications including JPEG 2000,

digital cameras, high definition video, and medical imaging among others. This observation begs

the question: Can wavelets be used for model reduction?

1.2 Thesis Contributions and Outline

To this end, in this work we study, explore, and propose methods for model reduction using

wavelets. Specifically, we introduce techniques and algorithms for wavelet-based reduced order

parameter estimation using orthonormal wavelets for solving nonlinear least squares parameter

estimation problems. Approaches for parameter reduction using the one dimensional and two

dimensional wavelet transforms are presented using multiple levels of decomposition. The perfor-

mance of the wavelet-based ROPE is tested using a suite of orthonormal wavelets on a groundwater

hydraulics model provided by the U.S. Army Corps of Engineers. With this in mind, this thesis is

organized as follows:

Chapter 2: In this chapter, we introduce the nonlinear least squares problem. We then dis-

cuss the Simultaneous Perturbation Stochastic Approximation (SPSA) optimization algorithm for

solving the nonlinear least squares problem.

Chapter 3: The discrete orthonormal wavelet transform is introduced. The use of the wavelet

transform for reduced order parameter estimation is motivated through a discussion and exam-

ple of data compression and transform coding. The mathematics behind the 1D and 2D wavelet

transforms is then introduced. A filter bank approach to the wavelet transform with multilevel

decomposition is presented, and parameter reduction using 1D and 2D wavelets is discussed.

Chapter 4: Methods for solving the nonlinear least squares optimization problem using a mod-

ified SPSA algorithm are proposed that use one dimensional and two dimensional wavelet-based

reduced order parameter estimation. Then, the Proteus Computational Methods and Simulation

2



Toolkit is introduced. Using Proteus, an inverse problem is formulated to evaluate the perfor-

mance of wavelet-based reduced-order parameter estimation. The performance using a suite of 22

orthonormal wavelets at 3 levels of decomposition is then compared.

Chapter 5: In this chapter, a summary of the results is provided and future research ideas and

directions are mentioned.

3



Chapter 2

Nonlinear Least Squares

In this chapter, we introduce the nonlinear least squares problem. We then discuss the Simultaneous

Perturbation Stochastic Approximation (SPSA) optimization algorithm for solving the nonlinear

least squares problem.

2.1 Mathematical Formulation

Consider a nonlinear system where the relationship between the model parameters (input) x and

data observations (output) y take the form

M(x) = y (2.1)

andM(x) is a nonlinear forward model which may or may not have an analytical expression. If we

know x and wish to obtain the result y, Eq. (2.1) is said to be a forward problem; however, if we

wish to find the cause which produced a set of effects, then we must solve an inverse problem and

estimate the x which generated y. To do so, Eq. (2.1) can be posed as the nonlinear least squares

(NLSQ) optimization problem in Eq. (2.2) where we seek the x which minimizes the residual

between the model and observations [24].

Now, consider the nonlinear least-squares parameter estimation problem shown in Eq. (2.2).

min
x
f(x) =

1

2
‖R(x)‖2 . (2.2)

Here, f : Rn → R is the objective function to be minimized, R : Rn → Rm produces a vector

of residuals that measures the discrepancy between the model and its corresponding observations,

4



and x ∈ Rn is a vector of unknown model parameters with m ≥ n [17]. The objective function

f(x) can also be expressed in the following equivalent forms:

f(x) =
1

2
R(x)TR(x) =

m∑
i=1

ri(x)2 (2.3)

where ri(x) : Rn → R is the ith residual in the residual vector shown in Eq. (2.4).

R(x) =
[
r1(x) r2(x) · · · rn(x)

]T
. (2.4)

The residual vector can be written explicitly as the difference between the model and the observa-

tions in Eq. (2.5)

R(x) = M(x)− y (2.5)

where y ∈ Rm is a vector of data observations and M : Rn → Rm is the nonlinear forward model.

Combining Eqs. (2.5) and (2.2) yields the NLSQ parameter estimation problem shown in Eq. (2.6).

min
x
f(x) =

1

2
‖M(x)− y‖2. (2.6)

Solving Eq. (2.6) over a reduced parameter space x̂ ∈ Rr with r << n is the focus of this thesis.

2.2 Simultaneous Perturbation Stochastic Approximation

To solve the nonlinear least-squares optimization problem in Eq. (2.6), the Simultaneous Perturba-

tion Stochastic Algorithm (SPSA) introduced in [21] is used. SPSA is a stochastic steepest descent

method similar to the deterministic steepest descent method which seeks to minimize an objective

function f : Rn → R according to the update equation

xk+1 = xk − ak∇fk (2.7)

5



where x ∈ Rn and ∇fk ∈ Rn is a stochastic gradient computed as

∇fk =


f (xk + ck∆k)− f (xk − ck∆k)

2ck∆k1...
f (xk + ck∆k)− f (xk − ck∆k)

2ck∆kn

 =
(f+ − f−)

2ck


1

∆k1...
1

∆kn

 (2.8)

with

f+ = f (xk + ck∆k) , f− = f (xk − ck∆k) (2.9)

and ∆k ∈ Rn is a random perturbation vector chosen from an independent and identically dis-

tributed (i.i.d) 0 mean probability distribution. While many distributions meet the 0 mean require-

ment, the one typically selected is Bernoulli with P (−1) = P (1) =
1

2
. The gain control quantities

ak and ck in Eqs. (2.7) and (2.8) are defined as

ak =
a

(A+ k + 1)α
(2.10)

ck =
c

(k + 1)γ
(2.11)

where a, c, A, α and γ are strictly positive. The choice of ak and ck are crucial to the performance

of SPSA and guidelines for choosing them are provided in [21].

