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Abstract

In many practical situations, it is necessary to extract information from data of different
types. For example, in geosciences, several sources of data can be used to determine the
interior structure of the earth: the first arriving waves from earthquakes and from man-
made sources, measurements of the earth’s gravity field, measurements of the dispersion
of surface waves generated by earthquakes, etc. At present, most existing data processing
techniques deal only with data of one type.

A joint use of all the information derived from multiple types of data sources is an
important theoretical and practical challenge. Such a joint use would provide the best
description of the object of study; for example, in geosciences, such a joint “inversion” would
represents the best model of the interior structure of the earth. While such combination
methods are being developed, as a first step, this thesis proposes a practical solution: to fuse
the models generated from different datasets by the existing data processing techniques.

In geosciences and in other applications, models generated from different datasets not
only have different accuracy and coverage, but also different spatial resolution. This thesis
describes how to optimally fuse such models under interval and probabilistic uncertainty.
Additional ideas are described that take into into consideration the inherent discrete vs. con-
tinuous nature of different models, and how to gauge accuracy of each of the fused models.
The resulting techniques can be used in various application domains to merge models of

different accuracy, coverage, and spatial resolution.
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Chapter 1

Introduction

In many practical situations, it is necessary to extract information from data of different
types. For example, in order to understand the interior structure of the earth, geophysicists
apply a number of techniques to gather data about to the structure of the earth. At present,
most existing data processing techniques deal only with data of one type. For example,
different data processing algorithms are applied to different geophysical datasets to create
models, multi-dimensional “images” of the earth. Each model is then analyzed to gain an
understanding of the interior structure of the earth. In this way, scientists can use the data
to find natural resources or to explain some natural phenomenon.

The resulting datasets are often complementary of each other, each of them contains
information that is not available in other datasets. Therefore, the more datasets are used to
generate a model, the more accurate the resulting model represents the interior structure of
the earth. Ideally, it is desirable to use all different datasets. However, a joint use of all the
information derived from multiple types of data sources remains an important theoretical
and practical challenge. While such combination methods are being developed, as a first
step, this thesis proposes a practical solution: to fuse the models generated from different

datasets by the existing data processing techniques.

1.1 Motivation

In many areas of science and engineering, there are different sources of data. For example,

in geophysics, there are many sources of data that are used to create models of the Earth:

e first-arrival passive seismic data (from actual earthquakes); see, e.g., [6];



e first-arrival active seismic data (from seismic experiments using man-made sources);

see, e.g., [1, 4];
e gravity data; and
e surface waves; see, e.g., [7].

As stated before, datasets coming from different sources provide complimentary infor-
mation. For example, different geophysical datasets contain different information on earth

structure. In general:

e some of the datasets provide better accuracy and/or spatial resolution in some spatial

areas and in some depths, while

e other datasets provide a better accuracy and/or spatial resolution in other areas or

depths.
For example:

e cach measured gravity anomaly at a point is the result of the density distribution over
a relatively large region of the earth, so estimates based on gravity measurements have

(relatively) low spatial resolution;

e in contrast, each seismic data point (arrival time) comes from a narrow trajectory
(ray) a seismic wave travels within the earth, so the spatial resolution corresponding

to this data is much higher.

Usually, there are several different geophysical datasets available. At present, each of
these datasets is often processed separately, resulting in several different models reflecting
different aspects of the studied phenomena. It is therefore desirable to combine data from

different datasets.



1.2 Approach

The ideal approach would be to use all the datasets to produce a single model. At present,
however, in many research areas — including geophysics — there are no efficient algorithms for
simultaneously processing all the different datasets. The more datasets that this approach
has to process, the more complex this approach becomes. Currently, designing such joint
inversion techniques presents an important theoretical and practical challenge.

As an alternative, while research is being done on developing a practical and feasible
join inversion techniques, this work proposes to combine all the datasets in an indirect way
by fusing the resulting models from each technique. This practical approach called model
fusion must take into consideration different attributes of the data, such as resolution,
accuracy and coverage. This approach leverages all the current existing models into one

unified model that merges the characteristics of each dataset.

1.3 Thesis Overview

This thesis is organized as follows: Chapter 1 introduces this research and the work de-
scribed in this document. Chapter 2 presents the underlying idea of fusing data using both
probabilistic and interval uncertainty. Chapter 3 presents the new proposed approach of
model fusion. Chapter 4 describes the challenge of fusing continuous and discrete models.
Chapter 5 describes the challenge of estimating the accuracy for models. Finally, Chapter
6 discusses the conclusions and future work of this research.

The work presented in this thesis has been published in [12, 13, 14].



Chapter 2

Data Fusion: Reminder

The underlying foundation of this approach is the fusing of data: how these values can be
combined under both a probabilistic and interval approach.

In many real-life situations, there are several measurements and/or expert estimates
F1) F(n

M ... 7 of the same quantity z.

e These values may come from the actual (direct) measurements of the quantity x.

e Alternatively, these values may come from indirect measurements of x, i.e., from
different models, in which, based on the corresponding measurement results, the i-th

model leads to an estimate 7® for z.

In such situations, it is desirable to fuse these estimates into a single more accurate estimate

for z; see, e.g., [17].

2.1 Data Fusion: Probabilistic Uncertainty

Let’s start with the case when each estimate (%) is known with the (traditionally described)
probabilistic uncertainty, e.g., when each estimation error Az® Lf 30 _ 7 s normally
distributed with 0 mean and known standard deviation ¢, and estimation errors Az
corresponding to different models are independent.

In practice, the estimation errors are indeed often normally distributed. This empirical
fact can be justified by the Central Limit Theorem, according to which, under certain

reasonable conditions, the joint effect of many relatively small errors is (approximately)

normally distributed; see, e.g., [19]. For each model based on measurements of a certain type



(e.g., gravity or seismic), not only the resulting error of each measurement comes from many
different error sources, but also each estimate comes from several different measurements
— thus further increasing the number of different error components contributing to the
estimation error.

In this case, the probability density for each estimation error Az® has the form

1 (Az)? 1 (@D — 2)?
- 1 eXp - = — - exp _ ,
V2. 70 2 (0®)2 oo 2 (o)
and the probability density p(x) corresponding to all n estimates is (due to independence)

the product of these densities:

W o0 P\ T2 ety )

(2

As a single estimate x for the desired quantity, it is reasonable to select the value for which

this probability (density) p(x) is the largest (i.e., to use the Mazimum Likelihood method).
Since exp(z) is an increasing function, maximizing a function A - exp(—B(z)) is equivalent

to minimizing B(x), arriving at the following Least Squares approach: find z for which the

sum ., —————

121 2 (c®)2

Differentiating this expression with respect to x and equating the derivative to 0, con-
3 70 - (0@)2

=1
2": (0@))-2
=1

the standard deviation o for which o2 = Zn: (0()=2
i=1

is the smallest possible.

cludes that z =

. The accuracy of this fused estimate can be described by

2.2 Data Fusion: Interval Uncertainty

In some practical situations, the value x is known with interval uncertainty, i.e., the only

available information is the interval

X = [70 — AD 7O 4 A0



containing the actual (unknown) value of z. This happens, e.g., when only the upper
bound A® is known on each estimation error Az®: |Az®| < A®. In this case, from
the fact that the estimate is @, it can be concluded that |z — ™| < A® ie., that
70— A < g <70 4 AO),

For interval uncertainty, it is easy to fuse several estimates. Based on each estimate
7@ it is possible to conclude that the actual value x belongs to the interval x®. Thus,
the (unknown) actual value = belongs to the intersection

x & ﬁ x® = [max(z® — AD), min(@? + AD)]
i=1

of these intervals.



Chapter 3

Model Fusion: A New Approach

3.1 Proposed Solution: Model Fusion

In many areas of science and engineering, there is a need to jointly process data coming
from different data sources. Usually, the data from each source is processed separately,
resulting in a separate model. It is therefore desirable to merge these models into a single
model that incorporates all the available data.

Different models have different accuracy and different spatial resolution. For example,

in the geosciences,

e seismic data leads to estimates of the density at different locations and depths which
have higher spatial resolution (based on an empirical relationship between density

and seismic velocity), while

e gravity data leads to estimates of the same densities which have lower spatial resolu-

tion.

