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Abstract

When we analyze a stationary time series, one of the questions we often meet is how
to estimate its spectral density. Many approaches have been proposed to this end. In this
paper we estimate the spectral density of a stationary time series nonparametrically. We
fit a nonparametric regression model to the log periodogram and use third-degree B-spline
functions as basis functions. Since the the number of basis functions is relatively large, we
place priors such as random-walk and regularized horseshoe on the coefficients of the basis

functions to avoid over-fitting and smooth the log periodogram.
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Chapter 1

Introduction

The following definitions are taken from Shumway and Stoffer (2017).

Definition 1 A discrete time series is a sequence of data points being recorded at specific

times. Usually these time points are equally spaced, in which case the time series is denoted

by {x;;t =0,4+1,£2,...}.
Definition 2 The mean function of time series {x;;t = 0, +1,£2,...} is defined as

Hazt = E(xt)»

where £ denotes the usual expectation operator. When no confusion exists about which

time series we are referring to, we will drop a subscript and write g, as ji.

Definition 3 The auto-covariance function of a time series {z;;t = 0,+1,£2,...} is

defined as
%c(svt) = COV(xSa xt) = E((xs - ,stxt - :Ut))

for all s and ¢. When no possible confusion exists about which time series we are referring

to, we will drop the subscript and write 7,(s, ) as (s, ).

Definition 4 A weakly stationary time series is a finite variance process where

1. the mean value function, p,, is constant and does not depend on time ¢, and



2. the auto-covariance function, (s, t), depends on s and ¢ only through their difference

|s —t|.

Since the mean function, E(x;) = p, of a stationary time series is independent of time
t, we will write p; = pu. Also, because the auto-covariance function, (s, t), of a stationary
time series, x;, depends on s and ¢ only through their difference |s — t|, we may simplify

the notation. Let s =t + h, where h represents the time shift or lag. Then
Vet 4 hyt) = cov(xiqp, 1) = cov(zy, o) = Y(h, 0)

because the time difference between times ¢t + h and t is the same as the time difference
between times h and 0. Thus, the auto-covariance function of a stationary time series does
not depend on the time argument ¢. Henceforth, for convenience, we will drop the second

argument of y(h,0).

Definition 5 The auto-covariance function of a stationary time series will be writ-

ten as

V(h) = cov(@in, o) = E((Tern — p)(ze — p))-

Definition 6 A strictly stationary time series is one for which the probabilistic behavior

of every collection of values and shifted values

{1, Xy, -z} and  {xy4n, Togrns oo Togn )

are identical, for all £ = 1,2,..., all time points t,ts,...,t;, and all time shifts h =

0,41,42,.. ..
Definition 7 A time series {z;;t = 0,£1,£2,...} is ARMA(p, q) if it is stationary and
Ty = ¢1xt—1 + T + ¢pxt—p + Wy + elwt_l + st + qut_q

with ¢, # 0, 6, # 0, and 02 > 0. The parameters p and ¢ are called the autoregressive
and the moving average orders, respectively. We assume that w, is a Gaussian white noise

series with mean zero and variance o2.



Definition 8 An autoregressive model of order p, abbreviated AR(p), is of the form
Ty = Qr1&p—1 + -+ OpTy_p + Wy,

where z; is stationary, and ¢1, ¢o,..., ¢, are constants ¢, # 0. We assume that w; is a

Gaussian white noise series with mean zero and variance o2,

Ezample. ©; = 41 — 0.924_9 + w; is an AR(2) model, where w, is white Gaussian noise

with o2.
Definition 9 The moving average model of order q, or M A(q), is defined to be
Ty = Wy + let_l + -+ qut_q,

where z; is stationary, and ¢1, ¢o, ..., ¢, are constants such that ¢, # 0. We assume that

w; is a Gaussian white noise series with mean zero and variance o2 .

Ezample. x; = w; + Ow;_1 is an MA(1) model, where w; is white Gaussian noise with o2,

0 0.

Definition 10 If the auto-covariance function, (h), of a stationary process satisfies

> ()] < oo,

h=—o00

then it has the representation

v(h) = /2 AT f(WYdw  h=0,%1,42, ...,

N

where f(w) is the spectral density. The latter has the representation

o0

flw)= 3 Amemien

h=—00

<w

IA

N | =
N —

Properties of the spectral density function:

1. f(w) >0 for all w.



2. f(—w) = f(w), it is an even function.

3. It is a periodic function, f(w+ 1) = f(w).
In addition, putting h = 0 in

1
v(h) = /2 W f(W)dw  h=0,£1,%2, ...
1
2

yields
2
10) =Var(z) = [ fw)dw,
-2

which expresses the total variance as the integrated spectral density over all of the frequen-

cies.
Definition 11 Given data z1, ..., z,, we define the discrete Fourier transform (DFT)
to be

d(wj) _ nf% Z ‘,L,t€727riwjt

t=1

for j =0,1,..., M, where the frequencies w; = % are called the Fourier or fundamental
frequencies, M = [*;!] (the largest positive integer no greater than “;1).
Definition 12 Given data z,...,x,, we define the periodogram to be

I(w;) = |d(w;)I”
for j =0,1,...,M, M = [21].
When the sample size n is large, I(w,) Ziﬁzdlibcponentiaul( f(w;)), approximately.

Definition 13 Let z = z; + iz9, where i = /—1 and 2z, 2; u N(0, %2) Then
1 22 1 22 1 22+ 22
— —— ) x = ——= ) =— ——).
f(z1,22) o o exp< 02) o exp( 02> o2 exp( o2 >
We say z has a complex normal distribution with mean 0 and variance o and denote
it as z ~ CN(0,0%). The pdf of z is given by

1 *
f(2) o — exp(= =),

where z* is the complex conjugate.



Chapter 2

Estimation of spectral densities

Several approaches have been taken to estimating the spectral density nonparametri-

cally.
When the sample size n is large, d(w;) M OoN (0, f(w;)) approximately. This implies
1 |d(w;)?| 1 Hen
d(w;)) o expy — ——2 = expy ———2< b, 2.1
914D gy g0y | = T ) 2

where g(d(wj)) is the pdf of d(w;) and I(w;) is the peridogram. From (2.1) we see
that I(w;) ~ Expon ( f (wj)> approximately, where Expon ( f (wj)> denotes the exponential
distribution with mean f(w;). Let ¢; = j{%;, then €; ~ Expon(1). It follows that I(w;) =
€jf(w;). Taking logs of both sides leads to the log-linear model

log(I(w;)) =log(f(w;)) +mnj, for j=1,..., M, (2.2)
where 7; = loge; ~ log(Expon(1)) = log(3x3). Model (2.2) was used by Wahba (1980) to

estimate the spectral density by smoothing splines.

