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Abstract

We begin with the concept of a discrete wavelet transformation. We begin with a scaling function
satisfying a certain number of properties to be able to implement the wavelet transformation. We will
then require translates of the scaling function to obey the same set of properties and this set will form
what is called a Multiresolution Analysis. We then switch the ideas to the Fourier transform domain
were we get equivalent results. However, instead of choosing a scaling function with coefficients to
satisfy a set of properties, we will work backwards and construct a scaling function based on having
a set of coefficients satisfy the necessary properties. This method of construction will lead us to some
classic wavelet transformations known as the Haar and Daubechies wavelets. We then introduce the lifting
method for wavelet transformations. Unlike the discrete wavelet transform, the lifting scheme divides the
signal into even and odd components and performs both a prediction and update step. We will then show
through implementation how this method is computationally more efficient. Furthermore, as shown in
Daubechies and Sweldens [2], we will prove that any discrete wavelet transformation can be decomposed
into lifting steps. This decomposition corresponds to a factorization of the associated polyphase matrix
of a wavelet transform. This factorization is implemented with the help of the Euclidean algorithm,
with the focus on the Laurent polynomials to represent our filters. This paper will then conclude with
some classical wavelet transformations and compare the results to using the lifting method through

implementation on Mathematica.
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1 Introduction

Fourier analysis has been around since the nineteenth century with applications aimed at both the
mathematics and engineering community. The theory of Fourier series is concerned with the idea of
being able to write a periodic function as a sum of simple waves. A simple wave can be thought of as a

linear combination of the trigonometric functions:
sin(nt)  or cos(nt).

Expressing a function in this form will allow us to identify various frequency components of the function.
Wanting to identify these relative frequencies is a common problem in signal analysis. In signal analysis,
the idea of filtering out unwanted noise is tied to identifying these unwanted (high-frequency) components.
Being able to identify these terms in our function, will allow us to eliminate these unwanted components.

Another reason for using Fourier analysis is in signal compression. Signal compression can be thought
of as transmitting information to a receiver while minimizing the storage requirement. One approach we

can take is expressing the function f(t) as its Fourier series:

flit)y= Z ap, cos(nt) + by, sin(nt).

n

We then want to discard the coefficients a,, and b,, that are smaller than some tolerance for error. Only
these coeflicients above this tolerance will be used to recover the information sent. Therefore, since we
are discarding certain components of the signal while maintaining the quality, we have compressed the
size of the original information sent.

We may deal with functions that have more localized features, or sharp jumps. Thus, the sine and
cosine waves may not model these certain functions well. The function can have sharp components that
the are not modeled well by these trigonometric functions locally, so instead we will need a different set
of building blocks which we will call wavelets. A wavelet can be thought of as a wave that travels for a
certain period, but is only nonzero over a finite interval. Once we have a wavelet function constructed,
we are able to translate or scale it accordingly to filter or compress a signal.

When we decompose a signal (through either Fourier or wavelet methods), we want the building
blocks (sines, cosines or wavelets) to satisfy properties for efficient implementations. A desired property

for our set of functions is orthogonality. An example of orthogonality is illustrated as follows through



sine functions:

0, n#m

1 27
— / sin(nt) sin(mt)dt =
™ Jo 1

, m=m.

Here the orthogonality follows from trigonometric identities which we will use when we derive the Fourier
coefficients, a,, and b,, in the next section. When we construct the wavelet function, a goal will be to
have translates and rescalings of the wavelet to also satisfy a certain group of properties, including
orthogonality. As defined by Stephane Mallat, once these sets of functions are formed, we can define
what we call a Multiresolution Analysis.

The Fourier and Wavelet methods follow different algorithms for decomposing a signal. Wim Sweldens,
an applied mathematician, introduced an idea to implement the same wavelet transformations to a sig-
nal through what we will call a lifting method. Given a signal, we first decompose the signal into its
polyphase components: the even samples (z.) and the odd samples (z,). For example, if we have a

vector x € R, splitting into its polyphase components we obtain
z = (21,22, T3, T4, T5, T6, L7, Ts) = z = (22,4, 6, Ts, T1, T3, T5, T7).

When we work with a signal (function) we will be interested in the decomposition and reconstruction

of the signal. A signal usually exhibits some correlation between its entries. Consider the signal
v =(51,51,19, 18,42, 45,37, 40).

Since we have some correlation between the entries of our signal v, we will be able to make what we

will call a prediction based on the differences between two successive samples:

If the difference is small, we have a good prediction. This is a simpler computation for a prediction
step. As we will see in this paper, we can compute more complex prediction steps or more than one
prediction step for certain transformations.

We will also compute the mean of two samples. This computation will help us preserve some detail

of the original signal. We will use the term update for this step:
s =1x, + U(d).

As we will see in further examples, we can perform more than one update step and it can be more



elaborate than just means between samples. One important feature of this lifting implementation is that
the steps are invertible. Invertibility, in terms of signal decomposition, will allow a perfect reconstruction
of the given signal.

The filters we will be working with require us to use Laurent polynomials to represent them. A filter

h associated with its wavelet transformation will be represented by a Laurent polynomial as follows

ke
h(z) = Z hpz*.

k=ky

We will then recall the Euclidean algorithm, which was originally developed to find the greatest
common divisor of two natural numbers, and extend the idea to find the greatest common divisor of two
Laurent polynomials. A key difference we will see is that the division will not be unique. We will also
see that the greatest common divisor of two Laurent polynomials is defined up to a monomial.

Through the use of the Euclidean Algorithm, we will show that any wavelet transformation can be
factored into lifting steps. The decomposition will consist of products of elementary matrices from the
ring SL(2; R[z, z71]), invertible 2 x 2 matrices with determinant 1. Last, we will discuss the computa-
tional efficiency of computing wavelet transformations through the lifting method. We will compute the
implementation on Mathematica and see that computing through the lifting method reduces the com-
putational cost considerably when compared to the standard algorithm. When we refer to the standard

algorithm of computing wavelet transformations we will refer to applying the polyphase matrix.



2 Fourier Analysis

2.1 Fourier Series

In mathematics, the study of Fourier series, named after the French mathematician Joseph Fourier

(1768 — 1830), allows us to represent functions using sums of trigonometric functions. In Fourier’s

attempt to solve problems in heat conduction, he expressed functions as series of trigonometric functions.

This expansion of trigonometric functions led to the Fourier series of a function f, which decomposes

a given periodic function and writes it as a sum of simple periodic functions. Specifically, a function is

approximated by a sum of sines and cosines or complex exponentials. As a result of this, we are able to

write a function f by its Fourier series representation

f(z)=ao+ Z(an cos nx + by, sinnx)

n=1

where a,, and b,, are the Fourier coefficients of f. We calculate ag, a,,, and b,, as follows

ag = %/j f(x)dx

an = % ! f(z) cos(nx)dx
1 [" .
by, = - f(x) sin(nx)dx

—T

forn=1,2,3,....

The derivation of each coefficient has to do with having the following integral relations:

1
1 ™
f/ cos(nx) cos(kx)dr = < 9
s —T

0
I 1
f/ sin(nx) sin(kx)dx =
T

. 0

"

n=k>1
n=k=0

otherwise

n=k>1

otherwise

1 s
— / cos(nx) sin(kx)dz = 0 for all integers n, k.

(2.1)



We prove equations (2.2)-(2.4) using the following sum to product trigonometric identities:
cos((n + k)x) = cosnzx cos kx — sin nx sin kx

cos((n — k)x) = cos nx cos kx + sin nx sin kx.

Adding equations (2.5) and (2.6) and integrating over the interval [—m, 7] gives us

™ 1 ™
/ cos nz cos kxdx = 5 / (cos((n + k)x + cos(n — k)x))dx.

—T

We integrate the right side for the 3 cases.

If n # k, then

/ cosnx cos kxdr = 1 [sin(n + k)z + sin(n — k)x
2 n+k n—Fk

—T

™

T 1
/ cos? nxdr = / 5(1 + cos 2nz)dr = .

—T

/ ldx = 2.

Thus, in either case we get (2.2). We can obtain the identity (2.3) by subtracting the equations (2.5)

If n=%k > 1, then

If n =k =0, then

and (2.6) and then integrating as in the previous example. Equation (2.4) follows from cos(nx) sin(nz)

being an odd function and integrating over [—m, w| we get O for all integers n and k.

Now we use the orthogonality conditions (2.2)-(2.4) to obtain the Fourier coefficients: a,, b,, and ag.
We begin with equation (2.1):

fl@)=ao+ Z(ak cos kx + by sin kx).
k=1

To find a,, we multiply both sides by cos(nz)/m and integrate over [—m, 7] to yield

I -
/ (ao + Z(ak cos kx + by sin k:z:) cos(nx)dx.

1 ™
= dr = =
=] f(z) cos(nx)dx = 2

From the orthogonality conditions (2.2)-(2.4), only the cosine terms with n = k remain on the right

side, and we obtain

1 ™
f(z)cos(nx)dx = a, n>1.
™ -7



Similarly, we can multiply equation (2.1) by sin(nz) and integrating over [—m, 7| to result in b, as
follows
1

— f(z)sin(nz)dx = b, n>1.
L

The last coefficient ag follows from integrating (2.1) in the following way

1 T 1 ™ s ]
%/_W fx)= %/_W (ao +Z(ak cos kx + by, smkx)) dx.

k=1

Each sine and cosine term integrates to zero and therefore we have

1 g 1 g
%[ﬂf(x):%[ﬂaodx:ao.

Hence, we have defined the Fourier series of a function f and its Fourier coefficients a,, b,, and ag.

We can restate the Fourier series of a function f by recalling Euler’s formula

e = cost + isint.

Therefore, we can write the complex form of the Fourier series of f as follows

fl@)y= Y cae™ (2.7)

n=—oo

where ¢, is

1 (" ,
Cn = 5 flz)e " dx

—T
for n € Z.
For a periodic function f on an interval [—L, L], we can write the Fourier series of f by a simple

change of variable to integrate on [—L, L] rather than [—7,7]. So now we are able to write the Fourier

series of f that is periodic on the interval [—L, L] as

flx)=ao+ i (an coS (%) 4+ b,, sin (?))
n=1

where the Fourier coefficients are defined as
1 L
= — d
ao 5L [ . f(z)dz

ap, = z/LL f(x) cos (?) dz



by, = i/LL f(x)sin (?) dx

forn=1,2,3,....
Similarly, we are able to write the complex form of the Fourier series of f that is periodic on the

interval [—L, L] as

flx) = Z cne”iz

n=—oo

where ¢, is

—1

]. L inz
cn:ﬁ/_Lf(x)e L dx

for n € Z.
The next figure shows an example of a function f and its Fourier series for five and ten partial sums.

Notice that the larger the number of coefficients we have the better approximation we get on average.

2f b 2

30 A b -3f

Figure 1: Periodic function f Figure 2: Partial sum (S5) Figure 3: Partial sum (Sio)

We now introduce the idea of convergence for Fourier series in the L2-Norm. The space of square-

integrable functions will be denoted by: L?(R). The L?(R) space has the following inner product:
<fg>= [ J@s@ds for fge L2
R
The norm || f||2 is therefore defined as
12 = [ 7@ = [ |f(@)Pda.
R R
We say that a sequence of functions (f,,) converges in the L?-norm to f if and only if
lim [|f = fall2 =0
n—oo

Since L? C L', then we can also obtain the Fourier coefficients for a function f € L?. We follow the

approach of Deitmar [3] and introduce the following theorem, known as Parseval’s theorem, which states



that the Fourier series of a function f converges to f in the L?-Norm.

