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and Luc Longpré

University of Texas at El Paso, 500 W. University, El Paso, Texas 79968, USA,
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Abstract. Our knowledge comes from observations, measurements, and
expert opinions. Measurements and observations are never 100% accu-
rate, there is always a difference between the measurement result and
the actual value of the corresponding quantity. We gauge the resulting
uncertainty either by an interval of possible values, or by a probability
distribution on the set of possible values, or by a membership function
that describes to what extent different values are possible. The infor-
mation about uncertainty also comes either from measurements or from
expert estimates and is, therefore, also uncertain. It is important to take
such “type-2” uncertainty into account. This is a known idea in fuzzy,
where type-2 fuzzy is a well-known effective technique. In this paper, we
explain how a similar approach can be applied to type-2 intervals and
type-2 probabilities.

Keywords: Type-2 fuzzy - Type-2 intervals - Type-2 probabilities.

1 Introduction

Uncertainty is ubiquitous. What are the main objectives of science and en-
gineering?

— We want to know the current state of the world.
— We want to predict the future state of the world.
— We want to find out how to make the future state of the world better.

To describe the state of the world, we need to describe the values of the cor-
responding physical quantities. For example, in celestial mechanics, we need to
know the positions and velocities of all celestial bodies.

Similarly, to describe appropriate actions, we need to describes the values
of the parameters of these actions. For example, we need to know the initial
velocity and orientation of the spaceship that will lead us to Mars.

Our information about the values of physical quantities come from measure-
ments and from expert estimates.

— Measurements are never 100% accurate, there is always some uncertainty.
For example, Vladik’s height is 169.5 cm. This does not mean that it is
exactly 169.5000, it means +0.5.
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— Expert estimates are usually even less certain.

So, we always have uncertainty.

How can we describe this uncertainty. Uncertainty means that instead of
a single value, we have the whole set of possible values of a quantity. This set is
usually connected, i.e., it is an interval; see, e.g., [4,6,9, 11, 14].

In some cases, we also know the frequency with which, in similar situations,
we encounter different values from this interval. This is known as probabilistic
uncertainty.

In many practical cases, we do not know the probabilities. However, an expert
can estimate the degree to which different values are possible. This corresponds
to fuzzy uncertainty; see, e.g., [1,5, 10,12, 13, 18].

Need to take uncertainty into account when processing data. We do
not just measure quantities, we perform some computations y = f(z1,...,zy)
with the measurement results z1,...,z,. Due to uncertainty, the actual values
x; are, in general, different from the measurement results z;. Because of this,
the result §y = f(z1,...,%,) of processing measurement results is, in general,
different from the value y = f(x1,...,z,) that we would have gotten if we knew
the exact values x;. It is important to gauge the resulting uncertainty in y.

For example, if y = 100 million tons is the estimated amount of oil in a given
region, then:

— if it is 100 4 20, we should start exploiting, but
— it it is 100 4+200, maybe there is no oil at all, so we better perform additional
measurement before wasting resources.

For interval, probabilistic, and fuzzy uncertainty there are techniques for prop-
agating uncertainty through computations.

Need for type-2 fuzzy. As we have mentioned, an expert cannot describe
his/her estimate of the quantity of interest by a single number. Instead, the
expert can produce an interval — or an interval with degrees assigned (= a fuzzy
set).

Similarly, the same expert cannot describe his/her degree of confidence m(x)
that x is possible by a single number. For example:

— an expert can distinguish between degrees of confidence 0.7 and 0.8,
— but hardly anyone can distinguish between degrees 0.80 and 0.81.

It is more reasonable to expect that m(z) is represented by an interval, or even
by a fuzzy set.
So, for each x from the original interval [z, Z]:

— instead of a numerical degree of confidence m(z),
— we have an interval [m(x),m(z)] — or a fuzzy set.
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This situation is known as type-2 fuzzy. Type-2 fuzzy sets — and especially
interval-valued fuzzy sets — are well-studied and used in many applications; see,
e.g., [10].

