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Abstract

The theory of inverse semigroups forms a major part of semigroup theory. This
theory has deep connections with important mathematical disciplines, not only classical ones
such as geometry, functional analysis, number theory, but also with more recent theories: the
theory of algorithms, graph theory, the mathematical theory of automata, etc. The importance of
inverse semigroups, first and foremost, is that they form an abstract class of algebraic structures
which are isomorphic to semigroups of partial bijections.

This thesis is organized in two parts, inverse semigroups in Part 1, and inverse
categories (that arises if we apply a basic property of inverse semigroups to morphisms of a
category) in Part 2.

In the first chapter of my thesis, | set out the basic properties of semigroups and
inverse semigroups: this includes the isomorphism theorem for semigroups, the algebraic
properties of inverse semigroups connected with inverses, idempotent elements, Green’s
relations, etc. The examples presented at the end of the first chapter include the inverse
semigroups of partial bijections, the free monogenic inverse semigroup and an inverse
semigroup-like set which is an analogue of group-like sets. The last example was used in our
paper [9], and was one of the examples suggested the need for an inverse semigroup-like set
theory.

The theory of inverse categories, a natural generalization of the theory of inverse
monoids, may be regarded as the theory of partial isomorphisms. In chapter two of this thesis, |
present the basic properties of inverse categories which are analogous to the properties of inverse
semigroups. Four examples of inverse categories are discussed (given) at the end of my thesis:
the inverse category of partial bijections, the inverse category of invertible matrices, the inverse

Vi



category that represent an equivalence relation, and an inverse category as a subcategory of the

category of based sets and based functions.
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Chapter 1

Semigroups
The foundations of semigroup theory were set by the Russian mathematician A.K.
Suschkewitsch in 1928. At the beginning the theory of semigroups was related and compared
with the theory of groups and rings. The study of the semigroups requires also the study of
congruences. The first mathematician that introduced the inverse semigroups was V.V. Wagner,
in 1952. However, he referred them as generalized groups. In 1954 G.B. Preston reintroduced

the same theory, but he called them inverse semigroups.

1.1  Basic Concepts of Semigroups

A semigroup is considered to be an algebraic structure (8, ) , where § is a nonempty
set and wr, is an associative binary operation on §. The binary operation is defined as a function
wy:§ X 8§ - 8. For simplicity we will denote the binary operation w,(x,y) with the
multiplication symbol xy, for all x,y € §. The associative property is x(yz) = (xy)z, for any

elements x,y,z € S.

Definition 1.1. If there exists an element e of a semigroup S with the property that for all x € §,
we have ex = xe = x, then e is called the identity element of §. A semigroup with an identity

element is called a monoid.

Observation 1.2. From now on, we will denote the identity element by 1. Therefore, the relation

above can be written as follows 1x = x1 = «.



Proposition 1.3. A monoid cannot have more than one identity element.

Proof. Let 1 €S be the identity element such that for any x € § we have 1x = x1 = x.
Suppose there is another element 1 € § with the same property that for any x € S we
have 1'x = 1 = x. Using the identity element we can write 1 =11 . We know that
1'x = x, for any x € S. This implies that 1’ = 1'1 = 1 . Therefore, the identity element is

unique. m

Now, we can define the set of all units. The set of all units of §, denoted by U(S) , can be

described as follows U(S) = {x € § | thereisax € S suchthatxx =x x =1} CS.

Definition 1.4. A zero element of a semigroup S is an element o € § with the property that for

allx € S,wehave § # {o}and ox = x00 = o .

Observation 1.5. From now on, for simplicity, we will denote the zero element by 0. Therefore,

the relation above can be written as follows 0x = x0 = 0.

Proposition 1.6. A semigroup cannot have more than one zero element.

Proof. Let 0 € S be the zero element such that for any x € § we have 0x = x0 = 0. Suppose
there is another element 0' € § with the property that for any x € S we have 0'x = x0 =0'.
Using the fact that 0'x = x0' = 0" we can write 0' = 0'0. For any x € S we know that x0 = 0,

thus, we obtain 0' = 0'0 = 0. This implies that 0" = 0. Therefore, the zero element is unique. o



A semigroup is called commutative if for any elements x,y from § we have xy = yx.
Let S be a semigroup with x € § and consider k a positive integer. We can denote the power of

an element by the following relations: ! = x and x**! = x*x.

Observation 1.7. Let S be a monoid and x € S, then by notation £° = 1.

Proposition 1.8. In a semigroup §, for any element x € § and n, m any positive integers, the

following property holds: x™x™ = x"*™,

Proof. We will use the induction after n. For n = 1 we have x™ - x1 = x™*1 is true. Assume
the relation true for n = k. Thus, x™ - xk¥ = x™*k_ Let n = k + 1. We have to prove that

xM . Xk+1 — x/m+k+1. SO, XM . xk+1 = x™M. (Xk X) — (xm . Xk) Cx = xm+k Cx = xm+k+1. O

Definition 1.9. Let § be a semigroup and consider an element e from §. The element e is called

idempotent, if e2 =e-e =e.

Observation 1.10. In any semigroup §, if the identity element or the zero element exist, they are

idempotents. Also, if e is idempotent, then e™ = e, for any n positive integer.

Examples of semigroups:
e Any group is a semigroup.
e Any ring under multiplication is a semigroup.

e (Z,,+v), (z,, ), (z, -), (Z,, -) are semigroups; where Z is the set of integers,



Z. is the set of non-negative integers, Z,, the complete set of residues modulo n,
and + and - are the normal operations of addition and multiplication.

e Given C a category, and A is an object of C, then the morphisms in C from A to A,
Home(A, A), is asemigroup.

o Let S(A)={f]|f:A—- A}, where f are functions from A to A, and S(4) is
closed under the usually function composition o . Then, (S(A4), °) is a semigroup

and it is called the symmetric semigroup on A.

Definition 1.11. Take § and §'to be two semigroups such that 8" is the subset of §, §'S §. We

call S’ a subsemigroup if S’ is closed under multiplication (i.e. forany x,y € S', xy €S").

Definition 1.12. Let § and 7" be two semigroups and consider the mapping f: s = T from §
into 7. We say that f is a semigroup homomorphism, if forany,y € §, f(xy) = f(x)f(y).

A bijective semigroup homomorphism is called a semigroup isomorphism.

Observation 1.13. The composition of two semigroup homomorphisms is a homomorphism.
For instance, if f: S —» T and h : T — V are homomorphisms, it impliesthat (f ch) : § =V is

also a homomorphism.

For § and T two monoids and for the mapping f: S — T we can say that f is a monoid

homomorphism from § to T, if f is a homomorphism that preserves identity elements f(1) = 1



Definition 1.14. Let S be a semigroup and consider y an equivalent relation on §. We say that
Y is a congruence on 8, if for any elements x, x’,y,y’ from §, with the properties xy y and

xPy', wehave xxy yy' .

