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Why Empirical Membership Functions Are
Well-Approximated by Piecewise Quadratic
Functions: Theoretical Explanation for
Empirical Formulas of Novak’s Fuzzy Natural
Logic

Olga Kosheleva and Vladik Kreinovich

Abstract Empirical analysis shows that membership functions describing expert
opinions have a shape that is well described by a smooth combination of two
quadratic segments. In this paper, we provide a theoretical explanation for this em-
pirical phenomenon.

1 Formulation of the problem

What we membership functions: a brief reminder. A significant part of hu-
man knowledge is formulate not in precise terms, but by using imprecise (“fuzzy”)
natural-language words. To describe such knowledge in precise terms, Lotfi Zadeh
proposed a technique that he called fuzzy logic; see, e.g., [1,4,5,7,9, 13].

In this technique, to describe an imprecise property like “small”, we assign:

* to each possible value x of the corresponding quantity,
* adegree m(x) — from the interval [0, 1] — to which, in the expert’s opinion, this
value satisfies the given property (e.g., is small).

Such a function m(x) is called a membership function.

What are the shapes of membership functions: a brief history. During the first
few decades of fuzzy research, many researchers tried to empirically capture the
shape of the membership function. However, it turned out that in most practical
applications, the results of using fuzzy techniques do not depend much on this shape.
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As aresult, most applications of fuzzy techniques use the simplest shapes: triangular
and trapezoid.

However, in some applications, capturing the exact shape is important [8]. Also,
while it may not be very useful in other applications, finding the right shape is
interesting from the viewpoint of understanding human reasoning — an area that has
led to many breakthroughs in computing.

So what are these shapes? So what are the shapes of membership functions? A
large amount of empirical data about shapes of membership function has been sum-
marized in Chapter 5 of [8].

Usually, a membership function consists of segments in which it is either constant
0, or constant 1, or increases from O to 1, or decreases from 1 to 0. As we have
mentioned, in most current applications, the behavior of m(x) on each non-constant
segment is described by a linear function. However, empirical shapes are different. It
turns out that empirical shapes are well described by smooth (differentiable) piece-
wise quadratic functions.

In this approximation, on a segment [a,c] on which the function increases from
OtoI:

 we start with a quadratic function m; (x) for which m(a) = m/(a) = 0, where

m| (x), as usual, denotes the derivatives;

+ we continue, at some intermediate point b, with a quadratic function my(x) for
which m;(c) = 1 and m)(c) = 0; and

* the transition from m; (x) to my(x) is smooth: m; (b) = my(b) and m) (b) = m} (b).

m(x) 4

1+ J— J— J— J—

Why these shapes? A natural question is: why these shapes? In this paper, we
provide a possible explanation for these emprical shapes.
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2 Our explanation

Preliminary comment. The numerical values of the quantity x depend on the choice
of the measuring unit and on the choice of the starting point. If we change the
measuring unit to a new one which is A times smaller and then the starting point to
the one that is v value smaller, we get a new numerical value A - x +v. A classical
example of such a transformation is the transformation of temperature from the
metric Celsius scale (C) to the US-used Fahrenheit (F) scale: tp = 1.8 - tc + 32.

By using such a linear transformation, we can always transform a given interval
[a,c] into [0, 1]: this can be done by the transformation with

)L* a

andv = — .
c—a c—a

Thus, without losing generality, we can consider only increasing segments m(x)
located in the interval [0,1] for which the membership function increases from
m(0) =0tom(1) =1.

Similarly, decreasing segments can be transformed into increasing ones if we
change the sign of the quantity x. This transformation also makes sense in many
practical situations: e.g., we can consider gain instead of loss and vice versa. Be-
cause of this possibility, in the following text, we will only consider increasing seg-
ments for which m(0) =0 and m(1) = 1.

From the decision making viewpoint, what is the meaning of m(1) = 1 and
m(0) = 0? The ultimate objective of our knowledge is to make appropriate deci-
sions. From this viewpoint, the fact that for x = 1, we have m(x) = 1, means, in
effect, that for x = 1, we have a decision that perfectly fits this input.

Similarly, the fact that for x = 0, we have m(x) = 0 means that the perfect-for-
(x = 1) decision is absolutely inappropriate for x = 0. This, in turn, usually means
that we have n(x) = 1 for some other membership function, i.e., that there is some
other decision that works perfectly well when x is exactly equal to O.

