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Abstract

During the last decades, mathematical epidemiological models have been used to understand
the dynamics of infectious diseases and guide public health policy. In particular, several
continuous models have been considered to study single influenza outbreaks and the impact
of different control policies. In this dissertation, a discrete time model is introduced in
order to study optimal control strategies for influenza transmission; since epidemiological
data is collected on discrete units of time, a discrete formulation is more efficient. From
a mathematical point of view, continuous time model are easier to analyze, however, the
numerical solution of discrete-time models is simpler and therefore can be easily implemented.

We formulated a discrete susceptible-infected-treated-recovered (SITR) model. We evalu-
ated the potential effect of control measures, such as social distancing and antiviral treatment
in the context of a single influenza outbreak. The objective was to minimize the total number
of infected individuals at the end of the epidemic in a most economical way. The potential
effect of antiviral treatment was evaluated by considering both unlimited and limited supply.
We found that the use of single and dual strategies (social distancing and antiviral treat-
ment) resulted in reductions in the cumulative number of infected individuals. In the case
of limited resources, our results showed that in order to control the epidemic, most of the
resources must be utilized at the beginning of the epidemic until all the resources exhausted.

The optimal control problem was solved by using two different techniques: 1) By using
a discrete version of Pontryagin’s maximum principle, with the commonly used forward-
backward algorithm; and 2) by using the primal-dual interior-point method. The later
approach allowed the inclusion of constraints more efficiently and solved the problem in
fewer iterations. The main advantage of interior-point methods was that constraints can be
included in a simple way; in particular, the isoperimetric constraint in the case of limited
resources. However, since this technique is based on the Newton Method, the solution was

very sensitive to initial conditions.
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In addition, the role of heterogeneity in the population was considered. The total popu-
lation was divided into subgroups according to activity or susceptibility levels. The goal was
to determine how treatment doses should be distributed and how social distancing should be
implemented in each group in order to reduce the final epidemic size. We presented numer-
ical results for two and three groups, both for the case of seasonal and pandemic influenza.
The results were sensitive to different population sizes; that is, our results showed that in
order to control an epidemic, more resources need to be channeled towards the group with
the largest population and most active.

Finally, we considered another optimization problem derived for the same epidemiological
model in which, instead of minimizing the number of infected individuals, we estimated
parameter values from historical epidemic data in order to identify features, such as contact
rate and recovery rate. Although the parameter values used in the model were estimated
from epidemiological data, there is still some uncertainty in their values. Thus, we introduced
some basic ideas and examples of parameter estimation applied to discrete epidemiological
models. Our goal was to present all the tools necessary to better estimate parameter values
and implementation of optimal control measures. We found that a discrete formulation

allows us to solve the parameter estimation problem in a simpler way.
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Chapter 1

Introduction

In April of 2009, the World Health Organization (WHQO) announced the emergence of a
novel influenza A (HIN1) [21]. National and international public health agencies quickly
took (often drastic) emergency measures to contain the spread of the virus; however, in June
of 2009, the WHO declared novel influenza A (HIN1) a pandemic.

During the last few decades, mathematical epidemiological models have been used to
understand infectious disease dynamics and provide public health policy guidance [3, 29].
In particular, continuous time models have been used to study influenza outbreaks and the
impact of different control policies [7, 22, 31, 46, 51]. Optimal control models have been
used to evaluate the impact of control strategies for many applications [10, 42, 47] including
antiviral treatment and the isolation of infectious individuals [39, 40, 50]. Traditionally,
epidemiological models use continuous-time dynamics [17, 22, 23, 24, 27] because they are
more tractable from the mathematical point of view. However, more recently, there has
been an increased interest in the use of discrete transmission models [1, 2, 13, 15, 16]; a good
reason for using discrete models is because data is collected in time intervals (i.e., discrete
time).

In our work, we introduce a novel discrete time influenza model following the approaches
in [15, 16], and formulate a discrete optimal control problem in order to evaluate the ef-
fects of social distancing and antiviral treatment as control measures. The objective is to
minimize the total number of infected individuals at the end of the epidemic in the most
economical way. The optimal control problem is solved by using two different methodolo-
gies: a discrete version of the well-known Pontryagin’s maximum principle and primal-dual

interior-point methods. The Pontryagin’s maximum principle in general is applied by using



the backward-forward algorithm [28, 39, 40, 42] and it has many applications, in particular
to epidemiological problems [25, 34, 37, 38, 39, 40, 42]. On the other hand, to the best of our
knowledge, interior-point methods have not been previously used to solve control problems
in epidemiology. The main advantage of using this approach is that it allows us to include
explicit lower and upper bounds in the formulation.

We present the formulation of the optimal control problem and both methods in Chap-
ter 3. One of the main contributions of this dissertation is the formulation of the optimal
control problem as a non-linear programming problem and its solution by using interior-
point methods. The solution, for both methods, is presented in Chapter 3. In addition, we
compare three different strategies: social distancing, treatment, and a combination of both
mitigation strategies under different scenarios. The impact of each strategy is considered in
terms of the reduction of the final epidemic size, i.e, the total number of infected individuals
at the end of the epidemic.

Since the dynamics of many diseases such as measles and influenza are strongly correlated
with age [17], in Chapter 4, we generalize our model in order to study the role of heterogene-
ity. We formulate a discrete group-structured influenza model by divided the population
into subgroups according to susceptibility or activity levels. Previous research on influenza
models, including group structure, have been done in the continuous case. Numerical sim-
ulations for two and three subgroups are presented for different scenarios for both seasonal
and pandemic influenza.

In Chapters 3 and 4, we have considered the ideal case of unlimited resources. In Chap-
ter 5, we present a more realistic scenario by assuming that treatment doses are limited. In
this case we include an isoperimetric constraint [40, 42]. A similar problem was considered
in [40] for a continuous time influenza model by using Pontryagin’s maximum principle. The
authors remarked that convergence issues have to be addressed. Our results shows that
primal-dual interior-point method allows the inclusion of the isoperimetric constraint in a
simple way.

Finally, we present a different optimization problem. Since epidemiological models con-



tain parameters, in order to compare the model predictions with real data, the parameter
values should be estimated. In Chapter 6, we present some basic ideas and examples of
parameter estimation applied to discrete epidemiological models. Two techniques are pre-
sented: Ordinary Least Squares and Generalized Least Squares. Following the ideas from [9],
we estimate some parameters of a discrete SITR model by using synthetic data. We also use
data sets from an influenza outbreak in a border school in the United Kingdom and from

the 1918 influenza pandemic in San Francisco.



Chapter 2

Problem Formulation

In this chapter we present the core epidemiological model that we will study in this disser-
tation. We present the basic epidemiological assumptions and the control measures that we
want to consider in order the reduce the number of infected individuals at the end of the
epidemic. In addition, we introduce the control policies that we consider and we formulate

the core optimal control problem.

2.1 Epidemiological Model

One of the most important contribution in mathematical epidemiology was the formulation
of a simple compartmental model by Kermack and McKendrick in 1927 [11, 36]; which use a
continuous model based on assumptions on the rates of flow of individuals between different
classes. Traditionally, epidemiological models have used continuous-time dynamics [12] be-
cause they are more tractable from the mathematical point of view. Most recently, there has
been an increased interest in the use of discrete disease transmission models [1, 2, 13, 15, 16],
however, to our knowledge, there are limited studies that have used discrete epidemic models
[37, 38, 55]. The use of discrete models is attractive because experimental data is typically
collected in time intervals (i.e, discrete time).

We formulate a discrete time Susceptible-Infectious-Recovered (SIR) model following the
approaches introduced in [15, 16], where the total population (N) is divided into three
classes: Susceptible (.5), Infectious (), and Recovered (R) individuals. Since we consider a
single outbreak, births and deaths from natural causes are ignored (N = S+ 1 + R). We

use the subindex ¢ to denote the number of individuals of each class at time ¢, and the range



of t € [0,n], where n denotes the final time of a single epidemic outbreak. The fraction of
susceptible individuals at time ¢ that get infected at time ¢ + 1 is modeled by the function
_ Iy

= Pﬁt>

where p is the susceptibility rate. The proportion of disease-induced deaths per generation
is denoted by 4. It is assumed that infectious individuals naturally recover with probability
o1 (per generation). In Figure 2.1, we present a flow diagram of the disease dynamics for
the SIR model without any control. In this diagram, every compartment represents a class
of individuals; people move from one compartment to other as they change epidemic status,
they can move either from Susceptible to Infected or from Infected to Recovered. Some of
the infected individuals can be removed from the population because of the disease induced

death.

o EaEaN 0 N

ié

Figure 2.1: Compartmental flow diagram for the SIR model. Individuals move from
one compartment to other when they change epidemic status. Some of
the infected individuals are removed from the population because of
the disease induced death.

The model (without control) is given by the following system of nonlinear difference

equations:

Sir1 = Si(1—Gy)
Iiyw = SiGi+(1—01)(1—-0)I, (2.1)
Riii = Ri+o1(1—0)1.
We calculate the basic reproductive number Ry by using the next generation operator ap-
proach described in [2]. In epidemiology, Ry is defined as the number of secondary cases

produced by a single infected individual in a population of susceptible individuals. For the



SIR Model (2.1) Ry is given by:

. 14
T (—o-o)

Ry (2.2)

Notice that p is the susceptibility rate and — q is the expected time in the infectious

1
—o1)(1-9)
period. In the next sesion, we introduce a model that includes control policies such as social
distancing and antiviral treatment. Our goal is to study the impact of different control

policies in reducing disease spread.

2.2 Optimal Control Problem

Optimal control theory is a powerful mathematical tool than can be used to make decisions
involving real life situations. For example, for a given epidemic, we are interested in the
percentage of the population that should be treated in order to minimize the number of
infected individuals and the cost of treatment implementation. In this section, we present
an optimization formulation that is called “an optimal control problem.” These problems
were introduced in the 1950s, motivated especially by aerospace applications [28]. The main
idea is to find an optimal control solution for a system, that is described by differential
or difference equations. The behavior of the dynamical system is described by the state
variables, and we assume that there is a way to manage the state by using some control
functions. The goal is to find a control that minimizes a given objective functional. The
control that minimize the objective functional will be called an optimal control solution.

Pontriagyn, Boltyanskii, and Gamkrelidze found the necessary conditions for finding an
optimal solution [28] of this problem; these optimality conditions are known as the Pon-
tryagin’s Maximum Principle. Hence, the system of difference equations (2.1) is modified in
order to introduce social distancing and antiviral treatment as control variables. The goal
is to reduce the number of infected individuals by using the least amount of resources from
social distancing and antiviral treatment.

We modify Model (2.1) and introduce the new model. We consider that the fraction of

infected individuals who are treated at each generation ¢ is modeled by the antiviral treatment



control function labeled as 7;. The social distancing control function, denoted by x;, models
the reduction in the number of contacts per unit of time. In our case the unit of time is
days, for example is x3y = .1, each individual should reduce the number of contacts by 10%
in the day 30. Figure 2.2 shows the disease dynamics of the Susceptible-Infected-Treated-
Recovered (SITR) model with controls. This diagram is a modification of Figure 2.1, the
class of treated individuals is introduced, individuals from the Infected class can move either

to Treated or Recovered class.