Towards precise formulation of the problem. Estimates with higher spatial (spatio-
temporal) resolution mean that estimates of the values correspond to small spatial (spatio-
temporal) cells. An estimate with a lower spatial resolution means that its results are
affected by several neighboring spatial cells, i.e., that the estimate is in effect, a weighted

average of the values in several neighboring cells.

What is given. In precise terms:



e the high-resolution estimates zq,...,7, of the values x1,...,z, are given for sev-
eral small spatial cells; these estimates correspond to models with a higher spatial

resolution

— n
e additionally, the estimates X are given for the weighted averages X; = > w;; - x;;
i=1

these estimates correspond to models with a lower spatial resolution.

It is assumed that the values of the weights w;; are known. This assumption makes
sense for geophysical problems, because in these problems, these weights are indeed known.

For example:

e [t is known how exactly the gravity at a given point depends on the densities at

different spatial locations.

e Additionally, it is know how the travel time depends on the density distribution:
specifically, how exactly the travel time of a seismic signal depends on the velocity

distribution, and the empirical velocity-density relationship is also known.

In some applications, however, the corresponding weights are only approximately known. In
such situations, when fusing the models, it must also be taken into account the uncertainty
with which these weights are known. For these applications, it is desirable to extend the

techniques — to accommodate such more complex situations.

What the objective is. The values x; are of interest. Therefore, based on the estimates

z; and yj, more accurate estimates must be provided for ;.
Example. In the geophysical example, the values of interest are the densities x;.

The proposed approach. In this chapter, it is described how to fuse estimates with

different accuracy and spatial resolution:

e In the case of probabilistic uncertainty, the Least Squares Method is used to derive

explicit formulas for combining the estimates z; and )Afj



e In the case of interval uncertainty, an efficient algorithm is provided for estimating

the ranges of ;.

3.2 Model Fusion: Case of Probabilistic Uncertainty
3.2.1 General Case

Main idea. The solution to the model fusion problem is to take into account several

different types of approximate equalities:

e FEach estimate z; from a model with a high spatial resolution is approximately equal to
the actual value z; in the corresponding (smaller size) cell ¢, with the known accuracy
Oh,i-

e Fach estimate )73 from (one of the) models with a lower spatial resolution is approxi-
mately equal to the weighted average of values of all the smaller cells ;1 5, - - -, Ti(x;,5)

within the corresponding larger size cell, with a known accuracy oy ;:
X~y wiiw,
i

for known weights w;; > 0 for which - w;; = 1. In the simple case, these weights
i=1
are equal:
X, ~ D) T Tty )
k;

e Usually, there is also a prior knowledge of the values x;. It is reasonable to assume
that this prior knowledge can also be described by a normal distribution, with the
mean Z,,; and the standard deviation o, ;:

T; = Tpr-

(The case when for some ¢, there is no prior information at all is equivalent to setting

Tpri = 00.)



e Finally, each estimate )7] from a model with a lower spatial resolution is approx-
imately equal to the value within each of the constituent smaller size cells x;( ),
with the accuracy corresponding to the (empirical) standard deviation o, ; of the

smaller-cell values within the larger cell:

def 1 ki 2

2 © f— —_— ~. .
= (wl () — ) ,and B = . Ti(15)-
ki i= Joi=1

where o

The Least Squares technique can be used to combine these approximate equalities, and
to find the desired combined values x; by minimizing the resulting sum of weighted squared

differences.

Relation between different standard deviations. As mentioned earlier, there is usu-

ally a trade-off between accuracy and spatial resolution:

e estimates with a higher spatial resolution usually have lower accuracy, i.e., higher

values of the standard deviation oy, ;;

e on the other hand, estimates with a lower spatial resolution, i.e., estimates corre-
sponding to a larger spatial area, have higher accuracy can be attained, i.e., lower

values of the standard deviation o;; < op;.

From the mathematical viewpoint, this trade-off makes sense. An estimate for a model with
a low spatial resolution is an average of the values corresponding to high spatial resolution,
and averaging usually decreases the approximation error: 0, ; < o0p; < 0 j.

It should be mentioned that while usually, higher spatial resolution estimates have
lower accuracy, sometimes, a higher-resolution model has more accuracy in some places.

For example, in the geosciences,

e the measurements from a borehole provide the most accurate estimates of the corre-

sponding quantities,

10



e and for these measurements, the spatial location is also known with a very high

accuracy.

Resulting formulas for the general case. According to the Least Squares approach,

in the general case, minimizing the following expression:

In this general case, differentiation with respect to x; leads to the following system of linear

equations:

Q?z—fl Wy 4 T —
s+ > 5 (Zw]Z Ty — >+ 2 +Z =0,
pryi

Oh,i YBED al,j =1 Y ELD J

where j 5 ¢ means that the j-th estimate corresponding to a model with a low spatial

resolution covers the i-th cell.

Towards simplification of fusing prior estimates with estimates from a model
with a high spatial resolution. For each cell i for which there are both a prior estimate
Zpr; and an estimate Z; from a model with a higher spatial resolution, these two estimates
can be fused by using the above-described standard data fusion technique. As a result,

instead of the two terms Ops(2i—Ti) 40,5 (Ti—pr;), there is a single term o7 - (2, —2,),

-2
def T 0p; T+ Lpryi * Opr —2 def
where zf; = . ——% and O'fZQ = U,” + 0,2, The same formula can be used if

prii”
Uh'L + Uprz

there is only a high spatial resolution estimate or if there is only a prior estimate:

e [f there is only a high spatial resolution estimate but no prior estimate, then it is

. _9 .
possible to use 0, = 0 (i.e., o = 00).

e [If there is only a prior estimate but no high spatial resolution estimate, then it is

possible to use ;7 = 0 (i.e., 03, = 00).

11



As a result of this fusion, the following simplified formulas are generated.

Resulting formulas as simplified equations.
Ti— Ty wii [y o mi— X _
2 > o2 <ij,z’"%'—xj> + T‘O
fii FEERE ] i'=1 VBEL €,J
Solving this system of linear equations. Known algorithms for solving this system of
linear equations can be used.
It is worth mentioning that usually, these algorithms require that the system be repre-

sented in the standard form Az = b. To represent these system of equations in this form,

it is necessary move, to the right-hand side, all the terms which do not contain unknowns.

3.2.2 Case of a Single Estimate with Low Spatial Resolution

Description. Consider the simplest case, when when there is exactly one estimate X, from
a model with a low spatial resolution. There are also prior estimates and the estimates
with high spatial resolution for some of the cells.

This situation is typical in geosciences: e.g.,

e there is an estimate originating from the gravity measurements (with a lower spatial

resolution) which covers a huge area in depth, and

e there are estimates originating from seismic measurements (corresponding to higher
spatial resolution) which only cover depths above the Moho surface (the base of the

earth’s crust).

For convenience, the cells will be numbered in such a way that the cells for which there is
either a prior estimates or estimates from a high spatial resolution model are listed first.
Let h denote the total number of such cells.

For these h cells, as the result of combining prior estimates and estimates corresponding

to high spatial resolution model(s), h values x 1, xfo, ..., Ty are obtained.

12



Derivation. In this case, the above system of linear equations takes the following form:

fort=1,...,h,

_ 1 ~ 1 __
Uf,? (i —wp) + 5w (Z Wi Ty — Xl) + —— (2 — X1) = 0;
Oi1 i Oc1
and for ¢ > h,

1 ~ 1 ~
5 Wiy * <Zw17i/ Ty — X1> + T(“"z - Xl) =0.
Oi1 i Oc1

For ¢+ < h, multiplying both sides by a%i results in
2
97

7i v
xi—xf,i—k 5 Wi (Zwlﬂ-/ * Ly —X1> +
;!

Oi1 i

2

Ofi v
2

Ue,l

Introducing an auxiliary variable

def 1
s Ul21

)

Z Wy - Ty — X1>
!