Before we continue with the next properties, we need to introduce more terminology and
notations. Given the mapping f:S§ = 7 a semigroup homomorphism, we will define an
equivalence relation on S, denoted kerf, where kerf € S? as it follows: for any x,y €S,
x kerfy, ifandonly if, f(x) = f(y).

Furthermore, we will call the set §/kerf the quotient of § by kerf and forany X,y €
S/ ker f we will consider the well defined operation Xy = xy. It is easy to verify that (S /kerf,
-) is a semigroup called the quotient semigroup. We define the projection p: S = S/ker f such
that p(x) = X .

Let S be a semigroup and S’ its subsemigroup. The inclusion mapping i: &' © § is

defined by i(x) = «.

Proposition 1.15. Given f:8 = T a surjective semigroup homomorphism, let i be a
congruence on 7. Let’s define f~1(y) by xf~1(y)y if and only if, fx 1 fy. Consequently,

f~1(y) is a congruence on S that includes ker f.

Theorem 1.16. (The Isomorphism Theorem). Given f:S§ — T a semigroup homomorphism, we
have the following statements:
(i) Theimage of f,imf isa subsemigroup of 7. (f(S) =imf).

(i) kerfisacongruenceons.



(1) There exists an unique isomorphism 6: S /ker f — im f such that the diagram is
commutative (i.e. f =io 6 op).

s L7

pl Ti
S/ kerf - imf

Figure 1.1 Commutative Diagram for the Isomomorphism Theorem

Proof. (i) We have to show thatif y;, y, € im f then y;y, € im f .

Given y;, v, € f(S) = im f, there exist x;, x, € § such that f(x;) = yq, f(x2) =y,
and x;x, € S. First we take the product of y,y,, and then we substitute y;, y, with f(x;) and
f(x,), respectively. The next step is to use the fact that f is a homomorphism. Hence, we obtain
v1Yy = f(x1)f(x;) = f(x12,) . Since we know that x,x, € S, it implies that f(x,x;) € f(S).
So, the product y;y, € f(§) = im f . Therefore, im f is a subsemigroup of T.

(1i)  We have to show that x;x, ker f y,y, .

Let x4, x5, ¥4, ¥, € S, such that x4 ker f y; and x, ker f y,. By the definition of the
ker f we have, x;Kerfy; , it implies that f(x;) = f(y;) and x, ker f y, it implies that
f(x3) = f(y,). In what follows, we will use these equalities as well as the properties of the
homomorphism.

flxr22) = f(x1)f(x2) = fF)f (v2) = fF(y1y2) = %1%, = Y12 = x1x ker fy1y; .

(1) We have to show that there exist a isomorphism 6: S /ker f — im f. We take

0(Z) = f(x), where 6 is well defined: for any x' from % we have x ker f x that implies

f&x) = fC0.



We will verify that 6 is bijective. Let 7, #; € §/Kker f such that 8(Z7) = 0(=3).
Based on the definition of 8, we know that 6(x7) = f(x;) and 6(%3) = f(x,). Consequently,
fromf(x;) = f(x,) itimplies that x; ker f x,, thus 7 = %, hence, 8 is injective. Giveny €
im f, there exists x € § such that f(x) = y. Furthermore, there existsx € §/ker f with
0(x) =f(x) =y. So, 0 is surjective. Since 6 is injective and surjective, it implies 6 is
bijective.

Now, we will verify that 6 is a homomorphism. Let’s take X, 7 € §/Ker f. Then,
we have 8(xy) =0&y) =f(xy) = f(x)f(y) =0(x)O(y), this implies that 8 is a
homomorphism. Therefore, 6 is a isomorphism.

We have to show that f =i o 6 o p as well as the uniqueness of 8. Given any x € S,
we have:
(io0op)(x) = (i°0)(p(x) = (i0)(F) =i(0(F))=i(f(x) =f(x) =icOop=f.

Suppose there is another 8': S /ker f — im f with the property that i o 8" o p = f. Since
icfop=fandalsoiocf op=f,itmeansthatiofop =1io 86 op. Based on the fact that i

is injective, we can imply that ep =80 op = 0 = 6'. O

Theorem 1.17. ([7] p.12) If f:§ = T is an injective homomorphism, the homomorphism
h: U - T factors through f (h = f ok, for somek:U — §) ifandonly if, imh Cim f;

then h factors uniquely through f ('h is unique).

Theorem 1.18. ([7] p.12) If f:S — T is a surjective homomorphism, the homomorphism
h:8 — U factors through f (h = ko f, for some k: T — U) ifand only if, ker f < ker h;

then h factors uniquely through f (k is unique).



Proof. ([7]) If h: § —» U factors through f (h =k o f, for some k), then x Kker fy implies
f(x)=f(), h(x) = k(f(x)) = k(f(y)) = h(y),and xkerhy . So, ker f € kerh .

Conversely, we will assume that ker f < ker h. We are looking for a homomorphism k
that satisfies k(f(z)) = h(z), for any z € §. We shall prove that there exists a well defined
mapping k: T — U which assigns h(z) to f(z) , forany z € §. Foreach t € T, there is at least
one h(z) to assign to t , since f is surjective. If h(z") and h(z'") are assigned to t, then t =
f(z)=f("),zkerf 2",z kerh 2", since ker f € kerh and h(z") = h(z'"). Thus at most
one element is assigned to t. Hence, a mapping k: T — U is well-defined by k(f(z)) = h(z)
foranyz € S.

Since f and h are homomorphisms, k(f(x)f(¥)) = k(f(xy)) = h(xy) = h(x)h(y) =
k(f(x)k(f(y)) for any f(x),f(y) €T, and k is a homomorphism. Also, by definition we
have h = ko f. If k': T — U is another homomorphism such that h = k"o f , then k and k'

agreeonim f =T,and k = k'. O



1.2.  Inverse Semigroups

We will begin this section by giving the description of some terms and notations. Let §
be a semigroup and a € §. We say that a is regular if based on the definition there exist x € §
such that we have a = axa. A semigroup S is called a regular semigroup if each element of §
is regular.

Given § a semigroup and a,b € §, we say that b is an inverse of a if a = aba and
b = bab and we say that a and b are mutually inverse. In general, the inverse of an element is

not unique in a semigroup.

Definition 1.19. We call § an inverse semigroup if each element of § has an unique inverse.

We will use for the set of all idempotents of the semigroup §, the following notation:

ES)={e€eS:e?=¢}

Proposition 1.20. Consider § a semigroup and a,b € § ,then,
(1) Ifaisregular, then a has an inverse.

(ii) If a, b are mutually inverse, then ab, ba € E(S).