S5t Gy a,
Il \l/5 /
Ty
T

Figure 2.2: Compartmental flow diagram for the control SITR model.

Since treated individuals are still infectious, the fraction of susceptible individuals at time

t that remain susceptible at time ¢ + 1 is modeled by the function:

(2.3)

where € represents the effectiveness of the treatment (0 < ¢ < 1). The model is then given

by the following modified system of difference equations:

Siv1 = Si(1—Gy)

Liyyw = SiGi+(1—m)(1—01)(1—9)L
Tivi = (1—0o)Ti+71(1—o01) (1 —0)1;
Rin = Ri+on(1—06) L+ ouT,.

(2.4)

Our goal is to minimize the number of infected individuals over a finite time interval

[0,n] by using the least amount of treatment and social distancing. Therefore, we pose the



constrained optimal control problem as:

n—1
1
minimize - > (BiI} + Byai + Bst}) (2.5)
t=0

subject to Model 2.4,
O S Ty S Tmax;

0 S Tt S Tmax-

where x,,,, and T,.x are upper bounds that represent the maximum allowed values for each
control per unit of time. The weight constants B; to Bs are a measure of the relative
cost of interventions over [0,n]. In particular, By and B; denote the relative costs associated
with the implementation of social distancing and antiviral treatment, respectively. Although
we do not know the real cost of each of these strategies, constants B;’s allow us to make
assumptions on their relative costs: for instance when B, is greater than Bs, it means that we
assume that the implementation of social distancing will be more costly than that of antiviral
treatment. We will set the weight constants values in part to facilitate computational issues
and according to the scenario that we want to consider. Note however that the model as we
designed it is robust to different values of B;’s; as a result, although for the purpose of this
work, we set the B;’s to specific values, our model could handle other values and therefore
account for different and more strategies. We evaluate the relative impact of each of the

following control strategies applied to model (2.5):
Strategy 1: Social distancing (z; > 0, 7, = 0),
Strategy 2: Antiviral treatment (7 > 0, z; = 0),
Strategy 3: Both social distancing and antiviral treatment (z; > 0, 7, > 0).

The relative impact of each strategy is evaluated and compared on the final epidemic size,
i.e., on the number of infected individuals at the end of the epidemic, under single or dual

policies. Notice that each strategy will represent a different optimization problem. The final



time n is a value between 180 and 250 days; we choose this value by running simulations
without control, n is the number of days that the epidemic remains in the population. This
value depends of the basic reproductive number Ry. For a small value of Ry, we have a big

value of n, because the epidemic will take longer to spread over the population.

Summary of contribution: the formulation of a novel discrete time influenza model,
following the approach in [15, 16], is the main contribution of this chapter. By using the
next generation operator [2], we calculated the basic reproductive number Ry, that is, the
number of secondary cases produced by a single infected individual in a population of suscep-
tible individuals. We introduced treatment and social distancing as control policies and we
formulated a core optimal control problem, this problem will be modified for each strategy.

In the next chapter, each particular optimization problem is solved using two different
methodologies: the well-known discrete version of Pontryagin’s maximum principle [32, 33,
42] and primal-dual interior-point Method [5, 6, 45, 26, 54]. The first method has been
widely used to solve optimal control problems in epidemiology [25, 34, 39, 40]. The second
technique has been applied successfully in different areas, but to our knowledge, there is little
evidence of its applications within epidemiological problems. We present both methodologies

in the next chapter and numerical results by considering different strategies and scenarios.



Chapter 3

Solution of the Simple Optimal
Control Problem

In this chapter, we present two methodologies for solving the constrained optimal con-
trol problem (2.5): the Pontryagin’s maximum principle and the primal-dual interior-point
method. There are many applications of the first methodology to optimal control problems
in epidemiology [37, 39, 40] but as far as we know there is not evidence of interior-point
methods applied to epidemiological problems. One of the main contributions of this dis-
sertation is the formulation of problem (2.5) as a nonlinear programming problem and the
use of interior-point methods to solve it. We present numerical results by solving the sim-
ple problem (2.5) presented in the previous chapter using both methodologies and different
scenarios. For example, we consider different control strategies, different values of the basic

reproductive number Ry, and different weight constants.

3.1 Pontryagin’s Maximum Principle

Pontryagin’s maximum principle is a classical result of control theory that provides the
necessary conditions for finding an optimal solution. Since our focus is to solve a discrete
optimal control problem, we use a discrete version of Pontryagin’s maximum principle [32,
33, 42].

The control and state variables are denoted by u = (ug, u1, ..., u,—1) and x = (29, 1, ..., Tys),

respectively. The subindex represents the time step t = 0,1, ..., n. The state equation for a
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given initial condition z, is given by the difference equation:

Ti1 = g(Ty, uy, t). (3.1)

The objective functional is defined by:

n—1

J(u) = d(x,) + Zf(a:‘t, U, t),

t=0
where f, g, and ® are continuously differentiable functions; therefore, the constrained pro-

blem is:

minimize J(u)
subject to Model (3.1).

We introduce the adjoint variable A\; and define the Hamiltonian at time ¢ as
Hy = f(zy,u, t) + Myrg(zg, ug, t), for t =0,1,...,n— 1.
The necessary conditions as described in [42] are given by:

1. The adjoint equation
_ OH,

A= =, 3.2
¢ (91} ( )

2. The transversality condition at the state solution x}
A = @' (27), (3.3)

3. The optimality condition at the optimal solution u*

0H,

oo,
8ut

These three conditions are similar to the ones in the continuous case, the only difference
is that we do not have a negative sign in the adjoint equation (3.2). Usually in biological
applications, the numerical solution is found by using the Forward-Backward algorithm [4,

42, 37, 39]. This algorithm can be used for both the discrete and continuous cases.
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3.1.1 Forward-Backward Method

In this section, we apply the Forward-Backward algorithm [4, 42, 37, 39] to our particular
problem. We denote the control variables as x = (xg, 1, ..., 2p_1) and T = (7o, T1, - - -, Tn_1)
representing social distancing and treatment, respectively. Let y; = (S;, I;, Ty, R;)T be the

state variable with ¢ = 0,1,...,n, and the objective functional:

n—1
1
F(x,7) = 3 Z F(ys, xe, 1, ),
=0

where:
F(y:, @4, 7, t) = BiI? + Box? + Bt (3.4)
The weight constants B; to B3 are a measure of the relative cost of interventions over
[0,n]. In particular, By and Bs denote the relative costs associated with the implementation
of social distancing and antiviral treatment, respectively. The use of these notations and

definitions leads to the problem of finding discrete control functions x and 7 such that:
miniUmize F(x,T)

(3.5)
subject to  Model (3.6),

where U = {(z,71) : 0 < 2p < Zpax, 0 < 7% < Tipax, t = 0,1,...,n — 1} and Model (3.6) is
the model introduced in Chapter 2, that is:

Sir1 = Si(1—Gy)

Liin = SGi+(1—71)(1—01)(1=0)I

Tivi = (l—0o)Ti+71(1—01)(1—0)1

Rii1 = Ri+o01(1—0)I+ 00T,

The Hamiltonian associated with Problem (3.5) is given by:
H, = F(Yt, l’taTt,t) + AtT+1Yt+17

where z;, 7, are the control variables, y;, \; € R* are the state and adjoint variables respec-

tively. The adjoint equations are:

XNo= 27t with i =1,2,3,4, (3.7)

12



where \! and y! are the i-th component of A; and yy, respectively. Finally, the optimality

conditions are:

0H, OH;
— =0 and — =0.
8xt an 87}

The procedure to find optimal solutions is summarized in Algorithm 1 [4, 42].

Algorithm 1 Forward-Backward Algorithm
1: Initial values for x, 7 and condition y, are selected.

2: for £k =0,1,2... until convergence do

3:  Solve the state equation (2.4) forward in time.

4:  Solve the adjoint equation (3.7) backward in time; subject to the transversality con-
ditions A,, = 0, where n is the final time.

5. Solve the optimality conditions:

OH, OH,;
—_— d —_— .
Bz, 0 an ar, 0

6:  Check convergence:

if M < 0.001,for u € {x,7}, break

7. end for

3.2 Primal-Dual Interior-Point Method

Interior-Point Methods (IPM) were introduced by Karmarkar in 1984 [35] for solving li-
near programming problems and his seminal work has been extended for solving large scale
nonlinear programming problems (e.g., Problem (3.5)). Contrary to the simplex method,
which finds an optimal solution by testing the adjacent vertices of a feasible set, IPM find
optimal solutions by crossing the interior of a feasible region. Figure 3.1 shows a geometrical
interpretation of IPM in the case of linear programming, when the solution set is an edge

including the vertices.
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wimtm Solution set
= (Constraints
Xy Initial condition

Figure 3.1: Geometrical interpretation of IPM in the case of linear programming.
Each edge represents the frontier of a linear constraint, the line with
stars is the solution set.

The simplex method is shown to have exponential complexity, because it may go through
almost all the corners before finding a solution. Computationally, IPM are more efficient
than the simplex method because they have polynomial complexity. In addition, the simplex
method finds solutions at the corner points only, while IPM may find solutions in the interior
as well. Before introducing the interior-point methodology, we present some terminology and
definitions.

A general nonlinear programming problem is given by:

minimize  f(x)
subject to h(x) =0, (3.8)

x>0,

v

where f : R” — R and h : R® — R™. The Lagrangian function associated with Problem
(3.8) is defined as:
L(z,y,2) = f(z) + h(z)'y — 2"z

The Karush-Kuhn-Tucker (KKT) conditions are the necessary conditions for a solution of

a nonlinear programming problem to be optimal [45]. For Problem (3.8), the KKT conditions
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are given by:
VeL(z,y,2)
F(z,y,2) = | h(x) =0,
XZe
where [ : R — R0 Y [(z,y, 2) = Vo f+Vh(z)Ty—2, X = diag(z), Z = diag(z),
ande=(1,...,1) € R™.
Now we introduce the perturbed KKT conditions [45, 26] associated with Problem (3.8):

V.L(z,y,z2)
FH(SC, Y, Z) = h(l’) = 07 (39)
XZe — e

where F, : R"™™+" — R™™+" and > 0. Notice that the perturbation is made just in
the last equation, known as the complementarity condition, in order to avoid “sticking to
the boundary” before reaching a solution. The term “sticking to the boundary” refers to
when an x; or z; becomes zero before reaching a solution, subsequently z;" will be zero, i.e.,
if x; =0 and z; # 0 then Az; = 0 and $Z+ = z; + Ax; = 0, hence the algorithm will diverge.