From this viewpoint, what is the meaning of m(x) for x between 0 and 1? In
these terms, for each value x from the interval [0, 1], the degree m(x) can be viewed
as a degree to which:

* the 1-decision — i.e., the decision that is perfect when the value of the quantity
is 1 — is appropriate for this value x,

e as opposed to the alternative 0-decision, the decision that is perfect when the
value of the quantity is 0.

The value m(x) must be determined by the corresponding losses. When the value
x is different from O and 1, neither the 1-decision nor the 0-decision are perfect.
Whichever of these two decisions we pick, there will be losses — in comparison to
the ideal situation when the available decision perfectly fits the value of the corre-
sponding quantity. So, the degree m(x) should be determined by these two losses:

¢ the loss Ly(x) corresponding to using the 0-decision, and
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¢ the loss L (x) corresponding to using the 1-decision.
In other words, m(x) = F(Lo(x),L; (x)) for some function F(y,z) of two variables.

The degree m(x) should not depend on the measuring unit for losses. Like many
other quantities, we can describe losses in different units. If we are talking about
monetary losses, we can use US dollars, Euros, etc. If we replace the original mon-
etary unit with a new unit which is A times smaller, then the numerical values of
all the losses will multiply by A: we will get A - Ly(x) and A - L; (x) instead of the
original values Lo(x) and L; (x).

The choice of a monetary unit is a question of convenience. Our decisions —
and related values m(x) — should not depend on the choice of a monetary unit: the
value F(y,z) corresponding to the original monetary unit should be the same as the
decision F(A -y, A - z) corresponding to the new units. In other words, for all y, z,
and A, we shall have

F()@Z):F(}L'y,)wZ). (1)

So, the value m(x) must depend only on the ratio of the two losses. Let us show
that the equality (1) implies that the value F(y,z) is uniquely determined by the ratio
y/z, i.e., that the value m(x) depends only on the ratio of the two losses.

Indeed, for any y and z, we can take A = 1/z. For this A, the formula (1) takes the

form F(y,z) = F(y/z,1), i.e., the form F(y,z) = G(y/z), where we denoted G(r) def
F(t,1). For y = Ly(x) and z = L; (x), this means that
def Lo(x)
m(x) = G(t), where t = . 2
(0=60) o @)

Let us use the fact that we have two meaningful 1-D scales to describe the de-
cision situation. The fact that the value m(x) is uniquely determined by the ratio of
two losses means that we have two 1-D scales to describe the decision situation:

* the scale in which the situation is described by the degree m(x) — that can take
any value from the interval [0, 1], and

* the scale in which the situation is described the ratio of two losses — the ratio that
can take value from O to infinity.

Both are meaningful scales, with a meaningful transformation between them —
meaningful as opposed to a generic mathematical transformation that may not any
meaningful interpretation with respect to our decision making situation. We may
have other meaningful scales and meaningful transformations. For example, we can
apply a linear transformation and us degrees not from O to 1, but from —1 to 1 or
from O to 5. Let us consider the class of all possible meaningful transformations.

If we have a meaningful transformation from scale A to scale B, then an inverse
transformation — from scale B to scale A — should also be meaningful. Similarly,
if we have a meaningful transformation from scale A to scale B and a meaningful
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transformation from scale B to scale C, then the composition of these two transfor-
mations is a meaningful transformation from scale A to scale C. Thus, the class of
all possible meaningful transformations should be closed under taking the inverse
and under taking the composition. In mathematics, classes with this property are
known as transformation groups.

Another reasonable requirement on this class is that, since the main objective
of fuzzy techniques in general is to use computers, we want all meaningful trans-
formations to be implementable on a computer. In a single computer, we can only
store finitely many numbers. Thus, the class of all transformations that can be im-
plemented on a computer must depend on finitely many parameters. In mathemati-
cal terms, this means that this class (i.e., this transformation group) must be finite-
dimensional. So, we are looking for finite-dimensional transformation groups that
contain all linear transformations.

Interestingly, there is a full classification of all such transformation groups —
including not only the 1-D case when we are talking about functions from real
numbers to real numbers, but also multi-D case when we are talking about trans-
formations of a multi-D space. This classification result was conjectured by Nor-
bert Wiener, the father of cybernetics (see [12]). Wiener’s conjecture was proven in
[3, 10]. In particular, for 1-D transformations, the classification result says that all
meaningful transformations must be fractional-linear, i.e., they must have the form

. co+cy-t
o C2+C3~l‘7

m(x) = G(r) (3)

for some coefficients c;.