Observe in Eq. (2.8) that only 2 function evaluations f+ and f− are needed to obtain the

gradient approximation ∇fk independent of the dimension n of the parameter space x. It is this

property that makes SPSA attractive in situations where the nonlinear forward model M(x) is

computationally expensive to evaluate.

The SPSA algorithm is shown in Algorithm 1 and a complete discussion of the SPSA algorithm

can be found in [22].

6



Algorithm 1 Simultaneous Perturbation Stochastic Approximation
Input: x0 ∈ Rn, a, c, A, α, γ > 0
Output: x∗

1: for k = 0 to MaxIters− 1 or until convergence do
2: Update gain sequences.

ak = a/ (A+ k + 1)α (2.12)
ck = c/(k + 1)γ (2.13)

3: Generate simultaneous perturbation vector ∆k from a zero mean i.i.d. distribution, ∆k ∈ Rn

4: Evaluate objective function around xk.

f+ = f (xk + ck∆k) (2.14)
f− = f (xk − ck∆k) (2.15)

5: Approximate∇fk.

∇fk =
(f+ − f−)

2ck


1

∆k1...
1

∆kn

 (2.16)

6: Update.

xk+1 = xk − ak∇fk (2.17)

7: end for
8: return x∗

7



Chapter 3

The Discrete Orthonormal Wavelet

Transform

In this chapter, the discrete orthonormal wavelet transform is introduced. We begin with a discus-

sion of the energy compaction property of the wavelet transform to motivate its use for parameter

reduction. Then, we cover the basic mathematics behind the 1 dimensional and 2 dimensional

wavelet transforms using a filter bank approach for multilevel decomposition. Finally, we show

how the wavelet transform can be used to reduce the dimension of the parameter space from n to

r.

3.1 Data Compression and the Relationship to Reduced Order

Parameter Estimation

The motivation for using the wavelet transform to reduce the dimension of the unknown parame-

ters x in Eq. (2.6) comes from the fields of image processing, image compression, and transform

coding. In these fields, huge amounts of information (for example, images) are transmitted over

limited-bandwidth communication lines and networks such as the Internet. For fast transmission

and to reduce storage requirements, these signals must be compressed. In short, the goal of data

compression is, given a signal x ∈ Rn, find a lower dimensional signal x̂ ∈ Rr with r < n to

transmit or store that approximates x. The most widely used techniques for data compression are

based on the wavelet transform.

The key to using wavelets to find the lower dimensional signal x̂ lies in a property known as

energy compaction. It is well known in the literature that the wavelet transform tends to concentrate

8
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Figure 3.1: Original signal x and the corresponding wavelet decomposition. The upper left sub-
band is the low frequency information and represents the low dimensional approximation to x

energy in the low frequency subband of the wavelet decomposition [1] [27]. Energy is related to

the `2-norm and defined as [20]

ε = ‖x‖2 =
∑
i

x2
i . (3.1)

To illustrate the energy compaction property, consider Figure 3.1. Here, we have the original

signal x ∈ R512×512 and its corresponding wavelet transform decomposition also in R512×512. No-

tice that the upper left quadrant of the wavelet decomposition is a low dimensional approximation

x̂ ∈ R256×256 that is one-fourth the size of the original signal and corresponds to the low frequency

subband wavelet coefficients. Using Eq. (3.1), we quantify the amount of energy contained in x̂

and find that it contains 95.75% of the energy using only one-fourth of the coefficients.

Since x̂ contains most of the energy, a simple data compression scheme would be to make all

of the other wavelet subbands zero and preserve only the low frequency information as in Figure

3.2. Using only x̂, we can reconstruct an approximation of x using the inverse wavelet transform as

in Figure 3.3. To the human eye, the difference between the original signal and the approximation

may not be readily detected. To measure how well x̂ approximates the original signal, the average

of the sum of the squared errors is commonly used in image processing. Also known as the mean

9
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Figure 3.2: From each subband, only preserve the low-low frequency information in x̂. Set all
other subband coefficients, i.e. the high pass coefficients, to zero.

squared error, it is defined as

MSE =
1

n

n∑
i=1

(xi − yi)2 =
1

n
‖x− y‖2. (3.2)

where x and y are two signals we want to compare. Using this measure, we find that the mean

squared error between the original signal and the approximation is 6.82× 10−4.

It becomes clear that by exploiting the property of energy compaction, the wavelet transform

offers a way to reduce the dimension of the unknown parameter space x in Eq. (2.6). In the next

section, the wavelet transform is discussed.

3.2 The Wavelet Transform

To reduce the number of parameters to optimize in Eq. (2.6), the full parameter space x is projected

onto a lower-dimensional space using the discrete wavelet transform (DWT) [23]. In this section,

the DWT is discussed. For a complete treatment of wavelets and wavelet filter banks, see [6].