Whittle-Likelihood

Since I(w;) ~ Expon{ f (wj)} approximately, we can write the likelihood as follows:

L|f) o< Tl Fom eXp{_j”((iﬁ} (2.3)

= exp{— fozl[log f(wm) + exp{log I (wy,) — log f(wm)}]},



which is called the Whittle-likelihood (Whittle, 1962).

Pawitan and O’Sullivan (1994), used the penalized Whittle-likelihood to estimate the
spectral density of a stationary time series.

Carter and Kohn (1997), used a Bayesian approach where the error term 7; was ap-
proximated by a mixture of normal distributions with fixed values.

Some traditional methods for estimating the spectral density (such as averaged peri-

odogram) are mentioned in Shumway and Stoffer (2017).

2.1 Nonparametric regression

If in a regression analysis we assume there is a predetermined relation between inde-
pendent variables and a dependent variable. Such regression analysis is called parametric,
otherwise it is called a nonparametric. In nonparametric regression we need to estimate
the form of the relationship between the independent variables and the dependent variable
based on observed data. To this end, we need a set of basis functions, whose linear com-
bination will capture the interesting features of the data. B-splines are an example of a

possible type of basis functions.

B-splines

To define a family of B-spline functions of order p 4+ 1 uniquely, two things are needed:

1. A polynomial of degree p (the order of a B-spline function equals the polynomial

degree p plus 1).

2. A non-decreasing sequence of knots, t1,...,,1,.

Then the ¢th member of of a family of B-splines of order 1 is defined as

1 if ti§$<ti+1
Bi’l(fE) =

0 otherwise.



B-splines of higher order k£ are defined recursively as follows,

Bk (z) :== 6; x Bijg—1(x) + (1 — dis1.) Biy1x-1(2),

where

—Eb i A ik

5 g = tivk—1—ti
Z7
0 otherwise.

Here are some general properties of a B-spline of order p + 1, see Eilers and Marx (1996).

1. It consists of p + 1 polynomial pieces, each of degree p.
2. The polynomial pieces join at p inner knots.
3. At the joining points, derivatives up to order p — 1 are continuous.

4. The B-spline is positive on a domain spanned by p + 2 knots; everywhere else it is

Zero.
5. Except at the boundaries, it overlaps with 2p polynomial pieces of its neighbours.

6. At a given z,p + 1 B-splines are non-zero.

With these good properties, B-splines are ideal basis functions for nonparametric mod-

eling.

P-splines

Marx and Eilers (1999) proposed a generalized linear regression model for curve fitting,
in which the idea of P-splines is proposed. P-splines consist of a combination of B-splines
and a second-order difference penalty placed on the coefficients of these B-splines (to control

the smoothness of the fitted curve).



Lang and Brezger (2004) developed a Bayesian version of P-splines and put a random-
walk prior (up to a second-order) on the B-spline coefficients. In this paper, the first order

random-walk prior is defined as

51) = ﬁp—l + up, (24)

and the second order random-walk prior is defined as

ﬂp = 2Bp—l - 6p—2 + Up,

where the (,s are B-spline coefficients, u, ~ N(0,72), and diffuse priors are placed on j3;
(for a first-order random-walk) or 5, and f, (for a second order random-walk prior). The
diffuse (improper) prior is p(5;) < 1, ¢ = 1,2. (p(B;) means the prior on ;). The amount
of smoothness is controlled by the smoothing parameter 72, which is a global smoothing
parameter. In other words, the same amount of smoothing is applied to different covariate

values (frequency in our case).

Bayesian variable selection

P-splines are one way to prevent over-fitting. Another approach is to start with a
relatively large number of basis functions and to allow some of the coefficients to be close
to zero. This approach is common in Bayesian variable selection for regression models

(George and McCulloch, 1997).

Spike and slab prior

One of the first priors on the regression coefficients used in Bayesian variable selection
was the spike and slab prior (George and McCulloch, 1997). It is often written as a two-

component mixture of Gaussians

Bilpisc ~ piN(0,¢*) + (1 — p;)N(0,€?), p; ~ Ber(n), (2.5)



where p; ~ Ber(m) means p; has a Bernoulli distribution with probability = that p; = 1.
The parameter c is called the slab width.

In (2.5), the first term on the right-hand side is called slab. The variance ¢? is relatively
large so N(0,c?) has its support over a wide range of plausible values of 3;. The second
component is the spike with €2 << 2. If we set € = 0, then the spike is called a Dirac’s

delta at dg.

The horseshoe prior

The setting of the horseshoe prior is as follows.

ﬂi’)\’i)T ~ N(O7 A?T2)> )\1‘0 ~ C+<07 U), 7-‘77 ~ C+(O7 77) (26)

In (2.6), C*(0,a) means the half-Cauchy distribution with scale parameter a. We can
see that the level of shrinkage of f3; is controlled by two parameters, A; (the local smoothing
parameter) and 7 (the global smoothing parameter). Thus, the horseshoe prior has the
freedom to shrink globally (via 7) and yet act locally (via A;). The global parameter 7
pulls all the weights globally towards zero, while the thick half-Cauchy tails for the local
scales \; allow some of the weights to escape the shrinkage. See Carvalho et al. (2010).

The density function of the horseshoe prior (Figure 2.1) has an infinitely tall spike at
the origin and flat, Cauchy-like tails. These two features allow f;s with large values to
remain large and force small ;s to shrink to values close to zero. So it can accommodate
unknown levels of sparsity by changing the value of 7.

1

In (2.6), set 7 =0 =1 and let x; = 157, then we obtain

2

B ) = (7250 )+ (752)0 = (1= (2.7

where y; is the observed data.

Under the setting 7 = 0 = 1, \y ~ C7(0,1), ki = 175z ~ Beta(3, 5). Figure 2.2 shows

the density curve of k;, which looks like a horseshoe. Most of the mass is concentrated at
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Figure 2.1: horseshoe

k; =0 and k; = 1.

In (2.7), if k; = 0, then E(B;|y;, A\?) = y;, which means there is no shrinkage. If x; = 1,
then E(B;|y;, A?) = 0, which means total shrinkage, see Piironen and Vehtari (2017).

In Bayesian linear regression, we usually assume that regression coefficients ;s are
independently normally distributed. In this case, the spike and slab prior can be rewritten

as

10
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Figure 2.2: Density of the k;

Bi ~ pN(0,¢?) + (1 — p)do(B:),

where

do(Bi) == e

0 otherwise,
which concentrates all its mass at zero and makes those §; corresponding to unimportant
covariates shrink to zero.