Theorem 1. Let f : R — C be periodic and Lebesgue integrable on [0,1]. Then the Fourier series of f

converges to f in L?>-norm. If ¢, denotes the Fourier coefficients of f, then

) 1
Sl = [ Ifa)P .

Proof. We let f = u + iv so that we break up f into its real and imaginary parts. The partial sums
of the Fourier series of f satisfy S,(f) = Sn(u) + S, (v). So for the Fourier series of f to converge in
the L2-norm, it suffices to show that the Fourier series of v and v converge to u and v respectively in
the L?-norm. Thus, if we show the case of a real valued function then the claim will hold true in the
complex case as well. Let ¢ > 0. Since f is Lebesgue integrable, there are simple functions v, ¢ defined

on [0,1] such that

and

We define a function g = f — ¢. From equation (2.3), by subtracting ¢ we obatin g > 0 and
1912 < |9 — ¢l < 2(¢ — ).
Next, we then have

1 ) 1 62
[ a@ar <2 [ e eyt < . (29)

From the definition of g, if we solve for f and write the partial sums S, (f), we get

Since ¢ is a simple function defined on [0, 1], then its Fourier series converges to ¢ in the L?-norm.

Therefore, there is an ng > 0 such that,

€

lo = Su(p)l2 < 5.

[\V]



Since g is the difference of two integrable functions it is also integrable. Therefore, we have

2
2 €
lg = Sn(9)ll2" < llgll* < -

where the last inequality is from equation (2.4). Therefore,

€
lg = Sn(g)ll2 < 3

Hence, for n > ng,

€ €
—+ - =¢€

1f = Sn(Hll2 < llp = Sn(@)ll2 + llg — Sn(g)ll2 <

[\V]
[\V)

2.2 Convolution

The concept of convolution is central to Fourier Analysis. Convolution can be thought of as the integra-

tion (area) of overlap between one function as it is shifted over another function.

Definition 2.1 We define the convolution of two functions, or convolution product, f,g € L?(R) as

(F+9)@) = [ Fwgte = )iy
R
For f,g,h € L?(R) the following properties of convolution hold:

e (fxg)(x)=(g*f)(z)
o (fxg)xh=fx(g*h)
o fx(g+h)=fxg+fxh.

Proof. The proof of the first property follows from a substitution of y — x — y yielding

(f*g)() = / (gl — y)dy = / Fx — y)gw)dy = (9% f)(a).

The second property follows from the fact that all the integrals converge absolutely Rudin [7]. Thus,



we are allowed to change the order of integration in

£ (g% h)(@) :!éﬂwégwmw—y—aww

(/m&/f@M@—y—dwﬁ
//f Vh(z — z)dzdy

= (fxg)*h(z).

The last property is immediate from the linearity of integrals. O
2.3 Fourier Transform

In the previous section, we defined the Fourier series of a function f € L?([—n,7]) as

where ¢, is
1

| f( )e dx for n € Z.

Cn =

The motivation for the Fourier transform is whether we can formulate a similar representation for

functions f defined on the entire real line and not necessarily periodic.

Definition 2.2 We then define the Fourier transform of f € L?(R) by

¢ 1 —ix
(&) = \/T—W/Rf(x)e ‘dz.

The advantage of the Fourier transform is moves us from the time-domain to the representation in
the frequency-domain. In mathematics, physics, and engineering this tool is very useful. For example,
for a signal that is sampled over some duration in the time-domain, running a Fourier transform will
show us the frequencies that make up the signal in the frequency-domain.

For f € L?(R) and a € R, we list some properties and consequences of the Fourier transform:
o If g(2) = f(x — a), then §(&) = f(&)e ™
o If g(a) = f(a)e~"o7, then §(¢) = F(€ — a)
o If g(z) = f(zA) for A > 0, then §(¢) =

e If g L2(R) and h = f g, then h(€) = f(£)§(£).



Proof. The first and second properties can be viewed as a translation rule for the Fourier Transform.

We prove the first by letting g(x) = f(x — a) and applying the definition of the transform we have

Na)Y
—~
7axY
~

\/%/Rg(x)e*”gdx
= \/%/Rf(ac—a)e_”fdx

_ 1 —i(t+a)e
- = /R F(t)e dt
= e[ (9).

Notice we used the substitution # — a — t and pulled out the constant e~?*¢ to prove this first property.

The second property is proved in a similar manner.

The third property is called the dilation rule for the Fourier Transform. Similarly, by the definition

and having g(z) = f(zA) we yield

Nty

(z)e™ 8 dy

—
Q

flzN)e ™ dx
R

f(t)e/ edt

- 5= 5~
3 3 3
>

=

I
> =
s
>l

The last property also follows from the fact that we are able to change the order of integration by

Fubini’s Theorem Rudin [7] and use a substitution of z — z — y.

h(€)

= [ @i
\/%7 /]R /}R f(z — 2)g(2)dze " dx
x/% /R /R flz = 2)e” " dag(2)dz

\/% /IR /IR fly)e " dyg(z)dz
79309

11



O

When we apply the Fourier transform one might be interested in recovering the original function f.
The next theorem illustrates that the Fourier Transform is inverse to itself by a sign switch. We follow
the approach of Rudin [7] and state the following propositions first.

We need what we call an auziliary function hy(x). For A > 0 and « € R we define the function as

follows:

h,\(z) _ / efA\t|€27ritxdt'

Proposition 1. For our auxiliary function we have

2 o

Proof. We split the integral of our auxiliary function as follows

0 o)
h,\(ﬂ?) — / eQwitm+Atdt +/ eQwitm—)\tdt
0

—o0
e2mitz+xt |0 e2mitz—Xt |0

O 2miz 4+ M| +2m’x—)\0

_ 1 1

= Nt 2mie | A—2miz

_ 2X

N2 4422

To show that the auxiliary function has integral 1, we compute

e 2 [ 1
/_wh“x)d‘” = X/_oo1+<2m/x>2d$

1 [ 1
Y
W/_Ocl—l—xz v

= 1

Proposition 2. If f € L*(R), then for A > 0,

fha(z) = /OO e MU F()e™ dt.

— 00

12



Proof. We compute

frha(z) = /jo F()ha(z — y)dy

/ " ) / " e ety
—o0 —o0
— / 67)\|t\ei:ct/ f(y)(iiiytdydt

= / e_AIt‘f(t)e”tdt.

Proposition 3. For f € L*(R) and z € R we have

lim f* hy(x) = f(z).

A—0

Proof. Since the auxiliary function has integral 1, we calculate

Frha(z) - flz) = /Oof Voa (e — y)dy — / F@)ha(y)dy

88

— f(@))ha(y)dy

88

f<x>>§h1<y/A>dy

[z —Xy) — f(z))hi(y)dy.

Il
\8\\
8

8

Notice the last integrand is dominated by 2||f||sh1(y) and converges pointwise for every y, as A — 0.

Hence, by the dominated convergence theorem Royden [5] the proposition follows. O

Theorem 2. (Inversion Formula) Let f € L2(R) and assume f also in L%(R), then for every x € R,

or equivalently



Proof. By Proposition 2, we have for A > 0

fxha(z) = /jo e M F(t)eitdt.

We notice that the integrand on the right hand side is bounded by |f(¢)|. Since hy(y) — 1 as A — 0,
the right side then converges to f(z), for every x € R, by the dominated convergence theorem Royden

[5]. O
We conclude this section with Plancherel’s Theorem. The theorem states that the norm of f € L?(R)

is the same as the norm of f € L(R). We follow the approach of Ruch and Van Fleet [6].

Theorem 3. (Plancherel’s Theorem) For f € L?(R) we have that

1£1l2 = [1f -

Proof. We have the following inner product

fle = [ Feofenae
= g [ ([ o) a
- \/% 56R </te zﬁtdt) %
- \/% §eR (/te eZﬁtdt) “

= F) St

teR

= |7l

Note that we have used Fubini’s theorem from Rudin[7] to exchange the order of integration. We

have also used the inversion formula to get back the original function in the second to last identity. [

14



3 Wavelet Analysis

In wavelet analysis, we require two important functions: the scaling function ¢ and the wavelet function
1. Using these two functions we are able to generate a family of functions that can be used to approximate
a function (signal). We then start with some definitions and properties needed to establish these sets of

functions. Throughout this section, we follow the ideas of Boggess and Narcowich [1].

3.1 The Multiresolution Framework

Definition 3.1 Let {V;},j = ...,—2,—1,0,1,2,... be a sequence of subspaces of functions in L?(R). The
collection of spaces {V;};ez is called a multi-resolution analysis (MRA) with scaling function ¢ if the

following conditions hold:

LV CVin
2. UV, = L*(R)
3. NV; = {0}

4. A function f(z) belongs to V; if and only if the function f(277z) belongs to Vj.

5. The function ¢ belongs to Vy and the set {¢(z — k)}rez is an orthonormal basis (in the L? sense)
for Vj.

Depending on the giving scaling function ¢ we can result with different {V;} spaces. We would
want to have scaling functions with compact support and continuity to better analyze decompositions
and reconstructions of functions (signals). Given a multiresolution analysis, we have the property that
translates of the scaling function are orthonormal. In the following theorem we show that we have a

similar result.

Theorem 4. If {V;},cz is an MRA with scaling function ¢. Then for any j € Z, the set of functions

S = {dsu(@) = Y62z — k) ez

forms an orthonormal basis for V;.

Proof. We must show the set of functions S span V;. If f(z) € Vj, then by the scaling property of an
MRA, we have f(277) € V. Since the set {¢(x — k) }xez forms an orthonormal basis for Vg, then f(2779)

is a linear combination of {¢(x — k)}rez. Therefore,

15



f279) =3~ pil{é(x — ) }xes for some py € R
keZ

We let  be 272 and multiply and divide by 27/2 to obtain

Pk ,; i Pr o
fla) = WW%(W% —k) = Ww%ﬂc(ﬂ
keZ kEZ
Pk
So our pj, = %57z and we have f(z) € V;.

Last, we must show that the set S is orthonormal or that

< Gjk, Pj1 >= 051, =

This follows from the following calculations.

< ik, dj1 > /00 22¢(Yw — k)202¢(2x — l)dx

27 /oo o2z — k)p(29x — 1)dx

/ " oy — Waly Dy
Okl

Here we used a substitution of y = 27z in the second to last equation and the last equation is obtained

since the set {¢(x — k)}rez is an orthonormal basis. O

The central equation needed in multiresolution analysis is called the scaling relation. It is presented
in the following theorem which relates ¢(x) and translates of ¢(2z). One observation we will see later
is that if our scaling function ¢ has compact support, then only a finite number of the p; coefficients of

our scaling equation will be nonzero.

Theorem 5. If {V;},cz is an MRA with scaling function ¢, then we have the following scaling relation:

o(z) = 3 pro(2e — k)

keZ

where
=2 [ " 6(2)6z — R)da.

