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Abstract 

In recent years the demand for high-speed, lower power consumption and large-capacity non-

volatile memories has increased. Promisingly the memristor can be used due to its special characteristic 

of having memory through resistance change. The memristor behavior is not limited to digital 

applications but it can be used in analog application as well including: memristors in chaotic circuits, 

amoeba’s learning, neural synaptic emulation, reprogrammable and reconfigurable circuits, and for 

neuromorphic computers. On the other hand Micro Electro Mechanical Systems (MEMS) are small 

scale structures that can interact with the physical world due to their mechanical properties. These 

devices are widely used in diverse applications such as: accelerometers, pressure sensors, micro-optics, 

biosensors, tilting mirrors, and RF switches. One of the most common MEMS devices is the electrostatic 

actuator which moves a metal electrode when a voltage is applied; however these actuators are limited to 

one third of its gap. The purpose of this work is to investigate the potential of the integration of these 

two devices and extend the application branch of the memristor. 

This work starts with the integration of the MEMS parallel plate capacitor and the memristor in a 

simple series circuit configuration where it is possible to observe that the displacement can be a function 

of the memristance giving the possibility of interpreting the upper electrode position in form of 

resistance instead of capacitance. Thus the memristor has the potential to sense the MEMS dynamics for 

different applications. The current in this configuration is limited by the MEMS restricting the change in 

the resistance of the memristor. To overcome this disadvantage different amplification stages are 

investigated to maximize the charge interaction between both devices using a BJT amplification, a 

MOSFET amplification, and an Op Amp stage. 

Finally the memristor is used as a sensor element for the MEMS displacement in a simple design 

for a voltage close-loop control in order to improve the MEMS operation range. In the final control 

design it is shown that the MEMS upper plate can be stabilized up to 95% of the total gap with low 

power consumption. Thus the memristor can play an important role overcoming the limited operation 

range of the MEMS actuators 
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 1 

1 Introduction 

In recent years the demand for high-speed, lower power consumption and large-capacity non-

volatile memories has increased. Several alternatives have emerged in order to meet this demand. 

Within the alternatives is the resistance random access memory (ReRAM) [1]. Promisingly, ReRAM 

can be implemented using memristor devices due to its special characteristic of having memory through 

resistance change. The memristor is a feasible option for this application because of its simple 

metal/metal-oxide/metal (MOM) structure, which can be arranged in form of crossbar architectures. 

Many applications for memristors besides non-volatile memories have been proposed including: 

memristors in chaotic circuits [2], amoeba’s learning [3], neural synaptic emulation [4], 

reprogrammable and reconfigurable circuits [5], and for neuromorphic computers [6].  

On the other hand Micro Electro Mechanical Systems (MEMS) are small scale structures that 

can interact with the physical world due to their mechanical properties. These devices can be created 

with state of the art integrated circuit (IC) fabrication technologies and are widely used in diverse 

applications such as: accelerometers [7], pressure sensors [8], micro-optics [9], biosensors [10], tilting 

mirrors [11], and RF switches [12]. One of the most versatile MEMS structures is the MEMS parallel 

plate capacitor which can be used as an actuator or sensing element [13] and it has a big potential for 

mobile communication terminals where variable plate capacitors or varicaps are needed for tuning the 

voltage controlled oscillators (VCO) [14]. 

Interestingly, charge transfer is an operating principle that is common to both memristors and 

certain kinds of MEMS devices such as parallel plate capacitors. More specifically, electronic charge 

transfer plays a central role in the capacitive operating principle of the parallel plates MEMS. Similarly, 

memristors use the migration of ions to change their resistance in response to charge flow. Unlike 

MEMS capacitors, memristors also demonstrate non-volatile memory of the charge transferred through 

the device. This ability makes the integration of memristors with MEMS capacitors highly intriguing to 

create capacitors with local memory storage in what can be called mems-capacitors. 

Due to the variety of applications for these two devices and common operating principle the 

general concept of integrating memristors with MEMS has been postulated [15]. However the actual 
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details for the different synergies are lacking as well specific applications. This work consists in 

investigating the interaction of these two devices.  

The integration of these two devices as well as the potential application is explained in five 

sections. In section one, an introduction of the memristor and parallel plate MEMS devices is presented 

as well their current applications and potential market. In section two, the operating principle for the 

memristor and parallel plate MEMS is explore individually. One of the main disadvantages of the 

parallel plate MEMS is the limited working range of one third of its potential capacity. In section three, 

the integration of these devices in a series-circuit configuration is studied where a correlation between 

the change in the resistance of the memristor and the MEMS dynamics is analyzed. This creates a new 

application for the memristor as a sensing element. Furthermore, it innovates the current measurement 

methods that measure the capacitance and are used to improve the MEMS working range. Although the 

correlation between these two devices was found, the resistance change is very small and unpractical to 

be measured. Section four analyzes an integration of the memristor and MEMS with an amplification 

stage in order to improve the correlation and the resistance change. Finally, in section five a new 

method to drive a parallel plate MEMS actuator integrating the memristor as feedback element is 

analyzed. This method improves the MEMS working range up to at least nighty five percent of its total 

capacity using a closed-loop voltage control and incorporating the memristor as position sensing 

element simplifying the capacitance methods.              

1.1 MEMRISTOR AND ITS APPLICATIONS 

Leon Chua in 1971 proposed for first time the existence of a new passive circuit element called 

“memristor” as contraction for “memory resistor” [16]. The memristor is a two-terminal device which 

links two fundamental circuit variables similar to the resistor, capacitor, and inductor; for that reason it 

is called the fourth basic circuit element. Chua predicted the existence of the memristor by observing 

that one relation of the fundamental circuit variables (voltage (V), current (i), electric charge (q), and 

magnetic flux ( m )) remained undefined. Specifically the link between the magnetic flux and the 

electric charge was not defined by any device unlike the current and the voltage that are linked by the 
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resistor, the voltage and the charge by the capacitor, and the current and the flux by the inductor as 

shown in Figure 1. Therefore the memristor was needed to define the missing link.  

 

 

Figure 1. Fundamental circuit variables relationships [17]. 

Mathematically, the memristor is described by, 

 

 iqMV 
 

Equation 1 

where M(q) is the memristance and is given by, 

 

 
dq

d
qM


 . 

Equation 2 

Equation 1 shows that the memristor is similar to a resistor and the unit of the memristance is 

Ohms. However the memristance describes the change of the magnetic flux with respect to the charge 

(q) instead of the change of the voltage with respect to the current, as expressed in Equation 2. This new 

device was illustrated with a new symbol, Figure 2, proposed by Leon Chua and it is been used since 

then. 
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Figure 2. Memristor symbol. 

Equation 1 and Equation 2 can show that the memristance will depend on its previous states, 

thus the memristor is able to store memory of its previous events through its M (memristance) value. 

This phenomenon can be illustrated as follows: assuming the charge a function of the magnetic flux, as 

shown in Figure 3(A), where two different slopes are present. Then a voltage pulse in the form of Figure 

3(B) is applied, and as a consequence of this voltage the magnetic flux will change due to the 

relationship 𝜑 = ∫ 𝑉𝑑𝑡, as shown in Figure 3 (C). If the value of the magnetic flux is such that 
𝑑𝜑

𝑑𝑞
 

changes, when 𝜑 = 𝜑𝑛. Then the memristance state will switch from one resistance value (M1) to 

another (M2) as in Figure 3 (D).  In other words, when a device changes in resistance from one state to 

another and the state is maintained after the voltage is removed, then this device has a memristor 

behavior [18].  

  

 

Figure 3. Memristance state change with a voltage pulse [18]. 
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The original work of Chua was only theoretical and it was until 2008 that bipolar resistive 

switching behavior was related to the memristor device [19]. This relationship was noticed by Hewlett-

Packard (HP) on a metal/metal-oxide/metal (MOM) structure using pt/ TiO2/pt [20]. Since 1962 a large 

variety of MOM structures with diverse configurations have shown different types of resistive switching 

[21], which will be explained in the following section.   

1.1.1 Classification of resistive switching types 

The switching type is an essential characteristic for resistive switching in MOM structures which 

define the voltage polarity needed to change the resistance from high resistance state (HRS) to low 

resistance state (LRS) and vice versa. There are two types of resistive switching: bipolar and unipolar.  

In the bipolar case a switch from HRS to LRS occurs when a set voltage with a defined polarity 

is applied. Then in order to return to switch backwards from LRS to HRS, the structure is submitted to a 

reset voltage with an opposite polarity to the set voltage [21]. Thus, both forward and reverse biases are 

required for resistive switching forming a hysteresis loop for the I-V characteristic curve as shown in 

Figure 4(A). In the Figure, the trace labeled “OFF” is in the HRS state and switches to LRS (trace 

labeled “ON”) when a reverse bias is applied. Subsequently, the memristor switches from LRS to HRS 

when a forward bias is applied. In the practice when a switching from HRS to LRS occurs the current 

has to be limited to avoid device damage due to the sudden resistance change. This parameter is known 

as the compliance current (CC). 

For the unipolar case a switch from HRS to LRS also occurs when a set voltage is applied 

between the contacts. Unlike the bipolar type, a reset voltage with the same polarity is required to 

switch between LRS and HRS [22].  Figure 4(B) shows this type of switching, where it is noticed that 

the reset voltage is smaller than the set voltage. This switching type can occur either with a reverse or 

forward bias depending on the MOM structure materials. The bipolar case in the practice is important to 

consider as well the compliance current used to switch from HRS to LRS. Also it is important to limit 

the reset voltage when it is switching from LRS to HRS to avoid device damage and recurrent 

switching. Figure 4 shows switching in reverse and forward voltage bias, the green line is the LRS and 

the red line is the HRS. The switching occurs only with one polarity but with different voltage levels.  
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Figure 4. Resistive switching types; A) bipolar switching, B) unipolar switching [21]. 

Different MOM structures have been investigated for bipolar resistive switching including 

Au/ZnO/SS [23], Ti/ZrO2/Pt [24], Au/HfO2/Pt [25], Ti/MnO2/Pt [26], and Pt/TiO2/Pt [27]. As well, 

ITO/ZnO/ITO [28], Au/ZnMnO3/Pt [29], Pt/Cu2O/Pt [30], and Ag/SnO2/Ti [31] MOM structures have 

been investigated for unipolar resistive switching. 

1.1.3 Memristor applications 

The variety of memristor applications has expanded over the last years due to its versatile 

behavior. In other words, this circuit element can be implemented in digital applications and similarly it 

can be implemented in complex analog applications without any change to its basic physical MOM 

structure [32]. A high density non-volatile memory fabricated with a memristor nanocrossbar, as shown 

in Figure 5 a), is an example for a digital application.  
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Figure 5. a) scanning electron microscope image of a nanocrossbar [5], b) bit cell memory 

representation [1]. 

Here the metal horizontal lines are the bottom electrode, or the first metal film, then after an 

oxide film is deposited on top of the bottom electrode, and finally the top electrodes are the vertical 

metal films. Each vertical and horizontal intersection represents a memory bit cell, as shown in Figure 5 

b). Therefore, the physical memristor structure allows the fabrication of non-volatile memories arrays in 

very small areas and with few fabrication process steps. It is been predicted that the memory retention 

time can be up to 10 years [33] and that the switching time can be as fast as 10 ns [34].   

Due to the versatility of the memristor behavior, where the resistance change levels can be 

controlled to be more than two (HRS and LRS), its application is not limited to digital but also the 

memristor can be implemented in analog applications as well. It has been demonstrated the capability of 

brain-like computing based on memristor devices [32] as well that this device can emulate the brain 

learning mechanism spike-time-dependent plasticity (STDP) [4]. Furthermore the combination of 

memristor with other circuit elements can lead to different applications like the model of an amoeba’s 

learning represented by the circuit in Figure 6 [3]. In this case the change in the memristance represents 

the response of the Physarum polycephalum organism to different environment conditions. 

a) b) 
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Figure 6. Circuit representation of an amoeba’s learning to different environments [3]. 

Many other applications can be mentioned in both areas, Figure 7 shows a schematic of several 

applications that have been investigated separated by digital and analog [32].  

 

 

Figure 7. Analog and digital memristor applications. 

These applications show the potential of memristors behavior. In this work a new integration of 

memristors with MEMS is explored in order to expand its application’s branches. 
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Chaos circuits
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Variable gain amplifier
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Cellular neural networks

Oscillators

Digiital to analog converters 

Digital

Nonvolatil memory

Logic circuits

Digital gates

Reconfigurable logic circuits



 9 

1.2 MICRO ELECTRO MECHANICAL SYSTEMS (MEMS) AND ITS APPLICATIONS 

The MEMS have been known for a while, these devices born with the discovery of the 

piezoresistive effects in silicon and germanium at the Bell laboratories around the early 1950s [35]. 

Over the last decades a broad range of MEMS devices have been developed, notable applications for 

these devices are the invention of scanning tunneling microscopy (STM) in 1981, and later the atomic 

force microscopy (AFM) in 1986 by Binnig [10].  

There is a wide variety of MEMS devices that have been proposed and produced for commercial 

use at different applications. Figure 8 shows the current application market and a forecast of the market 

growth for the MEMS devices in 2015.  

 

 

Figure 8. Forecast for the MEMS market in important applications [36]. 

One of the most versatile structure of MEMS is the parallel plate, due to its simple structure and 

the variety of available fabrication technologies to build it. Within the applications there are: 

microgrippers, micro-relays, gyro sensors, micromotors, cantilevers, optical shutters, optical attenuators 

and micromirros [35]. 
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1.2.1 Parallel plate MEMS designs and applications 

The basic physical structure of the parallel plate MEMS consist of two metal plates separated by 

an air gap, Figure 9 shows an example of this device where it is used as a capacitive MEMS RF switch 

[12].  For this type of device when a voltage is applied between the two contacts an attraction force is 

created, thus the two contacts will tend to close the gap between them. In this design the bottom 

electrode is fixed and the upper electrode is able to move. However there are forces that oppose to this 

attraction force, in particular the opposition of the upper electrode to deform. Depending on the MEMS 

design the upper electrode motion can be predetermined as well as the MEMS capacitance.  

 

Figure 9. a) Top view picture and b) schematic representation of a MEMS RF switch [12]. 