7

results in the equation

2
Ofi
2
Ue,l

xi—xf7i+w17i-aii-u+ ([L’l—yl):o

Keeping terms proportional to z; in the left-hand side and moving all the other terms to

2 2
(o o5 . ~—
the right-hand side results in (1 + O_g#) Ty =Tfy — Wiy a]%ﬂ. i+ Ugﬂ - X1, hence
6,1 6,1
2
Of,i
2 2
x " w]_7‘ e 7‘ - g 71
T = fz2 _ i 2fz'N+X1'¥2
1+ — 1+ — 1+ —
06,1 Je,l Ue,l

For i > h, similarly z; — X; + wy; - 02 - =0, hence z; = X, — w07 L.

To make this expression practically useful, ;1 must be described in terms of the given
values 7; and X;. The auxiliary quantity p is defined in terms of the weighted average of
the values x;, namely, in terms of the combination

n h n
Zwl,z"ﬂii :Zwu'ﬂfri‘ Z Wi+ T,
i=1 i=1

i=h+1

13



where

2
we . ki
h h h 2 2 h 12" "9
Wi Ty Wi;"0fi == Oc1
DW= g ey st Xy
i=1 i=1 1 9t i=1 1y 9t i=1 ] 4 Ot
2 2 2
Ue,l Ue,l Ue,l
Similarly,
n n n 2
_ Y. 2 Oc1
S w3 w) X (3wt %
i=h+1 i=h+1 i=h+1 1

By adding these two sums and subtracting X 1, it follows that

n h n
) . -
Uz,1'M:Zw1,i'$i—X1 :Zwl,z"xri- Z w; - — Xy =
i=1 i=1 i=h+1

2
9%
h wlri ’ 2

h o2 2
Wi Tfi Wi 0%i < Oc1
'E:ig_H'E:j+Xl'§:7+

2
— o — ' — 0%
1=1 1 571 1=1 1 + 571 =1 1 + gz
Ue,l 06,1 Oe,l

n N n N

2 2
Yoow | Xa— | Y wi| ol n— X
i=h+1 i=h+1

n h n
From } wy; = > wi;,+ > wy,; =1, it follows that
i=1 i=1 i=h+1

n N N h N
( Z wl,i) XX =— (Zwu) - X4
i=1

i=h+1
thus,
2
9y
N h wl,z 0.21 n . N
e, _
X1'27+ Zwl,i X —-X, =
i=1 1 + gﬂ i=h+1
Je,l
2
- Oy
h W o2, h - b wy,
X, - _ el _ wyi | X =X, - it T
; 0. ; ! ; 0,
1+ I+ —
Ue,l Oe,1

So, the equation for u takes the following simplified form:
012’1 =

14




h h 2 2 h
W, wl' W
> - M-Zi’ Xy ) - AR
i=1 1+ fy =1 1+ f7 = 11+ f7 i=h+1

Uel Oel Oel

By moving all terms containing u to the left-hand side and all other terms to the right-hand

side, the following explicit equation for y is obtained.

Resulting formulas. First, compute the auxiliary value u as u = o where

L 2
Ny el Xl)andD—a“+Za (Zw“)'

i=1 1 + f7 =1 1 + g, i=h+1
Cre 1 Ue,l
Then, compute the desired estimates for z;, e = 1,...,h, as
2
O-f72
2 2
xXr ’LUl7 e —~ g
Ty = fﬂg - - gfjl M+ X 6’12 )
1 + 571 1 + gﬂ 1 + 571
Ue,l Ue,l Ue,l
and the estimates x; fort =h+1,...,nas x; = j(vl — Wy, 0371 - [

3.2.3 Numerical Example

Description of the simplified case. To illustrate the above formulas, consider the
simplest possible case, when there is exactly one estimate X, from a lower spatial resolution

model, and when:
e this estimate covers all n cells;
e all the weights are equal: wy; = 1/n;

e for each of n cells, there is an estimate corresponding to this cell that comes from a

high spatial resolution model (i.e., h = n);

e all estimates coming from a high spatial resolution model have the same accuracy

Oh,i = Oh;

15



e the estimate corresponding to a low spatial resolution model is much more accurate
than the estimates corresponding to higher spatial resolution models 0;; < o4, so it

can be safely assumed that o, = 0; and
e there is no prior information, so 0,,; = oo and thus, xs; = ; and o5; = 0.

To cover the cells for which there are no estimates from a high spatial resolution model,
heuristic rule is defined in which the estimate from a lower spatial resolution model is ap-
proximately equal to the value within each of the constituent smaller size cells, with the
accuracy corresponding to the (empirical) standard deviation o, ;. In the current simplified
example, there are individual estimates for each cell, so there is no need for this heuristic

rule. The corresponding heuristic terms in the general least squares approach are propor-
2

1 0%,
tional to o so ignoring these terms is equivalent to taking 0271 = 00. Thus, g” =0 and

el e,1
2
oy
14+ 2 =1,
Ue,l

1
Because of this, and because of the fact that w;; = — and xy; = 7;, the formula for N
n

takes the form

N:Zi«@—%)

1 -
Opening parentheses and taking into account that the sum of n terms equal to — - X is
n

simply )N('l, results in
1 & ~
N=—. E T, — X1.

noG4

1
Similarly, due to the simplifying assumptions o;; = 0, w1; = —, 0f; = 0O, 0c1 = 0, and
n

h = n, the formula for the denominator D takes the form

Thus,




X, =37

3 =95.0/74 =6.0

Figure 3.1: Higher and lower spatial resolution estimates

The formula for z; now turns into

where

Numerical example of the simplified case. Assume that there are n = 4 cells, and
that the high spatial resolution estimates for these cells are ; = 2.0, 7o = 3.0, T3 = 5.0
and 7, = 6.0. Additionally, assume that each of these estimates has the same accuracy
o, = 0.5. And also assume that there is an estimate j(vl = 3.7 for the average X; of these
four values. Assume that this estimate has a much higher accuracy o; < o}, so that o; =~ 0.

Since it is assumed that the low spatial resolution estimates are accurate (o; ~ 0), it is
therefore assumed that the estimated quantity, i.e., the arithmetic average of the four cell

values, is practically exactly equal to this estimate X, =3.7:

T1+ T2+ a3+ 24

1 ~ 3.7.

For the high spatial resolution estimates z;, the average is slightly different:

T+ T+ T3+3s  20+30+50+6.0
4 a 4

= 4.0 #£3.7.
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Figure 3.2: The result of model fusion: simplified setting

This difference is caused by the fact that, in contrast to accurate low spatial resolution
estimates, higher spatial resolution measurements are much less accurate: the correspond-
ing estimation error has a standard deviation o, = 0.5. Therefore, as described above, the
information from the low spatial resolution estimates to can be used to “correct” the high
spatial resolution estimates.

In this particular example, since o; &~ 0, the correcting term takes the form

T+ T, —
)\:u_xlz
n

20+3.0+5.0+6.0
4

so the corrected (“fused”) values z; take the form:

—37=40-3.7=0.3,

$1:f1—)\:2.0—0.3:1.7; xngg—)\:3.0—0.3:2.7;

For these corrected values, the arithmetic average is equal to

T1+To+ax3+xs 174+27+47+57
= = 3.7,
4 4

i.e., exactly to the low spatial resolution estimate.