Proof. Since the spaces {V;} are nested, then for ¢(z) € Vo we have ¢(z) € Vi. From the previous

theorem we have that ¢(z) can be expressed as a linear combination of elements of the set {¢1x(z) }rez.
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Therefore, there exists px such that

d(x) = > pepuk(z)

keZ
= V2) ped(2z— k)
kez
where from letting
P =< 6(z), b1x(z) >= V2 / 6(2)9(2 — F)da

we have established the scaling equation. O

Now that we have established the scaling equation we have the following property of the coeflicients

pr. The following theorem shows the important result which is necessary of our coefficients py to satisfy.

Theorem 6. If {V,},cz is an MRA with scaling function ¢, then the following holds:

1. Zpkzx/ﬁ

kez

2. prpr-at = o
kez

3. Zpi =1
kez

Proof. We using the scaling equation from the previous theorem

$(x) = pro(2z — k).

kEZ

By integrating both sides of the scaling equation over R we obtain

/_O; oy = /Oo V2Y prd (20 — k)da

> kEZ

= VA [ eer—has

keZ

= ?Zm /o; $(y)dy

kEZ -

- 25w

kEZ

Where the last two equations come from letting (y = 2z — k) and | ¢ = 1. Hence, we have

1:/_0O o(x)dx = gZpk

kEZ
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which is the desired equation

Zpkzx/i.

kEZ

For the second equation, we begin with our scaling equation again

d(x) = pro(2z — k).

kEZ

If we multiple each side of the scaling equation by ¢¢ () and integrate both sides over R we obtain

> prpr-2 = o,
kez

Where we see that the right side is due to our orthonormal set.

For the third equation, we let = 0 in equation (2.) and obtain
keZ

which is equation (3.). This concludes the proof. O
3.2 Orthogonality via the Fourier Transform

We recall the definition of the Fourier transform for a function f € L?(R) is given by

1 > —1iT
(&) = m/oof(f)e ‘dz.

- 1
An observation to make is that since we have ¢(0) = — / ¢(z)dz, then the normalization condition

(/qﬁ = 1) becomes .

50) = o=

We are then led to translate the orthonormality conditions of ¢ and v into equivalent forms of the

Fourier transform.

Theorem 7. A function ¢ satisfies the orthonormality condition if and only if

2772 |p(& +2nk)|> =1 for all € €R

keZ
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Furthermore, a function ¥ (x) is orthogonal to ¢(x — 1) for alll € Z if and only if

3" B(€ + 2mk)d(E + 2mk) = 0 for all € € R.

kEZ

Proof. We can start by stating the orthonormality condition as
o0 R —
[ ote oz =Dz = 3
—00
We substitute y = x — k and let n =1 — k to obtain
| owat = midy = b
Using Plancherel’s identity(Theorem 3) and the translation property for the Fourier transform we obtain

6071

I
©-
S
<
<

|
2

=
<

- /_ () PemS d.

So we have now the equation

/ B2 de = don

— 00

which we can split into intervals of period 27 and obtain

2ﬂ(1+1) A
| ibopeae =3 [ (©)[%e"¢dg = by,
— 2

jez /27

Now replacing & by & + 27j. Therefore, the limits of integration change from 0 to 27 to obtain

2r(j+1) 4 o
S [T berersas =[S tbe+ ompens g

jez 273 JET

2m
| Sl 2mppens(eiyae

JEL

27
/ S T16(E + 2mj) P de.

JEZ
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So our equation now becomes

27
| Sl + 2mi) e = 6

jez
If we let

F(&) =27 3 (€ + 2m))

JEL

we notice F' is 2m-periodic since

F(¢+2m) = 2m) |p(&+2r(j+ 1))

JEZ
= 2m > [p(&+ 2mm)|?
MmEZL
= F(9).
Since F' is 2w-periodic it has a Fourier series
o0
F(x) = Z cne?
n=—oo
where the Fourier coefficients are given by
1 2

F(&)e™™ede.

Cp = —
21 0

So the orthonormality condition is now equivalent to c¢_,, = dg,, In other words if n = 0 we obtain

1 27

COZ% o F(g)dle

Therefore, F(£) = 1 or equivalently

21 Y |b(& + 2mk) P = 1.

kEZ
O

Next, we translate the scaling condition ¢(z) = Z prd (22 — k) in terms of the Fourier transform.
kez

Theorem 8. The scaling condition ¢(x) = Zpk(b(Qx — k) is equivalent to
keZ

B(&) = H(&/2)P(e/?)

1
where the polynomial P is defined as P(z) = 5 Zpkzk.
keZ
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Proof. We begin with the scaling equation
d(x) = prd(2z — k)
keZ
and take the transform of both sides

b@) = 3 pro@r—k)

kEZ

LS e memiepy

kez
P(&/2)P(e™"/?)
where we have used the translation property of the Fourier transform and thus conclude the proof. [

Now having seen the results of Theorem 7 and 8, we can combine the necessary conditions on the

polynomial P(z) to result in a multiresolution analysis.

Theorem 9. Given a function ¢ that satisfies the orthonormality condition and the scaling condition,

then the polynomial P(z) = Zpkzk satisfies the following equation:
keZ

|P(2)]? + |P(—=2)|?> =1 for z € C with |z| = 1.

Proof. Since ¢ satisfies the orthonormality condition, we have

2 1
Z |6 + 27k)|* = by for all £ € R
keZ 0

and we also have ¢ satisfying the scaling condition

(&) = o(6/2P(e7*?).
We begin by splitting the sum into even and odd indices and use the scaling equation:

L Sl + 2P

2m
keZ
= Y1+ D20 + 3T13(E + 21+ 1)20)P
I€Z lez
= SR DRI 2+ (2P + Y (P DR e 2 + (204 1)) )
lez leZ
— [P RR ST10(/2 + 2P + [P(—e P Y IB((€/2 4+ m) + 2m0)
lEZ lez
= (Pl P o PP
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where we used the fact that e=2™ =1 and e~™ = —1. Therefore our equation now becomes
L= |P(e /)2 + |P(—e#/2)2.

Since this equation holds for all £ € R, we conclude
|P(2)|? + |P(—2)|? =1 for all z € C with |z| = 1.
O

Given a multiresolution analysis with scaling function ¢ and satisfying the scaling condition, we have

the associated wavelet function 1 satisfying the following equation:

Y(x) = Z(—kakm(% — k).

kEZ

We then let Q(z) = —2P(z) and get a similar result for the scaling condition as in Theorem 8 and

obtain

D(€) = $(6/2)Qe™/?).

Therefore, we state the following theorem, which is analogous to Theorem 9, which associates the

function ¢ and its associated polynomial Q(z).

Theorem 10. Let ¢ satisfy the orthonormality and scaling conditions with (x) = quqﬁ(h‘ — k).
keZ
Having Q(z) = quzk, then the following is satisfied:
ke

P(2)Q(z) + P(=2)Q(—2) = 0

for |z =1.

The proof is similar to the previous theorem or you can see the result in Bogges and Narcowich [1].
We are able to combine the results of the previous two theorems and state the following result using the

matrix

The result is that the matrix M associated with an orthornormal scaling function and orthonormal

wavelet must be unitary, i.e. M-M™* = I, so that we have the results from the from the previous theorems
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stated by the identity. So our matrix M™* will be of the form

P(z)  Q2)
P(=2) Q(-2)

M* =

Note that in Theorem 9, having a scaling function ¢, its polynomial P(z) must satisfy the equation
|P(2)|? 4+ |P(—2)|? = 1 for z € C with |z| = 1. If we wanted to construct the scaling function ¢, we can
define the polynomial P(2) that satisfies the equation |P(z)|? + |P(—2)|> = 1 and make our construction
based on the coeflicients.

1
Theorem 11. Let P(z) = 3 Zpkzk that satisfies:
kez

e P(1)=1

o [P +|P(=2)2 =1 for |2 = 1

o |P(et)] >0 for |t| < /2

with ¢o(x) the Haar scaling function and ¢, (z) = Zpkqbn,l(Qx — k) for n > 1. Then the sequence ¢,
keZ
converges pointwise and in L? to a function ¢ which satisfies the orthonormality condition and scaling

equation.

Proof. The proof of convergence is proven by showing that (Z;n converges uniformly on compact subsets
of R. Then, you show that ¢,, converges in the L2 norm. Last, since each of the ¢,, and its translates
are also orthonormal, then the same must be true of its L? limit. The proof of convergence is explained
in detail by Boggess and Narcowich [1]. Once convergence has been established, we need ¢ to satisfy the
scaling equation and we then show it satisfies the the orthonormality and normalization conditions as

well. We start with ¢; and by the scaling equation we have

$1(z) =Y prdo(2z — k).

kEZ

This is equivalent to the equation in the transform domain:

P1(€) = P(e™%/%)do(£/2).

We have

0(0) = <= [ dul@)etis = ——

23



and P(1) = 1. Therefore, for ¢; we also obtain

- - 1
0) = P(e”)do(0) = ——
¢1( ) ( )¢0( ) \/5%
so that ¢, also satisfies the normalization condition as well. Using an inductive process, we are able
to establish that if ¢, _; satisfies the normalization condition, then ¢, satisfies the same condition.

Notice by the scaling equation and the properties of the transform we have

3 1b1(E +2mk) 2 = ST [P(e7 /2 2| o (6/2 + k).

keZ kEZ

For the normalization condition, we assume ¢ satisfies the orthonormality condition and begin by

splitting the sum of ¢; into even and odd indices

Sibie+2mn)2 = 3 (1P 2202+ 20m)F) + 3 (1P(e A EEIDR g (¢/2 + (20 + D))

keZ leZ leZ

= [P(e /)23 |do(¢/2 + 2mD) 2 + |P(—e /)2 Y |do (/2 + ) + 2r) 2
lEZ lEZ

—1 —1 1
= |P(e £/2)|2 — +|P(-e £/2)|22*
T

1 —1 —1
= 5 (IPCe f/2>|2+\P<—e 2)2)
1

%.

Thus, ¢, satisfies the orthonormality condition. Similarly, we can establish when ¢, _; satisfies the
orthonormality condition, then ¢,, will also satisfy the orthonormality condition. By an inductive process,
we can conclude that ¢, will satisfy the conditions of the orthonormality and scaling equation for all
n. If we take the limit as n — oo we will get what we call the limiting function, ¢, that follows the

conditions of orthonormality and scaling as we wanted. O
3.3 Examples

Haar(D2)

We first present the example of the Haar wavelet. The coefficients are pg = p; = 1 and all other
14z

pr = 0. Then the polynomial is P(z) = . We check that it satisfies the conditions:

.P(l):#zl

o |P(2)|> +|P(—2)|?> =1 for z € C with |z| = 1.
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1+ 2]? N 11— 2|2
4 4
1+ 2Re{z} + |2]>  1-—2Re{z} + |2|?
4 + 4

[P()]P +|P(=2) =

Using the iterative algorithm in the previous theorem starting with the Haar scaling function ¢y we

have

$1(z) = pogo(2z) + p1go(2z — 1)
= ¢o(x).

Likewise ¢o = ¢1 = ¢9. Thus using the Haar scaling function ¢ in the scaling equation, the iterative

method will keep reproducing ¢g.