10



Signal Approximation : 99.75% energy
MSE=6.82E−004Original Signal : 100.00% energy

Figure 3.3: A side-by-side comparison of the original signal x and a reconstructed approximation
using only the low-low frequency information in x̂. x̂ contains 99.75% of the energy in x. The
mean-squared error is 6.82× 10−4

Figure 3.4: 1 Dimensional Wavelet Transform Filter Bank (1 Level of Decomposition)

3.2.1 1D Wavelet Transform

The 1 dimensional (1D) forward DWT is taken by filtering a signal x ∈ Rn through a series of filter

banks where n is an integer power of 2. The filtering operation involves convolving x through both

low pass and high pass filters followed by decimation by a factor of 2 as seen in Figure 3.4 where

H0(z) and H1(z) are low and high pass wavelet filters in the z-transform domain, ↓ 2 denotes

decimation by a factor of 2, and xL and xH are the low pass and high pass coefficients that form

x̄ ∈ Rn, the signal in the wavelet domain.

The original signal x is reconstructed (or recovered) using the inverse DWT (IDWT). The

IDWT is taken by interpolating xL and xH by a factor of 2, passing the coefficients through the

filters G0(z) and G1(z), and then adding the signals together. The convolution operation followed

11



Figure 3.5: 1D Wavelet Transform Filter Bank at Decomposition Level D

by decimation can be expressed as

 xL

xH

 =

 (↓ 2)
∑
τ

h0[k − τ ]x[τ ]

(↓ 2)
∑
τ

h1[k − τ ]x[τ ]

 =


∑
τ

h0[k − 2τ ]x[τ ]∑
τ

h1[k − 2τ ]x[τ ]

 (3.3)

where k denotes signals and filters in the discrete-time domain.

The coefficients of h0 satisfy the conditions in Eqs. (3.4) and (3.5) [28].

∑
i

h0i =
√

2 (3.4)

∑
i

h2
0i

= 1. (3.5)

Eq. (3.5) means that the energy in the wavelet filter is normalized to 1 and will lead to an orthonor-

mal wavelet transform where the energy in the original signal is equal to the energy of the signal

in the wavelet domain [16].

When the filter-bank is iterated D times as shown in Figure 3.5, a DWT at decomposition level

D is obtained. Here, HL and HH are used to simplify the filter bank notation and represent the

combination of H0(z) and H1(z) with (↓ 2) (compare to Figure 3.4). The from this point forward,

the DWT at decomposition level D shall be denoted by Eq. (3.6)

x̄ = Ψ{x} (3.6)
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where x̄ ∈ Rn. x̄ shall be defined by taking the output coefficients at each level of decomposition

shown in Figure 3.5 and arranging them by decomposition level into a set of subbands as seen in

Eq. (3.7)

x̄ =

 x̂

x̃

 (3.7)

where

x̂ = xLD (3.8)

x̃ =
{
xHD

, xHD−1
, · · · , xH2 , xH1

}
. (3.9)

In the signal processing and wavelet community, x̂ ∈ Rr are called the approximation co-

efficients at decomposition level D obtained by iterating the filter bank with the low frequency

information xL as the input at each iteration. The remaining coefficients x̃ ∈ Rn−r are called the

detail coefficients. The dimension r of x̂ can be determined according to

r =
n

2D
. (3.10)

Eq. (3.10) is obtained using Figure 3.5 and tracing the input x through the filter bank. At the end of

each decomposition level, the output has gone through one decimation operator (↓ 2) and results

in a reduction of length by a factor of 2 at each level. This leads to the following property:

Property 1 Given x ∈ Rn where n is required to be an integer powers of 2, the maximum number

of times the filter bank can be iterated, i.e. the maximum decomposition level is DMAX = log2 (n).

Proof: The smallest possible value of r is 1. Setting r = 1 and solving for DMAX yields

1 =
n

2DMAX

2DMAX = n

DMAX = log2 (n) . (3.11)
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Figure 3.6: Parameter Reduction Using 1D Wavelets. Using the energy compaction property, the
parameter space can be reduced from x ∈ Rn to x̂ ∈ Rr

.

The dimension of each of the vectors xHd
∈ Rqd in x̃ from Eq. (3.9) can be determined by

qd =
n

2d
d = 1, 2, . . . , D. (3.12)

By iterating the filter bank in Figure 3.5 D times where D ≤ DMAX and using the energy

compaction property of wavelets as discussed in Chapter 3.1, we can reduce the parameter space

of x (see Figure 3.6). Using the 1D wavelet transform on x, the low frequency subband of x̄

becomes the reduced parameter space x̂ ∈ Rr. Thus, the wavelet transform can be used to reduce

the dimension of the parameter space from n to r.

3.2.2 2D Wavelet Transform

The 2 dimensional (2D) forward DWT is taken by filtering a signal x ∈ Rn1×n2 through a series

of 1D filter banks where n1 and n2 are both integer powers of 2. To perform the 2D DWT, the

rows of x are filtered and then the columns. When the filter bank is iterated D times, a 2D DWT

at decomposition level D is obtained as seen in Figure 3.7.