Taking o, ; into account. What if, in the above numerical example, there is a requirement
that the actual values in each cell are approximately equal to X 1, with the accuracy o,

equal to the empirical standard deviation?
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In this case, the above formulas take the form

1 P4 4 E,  ~
N = . '(xl—i— +x —Xl)
aj, n
I+
Ue,l
and
1 1
D=——y .~ 0y,
o, n
1+
Ue,l

resulting in the exact same expression for u:

Oh
~ 2
Fi— A — :
€T = : P) +Xl = )
Oh O
1+T 1+T
O-e,l O¢1

Taking o.; into account for the numerical example. There is a requirement that
the actual values in each cell are approximately equal to X,, with the accuracy o, ; equal
to the empirical standard deviation. In the example, the lower spatial resolution estimate
X, covers all four cells. In this example, the above condition takes the form z; ~ X, 1, with

the accuracy

where

For the numerical example, as shown,

E =

4 ~ ~ ~ ~
.Zfi:$1+l’2+$3+x4 — 40
=1 4
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and thus,
2 (20—-4.0)*4 (3.0—-4.0*+ (5.0 —4.0)* + (6.0 — 4.0)*>

Ue,l -

4
44+1+1+4 1
arl+rl+va 10 = 2.5,
4 4
hence o.; ~ 1.58.
Now, the following formula can be used
o,
1 ~ o2 ~
Ti = 7 (T = A) + o X
9h 9h
1+ — 1+ —
Ue,l 06,1

to find the corrected (“fused”) values x;. Here, o5, = 0.5, 02,1 = 2.5, so

07,21 _ 0.25 o1
0371 2.5 '
and therefore, with two digit accuracy,
L _ L 0.91
2 i ~ Y
1+
0-671
and
o
2 ~ 01
Jel X =-—37~034
o 1
1+ —
06,1
Therefore,

1 ~0.91-(2.0—-0.3) + 0.34 ~ 1.89;

r3~ 091 -

)
2y~ 0.91- (3.0 — 0.3) + 0.34 ~ 2.79;
5.0 —0.3) 4 0.34 ~ 4.62;
)

(
zq ~ 0.91- (6.0 — 0.3) + 0.34 ~ 5.53.

The arithmetic average of these four values is equal to
T+ T2+ T3+ Ty 1.89 4+ 2.79 +4.62 + 5.53
4 - 4

i.e., within the computation accuracy (since all the computations were performed with two

~ 3.71,

digits after the decimal point) coincides with the lower spatial resolution estimate X, =3.7.
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71~ 1.89| 7o = 2.79

T3~ 4.62| 74 ~ 5.53

Figure 3.3: The result of model fusion: general setting

3.3 Model Fusion: Case of Interval Uncertainty

Main idea. The solution to the model fusion problem is to take into account three different

types of approximate equalities:

e Each higher spatial resolution estimate z; is approximately equal to the actual value
x; in the corresponding (smaller size) cell ¢, with the approximation error z; — Z;

bounded by the known value Ay, ;:

Ti— Api <2 < T+ Apye

e Each lower spatial resolution estimate )N(J is approximately equal to the average of
values of all the smaller cells ;. j), ..., T, ) within the corresponding larger size

cell, with the estimation error bounded by the known value A ;:

Xy =Dy <Y wji-a <X+ Ay

e Finally, there are prior bounds z,,; and T,,.; on the values z;, i.e., bounds for which

Z

pryQ S Z; S fpni-

The objective is to find, for each k = 1,... n, the range [z, T| of possible values of xy.
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The estimates lead to a system of linear inequalities for the unknown values x4, ..., z,.
Thus, for each k, finding the corresponding endpoints z;, and 7, means optimizing the
values x; under linear constraints. This is a particular case of a general linear programming

problem; see, e.g., [3]. So, Linear Programming can be used to find these bounds:

e the lower bound x; can be obtained by minimizing x; under the constraints
Ti— A <ax; <T;+ A, 1=1,...,n;
)?j - A < ij,i cxy < )?] + AL Ty < T < T
i
e the upper bound 7 can be obtained by maximizing x; under the same constraints.

Mathematical comment. For each ¢, the two constraints z; — A, < z; < 7; + A, and

Zpri < T3 < Tpr; can be combined into a single set of constraints:

vy < <af,

[ —

where

+ def

def ~ in(7 T
x; E max(T; — Ap, 2p,); 27 S min(@; + Ap, Tpri)-

Description of the simplest case. Consider the simplest case when only a single lower
spatial resolution estimate is available X;. In this case, the linear constraints take the form
r; <z; <zl and

X — A <> wy - < X, + A

i=1

Comment. This general expression also includes the case when some cells are not covered by
the estimate X 1. This can be described by setting for w; ; = 0 the values w; ; corresponding

to these cells.

Derivation for the simplest case. For each variable z,, kK = 1,...,n, the objective is

to find out which values of x; are possible.
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If the k-th cell is not affected by the estimate 5(,17 ie., if w;y = 0, then the only
restrictions on x; come from the prior bounds on x; and from the higher spatial resolution
estimates. Thus, for such a cell, the set of possible values is the interval [z}, z{].

Consider now the case when the k-th cell is affected by the estimate 5(,1’ i.e., when
wy x> 0. In this case, a possible value z; must be within the interval [z, 2], and for the
remaining variables x;, ¢ = 1,...,k — 1,k + 1,...,n, the resulting system of inequalities

x;, <z < x;r and

Xi— A —wig-ap <Y wiyox < X+ Ap—wiy - w
iZk

must be satisfied.
All the weights w;; are non-negative. Thus, when z; € [z;,z;], the smallest possible

value s of the sum
s < Z Wi * i
i#k
is attained when all x; attain their smallest possible values z; = z; , and the largest possible

value 5 of the sum s is attained when all z; attain their largest possible values x; = ;"

— . T — +
§—Zw1,i'xia S—Zwl,i'xi-

ik itk

Thus,
dowiicw; <) wi <) wi e x
itk itk itk

Now, the two interval [j(vl — Aj—wy - T, X, + A, —wig-xy) and | Y wyg oz, Y wy ot
iz ik

contain the same sum ) w;;. Thus, their intersection must be non-empty, i.e., the lower
i#k

endpoint of the first interval cannot exceed the upper endpoint of the second interval,

and vice versa (one can easily check that if these conditions are satisfied, then the above

inequalities are indeed consistent):

1

itk i#£k

. N .
Xl_Al_wl,k'IkSZwl,i'x'y Zwu'% <Xy + A —wi g xy.
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By moving the term w, - 2, to the other side of each of the inequalities and dividing both
sides of each resulting inequality by a positive number w; ;, it can be concluded that

1 —~ 1 ~
—_— (Xl_Al_Zwl,i'xj) Sl’kfi (X1+Al_zwl,i'$i_>-

Wk ik Wik ik

Resulting formulas for the simplest case. For the cells k& which are not affected by
the estimate X1, the resulting bounds on , are [z, T)] with 2, = 7, and T = 2.

For the cells k which are affected by the estimate j(vl (i.e., for which wy; > 0), the
resulting range [z, Tx] has the form

1 = 1 v
mk:'(Xl_Al_Zwl,i.xj); $k:w'(Xl+Al_Zw1ﬂ"$i)'

W1,k i#k Lk i#k

3.4 Combining Models with Different Types of Un-
certainty: A Challenge

In the previous sections, it was described how to combine (fuse) models with probabilistic
uncertainty and how to combine models with interval uncertainty. Sometimes, there is a
need to combine models with different types of uncertainty, i.e., models with probabilistic
uncertainty and models with interval uncertainty.

There may be several models with probabilistic uncertainty, and several models with
interval uncertainty. In this case, it is reasonable to first fuse all the models with proba-
bilistic uncertainty into a single fused probabilistic model, and to fuse all the models with
interval uncertainty into a single fused interval model. After this procedure, the original

task is reduced to the task of merging two models:
e the first is a (combined) model with probabilistic uncertainty and

e the second is a (combined) model with interval uncertainty.
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In general, probabilistic models provide a more detailed description of uncertainty than
the interval model. Indeed, in the case of probabilistic uncertainty, it is assumed that the
mean g (equal to 0) and the standard deviation o of the approximation error are known. In
this case, for each certainty level pg, it can be concluded that the actual (unknown) value
of the approximation error belongs to the interval [ — k(po) - o, i+ k(po) - o]. For example,
for po = 90%, set k(po) = 2; for py = 99.9%, set k(po) = 3, etc.

In case of interval uncertainty, only the interval [—A, A] of possible values of approxima-
tion error is known. In this case, there is no knowledge of the exact values of ;1 and o, other
than that the actual (unknown) values of p and o satisfy the conditions —A < u—k(po) - o
and g+ k(po) - 0 < A. In other words, the second (interval) uncertainty model corre-
sponds to the whole class of possible probabilistic uncertainty models. So, a natural way
to combine the probabilistic and the interval models is to consider the combinations of the
first probabilistic model with all possible probabilistic models corresponding to the second
(interval) model.