Due to the advance in IC fabrication processes the parallel plate MEMS can have different 

configurations or designs; but its basic operating principle remains the same. Figure 10 shows another 

parallel plate MEMS design, this time it is for a voltage controlled oscillator (VCO) used in wireless 

systems [37]. The differences between these two designs are the area of the upper metal and the upper 

metal suspension structure. As consequence, there are different opposition forces to the upper electrode 

motion between both designs. Both approaches use a voltage between the two contacts to change the 

capacitance depending on the application.   

 

Figure 10. a) Top view picture and b) schematic representation of a MEMS VCO [37]. 

a) b) 

a) b) 
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Another example of a different parallel plate MEMS design is shown in Figure 11, which is also 

used for RF switches [38]. In this case the upper electrode is a cantilever where one end of the upper 

electrode is fixed and the other end is totally free. In this case the force interactions occur in the middle 

of the total length and the switch contact takes place in the free end. The capacitance for this application 

is not important however a sustained and good contact is essential.  

 

Figure 11. a) Top view picture and b) schematic representation of a MEMS switch [38]. 

Parallel plate MEMS plays an important role in optics as well, Figure 12 shows a design where 

parallel plate MEMS actuators are used to control the exact position of a mirror. Here the mirror is 

suspended with three bending beams, these beams are deformed through an array of MEMS actuators 

and according to the position of the actuators the mirror will tilt [39]. In the optics filed the MEMS can 

be used for adaptive optics [40], dual axis optical mirrors [41], light wave communications [42], and 

optical switches [43] [44] [45]. 

 

Figure 12. a) Top view picture and b) simulation of the deformation of a tilting MEMS mirror [39]. 

Consequently parallel plate MEMS have a wide range of applications due to its design flexibility 

while maintaining its basic operating principle. Its compatibility to IC fabrication allows the integration 

of these devices in different electronics and optics applications.     

a) b) 

a) b) 
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2 Operating Principles for Memristors and MEMS 

2.1 MEMRISTOR MODELS 

As mentioned in section 1.1.1 there are two types of memristor behaviors: bipolar and unipolar. 

Where the only difference between them is the voltage needed to change the resistance. For the bipolar 

case the change in the resistance depends on the polarity of the applied voltage whereas for the unipolar 

the change in the resistance depends on the magnitude of the applied voltage and not in the polarity. 

Even though the resistance change type in both cases is different it is been shown the filamentary 

resistive switching mechanism is similar for unipolar [46] and bipolar [33].  

The filamentary resistive switching mechanism consists in formation and rupture of conductive 

filaments in the oxide layer. This mechanism has three states additionally to the original state as shown 

in Figure 23. The initial state is the oxide film (blue layer) without any conduction paths thus at this 

stage there is an insulation between the two metals (yellow layers). The first state is the forming process 

where conductive filaments are created in the oxide film applying a voltage in the metal contacts. The 

second and third states are called the reset and set, for the reset a small rupture in the filament is 

originated with an applied voltage thus the conductive channel is interrupted and the device will be at 

high resistance state (HRS). In the set state the filament rupture is regenerated as well with an applied 

voltage [1] and the device will switch to low resistance state (LRS). Therefore these devices can keep 

memory of its sates in form of resistance without any energy storage.    

 

 

Figure 13. Filament forming mechanism for a memristor whit initial, forming, reset and set states [1]. 



 13 

Figure 14 a) and Figure 14 b) shows the I-V curves with the three states of a bipolar device with 

a Ti/TiO2/Ti structure [33] and a unipolar device with a Ag/SnO2/Ti structure [15] respectively. These 

graphs show the forming, reset, and set states proving a conductive path formation process.  

 

Figure 14. I-V curve of a) bipolar memristor [33] and b) unipolar memristor [15]. 

Even though the filamentary theory has been shown [47] to describe the resistive switching the 

physics behind the filament forming and the conductive mechanism is still under debate. Several 

theories have been postulated, in particular for Pt/TiO2/Pt structures. This section will discuss different 

memristor device models in order to identify the most adequate for the integration with the MEMS.   

2.1.1 Linear dopant drift memristor model 

The basic mathematical formulation for a voltage controlled memristor proposed by Chua is the 

following: 

iiwRv ),(  

Equation 3 

),( iwf
dt

dw
  

Equation 4 

where R is the memristance and is a function of the state variable, w, and the device current, i. The state 

variable depends on time and the current that flows through the device. The state variable w is the 

fundamental characteristic of a memristor. 

The linear dopant drift memristor (LDD) model was introduced for the first time by Strukov, et 

al. [20] in order to describe the memristor behavior in Pt/TiO2/Pt structures. As shown in Figure 15 it is 

a) b) 
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considered that the TiO2 film has two regions: one that is totally stoichiometric TiO2 (undoped region) 

and the second one has some oxygen vacancies and is nonstoichiometric TiO2-x (doped region). For this 

model, the state variable w is the length of the doped region. When a voltage is applied (with the 

positive polarity applied to the undoped region), the oxygen vacancies will drift to the undoped region 

increasing the length of w, and decreasing the resistance between the metals. When the voltage polarity 

is revered where the positive polarity is applied to the doped region, the oxygen vacancies will move 

towards the doped region, thus the w length will decrease and the device resistance will increase.  

 

 

Figure 15. Graphic representation for the HP model and equivalent circuit for the equations 3 and 4 

[20]. 

This model is represented by Equation 5 and Equation 6. Where w is the state variable and will 

change with respect to time if a current is passing through the device, D is the total oxide thickness, µv 

represents the average ion mobility, Ron is the low resistance (LR), and Roff is the high resistance (HR). 

From these equations it is possible to observe that if w = D the memristor is in low resistance state 

(LRS) and if w = 0 the memristor is in high resistance state (HRS). 
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From Equation 6 it is possible to observe that when the device is submitted to a positive current 

the change of w with respect time will be positive indicating an increment of the doped region, in the 

same manner when the device is submitted to a negative current a decrement of the doped region will 

occur. These equations can be represented schematically with two variable resistors connected in series 

as shown in Figure 15. w controls the resistance variation; if  w = D, Roff  will be bypassed, the total 

resistance will be Ron, and vice versa when w = 0, Ron is bypassed and the total resistance is Roff.  The 

memristance M(w) is given by:  
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Equation 7 

The closed form solution for Equation 5 and Equation 6 can to be analyzed to study electrical 

behavior and physical constraints of the device. Equation 8 is obtained solving those equations as 

follows, 
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Equation 8 

where c depends on the initial condition of w, in other words w(t0). This equation has several physical 

constraints that need to be taken in consideration. The first one is that the root square term always needs 

to be real which implies that the integral of the applied voltage needs to be restricted such that the 

square root term is between zero and one. If the integral of the applied voltage is zero, w will equal zero. 

On the other hand, if the square root term is equal to one, w will equate D, given that w equals zero 

initially. This restriction will limit the range of w between 0 and D. The second constraint is that w 

cannot be negative; therefore the positive and negative squares need to be evaluated such that the 

negative terms are discarded. These two constraints need to be considered when equation 3 and 4 are 

solved. 

Figure 16 shows the current passing through the memristor (dotted line) solving Equation 5 and 

Equation 6. In this case an input voltage )sin(8.0)( 0ttv   (solid line) was applied and the following 
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memristor parameters from Ref [20] were used: ω0 = 2π, Ron = 100 Ω, Roff = 5000 Ω, µv = 10-14m2V-1s-

1, D = 10x10-9 m, and initial condition w(t0) = 0. The physical constraints mentioned above were also 

taken into account in the solution. 

 

 

Figure 16. Current behavior for a LDD model with a sinusoidal voltage as input. 

Here it is possible to see that the current is skewed with respect to the voltage but there is no a 

phase difference between them implying that there is no charge stored. Figure 17 is the plot of the 

hysteresis loop formed by the I-V characteristic at two different frequencies.  It is possible to observe a 

slope difference when the voltage is swapped from 0 to 4 and from 4 to 0, indicating a resistance 

change. As well, when the frequency increases the resistance change is smaller, thus if the frequency is 

high enough the memristor will behave as a simple resistor. This phenomenon can be attributed to the 

small ion average mobility and the integral of the applied voltage in a time range as expressed in 

Equation 8. (Matlab code in Appendix A) In other words, at high frequency, the ions are slow to 

respond to the changes in the applied voltage or electric field. 
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Figure 17. I-V hysteresis loop the LDD memristor model. 

2.1.2 Non-Linear dopant drift memristor model 

Even though LDD can describe the basic and ideal description of the memristor conductive 

behavior it does not explain the abrupt resistive switching of the memristor when w approaches 0 or D, 

as shown in experimental data in Figure 18. In order to account for abrupt resistive switching, a 

nonlinear dopant drift model was proposed to describe when the state variable is close to 0 or D. This 

nonlinear ionic transport can be attributed to the high electric field created in nanoscale contact area 

devices [19] [34].  

  

Figure 18. Experimental I-V characteristic for a Pt/TiO2-x/Pt device [48]. 
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In order to overcome and describe this behavior quantitatively, Equation 6 is multiplied by a 

window function, f(w), as given in Equation 9,  

 

   wfti
dt

tdw
V )(

D

Ron)(
 . 

Equation 9 

The purpose of f(w) is to take in consideration the nonlinear dopant drift (NDD) behavior. 

Several window functions have been proposed in order to add flexibility for different memristor 

structures [20], [49], [50], [51] or to reduce inaccuracy in the solutions [50]. Equation 10 represents the 

window function introduce by Strukov, et al [20], 
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Equation 10 

By combining Equation 9 and Equation 10, the derivative of the state variable with respect time 

is given by: 
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Equation 11 

From Equation 11 it is possible to observe that when w is equal to 0 or D the derivative with 

respect time goes to zero. Therefore the variable state is constrained to these boundary conditions.  

Figure 19 shows the I-V curve for this model at two different frequencies solving for Equation 

11 and Equation 5, where the following parameters were used: )sin(8.0)( 0ttv  , ω0 = 2π (blue line), 

ω0 = 3π (green line), Ron = 100 Ω, Roff = 5000 Ω, µv = 10-14m2V-1s-1, D = 10x10-9 m, and the initial 

condition w(t0) = 1 nm (for NDD w(t0)  >  0 to avoid numerical complications). (The Matlab code is 

shown in Appendix A.) 
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Figure 19. I-V hysteresis loop using the Strukov window NDD memristor model. 

Here it is possible to observe that the frequency response is more sensitive for the NDD model 

than the LDD model. The inset plot is a closer look of the I-V characteristic for ω0 = 3π, where the 

current is smaller at higher frequencies due to the small change in the memristance. Drift nonlinearity in 

experimental devices occurs mainly near the boundaries, w = 0 and w = D, and unfortunately the 

Strukov window function does not capture this feature well since it describes nonlinearity over the full 

range of w. In order to overcome this drawback Joglekar and Wolf propose the following window 

function: 
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where p is positive integer. Figure 20 shows the window function versus w normalized by D, for 

different values of p in the function of Equation 11. Here it is possible to observe that the value of 

function decays faster near the boundaries, (when w is closed to 0 or D) to take in account the abrupt 

switching in the resistance. If p becomes larger the abrupt change will begin almost at the boundaries. In 

contrast when p is smaller, the window function will affect the state variable far from the boundaries. 

The value p can be selected in order to control the nonlinear drift without affecting the full range of w. 

Also it is shown that the window function proposed by Strukov impacts the full range of w without the 

flexibility to adjust this condition. 
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Figure 20. Window function versus w from Strukov and Joglekar for different values of p. 

The I-V characteristic for the Joglekar NDD and the LDD model is plotted in Figure 21 a) for 

comparison purposes. In this chart the solid line (blue line) is the NDD model using the memristor 

parameters mentioned above but with an input voltage )sin(85.0)( 0ttv  , ω0 = 2π, p = 2, and the initial 

condition w(t0) = 1 nm. The dotted line is the LDD model with the same previous conditions. For the 

NDD case, abrupt changes in the current is predicted corresponding to a saturation of the state variable, 

w. When w is saturated a resistive switching occurs and the resistance state, either LRS or HRS, is 

maintained until the polarity of the voltage is changed. This I-V curve matches the experimental data 

shown in Figure 18. On the other hand, the LDD model cannot maintain the saturation condition 

without specifying external conditioning functions. Moreover, the input voltage needs to be limited such 

that the solution for w must be in the 0 to D range taking in account the constraints mentioned in section 

2.1.1. Figure 21 b) shows the state variable for the two models normalized by D. It is observed that w is 

saturated in the NDD but not in the LDD model. The shift is due to different initial condition w(t0) = 1 

nm for NDD and w(t0) = 0 nm LDD . 
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Figure 21. a) I-V characteristic for NDD and LDD model and b) w/D for LDD and NDD. 

2.1.3 The tunnel barrier mechanism 

Even though the LDD and NDD models can describe the memristor behavior qualitatively and 

quantitatively in some cases, as shown above, the physics behind the filamentary process and memristor 

current conduction process is still unclear [52]. One of the most promising models is the tunnel barrier 

mechanism (TBM) which proposes electron tunneling through the oxide film as the current conduction 

mechanism with an effective barrier width that varies over time [53].  

  Similar to the LDD and NDD models, the TBM model deals only with the set and reset stages 

and ignores the forming stage. During the forming stage a nonstoichiometric filament of TiO2-x is 

formed in the stoichiometric TiO2 film, as shown in Figure 22. However a gap remains between the 

filament and the Pt electrode, this gap is the state variable w. Therefore tunneling conduction occurs 

between the filament and the Pt electrode and at the same time this width w is changing through time 

[53]. For this case the device can be represented by an Ohmic resistor in series with a tunnel barrier. 

 

 

Figure 22. Schematic representation of the tunnel barrier mechanism for a Pt/TiO2/Pt structure [53]. 
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 Based on the electric tunnel effect formulated by Simmons [54], the current conduction is given 

by: 
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Equation 22 

where A is the memristor channel area, q is the electron charge, m is the electron mass, h is Planck’s 

constant, εi is the dielectric permittivity, Rs is the conductive channel resistance, ϕ0 is the initial barrier 

height, vg is the voltage across the tunnel barrier, and Vs is the applied voltage at the Pt electrodes. 

 In this model the state variable dynamic behavior was obtained empirically [53] and it is given 

by:  
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Equation 23 

where foff, aoff, ioff, fon, aon, ion, b, and wc are fitting parameters (values in Ref [53]).  