If the value of 3; is not close to zero, then by the slab component, 3; ~ N(0, ¢?), and

Bl =~ = (1 - —)
1 y'L - 1+C2yl - 1+C2 le

1
1+c2

1

fESVE If we set )\Z = C,

so the shrinkage factor is x; = which has the same form as k; =

then both priors will be the same, which means under this setting, both the horseshoe prior

11



and the spike and slab prior will assign the same amount of shrinkage to the nonzero f;s.
If the value of f3; is close to zero, then by the spike component, it will be shrunk to zero,
which means total shrinkage (k; = 1). Thus, the horseshoe prior can closely mimic the
spike and slab prior.

The performance of the spike and slab prior mainly depends on the choice of g(-) and
p. A spike and slab prior is often considered as the ‘gold standard’ for variable selection.
The horseshoe prior often performs better than the spike and slab prior in terms of the
mixing of the MCMC (Markov chain Monte Carlo) algorithm. For more details about the
Spike and Slab prior and the Horseshoe prior, see Piironen and Vehtari (2017), who also

proposed the regularized horseshoe prior as an improvement of the horseshoe prior.

The regularized horseshoe prior
The setting of the regularized horseshoe prior is as follows.

2 2)\2

~ 92 ~ 22
6@'|>\i>7-70NN(07)\i 72); )\iNC+(O,1), Ai :m7

+ — _DPo L
T~C (O,T()), To = T—po V"

In (2.8), po is the number of relevant covariates expected, and L is the total number of

(2.8)

coefficients of basis functions. In linear regression, ¢ is the standard deviation of the error
term. In the context of spectral estimation, it is the standard deviation of 7; in (2.1), which
is equal to \/16"

Compared with the horseshoe prior with o = 1, we can see that if 3; is close to 0, then
its corresponding local shrinkage parameter \; will be small, thus 72A? << ¢?. In this case
o= 0212—2/\2 ~ \?, which leads to 3;|\;, 7, ¢ ~ N (0, \?72), the same as the horseshoe prior.

When §; has a large value, then its corresponding local shrinkage parameter \; will

. -2 2)\2 .
be large, thus 72A2 >> 2. In this case, \; = —oiy ~ j—z, which leads to S3;|\i, T, ¢ ~

c2+12)?
N(0, ¢ 27 ?) = N(0,c?). This is identical to the slab term in the spike and slab prior.
Now we can see that, both the horseshoe prior and the regularized horseshoe prior will

shrink f;s that are close to 0 in a similar fashion. However, large ;s will be regularized by

12



the regularized horseshoe prior, but the horseshoe prior will not do any regularization.

13



Chapter 3

The Proposed Models

The Posterior Distribution

Combining the likelihood with the prior distributions yields the posterior distribution

needed for Bayesian inference, i.e.

posterior o< prior X likelihood. (3.1)

In our case, the likelihood is the Whittle-likelihood (2.3), and we let y,, = log I(wy,).
Let q,, = (1, qm1, - - -, Gmr)’ s Wwhere g1, ¢me, - - - , gmr are basis functions evaluated at w,, and
let B = (ao, P1,--.,0L) be a vector of unknown coefficients such that log f(w,,) = q.,B
We then rewrite the Whittle-likelihood as

M

exp{ = 31,8+ exp{ym — a,.8Y]}. (3.2)

m=1

The prior we place on 8 depends on what model we use.

The priors for P-splines

In this case, the posterior distribution is given by

P(3.7ly) o exp{~ 3" [al,B + explun — u8Y} < P(B) x P(7).

1
where

14



1. The prior on B satisfies P(8) = P(ag) x P(51) x P(B2) x -+ x P(BL), where
ag ~ N(0,10%), B1 ~ N(0,7%), B, = Bp—1 + tp, u, ~ N(0,7°),
forp=2,3,..., L.

2. The prior on 7 is Half-t3(0,10?), where Half-£3(0,10%) means the half ¢ distribution
with degrees of freedom 3, location parameter 0, and scale parameter 103. If 7 ~

Half-t, (i, o), then its density function is

20 () ( 172\ -4
T)=—"7"—|1 ——) for 7 > 0.
a(r) I'(%)Vvro? vo?
The Horseshoe prior

In this case, the posterior distribution is given by

M
P(3,7My) o< exp{ = > la, B + explym — 6,81} x P(B) x P(r) x P(A).

m=1

1. The prior on g satisfies P(8) = P(ag) x P(1) x P(Ba) x -+ x P(f3), where

o ~ N(0,10%), B, ~ N(0,\272),
forp=1,2,..., L.

2. The prior on A, is Ayjo ~ CT(0,0). In our case, we let 0 = 1, so P()\,|0) = m
)

3. The prior on 7 is 7|n ~ CT(0,7n). In our case, we let n =1, so P(7|n) = W(liTQ).

The regularized Horseshoe prior

In this case, the posterior distribution is given by

P8, 7. A ¢ 1ly) o< exp{ = Y [aB+ explym — 4,811} x P(B) x P(7) x P(A) x P()

15



1. The prior on B satisfies P(8) = P(ag) x P(51) x P(B2) x -+ x P(BL), where

~ 2

ag ~ N(0,10%), 8, ~ N(0,A,"77),
forp=1,2,..., L.
2. The ):,2 = 0212% is a transformed parameter. The prior on A, is A, ~ C*(0,1).

The prior on ¢? is Inv-Gamma(15,375), where Inv-Gamma(15,375) means the inverse

Gamma distribution with shape parameter 15 and scale parameter 375. It allows c?

to take larger values, so the amount of shrinkage of large ;s will be small

3. The prior on 7 is 7 ~ (0, 79) = C7(0, 225 —%), where v = 7.

Hamiltonian Monte Carlo

The random walk nature of the Metropolis algorithm makes it slow to explore the
parameter space and to converge to the target distribution (Gelman et al., 2013).

The Hamiltonian Monte Carlo (HMC) was proposed by Duane et al. (1987), and was
first used in statistics by Neal (2011). HMC is based on Hamiltonian dynamics borrowed
from physics to reduce the local random walk behaviour of the Metropolis algorithm.

Hamiltonian dynamics use an object’s location # and momentum ( at time ¢ to describe
its motion in the system. Each location of the object is associated with potential energy
U(B), and for each momentum there is an associated kinetic energy K({). The sum of

these two types of energy is given by H(S, ().

H(B,¢) =U(B) + K(¢), (3.3)
where the H( B8, () is the total energy.

Equation (3.3) leads to the Hamiltonian equations

A dH dK(()

dt d¢  d¢

16



d¢  dH _ dU(B)
dt —  dB 4B

dK(¢) dU(B)
i and B

tonian equations to predict the location 8 and momentum (.

Given and a set of initial values of ¢ and B, we can use the Hamil-

In HMC, we use the vector of unknown coefficients 8 as the location, and for each g;
in B we assign a corresponding momentum variable ;. The potential energy U(f) is the
log-posterior density of 8, i.e., U(B) = log P(B|y). As for {, we assume it has a multivariate
normal distribution with independent components, so its variance covariance matrix M is
diagonal, i.e., (; ~ N(0,M;;) where M,; is the ith diagonal element of M. The kinetic
energy is given by K(¢) = 18" M~'B.