Denoting the 2D DWT at decomposition level D as

x̄ = Ψ{x} (3.13)

and the corresponding wavelet coefficients as x̄, x̄ shall be defined by taking the output coefficients

at each level of decomposition in Figure 3.7 and arranging them by decomposition level into a set

14



Figure 3.7: 2D Wavelet Transform Filter Bank at Decomposition Level D

of subbands as seen in Eq. (3.7) where

x̂ = xLLD (3.14)

x̃ = {xLHD
, xHLD , xHHD

, · · · , xLHd
, xHLd , xHHd

, · · ·xLH1 , xHL1 , xHH1} . (3.15)

x̂ ∈ R(r1×r2) are called the approximation coefficients at decomposition level D obtained by

iterating the filter bank with the low-low frequency information xLL as the input at each iteration.

The remaining coefficients x̃ are called the detail coefficients. The dimensions r1 × r2 of x̂ can be

determined according to

r1 =
n1

2D
(3.16)

r2 =
n2

2D
. (3.17)

Eqs. (3.16) and (3.17) are obtained using Figure 3.7 and tracing the input x through the filter bank.

At the end of each decomposition level, the rows have gone through one decimation operator (↓ 2)
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and the columns have also gone through one decimation operator (↓ 2), resulting in a reduction of

row and column length by a factor of 2 at each level. This leads to the following property:

Property 2 Given x ∈ Rn1×n2 where n1 and n2 are required to be an integer power of 2, the

maximum number of times the filter bank can be iterated, i.e. the maximum decomposition level is

DMAX = MIN {log2(n1), log2(n2)}.

Proof: The smallest possible value for r1 and r2 is 1. Setting r1 = 1 and solving for DMAX1

yields

1 =
n1

2DMAX1

log2(2DMAX1 ) = log2(n1)

DMAX1 = log2(n1). (3.18)

Similarly the expression for DMAX2 is

DMAX2 = log2(n2). (3.19)

For a 2D wavelet transform, the maximum decomposition level is limited by the smallest dimen-

sion of x and thus on the smaller of DMAX1 and DMAX2 . Then the maximum decomposition level

is given by

DMAX = MIN {log2(n1), log2(n2)} (3.20)

The dimensions for each of xLHd
, xHLd , xHHd

∈ Rq1×q2 from Eq. (3.15) in x̃ can be determined

by

q1d =
n1

2i
(3.21)

q2d =
n2

2i
(3.22)
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Figure 3.8: Parameter Reduction Using 2D Wavelets. Using the energy compaction property, the
parameter space can be reduced from x ∈ Rn to x̂ ∈ Rr

with d = 1, 2, . . . , D.

By iterating the filter bank in Figure 3.7 D times where D ≤ DMAX and using the energy

compaction property as discussed in Chapter 3.1, we can reduce the parameter space of x by

reshaping the vector x ∈ Rn into a matrix (image) x ∈ R(n1×n2) that satisfies

n = n1n2 (3.23)

where n1 and n2 are integer powers of 2 (see Figure 3.8). Using the 2D wavelet transform at

decomposition level D on x, the low frequency subband of x̄ becomes the reduced parameter

space x̂ ∈ R(r1×r2). x̂ is then reshaped back into a vector x̂ ∈ Rr where

r = r1r2 (3.24)

Thus, the 2D wavelet transform can be used to reduce the dimension of the parameter space

from n to r.
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Chapter 4

Wavelet-Based Reduced Order Parameter

Estimation

In this chapter, we introduce a method for solving the nonlinear least-squares optimization problem

using a modified SPSA routine with 1D and 2D wavelet-based reduced order parameter estima-

tion. Then, the Proteus Computational Methods and Simulation Toolkit will be introduced. Using

Proteus, an inverse problem is formulated to evaluate the performance of wavelet-based reduced-

order parameter estimation. Finally, the performance of wavelet based ROPE using a suite of 22

orthonormal wavelets at 3 levels of decomposition are compared.

4.1 Parameter Reduction Using Wavelets

In Algorithm 2, we propose a routine for solving the NLSQ problem using both 1D and 2D

wavelet-based ROPE. Given a 1D or 2D wavelet transform Ψ, the initial estimate x0 is projected

onto a wavelet basis producing a ROPE x̂ ∈ Rr in step 3. Here, r represents the reduced dimension

of x̂ at decomposition level D.

After updating the SPSA gain sequences, a simultaneous perturbation vector ∆k is generated

using zero mean i.i.d random variables taken from the Bernoulli distribution P (−1) = P (2) =
1

2
in step 5.