Proof. (i) We have to show that there existan b € § such that a = aba and b = bab.

If a is regular it implies that there exists an element x € S such that a = axa. Let’s take
the element b € § that satisfies the relation b = xax. Next, we will substitute b = xax in
a = aba and b = bab. So, we obtain aba = a(xax)a = axaxa = (axa)xa = axa = a and

bab = (xax)a(xax) = xaxaxax = x(axa)xax = xaxax = x(axa)x = xax = b. Given



the fact that aba = a and bab = b, it implies that b is an inverse of a.

(ii) We have to show that (ab)? = ab and (ba)? = ba.

Since a, b are mutually inverse, we have that a = aba and b = bab. Thus, using these
equalities we get the following (ab)? = abab = (aba)b = ab = ab € E(S) and

(ba)? = baba = (bab)a = ba = ba € E(S) . O

If S is an inverse semigroup, with a, b € § and b is the unique inverse of a, then we can

denote b by a~! ( the inverse of a ). As a result, we can write the following observation.

Observation 1.21. Given § an inverse semigroup, then,

l'=qalaa™!, foranya€S.

(i) a=aalaanda”
(ii) (@YD '=a,foranyac€s.
(iii) e l=e, foranye € E(S).
(iv) aal,ala€E(S), foranya€Ss.

(v) S isaregular semigroup.

In the following part of the section, we will talk about the Green’s relations.
Consider § a semigroup, and a nonempty subset A € §, then A is a left ideal of S, if
SACS A (ie foranyx €S anda € A we have xa € A ). We say that A is a right ideal of

S, ifAS S A(ie.foranyx € Sanda € A we have ax € A).

Definition 1.22. Let S be a semigroup and a € §. The smallest left ideal containing a, denoted

by S'a = Sa U {a}, is called the left principal ideal generated by a. Analogous, we can define

10



the right principal ideal generated by a , denoted by aS* = aS U {a} as the smallest right ideal

containing a .

Definiton 1.23. Given § a semigroup with a,b € S, Green’s Relations L and R are defined as
follow:
(i) acLb if Sta=S8'b, (ie. thereexistx,y € S! suchthat xa = b and yb = a).

(ii) aRb ifasS! = bS?, (i.e. thereexist z,t € St suchthataz = b and bt = a).

Proposition 1.24. The Green’s Relations L and R commute, if for anya,b € S, there exist

x,y €Ssuchthata LxR b ifandonlyif aRy Lb .

Proof. Assume that a Lx R b, for some x € S, then there exist u,v,p,r € S1, such that
ua = x,vx =a and xp = b, br = x. Since vx = a, then vxr = ar. Next we will use the fact
that vx = a, br = x and xp = b, therefore we have a = vx = vbr = vxpr, this implies that
a R vxp. Since xp = b, we can notice that vxp = vb. Given that ua = x, then b = xp = uap,
since vx = a, then b = xp = uap = uvxp. This implies that vxp L b. Since a R vxp and
vxp Lb we can conclude thata R vxp L b, therefore, if we denote vxp =y € §, we have
aRy Lb. Similarly we can show that if b Ly R a, for somey € §, implies that b R x £ a,

where x € S. Therefore, £ and R commute. O

Both relations, £ and R are equivalent relations on § and they commute, as shown in
Proposition 1.24. Hence, we can denote the equality Lo R =R o L =D, where D is also an

equivalent relation.

11



Next, we will describe some of the notations we will refer later.
L, is the £ equivalence class containing a, R, isthe R equivalence class containing a , and
D, is the D equivalence class containing a .
Given § a regular semigroup, for anya € §, then £, (R,) contains at least one

idempotent.

Theorem 1.25. ([5] p.130) If S semigroup, the following statements are equivalent:
(1) & isan inverse semigroup.
(1) & isregular and the idempotent elements commute.
(iii) Foranya € S, each £L—class and each R— class of § , contains an unique
idempotent.
Proof. (i = ii) Givene, f € E(S). If x = (ef)™! = (ef)x(ef) = ef and x(ef)x = x.
Let v = fxe, then y? = fxefxe = f(xefx)e=fxre=y = y’=y€ES) =y l=y€
E(S). Next, we will show that y=1 = ef by using the inverse property.
(ef)y(ef) = effxeef = efxef = ef
y(ef)y = (fxe)ef (fxe) = fxeeffxe = fxefre =yy =y
From the above equalities it implies that y~! = ef € E(S) .
The proof for fe € E(S) is similar. It follows,
f(fedef = effeef = efef = (ef)* =ef.
fe(ef)fe = feeffe = fefe = (fe)* = fe.
Thus, (ef)™! = fe. Since ef and fe are idempotents, it implies ef = fe.
(ii = iii) If S isregular it means that each £— class and each R— class of § contains

at least one idempotent. Lete, f € E(S) suchthate, f € L, = e L f = there exist x,y € §

12



such that xe = f, yf = e. Using these equalities we get:
fe=(xe)e=xe’=xe=f
ef =f)f =yfP=yf=e

Given that the idempotents comute, we have = ef = e =f.

(iii = 1) We know that each D- class contains an idempotent, then for any a € §,
there is an element e € E(S) suchthate € D, = e D a. So, since e € E(S) = e is regular and
we know that e D a , thus, forany a € S, a is regular = § is regular semigroup.

S regular semigroup with a € S it implies that there exists a’ € S such that aa'a = a

v v . ada=a and aaa =a '
anda aa =a'.Leta,a beinversesofa = ~7 wo o w .| = a =ad'(ad).
aa a=aand a aa =a

Given aa Ra and aa” Ra it means that aa’' R aa’ = aa’,aa’ € R,. Using the fact that R
contains an unique idempotent we have aa’ = aa’ . Similarly we prove a'a=a"a .

Hence, a = a'(aa) = (a a)a"’ = a"aa" =da". O

Proposition 1.26. ([5] p.131) Let S be an inverse semigroup, then,

(i) (ab)'=b"lta7l, foranya,b€S.

(ii) alea€E(S), aea ! € E(S), foranya € S and any e € E(S).

(iii) aRbifandonly if aa® = bb =1 , and aLb if and only if a=*a = b ~'b , for any
a,b€s.

(iv) If e,f € E(S),then eD f in S if and only if there exists a € § such that
aa'=e and a”la =f.
Proof. (i) We have to show that for any a,b € § the two equalities below occur
(ab)(b~*a Y (ab) = ab and (b~la D (ab)(b~ta!) = b~ 1a 1.

We will use the fact that bb~! and a~'a are idempotents.

13



(ab)(b~*a Y (ab) = abb~talab = a(bb ) (a 'a)b = a(a " a)(bb~)b = ab
(b~ta VY (ab)(b~'a™) = b (a ta)(bb Dat = b 1 (bb™ V) (a ta)a! = b~ ta".
Therefore, (ab)™* = b~1a™! ,foranya,b € S.