For example, as mentioned earlier, fusing the n values ¥ whose measurement errors

are random with mean 0 and known standard deviations ¢, results then in an estimate

3 70 . (g2
r =5l whose standard deviation is equal to 02 = 3 (¢()~2. If the value
3 (0()~2 i=1
i=1
™ is only known with interval uncertainty, i.e., if only the bounds z™ and z™ are

known for which 2™ < 2™ < 7™ then, in contrast to the probabilistic case, there is

(") and standard deviation ¢™ corresponding to the n-th

no knowledge the exact mean
measurement; instead, it is only known that, for an appropriately chosen ko = k(py), the
following inequalities are satisfied: ™ <70 koo™ and 7 + k- o™ < ), Thus, for

the fused result, instead of a single value x, there is now a whole range of values, namely,
S H0 L (00)2 4 50 . (g(m)=2

=1

the set of all possible values of the ratio x = corresponding

n—1
Z (O-(i))—Q + (O-(n))—Q
i=1

(n

to all possible values ™ and (™ that satisfy the above two inequalities. A similar idea

can be used when there are more data points known with interval uncertainty, and in cases
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where there is also a need to take into account spatial resolution.

As it can be seen from this discussion, even in the simplest case of data fusion, to
combine probabilistic and interval uncertainty, there is a need to solve a complex non-linear
optimization problem. Thus, combining interval and probabilistic uncertainty remains an

important computational challenge.
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Chapter 4

Additional Challenge: Need to Fuse

Continuous and Discrete Data

An additional challenge is that in many application areas, there is a need to fuse continuous
and discrete models of the same phenomena. For example, in geophysics, there are two
main models for describing how the sound velocity changes with location and depth: a dis-
crete gravity-based model, in which there are several layers with abrupt transition between
layers, and a seismic model, in which the velocity continuously changes with the change in
location and depth and a transition is represented by a steeper change. Due to inevitable
uncertainty, in two fused models, the same actual transition is placed at slightly different
depths. If these models are simply fused, the resulting fused model will inherit both nearby
transitions and therefore, will, misleadingly, correspond to two nearby transitions instead
of one. It is therefore necessary, before fusing, to first get a fused (more accurate) location

of the transition surface.

Computational problem related to the need for fusing discrete and continuous
models. Traditionally, seismic models are continuous in the sense that in these models,
the velocity smoothly changes as there is a change the location and/or depth. In contrast,
the gravity models are discrete: in these models, there are layers, in each of which the
velocity is constant, with an abrupt transition between layers.

The abrupt transition corresponds to a steep change in the continuous model. The
problem is that both models describe the location of the transition only approximately, the

corresponding transitions are located at slightly different depths. So, by simply combining
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the corresponding values value-by-value, e.g., by taking a weighted average of values cor-
responding to different locations and depths, then the resulting fused model will have two

different abrupt transitions instead of one:
e one transition where the continuous model has it, and
e another transition nearby where the discrete model has it.

To avoid the misleading double-transition models, it is desirable, before fusing the
models, to first fuse the corresponding transition locations. In this chapter, an algorithm
is provided for such location fusion.

Specifically, first, a formulation of the problem in the probabilistic terms is described
(see, e.g., [19]), and an algorithm is provided that solves the corresponding probabilistic
problem and produces the most probable transition location. Then, it is shown that the
result of the probabilistic location algorithm is in good accordance with common sense —
which reaffirms that this location is reasonable. It is also shown how the commonsense

intuition can be reformulated in fuzzy terms (see, e.g., [5, 8]).

4.1 Available Information

For each location, in the discrete model, there is an exact depth z; at which there is
transition between the two layers. In contrast, for the continuous model, there is no abrupt
transition; instead, there are velocity values v(z) at different depths. Therefore, the goal is
to extract the corresponding transition value z. from the velocity values.

To be more precise, there are values vy, vo,...,v;,...,v, corresponding to different
depths. There is a need to find ¢ for which the transition occurs between the depths ¢

and 7 + 1.
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4.2 Probabilistic Approach

Description of the model. It is reasonable to assume that, with the exception of the
transition point, for all other values j, the difference Aw; def v; — vj41 is small. This
difference is caused by many different factors, so it is reasonable to invoke the Central
Limit Theorem and assume that this difference is normally distributed with 0 mean and
some standard deviation o; see, e.g., [19]. The corresponding probability density is equal

to
def 1 1

SRV T (35 Bu?).
It is assumed that the differences corresponding to different depths j are independent.
The value Av; at the transition depth i is not described by the normal distribution, it
has to be given separately.

The resulting model is described by three parameters:
e the standard deviation o,

e the transition depth i, and

e the transition values Aw;.

Due to independence of different depth, the overall likelihood L; of the model with given
values of these parameters is determined by the formula
L; = Hp] H - exp (—1 : (Avj)Q) :
J#i j#i \/_ a 2-0%
Determining the location using the Maximum Likelihood Approach. In the prob-
abilistic approach, a set of parameters is selected for which the likelihood of the observed
data is the largest; see, e.g., [19]. In other words, in this Maximum Likelihood Approach,

the selected values of the parameters are for the ones which the likelihood L attains the

largest possible value.
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Determining the optimal location iy. Due to the fact that exp(a)-exp(b) = exp(a+b),

the expression L; can be represented as

1 1 )
M T e (— 5gr 2(A0) ) |

The factor in front of the exponent does not depend on the location 7 at all, so L; is the

largest if and only if the exponential term is the largest:
1 2
exp | —5 s > (Av)? | — max.
J#i
The function exp(—z) is strictly decreasing, so it attains its largest possible values when
z is the smallest. Thus, to find the optimal location ¢, find the value ¢ for which the following

expression is the smallest:
1

2.02

> (Av;)* = min.
i '
Again, the factor in front of the sum does not depend on 7, so this expression is the smallest
if and only the sum attains its smallest value:
> (Av;)* = min.
i '
This sum can be represented as
n—1
D (Avy)? = (Avy)? — (A
J#i Jj=1
The first term in this expression does not depend on ¢ at all. Thus, the above difference
is the smallest if and only if the value (Av;)? is the largest. This, in turn, is equivalent to

|Av;| being the largest.

Resulting location. As the most probable location of the transition point, select the
depth iy for which the absolute value |Av;| of the difference Av; = vy — v; is the largest
possible.

This conclusion seems to be very reasonable: the most probable location of the actual
abrupt transition between the layers is the depth at which the measured difference is the

largest.
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4.3 The Results of the Probabilistic Approach are in
Good Accordance with Common Sense

Common sense description of the problem. Intuitively, for each depth i, there is a
high degree of confidence that this is a transition point depends on the actual value of the

corresponding difference |Av;|:

e the smaller the difference, the less confidence that this is the actual transition depth,

and

e the larger the difference, the more confidence that this is the actual transition depth.

The results of the probabilistic model are in accordance with common sense.
Thus, the fact that in the probabilistic model, the location selected was the one with the
largest possible value |Awv;| shows that the probabilistic model is in good accordance with

common sense — increasing the level of confidence in this result.

Formulating the common sense description in fuzzy terms. Fuzzy logic (see, e.g.,
[5, 8]) is known to be a useful way to formalize imprecise commonsense reasoning. To apply
fuzzy logic to this situation, it is necessary to determine the degree of confidence d; that
the transition occurs at the depth 7. The above commonsense idea means that this degree
of confidence d; is equal to f(|Aw;|), for some monotonically increasing function f(z).

If there is a need to select a single location iy, it is reasonable to select a value for which

the degree of confidence is the largest
dl' = f(‘AUzD — Imax.

Since the function f(z) is strictly increasing, this function attains its largest possible values
when 2 is the largest. Thus, to find the optimal location iy, determine the value i for which

the expression |Av;| is the largest possible.
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Of course, to come up with this conclusion, there is no need to use fuzzy logic, this
conclusion can already be deduced from the above commonsense description. However,

this description may be useful in conjunction with other expert information.

4.4 How Accurate Is This Location Estimate?

Formulation of the problem. The estimate for the location 7 obtained in the previous

section is approximate. How accurate is this location estimate?

Which approach should be used to solve this problem? It was shown known that
for location, both probabilistic and fuzzy models lead to the same result. It is therefore
reasonable to use only one of the two models when estimating accuracy of the location
estimate.