At the beginning of the HMC iterations, draw random values of 8 and denote them as
B°, where B is the value of B after the ith HMC iteration.

Then in the ith HMC iteration (i =1,2,...)

1. Get current values for this iteration. Let 8 = ', draw a random sample of ¢ from

its posterior distribution, ¢ ~ N (0, M) and denote it as ¢°, let ¢ = ¢°.

2. Propose a new candidate for the next position. Update 8 and { by R ‘leapfrog steps’,

each scaled by a factor €. In each leapfrog step, we do

1 dlog P d log P
(a) (=(¢— 7€ Ogdﬁ(ﬂlw. Use Ogdﬂ(mw to update ( for half a step.
(b) B=B+eM (. Use ¢ and M~! to update B for a whole step.
1 dlog P d log P
(c) (=¢— o Ogdﬁ(ﬂlw. Use Ogdﬂ(mw to update ¢ for another half step.

After (a), (b) and (c), we have updated both § and ¢ by a whole step. Steps
(a), (b) and (c) together are called a leapfrog step. At the end of R leapfrog
steps, the values of 8 and ( are denoted by * and (*.

3. Compute the acceptance ratio r.

_ PBWPE)
PE ) P(C)
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4. Update

8 B*  with probability min(r,1)

B! otherwise.

The main difference between the Metropolis-Hastings method and Hamiltonian Monte
Carlo is how they propose the candidate for the next iteration. In the Metropolis-Hastings
algorithm, the proposal distribution only depends on 8, but in the Hamiltonian Monte
Carlo, the proposal distribution is the joint distribution P(8|y)P({), which depends also
on . Beside that, the Hamiltonian Monte Carlo also uses the gradient of log P(B|y),
so compared with the Metropolis-Hastings algorithm, each single iteration of Hamiltonian
Monte Carlo will be more costly but with a higher acceptance rate which allows Hamiltonian

Monte Carlo to move faster and reach convergence earlier.
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Chapter 4

Simulation Results

Stan and Rstan

Stan is a platform for statistical modeling and high-performance statistical computation.
Its name is short for Sampling Through Adaptive Neighborhoods. It has the Hamiltonian
Monte Carlo algorithm as a built-in function, so when we fit a Bayesian model in Stan,
we can apply HMC directly without tedious work of programming. It can calculate the
gradients and set the tuning parameters automatically. Stan has the No-U-Turn sampler
(NUTS) too, avoiding the need to set the step size e and the number of leapfrog steps R,
which may also speed up convergence.

Stan has interfaces to many popular computing environments like R, Python, Matlab,
etc. Rstan allows one to conveniently fit Stan models from R and access the output.
Another useful tool is the ‘ShinyStan’, which can provide interactive visual summaries and

advanced posterior analysis of Rstan output.

4.1 Simulation study

To evaluate the performance of the models, we drew ten time series of length 500 each

from the following AR(2) model
Tt = Tp—1 — 0.91}_2 -+ wy.
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Stan runs 4 chains by default, each has 4000 iterations, and the first 2000 iterations in

ecach chain are used as burn-in.

4.1.1 P-spline model

We first report the results of fitting the first-order random-walk prior with 3rd degree B-
spline basis functions. The number of knots is 30 (these knots are equally spaced, from 0 to
0.5), so the number of basis functions is 32. Under this setting, in (3.2), M = w = 249,
L =32, ¢ = Bia(wn) for 1 =1,2,...,32 and ap ~ N(0,10?). The priors on 3, are the
first-order random-walk (2.4), where u, ~ N(0,7%) and the prior on 7 is 7 ~ t3(0, 1000),
which is the student ¢ distribution with 3 degrees of freedom, location parameter 0, and
scale parameter 10°.

In Figure 4.1, the blue lines are the theoretical log spectral densities and the red ones
are their estimates. On the log scale, we can see that the estimated log spectral densities
are very close to the theoretical ones, which suggests that the model successfully captures
the shapes of the log spectral densities.

In Figure 4.2, on the original scale (exponentiated log scale), the difference between
the theoretical spectral densities and the estimated ones is amplified, so we can see the
differences between them more clearly. In all the plots the red peaks are below the blue
peaks, which implies that this model may not have the ability to capture the peak part of
the spectral density.

4.1.2 Horseshoe prior model

In this section, we report the results of fitting the model with the horseshoe prior and
the 3rd degree B-spline basis functions. This time the prior on the coefficients of the basis
functions is the horseshoe (2.6), with n = o = 1.

In the output of this model, there is a warning saying there were divergent transitions

after the burn-in iterations, which means the results may not be reliable. For this reason,
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Figure 4.1: The theoretical log spectral densities and their estimates based on the P-spline

model.

we do not include in this paper results based on the horseshoe prior. Instead, we report

results based on the regularized horseshoe prior.
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Figure 4.2: The theoretical spectral densities and their estimates based on the P-spline
model.
4.1.3 Regularized horseshoe prior model

This section reports results based on the regularized horseshoe prior (2.8), with py = 20,

v = Jz and ¢ ~ Inv-Gamma(15,375).
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Figure 4.3: The global smoothing parameter 7 and some of the s for the P-spline model.
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Figure 4.4: The theoretical log spectral density and its estimates based on the regularized

horseshoe prior model.

In Figure 4.4, the blue lines are the theoretical log spectral densities and the red ones
are the estimated log spectral densities. On the log scale, we can see that estimated log

spectral densities are very close to the theoretical ones, which shows that the regularized
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Figure 4.5: The theoretical spectral density and its estimates based on the regularized

horseshoe prior model.

horseshoe prior model did a good job.
In Figure 4.5, on the original scale (exponentiated log scale), this time the red peaks

are closer to the blue peaks compared to the results based on the P-spline model. Some of
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the red peaks are above the blue peaks, which shows that the regularized horseshoe prior

model has the capacity to capture the peak part of the spectral density.

4.2 Assessing Convergence

4.2.1 P-spline model

Figure 4.3 shows some of the parameter values of the P-spline model after the burn-
in iterations. As we have mentioned before, HMC reaches convergence quite fast and we
can see that all of these parameters have reached convergence early on after the burn-in
iterations.

Another two useful indices are R and n, s Ris a potential scale reduction factor on
split chains, whereas n.sy is the effective number of simulation draws. These two indices
can help assess convergence. For more details about these two indices, see chapters 11.4
and 11.5 of Gelman et al. (2013).

As mentioned before, Stan runs 4 chains by default, and R measures the consistency
of all 4 Markov chains. At convergence, R = 1, but in practice, we require R for each
parameter in the model to be smaller than 1.1, otherwise we conclude that convergence has
not been reached.