Need for type-2 intervals and probabilities, both subjective and objec-
tive. Intervals and probabilities also come from observations and measurements.
Observations and measurements always have uncertainty. Thus, we know inter-
vals and probabilities with uncertainty too. Similarly to type-2 fuzzy, we can call
methods that take this uncertainty into account type-2.

Comment. There is an important difference between type-2 fuzzy and type-2
probabilities:

— fuzzy (and type-2 fuzzy) information is subjective, while
— interval and probabilistic uncertainty can be both subjective and objective.

2 Subjective and Objective Intervals — and Type-2
Intervals

Subjective vs. objective intervals. In some cases, there exists an exact value,
but we do not know this value, we only know the interval containing this value.
In this case, we have a subjective (epistemic) interval.

In other cases, we have a range of values. E.g., person’s height and weight
change during the day. So, the actual answer to the question “What is your
height" is an interval. This is objective (aleatory) interval.

Need for type-2 intervals. Since measurements are not absolutely accurate,
we do not know the exact endpoints £ and r of the objective interval. Instead,
we have:

— an interval [£, {] of possible values of ¢, and
— an interval [r, 7] of possible values of r.

This type-2 situation can be described by two nested intervals:

— values from the inner interval [¢, r] are actual, while
— values from the outer interval [¢,7] may be actual, but we are not sure.

How can we process such type-2 intervals? If we know that y = f(z1,...,z,)
and we have such type-2 interval about each z;, what can we say about y? If
all uncertainties are independent, i.e., if all combinations of possible values of x;
are possible, then:

— to find the inner interval for y, we apply interval computations to inner
intervals for z;, and

— to find the outer interval for y, we apply interval computations to outer
intervals for x;.
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3 Subjective Type-2 Probabilities

What are subjective type-2 probabilities. Subjective type-2 probabilities
mean that we only have partial information about the corresponding probabili-
ties. This is known as imprecise probabilities.

Interval-valued probabilities: the basic case of subjective type-2 prob-
abilities. In general, as we mentioned, the basic type of uncertainty is inter-
val uncertainty. In line with this, the basic type of probabilistic uncertainty is
interval-valued probabilities.

p-boxes: an important case of interval-valued probabilities. One of the
main ways to describe a probability distribution is by a cumulative distribution

function (cdf) F(x) def Prob(X < z). A natural idea is thus to consider, for
each z, an interval [F(z), F(z)] of possible values of F(x). This is is known as
probability box, or p-box, for short. p-boxes have been successfully used in many
applications [2] (as well as fuzzy-valued probabilities).

4 Objective Type-2 Probabilities

Objective type-2 probabilities: what are they? How can we have objec-
tive uncertainty in probability values? To understand this, let us recall what is
probability from the practical viewpoint.

In practice, probability p means, in effect, a frequency. We have a large
number N of similar events (e.g., flipping a coin). These can be similar events
occurring at different location and /or at different times. Probability p of a certain
outcome means that this outcome is observed in =~ p - NV cases.

An ideal case is when the event settings are absolutely identical. For example:

— we have a large set of identical atoms of a radioactive element, and
— we observe how many of them emit radiation during a given period of time.

In the usual quantum description, all the atoms are identical. However, the
true quantum description is more complex; see, e.g., [3,16]. In this sense, quan-
tum physics is similar to fuzzy:

— one of the main ideas about fuzzy is Zadeh’s statement that “everything is
a matter of degree”;

— in quantum physics, the main idea is that everything is a matter of proba-
bility.

In the first approximation — traditional quantum mechanics:

— particle locations and velocities are only known with probabilities, they can
fluctuate around their classical values,
— however, the forces between particles are described by the usual formulas,

e.g., by the Coulomb law
q1 - q2

r2

F=—c-
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In secondary quantization, we take into account that the forces can also
fluctuate around the classical values. In other words, the fields — that describe
these forces — are also quantum objects whose values are only known with some
probabilities.