We use Newton’s method to solve (3.9); therefore, the Jacobian associated with (3.9) is:

V2L V()T
F'(z,y,2) = | VA(2)  Omxm  Omxn | >
A 0n><m X

the Newton system associated with (3.9) is given by:
F'(x,y,2)As = —F,(z,vy, 2), (3.10)

where As = [Az, Ay, Az]T.
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3.2.1 Primal-Dual Interior-Point Method for The Optimal Con-
trol Problem

One of the main contributions of this dissertation is the formulation of the optimal control

problem (2.5) as a nonlinear programming problem:

minimize  f(y)
subject to  E(y) =0, (3.11)

0 < vy < Ymax,

where y = (S, I, Ty, %0, To, - - - Sny In, Ty @1, Tn_1)” and n is the final time. The objective

functional is given by f : R® — R, where:

1 -
) =5 (B + Ba ol + By 17II°) (3.12)

with T = (In, L1, ..., I, )", o = (w0, 21, .., xn 1), and 7 = (70,71, - -, Tn1) T

From Model (2.4), we get the equality constraint E : R — R3",

S1— So(l — Go)

I — SoGo — (1 —70) (1 — 0y) Iy
Ti—(1—o09) Ty — 10 (1 —01) I
E(y) = : =0, (3.13)
Sp— Sno1(1—Gpoq)

L, — S0 1Gp1— (1 =7 1) (L —01) Iy 4
T,.—(1—09) T 1 —Tnoa (1 —01) L1

where G} is given in (2.3). We consider just S, I, and T because R does not participate in the
disease dynamics. Finally, the inequality constraint y < y.x can be written as yyax —y > 0.
This constraint represents the upper bounds for the controls w and 7, which are interpreted
as the maximum daily rates.

Now we describe the primal-dual interior-point methodology used to solve problem (3.11).

Following the ideas presented in Section 3.2, the Lagrangian associated with (3.11) is given
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by:

L(y,w,2) = f(y) + E(y)Tw - yTzl — (Ymax — y)TZ2>

where w, z1, and 2o are the Lagrange multipliers associated with the equality and inequality

constraints, respectively. Therefore the perturbed KK'T conditions are given by:

where:

F(y,w, 21, 2) =

VyL(ya w, 21, ZQ)

E(y)
YZ, — e

(Ymax

—Y)Zy — pe

5n+3n+5n+5n 5n+3n+5n+5n
R — R ,

= diag

diag(y),
diag(Ymax),

Zl)?

diag(zs), and
(1,...,1) e R™.

Vyf +VETw — 21 + 29,

From (3.9) and (3.10), the Newton system associated with problem (3.11) is:

V2L VET
VE 0
Z 0
—Zy 0

—1
0
Y
0

I
0
0

(Ymax - Y)

18nx18n

Ay
Aw
Az
Azo

Vf+VETW — 2 + 2

E
Y Zie — e
(Yiax — Y) Zoe — pe

(3.14)

(3.15)

notice that the Jacobian matrix of System (3.15) is non-symmetric and highly indefinite.

The standard Newton’s method assumptions for the convergence [26] of problem (3.11)

are given by:

1. There exists v* = (y*, w*, z}, z3), solution to problem (3.11).
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2. The Jacobian matrix F}(v*) is nonsingular.
3. The Jacobian operator F}, is locally Lipschitz continuous at v*.

In order to work with a smaller system, we derive a reduced system associated with (3.15).

We write explicitly the equations of (3.15) as follows:

V?LAy + VET"Aw — Azy + Azg = — (Vf+ VE'W — 21 + ) | (3.16)
VEAy = —E, (3.17)

WAy + YAz = —(YZie — pe), (3.18)

—ZoAy + (Yipax — Y)Azy = — (Yinax — Y) Zoe — pe) . (3.19)

Solving for Az; in (3.18) and Az, in (3.19), we get:

Azy = —z+upuY le—Y1Z Ay,
1 1T H 1Y (3.20)
AZQ = —2Z9+ M(Ymax - Y)_le + (Ymax - Y)_leAy'
By replacing (3.20) into (3.16), we get the reduced system:
V2L+Y 'Z,+YZ, VET Ay —Vf—VETW — pYe (3.21)
VE 033 Aw ~E -
8nx8n

where Y = (YVpax — Y) ™" Therefore, the reduced system of equations (3.21) has some advan-
tages over (3.15) including that the Jacobian is symmetric and likely to be positive definite
as we add a positive definite matrix. Moreover, there is a considerable size reduction in the
system being solved (8n x 8n) in comparison to (18n x 18n) .

We use a path-following strategy [5, 6] to solve (3.21). For a u > 0 and working from
the interior (Ymax — ¥, 2) > 0, we apply a line-search Newton’s method [45] to the perturbed
KKT conditions (3.14). An optimal solution is reached when the perturbation parameter p
goes to zero.

Now we present the primal-dual interior-point algorithm for the nonlinear programming

problem (3.11).
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Algorithm 2 Primal-Dual Interior-Point Algorithm

1: Consider an initial interior point vy = (Yo, Wo, 214, 224 ), 1-€-, (Y0, Yo, 219, 22,) > 0, where

U = Ymax — Y. Choose o € (0,1).

2: for k =0,1,2... until convergence do

TZ ATZ

3:  Set the perturbed parameter jy, = min(o kg% 2k )
4:  Solve the reduced system (3.21) for Av = (Ay, Aw), and solve (3.20) for Az; and Az,.
5. Maintain y, 9, 21, 29, positive. Calculate a, according to dy, = min(d;,, Gy, ), where

(1, = min ( = S )

k min(Zl_lAzl,fl)’ min(Y—1Ay,—1) }

. ~1 -1

Gg, = Min (min(Z;lAZQ,—l), min(—}A’*lAy,—l))
6:  Force a descent direction, For ¢ =0,1,2,..., set ap 1 = (%)Z ay, until

M (vy, + a1 Av) < M (vg) + 10 a1 VMT Av
where M = ||E,||?, for F, as in (3.14).

7. Update vy = v + app1Av.
8: If ||F,|| <, break, end
9: end for

The numerical results of selected simulations generated by the implementation of both

Pontryagin’s maximum principle and primal-dual interior-point method are discussed in the

next section.

3.3 Numerical Results

The results of selected simulations generated by the implementation of the strategies des-

cribed in Chapter 2 using Forward-Backward (FB) and Primal-Dual Interior-Point Method

(IPM) are presented in this section. We use a moderate value for the basic reproductive

number Ry = 1.5 and a final time of 220 days (number of days that the epidemic remains in
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the population). We solve Problem (2.5),

|
—

n

minimize

(B11} 4 Box} 4+ Bs1})

N | —

t

subject to Model 3.6,

I
o

0 < 2 < Timax,

0 S Tt S Tmax;
using the strategies presented in Chapter 2: only social distancing, only treatment, and
dual policies (social distancing and treatment). In Section 3.3.2 we present some numerical

solutions using IPM for different scenarios. We study the impact of single and dual policies

on the final epidemic size. The baseline parameter values are given in Table 3.1.

Table 3.1: Definition of parameters and baseline values.

Parameter Value Definition
o1 % Recovering probability without treatment
lop) % Recovering probability with treatment
€ 0.8 Transmissibility of the treated class
) 0.001 Mortality rate
p 0.19 — 0.41 | Susceptibility rate
n 220 Final time (days)

3.3.1 Comparison Between Forward-Backward and Primal-Dual

Interior-Point Method

In this section, we show numerical simulations generated by solving problem (2.5) using the

strategies presented in Chapter 2:

For Strategy 1 (social distancing): the antiviral treatment control 7, = 0,
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For Strategy 2 (treatment): the social distancing control z; = 0,

in the objective function F' given in (3.4). The upper bounds for z; and 7, are zy,, = 0.2
and Tax = 0.2 respectively; these values represent the maximum permitted value for each
control policy daily; e.g. people can not reduce the number of contacts per day by more
that 20% and the maximum number of infected individuals who get treatment is 20%. The
weight constants B; to Bs, are a measure of the relative cost of interventions over [0,n]. In
particular, B, and Bj, are the relative costs associated with the implementation of social
distancing and antiviral treatment, respectively; we assume By > Bs.

The weight constants are selected in part to facilitate computational issues. We carried
out simulations under the assumption that the costs associated with social distancing (Bs)
are higher than those associated with treatment (Bs). In this particular case we consider
By =20, B, = 0.2, and B3 = 0.1. In this experimentation, the basic reproductive number is
Ry = 1.5. The numerical results are presented in Table 3.2. For each strategy, we tabulate
the number of iterations and the value of the functional at the optimal solution (F™*) by
using FB and IPM algorithms. It should be noted that we do not compare CPU time since

both algorithms ran within less than two seconds.

Table 3.2: Comparison between Forward-Backward and Primal-Dual Interior-
Point Method.

Algorithm1: FB Algorithm?2: TPM
Strategy # of iterations F* # of iterations F*
1 - Social Distancing 52 0.67997 15 0.68001
2 - Treatment o4 0.33014 12 0.33016
3 - Dual Policies 87 0.30423 23 0.30092

In Table 3.2, we observe that for all strategies IPM requires fewer iterations to reach the

solution with a competitive function value at the solution, when compared to FB.
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Figures 3.2-3.4 show the level of intervention needed to control the epidemic and the final

epidemic size with and without interventions for both methods for Ry = 1.5.
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Figure 3.2: Strategy 1 (Social distancing): Figures A and B show the solution using
FB and Figures C and D show the solution using IPM. Figures A and C
are the optimal control solutions for each methodology, and Figures B
and D illustrate the final epidemic size with and without control. The
figures demonstrate the behavior is the same for both methods.
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Figure 3.3: Strategy 2 (Treatment): the solutions using FB algorithm are presented
in Figures A and B, and the solutions using IPM are shown in Figures C
and D. The optimal control solutions are shown in plots A and C, while
the final epidemic size with and without control are shown in Figures
B and D. The figures show the same behavior for both methods.
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Figure 3.4: Strategy 3 (Social distancing and treatment): Figures A and B show

the solutions using FB and Figures C and D illustrate the solution using
IPM. Figures A and C show the optimal control solutions and Figures
B and D show the final epidemic size with and without control.
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3.3.2 Implication of Strategies

In this section, we present a comparison between strategies described in Chapter 2. The cu-
mulative number of infected individuals for different values of Ry in the absence of controls
is compared against the presence of single or dual optimal controls. For single policies, a
sensitivity analysis is carried out over the weight constants By and Bs. In our simulations, we
assume that the costs associated with social distancing are higher than those associated with
treatment, i.e., By > B3. We compare the reduction in the final size as a result of the imple-
mentation of Strategies 1 through 3. In these simulations, the values for the weight constants
are By = 0.2 and B; = 0.1. Results for low to high values of R, are presented in Figure 3.5.
Notice that the final epidemic size is reduced for all intervention strategies. The greatest

reduction is obtain when Strategy 3, (social distancing and treatment) is implemented.
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Figure 3.5: For different values of Ry, we show the final epidemic size under each
strategy. We observe that dual policies (strategy 3) provides the great-
est reduction in the final epidemic size. Notice that when Ry > 1.4,
social distancing give us a better reduction than treatment.

For single policies, Figure 3.5 shows that social distancing (Strategy 1) is better than
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treatment (Strategy 2) for values of Ry greater than 1.4. The results for Ry = 2.5 are
given in Figure 3.7. In this case, the optimal control solution for all strategies requires
the maximum allowed value. The reduction in the final epidemic size for each strategy is

summarized in Table 3.3.

Table 3.3: Comparison of strategies for low and moderate values of Ry in reducing
the final epidemic size.

Strategy | Reduction for Ry = 1.5 | Reduction for Ry = 2.5

1 28% 12%
2 25% %
3 32% 18%

Finally, we explore the quantitative impact of the weight constants in terms of the re-
duction in the cumulative infected individuals and final epidemic size. We study the impact
of three different values for By and Bs on Strategies 1 (social distancing) and 2 (antiviral
treatment), respectively. We set Ry = 1.8, Zyax = 0.25, and Ty = 0.25.