For each parameter, n. is a crude measure of the effective sample size. Since simulation
inference from correlated draws is generally less precise than from the same number of
independent draws, we need a large enough number of effective simulation draws to assure
the accuracy of our estimation. A good check for such issues is the number of effective

samples per iteration; in our model the total number of iterations after burn-in is 8000,

Neff
8000

so if < 0.001, it means we do not have a large enough number of effective simulation
draws.

Figure 4.6 shows R and ness for each parameter in the model. We can see that for
Bi, i =1,2,...,33, the n.srs are all equal to 8000 and the Rs are 1 which suggests that the

simulation has reached convergence.
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4.2.2 Regularized horseshoe prior model

Figures 4.7 and 4.8 display trace plots for some of the parameters of the regularized
horseshoe model following the burn-in iterations. We can see once again that all these
parameters have reached convergence shortly after the burn-in iterations.

Figure 4.9 shows the R and n, #¢ of each parameter in the regularized horseshoe model.
All of the Rs are 1 which implies that all of them have reached convergence. The n.ss are

all greater than 4000, ggé{] > 0.5 >> 0.001. Therefore, the number of effective samples per

iteration is large enough to indicate the results are reliable.
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mean se_mean sd 2.5% 25% 50% 75%  97.5% n_eff Rhat
beta_raw([1] -0.09 0.01 1.32 -2.68 -0.96 -0.10 0.7 2.58 BOOO 1
beta_raw[2] 0.02 0.01 0.99 -1.91 -0.65 0.02 0.69 1.99 BO0OO 1
beta_raw[3] -0.05 0.01 0.86 -1.7 -0.62 -0.04 0.53 1.62 8000 1
beta_raw[4] 0.29 0.01 0.7 -1.12 -0.19 0.28 0.77 1.67 8000 1
beta_raw[5] 0.49 0.01 0.67 -0.81 0.03 0.48 0.94 1.78 B000 1
beta_raw[e] -0.24 0.01 0.64 -1.51 -0. 66 -0.24 0.19 1.02 BOOD 1
beta_raw[7] -0.41 0.01 0.63 -1.64 -0.84 -0.41 0.01 0.82 BO0OO 1
beta_raw[8] 0.52 0.01 0.64 -0.7 0.09 0.53 0.94 1.7 8000 1
beta_raw[9] 0.57 0.01 0.64 -0.68 0.14 0.57 1.00 1.86 B000 1
beta_raw[10] 0.31 0.01 0.62 -0.89 -0.09 0.30 0.7 1.55 B000 1
beta_raw[11] 0.94 0.01 0.69 -0.35 0.46 0.932 1.39 2.34 BOOO 1
beta_raw[12] 1.92 0.01 0.65 0.68 1.48 1.490 2.35 3.26 BOOO 1
beta_raw[13] 0.41 0.01 0.61 -0.81 0.00 0.41 0.83 1.63 8000 1
beta_raw[14] -1.92 0.01 0.64 -3.20 -2.36 -1.92 -1.48 -0.69 8000 1
beta_raw[15] -1.36 0.01 0.67 -2.7 -1.81 -1.35 -0.91 -0.12 B000 1
beta_raw[16] -0.23 0.01 0.69 -1.62 -0.68 -0.22 0.25 1.09 8000 1
beta_raw[17] -0.91 0.01 0.63 -2.16 -1.33 -0.90 -0.49 0.32 B000 1
beta_raw[18] -0.29 0.01 0.64 -1.59 -0.7 -0.28 0.13 0.96 B000 1
beta_raw[19] 0.12 0.01 0.63 -1.16 -0.29 0.13 0. 54 1.34 B00O 1
beta_raw[20] -1.22 0.01 0.61 -2.46 -1.62 -1.22 -0.81 -0.02 B000 1
beta_raw[21] -0.14 0.01 0.62 -1.40 -0.55 -0.15 0.28 1.08 8000 1
beta_raw[22] 0.7 0.01 0.62 -0.52 0.32 0.7 1.13 1.94 B00O 1
beta_raw[23] -0.24 0.01 0.63 -1.50 -0. 66 -0.24 0.18 0.99 B000 1
beta_raw[24] -1.32 0.01 0.64 -2.58 -1.7 -1.31 -0.89 -0.09 B000 1
beta_raw[25] 0.086 0.01 0.66 -1.29 -0.37 0.07 0.51 1.33 B00O 1
beta_raw[26] -0.03 0.01 0.61 -1.24 -0.44 -0.04 0. 38 1.18 8000 1
beta_raw[27] 0.26 0.01 0.60 -0.94 -0.14 0.26 0.68 1.43 8000 1
beta_raw[28] -0.19 0.01 0.66 -1.47 -0. 64 -0.20 0.25 1.10 8000 1
beta_raw[29] -0.27 0.01 0.62 -1.48 -0.69 -0.27 0.153 0.96 BOOD 1
beta_raw[30] 0.28 0.01 0.63 -0.95 -0.14 0.28 0.7 1.50 8000 1
beta_raw[31] -0.29 0.01 0.65 -1.54 -0.7 -0.30 0.15 1.00 8000 1
beta_raw[32] 0.12 0.01 0.7 -1.27 -0.35 0.12 0.80 1.50 8000 1
beta_raw[33] -0.06 0.01 0.7 -1.58 -0.61 -0.06 0.48 1.49 BOOO 1
Tau 1.07 0.00 0.21 0.7 0.92 1.03 1.19 1.56 3190 1
beta[l] -0.09 0.01 1.32 -2.68 -0.96 -0.10 0.7 2.58 BOOO 1
betal[2] 0.02 0.01 1.08 -2.10 -0.67 0.02 0.7 2.19 8000 1
beta[3] -0.03 0.02 1.43 -2.90 -0.95 -0.02 0. 89 2.77  B0O0OO 1
betal[4] 0.26 0.02 1.41 -2.55 -0.66 0.28 1.18 3.02 8000 1
betal5] 0.7 0.02 1.41 -2.02 -0.14 0.7 1.69 3.58 8000 1
betal6] 0.532 0.02 1.39 -2.23 -0.33 0.53 1.44 3.22 EBOOO 1
betal[7] 0.08 0.02 1.40 -2.7 -0.82 0.12 1.00 2.7 BO00 1
beta[8] 0.64 0.02 1.41 -2.20 -0.29 0. 66 1.57 3.41 8000 1
betal[9] 1.23 0.02 1.38 -1.55 0.35 1.24 2.14 3.94 8000 1
beta[10] 1.55 0.02 1.39 -1.27 0.63 1.57 2.46 4,27 EBOOQO 1
betal[l1l] 2.51 0.02 1.39 -0.31 1.61 2.52 3.41 5.23 BOOO 1
betal[12] 4.51 0.02 1.37 1.7 3.63 4.51 5.39 7.23 BO00OO 1
betal[13] 4.95 0.02 1.40 2.18 4.04 4.94 5.85 7.7 8000 1
beta[14] 2.93 0.02 1.39 0.08 2.02 2.95 3.Ba6 5.64 8000 1
beta[l15] 1.51 0.02 1.41 -1.42 0.60 1.55 2.45 4,24 8000 1
beta[l6] 1.31 0.02 1.38 -1.42 0.42 1.32 2.22 4.06 8000 1
betal[l7] 0.35 0.02 1.40 -2.47 -0.56 0.39 1.27 3.07 8000 1
beta[18] 0.05 0.02 1.40 -2.7 -0. 87 0.07 0.98 2.90 8000 1
beta[19] 0.20 0.02 1.39 -2.54 -0.7 0.18 1.13 2.93 B000 1
betal[20] -1.09 0.02 1.38 -3.89 -1.97 -1.07 -0.18 1.58 8000 1
betal[21] -1.24 0.02 1.40 -4.11 -2.14 -1.20 -0.31 1.43 8000 1
betal[22] -0.47 0.02 1.39 -3.26 -1.36 -0.47 0.43 2.26  B000 1
beta[23] -0.7 0.02 1.40 -3.49 -1.61 -0.7 0.20 2.05 B000 1
betal[24] -2.12 0.02 1.40 -4,97 -3.02 -2.09 -1.16 0.56 8000 1
betal[25] -2.03 0.02 1.38 -4.7 -2.92 -2.02 -1.14 0.7 £000 1
betal[26] -2.07 0.02 1.40 -4.93 -2.97 -2.07 -1.14 0.63 8000 1
betal[27] -1.7 0.02 1.40 -4.55 -2.7 -1.7 -0.89 0.93 8000 1
beta[28] -1.99 0.02 1.39 -4.7 -2.90 -1.98 -1.09 0.7 BOOO 1
betal[29] -2.28 0.02 1.40 -5.13 -3.20 -2.26 -1.37 0.42  BOOO 1
beta[30] -1.498 0.02 1.38 -4.7 -2.88 -1.98 -1.08 0.7 BO00 1
betal[31] -2.29 0.02 1.42 -5.15 -3.20 -2.29 -1.35 0.50 8000 1
beta[32] -2.16 0.02 1.44 -4.98 -3.10 -2.15 -1.21 0.687 8000 1
beta[33] -2.23 0.02 1.47 -5.11 -3.17 -2.23 -1.26 0.83 B000 1
Tp__ -260.7 0.123 5.41 -272.26 -264.24 -260.46 -256.97 -251.11 1830 1