(ii) We need to show that (a~'ea)? = a~lea and (aea™1)? = aea™.

1

1 ea= ale(aaDea= al(aaVeea=(alaa Ve?a= alea

1

(alea)? = aleaa”

1 1

12 1 1 =aqea™!.

(aea™)? = aea laea™ = ae(ala)ea ! = a(a 'a)eea™t = (aa 'a)e’a”
So, a”lea € E(S), aea™! € E(S) ,foranya € Sand any e € E(S).

(iii) (=) SinceaRb,aRaa'and bR bb~! itimpliesaa™, bbb~ € R, = R,,.
We know thata='a and bb~! are idempotents and that the class of a, R, contains a unique
idempotent. Therefore, a™! = bb~! .

(&) Giventhat aa ' =bb',aRaa tand bR bb ! itimpliesthata R b .
The proof for a £ b is similar.
(iv) From eD f = e(R o L)f = there exists a € § such that e Ra and e L f.

Using the statement (ii ) of the theorem it implies that ee™* = aa~! and a™'a = f~1f . Since

e,f €EES) = aa l=eel=e’=candala=f1f=f>=f. 5

Example 1.27. The Symmetric Inverse Semigroup on X
Given any two sets X and Y, we define a partial function from X to Y as a function f
from a subset of X, called the domain of f, dom(f), to a subset of Y, called the image of f,im f
Let A be a subset of X, then the identity function 14 on A is a partial function from
X to X, called partial identity. We will denote by 0y, the empty partial function from X to Y.
Next, we will define the composition of two partial functions f:X — Yand g:Y — Z, as

follows: (g o f)(x) = g(f(x)), where dom(g e f) = {x € X | f(x) € dom(g)}. Furthermore,
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we can notice that if im f and dom(g) are disjoint, then the composition of f and g is equal to
the empty partial function, i.e. go f = Oy y .

If a partial function f: dom(f) — im f is bijective, then f is called a partial bijection.
One of the properties of partial bijections is that the composition of partial bijections is also a
partial bijection.

Consider the set 7(X) of all partial bijections from a set X to X. 7(X) is closed under the
composition (i.e. if f,g € J(X) then g o f € J(X)). Remark that the empty partial function,
Oy y is included in 3(X). If f:X — Y is a partial bijection, then f has an inverse, denoted
by f~1:Y — X, such that f~1 is also a partial bijection and it follows that dom(f~1) = im f,
im f~1 = dom(f) and f~!(y) = x ifand only if f(x) = y. Based on these equalities we can
conclude that f~t o f = 1yomepy, fof P =limp, FD) P =f,and(gef) ' =flog™.
Thus, fo(ftef)=foelymp=fand flofoft=f"1o1,, =f"1 hence, I(X) is
a regular semigroup. As a result, we can verify that 7(X) is an inverse semigroup called the
symmetric inverse semigroup on X.

In order to prove that 7(X) is an inverse semigroup, we must show that its itempotents
commute. First, we need to be able to recognize the idempotents. The idempotents of 7(X) are
the partial identities on X. Let E(J(X)) be the set of all itempotents of 7(X). If 14,15 €
E(7(X)), then we have that 14015 =140z and 1ol =140z , SO, g0l =1p01, =
145, it implies that the idempotents commute.

Since we showed that 7(X) is a regular semigroup and that the idempotents commute,
we can conclude that 7(X) is an inverse semigroup.

One of the earliest result proved in the inverse semigroup theory is the Wagner-Preston

Theorem: “Any inverse semigroup can be embedded in a symmetric inverse semigroup”. The
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Wagner-Preston theorem is an analogue of Cayley’s Theorem for groups.

Example 1.28. The free monogenic inverse semigroup
The free inverse semigroups are one of the most important and interesting classes of
inverse semigroups. In [11] there are presented five isomorphic copies of the free monogenic
inverse semigroup. The first isomorphic copy is developed in what follows and is partially
related to results from [11]. We give the details of our calculations.
Let Z_ be the set of non-positive integers, Z, the set of non-negative integers, and Z the
set of all integers. Consider the set
S={(Lbu,a) EZ_XLXZ.|i<u<a}
equipped with a multiplication defined by
(,u,a) (j,v,b) = (min(i,j + ), u + v, max(a,b + u))
1) The multiplication is associative:
We have:
[(i,u,a) - (j,v,b)] - (k,w,c) =
= (min[min(i,j + u),k + u + v],u + v + w,max[max(a, b + u),c + u + v])
and
(,u,a) - [(j,v,b) - (k,w,0)] =
= (min[i,u + min(j, k + v)],u + v + w, max[a, u + max(b,c + v)])
In order to show that the multiplication is associative we need to prove that
[(,u,a) - (,v,b)] - (k,w,c) = (i,u,a) - [(j,v,b) - (k,w,c)].
This equality is true only if:

e min[min(i,j + u), k + u + v] = min[i,u + min(j, k + v)]
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and

* max[max(a, b + u),c + u + v] = max[a,u + max(b, c + v)].

We have to consider the following four cases.
QlIf i<j+uand i<k+u+v,then

min[min(i,j + u),k +u+v] =i
and

L, ifj<k+v
L, ifjzk+v’

min[i,u + min(j, k + v)] = {
by If i<j+wuandi>k+u+v (thatis j >i—u =k +v), then
min[min(i,j +w),k+u+v]l=k+u+v
and
min[i,u + min(j, k + v)] = k + u + v.
c) Ifi=j+uand j+u<k+u+v (therefore j < k + v), then
min[min(i,j +w),k+u+v]=j+u
and
min[i,u + min(j, k + v)] =j + u.
d) Ifi>j4+uandj+u =k +u+ v (consequently j > k + v), then
min[min(i,j +u),k+u+v]l=k+u+v
and
min[i,u + min(j,k +v)] =k +u + v.
We need to check the second equality for the following four cases.

a) fa=b+uand a>c+u+v,then

max[max(a,b +u),c+u+v]=a
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and

max[a,u + max(b,c + v)] = a inbothcasesbh >c+v and b < c + v.

b) fa>=b+uanda<c+u+v (thatish <a—u <c+v), then
max[max(a,b +u),c+u+vl=c+u+v

and
max[a,u + max(b,c+v)]=c+u+v.

c) fa<b+wuand b+u>=c+u+v (therefore b = c + v), then
max[max(a,b +u),c+u+vl=b+u

and
max[a,u + max(b,c+v)]=b+u.

d) fa<b+uand b+u <c+u+v(consequently b < c + v), then
max[max(a,b +u),c+u+vl=c+u+v

and

max[a,u + max(b,c+v)|]=c+u+v.