From Equation 13 and Equation 22 it is possible to observe that the current across the circuit 

cannot be solved explicitly thus an iterative solution is needed. This makes the model less feasible for 

simulation purposes. It is been shown that equivalent circuits can simulate this model in SPICE [55] 

[56] [57] although they are less accurate [55]. Additionally, the solution method for this model has not 

been optimized causing circuit simulations to be highly time consuming.  

2.2 PARALLEL PLATE MEMS MODEL 

In the previous section the behavior for the memristor was analyzed and different mathematical 

models were compared. To investigate the potential of integrating the memristor with a MEMS device, 

the MEMS model needs to be analyzed as well. This section will study the parallel plate MEMS at 

steady state followed by the dynamic behavior exploring its physical constraints in both cases. Finally, a 

transient and ac analysis of the MEMS capacitor with a resistor connected in series is performed.  

As mentioned in section 1.2.1 one of the most versatile and simplest MEMS structure is the 

parallel plate. To analyze the behavior of this device a capacitor like structure as shown in Figure 23 

will be considered. When a voltage is applied across the bottom and the upper electrode an attractive 

electrostatic force will move the upper electrode (which is free to move) towards to bottom electrode 

(which is fixed). However mechanical forces due to the physical characteristic of the MEMS will 

oppose to this motion, depending on the MEMS design as presented in section 1.2.1. These forces 

include: the opposition force of the upper electrode to be deformed which is represented by a spring 

force where the spring constant (k) depends on the electrode material and MEMS design, the inertia 

force due to the mass of the moving electrode, and the damping force which depends on the media 

between the two electrodes.   
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Figure 23. MEMS parallel plate capacitor structure. Where k is the spring constant, dc is the damping 

constant, d is the distance between plates, x is the displacement of the upper electrode, and 

the air is dielectric medium. 

Taking in consideration all the forces mentioned above the dynamic behavior of the MEMS is 

given by the nonlinear Equation 24 [37]. The left side of the equation contains all the mechanical forces 

and the right side contains the electrostatic force given by Coulomb’s law. 
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From this equation the displacement of the upper electrode x can be manipulated by applying a 

voltage, VMEMS.  

2.2.1 MEMS steady-state analysis and pull-in voltage  

At steady-state the acceleration and the velocity of the upper electrode become zero and 

Equation 24 will be reduced to Equation 25. At this point a force balance is achieved between the 

mechanical force (Fs) and the electrostatic force (Fe). Fs tends to return the upper electrode to its initial 

position and Fe is the attraction force between the electrodes due to the applied voltage. 
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Fs is due to the MEMS spring and it has a linear behavior with respect the upper plate position 

whereas Fe has a parabola-like behavior. This implies that the steady-state can be achieved at two points 
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as shown in the graphical solution in Figure 24. One point is more stable than the other thus the upper 

electrode tends to stay at nearest and most stable position [58]. 

 

Figure 24. Graphical solution for the forces equilibrium acting in a MEMS at steady state. 

A solution point is not considered stable unless the upper electrode can maintain this position 

even with small force fluctuations. Mathematically it means that a stable position is achieved when the 

partial derivative of the force with respect to the displacement is less than zero, in other words

01  xF . For that reason Equation 26 is obtained by taking the partial derivative of Equation 25 with 

respect the displacement: 
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Combining Equation 25 and Equation 26 it is possible to obtain the range where the upper 

electrode displacement is stable, thus x is limited to dx
3

1
0  . If the electrode position has a 

displacement higher than 
3

d
 it cannot be maintained and as consequence the upper electrode will 

collapse with the bottom electrode. This is a major constraint that limits operation of the upper electrode 

to one-third of total possible distance between the plates, d/3.  Hence the maximum voltage that can be 

applied to avoid a collapse between the electrodes can be obtained by substituting this value into 

Equation 25. This voltage is known as pull-in voltage and it is given by: 
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Equation 27   

Although the MEMS device is unstable at displacements greater than d/3, it is possible to obtain 

a correspondent voltage for each position over the total gap under the case of static equilibrium from 

Equation 25. Figure 25 shows the applied MEMS voltage (normalized with respect to Vpi) versus the 

upper plate position (normalized with respect the total gap). The maximum voltage that can be applied 

(neglecting the dynamics of the MEMS) is the pull-in voltage.  Since the MEMS is unstable above d/3, 

sophisticated control such as closed-looped voltage feedback is required to maintain stable positioning 

of the upper plate. 

 

 

Figure 25. Normalized applied voltage in the MEMS versus normalized upper plate position. 

The pull-in voltage depends purely on the MEMS design characteristics, for illustration purposes 

the following parameters will be assumed: k = 0.3125 N/m, .1 mm2 < A < 1 mm2, and 5 µm < d < 500 

µm.  Therefore the pull-in voltage can be manipulated in wide range by modifying the electrode area or 

the distance between plates, as shown in Figure 26. Although the voltage can be manipulated, the 

maximum displacement possible for stable operation is still d/3. This limits the range of useful 

capacitance for the MEMS device. 
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Figure 26. Pull-in voltage range with different plates areas and distance with k = 0.31525 N/m. 

2.2.2 MEMS dynamic analysis 

Even though a desired upper electrode position can be achieved with an applied voltage it is 

important to analyze the transient behavior of the MEMS in order to understand its dynamics and 

consequently the MEMS charge behavior for the integration with the memristor. In this section the 

transient analysis for the MEMS and the MEMS with a resistor in series is explored using a dc voltage 

input. 

To study the MEMS behavior Equation 24 will be solved for x, however a numerical solution 

will be employed since a closed form solution cannot be obtained directly. To implement the equation in 

Matlab it was separated into two parts which allowed the order of the differential equations to be 

reduced as follows: 
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Equation 29 

where x1 = x and x2 is the upper plate velocity. The transient behavior was simulated using the following 

parameters (provided by the University Autonoma de Ciudad Juarez): ε0 = 8.854x10-12 F/m, d = 5x10-6 

m, k = 0.3125 N/m, A = (300x10-6)2 m2, dc = 5x10-5 Kg/s, ρ = 2329 kg/m3, m = ρ *A *2x10-6 kg. For this 
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case Vpi ≈ 3.81 V. (The Matlab code is listed in Appendix A). The results are shown in Figure 27 using 

three different input voltages: Vpi, 80% of Vpi, and 50% of Vpi. 

  

Figure 27. MEMS transient response with different pull-in voltages. 

In this case, the transient response is over-damped due to the dc value. If the damping constant is 

reduced some oscillations at the MEMS natural frequency will be observed. If this constant is zero the 

system will oscillate until an external force stops it. The damping condition is very important to take in 

consideration because if the system is under-damped the maxima step voltage that can be applied in a 

transient case will be smaller than the Vpi given by Equation 27 due to the displacement overshooting 

d/3. In other words, the collapse of the MEMS plates is governed by the dynamics also and not only by 

the voltage. The collapse between the two plates can be observed using a damping constant of dc = 

5x10-7 Kg/s and applying a step voltage with an amplitude of 92% of the pull-in voltage. Figure 28 

shows the transient response of the MEMS under these conditions. The collapse of plates is observed 

with a voltage smaller than the pull-in voltage due to the MEMS dynamics. Thus the MEMS physical 

characteristics also limit the operational range.   
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Figure 28. MEMS transient response where the MEMS plates collapse with an applied voltage of 0.92 

Vpi. 

Figure 29 shows the transient behavior of the MEMS with the parameters mentioned above at 

different damping constants with an applied voltage of 0.8Vpi. 

  

Figure 29. MEMS transient response with different damping values at 0.8 Vpi. 
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Equation 30 

2.2.3 MEMS ac analysis with a resistor in series 

In this section a parallel plate MEMS with a resistor in series will be explored to understand the 

behavior of the MEMS displacement when it is connected to other circuit elements. The circuit in 

Figure 30 will be considered where the MEMS is represented by a variable capacitor (varicap). 

 

 

Figure 30. Circuit representation of a MEMS with a resistor in series and an ac power supply. 

From Kirchhoff’s voltage and current laws the MEMS voltage and current are given by:   

 

RMEMS VVVs 

 Equation 31 
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The current across the MEMS parallel plate capacitor is given by: 

 

 
dt

)d(CV
I MEMS

MEMS  .

 
Equation 33 

The MEMS capacitance changes with time since it is a function of the displacement between the 

bottom and top electrodes. In turn, the top electrode changes over time because it is a function of the 
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voltage applied to the electrodes, according to Equation 24. Therefore the current through the MEMS 

capacitor, IMEMS, is given as follows: 
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Equation 34 

The capacitance and the derivative of the capacitance are given by: 
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Equation 36 

Combining Equation 31-Equation 32, Equation 34-Equation 36, and making 
dt

dx
x 1

2   the derivative of 

the MEMS voltage can be obtained as follows: 
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Equation 37 

Hence the Equation 28, Equation 29, and Equation 37 can be solved simultaneously and 

numerically. The ac behavior was simulated using the MEMS parameters mentioned above with a dc = 

5x10-6 Kg/s. As input, a sinusoidal voltage with an amplitude equal to Vpi and under a frequency of 4 Hz 

was used. Also the following initial conditions were employed; x1(0) = 0, x2(0) = 0, which means that 

the upper MEMS electrode is initially stationary at its equilibrium position, and the initial voltage on the 

memristor is zero, VMEMS(0) = 0. 

Figure 31 shows the time response of the MEMS displacement. A smooth motion is observed 

even when the motion direction is reversed in the range from zero near to . 
3

d
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Figure 31. Normilzed MEMS displacement with a resistor in series and an ac input at 4 Hz. 

Figure 32 shows the displacement-resistor voltage plot. Here it is possible to observe that the 

relationship between these two variables is multivalued and nonlinear. Due to this complicated 

relationship it is not feasible to use the voltage at the resistor to determine the MEMS upper plate 

position. 

 

 

Figure 32. Displacement versus resistor voltage for a MEMS in series with a resistor. 
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2.2.4 MEMS transient analysis with a resistor in series 

Similar to the ac analysis the transient response of the MEMS with a resistor in series will be 

investigated using the circuit shown in Figure 33.  

 

Figure 33. Circuit representation of a MEMS with a resistor in series. 

Using the Equation 28, Equation 29, and Equation 37 the transient behavior was simulated for 

three different R values, 1 Ω, 9 MΩ, and 1000 MΩ. Using the MEMS parameters mentioned above with 

a dc = 5x10-6 Kg/s and a step voltage Vs = 0.95Vpi. Also the following initial conditions were employed; 

x1(0) = 0, x2(0) = 0, and the initial voltage on the memristor is zero, VMEMS(0) = 0 (The Matlab code is 

listed in Appendix A).  

The MEMS voltage is plotted in Figure 34 a). With the 1 Ω and 9 MΩ resistors VMEMS transient 

response is closed to Vs. As the series resistor is larger, 1000 MΩ, VMEMS becomes over-damped. Figure 

34 b) shows the voltage across the series resistor, VR. When the upper plate reaches steady state VR tends 

to zero due to the MEMS capacitor behaving as an open circuit. The over-damped response is also 

observed with the series resistor of 1000 MΩ. The circuit current is plotted in Figure 34 c), the time 

response is under-damped for the 1 Ω and the 9 MΩ resistors due to the oscillation of the MEMS plate, 

whereas an over-damped behavior is observed with the 1000 MΩ resistor. The MEMS displacement has 

a similar transient behavior to the current, under-damped for the 1 Ω and the 9 MΩ resistors and over-

damped for the 1000 MΩ resistor. As depicted in Figure 34 d).  

The resistor in series with the MEMS affects the MEMS reaction time, thus the resistor acts as a 

damping force by controlling the amount of current in the circuit. In order to have a significant impact 
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in the MEMS dynamics the resistor in series has to be in the order of GΩ. If a resistor of 9 MΩ is placed 

the MEMS dynamics is practically the same as a resistor of 1 Ω.  

 

 

Figure 34. MEMS behavior with different series resistor values. a) MEMS voltage, b) resistor voltage, 

c) circuit current, and d) normalized MEMS displacement. 
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3 Direct Integration of the Memristor with a MEMS Capacitor 

While the general concept of integrating a memristor with a MEMS device was introduced by 

Zubia et al. [15], the actual details of the integration were not specified. However in Ref [59] the 

memristor-MEMS series and parallel configurations were investigated for an ac voltage input, and 

showed that the memristance and the MEMS displacement can be correlated. In this section, the 

memristor-MEMS series configuration is analyzed both ac and dc input voltages to explore the MEMS 

mechanical movement (capacitance variation) as well as the memristor behavior.  

Even though parallel configuration has shown some correlation between the MEMS motion and 

the memristance the devices are not strongly coupled [59]. The parameters for each device can be tuned 

separately in this configuration in order to correlate the memristance and the MEMS displacement with 

an ac input but not for a dc input. Since the devices can be treated separately, this implies that there is 

no interaction or real correlation between the main characteristics of the devices, such as the current that 

flows through them. Due to this drawback, the parallel configuration is not considered further. 

3.1 MEMRISTOR AND MEMS IN A SERIES CIRCUIT WITH AC VOLTAGE INPUT 

In this section a memristor in series with a parallel plate MEMS will be analyzed with an ac 

input voltage, similar to ref [59] as shown in Figure 35.  

 

Figure 35. Circuit representation of a memristor and a MEMS series with an ac input. 

Similar to section 2.2.1, Kirchhoff’s voltage and current laws are used to derive the following 

expressions:  
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RMMEMS VVVs 

 Equation 38 
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Equation 39 

where VRM and IRM are the memristor voltage and current, respectively. M(w) is the memristance as a 

function of the state variable, w. 

The goal of correlating the MEMS displacement with the memristance [59] can be used to select 

an appropriate model and operating range for the memristance from those presented in in section 2.1. 

Since the MEMS displacement is an analog value, the linear-dopant-drift (LDD) is a suitable model 

since the memristance, M(w), is also analog provided that w does not reach a boundary. Care must be 

taken to avoid operating the memristor near the boundaries, w = 0 and w = D. Otherwise, if w is allowed 

to reach a boundary, the value of M(w) will saturate at either Roff or Ron as shown in section 2.1.2 and the 

correlation between the MEMS displacement and the memristance will be lost.  Therefore the LDD 

memristance model is selected as given by Equation 7 and the circuit current can be expressed by, 

   
   













D

tw
Roff

D

tw
Ron

V
I RM

RM

1

. 