In step 6, two calculations about x̂k are obtained in the forward and backward directions. Notice

that the detail coefficients x̃k are not modified since we are only interested in optimizing over the

ROPE x̂k. In this algorithm, we choose to preserve x̃k throughout the optimization since the

forward wavelet transform provides this extra information “for free”; however, we could set all
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Algorithm 2 Wavelet-Based Reduced-Order Modeling
Input: x0 ∈ Rn, a, c, A, α, γ > 0
Output: x∗

1: Given a 1D (Ψ ≡ Ψ1D) or 2D wavelet transform (Ψ ≡ Ψ2D):
2: for k = 0 to MaxIters− 1 or until convergence do
3: Project xk onto the wavelet basis. x̂k ∈ Rr represents the reduced order parameter estimate

and x̃k represents the remaining detail coefficients.

x̄k = Ψ {xk} =

{
x̂k
x̃k

}

4: Update SPSA gain sequences. ak = a/ (A+ k + 1)α ck = c/(k + 1)γ

5: Generate simultaneous perturbation vector ∆k ∈ Rr from a zero mean distribution.
6: Evaluate objective function around x̂k. Make no modifications to x̃k.

x̄+ =

{
x̂k + ck∆k

x̃k

}
x+ = Ψ−1

{
x̄+
}

f+ = f(x+) (4.1)

x̄− =

{
x̂k − ck∆k

x̃k

}
x− = Ψ−1

{
x̄−
}

f− = f(x−) (4.2)

7: Approximate∇fk.

∇fk =
(f+ − f−)

2ck


1

∆k1...
1

∆kr

 (4.3)

8: Update.

x̄k+1 =

{
x̂k+1

x̃k+1

}
=

{
x̂k − αk∇fk

x̃k

}
(4.4)

9: Reconstruct xk+1.

xk+1 = Ψ−1 {x̄k+1} (4.5)

10: end for
11: return x∗
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coefficients in x̃k = 0 if we so choose.

Continuing with step 6, once the modified wavelet coefficients in the forward and backward

directions x̄± are obtained, the full-order parameter space in both directions x± are recovered

using the inverse wavelet transform. This step is necessary since f (and the nonlinear model

M(x) indirectly) expects a vector in Rn and not in Rr. Using the full order parameter estimates,

the forward and backward finite difference approximations are calculated to obtain the gradient

approximation in step 7.

In step 8, we update the estimate in preparation for the next iteration; again, the detail coeffi-

cients are not modified. Finally, the updated full order parameter estimate is recovered in step 9

and the algorithm is repeated until convergence or the maximum iteration count is exceeded.

The principle difference between the 1D wavelet version and the 2D version for ROPE is that

the forward and inverse wavelet transforms operate on a 2D signals (images). With this in mind

we introduce the following two procedures Ψ2D {x} and Ψ−1
2D {x} for the 2D forward (Algorithm

3) and inverse (Algorithm 4) wavelet transforms that take care of the necessary vector-to-matrix

and matrix-to-vector reshaping.

Algorithm 3 Ψ2D {x} (2D Wavelet Transform with Reshaping)
Input: x ∈ Rn

Output: x̄ with x̂ ∈ Rr

1: Reshape the vector x ∈ Rn to a matrix x ∈ R(n1×n2) to satisfy Eq. (3.23).
2: Forward 2D wavelet transform

x̄ = Ψ {x} =

{
x̂
x̃

}
, x̂ ∈ R(r1×r2). (4.6)

3: Reshape x̂ ∈ R(r1×r2) to a vector x̂ ∈ Rr to satisfy Eq. (3.24).

4: return x̄ =

{
x̂
x̃

}

Algorithm 3 takes an input vector x ∈ Rn and reshapes it to a matrix x ∈ R(n1×n2) in prepa-

ration for the forward 2D wavelet transform in step 1. The forward 2D wavelet transform is taken

in step 2 producing x̂ ∈ R(r1×r2). To prepare the ROPE for optimization with SPSA, the matrix

x̂ ∈ R(r1×r2) is reshaped into a vector x̂ ∈ Rr in step 3. This is necessary since SPSA expects a
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vector to optimize over. Finally, the wavelet coefficients in x̄ are returned.

Algorithm 4 Ψ−1
2D {x} (2D Inverse Wavelet Transform with Reshaping)

Input: x̄ with x̂ ∈ Rr

Output: x ∈ Rn

1: Reshape the vector x̂ ∈ Rr to a matrix x̂ ∈ R(r1×r2) to satisfy Eq. (3.24).
2: Inverse 2D wavelet transform

Ψ−1 {x̄} = Ψ−1

{
x̂
x̃

}
= x, x ∈ R(n1×n2). (4.7)

3: Reshape x ∈ R(n1×n2) to a vector x ∈ Rn to satisfy Eq. (3.23).
4: return x

Algorithm 4 is defined to assist with the inverse 2D wavelet transform. The wavelet coefficients

in x̄ are input into the procedure. The vector x̂ ∈ Rr is reshaped into a matrix x̂ ∈ R(r1×r2) in

preparation for the inverse 2D wavelet transform in step 1. The inverse 2D wavelet transform is

taken in step 2 producing x ∈ R(n1×n2). The matrix x ∈ R(n1×n2) is reshaped into a vector x ∈ Rn

in step 3. Finally, x is recovered and returned.

With our wavelet procedures Ψ2D {x} and Ψ−1
2D {x} defined, Algorithm 2 can be used for 2D

wavelet-based reduced order parameter estimation to solve the NLSQ problem using a modified

SPSA routine. When the 2D wavelet transform is used, the procedures Ψ2D {x} (Algorithm 3) and

Ψ−1
2D {x} (Algorithm 4) are used in step 1 of Algorithm 2.