In general, no matter what kind of events we consider, these events are not
identical. There are always quantum fluctuations because of which, for each
event, the probability p; is slightly different from p. Here, the values p; are
randomly fluctuating around the classical value p. In other words, here, we have
objective type-2 probabilities.

What does this mean in terms of observations? Can we experimentally detect
the difference between type-1 and type-2 probabilities? To answer this question,
let us recall what randomness means in terms of observations.

What does randomness mean in terms of observations: reminder. What
does randomness mean in terms of observations?

Randomness means more than frequency. For example, according to Central
Limit Theorem (see, e.g., [15]), differences between frequency and probability
should be normally distributed.

The general idea is that if a sequence is random, it must satisfy all the
probability laws.

A probability law is something that happens with probability 1. In mathe-
matical terms, it is a set of probability measure 1 — so that its complement has
measure 0.

So, a sequence is random if:

— it does not belong to any definable set of probability measure 0,
— or, equivalently, it does not belong to the union of all definable sets of mea-
sure 0.

This is Kolmogorov’s definition of a random sequence; see, e.g., [7]:

Definition 1. An object = is called definable if there is a formula P(y) — built
from the basic constants, objects, functions, and predicates of the corresponding
theory — that is satisfied if and only if y = .

Example. For example, the formula y -y = 1+ 1&y > 0 uniquely defines the

value v/2.

Comment. In this sense, every element, every function, every set that we can
define is definable.

Definition 2. Let p be a probability measure on a set X. An element x € X is
called p-random if it does not belong to any definable set of p-measure 0.

Comment. The original Kolmogorov’s definition was proposed for the case when
the measure itself is definable. In this paper, we will be also interested in mea-
sures which are not definable. For such measures, we need to make a small
modification of this definition.

Definition 3. Let z be an object. An object x is called z-definable if there is a
formula P(z,y) that is satisfied if and only if y = x.
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Definition 4. Let p be a probability measure on a set X. An element x € X is
called p-random if it does not belong to any p-definable set of p-measure 0.

Comment. We have already mentioned that every element whose definition we
can write down is definable. From this viewpoint, it is not possible to provide a
specific example of an element which is not definable — whatever example will
give will be, by definition, definable. So, a natural question is: are there elements
which are not definable? It turns out that not only there are such element, but
also almost all elements are not definable.

Proposition 1. For every probability measure p on a set X, almost all elements
are not p-definable.

Proof. Every definable set is described by a finite text — its definition. There
are only countably many texts, so there are only countably many definable sets.
The union of countably many sets of measure 0 still has measure 0. So, almost
all sequence are indeed random. The proposition is proven.

So can we experimentally detect the difference between type-1 and
type-2 probabilities? We are interested in a sequence of events. Let n; = 1 if
the selected outcome occurred and n; = 0 if it did not.

We compare two cases:

— type-1 case when each n; occurs with probability p, and
— type-2 case when each n; occurs with probability p;.

Here:

— we select some distribution on the set of all probabilities with mean p, and
— then, we take, as p;, a random sequence of independent values corresponding
to these probabilities.

Definition 5.

— For each value x € (0,1), let u(x) denote a probability measure that is located
at 1 with probability x and at 0 with the remaining probability 1 — x.

— Letp € (0,1) be a real number.

— By v(p), we mean a probability measure u(p) X u(p) X ... that describes an

infinite sequence of independent random variables ngl) € {0,1} each of which
is equal to 1 with probability p.

— By a p-random sequence, we mean a sequence which is random with respect
to v(p).

Definition 6. We say that the probability measure on the interval [0, 1] is trivial
if it is concentrated at some value p € [0, 1] with probability 1.

Definition 7.

— Let pg be a non-trivial probability measure on the interval [0, 1].
— Let p denote the mean value of the corresponding random variable.
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— Let pioo = po X o X - . . be a probability measure describing an infinite sequence
of independent identically distributed random variables distributed according
to the probability pg.

— Let p1,po, ... be a poo-random sequence.