Since probability theory has been developed for centuries, so more methods and tech-

niques have been developed — the probabilistic approach will be used.

Auxiliary result of estimating o. In the probabilistic model, in addition to the location
1, there is also the need to select the standard deviation o.

It was already shown that the value 7 can be determined by the Maximum Likelihood
method. A similar Maximum Likelihood approach can be used to determine o. Specifically,

o can be found from the requirement that the expression

1 1 )
Li= o o P (_2-02 'g(m’j) )

attains the largest possible value over all possible ¢ and o. It is known that with respect

to i, the largest value is attained when 7 is equal to the above estimate 7y; so, the problem

is reduced to maximizing the expression

1 1
L, = -exp | — . Av;)?
(V2 -m-o)n2 ( 2. 02 JZ;‘O( ) )

over o.
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Since the function — In(z) is strictly increasing, this maximization is equivalent to find-

ing o for which the value 1) & — In(L;,) is the smallest possible. This value has the form

2 ‘10.2 ’ Z(Avj)z'

J#i0

Yp=(n-2) -2 7))+ (n-2) In(c) +

Differentiating this expression by ¢ and equating the derivative to 0, it is possible to

conclude that
1 1
(n—2)-———-Z(Avj)2:().

3
S
Multiplying both sides by o3, dividing both sides by n — 2, and moving the term o2 to the

other side results in
1
=Y (A

n—2 J#io

Resulting probability distribution. Now, that values of all the parameters are known,
the probability distribution is uniquely determined: the probability P; that the actual
transition is at location ¢ is proportional to
1 2
L; ~ exp ek > (Avy)? .
J#
By using the above formula
n—1
> (Av;)? Z Av;)? — (Avy;)?
i =1

and the fact that exp(a — b) = exp(a) - exp(b), it is possible to conclude that

1
exp (—2 e .Z(ij)2) =A.S,

i

where the following notations are used:

n—I1
A def exp (—2 ‘1 5 Z(Avj)Z) ,

def (AU2'>2
S; = exp<2_02>.
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Thus, P, ~ S, i.e.,

for some constant c¢. This constant ¢ can be determined from the fact that the transition
has to be at one of the locations i. Since the transition is only at one of the locations, this
means that the probabilities P; of having transitions at different locations should add up

n—1
toone: . P; =1. Thus,
j=1

n—1 n—1
1= PJ =C- Z Sj = 1,
i=1 J=1
hence
1
€= n—1 ’
2 5
7j=1
and, finally, the probability P; = ¢ - S; takes the form
(A’Ui>2
P Si exp<2.02
L 1 (Av )2
S j
ng ! j:1exp<2' 2)

How to estimate accuracy. The mean square deviation o3 of the actual (unknown)

transition depth from the estimate 7, is, by definition, equal to

n—1
og = (i—ip)* P

i=1

Substituting the above expression for P; into this formula, leads to
nz—:l(‘ ) )2 (AU¢)2
i —1g)° - ex
2 =1 0 P 2 . 0'2

o5 = — (Bo)?
j
j;lexp ( 202 )

Resulting algorithm. First, compute



and then estimate o by using the above formula.

This algorithm leads to a reasonable result. This algorithm was applied to seismic
model of El Paso area derived in [1] (see also [18]). In this case, the transition is between
the lower and the upper crust; see, e.g., [20].

For this map, the result was oy ~ 1.5 km. This result is in good accordance with
the fact that the empirical difference between the border depth estimates coming from the

seismic data and from the gravity data is of the same order of magnitude (1-2 km).

4.5 How to Fuse the Estimates of the Transition Depth
and the Corresponding Models

Available estimates for the transition depth. Now, there are two estimates for the

transition depth:
e the estimate i4 from the discrete (gravity) model, and

e the estimate iy from the continuous (seismic) model.

Accuracy of the available estimates for the transition depth. The estimate iy4
corresponding to the discrete model comes from a standard statistical analysis — as one of
the parameters of the model. So, the usual statistical techniques can be used to estimate
the standard deviation o, of this estimate.

For the continuous estimate 1, it is already known how to compute its standard devi-

ation oy.

How to fuse estimates of the transition depth. A natural idea is to use the Maximum
Likelihood Method to find the best fused estimate iy for the actual (unknown) transition
depth <.
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It is reasonable to assume that both differences 7y — i and ig — ¢ are normally distributed

and independent. The probability densities corresponding to iy—17 and to ig—¢ are therefore

. _ . 2 . _ . 2
exp <—(Zd?> and exp <—(ZOZQ)> :
20_d 2‘00

Since these uncertainties are independent, the likelihood of i being the actual transition

proportional to

depth is proportional to the product

o () o () (S 50)

Maximizing this likelihood expression is equivalent to minimizing the argument of the

decreasing function exp(—z), i.e., minimizing the expression

(ia —1)* (i —1)°

2 2
Q.O’d 2'00

Differentiating this expression by ¢ and equating the derivative to 0, results in the following.
Based on the estimates 74 and ¢ for the transition depth, as the optimal estimate ¢, for

the actual transition depth, take the following value:

. id-af—l—io-ao_Q
Zf:

-2 —2
04"+ 00

Towards fusing actual maps. The fused value i; is the best estimate for the transition
depth, i.e., for the border between the lower and upper zones which are, in this case, lower
and upper crust.

In the discrete model:

e values corresponding to ¢ < 74 correspond to the upper zone, while

e values corresponding to the depths i > 7, correspond to the lower zone.
Similarly, in the continuous model:

e values corresponding to ¢ < 7y correspond to the upper zone, while
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e values corresponding to the depths i > 7y correspond to the lower zone.

So, for depths ¢ < min(ig, i4) and i > max(ig, i4), both models correctly describe the zone,
and can be simply fuse the values from both models — e.g., similarly to how the estimates
for the transition depth were fused.

For intermediate depths, there is a need to adjust the models, by replacing the values

corresponding to the wrong zone by the nearest value from the correct zone.

How to fuse the actual maps: resulting procedure.

e First, adjust both models so that they both have a transition at depth ;.

e Second, for each depth i, merge the values v} and v/ corresponding to the adjusted

models.

The following describes this fusion in more detail.

Adjusting the discrete model. Adjusting the discrete model is (relatively) easy: just

replace the original depth 4 with the new (more accurate) fused value 7.

Adjusting the continuous model. When the more accurate transition depth i is
smaller than the transition depth iy corresponding to the continuous model (if < i), this
means that the values at depths ¢ between iy and 7, are erroneously assigned to the the
upper zone. In this case, the values v; for this ¢« must be replaced by the the value of the
nearest point at the lower zone, i.e., by the value v; 1.

When the more accurate transition depth iy is larger than the transition depth 7
corresponding to the continuous model (iy > ip), this means that the values at depths i
between ¢y and iy are erroneously assigned to the the lower zone. In this case, the values
v; for this ¢ must be replaced by the the value of the nearest point at the upper zone, i.e.,

by the value v;,.

How to merge the adjusted models. For each depth i, there are now two adjusted

values v} and v/ corresponding to two adjusted models. Let o’ and ¢” be the corresponding
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standard deviations. Then, similarly to what was described earlier, the fused value v; can

be computed as follows:

38



Chapter 5

Auxiliary Problem: Estimating

Accuracy of Different Models

Model fusion techniques described in the previous chapters assume that the accuracies o;
of different fused models are already known. How can these accuracies be estimated? In
this chapter, it is shown that the traditional methods cannot be directly used to estimate

these accuracies, and a new method for such estimation is proposed.

5.1 Traditional Methods of Estimating Accuracy are
Sometimes Inadequate for Estimating Accuracy
of (Geophysical Models

This section describes the traditional methods of estimating accuracy (see, e.g., [17]) and
explains that sometimes, these methods can not be directly applied to estimating accuracy

of the geophysical models.

First method: calibration. The first method of estimating accuracy is to calibrate the
corresponding measuring instrument. Calibration is possible when there is a “standard”
measuring instrument which is several times more accurate than the instrument which is
being calibrated, and for which, therefore, each measurement result z; o, obtained by using
this instrument is practically equal to the actual value z;.