Figures 3.8 and 3.9 show the optimal control solutions computed under strategies 1 and
2 as well as their impact on the cumulative proportion of infected individuals. Figure 3.8(A)
shows that when the weight constant is small, By = 0.1 (relatively cheap), the optimal control
solution attains the maximum allowed value for social distancing within the first 110 days
of the epidemic. This high value for the social distancing control, yields the highest reduc-
tion of 27% on the final epidemic size (Figure 3.8(C)). When the weight constant By = 0.2
(moderate cost), the reduction on the final epidemic size is 24%. However, if the weight
constant is increased to By = 1 (relatively expensive), the reduction on the final epidemic
size decreases by 13%. Figure 3.8(B) shows the reduction on the peak of the epidemic as
the value of the weight constant By decreases. When Strategy 2 is applied, similar results

are obtained. As the weight constant Bs increases, reductions on the final epidemic size are
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Figure 3.6: For Ry = 1.5, the optimal control solution for each strategy is given

in Figures A and B. The final epidemic size is reduced under the im-
plementation of each strategy. For dual policies (treatment and social
distancing), we get a reduction of 32%. The reduction for strategies 1
(social distancing) and 2 (treatment) are 28% and 25%, respectively.

observed. For example, when Bz = 0.01, the reduction on the final epidemic size is 23% but

when Bz = 1 the reduction is only 10%. These results are summarized in Table 3.4.

Table 3.4: Different weight constants in Strategies 1 and 2

Strategy 1 Strategy 2

B2 | Final epidemic size reduction | B3 | Final epidemic size reduction
0.1 27% 0.1 23%
0.2 24% 0.2 21%
1 13% 1 10%
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Figure 3.7: For Ry = 2.5, the optimal control solution for each strategy requires
the maximum permitted values. The final epidemic size is reduced by
18% in strategy 3 (treatment and social distancing). For strategies 1
(social distancing) and 2 (treatment), the reductions are 22% and 7%,
respectively.

Summary of contribution: the contribution of this chapter is the formulation of an
optimal control epidemiological model as a nonlinear programming problem. With this
formulation, we were able to solve the problem by using primal-dual interior-point method
for different strategies and considering different scenarios. We found that the use of single and
dual strategies (social distancing and antiviral treatment) reduced the cumulative number
of infected individuals. We have seen that dual strategies are more efficient at reducing the
final epidemic size than single policies.

In the next chapter, we generalize our epidemiological model in order to formulate a
group-structured model. The main idea is to consider some individuals’ demographic char-
acteristics and behavior. We introduce an optimal control problem associated with this
group-structured model, and our goal is to determine how control policies should be applied

in each group in order to reduce the number of infected individuals.
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Figure 3.8: For different values of the weight constant Bs, Figures A and B show the
optimal control solution when strategy 1 is applied. Figure C shows the

corresponding final epidemic size. When By, = 0.1, we get a significant
reduction of 28%.
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Figure 3.9: For strategy 2, Figure A shows the optimal control solution for different
values of the weight constant Bs. Figure C shows the corresponding final
epidemic size. When Bz = 0.01, we get a reduction of 23%.
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Chapter 4

Group-Structured Model

4.1 Formulation of the More General Problem

The dynamics of many diseases such as measles and influenza are strongly correlated with
age [17], in this chapter we extend Model (2.1) by dividing the population into m age groups.
Groups can be defined according to contact activity or susceptibility levels. We assume that
people mix homogeneously within their group and proportionally between groups; this is
known as proportionate mixing [12]. Epidemiological models with age structure have been
considered for the continuous case in [17, 24, 30].

Let N;(t) be the number of individuals in group 7 at time ¢, (¢ = 1,2,...,m) and g;; be
the probability that somebody from Group ¢ has contact with somebody from group 5. If
we assume that both groups are connected (¢;; > 0) and we consider proportionate mixing

[17], we have
G

m , (4.1)
S O,
k=1

Y =9 =
where C; is the average number of contacts per unit of time. Now we generalize the single
population model SIR model (2.1) to a m-group model. Let S;(t), I;(t), and R;(t) denote the
number of susceptible, infectious, and recovered individuals in the ¢th group, i = 1,2,... m.
We consider a single outbreak and people remain in the same group. We assume that
infectious individuals from group ¢ naturally recover with probability o;. The fraction of

susceptible individuals on group 7 at time ¢ that get infected at time ¢ + 1 is modeled by the
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function:

(L)
Gi t = P 1 J 5 42
0= (05) (1)
7=1
where p; is the susceptibility rate for individuals in group i. The model is given by the

system of difference equations:

Si(t+1) = Si(t)(1 —Gu(t))
Lt+1) = Si()Gi(t) + (1 —03) L(1) (4.3)

Model (2.1) formulated in Chapter 2 is a particular case of Model (4.3) in the case of one
group (m = 1). The basic reproductive number is calculated by using the next generation
operator [2], it is given by

_ - Pidi
RO_ZI—(I—ai)'

i=1

Notice that there is a contribution from each group: it highlights that new infections can
be generated from infected individuals on any group. There is a value of Ry in each group
which is calculated by using the expression given in (2.2), this values is different for each
group since

The next step is to include treatment and social distancing as control policies in Model
(4.3), in a similar way that we included them in the single group model (2.1) in Chapter 2.

We consider that the fraction of infected individuals in group ¢ who get treatment each
generation is modeled by 7;(t). The social distancing control function, z;(t), models the
reduction in the number of contacts per unit of time from individuals in group 7. We assume
that individuals (from any group) who get treatment recover with probability o. Since

treated individuals are still infectious, the function G, given in (4.2), is modified as

Gi= .3 (1 = ey (HOESBY ), (44

j=1 J

where €; represents the effectiveness of treatment for individuals on group j, with 0 < ¢; < 1.
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The model with control is given by the following system of difference equations:

S(+1) = S -G

Li(t+1) = Si(t)Gi(t) + (1 —7(t) (1 — 03) Li(t)
Tt+1) = (1—0)T(t) +7(t) (1 — o3) Ii(8)
Ri(t+1) = Ri(t)+ o:li(t) + oT;(t).

(4.5)

Now we introduce the optimal control problem associated with the group-structured
model (4.5). Our goal is to minimize the number of infected individuals in each group over a
finite interval [0, n], by using the least amount of treatment and social distancing. Following
the ideas from Chapter 2, we generalize the problem given in (2.5); therefore, the optimal
control problem associated with the age-structured model can be written as:

m  /n—1
minimize % 2 (; (B Li(t)? + By,a;(t)? + Bﬂ.rz.(ty)) (4.6)

subject to Model (4.5),

where n and m denote the final time and the number of groups, respectively. The weight
constants B;, (j = I;,7;,x;) are a measure of the relative cost of interventions over [0, n].
In particular, B,, and B, denote the relative costs associated with the implementation of

social distancing and antiviral treatment in group ¢, respectively.

The problem is solved by using the primal-dual interior-point method. In a similar
way that we solved problem (2.5) in Chapter 3, we rewrite Problem (4.6) as a nonlinear

programming problem:

min  f(y)
st. E(y) =0, (4.7)
0 <y < Ymax,

where

y = (Si(1),L,(1), Ty (1), 71(0), 21(0), ..., S (n), [,(n), Ty (n), 71 (n — 1), 21(n — 1), ...

S (1), L (1), Ty (1), 70 (0), 2, (0), . . ., S (n), L (), T (0, Ton(n — 1), 2 (0 — 1))T
(4.8)
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m is the number of groups and n is the final time. The objective functional is given by:

-3 (Bl zil?),

fiR™™ SR owith I = (1;(0), L;(1),..., L(n—1)T, 7, = (1:(0), 7:(1), ..., 7s(n — 1))T, and
z; = (2;(0),2;(1),...,zi(n — 1))T for i = 1,2,...,m. From Model (4.5), we get the equality

constraint £ : R>"™ — R3"™

7-i||2 +Bﬂﬁz‘

+ B,

[\Dlr—t

E(y) = : : (4.9)

where

Si(1) = Si(0)(1 = Gi(0))

L;(1) = S;(0)G4(0) — (1 — 7:(0)) (1 — 03) L;(0)
Ti(1) = (1 = 0) T;(0) — 73(0) (1 — o) L;(0)
Ei(y) = : ) (4.10)
Si(n) — Si(n — 1)(1 = Gi(n — 1))

Ii(n) = Si(n = 1)Gi(n = 1) = (1 = 7(n — 1)) (1 — o) Li(n — 1)
T\(n)—(1—0)Ti(n—1)—1(n—1) (1 —0;) I;(n — 1)

and G is given in (4.4). We solve problem (4.7) by using the primal-dual interior-point
method presented in Chapter 3.

In the next section, we present the results of some numerical simulations in which we
assume that the total population is divided into two groups. For this particular case, we
consider only treatment as a control policy, under the assumption of unlimited supplies. In
the next chapter, we study the case of limited resources by introducing an isoperimetric
constraint [40, 42]. Finally, we analyze the case when the total population is divided into

three groups; for this case social distancing and treatment are implemented simultaneously.
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For each case, we consider that individuals remain in the same group, i.e. they do not change

age.

4.2 Numerical Results: Two-Groups Model

In this section, we present some results of selected simulations under various scenarios. First,
we consider both groups with the same population size. Then, we present a more realistic
scenario with different population sizes in the case of seasonal influenza. For all simulations,
we solve an optimal control problem by using the primal-dual interior-point method described
by Algorithm 2. For each case, we compare the proportion of infected individuals generated
in the absence or in the presence of control. In these simulations, the weight constants are
selected, in part, to facilitate computational issues: interior-point methods are sensitive to
these values. We assume a moderate value of Ry (1.5 — 1.7). The final time of 180 days is

chosen for all simulations. The baseline parameter values are given in Table 4.1.

Table 4.1: Definition of parameters and baseline values.

Parameter | Value Definition
O % Recovering probability without treatment in Group i = 1,2
o % Recovering probability with treatment in all groups
€ 0.7 Transmissibility of the treated class
4] 0.001 Mortality rate due to the disease
pi 0.135 — 1.9 | Susceptibility rate for individuals in Group i = 1, 2
C; 0.003 — 0.01 | Average contact rate of individuals in Group i = 1,2
B; 03—-1 Weight constants in the objective function, j = {I;,7;} and i = 1,2

By considering the case of unlimited doses of treatment, we divide the total population
into two groups with same population size, and we consider three different scenarios. In the
first scenario, both groups have the same activity and susceptibility levels; basically, we want

to validate our IPM algorithm. As we described in the previous section, C; and p; are the
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average contact and the susceptibility levels for individuals in group ¢z = 1, 2, respectively.
For the second scenario, we assume that Group 1 is more active than Group 2, hence the
average contact number is higher in Group 1 than Group 2 (Cy > C3), and both groups have
the same susceptibility level (p; = p2). For both scenarios, Figures 4.1 - 4.4 show the control

effort, the proportion of infected individuals, and the final epidemic size for Groups 1 and 2,

respectively.
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Figure 4.1: In the case of same population size in Groups 1 and 2, the first scenario
considers both groups with the same susceptibility and same activity
level. Since both groups have similar behavior, the optimal control
strategy requires the implementation of the same amount of treatment
in both groups. The final epidemic size is reduced by 14% in each

group.