Figure 4.6: Convergence measures R and n, ¢ for the parameters of the P-spline model.
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mean se_mean sd 2.5% 25% 50% 75%  97.5% n_eff Rhat
Tau 2.33 0.02 1.14 0.97 1.60 2.07 2.7 5.13 3207 1
c2 24.00 0.07 6.38 14. 60 19.52 22.92 27.34 39.38 8000 1
Tambda_tilde[1] 1.03 0.01 0. 87 0.03 0.36 0. 83 1.47 3.27 BO00O 1
Tambda_tilde[2] 0.72 0.01 0.69 0.02 0.22 0.51 1.01 2.52 8000 1
Tambda_tilde[3] 0.72 0.01 0.7 0.02 0.22 0. 50 1.00 2.68 8000 1
Tambda_tilde[4] 0.97 0.01 0.7 0.05 0.41 0.7 1.33 3.03 8000 1
Tambda_tilde[5] 0.7 0.01 0.68 0.02 0.22 0.51 1.00 2.54 8000 1
Tambda_tilde[6] 0.67 0.01 0.67 0.02 0.20 0.46 0.93 2.45 8000 1
Tambda_tilde[7] 0.85 0.01 0.7 0.03 0.32 0.865 1.17 2.7 8000 1
Tambda_tilde[8] 1.06 0.01 0. 80 0.07 0. 50 0. 88 1.42 3.06 6635 1
Tambda_tilde[9] 1.21 0.01 0.83 0.13 0.61 1.01 1.62 3.30 EB00O0 1
Tambda_tilde[10] 1.35 0.01 0. 86 0.25 0.7 1.15 1.7 3.55 6224 1
Tambda_tilde[11] 1.92 0.01 0.96 0.61 1.24 1.7 2.41 4.26 5247 1
Tambda_tilde[12] 1.97 0.01 0.98 0.65 1.27 1.7 2.46 4.41 5329 1
Tambda_tilde[13] 1.51 0.01 0.85 0.39 0.91 1.33 1.92 3.68 6470 1
Tambda_tilde[14] 0.91 0.01 0.77 0.04 0.35 0.7 1.26 2.89 8000 1
Tambda_tilde[15] 1.29 0.01 0.84 Q.20 0.69 1.11 1.68 3.40 55395 1
Tambda_tilde[16] 0.85 0.01 0.66 0.02 0.19 0.486 0.90 2.45 8000 1
Tambda_tilde[17] 0.66 0.01 0.64 0.02 0.21 0.47 0.91 2.40 8000 1
Tambda_tilde[18] 0.7 0.01 0.68 0.03 0.26 0.56 1.05 2.54 8000 1
Tambda_tilde[19] 1.03 0.01 0.7 0.08 0.49 0. 86 1.39 2.93 8000 1
Tambda_tilde[20] 1.04 0.01 0. 80 0.07 0.49 0. 85 1.40 3.05 8000 1
Tambda_tilde[21] 0.7 0.01 0.7 0.02 0.24 0. 54 1.04 2.62 8000 1
Tambda_tilde[22] 0.67 0.01 0.67 0.02 0.20 0.48 0.93 2.43 8000 1
Tambda_tilde[23] 1.59 0.01 0.88 0.44 0.95 1.41 2.01 3.7 5652 1
Tambda_tilde[24] 1.05 0.01 0. 80 0.07 0.48 0. 86 1.44 3.11 8000 1
Tambda_tilde[25] 1.41 0.01 0.86 0.31 0. 80 1.23 1.81 3.60 6549 1
Tambda_tilde[26] 1.18 0.01 0.84 0.10 0.58 1.00 1.57 3.35 B000 1
Tambda_tilde[27] 1.12 0.01 0.81 0.08 0. 54 0.93 1.51 3.08 8000 1
lambda_tilde[28] 1.57 0.01 0.91 0.41 0.92 1.36 2.00 3.81 5739 1
Tambda_tilde[29] 0.96 0.01 0.77 0.05 0.40 0.7 1.31 2.89 6996 1
Tambda_tilde[30] 1.53 0.01 0.92 0.27 0.88 1.35 2.00 3.7 6227 1
Tambda_tilde[31] 1.16 0.01 0. 87 0.07 0.53 0.98 1.58 3.35 8000 1
Tambda_tilde[32] 1.01 0.01 0.7 0. 06 0.45 0. 84 1.38 3.02 6509 1
betall] -0.13 0.01 0.32 -0.7 -0.33 -0.13 0.07 0.49 3205 1
betal2] -0.03 0. 00 0.08 -0.23 -0.06 -0.01 0.01 0.14 3915 1
betal3] -0.05 0.01 0.77 -1.61 -0.47 -0.03 0.33 1.61 8000 1
betal4] 0. 20 0.01 0.7 -1.16 -0.17 0.10 0.58 1.83 EOOO 1
betals] 1.03 0.01 0.80 -0.25 0.41 0.99 1.59 2.67 5447 1
betal6] 0.39 0.01 0.64 -0.7 -0.03 0. 26 0.77 1.85 8000 1
betal7] -0.02 0.01 0.62 -1.32 -0.36 -0.01 0.29 1.33 6505 1
betalg] Q.7 0.01 0.7 -0.49 0.12 0.63 1.26 2.49 5BEl 1
betal9] 1.23 0.01 0.82 -0.15 0. 64 1.20 1.7 2.90 5894 1
betal[10] 1.67 0.01 0.90 0.01 1.02 1.64 2.26 3.50 6591 1
betal[11] 2.10 0.01 0.87 0.40 1.52 2.09 2.68 3.87 6570 1
betal12] 4,90 0.01 0.80 3.39 4,35 4,88 5.42 6.56 6226 1
betal12] 5.35 0.01 0.82 3.7 4.7 5.34 5.89 7.01 BO000 1
betal[14] 2.7 0.01 0. 80 1.14 2.17 2.7 3.24 4.30 6052 1
betal[15] 0. 86 0.01 0. 80 -0.40 0.23 0.7 1.38 2.60 B0O0O0 1
betal[l6] 1.89 0.01 0.84 0.22 1.32 1.90 2.45 3.56 5414 1
betall17] 0. 04 0.01 0.57 -1.08 -0.27 0.01 0. 34 1.30 8000 1
betal[18] 0.01 0.01 0.62 -1.27 -0.32 0.00 0.33 1.36 8000 1
betal[19] 0.53 0.01 0.64 -0.51 0. 04 0.43 0.93 1.95 5997 1
betal[20] -1.23 0.01 0.7 -2.7 -1.7 -1.22 -0.65 0.14 5051 1
betal21] -1.22 0.01 0.80 -2.77 -1.7 -1.22 -0.63 0.18 6039 1
betal[22] -0.42 0.01 0.7 -1.95 -0. 84 -0.31 0.03 0.87 6143 1
betal[232] 0.07 0.01 0.64 -1.21 -0.28 0.02 0.39 1.52 8000 1
betal[24] -3.10 0.01 0.88 -4.7 -3.69 -3.12 -2.53 -1.27 BOOO 1
betal[25] -1.22 0.01 0.81 -2.82 -1.7 -1.21 -0.62 0.19 5898 1
betal[26] -2.30 0.01 0.86 -3.95 -2.89 -2.33 -1.7 -0.50 6328 1
betal[27] -1.62 0.01 0.96 -3.45 -2.30 -1.64 -0.92 0.14 6130 1
betal[28] -1.48 0.01 0.94 -3.29 -2.14 -1.49 -0.7 0.15 5498 1
betal[29] -2. 86 0.01 0.86 -4.46 -3.46 -2.89 -2.31 -1.10 5388 1
betal[30] -1.04 0.01 0.89 -2.88 -1.66 -0.98 -0.32 0.38 5168 1
betal[31] -2.94 0.02 1.31 -5.31 -3. 87 -3.03 -2.07 -0.13 ©158 1
betal[32] -1.69 0.02 1.31 -4.33 -2.63 -1.63 -0.65 0.43 6621 1
betal[32] -1.18 0.01 0.92 -2.87 -1.87 -1.20 -0.45 0.47 4041 1