Equation 40 

Following the same procedure as in section 2.2.1, the derivative of the voltage with respect time 

is obtained by combining Equation 38, Equation 39, Equation 34, and Equation 36, and making 

dt

dx
x 1

2  and is given by, 
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Equation 41 

The memristor state variable can be obtained by combining Equation 6 and Equation 38 and is 

expressed as follows, 
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Equation 42 

Recalling the mathematical expressions that describe this circuit and substituting Equation 7 into 

Equation 41 and Equation 42 the following set of equations is obtained: 
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These equations can be solved simultaneously and numerically using the function ode23s from 

MATLAB, where Vs is a sinusoidal input voltage given by, 
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Equation 47 

The maximum amplitude of the input voltage was set to the MEMS pull-in voltage in order to 

avoid the unstable situation where the top electrode moves continuously towards the bottom electrode 

until making contact with it as mentioned in section 2.2. 

For the following analysis, the parameters for each device are the same as previous given and 

repeated here for convenience. For the parallel plate MEMS the parameters are:  ε0 = 8.854x10-12 F/m, d 

= 5x10-6 kg/s, k = 0.3125 N/m, A = (300x10-6)2 m2, dc = 5x10-6, ρ = 2329 kg/m3, m = ρ *A*h, where h is 

the upper plate thickness and for this case it is equal to 2x10-6 m. The parameters for the memristor are: 

Ron = 100 Ω, Roff = 5000 Ω, µv = 10-14m2V-1s-1, and D = 10x10-9 m. Additionally, the following initial 

conditions are used; x1(0) = 0, x2(0) = 0, which means that the upper MEMS electrode is initially 

stationary and without any displacement, the initial voltage on the memristor is zero, VMEMS(0) = 0, and 
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the doped and undoped regions have the same length initially. In other words, the state variable initial 

condition is w(0) = D/2. This implies that the initial memristance is M(0) = 2,550 Ohms. 

Figure 36 shows the behavior of the memristance M (dotted line) and the normalized 

displacement x1/d (solid line) of the MEMS upper electrode through time applying a sinusoidal voltage 

with a frequency f = 4 Hz. Here, it is possible to observe that the frequency of the displacement is twice 

the memristance however both are in the same phase. The doubling of the frequency can be attributed to 

the
2

MEMSV  dependence of the displacement on the voltage which has a rectifying effect. In contrast, the 

frequency of the memristance, M, is the same as the frequency of the voltage. A positive voltage will 

deplete the oxide in the undoped region and reduce M while a negative voltage will oxidize it and 

consequently increase M . 

 

Figure 36. Memristance and normalized MEMS displacement time response with a input voltage with f 

= 4Hz. 

This results in a parabolic form for the displacement-memristance curve as shown in Figure 37. 

The parabolic relationship implies that in principle, the memristance can be used to monitor the 

displacement of the MEMS upper plate in real-time. Moreover, since the memristor device has intrinsic 

memory, it may be possible to store the MEMS plate position in the form of memristance. 
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  Figure 37. Normalized MEMS displacement-memristance with an input voltage with f = 4Hz. 

Even though there is a relationship between the memristance and the MEMS displacement at 

low frequencies this is not the case for high frequencies, as plotted in Figure 38. For this case a 

sinusoidal voltage input with a frequency of 4 KHz was applied to the circuit using the same parameters 

as above for both devices.   

 

Figure 38. Memristance and MEMS displacement time response with a input voltage with f = 4 KHz. 
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In this case it is possible to observe that the devices are oscillating at different frequencies. The 

resistance of the memristor is oscillating similar to the input frequency whereas the MEMS motion is 

oscillating faster and with a phase shift. Even though the amplitude of the input voltage is equal to the 

pull-in voltage the MEMS displacement is not reaching the one third of the total plates separation, this 

can be attributed to the input frequency near to the MEMS natural frequency where the MEMS will not 

response due to physical limitations. This results in a time-variant hysteresis loop between the MEMS 

displacement and the memristance as shown in Figure 39.  

 

  Figure 39. Normalized MEMS displacement-memristance with an input voltage with f = 4 KHz. 
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  Figure 40. Circuit representation of a memristor and a MEMS in series with a dc input. 

For this case the parameters of the devices will be the same as in section 3.1 but with a step input 

voltage of amplitude 0.8Vpi in order to avoid overshooting the MEMS critical displacement. To analyze 

this circuit, Equation 43 to 46 were solved with the ode23s function from Matlab.  

Figure 41 shows the time response for the normalized MEMS displacement (solid line) and the 

memristance change with respect to the initial condition (M(0) = 2,550 Ohms). Here it is possible to 

observe that the MEMS upper plate oscillations have the same frequency that the memristance change 

indicating a coupling between the memristor and the MEMS.  

 

 

Figure 41. Memristance and normalized MEMS displacement time response with a step input voltage. 
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A spike in the memristance at time t = 0 there is observed, this can be attributed to the abrupt 

voltage change when the step function is applied. In other words, the voltage observed by the memristor 

will change suddenly from zero to the step amplitude, as shown in Figure 42. The memristor will 

change its resistance in response to this transient event. 

 

  Figure 42. Memristor voltage for a series circuit with a MEMS with a step function input. 

This initial behavior can be also observed in Figure 43, which is a plot of the normalized MEMS 

displacement versus the change in the memristance. After this transition there is a correlation between 

these two parameters, similar to the ac case for the dc case there is a relationship as well between the 

upper plate displacement and the change of the memristance. This relationship can be employed to 

measure the MEMS displacement in form of resistance change, or memristance modulation. 

Furthermore the MEMS dynamics can be store in non-volatile memory. 

 

  Figure 43. Normalized MEMS displacement-memristance with a step input voltage. 
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3.3 COUPLING DEFICIENCIES IN THE MEMRISTOR – MEMS SERIES CIRCUIT 

In the series configuration for the memristor and the MEMS it is possible to observe that the 

displacement can be a function of the memristance with either dc voltage or ac voltage at low 

frequencies giving the possibility of representing the upper electrode position using the memristance 

instead of capacitance. In this configuration the change in the resistance is insignificant and physically 

impractical to measure. 

Analyzing the series circuit, with an ac input voltage, it is possible to observe that the voltage at 

the memristor (VRM) is very small at low frequencies as shown in Figure 44, where the dotted green line 

represents the memristor voltage from the analysis in section 3.1, using an input voltage frequency of 4 

Hz. It is also possible to observe that the maximum difference is ~0.12 µV. This can be attributed to the 

capacitor-like behavior of the MEMS which has very high impedance at low frequency. This chart also 

shows that an abrupt change in VRM occurs when the MEMS upper plate displacement (solid line) 

changes its direction of motion.  

 

Figure 44. Solid line represents the normalized MEMS displacement and dotted line represent the 

voltage that is applied to the memristor in a series circuit under a sinusoidal input with f = 

4Hz. 

At high frequencies the voltage across to the memristor, VRM, is higher as shown by the dotted 

line in Figure 45Error! Reference source not found.. This can be attributed to the MEMS capacitor 

having relatively lower impedance at high frequencies. In this case there is no abrupt change in either 

the MEMS displacement (solid line) direction or VRM. 
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Figure 45. Solid line represents the normalized MEMS displacement and dotted line represent the 

voltage that is applied to the memristor in a series circuit under a sinusoidal input with f = 

4 KHz. 

The current that passes through the series circuit is very small at low frequency. Figure 46 shows 

the current passing through the MEMS and the memristor indicated by the dotted green line. The 

maximum current is approximately 0.03 nA. Similar to VRM, IRM also shows an abrupt change which 

occurs when the MEMS plate change its direction of motion or when the applied voltage changes its 

slope from positive to negative. Furthermore, the current is shifted 90˚ from the input voltage due to 

capacitive behavior of the MEMS. 

 

Figure 46. Solid line represents the applied voltage by the power supply, dotted line represent the 

current through the series circuit under a sinusoidal input with f = 4Hz. 
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In contrast, the current is larger at high frequency as shown in Figure 47. The maximum is ~20 

nA (dotted line) and shifted 90˚ from the input voltage due to the capacitive behavior of the MEMS. 

Although VRM and IRM are larger at higher frequency, this is off-set with a smaller change in 

memristance due to the low ion mobility; at high frequencies the memristors behaves as a normal 

resistor as shown in section 2.1.1.  

 

Figure 47. Solid line represents the applied voltage by the power supply, dotted line represent the 

current through the series circuit under a sinusoidal input with f = 4 KHz. 

3.4 MEMRISTOR AND MEMS SERIES CIRCUIT CONCLUSIONS 

The coupling of memristors and MEMS in a series circuit was analyzed in this chapter. The 

correlation between the memristance and the displacement is derived from the common charge that 

passes through both devices in the circuit. The charge in the MEMS can be obtained from Equation 35 
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the memristance as a function of the charge is given by, 
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combining Equation 24, Error! Reference source not found., and Error! Reference source not 

found. the memristance can be a function of the MEMS dynamics given by, 
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Equation 50 

From this equation it is possible to observe a quadratic relationship between the MEMS 

displacement and the memristance. This quadratic relationship creates the possibility of representing the 

upper electrode position in the form of memristance instead of capacitance. Additionally, there is also 

the possibility of storing the displacement state due to the intrinsic memory of memristors. This makes 

the memristor an excellent element to integrate with MEMS actuators to monitor and remember the 

position of the upper electrode. 

The analysis of the quadratic relationship showed that the devices correlated in a time invariant 

fashion only for dc and low-frequency ac input voltages. For these cases the change in the memristance 

is impractically small due to the large voltage drop across the MEMS capacitor. At high frequencies the 

correlation is a complex time-variant multi-valued function. The memristance modulation is also small 

at high frequency; in this case it is due to the slow ion mobility in the memristor.  

Consequently, the circuit current or the memristor voltage for the series circuit needs to be 

amplified in order to obtain a larger memristance modulation. In order to overcome this drawback 

different application stages are proposed in the following section.  
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4 Amplified Memristor-MEMS Coupling 

In the previous section it was shown the memristance change can be used to measure the MEMS 

displacement. However the memristance change is impractical due to the small circuit current and large 

voltage drop across the MEMS attributed to the capacitor like behavior of the MEMS. Therefore an 

amplification stage between the MEMS and the memristor is needed. In this section the integration of 

the memristor with the MEMS is analyzed using three different kinds of amplifiers to couple the 

devices. The three types of amplifiers used are: the bipolar junction transistor (BJT) based amplifier, the 

metal-oxide-semiconductor field-effect transistor (MOSFET) based amplifier, and the operational 

amplifier (Op Amp). For each amplification case the circuit analysis is divided in three stages; the input, 

amplifier, and load stages. The input stage is modeled by a MEMS capacitor in series with a resistor. 

The analysis presented in in section 2.2.2 shows that the series resistor needs to have a very large value 

in order to affect the MEMS behavior. The amplification stage includes all the circuit elements needed 

(resistor, capacitor, and transistors), to amplify the voltage across the resistor in series with the MEMS 

capacitor. The load stage consists of the memristor that will receive the amplified current or voltage 

from the amplifier stage.         

4.1 MEMS-BJT-MEMRISTOR ANALYSIS 

The first amplification stage to analyze is the bipolar junction transistor (BJT) amplifier. The 

BJT transistor is extensively used in high-speed circuits, analog circuit, and power applications [60]. 

This semiconductor device has three jointed regions where two of them are negatively doped (n-type) 

and the other one is positively doped (p-type) or vice versa, forming npn or pnp transistor.  The BJT is a 

three terminal device: the base (B), the collector (C), and the emitter (E), as shown in the npn transistor 

cross section Figure 48 a). 
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Figure 48. a) Crosse secctional illustration for a npn BJT transistor [61] b) npn BJT circuit symbol. 

There are three main operation modes for the BJT transistor depending on the bias 

configuration: the active mode, where the emitter-base junction is forward-biased and the collector-base 

junction is reverse-biased. This mode is commonly used for amplifier circuits where the largest 

amplification for current and voltage is obtained. In the saturation mode both junction are forward-

biased hence the ratio of the voltage to the current is small; this mode is used where the transistor is 

used as a switch, and it is at ON position. The cutoff mode is when both junctions are reverse-biased 

creating very small currents making this mode the OFF switch position, as opposite to saturation mode. 

Figure 49 shows the I-V characteristic of a BJT and the different operations modes at different base 

currents, where IC is the collector current and the VCE is the collector-emitter voltage [62]. 

 

 

Figure 49. BJT current characteristc IC-VCE at different base current [63]. 

The main current conduction mechanism is the diffusion of electrons and holes between the 

emitter and the collector. Elbers-Moll mathematical model describes this mechanism, for a transistor 

operating in the active mode it can be approximated as follows:  

a) b) 
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Equation 52 

 

where Ic is the collector current, Is is the reverse saturation current, VBE is the base-emitter voltage, VT is 

the thermal voltage (which is approximately 26 mV at 300 K), IB is the base current, and β is the current 

gain which depends on some physical parameters of the transistor. 

The emitter current can be obtained using Kirchhoff’s current law from the electric symbol in 

Figure 48 b), and it is given by Equation 53. IE ≈ IC if the current gain is much bigger than 1. 
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Equation 53 

There are different circuit configurations for a BJT amplifier and each case can have different 

amplification gain as well different impedance input, as shown in Table 1 [64]. For the purpose of the 

integration of the memristor and the MEMS, the configuration with higher amplification gain and higher 

impedance input is preferred. 

Table 1 Summary of BJT circuit configurations 

Configuration Circuit 
Input 

impedance Zi 

Output 

impedance Zo 

Voltage 

gain Av 

Current 

gain Ai 

Common 

emitter 

 

Medium  

(1 KΩ) 

=𝛽𝑟𝑝 

Medium  

(1 KΩ) 

=𝑅𝐶 

High     

(-200) 

=−
𝑅𝐶

𝑟𝑝
 

High    

(100) 

≈ 𝛽 
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Emitter 

follower 

 

High  

(100 KΩ) 

=𝑅𝐵‖𝛽𝑅𝐵 

Low  

(20 Ω) 

=𝑅𝐸‖𝑟𝑝 

Low    

(1) 

=−
𝑅𝐶

𝑟𝑝
 

High    

 (-50) 

=
𝛽𝑅𝐸

𝑅𝐵 + 𝑍𝑜
 

Common base 

 

Low 

(20 Ω) 

=𝑅𝐸‖𝑟𝑝 

Medium  

(2 KΩ) 

=𝑅𝐶 

High    

(200) 

=
𝑅𝐶

𝑟𝑝
 

Low    

 (-1) 

= −1 

In order to use the BJT transistor as an amplifier it needs to operate in the active region. In this 

analysis the commercial npn transistor 2N3904 was employed using the following parameters from 

SPICE: Is = 6.734x10-15 A, a base-emitter built-in voltage1 of 0.75 V, and β = 416.4 [65]. The dc 

analysis is performed using the circuit in Figure 50. 