2) The set of the idempotents of S is

ES)={(,0,a) |i€Z_; a €Z,}.

Let’s take an element (i, 0, a) from E(S). We can apply the multiplication as follows:

(i,0,a)? = (i,0,a) - (i,0,a) = (min(i, i), 0, max(a,a)) = (i,0, a).

Hence (i,0,a)is an idempotent. Now, let (i,u,a)be an element of § such that

(i,u,a)? = (i,u,a). Then u+u=u, and therefore u = 0. It follows that {(i,0,a)|i €

Z_; a € Z,} isthe set of all idempotents of S.

18



2') The identity element is 1 = (0,0,0).
Let’s consider x = (i,u, a) to be an elements of S. The element 1 is an identity element,
ifl-x=x-1=ux.
1-x=1(0,0,0)-(i,u,a) = (min(0,i + 0), 0 + u,max(0,a + 0)) = (min(0, i), u, max(0,a)) =
= (i,u,a) .
x+1=C(,u,a)-(0,0,0) = (min(i,0 + u),u + 0,max(a, 0 + u)) = (min(i,u),u, max(a,u)) =
= (i,u,a).

Hence, the element 1 = (0,0,0) is the identity element of § .

3) The idempotents commute.
Let’s take two elements, (i,0,a) and (j, 0, b) from E(S). In order to prove that the
idempotents commute, we need to show that (i,0,a) - (j,0,b) = (j,0,b) - (i,0, a).
We have:
(i,0,a) - (j,0,b) = (min(i,j), 0, max(a, b)) = (min(j, i), 0, max(b,a)) = (j,0,b) - (i,0,a)

It follows that the idempotents commute.

4) The inverse of an element.
Letx = (i,u,a) and x~ ' =(i—u,—u,a—u) . Then,
xx1x = (i,0,a)(i,u,a) = (i,u,a) = x;
xxx'=>G(-u-uwa—u(i0,a)=>G(—-u—-ua—u)=x"1.
It follows that x = (i,u,a) and x~! = (i —u,—u,a —u) are mutually inverse.

The conclusion is that § is an inverse semigroup. This semigroup is the free inverse

semigroup generated by a singleton.
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Remark. Since x 'x = (i—u,0,a—u) and xx~ ' = (i,0,a) , it follows:
(,uwa)L(,v,b) ®i—u=j—vand a—u=>b—v;
(,u,a)R(j,v,b) i=j and a=b»b,

where £ and R are the Green’s relations.

The following example is special in the sense that it is not a semigroup. The operation is defined

partially with “inverse semigroup properties”.

Example 1.29. An inverse semigroup - like set

If w: X X X — X is a partial function (i.e. a function w: D — X where D is a subset of X x X)
then it is called a partial binary operation on X. In the following we will refer to an example of
partial binary operation with “inverse semigroup” properties.

If § is a semigroup with zero, then $* = § — {0} has a partial binary operation induced by
the semigroup product. The set $* equipped with this partial binary operation is called a
presemigroup. If for any non-zero elements x,y € § we have xy # 0 then the presemigroup §*
is just a semigroup. Now let P be a set equipped with a partial product. When a 0 is adjoined and
all undefined product are defined to be zero then the set P® = P U {0} become a set equipped
with a binary operation. This binary operation can be associative or not. In the first case P is a
presemigroup, and the semigroup P° can be, in particular, an inverse semigroup (with zero).

In this section we will consider a set Q equipped with a partial binary product. Although this
is not a presemigroup, we will inspect the “inverse semigroup” properties of this algebraic
structures. Recall that if x and y are elements of Q and the product xy is defined, we write 3xy.

Let

Q = {(a,b,m) € Z-|_3| a,b Sm}
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equipped with a partial product defined by:
DN (a+a' —b b, m') if m<m, b<a'and a’'—b<m'—m
(a,b,m)- (a’,b’,m) = { (a,b+b'—a’'m) if m=m', b=>a'and b—a'<m-—-m'
This partial product is not associative.
For example, if x = (2,4,4),y = (3,2,6),z = (7,8,20) then x - (y - z) = (6,8,20) but (x-y) -z
is undefined since x - y is undefined. For this reason, Q is not converted into a semigroup (with

zero) by adjoining a zero suchthat x - y = 0 if x-y isundefinedand 0-x =x-0=0-0=0.

Now, we will study the inverse semigroup properties of (Q, -) .

1) Partial associativity:
Let x =(a,b,m), y = (a',b’,m’), z = (a",b",m") three elements in Q. If Ixy, Ayz then
A(xy)z, Ax(yz) and (xy)z = x(y2).
We consider the following cases:
Casel: m<m,b<da,a —b<m —mandm <m ,b <a ,a —b <m —m.
(x-y)-z=[(a,b,m)-(a,bm )]-(a",b",m")=(a+a —b,b,m) -(a",b",m")

= (a+ a—b+a —b, b",m") = (a+ a+a —b =b b ,m" )
=(a,bm)-(a +a" —b,b",m")=(a,bm) [(a,b,m) (@ ,b",m)]

=x-(y 2z)

Case2: m<m,b<a,d —b<m —mandm >m ,b >a ,b'—ad <m —m".
(x-y)-z=1[(a,b,m) - (a,bm)] @, b, m)=(@+a —bb,m) (@ ,b,m)
=(a+d —b,b'+b —a ,m)=(abm) - (a,b'+b —a’ ,m)

=(a,b,m)-[(@,b,m)-(a",b",m)]=x(y-2) =x(y 2)
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Case3: m>m,b>a,b—a <m—-m'andm >m ,b >a ,b'—a <m —m'".
(x-y)-z=1[(a,bm)- (@,bm)] (@@ ,b",m)=(@b+b —a,m)-(@ ,b,m")
=(ab+b —a +b" —a',m)=(@b+b +b —a —a,m)

=(abm)-(a,b'+b —a’,m)=(abm): [(a,b,m) (a,b',m)]

=x-(y-z)

Cased: m>m,b=>a,b—a <m-m'andm <m ,b <a ,a’'—b <m —-m'.
This particular case can be divided in additional two cases:
e If m<m ,b+b —d <d and a —b—b +da <m —m,then
(x-y)-z=[(a,b,m) (@, b'm)]-(a,b",m)=(ab+b —a,m)-(a,b",m")
=(a+a —b-b +da, b, m")=(@bm)-(a —b +a,b",m")

= (a,b,m)-[(a,b,m)-(a,b",mN]=x-(y-2)

e If m>m ,b+b —ad >a and b+b —a —a  <m—m", then
(x-y)-z=|[(a,bm)- (a’,b'm')] . (a”,b”,m”) = (a,b + b — a',m) . (a",b",m”)
= (a,b +b —a +b — a",m) = (a,b,m) - (a’ +a —b',b",m”)

= (a,b,m)-[(a,b’,m)-(a" ,b",mN]=x-(y-2).