4.2 An Application of Parameter Reduction to Groundwater

Hydraulics

In this section, we test the performance of the wavelet-based reduced order parameter estimation

technique using both 1D and 2D wavelets on the groundwater hydraulics model provided by the

USACE. Since many wavelet transform filters exist, we test the ROPE using a suite of orthonormal

wavelets. In addition, we test the scheme using multiple levels of decomposition.
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4.2.1 Proteus Computational Methods and Simulation Toolkit

The Proteus computational methods and simulation toolkit (Proteus)1 is a hydraulics modeling

software package developed and maintained by the U.S. Army Corps of Engineers, Engineer Re-

search and Development Center, Coastal and Hydraulics Laboratory [9]. Proteus is a python-based

finite element framework designed around the abstract notion of finite elements as a triplet con-

sisting of a geometric element, function space, and a set of unisolvent degrees of freedom [8].

This design allows for the implementation of both multiscale-stabilized conforming Galerkin and

discontinuous Galerkin schemes within the same framework and facilitates rapid prototyping of

numerical methods. Proteus implements computationally intensive routines in C++, C, and For-

tran and is built upon the PETSc toolkit for parallel simulation [4].

The USACE provided a groundwater flow forward model as in Eq. (2.1) where, given the

permeability field x and the groundwater flow model in the Proteus modelM(x), the corresponding

pressure field y is obtained byM(x) = y. Figure 4.1 shows the results of the groundwater problem

where Figure 4.1a shows the input (true) permeability field and Figure 4.1b shows the output (true)

pressure field.

To evaluate the performance of wavelet-based reduced-order modeling, an inverse problem

is formulated where the pressure measurement observations y and the hydraulics model M(x)

are given and our goal is to find the unknown permeability field x that produced y. Since the

hydraulics model cannot be directly inverted, the inverse problem is posed as the nonlinear least-

squares optimization problem.

4.2.2 Experimental Setup

In order to evaluate the performance of the wavelet-based ROPE, we formulate a NLSQ problem

using the mean-squared error distortion measurement commonly used in image processing from

1Proteus was previously known as the Python Adaptive Hydraulics Modeling System (PyADH)
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Figure 4.1: The permeability and corresponding pressure fields for the groundwater problem, n =
16384 (128x128)

Eq. (3.2). Formally, consider the NLSQ parameter estimation problem shown in Eq. (4.8)

min
x
f(x) =

1

n
‖R(x)‖2

=
1

n
‖M(x)− y‖2

=
1

n

n∑
i=1

(Mi(x)− yi)2 (4.8)

where f : Rn → R is the objective function to be minimized, R(x) ∈ Rn is a vector of residuals

that measures the discrepancy between the Proteus groundwater hydraulics nonlinear model M :

Rn → Rn and the corresponding pressure measurements y ∈ Rn. x ∈ Rn is a vector of unknown

permeability model parameters which we wish to determine using wavelet-based ROPE. In this

problem, n = 214 which corresponds to 16384 permeability unknowns. Figure 4.1 shows the

results of the groundwater problem where Figure 4.1b shows the pressure field measurements y

and 4.1a shows the true permeability field that we are trying to determine using wavelet-based

ROPE.
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Table 4.1: Simultaneous Perturbation Stochastic Approximation Optimization Options

SPSA Options
α 0.602
γ 1.101
a 0.017
c 3.9
A 1000

MaxIterations 500

Table 4.2: Orthonormal Wavelet Options

Orthonormal Wavelet Options
Haar haar

Daubechies db2, db3, db4, db5, db6, db7, db8, db9, db10
Coiflet coif1, coif2, coif3, coif4, coif5
Symlet sym2, sym3, sym4, sym5, sym6, sym7, sym8

Decomposition Levels 1 - 3

The SPSA optimization options and parameter values used are displayed in Table 4.1 and are

identical to those in [25, 13, 12]. In addition, and since multiple wavelet transforms exist, the

wavelet-based ROPE was tested using a suite of orthonormal wavelets from the Haar, Daubechies

(db2 - db10), Coiflet (coif1 - coif5), and Symlet (sym2 - sym8) families2 at decomposition levels

1 - 3 for a total of 66 reduced-order model comparisons as seen in Table 4.2. For each wavelet

and decomposition level, the wavelet-based ROPE algorithm was executed until the convergence

criteria was met or until the maximum allowed iterations were exceeded. The experiment was exe-

cuted on both the Ranger high performance computing resource at the Texas Advanced Computing

Center and on a Linux workstation. The SPSA and wavelet ROPE algorithms were implemented

in C, Octave, Matlab and the WaveLab wavelet library [7].

In order to compare the performance of each of the wavelet-based ROPE schemes, the full

order model was executed without wavelet parameter reduction (i.e. SPSA optimization only) to

obtain a set of baseline metrics for comparison. Table 4.3 contains the results obtained from the

2Wavelet naming conventions used are as defined in MATLAB
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Table 4.3: Baseline Metrics Obtained with SPSA Optimization on the Full Order Model

Dim Wavelet Lvl Params Iters MSE FuncCalls Time (hr) Final MSE
N/A N/A N/A 16384 500 9.22 1500 9.05 9.22

full order model where the metrics are defined as follows:

• Dim - Dimension of the wavelet transform, i.e. 1D or 2D.

• Wavelet - The specific wavelet used for ROPE.