 

Figure 50. BJT circuit for dc analysis. 

The dc base and collector currents and voltages were calculated as follows, 

mAmA
R

V
I

B

bi

B 02569.0
360

75.01010








 

Equation 54 

mAmAII BC 73.1002569.0*6.417  

 

Equation 55 

                                                 

1 The built-in voltage is created in the interface of a pn junction, and it is the potential that in needs to be overcome in order to have electrons and 

holes diffusion, in other words it is the minimum voltage required in order to have current flow.  
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VRIV CCC 9525.1750*01073.1010 

 

Equation 56 

VRIV BBB 75.00342.0*2701010  .

 

Equation 57 

Since VC > VB, the BJT transistor is operating in active mode allowing this configuration be used as an 

amplifier. 

 4.1.1 BJT small signal model 

After the operating point (Q-point) of the transistor was found with the dc analysis, a small 

signal model was used to study the amplification stage. In this particular case the hybrid-pi small signal 

model can be employed due to the low working frequency limited by the MEMS natural frequency of 

~4.7 KHz. This model is represented by the circuit in Figure 51. The input voltage is the voltage of the 

resistor connected in series with the MEMS (input stage), and the output voltage will applied to the 

memristor at the load stage. There are no circuit elements connected across the MEMS avoiding any 

unintended change in its behavior. 

 

Figure 51. Hybrid-pi model for a BJT transistor. 

The input resistance, rp, is given by 
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Equation 58 

4.1.2 MEMS-BJT-memristor circuit analysis 

The final circuit to analyze is depicted in Figure 52 where it is possible to observe that two 

amplifiers are cascaded to have a significant impact on the memristance. 
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Figure 52. MEMS-BJT-memristor final circuit. 

The small signal model for the cascaded BJT amplifier circuit is shown in Figure 53. Coupling 

capacitors were used to analyze the cut-off frequency of the amplifier. 

 

 

Figure 53. MEMS-BJT-memristor small signal circuit. 

To solve this circuit a transfer function of the amplification stage is obtained using the Laplace 

transform where the capacitor impedance is given by 𝑋𝐶 =
1
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. The transfer function also represents the 

amplification gain, ABJT.  
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where 𝑅𝑀𝑒𝑚𝑟𝑖𝑠𝑡𝑜𝑟 is the memristance and 




 K 1.0091
pB

pB

pBeq
rR

rR
rRR .

 

Equation 60 

To study ABJT function, the memristance was fixed to the initial condition 𝑤(0) =
𝐷

2
 giving a 

memristance value of 2550 Ω. All the couple capacitors are set to C = 100 µF. The impact of this value 

will be discussed later in this section. The frequency response can be analyzed with the bode diagram 

shown in Figure 54 where the magnitude and the phase are plotted, respectively. It is possible to observe 

that the cut-off frequency is approximately 1 Hz with a phase shift of ~135°. For operating frequencies 

higher than 10 Hz the phase shift is minimal. This amplifier can work within the MEMS bandwidth with 

minimal current distortion, in a frequency range from 10 Hz to 4 KHz. Below 1 Hz its performance will 

be affected including the transient response. To improve this condition larger coupling capacitors are 

needed to reduce the cut-off frequency. 

 

Figure 54. Bode diagram for the BJT amplifier, where the magnitud is plotted in the upper chart and the 

phase in the lower chart. 

To solve and simulate the circuit from Figure 53 Equation 5, Equation 7, Equation 28, Equation 

29, Equation 37, and Equation 59 were placed in Simulink as shown in Figure 55. 
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Figure 55. Simulink diagram of the MEMS-BJT amplifier-memristor. 

For this case, the value of the resistor connected in series with the MEMS is 1 MΩ. The initial 

conditions were similar to before: x1(0) = 0, x2(0) = 0 for the MEMS, and for the memristor w(0) = D/2 

or M(0) = 2,550 Ohms. The input voltage profile is a step function with an initial ramp of 4 V/sec as 

shown in Figure 56. The voltage ramp (instead of a discontinuous voltage step) was used to reduce a 

voltage spike across the 1 MΩ resistor.   

 

 

Figure 56. Input voltage for the MEMS-BJT amplifier-memristor circuit. 

0 0.005 0.01 0.015 0.02 0.025
0

0.5

1

1.5

2

2.5

3

3.5

4

Time (s)

V
s
 (

V
)



 55 

The simulation results for the MEMS-BJT amplifier-memristor circuit are shown in Figure 57. 

Figure 57 a) shows the voltage observed by the 1 MΩ resistor connected in series with the MEMS. A 

spike is observed when the applied voltage abruptly changes slope. A similar profile including the spike 

is also observed in the memristor current as shown in Figure 57 b) which shows that the current through 

the memristor is an amplified replica of the voltage across the MEMS as desired multiplied by the 

amplification gain ABJT. The current is in the order of mA which indicates amplification by the BJT 

transistors. Figure 57 c) shows the upper plate MEMS displacement with an under-damped behavior. 

Finally the memristance is plotted in Figure 57 d), where two regimes are observed. In the first regime, 

there is a ~750 Ω modulation in the memristance from time t = 0 to t = 0.01 sec. In the second regime, a 

gradual increase in the memristance is observed at t ≥ 0.01 sec although the voltage input is constant 

(~3.8 V) and the voltage across the MEMS goes to zero during this period. As the memristor current is 

also slightly below zero after the MEMS reaches steady state this effect in the memristance can be 

attributed to the discharge of the coupling capacitors in the amplification stage. 

 

Figure 57. Results from the MEMS-BJT amplifier-memristor circuit. a) voltage at the resistor connected 

in siries with the MEMS, b) amplified current of the memeristor, c) MEMS displacement, 

and d) memristance. 
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To study how the coupling capacitors affect the second regime in the memristance, the circuit 

was simulated using two different input coupling capacitors values. The results of these simulations are 

presented in Figure 58  where the solid line is using a coupling capacitor of 100 µF and the dotted line is 

with the coupling capacitor value at 1 mF. Figure 58 shows that the larger capacitance significantly 

reduces the rate of the memristance change but does not completely eliminate it. This is attributed to a 

slower discharging time of the larger coupling capacitor; the time constant, τ, is proportional to the 

resistance and the capacitance in a RC circuit. 

 

Figure 58. Memristance with different coupling capacitor values for the BJT amplification stage. 

From the amplifier transfer function, a lower cut-off frequency is obtained with larger coupling 

capacitors. As well the capacitor discharge is slower due to a larger time constant. In this application, a 

wider bandwidth and an infinite capacitance discharging time are desired. This implies a high input 

resistance or avoid the storage of charge in the amplification stage.      

 Figure 59 shows the MEMS displacement versus the memristance, where a correlation between 

the memristance and the MEMS upper plate position is observed however the discharge of the coupling 

capacitor from the amplification stage will affect gradually this relationship. 
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Figure 59. MEMS displacement vs memristance with different capacitor values in the BJT amplification 

stage. 

The correlation between the MEMS displacement and the memristance with a sinusoidal input 

using three different frequencies is presented in Figure 60, where the pull-in voltage was used as the 

amplitude. A hysteresis loop is observed at low (10 Hz) and high (1 kHz) frequencies. At low 

frequencies the hysteresis is due to the amplification stage, whereas at high frequencies it is due to the 

memristor response. In contrast, a good correlation is observed at medium frequencies (100 Hz). This 

analysis highlights the bandwidth of the circuit.      

 

 

Figure 60. MEMS displacement versus memristance at different frquencies with a BJT stage. 
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4.2 MEMRISTOR-MEMS-MOSFET ANALYSIS 

In the following section a Metal-Oxide-Semiconductor-Field-Effect-Transistor (MOSFET) will 

be analyzed as an amplification stage between a MEMS and a memristor. The MOSFET operation is 

based on the effect of electric field on a longitudinal motion of carriers. In contrast to the BJT in which 

the current is mainly by the diffusion of minority carriers, the MOSFET current is a result of the carrier 

drift under the influence of an electric field [62]. The MOSFET is a three terminal device: the source, 

drain, and gate, as shown in Figure 61. The gate is the transistor control terminal, i.e. the transistor 

working zone depends on the gate voltage (VG) and is formed by a metal or polysilicon, silicon dioxide 

(SiO2), and a semiconductor. 

 

Figure 61. n-type MOSFET schematic [66]. 

There are two types of MOSFETs: nMOS and pMOS.  The nMOS transistor is fabricated on a p-

type substrate and has two n-type doped source and drain regions adjacent to the gate. In contrast a 

pMOS transistor is fabricated on an n-type tub region and the source and the drain are p-type regions. 

Figure 62 shows cross section diagrams of nMOS and pMOS transistors and their respective circuit 

symbol. 

 

Figure 62. Cross sectional views and circuit symbol representation of nMOS (left) and pMOS (right) 

transistors. 
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As mentioned above the transistor operation mode depends on the voltage at the gate as well as 

the drain to source voltage (VDS). The MOSFET basically has three operation regions: the cutoff region, 

linear region, and saturation region. Figure 63 shows a schematic description of every region. The cutoff 

region is when VG is equal to zero and no current is flowing from source to drain (IDS = 0) therefore the 

transistor is off. In order to operate in the linear region VG needs to be bigger than the transistor’s 

threshold voltage2 (VT) but VDS needs to be less than VG minus VT, at this region a conduction channel 

due to the electric field applied in the gate is formed and IDS is proportional to the VDS. And finally the 

saturation region, this occurs when VG is bigger than VT and VDS is bigger than the difference between 

VG and VT. At this region the channel is no longer inverted near the drain, it is pinched off instead. In 

this operation mode IDS is independent of VDS, except for the dependency in the channel modulation (λ), 

but is dependent on VG. 

 

Figure 63. Schematic representation of the operation regions of nMOS. 

                                                 

2 This voltage is a transistor characteristic that depends on the gate materials work function difference, surface inversion potential, charge 

density at the surface inversion, and the fixed positive charge that exist in the gate oxide. 
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Equation 61 describes the MOSFET behavior in all its operating regions, these equations are 

used for the level 1 [67] n-type MOSFET model in SPICE. 
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where, 

Lt

W

OX

OX
  . 

Equation 62 

For the n-type transistor, µ is the electron mobility, εOX is the oxide permittivity, tOX is the oxide 

thickness, W is the gate width, L is the channel length, and λ is the channel length modulation. Figure 61 

shows the transistor dimensions. 

There are mainly three circuit configurations for the MOSFET transistor: the common-source, 

common-gate, and common-drain. Table 2 shows the characteristics for each configuration. Due to its 

high impedance and high current gain, the common-source configuration will be used for the amplifier 

stage. 

Table 2 Summary of MOSFET circuit configurations 

Configuration Circuit 
Input 

impedance Zi 

Output 

impedance Zo 

Voltage gain 

Av 

Common drain 

 

High  

(10 MΩ) 

=𝑅𝐺  

Medium  

(2 KΩ) 

=𝑅𝐷 

Medium     

(-10) 

=−𝑔𝑚(𝑟𝑑‖𝑅𝐷) 
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Source 

follower 

 

High  

(10 MΩ) 

=𝑅𝐺  

Low  

(20 Ω) 

=𝑟𝑑‖𝑅𝑆‖
1

𝑔𝑚
 

 

Low     

(<1) 

=
𝑔𝑚(𝑟𝑑‖𝑅𝑆)

1+𝑔𝑚(𝑟𝑑‖𝑅𝑆)
 

 

Common gate 

 

Low 

(1 KΩ) 

=𝑅𝑆‖ (
𝑟𝑑+𝑅𝐷

1+𝑔𝑚𝑟𝑑
) 

 

Medium  

(2 KΩ) 

=𝑅𝐷‖𝑟𝑑 

Medium     

(10) 

=
𝑔𝑚𝑅𝐷+

𝑅𝐷
𝑟𝑑

1+
𝑅𝐷
𝑟𝑑

 

For the dc analysis the circuit shown in Figure 64 will be used. 

 

Figure 64. MOSFET circuit for dc analysis. 

The MOSFET used for this application is the CMOS7 architecture from Sandia Laboratories, 

which is radiation hardened, where 

2
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Thus 
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Equation 67 

DSDDSDS VIVIR  160010010 . 

Equation 68 

Solving Equation 67 and Equation 68 for VDS and ID, the following values are obtained: 

VVDS 29.3  

Equation 69 

mAID 19.4 . 

Equation 70 

The biasing for this circuit is such that TGSDST VVVV     and  VGS  which means that the transistor is 

operating in saturation and can be used as an amplifier. 

 4.2.1 MOSFET small signal model 

Similar to the BJT analysis, after the operating point (Q-point) of the transistor was defined it is 

possible to explore the integration of the MEMS and the memristor with this amplification stage. The 

small signal model for the MOSFET transistor is represented by the circuit in Figure 67. Since the 

maximum bandwidth of the MEMS device is up to ~4.7 KHz, the parasitic capacitances of the 

MOSFETs were neglected. The input voltage will be the voltage of the resistor that is connected in 

series with the MEMS and the output voltage is applied to the memristor. 

 

 

Figure 65. Small signal model for a MOSFET transistor. 
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The transconductance and the output resistance of the small signal model for the MOSFET are 

calculated as follows, 
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Equation 72 

4.2.2 Circuit analysis 

The final circuit to analyze is presented in Figure 66. Similar to the BJT, two MOSFET 

transistors in cascade are required to have a significant impact on the memristance change. The 

MOSFET amplifier has a lower gain but higher impedance compared to the BJT amplifier. This will 

result in a smaller modulation in memristance in the first regime and smaller rate of the gradual increase 

in the memristance in the second regime, as shown in the following section.   

 

Figure 66. MEMS-MOSFET-memristor final circuit. 

Replacing the MOSFET transistors for the small signal model and taking in account the coupling 

capacitance the circuit to analyze is shown in Figure 67. 
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Figure 67. MEMS-MOSFET-memristor small signal circuit. 