2) The set of the idempotents of Q is
E(Q) ={(a,a,m) € 0}.

3) The idempotents commute:

If e,f € E(Q)suchthat 3e-f then 3f-e and e-f = f-e € E(Q).
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4) The inverse:
Let x = (a,b,m) and x~' = (b,a,m). Then,
(@) D l=x;if 3x-ythen Iy t-xland (x-y) 1=y 1-x71;
() 3x1-x,3x-x T andx'-x=(bb,m), x-x"1 = (a,am).
Moreover:

@ 3Fx-(x1x), 3 xHxand x-(x 1 x)=((x-x) x=x.

Remarks.

1. Consulting the properties 1) - 4) of 1.28 and 1.29, we find a correlation between these

properties. Therefore we used the name “inverse semigroup — like set” in the title of

Example 1.29.

2. Following Jekel [4] and Lawson [7], a group-like set P is a set equipped with a partial

binary operation o , with a distinguished element 1, and an involution x — x~! ((x™1)™1 = x),

satisfying the following axioms:
(P) 3(x,1),3(1,x) and 1ox =x01=x forall x € P;
(P 3(0x™1),3(xLx)and xox I =x"lox =1 forall x € P;

(P3) if 3(x,x™ 1), 3(x Lx) and (xoy) 1=y lox L

An example of a group-like set is the set of integers Z with the usual addition on the set

D ={(x,y) € Z x Z|xy < 0} as the partial binary operation, 0 is the distinguished element,

and x — —x is the involution.

We can see that (3+(=5))+7 =5 but 3+ (-5+7) is not defined and therefore,

(3+(=5)) + 7 # 3+ (=5 + 7). Thus in the group-like set of integers the usual addition is not
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associative and the group-like set of integers cannot be converted into a semigroup (with zero)

by adjoining a zero such that x o y = 0 if x o y is undefined.
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Chapter 2

Categories
The foundations of the theory of categories were set in 1945 when the article “General
Theory of Natural Equivalences” of S. Eilemberg and S. MacLane was published. The theory of
categories is a branch of mathematics that studies the properties of particular mathematical
concepts in an abstract approach. Various fields of mathematics can be characterized as
categories. By using the theory of categories several mathematical results were stated and

proved, much easier than with any other method.

2.1. Basic Concepts of Categories

Definition 2.1. A category C is a mathematical concept given by:
(1) Aclass of objects of ¢, denoted Ob C, whose elements are called objects of C.
(i) For each pair of objects (4,B) from Ob C, a set denoted Homq(A, B) and
called the set of morphisms from A to B.
(1) For each three objects A, B, C from Ob C, a mapping
Uapc: Home(A,B) X Home(B,C) — Home(A,C)

is called the composition of morphisms.

The concept of category complies with the following axioms:
Ax1. If (4B) and (C,D) are two distinct pairs of objects fromd¢,
then Home(A, B) and Hom(C, D) are disjoint.

Ax2. If feHome(AB), g € Home(B,C), h € Home(C,D) are arbitrary, then the

composition of morphisms is associative: wacp (uasc (f, 9), h) = wagp (f, ttsep (g, b))
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Ax3. For each object A € Ob C, there exists an element 14, € Home(A,A), such that,
foreach X € 0b C: f € Home(A, X) then pyax (14, f) = f and

g € Home(X, A) then uxys (g, 14) = g

Definition 2.2. For any A € Ob C, the morphism 1, , is called the identity morphism.

The identity morphism is unique.

Definition 2.3. We call ¢ a small category if Ob C is a set.

Definition 2.4. A category C is called subcategory of the category D, denoted by C € D, if:

(i) obccobD

(ii) Foreach A, Bfrom0b C, Home(A,B) € Homqp(A, B)

(1ii) The composition of morphisms from C is induced by the composition of
morphisms from D.

(iv) Foreach A € Ob C the morphism 1, € Homqp (A4, A) belongs to Home(A, A).

There are many examples of categories. Next, we will describe a few of them.

* Rel (the category of binary relations) — The objects are sets, the morphisms,
Homp, (A,B) ={(A,B,R)|R € A X B} are binary relations from A to B and u is the usual
composition of binary relations.

* Ens (the category of sets) — The objects of Ens are sets, the morphisms from A to B are
functions from A to B and the product of morphisms is the usual composition of functions.

* Grp ( the category of groups) — The objects are groups, the morphisms are group
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homomorphisms and the product of morphisms is the usual composition.

* Ord (the category of the ordered sets) — The objects are the ordered sets (posets), the
morphisms are the isotone functions and the product of morphisms is the usual composition of
functions.

* Rng (the category of rings) — The objects are rings, the morphisms are ring
homomorphisms and the product of morphisms is the usual composition. Rngu is the category of
rings with unity.

e RMod (the category of R—modules) — The objects are R-modules, the morphisms are
R—modules homomorphisms and the product of morphisms is the usual composition of
functions.

* mp (the category of matrices with real elements) — The objects are the positive integers

Obmyp =7, ={1,2,3,...}, the morphisms are the sets of matrices Hom(n,m) =
{(aij)mm | a; € ]R} and the product of morphisms is the usual product of matrices.

* C, (the ordered category of a poset (P, <)) — The objects are the elements of a poset,

ey)} ifx<y

P, 0bC, = P, the morphisms are Home(x,y) = { 0, ifx<y

, and the composition is

x <y, y<z=x <z Forthe case of the composition of morphisms we use the notation

(e, y)(y, 2) = (x,2).
e Latt — The objects are lattices, the morphisms are homomorphisms of lattices and the

product u is the usual composition of functions.

Before we continue with the next theorems, for simplicity, we will use the notation :

f . .
f:A— Bor A—— B, asareplacement for f € Home(A, B) . In this case A is called the
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domain and B is called the codomain. If f:A— B and :B — C , then we will denote

tasc(f, 9) = gf .

Definition 2.5. Let C be a category, f € Hom:(A, B), then:
(i) fisamonomorphism, if forany u,v € Homq(X,A), fu=fv=u=v.
(i) fisanepimorphism, if for any u,v € Home(B,Y), uf = vf = u =v.

(iii) fisabimorphism, if f is a monomorphism and f is an epimorphism.

In the following, we will give a few examples of monomorphisms, epimorphisms and

bimorphisms.

Proposition 2.6. Let f: A — B be a morphism in Ens, then:

(1) fis monomorphism if and only if f is an injective function. Also, this statement is
true in the case of the categories Grp, Rngu, RM°¢.