08

06

0xr

-0 0.5 05 ] 1.3 0

Figure 4: Plot of ¢q

Daubechies-4(D4)

3
1
A second examples is the D4 wavelet with P(z) = 3 Z prz" where the coefficients are given by
k=0
1+V3 3+V3 3-V3 1-3
Po = Y P = 4 b2 = 4 b3 = 1

We begin by checking the conditions:
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P(1)

1{1+v3 3+v3 3-v3 1-3
= V3 34V3 3-8 1-VE)
2\ 4 4 4 4

We then use an inductive process to obtain ¢; from the coefficients p; and the scaling function ¢q.

Computing we get

3
$1(x) = > predo(2z — k)
k=0

= po¢o(27) + p1do (22 — 1) + pago (22 — 2) + p3do (27 — 3)

1++3 3+3 3—-3
4

R R C A A

ool - 3).

We could then compute ¢so, ¢, ¢y, ... in a recursive matter. We plot the first few iterations of
@1, P2, d4, ¢ below. The more times we apply the inductive algorithm, the closer we get to the lim-

iting function, ¢, which is the D4 scaling function.

08

04

02F 1 L L L L L L L L 1 L L L L 1

02k

Figure 6: Plot of ¢o
Figure 5: Plot of ¢

[ 05

Figure 7: Plot of ¢4 Figure 8: Plot of ¢g
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4 Factoring Wavelet Transformations

4.1 Lifting

We denote a vector x of length n by

We change the notation to z[n| instead of z, to emphasize that a signal can be thought of as a

function of the parameter n. We recall the condition for an infinite signal to have finite energy being

oo

Z [2[n]]? < oco.

n=—oo

Notice that all finite signals will satisfy the above condition and will have finite energy. Before defining

the Lifting Method, we first consider an example. Let us consider the length 8 discrete signal
x = (56,40, 8, 24,48, 48, 40, 16).

We take the first two entries of x, denote them by a and b respectively, and perform the following

computations
a+b
2

S =

d=a—s

i.e. s will be the mean of the two and d the difference of the first entry and s. We continue this
process with the next pairs of entries and store their means and differences by order of the means followed

by the differences. We implement this with our example signal x.

56 40 8 24 48 48 40 16

48 16 48 28 8 -8 0 12

32 38 16 10 8 -8 0 12

3 -3 16 10 8 -8 0 12

Figure 9: Mean and difference (bold) computations for x.
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In the figure above, we have 3 iterations of the lifting method since our signal is of length x = 23.
The first row represents the original signal and the following row represent the 3 iterations of the lifting
method.

It is important to observe that no information has been lost in this transformation of the signal. In

fact, we are able to retrieve the signal by the following inverse computations

a=s+d

b=s—d.

In Figure 9, for the vector x the first two entries of the third row can be obtained by the last row as
32 = 35— (—3) and 38 = 35 — (—3). Similarly, the first four entries of the second row using the third
row we have 48 = 32+ 16, 16 = 32 — 16, 48 = 38+ 10, and 28 = 38 — 10. The first row is obtained by the
same procedure and thus we have retrieved the original signal x. An important observation to make is
that once we have calculated s, we no longer need the information for b. Also once we calculate d, we no
longer need a. Thus as far as memory is concerned, we can replace the storage of b with s, and a with d.

This transform that uses means and differences brings us to the lifting definition. We can consider the
operations, mean and difference, as specific cases of more general operations. If there is some structure to
the signal, then when taking two samples their difference will most likely be small. In other words, we can
say the first sample is a prediction of the second sample. However, we can use other another prediction
than the one used in the previous example. The other operation we performed with two samples is
computing their mean. It is observed that the pairwise mean values contain the overall structure of the
signal with only half the number of samples. We will refer to this operation as the update process. Similar
to the prediction operation, we can also generalize the update operation to more than just calculating

pairwise means. As shown in the figure, we outline the steps performed in the previous example.

even;_1

Split

z

()ddj,l

Figure 10: One step of lifting
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Given that we start with a signal s; of length 27, we first transform the signal to two sequences, each
of length 277!, denoted s;_; and d;_;. We explain the procedure of the figure by the following three

steps:
e Split — The entries of the signal are separated into their even and odd components.

e Prediction — If our signal contains some structure, we are able to have a prediction of the odd
sample based on knowing some information of the even samples. We then replace the odd entry
by the correction to the prediction which we noted as the difference in our previous example.

Therefore, our prediction step is forming the vector d by the following computation

dj,1 = Oddj,1 - P(evenj,l).

Thus, our transformed signal is composed of an odd sample minus a prediction based on the number

of even samples.

e Update — We next update our even entry to reflect our knowledge of the signal after performing
the prediction step. In our example, we had a the pairwise average as our update step. In general,
our update step is based on an even entry plus an update based on the know difference detail. We
form the vector s as follows

Sj—1 = even;_1 + U(djfl).

Here we have performed one iteration of a lifting step. As noted above, if we start with a signal of
length 27 and repeat the lifting step we are allowed to compute up to a j number of times. Our result
would be the stored differences from each lifting step dj, d;j_1, ...,do and a single number s,[0], which is

the mean value of all the entries from our original signal. The figure below illustrates two steps of lifting.

even;_o Sj 2
even,_; Sj_1
O [ [
o] [ o

odd;_, d;_»

AT
\_/

odd;_,

Figure 11: Two lifting steps
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We next introduce the Z-transform of a signal. We can think of this similar to the Fourier transform,
but for a discrete signal. The Z-transform takes a signal from the time domain into the frequency
domain. Since we will be working with Finite Impulse Response (FIR) filters, we say a filter h is a (FIR)

filter if only a finite number of the filter coefficients are non-zero.

Definition 3.1 The Z-transform of a sequence (x}) € £2 is given by

x(z) = Z rpz "
k

We can split the signal z(z) to the components even(z.) and odd(z,).

z(z) = ngkz_2k+2x2k+12_(2k+l)
% %

Zka(z2)—k + Z—l Zx2k+1(22)_k
k k

= z.(2%) + 27t (27).

More generally, we can then write the even and odd components as:

ze(z) = Zmzkz_k xo(2) = ngkﬂz_k.

kEZ kEZ

Similarly, we are able to get the even and odd components from the Z-transform as follows:

l‘e(ZQ) _ J?(Z) +2Z‘(—Z) .130(22) _ JJ(Z) — Z‘(—Z) )

4.2 Laurent Polynomials

A Laurent polynomial is an extension of the regular polynomials over a certain field with exponents
allowed to be any integer. If h is a (FIR) filter, then it follows that the Z-transform of h is a Laurent
polynomial of the form

b
h(z) =Y hpz", a<b abel
k=a

where the degree of the Laurent polynomial is defined by
deg h=|h| =b—a.

Note a key difference. As a regular polynomial, z", has degree n, while as a Laurent polynomial it
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has degree 0. The Laurent polynomials form a commutative ring denoted by RJ[z,27!]. We have that
the sum or difference of two Laurent polynomials is a Laurent polynomial. The product of two Laurent
polynomials with degree [ and I’ respectively is also a Laurent polynomial with degree [ + I’.

We apply the Division Algorithm for our (FIR) filters. Thus, if we have two Laurent polynomials
a(z) and b(z) # 0, then there exists Laurent polynomials g(z)(the quotient) and r(z)(the remainder)

with |r(z)| < |b(z)| such that

Since the multiplicative identity in R[z,271] is 1, we say h # 0 is a unit if and only if h has a
multiplicative inverse. Equivalently, if A has a multiplicative identity then it has degree 0, which are the
monomials for our ring Rz, 27!]. In other words, we have h~*(z) = £27%, where C € R.

Since a Laurent polynomial is invertible if and only if it is a monomial, then in the ring R[z, 27 !]
we have non-uniqueness for the division of two Laurent polynomials. We illustrate this idea with the
following example.

Consider that we want to divide the Laurent polynomial a(z) = —27! +5 — 2z by b(z) = 227! + 2.

Thus, we need a Laurent polynomial ¢(z) of degree 1 so that a Laurent polynomial r(z) given by
r(z) = a(z) — b(z)q(2)
is of degree zero. Here is were we have non-uniqueness. Our first choice of ¢(z) = —% + 3z gives us
-1 -1 1
r(z)=(—2z""+5+2)— (227 + 2)(—5 +3z) = -5z
where the remainder is of degree zero. The second choice of ¢(z) = —% + %z yields
—1 —1 1 ].
r(z)=(—2""+54+2)— (227" + 2)(75 + 52) =5
where we again result in reminder of degree zero. The last choice of ¢(z) = 2 4+ 3z results in
—1 —1 1 —1
r(z)=(—2z7"4+56+2)— (227" +2)(2+ §Z) = —bz

with the remainder of degree zero.
The result of the Division Algorithm not being unique will be useful for our factorization. In fact,

we will always be able to compute the Division Algorithm and choose the remainder of degree zero to
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be the constant term.

We will work with the ring of matrices Mat(2 x 2, R[z, z71]) whose elements are of the form

a,b,c,d € Rz, 271

We state the perfect reconstruction conditions for filters h,g,h = g, and § = h in terms of their

Z-transforms

M(z) =

The perfect reconstruction conditions can now be stated as
M(zHTM(z) =21

where I is the 2 x 2 identity matrix. If all our entries are FIR filters, then the matrices M(z) and M (z)

belong to GL(2 x 2, R[z, 27 1]), the set of invertible 2 x 2 matrices.
4.3 Polyphase Representation

The polyphase matriz, P(z), of a FIR filter pair (h, g) and their conjugates (h, §) is
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where P(z) is similarly defined as

1
Note we can rewrite our polyphase matrix using the following identity: P(2%)T = §M (2)

We prove the following identity below

_h(z)+h(7z) zh(z)—zh(—2)
2 2

9(z)+g(=2)  zg(z)—zg(=%2)
2 2

h(2)+2h(*2) h(z)=h(=2)

_ 221
9(x)tg(=2)  g(zx)—g(=2)
L 2 2z 1
= PHT

Using the previous identity, we are now able to restate our perfect reconstruction condition as shown

in the next theorem due to the work of Daubechies [2].

1
Theorem 12. We now use the identity, P(z*)T = §M(z) , to restate our perfect reconstruction

condition as

1 1 =z
Proof. Using the identity P(2%)T = §M(z) , we have
1 —z
T
- 1 1 =z 1zt
P(z)P(z"HT = —M(z) M(z™1)
1 —=z 1 -2t
- - T -
11 =z 1 - 1 2t
= |3 M(2)" §M(Z_1)
1 —z 1 —z!
- T
111 =z 1 . 1 2zt
- ! (3uem )
1 —z 1 -zt
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111 1 1 2zt
E z —z 1 —z71
112 0
210 2

= I

O

Since P(z) has Laurent polynomial entries, from our perfect reconstruction condition we now conclude

that
det (P(%)P(xl)T) = det (P(22)) det (15([1)71)
= 1-1
=1
Therefore, det P(z?) is a monomial and we are able to scale to obtain det P(z?) = 1, i.e. P(z)

is in SL(2;R[z,27!]). Hence, for our wavelet transformation we only need to construct a polyphase
matrix P(z2) with determinant 1. Since our polyphase matrix is invertible, we can then obtain P(2?) =

[P((zQ)’l)T]_l. Therefore, we solve and obtain the following filter pair (h,§) from our original pair

(h,9):

Which implies §(z) = z7'h(—z"1) and h(z) = —z"1g(—z"1).