To solve this circuit a transfer function of the amplification stage is obtained using the Laplace 

transform where the capacitor impedance is given by 𝑋𝐶 =
1
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. The transfer function also represents the 

amplification gain, AMOSFET.    
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where 𝑅𝑀𝑒𝑚𝑟𝑖𝑠𝑡𝑜𝑟 is the memristance and, 
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Equation 75 

To study the AMOSFET function, the memristance was fixed to the value of 2550 Ω and the couple 

capacitors are set to the same C = 10 µF. The frequency response can be analyzed with the bode 

diagram shown in Figure 68 where the magnitude and the phase are plotted, respectively. It is possible 

to observe that the cut-off frequency is approximately 1 Hz for the magnitude with a phase shift of ~90°. 

This the phase shift becomes minimal at ~10 Hz. In the frequency range of 0.1 Hz to 1 Hz there is a 

shift of 90° of the current (output) with respect to the voltage (input) creating a small distortion in the 

signal and affecting the coupling between the MEMS and the memristor which is manifested in the 

transient response. 
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Figure 68. Bode diagram for the MOSFET amplifier, where the magnitud is ploted in the upper chart 

and the phase in the chart below. 

Similar to the BJT case, Equation 5, Equation 7, Equation 28, Equation 29, Equation 37, and 

Equation 73 were place in Simulink as shown in Figure 69 for the MEMS-MOSFET-memristor circuit. 

 

 

Figure 69. Simulink diagram of the MEMS-MOSFET amplifier-memristor. 
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For this case the value of the resistor connected in series with the MEMS is 9.1 MΩ in order to 

maximize the input voltage for the amplifier. The input voltage profile is given by Figure 56. The initial 

conditions were: x1(0) = 0, x2(0) = 0 for the MEMS, and for the memristor w(0) = D/2 or M(0) = 2,550 

Ohms.  

 

 

Figure 70. Results from the MEMS-MOSFET amplifier-memristor circuit. a) voltage at the resistor 

connected in siries with the MEMS, b) amplified current of the memeristor, c) MEMS 

displacement, and d) memristance. 

The simulation results for the MEMS-MOSFET amplifier-memristor circuit are shown in Figure 

70. Figure 70 a) shows the voltage across the 9.1 MΩ resistor connected in series with the MEMS, the 

magnitude is almost one order of magnitude bigger than the BJT case due to the larger resistor value.   

Figure 70 b) shows the current through the memristor with a similar profile as the voltage across the 

MEMS multiplied by the amplification gain, AMOSFET. The current is in the order of µA indicating low 
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amplification gain. Figure 70 c) shows the upper plate MEMS displacement with an under-damped 

behavior, there is no significant change in the MEMS performance between the 1 M Ω and the 9.1 M Ω 

series resistor, as it can be compared with the BJT case. Finally the memristance is plotted in Figure 70 

d), where the two regimes are observed. In the first regime, there is a ~3 Ω modulation in the 

memristance from time t = 0 to t = 0.01 sec. In the second regime, a gradual increase in the memristance 

is observed at t ≥ 0.01 sec although the input stage is constant during this time frame. As the memristor 

current is slightly below zero after the MEMS stabilizes, this effect in the memristance can be attributed 

to the discharging of the coupling capacitors in the amplification stage. The MOSFET has larger input 

impedance than the BJT, which explains the slower discharging time. 

In order to compare how the input impedance affects the memristance change two different 

values for the gate resistors were simulated. Figure 71 shows the MEMS displacement versus the 

memristance. The solid line is using the original values in the order of MΩ and the dotted line is with 

the values in the order of KΩ. It is possible to observe that the input impedance of the amplifier has a 

considerable contribution to the rate of the gradual increase in the memristance. As the amplifier 

impedance decreases the discharging time of the coupling capacitors decreases as well as creating a 

faster change in the memristance at the second regime. 

 

Figure 71. MEMS displacement vs memristance with different gate resistor values in the MOSFET 

amplification stage. 
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The correlation between the MEMS displacement and the memristance with a sinusoidal input 

voltage at different frequencies is presented in Figure 72, where the magnitude is equal to the pull-in 

voltage. A good correlation is observed at medium (100 Hz) and low (10 Hz) frequencies, whereas at 

higher frequencies (1 KHz) the correlation is represented by a hysteresis loop. The coupling at high 

frequencies is limited by the memristor response. However for the three frequencies simulated, the 

modulation of the memristance is impractically small (~3 Ω). To increase the amplification gain 

additional transistors in cascade are needed. 

 

 

Figure 72. MEMS displacement versus memristance at different frquencies with MOSFET stage 
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The last amplification stage to analyze is the operational amplifier (Op Amp). The Op Amp will 
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impedance the two stage CMOS Op Amp will be investigated to couple the MEMS capacitor and the 

memristor. 

The Op Amp can be configured in two modes for amplification according to its circuitry 

connection: the inverting amplifier and the noninverting amplifier, as shown in left and right circuit in 

Figure 73, respectively.   

 

Figure 73. Op Amp amplifier configurations, inveting amplifier in the left side and noninverting 

amplifier in the rigth side. 

The two stages CMOS Op Amp in inverting configuration will be used due to its high input 

impedance and large voltage gain. Additionally, some compensation needs to be taken in account in 

order to achieve voltage stability at the output. There are different types of compensations for the 

purpose of this application however the Miller capacitor compensation will be used.  

 Figure 74 shows the common schematic representation for a two stages CMOS Op Amp with 

the Miller capacitor, CC, compensation. This structure consists of 7 MOSFETs. Parasitic capacitances 

are neglected since the much smaller MEMS bandwidth will be the limiting bandwidth. VBias is the 

output voltage offset with respect to the input and is set to zero in this case. VDD and VSS are the supply 

voltages for the Op Amp. These voltages define the saturation voltage for the negative VSS and the 

positive VDD sides.  



 70 

 

  Figure 74. Two stages Op Amp amplifier schematics with Miller capacitor compensantion. 

The gain for an ideal inverting amplifier is given by, 

1

2

R

R
AV 

 

Equation 76 

where R2 = 840 KΩ and R1 = 100 Ω.  

 4.3.1 Op Amp small signal model 

The typical small signal model for a two stages CMOS Op Amp in open-loop configuration is 

given by the circuit shown in Figure 75. In this case the CMOS7 architecture from Sandia National 

Laboratories is consider for the Op Amp design. 

 

Figure 75. Two stages CMOS Op Amp small signal circuit. 
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Where Cc is the Miller capacitance, C1 = Cgs6+Cgs7, C2 = Cgs5, R1 ≈ 1/gm7, and R2 = rd4||rd6, Cgs 

is the capacitance of the gate where the index indicates the transistor number from Figure 74. gm1 and 

gm2 are given by Equation 71. The capacitor, output resistor and transconductance values are given by: 
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Equation 81 

From the circuit above, the transfer function can be obtained from nodal equations and is given 

by, 
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Equation 82 

Equation 82 represents the open-loop transfer function of the Op Amp. In contrast, the closed-

loop transfer function incorporates the negative feedback as shown in the block diagram in Figure 76.  

 

Figure 76. Op Amp closed-loop block diagram. 
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Taking in account the feedback gain the closed-loop transfer function is given by, 
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Equation 83 

The Op Amp frequency response can be analyzed using Equation 82 and Equation 83 with a 

feedback gain of 1, B = 1. The Bode diagram for the closed-loop transfer function is shown in Figure 77 

where the magnitude and the phase are plotted, respectively. It is possible to observe that a phase shift 

occurs at 100 MHz and the Op Amp bandwidth is wider than the MEMS bandwidth, which is defined 

by the MEMS natural frequency. Frequency analysis depicted in Figure 77 indicates that the Op Amp 

with the characteristics of the CMOS7 architecture from Sandia National Laboratories has no distortion 

in the bandwidth of interest for the integration of the MEMS with the memristor 

  

 

Figure 77. Bode diagram for a closed-loop Op Amp gain, where the magnitud is ploted in the upper 

chart and the phase in the chart below. 
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4.3.2 Circuit analysis 

The previous analysis showed that the Op Amp can operate in the desired bandwidth without 

any distortion in the signal therefore it can be assumed that the gain for the noninverting amplifier is 

given by:  

1

2

R

R
AV 

 

Equation 84 

The following circuit will be considered for the integration of the MEMS and the memristor, 

where the Op Amp will amplify the voltage at the resistor in series with the MEMS. 

 

Figure 78. MEMS-Op Amp-memristor circuit schematics. 

To simulate the MEMS-Op Amp-memristor circuit presented in Figure 78, Equation 5, Equation 

7, Equation 28, Equation 29, Equation 37, and Equation 84 were place in Simulink as shown in Figure 

79.  

For this case the value of the resistor connected in series with the MEMS is 9.1 MΩ in order to 

maximize the input voltage for the amplifier, similar to the MOSFET case. The input voltage is the 

same as the previous cases given by Figure 56 as well the initial conditions: x1(0) = 0, x2(0) = 0 for the 

MEMS, and for the memristor w(0) = D/2 or M(0) = 2,550 Ohms.  
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Figure 79. Simulink diagram of the MEMS-Op Amp amplifier-memristor. 

Figure 80 a) shows the voltage observed by the 9.1 MΩ resistor connected in series with the 

MEMS.  Figure 80Figure 70 b) shows the amplified voltage across the memristor, without any 

distortion as expected from previous analysis. Figure 80 c) shows the transient response of the MEMS 

upper plate with an under-damped behavior. Finally the memristance is plotted in Figure 80 d). The 

modulation of the memristance is approximately 1 KΩ. Contrary with the previous two cases there no 

gradual increase in the memristance at t ≥ 0.01 sec. This is attributed to the elimination of the coupling 

capacitors needed to isolate the small signal from the dc signal and the high input impedance of the Op 

Amp. Although this amplifier shows a feasible coupling between the MEMS and the memristor care 

must be taken in the final fabrication layout to avoid the risk of parasitic capacitance.  
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Figure 80. Results from the MEMS-Op Amp inverting amplifier-memristor circuit. a) voltage at the 

resistor connected in siries with the MEMS, b) amplified voltage applied to the 

memeristor, c) MEMS displacement, and d) memristance. 

The correlation between the MEMS displacement and the memristance is plotted in Figure 81. A 

quadratic correlation between these two characteristics is observed making the Op Amp an acceptable 

amplification stage for the coupling of the MEMS and the memristor. 

 

Figure 81. MEMS displacement vs memristance with the Op Amp amplification stage. 
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The correlation between the MEMS displacement and the memristance with a sinusoidal input 

voltage at different frequencies is presented in Figure 82, where the amplitude was 0.95 Vpi to avoid 

saturation at the memristor. A correlation can be noticed at low frequencies (10 Hz). In contrast, at 

higher frequencies (1 KHz) a hysteresis loop is observed due to the memristor response. Contrary from 

previous amplification stages, for this configuration the frequency is limited only by the memristor 

characteristics. 

 

 

Figure 82. MEMS displacement versus memristance at different frquencies with an Op Amp stage. 

4.4 AMPLIFICATION STAGE CONCLUSIONS 

In this section three different amplification stages were analyzed in order to integrate the MEMS 

parallel plate capacitor with the memristor. The first case analyzed was the BJT transistor as an 

amplifier element. Two transistors in cascade were used in order to observe a significant change in the 

memristance. The modulation in the memristance was ~750 Ω but a gradual increase in the resistance 

was observed after the input stage achieves stability, which was attributed to the coupling capacitor 

discharge and low impedance of the BJT transistors. This condition can be mitigated with bigger 

coupling capacitors, however an impractical size of capacitor is needed to increase the time constant, τ. 

On the other hand, the MOSFET amplification has a larger input impedance compared to the BJT 
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transistor. The drawback in the MOSFET configuration is the low amplification gain which produces a 

modulation of only ~3 Ω in the memristance of using two transistors in cascade.  

Lastly, the Op Amp stage was investigated. This configuration offers a large amplification gain, 

high input impedance, and there is no need for coupling capacitors. The inverting configuration with an 

amplification gain Av = -8200 generates a memristance modulation of ~ 1KΩ, additionally the gradual 

change in the memresistance when the MEMS stage reaches steady state is practically eliminated. 

However its physical architecture is more complex requiring optimizations for its layout design to avoid 

parasitic capacitance.  

4.4.1 Memristor and MEMS charge coupling 

Although an amplification stage was required to couple the memristor and the MEMS devices, a 

relationship between the memristance and the MEMS displacement was observed. As both devices 

depend on the charge, a mathematical expression for the memristance and the MEMS dynamics can be 

obtained in order to find a function to translate resistance into distance. This function will be used in 

section 5 as part of the feedback.      

For this Op Amp amplification circuit, the correlation between the memristance and the MEMS 

displacement is as follows, 

 

RMEMSvmemristor VAV 

 

Equation 85 

MEMSvmemristor RiAMi 

 

Equation 86 

  MEMSvmemristor RdqAMdq .

 

Equation 87 

Substituting Error! Reference source not found. in Equation 87 and integrating both sides the 

following relationship is obtained, 
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Replacing the charge of the memristor for the memristance and the charge at the MEMS for Error! 

Reference source not found., the MEMS dynamics shows a quartic relationship with the memristance 

as shown in Equation 89. This indicates that the MEMS displacement can be a function of the 

memristance through a polynomial of 4th order. 
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Equation 89 

Figure 83 shows a fitting of a polynomial of 4th order for the displacement versus the 

memristance for the Op Amp case. The polynomial will be used to obtain the MEMS displacement from 

the memristance and is given by: 
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Equation 90 

Where xf is the fitted displacement, p1 = 3.8x10-19, p2 = -4.172x10-15, p3 = 1.847x10-11,                  

p4 = -3.809x10-08, and p5 = 3.015x10-05. 

 

Figure 83. MEMS displacement versus memristance an Op Amp stage, solid line represent a polinomial 

fitting to describe the MEMS displacement as function of the memristance. 
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This relationship cannot be observed directly measuring the voltage at the MEMS series resistor 

as shown in Figure 84. 