(i) f is epimorphism if and only if f is a surjective function. Also, this statement is true

in the case of the categories Grp and RM°¢

Proof.  (i)(=) Given that f is a monomorphism, suppose x;, x, € A such that x; # x,
F(xy) = F(xy). Let X = {xy,%,}, u: X — A and v: X — A such that u(x) = %, and v(x) = x,
forany x € X.

() = f(u@) = f(x) = fx) = f(v(0) = Fr)(x) = fu = fv, but u #v.

Contradiction with f monomorphism.
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(&) Let f be an injective function and consider u: X — A and v: X — A such
that fu = fv = (fu)(x) = (fr)(x) = f(u(x)) = f(v(x)) , forany x € X.
Since f is an injective function, it implies that (x) = v(x) = u = v, forany x € X.
(ii)(=) Given that f: A — B is an epimorphism, suppose that f is not surjective.
Let’s take an element by € B such that by & Imf. Consider Y = {x, by} , where = =is not an

x, if y# by

element of B. Let u: B—Y and v:B — Y such that u(y) = and v(y) = {b ify=hy '
0 — Yo

forany y € B.
W) =u(f(x) =x=v(f(x)) = Wf)(x) = uf =vf, but u#v,foranyx € A.
Contradiction with f epimorphism.

(&) Assume f is a surjective function, it implies that for any y € B, there
exists x € Asuchthat f(x) = y.Let u:B—Y and v:B — Y such that uf = vf.
u() = u(f(x) = (W) = wf)x) =v(f(x)) =v(y), forany y € B. Therefore, u = v.

O
Theorem 2.7. Let mp be a category of matrices. Consider A:n — m a morphism in my and
A=(ay) . Then
(1) Aisamonomorphismifandonlyifrank A =n.

(i) Aisan epimorphism if and only if rank A = m .

Proof. (i) Wehave A:in—m inmg, A= (ai]-)mxn .We will consider the system below.

a1 X1 + appxy+...tagx, =0
az1Xq + a22x2+.. . +a2nxn =0

Am1X1 + QpaXo+...+aux, =0
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The system S has one solution if rank A = n, where n is the number of columns. If A >n,
then we have more than one solution.

(=) A is monomorphism if and only if, for any U:p — n and V:p — n such that
AU = AV = U =V. Suppose rank A #n, then there exists (x{, xJ,..,x%) a nontrivial

solution for the system S. We can represent U, V as follows:

0

xi 0 0\ 0 0
y=|[* 0 .. 0 y=|0 0

S0, Apmxn *Unxp = Omxp = Amsn * Vaxp = Omxp. But we have U # V. This is a contradiction
with the fact that A is a monomorphism, thus, rank A = n.

(&) We know that rank A =n. Let U:p — n and V:p — n such that AU = AV =
AU —-AV =0= AU —-V) =0. Let’s denote U —V = Z. Therefore, A-Z = 0. This implies
that the p columns of Z are the solutions for the system S. But, since rank A = n, it means that
the system has only the trivial solution. Furthermore, it implies that Z=0=U-V =0=
U =V = A is a monomorphism.

The proof for part (i) is similar. O

Theorem 2.8. Let C be a category and f € Hom(A,B), g € Home(B,C). Then:
(i) If fand g are monomorphisms then gf is a monomorphism.
(i) If fand g are epimorphisms then gf is an epimorphism.
(i) If gf isamonomorphism then f is a monomorphism.

(iv) If gf is an epimorphisms then g is an epimorphism.
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Proof. Leth,k € Home(4, -).

g monomorp hism f monomorp hism

(i) (@Hh= gk = g(fh) = g(fk) > fh=fk

h=k.

f epimorp hism g epimorp hism

(i)  h(gf) =k(gf) = (hg)f = (kg)f == hg =kg=———=h =k

gf monomorp hism

(iii) fh=fk= g(fh) = g(fk) = (gfHh = (gNk h=k.

gf epimorp hism

h =k. O

(iv) hg =kg= (hg)(f) = (kg)(f) = h(gf) = k(gf)

Definition 2.9. Consider C a category and f: A — B a morphismin C .

(1) f is called coretraction if there exists a morphism g:B — A such that go f = 1,4
(has left inverse ).

(ii) f is called retraction if there exists a morphism g: B — A such that fo g = 15
(has right inverse ).

(iii ) f is called isomorphism if f is both coretraction and retraction, it means there
exists a morphism g:B — A suchthat go f =14 and fo g = 15 . We will say that A and B

are isomorphisms and we denote it by A =~ B.

Proposition 2.10. Let C be a category and f: A — B a morphism in C.
(1) if f is a coretraction, then f is a monomorphism.
(i) if f is a retraction, then f is an epimorphism.

(i) if f isan isomorphism, then f is a bimorphism.

Proof. (1) If f isa coretraction, then there exists g: B — A, such that gf = 1.

Let’s consider u: B—Y and v:B —Y suchthat fu = fv = g(fu) = g(fv) = (gfl)u =
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(gf)v = u = v, hence, f is a monomorphism.

(1) If f is aretraction, then there exists g: B — A, such that fg = 1. Let’s consider
u:B—Y and v: B — Y suchthat uf = vf = (uf)g = (vf)g = u(fg) = v(fg) = u =,
thus, f is an epimorphism.

The proof of part (iii ) is similar. m

Proposition 2.11. Consider the category Ens and f: A — B a morphism from Ens.
(1) fisacoretraction, if and only if, f is a monomorphism.
(1) fisaretraction, if and only if, f is an epimorphism.

(1) fis an isomorphism, if and only if, f is a bimorphism.

Proof. (i) (=) See Proposition 2.11.

E
(&) f isamonomorphism = f is injective = there exists g: B — A such that

_(f'O), ifyef(A)
g(Y)—{ o ify @A) , where a € A.

Thus, gf = 1, = f coretraction.

(ii) (=) See Proposition 2.11.

E
(&) f is an epimorphism = fis surjective = forany y € B, f~1(y) # 0 .
Consider g: B — A such that B 3 y + select only one x € f~1(y) C A.
Therefore, fg = 15 = f retraction.

(1ii) The proof is derived from parts (i) and (ii). i
Definition 2.12. A category C is called balanced if any bimorphism is an isomorphism.
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Definition 2.13. Let C a category and A € Ob C.
A is called initial object if forany € Ob C , |Home(4,X)| = 1.

A'is called terminal object if forany € Ob C , |[Hom(X,A)| = 1.

Here are some examples of initial and terminal objects in some categories.

* In Ens, we have the empty set, @ , as the initial object and the singleton (set with one
element) as the terminal object.

* In Grp, the initial and the terminal object are the same: the singleton group {e}.

* In Rngu, the initial object is (Z, +, -), where Z is the set of integers and +, - are the

usual operations of addition and multiplication.
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2.2. Inverse Categories

Definition 2.14. Given a category C, we say that C is a regular category,if for any f €

Home(A, B), there exists g € Home(B,A) suchthat fgf = f.