The calibration procedure consists of repeatedly measuring the same quantity by using
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both the calibrated measuring instrument and the standard one. Since the result z;¢ of
using the standard instrument is practically equal to the actual value x;, the measurement
error Ax;; = x;; — x; is well approximated by the difference Az;; ~ x;; — ;« between the
measurement results.

Since all the measurements z;;, ¢ = 1...,n, are performed by the same measuring
instrument j, all these measurements have the same standard deviation o;. In this case,
the likelihood formula takes the simplified form

1 " (wi — x4)?
L:(\/%)n‘ggl-eXp<—izl( 32%2 )> (1)
A natural way to estimate value o; is to use the Maximum Likelihood method, i.e., to find
o; for which the likelihood L attains the largest possible value. Maximizing L is equivalent
to minimizing
Ty — x;)?

—In(L) = const + n - In(o;) + > ( 52
ag:

i=1 J
Differentiating this sum w.r.t. o; and equating the derivative to 0, results in the usual

estimate
1 n
ol = o D (@i — ;)% (2)
i=1

Since the approximate values of x;; — x; are known, o; can thus be estimated.

In geophysical applications, it is often not possible to directly use calibration.
For calibration to work, there needs to be a measuring instrument which is several times
more accurate than the one that is currently used. In geophysics, however, seismic (and
other) methods are state-of-the-art, no method leads to more accurate determination of
the densities. As a result, calibration techniques cannot be directly applied to estimating

approximation errors in the geophysics problems.

Second method: using several similar instruments. In some practical situations,
when there is no standard measuring instrument, an alternative is to compare the results

x;1 and ;5 of measuring the same quantity z; by two measuring instruments of the same
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type. The two instruments are independent and have the same accuracy o, so the likelihood

function has the form

1 & (331‘1 - %’)2 1 & (%’2 - l’i)2
L=—\«— -exp|— . cexp|—y ———|.
(V2 o7 p( 2w ) Wape UL
In this case, neither the accuracy o nor the actual values xy,...,z,, are known; in the

spirit of the Maximum Likelihood method, it is reasonable to select the values of all these
parameters for which the likelihood attains the largest possible value. Maximizing L is

equivalent to minimizing

n )2 m )2
. hl(L) — const + M, - hl(O') + Z (Izl 25(:1) + (xz2 2131) ) (3)
= 20 = 20

Ti1 + Tio

Minimizing with respect to x; leads to x; = . Substituting these values x; into the

formula (4) and minimizing the resulting expression with respect to o, results in

(l"il - %’2)2 . (4)

1 n
2—7.
™ —

)

In geophysical applications, it is often not possible to directly use this method
either. In usual measurements, when estimating the accuracy of measurements performed
by a measuring instrument, it is possible to produce two similar measuring instruments and
compare their results. Our objective is to estimate the accuracy of a geophysical model,
e.g., a seismic model, a gravity-based model, etc. In this situation, it is not possible to
come up with two similar applications of the same model, so the second method cannot be

directly applied either.

Moreover, Maximum Likelihood approach cannot be applied to estimate model

accuracy. Consider now the most general situation:
e there are several quantities with (unknown) actual values x1, ..., x;, ..., @y,

e there are several measuring instruments (or geophysical methods) with (unknown)

accuracies o1,...,0j,...,0m,, and
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e the results z;; of measuring the ¢-th quantity by using the j-th measuring instrument

are known.

At first glance, a reasonable idea is to find all the unknown quantities — i.e., the actual
values z; and the o; — from the Maximum Likelihood method. In this case, the likelihood

takes the form

L- HHF exp(—W). 5)

i=1j=1

The problem with this approach is that, in contrast to the previous cases, this expression
does not attain a finite maximum, it can reach values which are as large as possible.
Namely, if some jy is chosen, then for x; = ;;, + ¢ and o0}, = ¢, it can be concluded that

2

Tijo — T 1

W = 5580 the corresponding exponential factor is equal to exp (—2); all other
o

Jo

1
factors are also finite (and positive) in the limit € — 0 except for the terms ———— which
V2T - 0y,
tends to infinity.

It can be checked that if all the values o; are positive, then the above likelihood expres-
sion attains finite values. Thus, the largest possible — infinite — value is attained when one
of the standard deviations o}, is equal to 0. In this case, in accordance with the formula
for model fusion, results in x; = @;;,. In other words, for this problem, the Maximum Like-
lihood method leads to a counterintuitive conclusion that one of the measurements was

absolutely accurate. This is not physically reasonable, so Maximum Likelihood method

cannot be directly used to estimate random errors.

5.2 Proposed Idea for Estimating Model Accuracy

Analysis of the problem. It is known that z;; = z; + Ax,;, where approximation errors
Ax;; = x;; — x; are independent normally distributed random variables with 0 mean and

2

(unknown) standard deviations o3. For every two estimation methods (e.g., measuring

instruments) j and k, the difference z;; — z;;, between the results of estimating the same
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quantity x; by these two methods has the form

Tij — Tik = (3% + AZL‘”) — (IL‘Z + Al‘lk) = Al’z‘j — Amlk

Derivation of the resulting formula. The difference between two independent normally
distributed random variables Az;; and Az, is also normally distributed. The mean of the
difference is equal to the difference of the means, i.e., to 0 — 0 = 0, and the variance of the
difference is equal to the sum of the variances, i.e., to 032- + ol

Thus, the difference z;; — z;; = Ax;; — Az, is normally distributed with 0 mean and
variance o7 + 0. For each j and k, there are n values x1; — Z1y, ..., Tn; — Znp from this
distribution. Based on this sample, apply the usual formula (2) to estimate the standard

deviation 0]2- + 0} as 0']2» + o7 &= Ajj, where
def 1 &
€
]k = — Z CEU _Izk . (6)

In particular, for every three different measuring instruments, with unknown accuracies o2,

o3, and o2, results in the equations
2 2 o 2 2~ 2 2 o
o1+ oy~ A, o] +o5~= Az, 05+ 05~ A (7)

By adding all three equalities (7) and dividing the result by two, we can conclude that

Ay + Ars + Ags
5 )

a$+a§+a§= (8)

Resulting formulas. Subtracting, from (8), each of the equalities (7), results in 0]2. ~ ‘7j,

where
‘71 _ A12+A13 _A23; ‘72 _ A12+A23 —Alg; ‘73 _ A13+A23 —A12. (9)
2 2 2
M- (M—-1
In general, when there are M different models, this procedure leads to —( 5 )

different equations o3 + o} &~ Ajj, to determine N unknowns o?. When M > 3, there are
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more equations than unknowns, so the Least Squares method can be used to estimate the

desired values 0]2.

Need for refining the above formulas. The formulas o? ~ V; are approximate. If an
estimate ‘7] is used for ajz, this may result in physically meaningless negative values for the
corresponding variances.

It is therefore necessary to modify the formulas (9) so as to avoid negative values.

An idea of how to deal with the above issue. The negativity challenge is caused
by the fact that the estimates in (9) are approximate. So, to come up with the desired
modification, it is reasonable to first estimate the accuracy of each of the formulas (9), i.e.,
the standard deviation A; for the difference AV; o XN/] — 0]2.

For large n, the difference AV; between the actual value of 032- and its statistical estimate
is asymptotically normally distributed, with asymptotically 0 mean; see, e.g., [19]. In the
next section, an estimate the standard deviation A; will be generated for this difference.
Thus, it can be concluded that the actual value 0]2- = ‘7] — AV} is normally distributed with
mean V; and standard deviation A;. Additionally 0]2- > ( is known. As an estimate for O'j2-,
it is therefore reasonable to use a conditional expected value F (f/j - AV ‘ ‘N/] —AV; > O).

This new estimate is an expected value of a non-negative number and thus, cannot be

negative. In the next section, it will be shown how to compute this new estimate.