4.4 Lifting Scheme

Definition A filter pair (h,g) is complementary if its corresponding polyphase matrix P(z) has deter-

minant 1. Note: If (h, g) is complementary, then so is (?L, g) since we are able to rewrite the filter pair
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(h,§) using (4.1).

Now that we have stated the definition of a complementary filter, in the next two theorems we follow

the approach of Daubechies [2] and obtain the prediction and update steps for our filters in terms of the

polyphase matrix.

Theorem 13. (Primal Lifting) Let (h,g) be complementary, then any other filter g* complementary to

h is of the form:

where s(22) is a Laurent polynomial.

9" (2) = 9(2) + h(2)s(2*)

Proof. Since we can decompose g*(z) into its even and odd components, we obtain

9(2) + h(z)s(2%)

= (ge(zZ) + zflgo(zz)) + (he(ZQ) + zilhO(ZZ)) 5(2?)

= (96(22) + he(zz)s(ZQ)) 4271 (gO(ZQ) + ho(22)s(z2))

= g:(z*) + 27 g (%),

So for our filter pair (h, g*), the polyphase matrix P*(z) can be expressed as

he(z *(z
P*2) (2) 9i(2)

ho(2) 03(2)

he(2)  ge(2?) + he(2%)s(2?)
1o(2) 00l=2) + ho(2)s(22)
he(z)  ge(2)| |1 s(2)
ho(2) go(2)] |0 1

P(2) s(2)

1
The determinant of P*(z) is 1 since
. 1 s(z)
det P*(z) = det P(z) - det =1-1=1.
0 1
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The dual polyphase matrix P*(z) is then

Prz) = [P*(="H"]
_ ]
0 1
Lo
= [P(z"H7T] !
s(z7h) 1
-1
_ 10
= P(2)
—s(z7hH 1

So we obtain a new filter pair (h*, §) where

h*(2) = h(z) = §(2)s((z*) "

Theorem 14. (Dual Lifting)

Let (h, g) be complementary. Then any other filter h* complementary to g is of the form:

h*(2) = h(z) + g(2)t(2%)

where t(2?) is a Laurent polynomial.

Proof. Similarly to Theorem 1, after dual lifting we get the new polyphase matrix

36



4.5 The Euclidean Algorithm

Recall, that the Laurent polynomials form a commutative ring denoted by R[z, 27 !]. More than a ring,
the commutative ring of Laurent polynomials, Rz, 271], is a Buclidean domain. Consequently, R[z, 27 }]
being a Euclidean domain makes it also a unique factorization domain, meaning that every non-zero
element can be written in an essentially unique way as a product of a unit and prime elements of the
ring. A Euclidean domain is an integral domain endowed with a Euclidean function. In Rz, 271], we

define the Euclidean function as the degree of a Laurent polynomial h, by

deg h=|h|=b—a.

The Euclidean algorithm was originated to find the greatest common divisor (GCD) between two
natural numbers. Here it is used to find the GCD between two Laurent polynomials. The main difference
in finding the GCD for Laurent polynomials is that is defined up to units. The units in the ring of Laurent
polynomials are the monomials. This is similar for the case of regular polynomials where the GCD is
defined up to a constant. Similar to natural numbers who are relatively prime if their ged is one, two

Laurent polynomials are relatively prime if their GCD has degree zero (monomial).

Theorem 15. (Euclidean Algorithm for Laurent Polynomials)
Let a(z) and b(z) # 0 be two Laurent polynomials with deg a(z) > deg b(z). We let ag(z) = a(z) and
bo(z) = b(z). There exists a Laurent polynomial q;(z) (quotient) with deg q;(z) = deg a(z) — deg b(z)

and starting at i = 0 we compute:
° aiy1(2) = bi(z)
® bit1(2) = ai(z) — bi(2)qi+1(2)-
Then a,(z) = ged(a(2),b(2)) where n is the smallest number for which by, (z) = 0.

Since deg b;+1(z) < deg b;(z), then there is an m for which deg b,,(z) = 0. Thus, the algorithm has
a total of n = m + 1 number of iterations. Therefore, the number of steps is bounded by n < |b(z)| + 1.

For g;+1(2) = a;(2)/b;(2), we have that
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Therefore, by inverting we obtain

Thus, a,(z) divides both a(z) and b(z). If a,(z) results in a monomial, then a(z) and b(z) are
relatively prime.
If we take the same example of Laurent polynomials a(z) = ag(z) = —27 1 +5— 2 and b(z) = by(z) =

2271 + 2. Then applying the Euclidean algorithm we get
o a1(2) =bo(z) =2271 42
1 1 1 1
e bi(z2) =ap(z) —bo(2)q1(2) = (=27 +5—2)— (227" +2) ~3 + 37 = 5
A second iteration yields

o ax(z) =bi1(2)=5

o ba(2) = a1(2) — bi(2)ga(z) = (2271 +2) — (5) <2z5 + i) =0

Thus, the ged(a(z),b(z)) = 5. Hence, a(z) and b(z) are relatively prime and we have

1 1 271 2
-l BNV |
2T 4+5—2z2 2+2z +

2271 +2 1 0 1 0] |0

In this example, the number of iterations was n = 2 = |b(2)| + 1.
4.6 Factoring Algorithm

We consider a complementary filter pair (h, g) that can be factored into lifting steps. First, note that
the polyphase components h.(z) and ho(z) must be relatively prime, if not we would have a common
factor in our det P(z) which must be 1. We can then run the Euclidean algorithm on h.(z) and ho(z)
and obtain a gcd of a monomial. Since the division is not unique, we can choose to have the GCD to be
a monomial which is a constant. We will call this constant K and follow the ideas of Daubechies [2] to

obtain
he(2) " ai(z) 1] | K

11

ho(2) i=1| 1 0] ]0

A special case if |he(2)| > |ho(2)], then we can simply choose ¢1(z) = 0. Otherwise we can assume

the n to always be even, because if n is odd we multiply h(z) by z and g(z) by z71. The det P(2) is still
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1 by a simple calculation. Given a filter A we can find a

complementary filter g* by letting

. he(z) g2(2) " olg(z) 1| [K 0
ho(2)  g4(2) i=1| 1 0|0 1/K
where det P*(z) = 1 since n is even it follows
det P*(z) = det | [] () = (-1)"(1) = 1.
Sl 1ol o vk

We make the observation that the first matrix in our product can be rewritten as follows

1 0 1

1 qi(2)
0 1

()

1 0 10

(4.2)

Using the first form of (4.2) when ¢ is odd and the second form when 7 is even we can rewrite P*(z)

as follows
n/2 _1 ) 17T
. qi-1(2)| |0 1
Pz = ]
i=1 |0 1 1 0
B ﬁ 1 g2i—1(2) 1
S0 1| g2

Now we are able to recover the filter g from g* by the lifting scheme below

P(z) = P*(2)

0

Theorem 16. Given a complementary filter pair (h,g),

ti(z) for 1 <i<m and a nonzero constant K so that

1

ti (Z

o1l 1 of|K o
10| lgu(x) 1| ]0 1/K
o| [x o

(4.3)
1|0 1/K
s(2) (4.4)

1

then there exists Laurent polynomials s;(z) and

0l |[K O

1 0

) 1/K

We can prove the theorem by combining the previous results in equation (4.3) and (4.4). Last, define

m =n/2+1 for t,,(z) = 0 and sz) = K?s(z). In other words, we have that every finite filter wavelet

transform can be factored into m lifting steps followed by a scaling.
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The dual polyphase matrix P(z) is then given as

1 ol [1 —tzH| [1/K 0

P(z)=]]

i=1 |—s(z71) 1| [0 1 0 K

4.7 Examples

From Daubechies [2], we confirm the factorizations of the following wavelet transformations.

(Haar Wavelet)

We consider the Haar filter pair (normalized) given by h(z) = 1+ 271 | g(z) = —1/2 + 1/2271 |

h(z) =1/2+1/2z71 | and §(z) = —1 + 2~ 1. Therefore, our polyphase matrix P(z) is the following

1 —-1/2
P(z) = /
1 1/2
1 s(z
= P*(2) (=)
0 1

where the last equation comes from solving for g*(z) and g*(z) by the following system

—1/2 = s(2) + g:(2)

1/2 = s(z) + gi ().

Letting s(z) = 1/2 we solve and get g7(z) = 0 and ¢%(z) = 1. Thus, our polyphase matrix P(z) for

the Haar can be factored into the following form

1 0| |1 —1/2
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This factorization corresponds to the following forward transform using lifting steps:

s = xy
dl(o) = To41

d = dV -

Sy = sl(o) +1/2d,.

Using our perfect reconstruction condition (), we solve for P(z) and get

p(zfl)

—1

where we used the fact that P(z) = P(z~1) in the first equation. This leads to the following lifting steps

for the inverse transform:

Sl(o) = S — 1/2dl
00 = gy
Tory1 = dl(o)

T = 8[(0) .

Daubechies-4 (D4)

For the (D4) our filters of h and g are given by:

h(Z) = h() —+ hlz’l —+ hQZiz =+ hgz’?’
g(2) = —h32? 4+ hoz — hy + hoz ™1

where the coefficients are given by

1443 343 3-43 1-43
e |

ho

41



We notice that for the D4 we have P(z) = P(z), thus the polyphase matrix is given by

P(z) _ ho + hgz_l —hsz — hy

h1 +hgz"l hez 4 hg

1+f+ 3=v3 -1 _1-v3 _ 3+V3

— 42 4v2 4v2 4v2
3+v3 | 1-v3 -1  3-V3 1+/3
| 4V2 T w2 © 4v2 Z 4v2

Applying the Euclidean algorithm, we get

ap = by= 3;/‘23 + 1;\/?2_1
by = ao—boq
— 1+v33-v3 -1 3+v3 | 1-v/3 _—1
T w2 a2’ (4\/5 e )(_\/3)
= 1+VB+3V343
14v2
_ 1+V3
B V2
ay = bl — 1+2\/§
by = a1 —big
— 3+V3 4 1-V3 -1 1+v3 )\ (V3 | v3-2_-1
= R - (0) (R )
_ 313 3+f+ 1-v3 —1 _ 3-243-2V3 —1
42 42 2 ? 4v2
= 0.

Therefore, our ged = by = 1+2‘/§ and our factorization is the following

Pa) 1 -3 1 ol |1 2| |2 o0
zZ) =
0 1 | [E+E2 1o 1| | 0 ¥

Since our polyphase matrix is unitary, we use the fact that P(z) = P(z) and obtain one form of

factorization as

V3+1 V3 | V3-2
par - |V 0 10| |1 ¥34 82, 1 0
0 31| |1 1] o 1 V3 1
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Thus in terms of lifting steps we get the following for the forward transform:

dl(l) = Toip1 — V3
sV =y + V3/4dY + (V3 - 2)/4d,
@ = dY 45"

s = (V3+1)/v2s)
= (V3-1)/V2.

Where the inverse transform is obtained from inverting our lifting steps:

d¥ = (V3+1)/V24
sV = (VB-1)/Vas

§ = s
ey = s —3/4d" — (V3 -2)/4d),
T4 = dl(l) + V3.