Comment. The proof of the general multi-D classification is lengthy and compli-
cated, but sincd, for our purposes, we are interested only in the 1-D case, it should
be mentioned that for this case, a much shorter and simpler proof is possible; see,
e.g., [6].

So what is the relation between m(x) and the ratio of losses? For x = 0, there is
no loss in using 0-decision, so Lo(x) = 0 and the ratio ¢ is equal to 0. In this case,
there is no sense in using 1-decision, so we should have m(0) = 0. So, for t = 0,
the formula (3) should lead to G(0) = 0. Substituting the expression (3) into this
equality, we conclude that ¢y = 0, i.e., that

cy-t

m() =G = S )
For x = 1, there is no loss in using 1-decision, so L; (x) = 0 and thus, the ratio ¢ is
equal to infinity. For x = 1, there is no sense in using 0-decision, so we should have
m(1) = 1. So, for t = e, the formula (3) should lead to G(eo) = 1.
Due to G(e) = 1 # 0, we cannot have ¢; = 0, since if ¢; = 0, we would have
G(t) = 0 for all 7. Since ¢ # 0, we can divide both the numerator and the denomi-
nator of the expression (4) by ¢ and get a simplified formula
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m(x) = G(t) = —— (5)

=7 .
¢, +c3-t

where we denoted ¢} e /c1.Fort — oo, the expression (5) tends to 1/c%, s0 G(eo) =
1 implies that 1/c§ = 1, i.e., ¢§ = 1. Hence, the formula (5) takes the form

t
=—.
t+c;

m(x) = G(r) (6)

Substituting r = Lo(x)/L; (x) into this formula and multiplying both the numerator
and the denominator by L (x), we get the following expression:

L() (x )

Lo(x)+ch-Li(x) (7)

m(x) =

How can we estimate the losses? Due to the formula (7), in order to find the exact
expression for the membership function, we need to find out how the losses L;(x)
depend on the value x. A natural idea — which is actively and successfully used in
physics (see, e.g., [2, 11]) is to expand the unknown dependence in Taylor series
and, as a good first approximation, to use the first non-trivial term in this expansion.

Let us first look for the expression for the loss function Ly (x) that describes losses
caused by using 0-decision. First we expand this function in Taylor series:

Lo(x) =ao+ay -x+ay-x*+... (8)

By the definition of 0-decision, when x is equal to 0, this decision is perfect, there
is no loss. So, we must have Ly(0) = 0. For the formula (8), this condition implies
that ag = 0.

For x = 0, the loss function Lo(x) attains its minimum value 0. Thus, for x = 0,
the derivative of this function is equal to 0: L{;(0) = 0. For the formula (8), we have
Liy(x) = a1 +2az-x+ ..., so the fact that L(0) = 0 implies that a; = 0. Thus, the
first non-zero term in the expansion (8) is quadratic. So, in the above-mentioned first
approximation, we have

Lo(x) = ap-x°, 9)

for some value aj.
Similarly, we can expend the loss function L;(x) (corresponding to using 1-
decision) in Taylor series around the point x = 1:

Li(x) =bo+by-(x—1)+by-(x—1)>+... (10)

For x = 1, there is no loss, so L; (1) = 0 and thus, by = 0. For x = 1, the loss function
L;(x) attains its minimum value 0. Thus, for x = 1, the derivative of this function
is equal to O: L’1 (1) = 0. Thus, we get by = 0. Thus, the first non-zero term in the
expansion (10) is quadratic. So, in the first approximation, we have
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Li(x) = by (1-x)%, (11)

for some value b;.

Towards the final expression for the membership function. Substituting the ex-
pressions (9) and (11) into the formula (7), we get

ar ~x2

- ar x> +dy-by- (1—x)%

m(x) (12)

We can simplify this expression if we divide both the numerator and the denominator
of this expression by a,. Then we get

(13)

def
where we denoted ¢ = d - by /a;.

This expression has the right behavior for x ~ 0 and x ~ 1. Let us show that this
expression satisfies the empirical conditions described in [8]. Indeed, this expression
is smooth for all x € (0, 1), and satisfies the conditions m(0) = 0 and m(1) = 1.