Figure 4.9: Convergence measures R and n,. ¢ for the parameters of the regularized horse-

shoe prior model.
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Chapter 5

Application to Real Data

The time series analyzed in this chapter is from the DataMarket website. It is named
‘Monthly milk production: pounds per cow, Jan 62 to Dec 75’. This time series recorded
the monthly milk production from January 1962 to December 1975 so that its length is
168.

Figure 5.1 displays the original time series. Since this time series is not stationary we
use the stl function in R to decompose it. Figure 5.2 shows that the original time series
has been split into three parts: seasonal, trend and remainder. The remainder part is the
stationary time series we analyze next.

We first apply the discrete Fourier transform to the time series and obtain the log
periodogram. Next we apply our models to estimate the spectral density corresponding to
the time series. We apply both the P-spline and the regularized horseshoe models, with
the settings described in the last chapter except that now the length of the time series is
168.

Figure 5.3 displays the log periodogram and the estimated log spectral densities on the
left panel. The right panel shows the corresponding exponentiated quantities. The blue
lines denote estimates based on the regularized horseshoe prior model while the red lines
are estimated based on the P-spline model. We can see that the red lines are smoother
than the blue lines but the blue lines captured the peak better.

For the P-spline model, Figure 5.4 shows trace plots of the global smoothing parameter
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Figure 5.1: Monthly milk production: pounds per cow, Jan 62 to Dec 75.

7 and some of the s from the iterations after burn-in. Figure 5.5 shows the convergence
measures R and ness for the parameters of the P-spline model. Both plots indicate that
all the parameters have reached convergence.

For the regularized horseshoe model, figures 5.6 and 5.7 show trace plots for some of
the Bs and the corresponding As from the iterations after burn-in. Figure 5.8 displays the

convergence measures R and nesys for the parameters of the regularized horseshoe model.
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Figure 5.2: Decomposition of the time series into seasonal, trend and remainder parts.