Our second form of factorization comes from the fact that P(z)~! = P(z~")7 and use equation () to

get the factorization as

Pt S0 |1 -2 1 ol |1 v3
z = .
V341 V3 _ V/B3-2 —

which leads to the forward transform lifting steps:

sV = 2o+ V3Brag

dl(l) = Zo41 — \/§/431(1) —(V3- 2)/45&)1
1 1

s o= s - dl(+)1

s o= (V3-1)/vas)
d = (V3+1)/v2d?

Where the inverse transform is obtained from inverting our lifting steps:

d® = (V3-1)/v2d,
sV = (VB+1)/V2s

dll = dl(2) + Sl(i)l
ey = s +3/4dY + (V3 - 2)/4d,
Toip1 = dl(l) — /329,
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Cohen-Daubechies-Feauveau 5-3 CDF(5,3)
The next filter we introduce is know as the LeGall filter pair which is used for the JPEG-2000 lossless

compression algorithm Van Fleet [8]. For the CDF(5,3), the filter h is symmetric and given by:

h(z) = hoz™2 + hyz=t + ho + hyz + ho2?

where the coefficients are given by

3 1 1
ho = — hy =— ho = ——.
0= 1= 2 3
Applying the Euclidean algorithm and letting ag = —%z_2 + % - ézQ and by = iz_l + iz, we obtain
ap = by= %2_1 + %z
by = ao—boq
= () - () (CHe )
= 1
ay = b1 =1
by = a1 —big
= (L2711 +1) - () (" +2)
= 0.

Therefore, our ged = by = 1 and our factorization is the following

1 —izt4z 1 0|l |1 0 1 —i(z"142 1 0
oy |1 THET A G

0 1 1z +2) 1] (0 1/1 0 1 (z714+2) 1

=

Hence, in terms of lifting steps we get the following for the forward transform:

s = Ty

dl(o) = T

¢ = 5" = 3@ + %)
R (C Ry
s o= (s

d = (1/1)dl(2)

Note we will be able to omit the last two lifting steps since our ged = 1 for this filter.
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Daubechies-6 (D6)
For our next example we have the Daubechies-6 which is of length 6 where the low pass filter is given

by the Laurent polynomial

3
h(z) = Z hyz "

k=—2
where the coefficients are

b ~V2(1+ V10 + V5 +2v/10) , ~ V2(5+ V10 + 35 + 2v/10)

2 32 -t 32
L — V2(10 = 2V10 +2v/5 + 2/10) L — Y2(10 - 2V10 — 2v/5 + 2/10)

0 32 e 32

L V2(5 + /10 — 3v/5 + 21/10) L V2(1++/10 — 5v/5 + 21/10)
2 = 3 = .

32 32

The polyphase components for the (D6) are

he(2) =h_oz+hg+hoz™t  ge(2) = —hgz—hy —h_127 "

ho(2) = h_12+ hy + gzt go(2) =hoz+ho+h ozt

The factorization is then given by:

o

1 0| |1 Bz'+p 1 of |1 6| [¢
a 1|10 1 vy++'z 1| |0 1] |0

e

where the coefficients are
o = —0.4122865950

B = —1.5651362796
B = 0.3523876576
= 0.0284590896

~

= 0.4921518449
= —0.3896203900

Mmoo QD
|

= 1.9182029462.
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This leads to the forward transform lifting steps:

Sl(l) = T + T4

dl(l) = Za41+ 551(?1 + B/Sl(l)
o oD 4yl
d® = dV +os?

S = fsl(z)

= dl(Q)/f

Where the inverse transform is obtained from inverting our lifting steps:

47 = dig
552) s1/€
1) 2 2)
d 4 — 65!
N R
T21+1 dg(l) - 651(?1 - B/Sl(l)
(1)
T2l = S5 — ar2i41-

Cohen-Daubechies-Feauveau 9-7 (CDF(9,7))

Here we consider the popular filter pair used in the JPEG 2000 algorithm. Here we have a biorthogonal

symmetric filter pairs. The lowpass filters h and h each have 9 and 7 coefficients respectively and similarly

for the high pass filter pair g and g. We consider the following polyphase components for the forward

transform:

he(2) = ha(22 + 272) + ho(z + 271) + ho,

The factorization is then given by:

- 1
P(z) =
0 1

a(l+271) 1 0| |1
B(l+2) 1] 10

46

ho(2) = ha(22 +27Y) + hi(z 4+ 1).

1+ 27 1 olle o
1 s(1+2) 1] [0

s



where the coefficients are given as follows

= —1.586134342
= —0.05298011854
0.8829110762
= 0.4435068522

Mmoo 2 w9
I

= 1.149604398.
Thus, in terms of lifting steps we obtain

NUN

= T2
dl(o) = T4
iV = 4" +als” +52)
st o= 5" 48" + i)
i = Y s +sih)
sl(2) = sl(l) + 5(dl(2) + dﬁ)l)
S = fsl(2)
4 = dY/e

Inverting the previous steps we get the inverse transform.
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5 Conclusion and Remarks

We conclude with the comparison of the lifting method resulting in fewer computations than the standard
wavelet transform as is done in Daubechies [2]. The standard wavelet transform will be referred to as

applying the polyphase matrix P(z) to the filter h as shown below

he(2)
27 ho(2)

P(2)

Notice that in either method we will have subsampled and we can compare the computations. The
unit we will use to compare the two algorithms is cost. Cost of computing either algorithm is based on
the number of multiplications and additions. For a filter h, the cost of applying the standard algorithm
to a filter h is |h| + 1 multiplications and |h| additions. The cost of the standard algorithm is then

2(]h| + |g|) + 2. We see this for our example of the D4. The filters h and g for our D4 are given as

h(Z) = ho =+ hlz’l —+ h2272 —+ hgzig

g(Z) = 7h322 —+ hQZ — hl —+ hoZil.

Therefore, for h we have |h| = 3 and for g we have |g| = 3. Hence, the cost of implementing the

standard algorithm for our D4 is
2(|h| +lg]) +2=2(3+3) +2 = 14.

If the filter h is symmetric and |h| is even, then the cost of applying the standard algorithm 3|h|/2+1.
As we saw in our examples, the CDF(9,7) was a symmetric filter with |h| = 8 and |g| = 6. Thus, the

cost of implementing the CDF(9,7) through the standard algorithm is

3/ 3g] 3(8) 3(6)
20 ) = 142 41 =23,
<2+>+<2+ g Tt =

We consider a more general case with non-symmetric filters. Let |h| = 2N and |g| = 2M. The cost

using the standard algorithm is then
2(|h| + |g]) +2=2(2N +2M)+2=4(N + M) + 2.

For the cost using the lifting method, we have that the polyphase components will have |h.| =
N, |hol =N —1,|ge| = M, and |g,] = M — 1. When we compute the Euclidean algorithm for the a filter
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pair (he, ho) it requires N steps since each step has |¢;| = 1. From (.) we require one extra lifting step

for (ge, go) with |s| = M — N. Thus, the total cost of the lifting algorithm for this filter pair is:

Scaling : 2
N lifting steps : AN
Final lifting step : 2(M —N+1)

Total : 2(N+M+2)

In the next figure we summarize our examples and their costs. We compute the speed up in percent

between the lifting and standard algorithm for a filter pair (h, g).

Wavelet Standard Lifting Speedup (%)
Haar 3 3 0
Daubechies-4 14 9 56
Daubechies-6 22 14 57
LeGall 11 6 83
CDF(9,7) 23 14 64
Wl =2N,lgl =2M  yN 1+ M)+2 2AN+M+2) ~ 100

Figure 12: Cost of Lifting vs. Standard algorithms

In this paper, we began with an introduction to Fourier series and constructions of scaling functions
and their associated wavelets. We then defined the concept of a multiresoultion analysis and how these
sets of functions allow us to construct a scaling function by having the coefficients p; satisfy a set of
properties. We next introduced the idea of the lifting method which gives us another way of implement-
ing a wavelet transformation. To represent our filters we represent them by Laurent polynomials and
discuss the non-uniqueness of dividing two Laurent polynomials. We then showed that every wavelet
transformation can be decomposed into lifting steps. Our decomposition is implemented by using the
Fuclidean algorithm on Laurent polynomials. Since our filters have a corresponding polyphase matrix
in SL(2;R|[z,271]), we are able to write the polyphase matrix as a product of elementary matrices also
in SL(2;R[z,27Y]). We then concluded with some classic examples such as the Haar, D4, D6, and
CDF(9,7). Our comparison between the standard algorithm and the lifting method shows that the

speed up times are more than doubled for the longer length filters.
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Appendix

The appendix contains the code for the factorization of the wavelet transformation through both the

standard and lifting method. We used the software Mathematica for all the implementations. The first

we display is the Haar lowpass, h, and the high pass, g, filters with the coefficients multiplied by a
1

normalizing factor of 75 We then display the 8 x 8 matrix used for implementing the Haar wavelet

transform.

Haar (D2)

In573:= h0 = 1/ Sqrt[2]
hl=1/8qrt[2]
g0 =1/8Sqrt[2]
gl=-1/8qrt[2]

Out[573}=
Out[574}=

Out[57:

a

-5l -

]

out[576]= —

Al

ns77i= Hl[n_] := Module[{hO = 1/Sqrt[2], hl = 1/Sqrt[2],
h2=1,9g0=1/8Sqrt[2],gl=-1/8Sqrt[2]}, Join|[
SparseArray[{{i_, j_} /3 j==2i->h0, {i_,3j_}/33==2i-1->hl1}, {n/2,n}],
SparseArray[{{i_, j_} /i j==2i-9gl, {i_, j_}/;j==21i-1-5g0}, {n/2,n}]]]
MatrixForm[H1[8]]

Out[578]//MatrixForm=
e 0 0 0 0o o0
V2 V2
o o -~ - 0o o 0o o0

V2 V2
o 0 0 o =~ = 0o o
V2 V2
1 1
0o 0o o0 0 0 0o =
V2o V2
Lo L o 0 0 0 0o 0
V2 V2
0 0 L. L o 0 0 0
V2 V2
o 0o 0 o = -~ 0o o
V2 V2
0 0 0 0 0 o = -
V2 V2

Here we check that the reconstruction conditions hold for our Haar wavelet transformation matrix and

its transpose.

In579)= MatrixForm[H1[8].Transpose[H1[8]]]

Out[579)//MatrixForm=

10000000
010000O0TU0
0010000O0TU0
0001000O00O0
000O0T1O0O0TU0
000O0O0T1O00O0
000O0OOTI1O
000O0O0OO0OO0T1
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We have the implementation of 3 transforms of the Haar to a vector w.

Example of vector w (3 DWT-Haar)

ns961= al = (1/Sqrt[2]) *H1[8].w;
sl = Take[al, 4];
dl = Take[al, -4];
a2 = (1/8qrt[2]) xH1[4].s1;
s2 = Take[a2, 2];
d2 = Take[a2, -2];
a3 = (1/8qrt[2]) *xH1[2].s2;
s3 = Take[a3, 1];
d3 = Take[a3, -1];
Join[s3, d3, d2, d1]

Outieos= {35, -3, 16, 10, 8, -8, 0, 12}

We check our results with the lifting method and we see we get the same through either implemen-
tation. The first row represents the same original vector w as used in the example above. The last three

rows represent three lifting steps and the last row is our transformed vector.