— Let v@ (p) = pu(p1) xpu(p2) . .. be a probability measure describing an infinite
sequence of independent random variables ngz) € {0,1} each of which is equal
to 1 with probability p;.

— By a type-2 p-random sequence, we means a sequence which is random with
respect to v (p).

Discussion. How can we distinguish between p-random sequences and type-
2 p-random sequences? Often, random variables can be distinguished by their
moments. For both sequences, we can compare moments, i.e., averages over i

a a Qm, .
from 1 to N of products ni® - ni},; -...-n;y; . For example:

— mean is the average of n,,
— covariance with next neighbor is the average of n; - n; 11, etc.

Our first result is that for both sequences, each moment tends to the same limit:
e.g., the mean tends to p.

Definition 8. By a moment, we mean the expression

1 XN

def . ao | 01 am

m—]\}l_r)rloN-E (R P S
i=1

corresponding to some values a; > 0 and i;.

Proposition 2. For any type-2 p-random sequence, the moment is the same as
for any p-random sequence.

Proof. Since n; € {0,1}, for each power a; > 0, we have nfj_” = njqq,;. Thus,
the expression for the moment takes the following simplified form"

N

) 1

m = ]\}E)nooﬁ . z;n, Mgy e Mgy, -
1=

Due to the Large Numbers Theorem, the limit value m is equal to the expected

value E[-] of the corresponding expression with respect to the measure v(?)(p),

i.e., to the value

N
1
m = lim N ZE(Q)[W Mgy e Mgy, ]s

where E(®)[] denotes the corresponding expected value.
Since all the variables n; are independent, the expected values of the product
is equal to the product of the expected values, so

1
m= lim — -

N
Jm > E®m ] EPmig,] - EPnig, ),
=1
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ie.,

1
m= lim — -

N
NN E 1pi *Pitiy o Pidrigy, -
1=

The values p; are themselves random with respect to the probability measure
to- Thus, again due to the Large Numbers Theorem, m is equal to the expected
value with respect to the measure pg:

1
= 1 _
m Nl—IgoN

N
> Eolpi - piviy - Ditin);
i=1
where E; denoted the corresponding expected value.

Since all the variables p; are independent, the expected values of the product
is equal to the product of the expected values, so

1
m= lim — -

N
N—oo N > Eolpi] - Eolpivi,] - - Eolpiti,]-
=1

By the choice of p;, we have Ey[p;] = p for all i, thus

N
dpepe.op=pmth

i=1

For p-random sequences, we get the exact same moment — so these moments are
indeed equal to each other. The proposition is proven.

Discussion. So does this result mean that we cannot distinguish between p-
random and type-2 p-random sequences? No, our second result is that no se-
quence can be random with respect to both type-1 and type-2 distributions.

Proposition 3.

— No p-random sequence is also type-2 p-random.
— No type-2 p-random sequence s also p-random.

Proof. According to the main result from [17] — which is also mentioned in
[7] and in [8] — for two sequences of probabilities p; and ¢;, the following two
conditions are equivalent to each other:

— no sequence is random with respect both to probabilities p; and to proba-
bilities ¢;, and

00
=1

2 2
- 2 [(VE = va) + (VI=hi ~ VI= )| = +oe.
In our case, ¢; = p for all i. So, to prove the proposition, it is sufficient to prove
that
e 2
> [(@- VD) + (\/1 —pi— /1 fp) ] = +o00.

=1
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Due to the Large Numbers Theorem, for N — oo, we have

N—o0

lim }ij = v+ (Vi - VIp) | -

def 2
vE Ey {(\/p»z\/}»?)QJr (\/l—pif\/lfp) ] > 0.
So, asymptotically, we have

N

> i - Vi (VImn - Vima) |~

i=1

and thus, the limit of this sum is indeed equal to infinity. The proposition is
proven.

Discussion. This means that there are probability laws that are only true for
type-1 sequences but not for type-2 sequences, and vice versa. So, it is possi-
ble to experimentally detect the difference between type-1 and type-2 random
sequences!
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