For small x, this expression has the form

x2

) 2
- Y 14
oa—20-x+2-x2 o x o), (14)

m(x)
so we have m'(0) = 0.
To describe the asymptotic behavior of the expression (13) for x = 1, we can take
into account that

x2 . 17)(2
1_m(x)_1_x2+06~(1—x)2_xzjc-OE-(l—)x)z' (15)
Thus, we have
. 7-x 2
m) = 1—(1—m(x)) = 1 — - ¥ U1=Y (16)

4o (1—-x)72

For x close to 1, we can reformulate this expression in terms of the difference d def
1 —x, for which x = 1 —d. Substituting x = 1 —d into the formula (16), we conclude
that

a-d? a-d?
mx)=l—-————>=1-— —
(1-d)?+a-d? 1-2-d+(1+o)-d?
1—a-d*+o(d%). (17)

So, we have m'(1) = 0 as well.
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What about the general case? The formula (13) corresponds to the interval [0, 1]
on which the membership function is increasing. By using the above-mentioned
linear transformation relating the interval [0, 1] with a generic interval [a,c|, we can
conclude that on an interval [a,c], the increasing membership function takes the
form

(x—a)®
(—aP+B-(c—x)

for some value 8 > 0. Similarly, we can conclude that an increasing membership
function takes the form

m(x) = (18)

B (c—x)?
" B )

Conclusion. So, our conclusion is that natural requirements indeed lead to the ex-
pressions (18) and (19) for the membership function, expression that fits very well
with the empirical data.

Acknowledgments

This work was supported in part by the National Science Foundation grants 1623190
(A Model of Change for Preparing a New Generation for Professional Practice in
Computer Science), HRD-1834620 and HRD-2034030 (CAHSI Includes), EAR-
2225395 (Center for Collective Impact in Earthquake Science C-CIES), and by the
AT&T Fellowship in Information Technology.

It was also supported by a grant from the Hungarian National Research, Devel-
opment and Innovation Office (NRDI).

The authors are thankful to all the participants of the 2024 NAFIPS International
Conference on Fuzzy Systems, Soft Computing, and Explainable AI (South Padre
Island, Texas, USA, May 27-29, 2024) for valuable discussions.

References

1. R. Belohlavek, J. W. Dauben, and G. J. Klir, Fuzzy Logic and Mathematics: A Historical
Perspective, Oxford University Press, New York, 2017.

2. R. Feynman, R. Leighton, and M. Sands, The Feynman Lectures on Physics, Addison Wesley,
Boston, Massachusetts, 2005.

3. V. M. Guillemin and S. Sternberg, “An algebraic model of transitive differential geometry”,
Bulletin of American Mathematical Society, 1964, Vol. 70, No. 1, pp. 16-47.

4. G. Klir and B. Yuan, Fuzzy Sets and Fuzzy Logic, Prentice Hall, Upper Saddle River, New
Jersey, 1995.

5. J. M. Mendel, Explainable Uncertain Rule-Based Fuzzy Systems, Springer, Cham, Switzer-
land, 2024.



Theoretical Explanation for Empirical Formulas of Novak’s Fuzzy Natural Logic 9

6.

7.

8.

9.

10.

11.

12.

H. T. Nguyen and V. Kreinovich, Applications of Continuous Mathematics to Computer Sci-
ence, Kluwer, Dordrecht, 1997.

H. T. Nguyen, C. L. Walker, and E. A. Walker, A First Course in Fuzzy Logic, Chapman and
Hall/CRC, Boca Raton, Florida, 2019.

V. Novik, 1. Perfiljieva, and A. Dvorak, Insight into Fuzzy Modeling, John Wiley and Sons,
Hoboken, New Jersey, 2016.

V. Novak, I. Perfilieva, and J. Mockof, Mathematical Principles of Fuzzy Logic, Kluwer,
Boston, Dordrecht, 1999.

I. M. Singer and S. Sternberg, “Infinite groups of Lie and Cartan, Part 17, Journal d’Analyse
Mathematique, 1965, Vol. XV, pp. 1-113.

K. S. Thorne and R. D. Blandford, Modern Classical Physics: Optics, Fluids, Plasmas, Elas-
ticity, Relativity, and Statistical Physics, Princeton University Press, Princeton, New Jersey,
2021.

N. Wiener, Cybernetics, or Control and Communication in the Animal and the Machine, 3rd
edition, MIT Press, Cambridge, Massachusetts, 1962.

L. A. Zadeh, “Fuzzy sets”, Information and Control, 1965, Vol. 8, pp. 338-353.



	Why Empirical Membership Functions Are Well-Approximated by Piecewise Quadratic Functions: Theoretical Explanation for Empirical Formulas of Novak's Fuzzy Natural Logic
	Recommended Citation

	tmp.1718739363.pdf.N_OAs