Scenario 1: Same Activity and Susceptibility Levels
Since both groups have the same population size and similar behavior, the optimal control
solution requires the implementation of the same amount of treatment for both groups (Figu-
res 4.1A and 4.1D), therefore we get the same reductions on the final epidemic size (14%) in

each group, as shown in Figures 4.1C and 4.1F. The implementation of treatment shifts the
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peak; without treatment, the epidemic peaks on day 50, while in the presence of treatment,
it peaks on day 60 (Figures 4.1B and 4.1E).
Scenario 2: Same Activity Level, Higher Susceptibility in Group 1

Figures 4.2A and 4.2D show the optimal control solution when both groups have the same
population size and activity levels, but Group 1 is more susceptible than Group 2. Since
Group 1 has higher susceptibility; the optimal control solution requires the application of
higher values of treatment in this group. The reduction in the final epidemic size is given
by 11% and 13% in Groups 1 and 2, respectively (Figures 4.2C and 4.2F). This reduction is

smaller in Group 1 because the number of infected individuals is higher in this group.
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Figure 4.2: For Scenario 2, Group 1 is more susceptible than Group 2 but they
have the same activity level. Since Group 1 is the high risk group,
the optimal control strategy requires more resources for this group;
however, the number of infected individuals is higher in Group 1 and
the reduction on the final epidemic size will be larger in Group 2.
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Figure 4.3: In the case of seasonal influenza, for Scenario 1, Group 1 (12.5 % of the

total population) is the high risk population and both groups have the
same activity level. Because of the population size, the amount of effort
needed to control the epidemic is higher in Group 2 and therefore, the
reduction on the final epidemic size is higher in Group 2 (25%) than

Group 1 (10.7%).
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Figure 4.4:

For seasonal influenza, in scenario 2, Group 1 (12.5 % of the population)
is more susceptible but less active than Group 1. Since Group 2 is more
active, more effort has to be applied in this group. Figure D shows that
we need to apply twice the treatment for Group 2 than for Group 1
(Figure A).
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4.2.1 Seasonal Influenza

In this section, we consider the case of seasonal influenza. We divide the total population
into two groups with different population sizes. Group 1 is given by 12.5% of the population
aged 65 or more, and Group 2 is 87.5% of the population aged less than 65 [12]. For
these simulations we assume that Ry = 1.27 and that Group 1 is the high risk population
(p1 > p2). The final time (day when there were no more infected individuals) is 240 days.
For Scenario 1, we assume same activity level (C; = Cs); for Scenario 2, we assume that
Group 2 is more active than Group 1 (Cy > ).

Scenario 1: High Susceptibility in Group 1 and Same Activity in Both Groups
Figure 4.3 shows the results for Scenario 1. The optimal control solution shows that the
amount of treatment that should be applied is higher in Group 2, because this group has
a larger population size (Figures 4.3A and 4.3D). With the implementation of the optimal
control treatment, the final epidemic size is reduced by 7% and 10% in Groups 1 and 2,
respectively (Figures 4.3C and 4.3F).

Scenario 2: High Susceptibility and Low Activity Level in Group 1
The results for Scenario 2 are shown in Figure 4.4. Since we have Group 2 as the more
active one, the optimal control requires more resources for this group than for Group 1;
Figure 4.4D shows that we need to apply twice the treatment for Group 2 than for Group 1
(Figure 4.4A). The reduction on the final epidemic size is given by 8% and 12% in Groups

1 and 2, respectively.

4.3 Numerical Results: Three-Groups Model

In this section, we divided the population into three age groups. Group 1 is given by people
between 0 and 19 years of age (27%), Group 2 is individuals between 20 and 64 (60%), and
Group 3 is people aged 65 or more (13%). Figure 4.5 shows the number of individuals in
each age group according to the 2010 US Census [19].

Since children and teenagers are in Group 1, we assume that this group has the highest
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Figure 4.5: According to the 2010 US Census (27%) of the population is in Group
1, (60%) in Group 2, and (13%) in Group 3.

level of activity, while seniors (Group 3) is assumed to be the least active group [41, 53].

In these numerical simulations, the weight constants are selected, in part, to facilitate
computational issues since interior-point methods are sensitive to these values. We consider
a small (1.2—1.35) and a moderate (1.6—1.8) value for Ry under both seasonal and pandemic
HIN1 influenza. For all simulations, we solve an optimal control problem using the primal-
dual interior-point method given in Algorithm 2. The final time is given by n = 250 in the
case of small Ry and n = 180 for a moderate value of Ry. The baseline parameter values are

given in Table 4.4.

4.3.1 Seasonal Influenza

In the case of seasonal influenza, the high risk population is typically considered to be people
over 65 (Group 3), followed by school-aged children (Group 1) (ps > p1 > p2). The size and
behavior of each group is given in Table 4.2. We consider two scenarios: in the first one

Ry = 1.22, and in the second one Ry, = 1.62. Figures 4.6 and 4.7 show the results for both
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scenarios. The top, middle, and bottom figures show the results for Groups 1-3 respectively.

Table 4.2: Characteristics of each group in the case of seasonal influenza.

Figure 4.6: The largest amount of resources need to be channeled towards the high-
est risk population (Group 1) and the group with the largest population
size (Group 2). The implementation of mitigation strategies reduce the
final epidemic size by 13%, 14%, and 11% in Groups 1, 2 and 3, respec-

tively.

Group | Age Population Size | Susceptibility | Activity Level
1 0—19 27% medium high
2 20 — 64 60% low medium
3 65 and more 13% high low
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For each group, we found the optimal control solution for treatment and social distancing,
respectively and the proportion of infected individuals in each group. The optimal control

solution shows that the largest amount of resources need to be used towards the high activity
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Figure 4.7: For a moderate value of Ry, the values of treatment and social distanc-
ing applied to each group are higher than the ones for the case of small
Ry. The reduction on the final epidemic size is given by 9%, 11%, and

5% for each group.
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level, i.e., to Group 1, followed by the group with the largest population, Group 2; however,
the values of treatment and social distancing are close between Group 1 and 2. Although
Group 3 has higher susceptibility, the treatment and social distancing values are smaller for
this group. The fraction of individuals that get infected is larger for Group 3 since it has the
highest susceptibility. The implementation of policies reduces the final epidemic size by 13%,
14%, and 11% in Groups 1, 2, and 3, respectively for the case of small Ry. In the case of a
moderate value of Ry, the reduction is given by 9%, 11%, and 5% in each group respectively.
For a moderate value of Ry, the optimal control solution requieres the implementation of
higher values of treatment and social distancing in each group (Figure 4.7); however, the

reduction on the final epidemic size is smaller than in the case of small R,.

4.3.2 Influenza HIN1

In contrast with seasonal influenza, the estimated number of 2009 H1N1 cases is higher in
Group 2, while lower in Group 3 [18]. Therefore, in these simulations we consider Group 2 as
the highest risk group while Group 3 is the lowest risk, in addition, the mortality due to the
disease is also higher in Group 2 [18]. Figures 4.8 and 4.9 show the results for two scenarios:
Ry = 1.32 and Ry = 1.66. The top, middle, and bottom sets of figures show the results in
Groups 1-3. For each group, the figures show the optimal control solution for treatment and
social distancing, respectively and the proportion of infected individuals in each group. The

size and behavior of each group is given in Table 4.3.

Table 4.3: Characteristics of each group in the case of HIN1 influenza.

Group | Age Population Size | Susceptibility | Activity Level
1 0—19 27% medium high
2 20 — 64 60% high medium
3 65 and more 13% low low

In the case of small Ry, Figure 4.8 shows that the optimal control solution requires
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the maximum amount of treatment and social distancing applied towards the high risk
population, Group 2, followed by Group 1. Since Group 2 is both the highest risk and has
the largest population size, the values of social distancing and treatment are much greater
that the ones for Group 1. Since Group 3 is the group with the lowest risk and has the
smallest population size, the optimal control solution requires the implementation of the
lower values of treatment and social distancing. The implementation of control policies
reduces the final epidemic size by 7%, 6%, and 8%. Notice that since Group 3 has the
smallest population and is the lowest risk group, the reduction on the final epidemic size is
higher in this group, even though the values of treatment and social distancing are lower for
this group.

In the case of moderate value of Ry, Figure 4.9 shows results which are similar to the
results corresponding to small Ry. The largest amount of resources for both social distancing
and treatment have to be channeled towards the high susceptibility Group 2, followed by
Groups 1 and 3, respectively. The optimal control solution for treatment has similar values
for Groups 1 and 3; however, since Group 1 has the highest activity level, the social distancing
in Group 1 is 10 times the one in Group 3. The final epidemic size is reduced by 11%, 8%,
and 13% in Groups 1, 2, and 3, respectively.

Finally, we compare strategies implemented during seasonal and pandemic influenza.
Figure 4.10 shows how control policies should be implemented in each group both in the
case of seasonal and pandemic influenza; in particular, it shows how treatment doses should
be distributed in the case of small and moderate values of Ry. Since Group 2 has the largest
population size, more treatment doses have to be used in this group. In the case of HIN1, the
number of doses needed for Group 2 is higher than in the case of seasonal influenza, because
this group is the highest risk group for HIN1. In contrast, the number of doses in Groups
1 and 3 are higher in the case of seasonal influenza than in the case of HIN1. Therefore, in
the presence of a new pandemic, the implementation of policies should be analyzed for that
particular case and the new polices are not necessarily the same as in the case of seasonal

influenza.
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Summary of contribution: the formulation of a discrete group-structured influenza
model is the main contribution of this chapter. Previous research of age-structured influenza
models have been used for the continuous case. We formulated an age-structured optimal
control model and solved it using interior-point methods. In particular, we considered two

and three groups for both seasonal and pandemic influenza.

In all of the previous simulations, we assumed the ideal case of unlimited resources. In
the next chapter, we study the case of limited resources, which is a more realistic scenario.
Therefore, we will modify our optimal control problem by including an isoperimetric con-
straint which represent the available doses of treatment. The new problem will be solved by

using interior-point methods.

Table 4.4: Definition of parameters and baseline values in the case of three groups.