Example of vector w (3 lifting steps)

nss0i- w= {56, 40, 8, 24, 48, 48, 40, 16}
oddl = Partition[w, 2] [[All, 1]];
evenl = Partition[w, 2] [[All, 2]];
sl = (oddl + evenl) / 2;

dl = oddl - s1;

wl = Join[sl, d1]

odd2 = Partition[sl, 2] [[All, 1]];
even2 = Partition[sl, 2] [[All, 2]];
s2 = (odd2 + even2) / 2;

d2 = 0odd2 - s2;

w2 = Join[s2, d2, d1]

odd3 = Partition[s2, 2] [[All, 1]];
even3 = Partition[s2, 2] [[All, 2]];
s3 = (odd3 +even3) / 2;

d3 = 0odd3 -s3;

w3 = Join[s3, d3, d2, d1]

ouseol= {56, 40, 8, 24, 48, 48, 40, 16}
oufsssl= {48, 16, 48, 28, 8, -8, 0, 12}
oufse0)= {32, 38, 16, 10, 8, -8, 0, 12}

Ouses= {35, -3, 16, 10, 8, -8, 0, 12}

Similarly, we have the code for the D4. We display the coefficients and the wavelet transform matrix.

We also include the lifting implementation to demonstrate the transformed vector for both methods.
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Daubechies-4 (D4)

in6o6l= h0 = (1 +Sqrt[3]) / (4 »Sqrt[2])
hl = (3+8Sqrt[3]) / (4 *Sqrt[2])
h2 = (3-Sqrt[3]) / (4 *Sqrt[2])
h3 = (1-Sqrt[3]) / (4 *Sqrt[2])
g0 = h3
gl = -h2
g2 =hl
g3 = -ho

1+4/3
vz
3443
vz
3-4/3
vz
1-+3
e
1-+3
vz
3-+/3
vz
3+4/3
vz
1++/3
vz

Out[606]=

Out[607]=

Out[608]=

Out[609]=

out[610]=

outfe11]= -

out[612]=

Out[613]=

In614)= D4 [n_] := Module[{hO = (1 +Sqrt[3]) / (4*Sqrt[2]),
hl = (3+Sqrt[3]) / (4+Sqrt[2]), h2 = (3-Sqrt[3]) / (4 »Sqrt[2]),
h3 = (1-Sqrt[3]) / (4*Sqrt[2]), g0 =h3, gl = -h2, g2 = hl, g3 = -h0},
Join[SparseArray[{{i_, j_} /3 j==2i-1->h0, {i_, j_}/; j==24i->h1,

{i_,3_}Y/;3==2i+1->h2,{i_,3_}/3;3j==21i+2->h3,
{n/2,1} ->h2, {n/2, 2} ->h3}, {n/2,n}],

SparseArray[{{i_, j_}/; 3J==2i-1-5g0, {i_,j_}/;3j==2i-41,
{i_,3_}/3j==2i+1>92,{i_,3j_}/31j==2i+2-g3,
{n/2,1} 5492, {n/2, 2} 593}, {n/2,n}]]]

MatrixForm[
D4[
8]1]
Out[615)//MatrixForm=
13 33 343 143 0 0 o 0
42 442 42 42
13 343 3V3 143
0 0 153NS ! 4 0 0
442 42 42 42
0 0 0 0 143 3+V3 1-V3
442 442 42
— =
33 1-V3 343
0 0 0 0
42 42 42
— — — —
13 3-/3 343 1+V3
=~ - - = 0 0 0
42 4V2 a2 42
0 0 1-V3 33 33 13 o 0
42 V2 a2 V2
0 0 0 1-V3 33 3+V3 173
V2 a2 a2 42
— — - e
3+V/3 1+V3 13 343
- 0 0 0 0 -
42 V2 a2 V2
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In616):= N[Chop [MatrixForm[D4[8] .Transpose[D4[8]]1]1]]

Out[616]//MatrixForm=
1. 0. 0. 0. 0. O.
0. 1. 0. 0. 0. O.
0. 0. 1. 0. 0. O.
0. 0. 0. 1. 0. O.
0. 0. 0. 0. 1. O.
0. 0. 0. 0. 0. 1.
0. 0. 0. 0. 0. O.
0. 0. 0. 0. 0. O.

O HOOOOoOOoOOoO
H O OOOOoOOoOOo

Example Via Lifting

In617)= w = RandomInteger[{-128, 127}, {16}]
oddl = Partition[w, 2] [[All, 2]];
evenl = Partition[w, 2] [[All, 1]];
dl = oddl - Sqrt[3] * evenl;
sl = evenl + (Sqrt[3] /4) »dl+ ((Sqrt[3] -2) / 4) » RotateLeft[dl];
d2 = d1 + RotateRight[sl1];
s = ((Sqrt[3] +1) /Sqrt[2]) *sl;
d = RotateLeft[ ((1-Sqrt[3]) /Sqrt[2]) »d2];
Chop[N[Join[s, d]]]

ouei7- {80, 88, 90, 36, -119, -82, -49, -17, -121, -55, -82, -69, -21, 110, 118, - 21}

Oue2s)= {127.765, 57.5197, -134.85, -57.8898, -113.897, -116.265, 111.041, 45.9663,
27.8224, -79.6585, 1.0006, -64.504, -7.28343, -44.6153, 86.9129, 13.8573}

Example Via D4 Wavelet Transform

In626]= Chop [N[D4[16] .w]]

Outl626)= {127.765, 57.5197, -134.85, -57.8898, -113.897, -116.265, 111.041, 45.9663,
27.8224, -79.6585, 1.0006, -64.504, -7.28343, -44.6153, 86.9129, 13.8573}

The next set of code we have has the CDF(5, 3) wavelet transformation matrices. Notice we have a

biorthogonal pair here. We also demonstrate the example through both the standard and lifting method.

CDF (5,3)

In6g)= LGl[n_] := Module[{h0=3/4,hl1=1/4,h2=-1/8,9g0=1,9gl=-1/2},
Join[SparseArray[{{i_, j_}/; j==2i-3->h2, {i_,j_}/;j==2i-2->hl1,
{i_,3_}Y/+3==2i-1->h0, {i_,3j_}/3;3==2i->h1, {i_,3_}/;j==21i+1->
h2, {n/2, 1} ->h2, {1, n-1} ->h2, {1, n} > hl}, {n/2, n}],
SparseArray[{{i_, j_} /3 j==2i-1-9g1,{i_,3j_}/; j==21i-g0,
{i_,3_}Y/i3==2i+1->49gl,{n/2,1}>9gl}, {n/2,n}]]]
MatrixForm|[

Lel[

16]]

Out[69)//MatrixForm=
1 1 1y
21 .19 9 000 000 00 0-+1
4 4 8 4

1 3 1
-+ 4 2 4 -30 00000000 0O
000 -2 2 21 1y g 0 0 0 0 0 0 0
8 4 4 4 8
1 1 3 1
000 0 -5 4 2 2 -200 000 00
000 0 o0 0 o0-+2 3 1 1y o 0 0 o0
8 4 4 4 8
1 1 3 1 1
00 0 00 0 0 0 -3 5 2 2 -20 00
000 00 00 0 0 0 0-+2 3 1 1y
8 4 4 4 8

1 1 1 3 1
-2 0 0 0 0 0 0 0 0 0 0 0 -3 3 3 3
-3 1-30 0 000 000000 00
0 0-71-;00 0000000 00
000 0-31-3000 000000
©0 0 000 0-21-2020 000 00
00000 00 O0-31-2000 00
©0 0000 000 0 0-31-20 00
0 0000000000 O0-21-70
-3 0 0 0 0 0 00 00 0 0 0 0 -7 1

54



3/4,91=-1/4,9g2=-1/8},

Module[{hO =1, hl=1/2, g0
Join[SparseArray[{{i_, j_}/; j==2i-2->hl,

In[701= LG2[n_]

{i_,3_}/33j==2i-1->h0, {i_, j_} /3 j==24i->hl, {1, n} >hl}, {n/2,n}],

SparseArray[{{i_, j_}/; j==2i-2-92,{i_,j_}/;j==2i-1-41,

{i_,3_}/3;3==2i-g0, {i_,3_}/;3==2i+1-gl,{i_,j_}/;j==2i+2>g2,

{n/2,1} »9g1, {n/2, 2} > g2, {1, n} > g2}, {n/2,n}]]]

MatrixForm [

LG2[

16]]

Out[71)/MatrixForm=

o o o
o o o
o o o
o o o
o o o
o o o
o o o
o o o
o o o
© o i~

e

e

-l

T

o

-l

o

MatrixForm[LG1[12].Transpose[LG2[12]]]
MatrixForm[LG2[12].Transpose[LG1[12]]]

72):=

MatrixForm=

72]

outf

100000O0O0OO0OO0OO0O
01000O0O0OO0OGO0CO0OOOW
001000O0O0OGO0CO0OOOPW
000100O0O0OOCO0OOO W
000O010O0O0OO0CO0OOO W
000001000O0O0O

000O0OOOT1O0O0OO0OO 0O

000O0OOOO1O0O0O0O0

000O0OOOOOT1O0O0OO

000O0OOOOOOT1IO0T0

000O0OOOOOOT1O0
000O0OOOOOOO0OT1

100000O0CO0OOOO0ODO
01000O0OO0COOOO OO
001000O0O0COOOGO OO
000100O0CO0OO0OO0OTO 0O
000O0O10O0O0OO0OO0OO0OO
000O0OOT1O0O0OO0OO0OTO OO

000O0OOOT1O0O0O0GO0ODO

00000O0O0O1000O00
000000O0OO0O1000

00000O0O0OO0OO0OT10O00

00000O0O0OO0OOO0OT1O0

000O0OO0OO0OOOOOO 01

out[73)//MatrixForm:
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Example CDF(5,3) via Lifting

In[74]:= v = RandomInteger[{-128, 127}, {16}]
odd = Partition[v, 2] [[All, 1]];
even = Partition[v, 2] [[All, 2]];
d=even-1/2 (odd + RotateLeft[odd]) ;
s=odd+1/4 (d+RotateRight[d]);
N[Join[s, d]]

ouw74= {-24, -46, -82, 30, -115, -114, -125, 66, -7, -55, 61, 56, 113, -69, 30, 53}

oufr9l- {-9.75, ~48.125, -81.375, -90.5, 5.5, 32.75,
70.125, 7.375, 7., 128.5, 6., 132., -82., -31., -140.5, 50.}

Example CDF(5,3) via Wavelet Transform

In8o)= N[LG1[16].v]

Ouso)= {-9.75, -48.125, -81.375, -90.5, 5.5, 32.75,
70.125, 7.375, 7., 128.5, 6., 132., -82., -31., -140.5, 50.}

The next set of code is for the D6. We again state the wavelet transformation matrices and the

implementation through both the standard and lifting method.