• Lvl - Wavelet decomposition level.

• Params - The number of model parameters to optimize.

• Iters - The number of iterations required to obtain an objective function value less than or

equal to the minimum value obtained by SPSA using the full order model.

• MSE - The mean squared error distortion measurement obtained from Eq. (4.8). This mea-

sure is also referred to as the “loss value” or simply the error.

• Function Calls - The number of times the objective function was evaluated.

• Time - The amount of time required to obtain an error value less than or equal to the mini-

mum loss value obtained by SPSA using the full order model.

• Final MSE - The final mean squared error value obtained by allowing the algorithm to run

to completion.

In the full order model, the minimum MSE obtained by SPSA with no wavelet ROPE was 9.22

at iteration 500, and this value was used as the target/stopping criteria for the wavelet schemes.

For comparison purposes, we are interested in the metrics at the point at which the MSE obtained

using wavelet-based ROPE is less than or equal to 9.22. Note that in the case of SPSA optimization

on the full order model, the “Dim”, “Wavelet”, and “Lvl” columns contain a value of “N/A” (not

applicable) since these values will only apply when ROPE is used.
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4.2.3 Results Using 1D Wavelets

Using 1D wavelet-based ROPE, the best performing wavelet at decomposition level 1 was obtained

using the 4th order Daubechies wavelet, the best at decomposition level 2 was the 8th order Symlet

wavelet, and the best at decomposition level 3 was the 6th order Symlet wavelet. Graphs of the

convergence history for each ROPE compared to the convergence of the full order model are shown

in Figure 4.2 and the performance metrics are displayed in Table 4.4.
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Figure 4.2: The convergence history for 1D ROPE at decomposition levels 1-3 compared to the
convergence of the full order model.

Table 4.4: 1D Wavelet-Based Reduced Order Parameter Estimation Comparison

Dim Wavelet Lvl Params Iters MSE FuncCalls Time (hr) Final MSE
1D sym6 3 2048 161 9.19 483 2.91 4.83
1D sym8 2 4096 262 9.18 786 4.74 5.66
1D db4 1 8192 261 9.16 783 4.72 5.35

N/A N/A N/A 16384 500 9.21 1500 9.05 9.22

From Figure 4.2 and Table 4.4, we see that while all three reduced-order models meet or exceed

the target criteria in fewer iterations, the sym6 wavelet ROPE at decomposition level 3 reaches the
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target in the fewest iterations. In addition, the sym6 wavelet out performed all other wavelets in

each of the defined metrics by optimizing over only 2048 parameters, 1/8 the size of the full order

model. When the algorithm was allowed to run to completion, the sym6 wavelet also produced the

smallest MSE value.

Figure 4.3 shows the the permeability, pressure, and convergence history results for the best

performing wavelet at decomposition level 3. The graphs contain the following information:

• The top shows the final full order model xk obtained from x̂k.

• The bottom left shows the final pressure estimate M(xk) obtained using ROPE.

• The bottom right quadrant shows the convergence history obtained using ROPE compared

to the full order model.

See Appendix A and Tables A.1 and A.2 for the results at decomposition levels 1 and 2.
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Figure 4.3: 6th Order Symlet Decomposition Level 3 (1D)

4.2.4 Results Using 2D Wavelets

Using 2D wavelet-based ROPE, the best performing wavelet at decomposition level 1 was obtained

using the 5th order Coiflet wavelet, the best at decomposition level 2 was the 8th order Daubechies

wavelet, and the best at decomposition level 3 was the 5th order Daubechies wavelet. Graphs of

the convergence history for each ROPE compared to the convergence of the full order model are

shown in Figure 4.4 and the performance metrics are displayed in Table 4.5.

From Figure 4.4 and Table 4.5, we see that while all three reduced-order models meet or exceed

the target criteria in fewer iterations, the db5 wavelet ROPE at decomposition level 3 reaches the
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Figure 4.4: The convergence history for 2D ROPE at decomposition levels 1-3 compared to the
convergence of the full order model.

Table 4.5: 2D Wavelet-Based Reduced Order Parameter Estimation Comparison

Dim Wavelet Lvl Params Iters MSE FuncCalls Time (hr) Final MSE
2D db5 3 256 85 9.18 255 1.54 3.66
2D db8 2 1024 97 9.02 291 1.76 3.81
2D coif5 1 4096 324 9.20 972 5.86 7.04

N/A N/A N/A 16384 500 9.21 1500 9.05 9.22

target in the fewest iterations. In addition, the db5 wavelet out performed all other wavelets in

each of the defined metrics by optimizing over only 256 parameters, 1/64 the size of the full order

model. When the algorithm was allowed to run to completion, the db5 wavelet also produced the

smallest MSE value.

Figure 4.5 shows the the permeability, pressure, and convergence history results for the best

performing wavelet at decomposition level 3. The graphs contain the following information:

• The upper left quadrant shows the final ROPE, x̂k.

• The upper right quadrant shows the final full order model xk obtained from x̂k.
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• The lower left quadrant shows the final pressure estimate M(xk) obtained using ROPE.

• The lower right quadrant shows the convergence history obtained using ROPE compared to

the full order model.