 

Figure 84. MEMS displacement versus the voltage observe by the resistor in series (VRMEMS) 

  

0 0.5 1 1.5 2 2.5 3

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

V
RMEMS

 (mV)

D
is

p
la

c
e
m

e
n

t 
(


m
)



 80 

5 MEMS-Memristor Closed-Loop Control 

As mentioned above, the displacement for MEMS parallel plate capacitor is limited to 1/3 of the 

total gap due to force stability. Thus the maximum voltage that can be applied (pull-in voltage) is 

constrained depending on the MEMS dynamic behavior. There are techniques to improve the working 

range and the most common is adding extra capacitors in series in the MEMS structure [69]. However 

this is achieved by adding a dielectric film on the bottom electrode [35] reducing the gap as well. 

Another technique is to use an open-loop charge controller, which has been shown effective in high 

range of the total gap [70]. However the drawback is that open-loops are sensitive to external 

disturbances. A different alternative is implementing a voltage closed-loop control for the upper 

electrode position [71]. This technique has shown its effectiveness extending the travel range up to 90% 

of the gap [72]. In order to have a complete closed-loop control a feedback signal is required; for 

example the MEMS displacement must be measured. Figure 85 shows how a closed-loop control can 

increase the MEMS displacement working range by manipulating the voltage. The first chart is the 

upper electrode position from the bottom electrode where it is possible to observe that the initial gap is 

100 µm and can be reduce to around 10 µm which is 90% of the total gap with an applied voltage 

shown in the third chart. It is possible to observe that the voltage goes down when the gap is getting 

smaller which indicates that applying the correct voltage the electrode position will not collapse [71]. 

 

Figure 85. Closed-loop control for the MEMS upper plate position [71]. 
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Even though a control can be designed to increase the MEMS operating range, one of the key 

elements in the closed-loop control that needs to be addressed is the feedback signal; for this particular 

case the electrode position needs to be sensed. Thus the main issue with this application is the lack of a 

suitable displacement sensing element [35]. A usual technique to verify the MEMS dynamics is by 

optical methods with a set-up depicted in Figure 86, which is not suitable for commercial applications 

and it is used for testing purposes only.   

 

Figure 86. Optical measurement system to measure the angle in a MEMS tilting mirror position [73]. 

 There are other alternatives to sense the MEMS displacement. One of them is to measure the 

capacitance on the MEMS [74], [75] but modulation, amplification and demodulation processes are 

required increasing the circuitry and adding ac signals to the system. Another alternative is to measure 

the electrostatic voltage at the MEMS [76] then apply this measurement to Equation 24 to determine the 

MEMS position. However external instrumentation needs to be connected directly with the MEMS 

terminal adding parasitic capacitances and affecting the MEMS behavior.  Moreover the voltage needs 

to be computed in order to obtain the displacement and this creates uncertainty due to the need to solve 

a nonlinear equation. Importantly, the integration of the memristor with the MEMS can address the 

feedback deficiency for a closed-loop control. In section 3 it was shown that the memristance can give 

information about the MEMS displacement dynamics although the resistance modulation was 

impractical when connecting the memristor directly in series with the MEMS. In section 4 three 

different amplification stages were analyzed in order to increase the resistance change while 
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maintaining a correlation with the MEMS displacement and without affecting the MEMS performance 

avoiding parasitic capacitance connected directly with the MEMS.  

In this section, a closed-loop control is proposed using the pole placement design technique. The 

memristor is treated together with the amplification stage as the feedback element. Figure 87 shows the 

schematics of the complete system to be analyzed; where the correlation block represents the 

polynomial equation that correlates the MEMS displacement and the memristance. 

 

Figure 87. Closed-loop control for the MEMS displacement using the memristor as sensing element. 

5.1 MEMS MODEL LINEARIZATION 

The state space of the MEMS with the resistor in series can be represented by,  
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Where x3 is the MEMS voltage VMEMS. The equilibrium points occur when 𝑓1 = 0, 𝑓2 = 0, and 

𝑓3 = 0 and are given by, 
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Expanding the nonlinear system in terms of perturbations and neglecting the higher order terms 

in Taylor’s series, the linearized model using the previous equilibrium points is given by,  

 

 BuAxx   

Equation 97 

 Cxy  , 

Equation 98 

where A is the transition matrix and it is expressed by,  
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Equation 99 

The input vector B is given by, 
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Equation 100 

and the output vector C is equal to:  

 001C . 

Equation 101 

The transfer function of the system can be obtained from  
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Equation 102 

where I is the identity matrix. Replacing A, B, and C the transfer function is express by,  
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where,  
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Equation 108 

 

The transfer function shows three poles, if the equilibrium point is chosen such as 𝑋1 <
𝑑

3
 the 

poles are located in the left plane indicating a stable system. Figure 88 shows the pole locations for  

𝑋1 =
𝑑

1000
. The MEMS voltage is obtained by substituting this value into Equation 95:  𝑋3 = 𝑉𝑆𝑒𝑞 =

0.3128. The two conjugated poles are in the negative part of the real axis near the origin, as shown in 

the inset, and the third pole is in the left side of real axis far from the origin probing that the system is 

stable at this point.  

 

Figure 88. Pole location for the linearized MEMS system for an equilibrium point equal to d/1000. 

On the other hand if the equilibrium point is selected as 𝑋1 =
𝑑

3
 one of the poles moves to the 

origin indicating marginal stability. Figure 89 shows the pole locations for this equilibrium point, the 
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three poles are located in the real axis, two of the in the left side and the third one in the origin, as 

shown in the inset. 

 

Figure 89. Pole location for the linearized MEMS system for an equilibrium equal to d/3. 

If the equilibrium point is chosen beyond the pull-in displacement one of the poles will be 

located in the right side of the real axis thus the system will be unstable. Figure 90 shows the pole 

location when the equilibrium point is 𝑋1 =
𝑑

2
. Here it is possible to observe the poles in the real axis, 

two of them in the left side and the third in the right side, as shown in the inset. 

 

    Figure 90. Pole location for the linearized MEMS system for an equilibrium equal to d/2. 



 86 

In order to compare the linear model versus the nonlinear model both models are submitted to a 

step response with the same initial conditions. Figure 91 shows the time response of the nonlinear model 

(blue points) versus the linearized model (green solid line) at an equilibrium point of 𝑋1 =
𝑑

6
. For this 

case the initial condition were; 𝑥1(𝑡0) =
𝑑

6
, 𝑥2(𝑡0) = 0, 𝑥3(𝑡0) = 3.368, and the systems were subjected 

to an 89% of Vpi.   

 

 

    Figure 91. Nonlinear model versus linearized model with the initial condition of 𝑥1(0) =
𝑑

6
 . 

It is possible to observe that the linearized model has a good approximation to the nonlinear 

model. However this approximation only works near to the equilibrium point. If the system operates far 

from that point the error between the linear system and the nonlinear system will be greater. 

5.1 CONTROL DESIGN 

The controller is design by the conventional pole placement technique using the linearized 

model in Equation 99 to Equation 101. The control law is given by: 
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Substituting Equation 109 in Equation 97 the space state is represented by,  

 

   xBKABKxAxx  . 

Equation 111 

Notice that the transition matrix is changed to (A-BK). In order to obtain the feedback gains, the 

eigenvalues of the transition matrix should be equal to a desired polynomial that contains the location of 

the poles. In other words: 

  PdBKAsI det  

Equation 112 

In this case there are three states thus the polynomial needs three zeros and can be expressed as 

follows, 

  ))(2( 22 asssPd nn   . 

Equation 113 

Where ζ is the damping coefficient, ωn determines the time response, and a is an arbitrary pole 

located in the left side of the real axis.  For an over-damped system, where ζ > 1, its generic time 

response is given by  

     ttc n 1exp1)( 2  . 

Equation 114 

In this case the damping coefficient is chosen to be ζ = 1.2 and arbitrary pole to be at -20. Setting 

the condition that the 98% of the final response needs to be achieved in 20 ms in Equation 114, ωn can 

be obtained by 
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Substituting the values in Equation 113 the K vector can be obtained by solving Equation 112 as 

follows: 
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In this case the equilibrium point is chosen to be 𝑋1 =
𝑑

1000
 thus the vector gain values are: 

 

  016.13858.3710998.4 5  xK  

Equation 117 

The block diagram for the closed-loop control is shown in the Figure 92. 

 

    Figure 92. Block diagram for a closed-loop control with the nonlinear MEMS model. 

Figure 93 shows the normalized input and output of the block diagram above. It is possible to 

observe that the output is not achieving the desired set point. This is due to the normalization error, the 

gain constants are calculated based in an equilibrium point if the system is set to a position far from this 

point the stationary error will increase.  

 

    Figure 93. MEMS displacement desired trajectory versus the MEMS displacement real trajectory 

with calculated feedback gains for the nonlinear model. 
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This can be addressed by tuning the gain constants. After the tuning procedure, the gain vector 

can be as follow:  

 016.1101216.1107499.1 48  xxK . 

Equation 118 

Figure 94 shows a desired trajectory versus the MEMS response for the nonlinear model. Two 

final set points are plotted, the first case is at 95% of the total displacement and the second case is at 

50%. Here it is possible to observe a minimal stationary error as well as good response to the desired 

trajectory. 

 

    Figure 94. MEMS displacement desired trajectory versus the MEMS displacement real trajectory 

with tuned feedback gains for the nonlinear model. 
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5.2 MEMRISTOR INTEGRATION TO THE CONTROL LOOP 

The control designed in the previous section is considering that all the states are monitored. 

However as mentioned before, measuring the MEMS position or its velocity is not a straight forward 

task. Usually the velocity is estimated by designing a speed observer [77]. Therefore the potential for 

the memristor in this application is not limited to the measurement of the MEMS displacement but it can 

be used to estimate the velocity as well. 

Figure 95 shows the block diagram contemplating the memristor as a sensing element, taking in 

consideration the amplification stage between the MEMS and the memristor. The block after the 

memristor is the correlation block which is the polynomial obtained in Equation 90. 

 

 

    Figure 95. Block diagram for a closed-loop control with the nonlinear MEMS model and the 

memristor as position sensor. 

Due to sudden voltage change in the resistor connected to the MEMS in series, the gain 

constants need to be tuned to avoid saturation in the memristor and in the amplification stage. Thus, for 

this case the gain vector is given by: 

 016.1107386.310999.1 37  xxK . 

Equation 119 

Figure 96 shows the displacement estimated with the memristor and the nonlinear MEMS 

displacement. 
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    Figure 96. MEMS displacement desired trajectory versus the MEMS displacement real trajectory 

with tuned feedback gains for the nonlinear model using the memristor as feedback 

element. 

It is possible to observe a considerable error in the full trajectory as well as in the stationary 

state. Additional the MEMS upper plate speed needs to be measure as well the voltage at the MEMS. In 

order to estimate the velocity, the displacement obtained by the memristor can be differentiated with 

respect time.  

The estimated velocity 𝑥̂2 is given by,  
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Equation 120 

Figure 97 shows the velocity through the time of the MEMS upper plate, solid line, and the 

estimated velocity obtained from Equation 120. Thus this is an acceptable estimation for the speed. 
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Figure 97. MEMS velocity trajectory, solid line, and the MEMS estimated velocity, dotted line. 

Two of the states can be measured or estimated with the memristor, the upper plate position is 

measured by the memristance and the velocity is estimated by the derivative of the memristance with 

respect to time. The third state, which is the voltage at the MEMS, requires to be measured as well. Any 

direct contact with the MEMS should be avoided in order to maintain the dynamics of the actuator 

intact. A final closed-loop control is designed where the third state is ignored and an integrator is added 

with the intention to eliminate the stationary error and compensate for the unmeasured state. 

5.3 FINAL CONTROL PROPOSED 

The final control is a proportional-integrator-derivative (PID) like structure with the difference 

that the derivative gain is applied directly to the estimated velocity instead of the error. Figure 98 shows 

the block diagram of the final control structure, where the gains are tuned for this configuration. 

0 0.005 0.01 0.015 0.02 0.025

-0.5

0

0.5

1

1.5

2

2.5

3

3.5

x 10
-4

Time (s)

V
e

lo
c

it
y

 x
2
 (

m
/s

)

 

 

Velocity trajectory

Estimated velocity



 93 

 

    Figure 98. Block diagram representing the structure of the final closed-loop control. 

Figure 99 shows the time response of the MEMS, here it is possible to observe a difference 

between the memristor measurement and the real MEMS trajectory. This difference is due to the 

polynomial fitting, the previous polynomial was calculated in range of 
𝑑

3
 but as the operation 

displacement has increased a new fitting needs to be performed to eliminate that error. 

 

Figure 99. MEMS desired trajectory (solid line), the MEMS real trajectory (dashed line), and the 

measured trajectory by the memristor (dotted line). 
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The new fitting parameters are: p1 = 5.917x10-20, p2 = -2.822x10-16, p3 = 8.822x10-13,                  

p4 = -2.938x10-09, and p5 = 3.933x10-06. Furthermore a fine tuning was performed for the control gains 

including the integration gain. The resulting gains are as follows,  

 

   948

21 102108693.110099.1 xxxKKKK i  . 

Equation 121 

Figure 100 shows the desired trajectory versus the MEMS response for the nonlinear model 

using the memristor as a position sensor as well as velocity observer. Two final set points are plotted, 

the first one is at 95% of the total displacement and the second one is at 50%. Here it is possible to 

observe a minimal stationary error as well as good response to the desired trajectory. 

 

    Figure 100. MEMS displacement desired trajectory versus the MEMS displacement real trajectory 

with fined tuned feedback gains and the memristor as feedback for the nonlinear MEMS 

model. 

Even though the control demonstrates a very high performance where the desired trajectory is 

closely matched, the resistor in series with the MEMS experiences very high voltage peaks. These 

transitory events are amplified by the Op Amp and applied to the memristor. Figure 101 shows the input 

voltage to the MEMS circuit in a solid line and the voltage applied to the memristor where voltage 

spikes of 200 V and -400 V are present.  
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Figure 101. Input voltage to the MEMS circuit (solid line) and the voltage applied to the memristor 

(dotted line). 

The controller can be tuned taking in account that the voltage applied to the memristor does not 

overpass ±10 V in order to avoid any saturation in the Op Amp or damage to the memristor. There is 

tradeoff between limiting the voltage and the performance following the trajectory. 

After tuning the controller constraining the applied voltage to the memristor the gain constants 

are as follows: 

   736

21 103108693.110499.2 xxxKKKK i  . 