5.3 Derivation of the Corresponding Formulas

Estimating accuracies A; of the estimates V; for JJQ». Our first task is to estimate

the accuracy A; of f/j, i.e., the expected value A? =F {(f/j — 0]2)2}. According to (9), f/J

is computed based on the values

n 1 n
Ajk = . Z(l’” — xik)z = E . Z(Axlj — szk)Q
i=1 i=1

1
n
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To simplify notations, denote a; def Axij, b def Ax;, and ¢; def Ax;p; then, concludes that

~ 1 1 & 1 & 1 &
Vi=3- l'Z(ai—bi)er'Z(ai—Ci)Q—'Z(bi—ci)Q] ,
i n n im1
ie.,

Vi=5- 2 (@i = b:)? + (a; — &i)? = (b — ;)?] . (10)

a? —2a; - by + b +ai — 2a; - ¢; + 2 — b+ 2b; ¢ — 2.
Thus, the formula (10) takes the form
= Xn:a—az bi —a;-ci+b;-¢).
Therefore,
A= E[(V,-o?)]=E (f/j)2 oV 0% + aﬂ — B —27% Eytol, (1)
where

n o4

Ey ) [(‘77)2] =E _<1 : Zn:(a? —a; b —a;-¢ +bi'Ci))2] ) (12)

e 7 1 “
By, = BV :E[-Z(af—ai-b,-—ai~ci+b,ci>].
noi4
The expected value FE, is equal to linear combination of the expected values of the

2

expressions a;, a; - b;, a; - ¢;, and b; - ¢;:

> (Ela a; - b) = Ela; - ci] + Elbi - ci]) (13)
=1

All variables a;, b;, and ¢; are independent and normally distributed with 0 mean and the
corresponding variances V; = o7. Due to independence, Ela; - b;] = Ela;] - E[b;] = 0-0 = 0;

similarly E[a;-c;] = E[b;-¢;] = 0, and the only non-zero term is E[a;] = o3. Thus, in the sum

in Fy, only n terms a?, ..., a2 lead to non-zero expected value O' , hence Fy = n-a? = 0'32».
n
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Now that E, is computed, to estimate A; based on the formula (11), it is necessary to
compute E;. In general, the square of a sum can be represented as
2
(ZZZ> DI DL
i i i
In the case of Fi, z; = a? —a; - b; —a; - ¢; + b; - ¢;. Thus, the expected value E; can be

presented as

B, = L. Y E[Z]+ le > Elz - 2] (14)

2
nT i i

) 2
Here, the expression 2? = (a? — a; - b; — a; - ¢; + b; - ¢;)” takes the form
2=a}+al b +al-cl+b7-c? + terms which are odd in a;, b;, or c;.

Due to independence and to the fact that all normally distributed variables a;, b;, and ¢;
have 0 mean and thus, 0 odd moments, the expected values of odd terms like a - b; is zero:

e.g., Ela} - b;] = E[a}] - E[b;] = 0. Thus,

1

E[2?] = Elaj] + Ela? - b)) + Ela? - 7] + E[b7 - ¢7].

)

For the normal distribution, E[a;] = 307}; due to independence, Ela; - b7] = Ela?] - E[b]] =

2 2
o; - 0. Thus,
21 _ 4 2 2 2 2 2 2

and
e

2
ns 4

For z; - zy with i # ¢/, similarly,

]:E-(30?+0?-02+0?-03+02-02). (15)

Ziozp = (al —a; by —a; - ¢; +b; - ¢;) - (ah — ap by — ag - cyp + by - i) =

2

aZ - a; + odd terms with 0 mean.

Thus, Elz - 2¢] = Ela} - a}] = Ela?] - Elaj] = 0} - 07 = 0} and so, after adding over all

n? — n pairs (i,7') with ¢ # 4', it can be concluded that

1 & n?—n 1
E'ZE[ZZ"Z,LV] = 2 '0';1: (1—) O';l (16)
14
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Substituting the expressions (15) and (16) into the formula (14) results in

1 1
E1:n-(30?+032-a,3+0]2--03+02-0§)+(1—n)-0;»1.

Substituting this expression for £y and the formula E, = o7 into the formula (11) results
in

1 1
A=~ @t 4oteot ol ot ot eof)+ (1- ) ol — 2004,
ie.,

1

A?:E-(20?—1—0?-0,34—0?-0?—1—0,3-03). (2)

The exact values O'j2~ are not known, but the estimates ‘7] for these values are known; thus,

A; can be estimated as follows:

A? ~

J

~\N2 o~ o~ o~~~ o~
(@) 47t V5 Vo4 T ). 1)

3|

From estimating A, to a non-negative estimate for 032-. In the previous text, an

estimate V; for 07 has been described (as defined by the formula (9)). It is known that
the difference AV, = ‘7} — 0]2- is normally distributed with 0 mean and the known standard
deviation A;. Since, as was mentioned in the previous section, the original estimate ‘7j may
be negative, it is desirable to use a new estimate F (f/] — AV ‘ f/j —AV; > 0).

The Gaussian variable AV; has 0 mean and standard deviation Aj;; thus, it can be
represented as t-A;, where ¢ is a Gaussian random variable with 0 and standard deviation 1.
In terms of the new variable t,~the non-negativity condition ‘7] — AV; > 0 takes the form
f/j —A;-t>0,ie,t <0 def X] Thus, the desired conditional mean is equal to

J

E(Vi=0;t| 1<) =E(V|t <) =2, E(t [t <0;) =Vi=A;E(t[t <6;). (22)

So, to compute the desired estimate, it is sufficient to be able to compute the value

E(t|t<d;) for the standard Gaussian variable ¢, with the probability density func-
2

1
tion p(t) = Vo exp (—2>. By definition, this conditional mean is equal to the ratio
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N;
E(t \tgéj):ﬁ,where
J

N, = [ Yty dt D, — [ o) dt. (23)

The denominator D; is equal to ®(6;) © Prob(t < d;). The numerator N; of this formula

is equal to
N= [ 2 4 24
;= t-——-exp|—— | dt.
J /—oo VvV 27T P 2 ( )
t2
By introducing a new variable s = B) for which ds = t - dt, the formula (24) can be reduced
to
N L e d
ek exp(—s) ds.
== [ en(=s)

This integral can be explicitly computed, resulting in

and thus,

E(t|t<d;)=

1
Ver o 9())
So,

(52
A exp<_]>
E(Vi—Dj-t|t <) =Vi= ;- E(t[t<d;) =Vj+ = 35
vV J

5.4 Resulting Algorithm

It is assumed that for each value x; (i = 1,...,n), there are three estimates x;;, x;2, and
x;3 corresponding to three different models. The objective is to estimate the accuracies 0]2-

of these three models.

S|

n
First, for each j # k, compute Aj = — - > (x5 — z3)%. Then, compute
i=1

o Apg + Az — Ags 7

A Aoy — A ~ A Ags — A
7 ) T, = 12 + A3 13; 7 — 13 + A3 12

2 3 2
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After that, for each j, compute

1 N2 o~ o~ ~ o~ ~ o~
A== (V) Vi Vet V5 Vet T W)

)

Once the preliminary estimates 17] and their accuracies A; have been computed, the auxil-

lary ratios 0; = KJ can be computed. Finally, the following estimate UNJZ for UJZ is computed

J
and returned:

52
J
exp | ——=2
— A, (2)
ol=V,+ =% :

V2r o ©(d))
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Chapter 6

Concluding Remarks

In many practical situations, there is a need to combine (fuse) data from different datasets.
An ideal approach would be to perform joint inversion, i.e., to use all the data from all
the datasets to find the best model of the corresponding phenomenon. In many practical
situations, however, joint inversion techniques are still being developed, and in situations
when the corresponding algorithms are already available, these preliminary algorithms
often require an impractical amount of computational resources (such as computation time
and/or number of processors).

The Model Fusion approach described in this thesis is a new technique that can serve
as a fast practical alternative to joint inversion. The main idea of this approach is to first
process each dataset separately (by using known efficient algorithms), and then by fusing
resulting models. Specifically, in this thesis, algorithms are proposed that can fuse models
with different accuracy, different coverage, different spatial resolution, and different types
of uncertainty (probabilistic or interval). In addition, this thesis addresses the additional
challenge of fusing discrete models with continuous models and the auxiliary challenge of
estimating the accuracy of different models.

The work described in this thesis can help geophysicists better understand the inte-
rior structure of the earth by combining the complementary results of all their current

techniques.
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