Definition 2.15. Given a category C, we say that C is an inverse category,if for any f €

Home(A, B), there exists an unique g € Home(B,A) suchthat fgf = fand gfg = g.

If we denote g = f~! then we have ff™1f =f and f~ifft=f"1, where f:A— B and

fl:B— A

Definition 2.16. If C is a category, then f € Home(4, A)is called idempotent if ff = f.

Observation 2.17. If C is an inverse category, then (Hom¢(4, A), -) is an inverse semigroup.

Observation 2.18. If C is an inverse category and f € Home(A,B) then ff ' and f~1f are

idempotents.

Proof: (ff D(Ff™) = ffff = (FFf =

Proposition 2.19. Let f:A — B, and g: B — C. Given C an inverse category, then:

(i) @Nt=f"1g".

(ii) 1;1 =14, forany A € Ob C.
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-1 -1
Proof. (i) We have A L2l % p Y 5% ¢ weknow that g~tg, ff ! € Homq(B,B)

are idempotents. Using Observation 2.23, it implies that g1 g and ff~! commute. Furthermore,

9 Yg, ff lcommute

WNU g HH =90 fF D tef > (997 D ffH) =9f
Similarly, (f g™ D@NU g™ =f""1g7".

(i) 14-14-14 = 1, , because 14 is unique.

Theorem 2.20. Given C a category, C is an inverse category, if and only if, C is a regular

category and its idempotents commute.

Proof. (=) We have C an inverse category and let i € Hom(A,A) be an idempotent

morphism. Then, the unique solution of the system { =L s x =10, Consequently, we can

denote i~! =i. If we consider i;, i, € Home(A,A) to be idempotent morphisms from the
inverse category C and (i;i,)~! is the solution of the system

ilizxiliz = iliZ
Sl = ..
XUl X =X

Hence, (i1i,)~! i; and i, (i, i,)~! also satisfy the system S; .
Therefore, (iiy) ' = (iyiy) ti; = i,(igip) L.
Since (i1i) 1 (iy i)™t = (iy ip) 7 Yigip(iq i)™ = (ig i) 7' it implies that the morphism
(i1 i)™t is idempotent. In conclusion, (i; i)™ =iy i, .
Using the same method we show that the morphism i,i; is also idempotent.
Given that (i ip)(iz )iy i) = iy fpiy iy =iy iy and (i i) (g ) (g i) =l lhlp by = i 0y,

it implies that i, i, is a solution of the system S; . Therefore, (i; i)™ =i, i; .
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(&) Given C regular it implies that for any f € Home(A,B), there exists g €
Home(B,C) such that fgf = f. Moreover, there exists a morphism h € Homq(B,C) such
that h = gfg . Therefore, we have the results:

* frf =ffof = Fafaf =faf =1 .
*hfh = (gf9)f(9fg) = 9(fgf)9fg = gfgfg = 9(fgflg =9fg =h.
Next, suppose there exists another morphism k € Homq(B,C) such that fkf = f and

kfk = k. We showed earlier that fhf = f and hfh = h. Thus, we have

ke = kfle = k(FRf)le = kfhfle = k(FR) (Fl) S ke (k) () = kfh| _
idempotents comm ute

h = hfh = h(fkf)h = hfkfh = (hf)(kf)h > (kf)(hf)h = kfh

k

We now give some examples of inverse categories:

Example 2.21. The inverse category of partial bijections Bij.

Recall that partial functions and partial bijections were defined in 1.27. 1t is
straightforward to see that the category of partial bijections Bij defined by: the objects are sets
and the morphisms are partial bijections, is a subcategory of Rel. The category Rel is not an
inverse category, but the category Bij is an inverse category. As well as inverse semigroups, the
inverse categories are fully described by categories of partial bijections. Any inverse category is
isomorphic with a subcategory of the category Bij. Thus it is obtained a generalization of the
Wagner-Preston Theorem relating to inverse semigroups. In fact we can see that some concepts
of inverse semigroups can be introduced in inverse categories, and the properties of inverse
categories are analogues to the properties of inverse monoids.

Let f: X — Y be a partial bijectionand g : imf — domf defined by:
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g(y) =x, where x € domf suchthat f(x)=y.

Then g is a partial bijection from Y to X and

fegef=f  gefeg=g.
It follows that Bij is a regular category.
Note that,

domg = imf img = domf.
Now, for any subset A of X the identity function 14 on A is a partial function from X

to itself. It is straightforward to check that in Bij the idempotents are the partial identities. Since,

14 o1p = 1ynp = 1pna =1p o 1y
it follows that the idempotents commute. By Theorem 2.20, the category Bij is an inverse

category.

Example 2.22. The inverse category of invertible matrices

An n by n matrix A is called invertible (nonsingular or nondegenerate) if there exists
an n by n matrix B such that AB = BA = I,, , where I, denotes the n by n identity matrix. Note
that non-square matrices do not have an inverse.

The category of matrices #y is a regular category but it is not an inverse category.
The subcategory of mp with the positive integers as objects and with invertible matrices as
morphisms is an inverse category. The composition of morphisms is the multiplication of
matrices. The set of morphisms Hom(m,n) is empty unless m = n, in which case it is the set of all

n by n invertible matrices.
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Example 2.23. The inverse category that represents an equivalence relation
A partition of a set X is a set of nonempty subsets of X such that every element x in X
is in exactly one of these subsets. The nonempty subsets of a partition are called cells (or block
or part) of the partition. An equivalence relation on X is a relation that partitions the set X so that
two elements of the set are considered equivalent if and only if they are element of the same cell.
If X is a set with an equivalence relation denoted by ~ then an inverse category
representing this equivalence relation can be formed as follows:
* The objects are the elements of X;
* For any two elements x and y in X , there is a single morphism from x to y if and

only if x ~y.

Example 2.24. An inverse category as a subcategory of the category of based sets and based
functions
The category of sets with base point and functions preserving base points is defined as
follows. Its objects are pairs (X, x), where X is a nonempty set and x is an element of X. The
morphisms are functions of X into Y carrying the base point of X into the base point of Y for
each pair of sets X, Y. The composition of morphisms is the usual composition of functions.
Let C be the subcategory of the category of based sets and based functions defined by:
* The objects are the sets with base point;
* A morphism from (X, x) to (Y,y) isaset function f from X toY sothat f(x) =y,
and the set {u € X|f(u) = v} contains at most one element for each v € Y — {y}. Then 1

defined by:

f—l(v):{u lf f(u)= vVFEY

x otherwise
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is the unique morphism from (Y, y) to (X, x) such that:
fofTtof=f  flefeft=f"1
It follows that this subcategory of the category of based sets and based functions is an inverse

category.
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