Daubechies-6 (D6)

In(15)= N[hO = (Sqrt[2] (1+Sqrt[10] +Sqrt[5+2Sqrt[10]])) /32]
N[hl = (Sqrt[2] (5+Sqrt[10] +3 Sqrt[5+2Sqrt[10]])) /32]
N[h2 = (Sqrt[2] (10-2Sqrt[10] +2 Sqrt[5+2Sqrt[10]])) /32]

N[h3 = (Sqrt[2] (10 -2 Sqgrt[10] - 2 Sqrt[5+2 Sqrt[10]])) / 32]
N[h4 = (Sqrt[2] (5+Sqrt[10] -3 Sqrt[5+2Sqrt[10]])) / 32]
N[h5 = (Sqrt[2] (1+Sqrt[10] -Sqrt[5+2Sqrt[10]])) /32]
N[g0 = h5]

N[gl = -h4]

N[g2 = h3]

N[g3 = -h2]

N[g4 = h1]

N[g5 = -h0]

out[15]= 0.332671
out[16}= 0.806892
out[17)= 0.459878
out[1g]= -0.135011
out[19)= -0.0854413
Out20)= 0.0352263
out21]= 0.0352263
out22]= 0.0854413
Out23)= -0.135011
Out[24]= -0.459878
Out2s5)= 0.806892

out26)= -0.332671
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In[37)= D6[n_] := Module[{hO = N[ (Sqrt[2] (1+Sqrt[10] +Sqrt[5+2Sqrt[10]])) /32],
hl = N[ (Sqrt[2] (5+Sqrt[10] +3 Sqrt[5+2Sqrt[10]])) /32],
h2 = N[ (Sqrt[2] (10-2Sqrt[10] +2 Sqrt[5+2Sqrt[10]])) /32],
h3 = N[(Sqrt[2] (10-2Sqrt[10] -2 Sqrt[5+2Sqrt[10]])) /32],
h4 = N[ (Sqrt[2] (5+8Sqrt[10] - 3 Sqrt[5+2Sqrt[10]])) /32],
h5 = N[ (Sqrt[2] (1+Sqrt[10] - Sqrt[5+2Sqrt[10]])) /32],

g0 = N[h5],
gl =N[-h4],
g2 = N[h3],
g3 = N[-h2],
g4 = N[h1],

g5 = N[-h0]},
Join[SparseArray [

{{i_,3_}/3j==2i-1->h0, {i_,3j_}/;j==24i->h1,{i_,3j_}/;3==21i+1->h2,
{i_,3_}Y/33==2i+2->h3,{i_,3j_}/;j==2i+3->h4,
{i_,j_}/;j==2i+4->h5,{n/2-1,1} ->h4, {n/2-1, 2} ->h5,

{n/2,1} ->h2, {n/2, 2} ->h3, {n/2, 3} ->h4, {n/2, 4} -> h5}, {n/2, n}],

SparseArray[{{i_, j_}/; j==2i-1-5g0, {i_, j_}/;j==2i-g41,
{i_,3_Y/3i3==2i+1>9g2,(i_,3j_}/;3==21+2->93,{i_,3_}/ij==2i+3>
g4, {i_,3j_}/;3j==2i+4-5g95,{n/2-1,1}>9g4, {n/2-1, 2} > g5,
{n/2,1}->92,{n/2,2}->9g3,{n/2,3}->94, {n/2, 4} g5}, {n/2,n}]]]

MatrixForm [

D6 [
12]]
0.332671 0.806892 0.459878 -0.135011 -0.0854413 0.0352263 0 0 0 0 0 0 \
0 0 0.332671 0.806892 0.459878 -0.135011 -0.0854413 0.0352263 0 0 0 0
0 0 0 0 0.332671 0.806892 0.459878 -0.135011 -0.0854413 0.0352263 0 0
0 0 0 0 0 0 0.332671 0.806892 0.459878 -0.135011 -0.0854413 0.0352263
-0.0854413 0.0352263 0 0 0 0 0 0 0.332671 0.806892 0.459878 -0.135011
0.459878 -0.135011 -0.0854413 0.0352263 0 0 0 0 0 0 0.332671 0.806892
0.0352263 0.0854413 -0.135011 -0.459878 0.806892 -0.332671 0 0 0 0 0 0
0 0 0.0352263 0.0854413 -0.135011 -0.459878 0.806892 -0.332671 0 0 0 0
0 0 0 0 0.0352263 0.0854413 -0.135011 -0.459878 0.806892 -0.332671 0 0
0 0 0 0 0 0 0.0352263 0.0854413 -0.135011 -0.459878 0.806892 -0.332671
0.806892 -0.332671 0 0 0 0 0 0 0.0352263 0.0854413 -0.135011 -0.459878
-0.135011 -0.459878 0.806892 -0.332671 0 0 0 0 0 0 0.0352263 0.0854413

In39)= al = -.4122865950;
a2 =-1.5651362796;
a3 = .3523876576;
a4 = .0284590896;
a5 = .4921518449;
a6 = -.3896203900;
a7 =1.9182029462;

Example D6 via Lifting

Inj571= w = RandomInteger|[{-128, 127}, {16}]
odd = Partition[w, 2] [[All, 1]];
even = Partition[w, 2] [[All, 2]];
sl = odd + al * even;
dl = even + (a2 x RotateLeft[sl] +a3 xsl);
s2 =sl+ (a4 xdl +a5 xRotateRight[dl]);
d2 =dl +a6 *s2;
s = RotateLeft[a7 » s2];
d = RotateLeft[(-1/a7) xd2];
Chop[N[Join[s, d]1]1]

ouws7= {121, 59, -45, 90, 39, -82, -112, -10, -1, -20, -110, -89, -93, -118, -99, —46}

outfeel= {48.7935, 95.8733, -103.966, -36.8243, -51.2517, -128.406, -173.729, -15.3566,
32.7377, -48.4961, 19.9342, -54.6176, 18.2505, -9.23701, 99.1687, -117.137}

Example D6 via Wavelet Transform

In67)= Chop[N[D6[16] .w]]

oufe7- {48.7935, 95.8733, -103.966, -36.8243, -51.2517, -128.406, -173.729, - 15.3566,
32.7377, -48.4961, 19.9342, -54.6176, 18.2505, -9.23701, 99.1687, -117.137}
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The last code is for the CDF(9,7). We again state the wavelet transformation matrices and the

implementation through both the standard and lifting method.

CDF(9,7)

ing3}= CDF97a[n_] := Module[{h3 = -0.0645389,

h2 = -0.0406894,

hl = 0.418092,

hO = 0.788486,

g0 = 0.852699,

gl=-0.377403,

g2 =-0.110624,

g3 = 0.0238495,

g4 = 0.0378285},

Join[SparseArray[{{i_, j_}/; j==2i-1->h3,{i_,3j_}/;j==2i->h2,
{i_,3j_}Y/i3j==2i+1->hl, {i_,3j_}/;3j==2i+2->ho,
{i_,3_}Y/33==2i+3->hl, {i_,3j_}/;3j==2i+4->h2,
{i_,3j_}/33==2i+5->h3, {n/2-2,1}->h3, {n/2-1,1} ->h1l,
{n/2-1,2}->h2, {n/2-1, 3} ->h3, {n/2, 1} ->hl1, {n/2, 2} -> hO,
{n/2,3}->hl, {n/2, 4} ->h2, {n/2, 5} ->h3}, {n/2, n}],

SparseArray[{{i_, j_}/; j==2i-1->9g4, {i_,3_}/;j==21i-g3,
{i_,3_}Y/3i3==2i+1>92,{i_,3j }/;j==2i+2>4l,
{i_,3_}/+3==2i+3->9g0, {i_,j_}/;j==2i+4->4g1,
{i_,3_}/+3==2i+5->92,{i_,j_}/;j==2i+6->g3,
{i_,3j_}/33==2i+7->9g4,{n/2-3,1}>g4,{n/2-2,1}>9g2, {n/2-2,2}->g3,
{n/2-2,3}>9g4,{n/2-1,1}->g0, {n/2-1,2}>gl, {n/2-1, 3} > g2,
{n/2-1,4}->93,{n/2-1,5}->94, {n/2,1}>92, {n/2, 2} >9g91, {n/2, 3} »go0,
{n/2,4}->91,{n/2,5}>92,{n/2,6}>93, {n/2,7}>g4}, {n/2,n}]]]

MatrixForm[
CDF97a[
16]1]

Ings)= CDF97b[n_] := Module[{h3 = -0.0645389,
h2 = -0.0406894,
hl =0.418092,
hO = 0.788486,
g0 = 0.852699,
gl =-0.377403,
g2 =-0.110624,
g3 =0.0238495,
g4 = 0.0378285},

Join[SparseArray[{{i_, j_}/; j==2i-2->9g4, {i_,3j_}/;j==2i-1--g3,
{i_,3_Y/+3==2i->92,{i_,3_}Y/313==2i+1>-9g1,{i_,3j_}/;j==2i+2->4g0,
{i_,3_}Y/33==2i+3>-91, {i_,3j_}/3j==2i+4->9g2,
{i_,3_}Y/3+3J==2i+5->-9g3,{(i_,3j_}/3j==2i+6->9g4,{n/2-2,1}>-g3,
{n/2-2,2}->9g4,{n/2-1,1}>-gl, {n/2-1,2}>g2, {n/2-1, 3} > -g3,
{n/2-1,4}>g4, {n/2,1} > -gl, {n/2, 2} >g0, {n/2, 3} > -g1,
{n/2,4}>92,{n/2,5}>-g3, {(n/2, 6} >g4}, {n/2,n}],

SparseArray[{{i_, j_}/; j==2i-5-h3, {i_,j_}/;3==2i+1->h2,
{i_, 3 }/3j==2i+2-5-hl, {i_,j_}/;j==2i+3-ho,
{i_, j_}/3j==2i+4->-h1, {i_,j_}/;j==2i+5-h2,
{i_,3_}Y/3+j==2i+6->-h3, {n/2-2,1}>h2, {n/2-2, 2} > -h3,
{n/2-1,1}>h0, {n/2-1,2}>-h1, {n/2-1, 3} > h2,
{n/2-1,4)}>-h3, {n/2, 1} >h2, {n/2, 2} > -hl, {n/2, 3} > ho,
{n/2,4}>-hl, {n/2,5}>h2, {n/2, 6} >-h3}, {n/2,n}1]]

MatrixForm [
CDF97b[
16]]

ne9l= al = -1.586134342;
a2 = -0.05298011854;
a3 = 0.8829110762;
a4 = 0.4435068522;
a5 =1.149604398;
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1n[209]:=

Out[209]=

Out[218]=

v = RandomInteger[{-128, 127}, {16}]

odd = Partition[v, 2] [[All, 1]];

even = Partition[v, 2] [[All, 2]];

dl = odd + al * (even + RotateRight[even]);
sl = even + a2 * (dl + RotateLeft[dl]);

d2 =d1l+a3* (sl +RotateRight[sl]);

s2 = sl +a4 x (d2 + RotateLeft[d2]);

s = RotateLeft[a5 x s2];

d = RotateLeft[d2 /a5, 2];

N[Join[s, d]]

{26, -49, -125, -110, 41, 58, -106, -107, -97, 67, 28, -66, -55, 24, 23, 14}

{-128.104, 54.9063, -189.983, 57.1697, -78.288, 13.5334, 30.8312, -66.9496,
53.3999, -63.5895, -57.102, 22.4876, -22.6543, -3.99432, 33.7338, -30.1634}

In219]:= CDF97b[16] .V

Out[219]=

{-128.634, 54.9063, -189.983, 57.1697, -78.288, 13.5334, 30.8312, -66.9497,
53.3999, -63.5896, -57.102, 22.4876, -22.6544, -3.9943, 33.7338, -30.1635}
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