Parameter | Value Definition

0 % Recovering probability without treatment in Group i = 1,2, 3
o % Recovering probability with treatment in each group

€ 0.7 Transmissibility of the treated class

01 6.4 x 107 Mortality rate due to the disease in Group 1

09 2.8 x 1074 Mortality rate due to the disease in Group 2

03 2.7 x 1074 Mortality rate due to the disease in Group 3

p1 0.12 — 0.25 | Susceptibility rate for individuals in Group 1

P2 0.13 — 0.32 | Susceptibility rate for individuals in Group 2

03 0.06 — 0.5 Susceptibility rate for individuals in Group 3

C; 0.003 — 0.01 | Average contact rate of individuals in Group ¢ =1,2,3

By, 1 Weigh constants in the objective function, ¢ = 1,2, 3

B; 0.07—-04 Weigh constants in the objective function, j = x;, 7,1 =1,2,3
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In the case of influenza HIN1 and Ry =
solution shows that the largest amount of resources for treatment and
social distancing has to be channeled towards the highest risk Group
2. The final epidemic size is reduced by 7%, 6%, and 8% in Groups 1,

2 and 3, respectively.
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because Group 2 is the high risk population for HIN1. For Groups
1 and 3 (27% and 13% of the population respectively) the number
of doses is higher for seasonal influenza than for HIN1. The bottom
figure contrasts the results we reported in the top figure but showing
the fraction of treatment doses per infected individual per group.
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Chapter 5

When Resources are Limited

5.1 Problem Formulation

In the previous chapter we considered the ideal case of unlimited doses of treatment and
solved problem (4.7) when the total population is divided into two or three groups. In
this chapter, we consider a more realistic scenario when treatment supplies are limited. We

modify Problem (4.7) by including the “isoperimetric” constraint [40, 42]

) (ij <n~<t>fz-<t>>) ¥ 1)

1=1 t=0

where k represents the available number of treatment doses, n the final time, and m the
number of groups. Notice that (5.1) can be written as the inner product of 7; and L,

(1=1,2,...,m)
d rlL—k=0, (5.2)
=1

where 7; = (7;(0), 7:(1), ..., 7(n — 1)) and I, = (1;(0), I;(1), ..., L;(n — 1)).

A similar problem has been solved in [40] by considering limited vaccine in a continuous
time influenza model. The problem was solved by including a new state variable related to
the isoperimetric constaint, which requires boundary conditions at £ = 0 and ¢ = n; In this
case, Pontryagin’s maximum principle cannot be used directly, as shown in Section 3. The
authors of [40] remark that since we include the isoperimetric constraint, convergence issues
have to be addressed. We will solve the new problem by using the primal-dual interior-point
method, which allows the inclusion of the new constraint more efficiently.

The optimal control problem can be written as:
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min  f(y)
st. E(y) =0, (5.3)
0 <y < Ymax,

where

Yy = (Sl(]_) 1(1),T1(1),7'1<0),. ,Sl(n),ll(n),Tl(n),Tl(n—1),...

1 N 5.4
Sn(1), I (1), T (1), 70 (0), - . . S (), I (), T (n), 7o (n — 1))7

m is the number of groups and n is the final time. The objective functional is given by:

1 .
1) =53 (Bul P+ Boliml?)
=1

f : R4~n-m — R, with j, = ([7,(0)7 Iz(l), ce ,IZ(n - 1))T, T — (TZ(O), 7'7;(1), ce ,Ti(n - 1))T,
and x; = (2;(0), z;(1),...,zi(n — 1)) fori =1,2,...,m.
We obtain the equality constraint F : R*"™ — R3™™+! by including the isoperimetric

constraint (5.2) into the equality constraint given in (4.9), therefore F is given by:

By (y)
Es(y)

Em(y)
L+ 4701, — k

where E; is given by (4.10).

By using the primal-dual interior-point method, given in Algorithm 2 we solve Problem
(5.3) for two particular cases. In the first case, we consider just one group (m = 1); in the
second case, the total population is divided into two subgroups (m = 2). In the next section,

we present the results of selected numerical simulations.

20



5.2 Numerical Simulations: One-Group Model

In the case of one-group model, we solve the problem by considering two different values of
Ry. In the first scenario Ry = 1.5, the final time is n = 200; in the second scenario Ry = 2.6
and n = 120. Since we are considering a single epidemic outbreak when R, increases, the
final time reduces because the epidemic ends sooner. The baseline parameter values are given
in Table 3.1. The values of weight constants are By = 10 and B, = 0.1. The isoperimetric
constraint k represents the doses availability. In our simulations, k is a value between 10%
and 80%, which represents the percentage of infected individuals that get treatment during
the full epidemic period. For each scenario we solve the problem for four different values of
k. The primal-dual interior-point method allows convergence for smaller values of £ than the
ones used in [40].

For both scenarios, Figures 5.1 and 5.2 show the optimal control solution on the left and
the cumulative number of infected individuals on the right, for different values of k. For
small values of k, the optimal control solution requires the largest amount of resources at
the beginning of the epidemic until the resources are exhausted.

For Ry = 1.5, we consider cases when treatment doses are availables for 53%, 37%, 25%,
and 10% of the infected individuals, Figure 5.1 (right) shows that the implementation of
optimal control strategies reduce the final epidemic size by 28%, 18%, 12%, and 5%, respec-
tively.

Figure 5.2 presents the results for Ry = 2.6. In this case, the optimal control solution
requires the largest values of treatment, and the reduction on the final epidemic size is smaller
than the case of Ry = 1.5. The reduction on the final epidemic size is 11%, 7%, 5%, and 1%
with treatment doses available for 80%, 60%, 46%, and 11%, respectively.
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size is reduced by 11%, 7%, 5%, and 1% in each case.
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5.3 Numerical Simulations: Two-Groups Model

In this section, we divide the population into two groups and assume that both groups have

the same population size. We analyze the following three scenarios:
e Scenario 1: Same activity and susceptibility levels, i.e. C7 = Cs and p; = ps.
e Scenario 2: Same activity level but Group 1 is more susceptible than Group 2, p; > ps.
e Scenario 3: Same susceptibility but Group 1 is more active than Group 2, C > Cs.

For each scenario, we assume a moderate value of Ry (1.5-1.8). The final time of 180
days is chosen for all simulations. The baseline parameter values are given in Table 4.1.
For each case, we present the proportion of infected individuals generated in the absence
and presence of control strategies for different values of treatment doses k. Figures 5.3-5.5
show the optimal control function, the proportion of infected individuals, and the cumulative
proportion of infected individuals in both groups under each scenario.

Scenario 1: Same Activity and Susceptibility Levels in Each Group
Since both groups have the same behavior, the treatment should be distributed equally for
both populations (Figures 5.3A and 5.3D). Three values of k are used, by assuming that 4%,
7%, and 11% of the infected individuals get treatment; the final epidemic size is reduced by
4.5%, 8.1%, and 14.7% for each value of k, respectively. When resources are highly limited
to 4% and 7%, Figures 5.3A and 5.3D show that the maximum amount of resources are
used at the begining of the epidemic until all the resources are depleted (70 and 80 days,
respectively).

Scenario 2: Same Activity Level, High Susceptibility in Group 1
Figure 5.4 shows the results for Scenario 2. The optimal control solution shows that more
resources should be used for Group 1 (Figure 5.4A and 5.4C), since this is the high risk
group; however the proportion of infected individuals is higher in Group 1 (Figures 5.4B and
5.4D). By using different values of k, 3%, 6%, and 13%, the final epidemic size in Group 1
is reduced by 2.4%, 6%, and 16% for each case; for Group 2, it is reduced by 3%, 7%, and
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19%. Although the optimal solution allows the use of more resources towards Group 1, the
reduction on the final epidemic size is a little higher in Group 2. For small values of k, (3%
and 6%), Figures 5.4A and 5.4D show that in both groups, the resources should be used at
the begining of the epidemic, 55 and 75 days respectively.

Scenario 3: Same Susceptibility, High Activity Level in Group 1
In the case of Scenario 3, Group 1 has a higher activity level than Group 2 but the same
susceptibility. Figure 5.5 shows that the optimal control solution requires the application of
more treatment doses in Group 1 (Figures 5.5A and 5.5D); however, the number of infected
individuals is the same in both groups (Figures 5.5B and 5.5E). For different values of k
(4%, 7%, and 14%), Figures 5.5C and 5.5E shows that the final epidemic size is reduced by
5%, 8%, and 15% respectively.

In all scenarios, we find that the use of treatment reduces the number of infected indi-
viduals. In the case of two groups with the same population size and similar behavior, we
get the same optimal control solution and therefore the same reduction on the final epidemic
size. If one of the groups is more susceptible, more effort has to be implemented in that
group, but the reduction in the final epidemic size will be larger in the less susceptible group.
In addition, if we consider limited resources, we found that the resources should be used at

the beginning of the epidemic until all the resources are used.

Summary of contribution: in this chapter, we included an isoperimetric constraint for
the optimal control problem and solved it by using interior-point methods. Such constraints
are used when the case of limited resources is considered. When Pontriagyn’s Maximum
Principle is applied, the problem has to be reformulated and the implementation of the
forward-backward algorithm is not simple; We found that the use of interior-point methods
make a big difference when this constraint is included. This methodology allowed to include
the isoperimetric constraint in a very simple way. However since it is based on the Newton
method, good initial conditions were required in order to guarantee convergence. We pre-

sented numerical results by considering one and two age groups. Our simulations showed
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that the resources need to be used at the beginning of the epidemic until all the resources
are exhausted.

In Chapters 3-5, we solved optimal control problems for different scenarios. We consider
limited and unlimited resources and for seasonal and pandemic influenza. In the next chapter,
we will address a different optimization problem: parameter estimation. In order to compare
the model predictions with real data, it is necessary to estimate the parameter values for the
model. Therefore, we will present two methodologies used to estimate parameters: Ordinary
Least Squares (OLS) and Generalized Least Squares (GLS) [8, 9, 45]. We also present some

applications of these techniques for discrete epidemiological problems.
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Figure 5.3: For Scenario 1, since both groups have similar behavior and same pop-
ulation size, the resources have to be distributed equally. Figures A
and D show that in the case of very limited resources (4% and 7%),
the largest amount of resources need to be used at the begining of the
epidemic, until all the resources are exhausted.

95



Group 1

A B o1 S 0.8
0.04 If N Control for k = 13% % = No control §
R \ = = = Control fork =6 % 5 S
1 \ ' Control for k = 3% 2 S 06
i ; g = S
S 0.03 1 \ S =
= -r p £ =
w PR ‘\ \ S 8
° ! ’ L 04
£ 002 S * 2 g
c NP \ £ -
IS R N, k] ° No control
oo1t 7 SN h2 =% g 02 9 ' k=13%
K 2 AN <] I == =k=6%
’ \ ~o o £ Ck=3%
0 A L - = 0
0 50 100 150 0 50 100 150 200 O o 50 100 150
Time(days) Time(days) Time(days)
D E Group 2 E
0.04 0.07 »
----- Control for k = 13% K] No control ©
.. = = =Controlfork=6% g oo6r [\ e k=13% 305
L 003 77N, o controlfork = 3% = -- ftfe% 2
o ' g k=] =3% £04
h=] Y c X
p} ’ . 5 004 g
S 0.02 . g 8 203
e LR RN \ kS
g [ N £ 003 b
8 ) ; \ N B 002 ©0.2
oo1p ", - \\ N, s g
’ \ Seo, £ oot so1
. .\ S~c o E
0 “ 0 20
0 50 100 150 0 50 100 150 200 O o 50 100 150
Time(days) Time(days) Time(days)
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Chapter 6

Parameter Estimation

6.1 Introduction

In the previous chapters, we considered optimal control problems on influenza dynamics for
different scenarios; our goal was to find the best policy in order to minimize the number of
infected individuals at the end of a single influenza outbreak. In this chapter, we present
a different optimization problem: parameter estimation. This is important since epidemio-
logical models contain parameters, such as contact rate, recovery rate, etc, these parameter
values may be estimated in order to have a more realistic approach and to compare the
model predictions with real data. The parameters in the model can be represented as a
vector 6§ € R™, and the real data can be expressed as a vector y € R"; therefore, a general

parameter estimation problem can be written as:
F() =y. (6.1)

In general, F' is a non-linear function, and the number of parameters is smaller than the
number of data, m < d. We need to find € such as the model is consistent with the data in a
best-fit sense [8]. Hence, our goal is to find an 6 that minimize the residual value between the
data and the theoretical predictions of the model. Parameter estimation for epidemiological
models have been considered in [9, 14, 48, 49]. There are different methodologies to solve this
kind of problems, we present Ordinary Least Squares (OLS) and Generalized Least Squares
(GLS) techniques. In particular, we apply these techniques for three different discrete time
epidemiological models. In Section 6.2, we estimate some parameters in a discrete SITR

model by using synthetic data. We discuss the difference between constant and non-constant
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variance noise in the data. In particular, we use residual plots to check if a correct statistical
model has been specified or not [9]. In Section 6.3, we use both OLS and GLS to estimate
parameters in a SIR model by using data from an influenza outbreak in a border school in
United Kingdom; finally, we use data from the influenza pandemic in San Francisco (1918)

and we estimate parameters by including asymptomatic individuals in Model (2.4).