See Appendix A and Tables A.3 and A.4 for the results at decomposition levels 1 and 2.
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Figure 4.5: 5th Order Daubechies Decomposition Level 3 (2D)
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Chapter 5

Conclusion and Future Research Directions

5.1 Conclusion

In this thesis, we introduced methods for model order reduction using orthonormal wavelets.

Specifically, we proposed techniques and algorithms for wavelet-based reduced order parameter

estimation using orthonormal wavelets for solving nonlinear least squares problems. Approaches

for parameter reduction using the one dimensional and two dimensional wavelet transforms were

presented using multiple levels of decomposition.

The performance of wavelet-based reduced order parameter estimation was tested using a suite

of orthonormal wavelets on a groundwater hydraulics model provided by the U.S. Army Corps of

Engineers. Using the hydraulics model, the goal was to find a least-squares solution of the perme-

ability field given the pressure field observations such that the discrepancy between the model and

the observed behavior of the system was minimized.

The results show that in terms of the number of iterations, time, and error, there exist reduced

order parameter estimation models obtained with orthonormal wavelets that can be used in lieu of

the full order model. By incorporating these wavelet-based ROPE techniques into nonlinear least

squares parameter estimation problems, a faster characterization can be achieved.

5.2 Future Research Directions

This research focused on techniques and algorithms for wavelet-based reduced order parameter es-

timation using orthonormal wavelets for solving nonlinear least squares problems. In this section,

we present ideas for future research directions.
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First: As stated earlier in this thesis, many orthonormal wavelet transforms exist; however

orthonormal wavelets are only one of two classes of wavelet transforms. A class of wavelets exist

known as biorthogonal wavelets that can also be used for parameter reduction. The key areas where

orthonormal and biorthogonal wavelets differ are:

• The forward and inverse orthonormal wavelet transforms (OWT) satisfy HTH = I; the

forward and inverse biorthogonal wavelet transforms (BWT) satisfy GTH = I .

• The OWT preserves the energy of the original signal when projected into the wavelet domain,

i.e. ||Hx||2 = ||x||2; the BWT does not preserve energy.

• Biorthogonal wavelets are the only types of wavelets that possess symmetry; orthonormal

wavelets cannot possess both orthogonality and symmetry except for the trivial Haar wavelet.

At this point, it is not known if the differences between the OWT and the BWT offer advantages

or disadvantages for parameter reduction and requires further study.

Second: From Eq. (3.10), it is clear that the choice of wavelet decomposition level determines

the size of the reduced dimension r. In this research, we develop the algorithms for multilevel

decomposition, but limit our study to decomposition levels 1,2 and 3 and do not explore the impact

of decomposition levels 4, 5, · · · ,DMAX . In addition, we do not know a priori what decomposition

level will provide the best performance. The optimum choice of decomposition level, and thus the

dimension r for wavelet-based parameter reduction remains an open question.

Third: It was stated earlier that model reduction using wavelets has not received much attention

and has not been adequately addressed in the literature. In this research, we focused on reducing

the number of parameters for the inverse problem using wavelets, but have not considered an appli-

cation of wavelets to the forward problem to reduce the model M . The most popular methods for

model order reduction (MOR) applied to the forward problem include the singular value decompo-

sition (SVD) and Krylov subspace methods. In terms of stability and computational cost, Table 5.1

compares the two methods. MOR using the SVD offers stable results, but can be computationally

expensive as the size of the system increases. Krylov subspace methods are inexpensive compu-

tationally, but suffer from instability due to error propagations. We postulate that wavelet based
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Table 5.1: Model Order Reduction Comparison

Method SVD Krylov
Computational Cost Expensive Inexpensive

Stability Stable, Robust Suffers from Instability

model reduction applied to the forward model lies somewhere in between the SVD and Krylov

subspace methods and may offer a balance between computational efficiency while enjoying sta-

bility. A study of wavelet-based model order reduction applied to the forward model is necessary,

and a comparison of all three techniques must be made to answer this question.

Fourth: Although the results obtained show that we can obtain a reduction in the time required

to solve the NLSQ problem and obtain parameter estimates, further improvements in time can still

be made. An implementation of wavelet-based ROPE using high performance computing (HPC)

techniques will further improve computational time. Examples of HPC implementations include

a distributed message passing version using MPI and/or a shared memory version using graphics

processing units (GPUs).

Fifth: Apply wavelet based model reduction to other applications. Specifically, the University

of Texas at El Paso has a research collaboration with Stanford University and the Department of

Defense in which model reduction has been proposed for use in an Underbody Blast study. We

propose to apply wavelet based model reduction methods to solve this problem.
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Appendix A

Groundwater Hydraulics Results

A.1 1D Permeability, Pressure and Convergence
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(c) Convergence History Comparison

Figure A.1: 4th Order Daubechies Decomposition Level 1 (1D)
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(c) Convergence History Comparison

Figure A.2: 8th Order Symlet Decomposition Level 2 (1D)

38



A.2 2D Permeability, Pressure and Convergence
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(d) Convergence History Comparison

Figure A.3: 5th Order Coiflet Decomposition Level 1 (2D)
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(d) Convergence History Comparison

Figure A.4: 8th Order Daubechies Decomposition Level 2 (2D)
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