Equation 122 

 

Figure 102. MEMS displacement desired trajectory versus the MEMS displacement real trajectory tuned 

to constrain the applied voltage to the memristor. 
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Figure 102 shows a desired trajectory versus the MEMS response for the nonlinear model tuning 

the controller to constraint the voltage applied to the memristor. The system is submitted to two 

different trajectories. The first one is with a final set point at 95% of the total displacement; in this case 

it is possible to observe that the MEMS displacement is close to the desired trajectory with small 

overshoot limiting the system to 95% of the total MEMS gap. As the final set point is set to a lower 

displacement range the MEMS displacement deviate from the desired trajectory having a delay to 

achieve the final set point. This is attributed to the voltage limiting and the nonlinearity of the system. 

In this case the applied voltage to the memristor is within the range of ±10 V, as shown in Figure 

103 where the solid line is the voltage applied to MEMS circuit and the dotted line is the voltage 

observed by the memristor. 

 

Figure 103. Input voltage to the MEMS circuit (solid line) and the voltage applied to the memristor 

(dotted line) with the tuned controller to limiting the voltage. 
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error. The controller can be tuned to constrain the applied voltage saving power or avoiding saturation 

in the memristor. However there is a tradeoff with the power consumption and the system performance. 

Several approaches for the controller design have been reported like: an active disturbance 

rejection controller (ADRC) which consists of an extended state observer that estimates the system 

states and the external disturbance, combined with a PD controller [72]. Another example is to use a 

Lyapunov-based nonlinear control [77] [78] [79], which treat the nonlinearities of the system with 

control Lyapunov functions and back-stepping to ensure the desired performance. All the approaches 

need a position (and in some cases velocity) feedback. For that reason the memristor as a sensing 

element and velocity estimator is not limited to one type of controller but can be employed in a wide 

variety of controller designs. 
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6 Conclusions  

Memristors have attracted much attention due to its application for non-volatile memories. Its 

behavior has not been limited to memristor applications to the digital field but it can be used as an 

analog device. In this work, the analog application branch is expanded when this device is integrated to 

micro-electro-mechanical systems. More specifically, the memristor can play an important role when it 

is combined with electrostatic parallel plate MEMS actuators. 

One of the main concerns for the parallel plate MEMS actuator is the limited motion of the 

upper plate to one third of the total gap before the plates collapse, reducing the MEMS functionality. 

There are different approaches to overcome this issue one of the most promising is to use a voltage 

closed-loop control. One limitation is the complexity of the existing feedback methods making a 

complex system and affecting the MEMS dynamics in some cases. This work shows the potential of the 

memristor to measure MEMS displacement and translate it to resistance instead of capacitance based on 

charge transfer. 

When the MEMS and the memristor are integrated in a simple series circuit configuration it is 

possible to observe that the displacement can be a function of the memristance giving the possibility of 

interpreting the upper electrode position in form of resistance instead of capacitance. This phenomenon 

was observed with sinusoidal voltage inputs, with low frequencies, and with dc step, in a transient 

trajectory. This is not the case for high frequencies where no correlation is observed limited to the small 

ion mobility in the memristor. Equating the expression for the charge in both devices it is possible to 

observe the quadratic relationship between the MEMS dynamics and the memristance; indicating that 

the memristance intrinsically interprets the MEMS displacement in the form of resistance without any 

other calculation. However this configuration has a deficiency which is the small change in the 

memristance due to low memristor voltage and low current flow limited by the MEMS. 

To overcome this drawback different application stages are proposed using three basic elements: 

a BJT amplification, a MOSFET amplification, and an Op Amp stage. For the BJT stage two transistors 

in cascade were needed to observe a significant change in the memristance, the memristance modulation 

was ~750 Ω. A gradual increase in the memristance is present after the MEMS displacement achieves 
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stability, this is attributed to the coupling capacitors discharge and the low impedance of the BJT 

transistor. This condition can be attenuated with bigger couple capacitors to increase the constant time, 

τ. The MOSFET case showed a larger input impedance, compared to the BJT amplifier attenuating the 

effect of the memristance change when the MEMS is in steady state, but this amplifier has a low 

amplification gain. The resistance change in the memristor was ~3 Ω for the two-transistor cascade 

configuration.  The last amplification stage studied was the inverting Op Amp configuration showing a 

good amplification gain, no coupling capacitors required, and high input impedance allowing to mitigate 

the memristance change when the MEMS is in steady state. This Op Amp was designed using the 

CMOS7 Sandia National Laboratories technology and uses a Miller compensation capacitor for output 

stability. A memristance modulation of ~1 KΩ was observed with this amplification stage. Moreover, a 

quartic relationship of the memristance and the MEMS dynamics is shown by equating the charge of the 

MEMS device with the charge in the memristor. Thus the MEMS displacement can be interpreted with 

a polynomial of 4th order.   

Finally a simple design for a voltage closed-loop control is presented and it is shown that the 

MEMS upper plate position can be stabilized up to 95% of the total gap. The memristor is used to 

measure the position of the MEMS as well to estimate the velocity. In the final control design the 

measurement of the MEMS voltage is avoided to prevent any side effect in the MEMS dynamics. In 

order to compensate for the lack of measuring this state directly and to minimize the stationary error, an 

integration block was added. The controller can be tuned to constrain the applied voltage saving power 

or avoiding saturation in the memristor; however there is a tradeoff with the power consumption and the 

system performance. 

These results indicate an extension to the memristor applications as well as a new method to 

translate the charge in the form of resistance using simpler mathematical expressions. As well, a method 

to improve the working range for an electrostatic MEMS actuator is presented where it can be 

manipulated up to 95% of the total gap with low power consumption. 
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7 Further work 

This work opens opportunities to several research subjects. Including the following: 

 

1. Simulate the integration of the unipolar memristor with MEMS. This work only covers the 

integration of the MEMS with a bipolar memristor thus the integration with the unipolar 

may explore other applications for both devices. A specific task would be a numerical 

simulation using experimental results from the unipolar memristor fabricated at the 

NanoMIL. 

 

2. This purpose of this work is to explore the potential of the integration for the MEMS and 

the bipolar memristor. An important application was found for this configuration opening 

up the opportunity to experimentally probe this device configuration. UACJ in 

collaboration with Sandia National Laboratories have the capability to build a MEMS with 

the characteristics mentioned in this work. Due to the complexity of memristor fabrication 

an alternative is the emulation of this device. A circuit configuration is presented by Kim et 

al. [80] which emulates the memristor behavior.    

 

3. The integration of the MEMS and unipolar memristors requires experimental proof. 

Therefore the fabrication of the MEMS by UACJ in collaboration with Sandia Nation 

Laboratories can be unified with unipolar SnO2 memristors fabricated at the NanoMIL at 

UTEP.  

 

4. Expanding the memristor applications, a memristor array can be used for a digital to 

analog converter (DAC). Switching high and low resistance creating voltage dividers as 

shown in Figure 104. Similar configuration has been presented using memristors with 

combination with Op Amp [81]. A creation of a DAC using memristor only has not been 

proposed. 
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Figure 104. Memristor array that can be used as DAC creating voltage dividers 

 

5. Other applications for the bipolar memristors have been reported as programmable op-amp 

filter [82] . In particular this application has not been expanded to unipolar memristor 

where the SnO2 structures fabricated at UTEP can be explore for this type of applications. 
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Appendix A 

This appendix contains the Matlab code for function and scripts developed to solve models and 

circuits in this work. 

Matlab code used to solve the memristor model for section 2.1.1. This script can run all the 

functions below on changing the @function name at the ode45 line. 

 
%***********Matlab script to solve memristor models and MEMS*************** 

  
%*****************Memristor parameters************************************* 
Ron = 100;                              %High resistance value Ron (Ohms) 
Roff = 5000;                            %Low resistance value Ron (Ohms) 
uv = 1e-14;                             %Average ion mobility (m^2V^-1s^-1) 
D = 10e-9;                              %Device length (m) 
w0 = 1e-9;                              %initial condition for state variable (m) 
p =2; 

  
%************************MEMS parameters*********************************** 
e0 = 8.854e-12;                         %Vacuum permittivity (F/m)                                  
d = 5e-6;                               %Plates distance (m) 
k = 0.3125;                             %spring constant (N/m) 
A = (300e-6)^2;                         %Plates area (m^2) 
dc = 5e-5;                              %Damping constant (Kg/s) 
rho = 2329;                             %Upper plate density (Kg/m^3) 
h = 2e-6;                               %Upper plate thickness (m) 
m = rho*A*h;                            %Upper electrode mass (Kg) 
x10 = 0;                                %Position initial condition (m) 
x20 = 0;                                %Velocity initial condition (m/s) 
fVpi = 1;                               %Vpi factor, if 1 input voltage = Vpi 

  
%************************************************************************** 

  
options = odeset('RelTol',...           %Solver parameters, tolerance solution 
    1e-12,'AbsTol',1e-12,...            %set at 1e-9 m, and maximum step time 
    'MaxStep',1e-5);                    %1 ms. 

  
trange = [0,0.25];                      %Time range to solve LDD model 

  
wfreq = 2*pi;                           %Input voltage frequency (rad/s) 
amp = 0.85;                             %Input voltage amplitude (V) 
offset = 0;                             %Input voltage phase shift (rad) 

  
[tsp,wmem]=ode45(@memristor,...         %Numerical solution for LDD model 
    trange,w0,options,wfreq,...         %ode45 function was used.  
    amp,offset,Ron,Roff,uv,D);          %Output value w (m) and time (s) 

  
[Stsp,Swmem]=ode45(@NDDStrukov,...      %Numerical solution for SNDD model 
    trange,w0,options,wfreq,...         %ode45 function was used.  
    amp,offset,Ron,Roff,uv,D);          %Output value w (m) and time (s) 

  
[Jtsp,Jwmem]=ode45(@NDDJoglekar,...     %Numerical solution for JNDD model 
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    trange,w0,options,wfreq,...         %ode45 function was used.  
    amp,offset,Ron,Roff,uv,D,p);        %Output value w (m) and time (s) 

  
[Mtsp,yMEM]=ode23s(@tMEMS,...          %Numerical solution for MEMS model 
    trange,[x10 x20],options,wfreq,...  %ode23s function was used.  
    amp,offset,e0,d,k,A,dc,m,fVpi);     %Output value w (m) and time (s) 

 

In order to run the matlab functions below an m file needs to be created with the function name 
 

%*************LDD model function to solve w******************************* 
function wsol = memristor(t,y,wfreq,amp,offset,Ron,Roff,uv,D) 

  
Rres = Ron*y/D+Roff*(1-y/D);            %Memristance (Ohms) 
Vs = amp*(sin(wfreq*t-offset));          %Input voltage (V) 

  
wsol = uv*Ron*Vs/(Rres*D);               %dw/dt state variable  
                                         %differential equation 
t                                        %Solution progress display 

 
%*************NDD Strukov model function to solve w************************ 
function wsol = NDDStrukov(t,y,wfreq,amp,offset,Ron,Roff,uv,D) 

  
Rres = Ron*y/D+Roff*(1-y/D);                %Memristance (Ohms) 
Vs = amp*(sin(wfreq*t-offset));             %Input voltage (V) 

  
f = y*(D-y)/D^2; 
wsol = uv*Ron*Vs/(Rres*D)*f;                %dw/dt state variable  
                                            %differential equation 

  
t                                           %Solution progress display 

 
%*************NDD Joglekar model function to solve w*********************** 
function wsol = NDDJoglekar(t,y,wfreq,amp,offset,Ron,Roff,uv,D,p) 

  
Rres = Ron*y/D+Roff*(1-y/D);                %Memristance (Ohms) 
Vs = amp*(sin(wfreq*t-offset));             %Input voltage (V) 

  
f = 1-(2*y/D-1)^(2*p); 
wsol = uv*Ron*Vs/(Rres*D)*f;                %dw/dt state variable  
                                            %differential equation 

  
t                                           %Solution progress display 

 

%*************MEMS Transient solution ************************************* 
function ysol = tMEMS(t,y,wfreq,amp,offset,e0,d,k,A,dc,m,fVpi) 

  

  
Vs = fVpi*sqrt(8*k*d^3/(27*A*e0));          %MEMS applied voltage 

  
ysol1 = y(2);                               %MEMS velocity dx/dt 

  
ysol2 = e0*A*Vs^2/(2*m*(d-y(1))^2)...       %MEMS acceleration d2x/dt2 
    -dc*y(2)/m-k*y(1)/m; 
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t                                           %Solution progress display 

  
ysol = [ysol1;ysol2]; 

 
%**********MEMS with resistor Transient solution ************************** 
function ysol = tResMEMS(t,y,wfreq,amp,offset,e0,d,k,A,dc,m,fVpi,R) 

  

  
Vs = fVpi*sqrt(8*k*d^3/(27*A*e0));          %Circuit voltage Vs 

  
ysol1 = y(2);                               %MEMS velocity dx/dt 

  
ysol2 = e0*A*y(3)^2/(2*m*(d-y(1))^2)...     %MEMS acceleration d2x/dt2 
    -dc*y(2)/m-k*y(1)/m; 

  

  
ysol3 = (Vs-y(3))*(d-y(1))/(R*e0*A)...      %dVMEMS/dt derivative of the 
    -y(2)*y(3)/(d-y(1));                    %voltage at the MEMS 

  
t                                           %Solution progress display 

  
ysol = [ysol1;ysol2;ysol3]; 

 
%**********memristor and MEMS Transient solution ************************** 
function ysol = tmemMEMS(t,y,wfreq,amp,offset,e0,d,k,A,dc,m,fVpi,Ron,... 
    Roff,uv,D) 

  
Rres = Ron*y(4)/D+Roff*(1-y(4)/D);          %Memristance (Ohms) 

  
Vs = fVpi*sqrt(8*k*d^3/(27*A*e0));          %Circuit voltage Vs 

  
ysol1 = y(2);                               %MEMS velocity dx/dt 

  
ysol2 = e0*A*y(3)^2/(2*m*(d-y(1))^2)...     %MEMS acceleration d2x/dt2 
    -dc*y(2)/m-k*y(1)/m; 

  

  
ysol3 = (Vs-y(3))*(d-y(1))/(Rres*e0*A)...   %dVMEMS/dt derivative of the 
    -y(2)*y(3)/(d-y(1));                    %voltage at the MEMS 

  
ysol4 = uv*Ron*(Vs-y(3))/(Rres*D);          %dw/dt state variable  
                                            %differential equation 

                                             

  
t                                           %Solution progress display 

  
ysol = [ysol1;ysol2;ysol3;ysol4]; 
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