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Why, in Deep Learning, Non-Smooth Activation
Function Works Better Than Smooth Ones
Daniel Cruz, Ricardo Godoy, and Vladik Kreinovich

Abstract Since in the physical world, most dependencies are smooth (differentiable), traditionally, smooth functions were used to approximate these dependencies. In particular, neural networks used smooth activation functions such as the sigmoid function. However, the successes of deep learning showed that in many cases,
non-smooth activation functions like max(0, z) work much better. In this paper, we
explain why in many cases, non-smooth approximating functions often work better
– even when the approximated dependence is smooth.

1 Formulation of the Problem
The world is mostly smooth. In the physical world, most dependencies are smooth
(differentiable) – phase transitions and explosions are a few exceptions; see, e.g.,
[4, 9].
Because of this, we usually try smooth models. Because most real-life dependencies are smooth, a reasonable idea is to fit data with smooth dependencies.
In particular, this applies to machine learning, especially to neural networks. In
a neural network, we intertwine linear combinations
y = c0 + c1 · x1 + . . . + cn · xn
and non-linear steps, where the input signal z is transformed into an output s(z) for
some non-linear functions s(z). This non-linear function is known as the activation
function.
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Any linear function is, of course, always differentiable. So, to make sure that
everything is differentiable, we need to make sure that the activation function is
smooth. This is exactly what researchers did in the neural networks until the last
decade, when they used smooth activation functions, e.g., the sigmoid function
s(z) =

1
;
1 + exp(−z)

see, e.g., [1].
Surprisingly, a not-everywhere-smooth function works much better. However,
now it turned out that much better results are obtained when we use non-smooth
activation functions such as rectified linear function
s(z) = max(0, z)
which is not differentiable at the point z = 0; see, e.g., [6].
But why? Why are non-smooth functions better – even if we approximate a smooth
dependence?
Some explanations for why rectified linear activation function works better are
possible; see, e.g., [5, 7]. However, this explanation is purely mathematical, it does
not provide a clear explanation of why non-smooth functions work better than
smooth ones.

2 Our Explanation
Decision making – the ultimate goal of science and engineering. One of the ultimate goals of all human activities is to make decisions. This is why we predict
weather: we want to decide what to wear tomorrow. This is why we study nuclear
physics – we want to find new isotopes for medical applications, new ways to generate and store energy, etc.
From this viewpoint, instead of going into technical details and analyzing how a
function can be approximated, let us start with this ultimate goal, let us start with
decision making.
We will show that already in the simplest case of decision making, we can find
that non-smooth approximations are more efficient.
The simplest case of decision making: majority rule. Most decisions affect several people. Therefore, when making a decision, we need to take into account the
effect of different possible decisions on different people.
Usually, different people are effected differently: e.g., when we build a plant,
people living near this plant are affected much more than people living reasonably
far way from this plant. In many real-life decision making, we need to take this
difference into account.
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Let us consider the simplest case of decision making, when all people are affected
equally. In this case, the decision on whether to accept a certain proposal or not is
usually decided by the majority rule (also known as voting): if the majority votes
for, the proposal is accepted.
Let us describe the majority rule in precise terms. For simplicity, let us assume
that no one abstains, that everyone votes yes or no. Let us denote the result of the
i-th person’s vote by xi :
• if the i-th person voted “yes”, we take xi = 1, and
• if the i-th person voted “no”, we take xi = −1.
The majority rule y = f (x1 , . . . , xn ) means that:
• if most people voted for, then we should take y = 1; and
• if most people voted against, then we should take y = −1.
This is the function that we want to approximate.
How can we come up with a smooth approximation? The usual way to approximate a dependence by a smooth function is to use the fact that sufficiently smooth
functions can be expanded in Taylor series. So, we can take the first few terms in the
corresponding series, and use the resulting polynomial sum as an approximation to
the desired function.
This is the usual practice in physics, where we first use linear approximation, then
– if needed – a quadratic one, etc. [4, 9]. This is how most functions are computed
in a computer: e.g., to compute exp(x), we take into account this function’s Taylor
expansion
xn
x2
exp(x) = 1 + x + + . . . + + . . . ,
2!
n!
and use an approximating polynomial
exp(x) ≈ 1 + x +

x2
xn
+...+ .
2!
n!

How many computational steps do we need to compute a polynomial? For a
generic linear polynomial
n

f (x1 , . . . , xn ) = a0 + ∑ ai · xi ,
i=1

we need to compute the sum of n terms, so we need O(n) computational steps.
To compute a generic quadratic polynomial
n

n

n

f (x1 , . . . , xn ) = a0 + ∑ ai · xi + ∑ ∑ ai j · xi · x j ,
i=1

i=1 j=1

we need to compute the sum of O(n2 ) terms, so we need O(n2 ) computational steps.

4

Daniel Cruz, Ricardo Godoy, and Vladik Kreinovich

To compute a generic cubic polynomial
n

n

n

n

n

f (x1 , . . . , xn ) = a0 + ∑ ai · xi + ∑ ∑ ai j · xi · x j + ∑ ∑
i=1

i=1 j=1

n

∑ ai jk · xi · x j · xk ,

i=1 j=1 k=1

we need to compute the sum of O(n3 ) terms, so we need O(n3 ) computational steps.
To compute a generic polynomial of degree d
n

f (x1 , . . . , xn ) = a0 + ∑ ai · xi + . . . +
i=1

n

∑

i1 =1

n

...

∑ ai1 ...id · xi1 · . . . · xid ,

id =1

we need to compute the sum of O(nd ) terms, so we need O(nd ) computational steps.
How difficult is it to approximate majority rule by a polynomial? It is known [2,
3, 8] that to approximate the majority-rule function f (x1 , . . . , xn ) by a polynomial,
we need a polynomial of degree d = Ω (n) – i.e., d ≥ c·n for some c. This means that
we need O(nd ) = O(nΩ (n) ), i.e., exponentially many computational steps – which,
for large n, is not practically feasible: for large n, we will need more steps than the
lifetime of the Universe.
What if we use non-smooth approximating functions? If we allow non-smooth
functions like min and max, then we can easily describe the majority rule in a very
simple and easy-to-compute, as
f (x1 , . . . , xn ) = max(−1, min(x1 + . . . + xn , 1)).
Indeed:
• If most people voted “for”, this means that we have more positive terms xi = 1
than negative terms xi = −1. Thus, the resulting sum x1 + . . . + xn is positive.
Since all the values xi are integers, their sum is also an integer, so it must be a
positive integer. Every positive integer is greater than or equal to 1, so
min(x1 + . . . + xn , 1) = 1.
Thus,
max(−1, min(x1 + . . . + xn , 1)) = max(−1, 1) = 1,
which is exactly what we want.
• If most people voted “against”, this means that we have more negative terms
xi = −1 than positive terms xi = 1. Thus, the resulting sum x1 + . . . + xn is negative. Since all the values xi are integers, their sum is also an integer, so it must
be a negative integer. Every negative integer is smaller than or equal to −1, so
min(x1 + . . . + xn , 1) = x1 + . . . + xn and
max(−1, min(x1 + . . . + xn , 1)) = max(−1, x1 + . . . + xn ) = −1,
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which is exactly what we want.
Conclusion. Already in the very simplest case of decision making, the use of nonsmooth functions drastically decreases the computation time needed for approximating the desired dependence.
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