6.2 Parameter Estimation for an SITR Model Using
Synthetic Data

Here we present the problem formulation for both ordinary least squares and generalized
least squares, along with experimental results from synthetic data. We consider a discrete
time model where the total population is divided into susceptible (.5), infectious (1), treated
(T') and recovered (R) individuals. In this model, we assume that recovery occurs at the
beginning of the stage, some infected individuals get treatment and some susceptible indi-
viduals get infected. We ignore the demographic change in the populations and we do not
take into account disease-induced deaths. At time ¢ + 1, we assume that a fraction 7 of the
infectious individuals get treatment and its effective treatment rate is p. We assume that
the fraction of susceptible individuals at time ¢ that remain susceptible at time ¢+ 1 is given
by [13]:

I1+pTy
N

Gt = 676

where N denotes the total population. Let o7 and oy be the probabilities of an infectious
and treated individuals get recovered at time ¢ + 1. The model is given by the system of

difference equations:

St+1 = Sth

1 = S, (1—-G,)+(1— 1—7)1

t+1 t( t) ( 01)( T)t (6.2)
Tivi = (Il—o)Ti+7(1—01) I

Riyr = R+ o1l + 0T,
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Let us denote by u = (S,1,T, R) and 6 = (53, p), then our model (6.2) can be expressed as:

ut+1 = g(t, Uy, 0)

From model (6.2) the cumulative number of infected individuals is given by:

fi=Io+>  SiGio (6.3)

=1

i—1+tPTi_1

I
fori=1,2,...n,and G;_ = e~ ~ . Using Model (6.2) and (6.3) we generate synthetic
data using the parameter values given in Table 6.1 [43, 52]. Our goal is to estimate the
effective contact rate 8 and the effective treatment rate p. We generate data according to

two statistical models [9]:

Y. = f(ti,6p) + ¢, (6.4)
Yi = f(ti,00)(1 +¢;), (6.5)
for : = 1,2,...,n. The components of , are the true values of the parameters used to

generate the data, and ¢; are independent identically distributed random variables with
E(e;) = 0 and var(e;) = o2
In Model (6.4), the residuals are given by:

R, =Y, — f(ti,0) = €; (6.6)

we will refer to this term as the error with constant variance, denoted by CV. For (6.5) the

residuals are given by:
Ry =Y; — f(ti,00) = e f(ti,00) (6.7)

i.e., are proportional to the model (6.3). Therefore we have error with non-constant variance,
we will denote this case as NCV. We use both data sets with CV and NCV for estimating
0, using ordinary and generalized least squares techniques. We will discuss these techniques

in the following subsection.
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Table 6.1: Parameters used to generate synthetic data by using the SITR model (6.2)

parameter description value
B effective contact rate 0.2909
p effectiveness of treatment 0.6
T fraction of the infected individuals who get treatment | 0.7
o1 recovered rate without treatment 1/7
[op) recovered rate with treatment 1/5

6.2.1 Ordinary Least Squares (OLS)

For the statistical model (6.4), let

fors =min Y (Y; — f(t:,0,)) . (6.8)

i=1
Notice that solving problem (6.8) is equivalent to solving:

n

STY; = f(ti,00)) V£ (t:,60)] = 0. (6.9)

i=1
By using the Gauss-Newton method [45], let R; = Y; — f(¢;,600) and J be the Jacobian of f;

the procedure to solve the problem (6.8) is summarized in Algorithm 3:

Algorithm 3 OLS Algorithm
1: Given an initial point 6;,,;.

2: for k =0,1,2... until convergence do
3:  Gauss - Newton step

JETA0 = —JL Ry,

4:  Update 0 = 0 + A6.
5. Check convergence, if ||J] Ri|| < ¢, break,

6: end for
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Different initial conditions are selected randomly; the results by using these initial con-

ditions for constant and non-constant variance, are given in Tables 6.2 and 6.3.

Table 6.2: Parameter estimation using ordinary least squares and constant vari-

ance data, with 5% of noise and (Byue, Prrue) = (0.2909, 0.6)

Starting Point (B, po) (8*, p*) IV £l # of iterations
(0.5687,0.3058) | (0.2914,0.5983) | 1.79 x 10~8 5
(0.1190,0.3134) | (0.2014,0.5983) | 4.48 x 10~8 5
(0.3864,0.5025) | (0.2014,0.5983) | 1.79 x 10~8 5
(0.0325,0.0531) | (0.2914,0.5983) | 1.44 x 10~7 7
(0.7115,0.3649) (0.2914,0.5983) | 2.70 x 1078 5}

Table 6.3: Parameter estimation using ordinary least squares and non-constant

variance data, with 5% of noise and (Syye, pirue) = (0.2909,0.6)

Starting Point (5o, po) (6%, p%) IV £l # of iterations
(0.1758,0.3157) (0.2707,0.6695) | 1.11 x 1078 )
(0.5462, 0.3595) (0.2707,0.6695) | 2.53 x 1077 )
(0.4327,0.1577) | (0.2707,0.6695) | 1.46 x 10~ 5
(0.4095, 0.4288) (0.2707,0.6695) | 1.14 x 1077 )
(0.4600, 0.5682) (0.2707,0.6695) | 6.39 x 1078 )

We found that for 5% of noise, by using different initial conditions we get the estimates
£ =0.291406, and p = 0.598297 for constant variance; we get S = 0.270727 and p = 0.669467
for non-constant variance. In Section 6.2.3, we present the residual test; this test helps to

determine if the assumptions and the method were right.

62



6.2.2 Generalized Least Squares (GLS)

By using the statistical model (6.5), E(e;) = f(t;,00) and var(e;) = o2f?(t;,0p); in this
case the variance depends upon the model f. Therefore, we use the generalized least square

(GLS) to estimate 6 [9, 14]. We need to solve the equation:

> wi (Y = f(ti.0c1s)) V f(ti, Ocrs) =0, (6.10)

i=1
where Y; is given by (6.5) and w; = f2(t;,0g1s) [9]. For solving (6.10) we also use the Gauss-
Newton method. Let be W = diag(wy, ws, . ..,w,) then by changing Step 3 in Algorithm 3,
we obtain the GLS Algorithm 4:

Algorithm 4 GLS Algorithm
1: Given an initial point 6;,,;.

2: for £k =1,2,... until convergence do

3:  Gauss-Newton step

JEWL I A0 = — T Wy Ry,.

4:  Update 0 = 0 + A6.
5. Check convergence; if ||JI W, Ry|| < ¢, break.

6: end for

We use 5% of noise with different initial conditions and GLS method. We obtain § =
0.297121 and p = 0.579450 for constant variance, and § = 0.296562, p = 0.580681 for non-
constant variance. The results of selected simulations are given in Table 6.4 and Table 6.5.

In general, we do not know the form of error in the data and therefore, we do not which
method we should use, OLS or GLS. For this reason, we need to investigate our statistical
assumptions to determine if we chose the correct one; for this purpose, we use a residual
test [9]: we plot residual vs. time and residual vs. model to determine if our assumptions

are correct. In Section 6.2.3, we present this test.
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Table 6.4: Parameter estimation using generalized least squares and constant vari-

ance data, with 5% of noise and (Syue, Prrue) = (0.2909,0.6)

Starting Point (8, po)

(B*, p*)

IV

# of iterations

(0.5687,0.3058)
(0.1190, 0.3134
(0.3864, 0.5025
(0.0325, 0.0531
(

)
)
)
0.7115,0.3649)

(0.2971,0.5795)
(0.2971,0.5795)
(0.2971,0.5795)
(0.2971, 0.5795)
(0.2971,0.5795)

8.46 x 1078
5.54 x 1078
1.85 x 107
1.55 x 1077
9.27 x 1077

g g ot O Ot

Table 6.5: Parameter estimation using generalized least squares and non-constant

variance data, with 5% of noise and (Syye, pirue) = (0.2909,0.6)

Starting Point (89, po)

(B*,p*)

IVl

# of iterations

(0.1758,0.3157)
(0.5462,0.3595)
(0.4327,0.1577)
(0.4971,0.2078)
(0.4095,0.4288)

(0.2966, 0.5807)
(0.2966, 0.5807)
(0.2966, 0.5807)
(0.2966, 0.5807)
(0.2966, 0.5807)

4.53 x 1078
6.53 x 1078
2.54 x 1077
2.37 x 1077
2.52 x 1078

S Y O O O
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6.2.3 Residual Test

We use the residuals in order to check whether our assumptions are correct. For OLS, we
plot residuals vs. model and residuals vs. time [9]. For constant variance, we have, from
equation (6.6):

R, =Y, — f(ti,00) = €;
since the residuals do not depend upon the model, we obtain a random plot. If the data

is incorrectly assumed, to be CV, and we use OLS in a non-constant variance data set, we

obtain a pattern, because the residuals depend of the model (6.7), i.e.,

R; =Y; — f(ti,00) = €. f(ti, 6o).

Figures 6.1 and 6.2 show residual vs model and residuals vs time using Algorithm 3.
Notice that we obtain a random plot in Figure 6.1, because the residuals do not depend
upon the model. However, Figure 6.2 shows a pattern, which means that the assumptions

is not correct, and thus, OLS should not be used since we have non-constant variance.

Residual vs Time - OLS
T T T T

0.af
00s5f. -

Residual
L

00sp . CERE . .. A . .
-01}

0 20 40 60 80 100 120 140 160 180
time
Residual vs model - OLS

0.1,
0.05§- |

Residual

-0.05

o

PEPIY S S I

-01f .

. . . . . . .
0 200 400 600 800 1000 1200 1400
model

Figure 6.1: Residual vs. time and residual vs. model plots with 5% of noise, using
OLS and constant variance. Since the data is correct assumed we get
a random pattern.
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Residual vs Time - OLS
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Figure 6.2: Residual vs. time and residual vs. model plots with 5% of noise, using
OLS and non-constant variance. Since the assumption is not correct,
we observe a pattern.

For non-constant variance data, we modify the residuals; let

ifi - tme
Rmod = M = €,

f(ti, 00)
notice that the modified residuals do not depend on the model. Hence for GLS, if we plot
R,0q4 vs. model and R,,,q vs. time we obtain a random plot.

When we use GLS, we plot the modified residuals vs. model and the modified residuals
vs. time; Figure 6.4 shows a pattern when we have non-constant variance, because this plot
is based on wrong assumptions. On the other hand, Figure 6.5 shows a random plot; this
means that the assumption is correct: for non-constant variance, the modified residuals do

not depend on the model, and we obtain a random plot.
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Modified Residual vs Time - GLS
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Figure 6.3: Modified residual vs. time and modified residual vs. model plots with
5% of noise, using GLS and constant variance. Since the assumption is
not correct, we get a pattern.
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Figure 6.4: Modified residual vs. time and modified residual vs. model plots with
5% of noise, using GLS and non-constant variance. Since the assump-
tion is correct, we get a random plot.

In what follows, we solve the parameter estimation problem for real data. We describe

and report our experiments using Ordinary Least Squares and Generalized Least Squares
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by using data from a border school in the United Kingdom and from the 1918 influenza

pandemic in San Francisco.

6.3 Parameter Estimation for Real Data

6.3.1 Influenza Outbreak in a Border School, United Kingdom

In 1978 an influenza outbreak was reported in a border school in the United Kingdom; the
number of infected individuals was recorded daily [20]. We use a discrete SIR model to
describe this outbreak. The model is a simplified version of Model (6.2), when treatment is

not available. The SIR model is given by the system of difference equations:
St+1 = 5G;
Lin = S(1-G)+(1—-0)l, (6.11)
Ryy1 = Ry+ol,

where

G, = e P¥. (6.12)
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Figure 6.5: The solution using OLS was reached in 34 iterations. The estimate
parameters are § = 3.1238 and o = 0.2192.

The total population (N) is 763 individuals, and the final time is 14 days. By using OLS

and GLS methods introduced in the previous section, we estimate the susceptibility (/) and
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the probability that an infectious individual get recovered (o), where the function f is given

by the daily number of infected individuals, From model (6.11):
fi=Si(1-G)+(1—-o0); (6.13)

fori =1,2,...,n, with G; given by 6.12.

Figure 6.5 shows the data and model fit by using OLS. The estimate values are § = 3.1238
and o = 0.2192. The solution was reached in 36 iterations when the initial values are 3y = 2.1
and oy = 0.15. The solution does not depend on the initial conditions, by changing the values

of By and oy we get the same solution in a different number of iterations.
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Figure 6.6: Model fit using GLS. The estimate for parameters are 5 = 3.0306 and
o = 0.3154.

By using GLS, the estimate for parameters are 8 = 3.0306 and ¢ = 0.3154; the solution
was reached in 25 iterations, for 5y = 2.1 and oy = 0.15 as initial values.

As in the previous section we tried to apply the residual test, but the results did not
lead to a definite conclusion. Therefore, as an estimate we take an average of the values
that we obtain by using OLS and GLS; hence, we conclude that 5 = 3.0771 £ 0.1429 and
o = 0.27 £ 0.05. Figure 6.7 shows the data and model fit for the averages values.
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Figure 6.7: Model fit by using the average values, § = 3.0771 and o = 0.27.

6.3.2 Influenza Pandemic in San Francisco (1918)

In this section, we use data from the influenza pandemic in San Francisco (1918). This
pandemic, also known as the Spanish Flu, is the most severe pandemic in recent history [22,
23]. To describe this pandemic, we modify Model (2.4) introduced in Chapter 2. We assume
that a fraction ¢ of the infected individuals does not get symptoms, so we include a class A of
asymptomatic individuals. We present an optimal control problem considering asymptomatic
individuals in [37]. We assume that asymptomatic individuals are still infectious, but there
is an infectiousness reduction m. Since both treated and asymptomatic individuals are

infectious, we modify the expression (2.3) as follows:

Gy — plt ™ d;';f:r md;, (6.14)
the model is given by the system of difference equations:
Sir1 = Si(1—Gy)
Ay = ¢SiGr+ (1 —o01) (1 —6)A,
Liyw = 1—=¢SG+1—-—7n)(1—0)(1—-0)I (6.15)

7jtJrl = (1_U2>E+Tt (1—0'1) (1_5)[1,
Rt+1 = Rt+0'1 (1—5)It+0'1 (1—5)At+0'2ﬂ.
We assume that 35% of the infected individuals get treatment and ¢ = 92% of the infected

individuals are asymptomatic with an infectiouness reduction of m = 0.5. The mortality due
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to the disease is given by § = 0.03, the values for the recovery with and without treatment
(09 and o7) are given by % and 0.2 respectively. Our goal is to estimate the susceptibility p
and the effectiveness of the treatment e. By using OLS, we do not get convergence, hence
we solve the problem by using GLS; however, we had to modify Algorithm 4 in order to get
a solution. In Step 3, we change the W matrix by W = diag(w;) where w; = m and R
is given by (6.6). In this case, the function f is given by the incidence (number of new cases

per day). From Model (6.15), the incidence is given by:
fi=(1-9)S:G: (6.16)

for i =1,2,...,n, and G, given by (6.14).
Figure 6.8 shows the data and model fit for estimated values of p = 0.8996 and € = 0.9115;
the solution was reached in 4 iterations.
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Figure 6.8: Model fit by using GLS. The solution was reached in 4 iterations

Summary of Contribution: the problem of parameter estimation was addressed in
this chapter. Two methodologies were presented: Ordinary Least Squares and Generalized
Least Squares. These techniques have been widely used, in particular, for continuous time
epidemiological models [9, 48, 49]. Our main contribution in this chapter was to adjust the
methodology presented in [9] for a discrete time epidemiological model by using synthetic

data. In addition, we used a discrete time model to estimate data from a influenza outbreak
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in a border school in United Kingdom. A similar problem was solved by using a continuous
time model [13]. Our findings were similar to the ones in the continuous case; however, we
found that a discrete formulation allows us to solve the parameter estimation problem in a
simpler way. Finally, we estimated parameters by using data from the influenza pandemic
in San Francisco (1918); for this particular problem, we introduced a class of asymptomatic
individuals in our original problem and we formulate a different matrix W for the generalized
least squares method. Because of convergence issues, we confined ourselves to estimate the
values of the susceptibility p and the effectiveness of the treatment e. As future work, we want
to estimate the fraction of individuals that do not get symptoms ¢ and the infectiousness

reduction of the asymptomatic individuals m.
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Chapter 7

Conclusion and Future Work

7.1 Conclusion

We presented a novel discrete time model in order to study single epidemic outbreaks in
the context of influenza. In this model, individuals were classified as susceptible, infected,
treated, or recovered. We formulated an optimal control problem in order to minimize the
number of infected individuals by using the least amount of resources for treatment and
social distancing. We compared three different strategies: social distancing, treatment, and
a combination of both mitigation strategies.

The problem was solved by using two techniques: the forward-backward algorithm and
primal-dual interior-point method. The first method has been used on many applications,
in particular for optimal control problems in epidemiology. The second method has become
a popular choice for solving large scale constrained optimization problems. The numerical
advantages, first demonstrated in the seminal work of Karmarkar [35], have led interior-
point methodologies to be implemented in a variety of applications in fields like economics,
machine learning, medical imaging, and geophysics. To our knowledge, it has not been
previously used to solve control problems in epidemiology. Our numerical results showed
that the primal-dual interior-point method reached the solution with fewer iterations and
with a competitive function value at the solution when compared to the forward-backward
algorithm.

We found that the use of single and dual strategies (social distancing and antiviral treat-
ment) resulted in increased reductions on the cumulative number of infected individuals. Our

results confirm the general expectation that dual strategies are more efficient at reducing the
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final epidemic size than single policies. Our results showed that under the implementation
of a single policy, the social distancing strategy (Strategy 1) was more effective than the an-
tiviral treatment strategy (Strategy 2) when the basic reproductive number Ry (the number
of secondary cases produced by a single infected individual in a population of susceptible
individuals) is greater than 1.4. Some of these results have been published in [37, 38].

Moreover, we extended our model to a group-structured model under the assumption
that people mix more with individuals in the same group and groups are mixing randomly.
We introduced an optimal control problem (4.7) in order to study how control policies should
be implemented in each group; our goal was to minimize the number of infected individuals.
Because of the introduction of groups into the model, the problem became computationally
more expensive; thus we solved it by using the primal-dual interior-point method. We
analyzed different scenarios by considering both seasonal and pandemic influenza in the
case of two or three age-groups. Our numerical results showed that the implementation of
policies should be adjusted according to the characteristics associated with a newly emerged
virus; for example, it will be necessary to determine which group is the more susceptible. In
all scenarios, we found that the implementation of policies reduced the number of infected
individuals. The results were sensitive to the population size; for example, more resources
were needed for larger-size population groups and groups with higher activity level.

In addition, we considered the case of limited resources by including an isoperimetric
constraint (5.1). A continuous influenza model with limited supplies was studied in [40].
The continuous problem, considered in [40] was solved by using the Pontryagin’s Maximum
Principle. However, with that formulation, convergence issues need to be addressed because
of the inclusion of the new constraint. We solved this problem by using the primal-dual
interior-point method, since for this method the inclusion of the new constraint is simpler.
We found that the solution was very sensitive to initial conditions; because this technique
is based on the Newton’s Method, thus good initial conditions were required in order to
guarantee convergence.

Finally, we addressed the parameter estimation problem. In real life problems, the pa-
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rameter values in a epidemiological model should be estimated in order to compare the
model predictions with real data. Two techniques were presented and applied to discrete
epidemiological models: Ordinary Least Squares and Generalized Least Squares. Following
the ideas presented in [9] for a continuous model, we generated synthetic data by using a
discrete SITR model; parameters were estimated and the residual test was applied to this
data set. We also estimated parameters by using data for an influenza outbreak in a border

school in the United Kingdom and from the 1918 influenza pandemic in San Francisco.

7.2 Future Work

For the optimal control problem we would like to improve our algorithm; we want to use
a better globalization strategy in order to have a solution with less sensitivity to initial
conditions. In our simulations, the values of the weight constants in the objective function are
selected, in part, to facilitate computational issues; we claim that by improving the algorithm,
more realistic values for the weight constants can be used. In particular, we compared the
numerical results obtained by our algorithm, and those obtained by a professional solver,
e.g., KNITRO [44]. We found out that our results are competitive in terms of accuracy
and efficiency. In general, our implementation of interior point methods appears to be more
efficient; this is probably due to our globalization strategy, but the professional software we
also used to compare is more robust since its performance is more independent from the
initial condition and weight constants’ choices. Further work can be done to improve the
performance of our algorithm, but this is beyond the scope of this work. In addition, by
using an improved algorithm, we could address a more realistic epidemiological model, for
example we could include more epidemic classes, as asymptomatic individuals, and more
age-group classes in the model.

In the case of the parameter estimation problem, we will like to improve the algorithm
in order to estimate more parameter values in the model. In particular, for the problem

using data from the influenza pandemic in San Francisco, we estimated the values of the
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susceptibility p and the effectiveness of the treatment e. We want to estimate the fraction of
individuals that do not get symptoms ¢ and the infectiousness reduction of the asymptomatic

individuals m; because of convergence issues, we were not able to estimate this values.
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