These two plots suggest that all the parameters in the model have reached convergence.
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Figure 5.3: Left panel: the log periodogram and estimated log spectral density. Right
panel: the periodogram and estimated spectral density. Blue lines denote the regularized

horseshoe prior fit, while red lines denote the random walk prior fit.
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Figure 5.4: Trace plots of the global smoothing parameter 7 and some of the s for the
P-spline model fitted to the real data.
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mean se_mean sd 2.5% 25% 50% 75% 97.5% n_eff Rhat
beta_raw[1] 1.67 0.02 1.45 -1.47 0.77 1.7 2.68 4.26 3731 1
beta_raw[2] 0.01 01 1.00 -1.94 -0.66 0.02 0.68 1.98 8000 1
beta_raw[3] 0.21 0.01 0.99 -1.7 -0.46 0.21 0.87 2.18 8000 1
beta_raw[4] 0. 80 0.01 0.98 -1.15 0.13 0. 80 1.48 2.685 B0O0OO 1
beta_raw[5] 1.08 0.01 0.89 -0.68 0.49 1.09 1.67 2.83 EB000 1
beta_raw[e] 1.10 0.01 0.84 -0.51 0.52 1.09 1.66 2.7 8000 1
beta_raw[7] 1.00 0.01 0.82 -0.59 0. 44 0.99 1.55 2.63 BOO0D 1
beta_raw[8] 0.69 0.01 0.7 -0.87 0.16 0.69 1.21 2.23 BOOO 1
beta_raw[9] -0.47 0.01 0.7 -2.03 -1.00 -0.47 0.03 1.10 8000 1
beta_raw[10] -0.42 0.01 0.7 -1.99 -0.94 -0.41 0.11 1.13 8000 1
beta_raw[11] -0.50 0.01 0.83 -2.16 -1.086 -0.49 0.07 1.07 8000 1
beta_raw[12] -0.50 0.01 0.80 -2.09 -1.04 -0.50 0.06 1.03 8000 1
beta_raw[13] -0.39 0.01 0.81 -1.99 -0.93 -0.38 0.15 1.16 8000 1
beta_raw[14] -0.62 0.01 0.81 -2.22 -1.19 -0.63 -0.07 0.96 8000 1
beta_raw[15] -0.41 0.01 0.80 -1.95 -0.95 -0.39 0.13 1.15 8000 1
beta_raw[16] 0.25 0.01 0.82 -1.33 -0.30 0.26 0.81 1.86 8000 1
beta_raw[17] 0.7 0.01 0.80 -0.81 0.22 0.7 1.30 2.31 8000 1
beta_raw[18] 0.01 0.01 0.7 -1.53 -0.51 0.01 0.53 1.55 8000 1
beta_raw[19] -0.53 0.01 0.84 -2.17 -1.10 -0.52 0.032 1.15 8000 1
beta_raw[20] 0.02 0.01 0.80 -1.56 -0.52 0.02 0.56 1.58 8000 1
beta_raw[21] 0.18 0.01 0.82 -1.44 -0.36 0.19 0.7 1.7 8000 1
beta_raw[22] 0.02 0.01 0.7 -1.52 -0.52 0.02 0.53 1.56 8000 1
beta_raw[23] -0.02 0.01 0.7 -1.38 -0.55 -0.02 0.51 1.53 8000 1
beta_raw[24] -0.39 0.01 0.82 -2.00 -0.95 -0.41 0.16 1.21 8000 1
beta_raw[25] -0.20 0.01 0.82 -1.82 -0.7 -0.21 0.35 1.42 8000 1
beta_raw[26] 0.41 0.01 0.7 -1.13 -0.13 0.42 0.96 1.96 8000 1
beta_raw[27] 0.52 0.01 0.80 -1.04 -0.02 0.52 1.06 2.06 8000 1
beta_raw[28] 0.10 0.01 0.7 -1.45 -0.43 0.10 0.a5 1.63 8000 1
beta_raw[29] -0.7 0.01 0.80 -2.30 -1.28 -0.7 -0.19 0.85 8000 1
beta_raw[30] -0.43 0.01 0.7 -1.99 -0.96 -0.42 0.12 1.11 8000 1
beta_raw[31] -0.20 0.01 0.82 -1.82 -0.7 -0.21 0.35 1.42 B000 1
beta_raw[32] -0.21 0.01 0.89 -1.97 -0.82 -0.21 0.40 1.49 B000 1
beta_raw[33] -0.20 0.01 0.88 -1.87 -0.7 -0.21 0.38 1.55 8000 1
Tau 0.7 0.00 0.23 0.33 0. 54 0.67 0.84 1.23 2651 1
betal[l] 1.67 0.02 1.45 -1.47 0.77 1.7 2.68 4.26 3731 1
betal[2] 0.01 0.01 0.7 -1.47 -0.43 0.01 0.44 1.53 8000 1
betal[3] 0.17 0.01 1.04 -1.89 -0.46 0.14 0.7 2.38 6725 1
betal[4] 0.7 0.02 1.28 -1.57 -0.07 0.66 1.51 3.63 4222 1
betal[5] 1.50 0.02 1.486 -1.06 0.52 1.38 2.36 4.7 4151 1
betal[6] 2.23 0.02 1.52 -0.39 1.18 2.12 3.18 5.56 3953 1
betal[7] 2.89 0.03 1.56 0.16 1.7 2.7 .87 6.26 387 1
betal[8] 3.36 0.03 1.61 0.54 2.23 3.25 4.36 6.86 3611 1
betal[9] 3.02 0.02 1.53 0.29 1.95 2.92 3.98 6.36 3881 1
betal[10] 2.7 0.02 1.52 0.03 1.69 2.65 3.7 5.99 3975 1
betal11] 2.42 0.02 1.53 -0. 28 1.35 2.34 2.36 3.7 4107 1
betal[12] 2.10 0.02 1.52 -0.62 1.04 2.00 3.05 5.37 407 1
betal[13] 1.86 0.02 1.52 -0. 87 0. 80 1.77 2.81 5.11 4029 1
betal[14] 1.44 0.02 1.49 -1.25 0.40 1.36 2.36 4.59 4351 1
beta[l15] 1.15 0.02 1.47 -1.57 0.16 1.07 2.03 4,28 4588 1
betal[l6] 1.33 0.02 1.47 -1.37 0.32 1.23 2.27 4.49 4396 1
betal[l7] 1.89 0.03 1.56 -0.81 0.7 1.77 2.87 5.23 3712 1
beta[18] 1.89 0.03 1.57 -0.83 0.7 1.77 2.87 3.25 3835 1
betal[19] 1.50 0.02 1.49 -1.20 0.47 1.41 2.43 4.7 4346 1
betal[20] 1.53 0.02 1.51 -1.17 0.49 1.42 2.46 4.7 4048 1
betal[21] 1.67 0.02 1.54 -1.07 0.61 1.56 2.61 5.05 3985 1
betal[22] 1.68 0.02 1.53 -1.02 0.61 1.57 2.62 3.02 4047 1
betal[23] 1.68 0.02 1.54 -1.05 0.59 1.57 2.60 5.05 3938 1
betal[24] 1.39 0.02 1.51 -1.36 0.35 1.31 2.33 4.67 4166 1
beta[25] 1.24 0.02 1.48 -1.45 0.22 1.15 2.15 4.42 4459 1
betal[26] 1.54 0.02 1.51 -1.13 0.49 1.45 2.49 4,82 4099 1
betal[27] 1.91 0.03 1.56 -0.82 0.81 1.81 2.88 5.31 3768 1
betal[28] 1.99 0.03 1.57 -0.77 0.90 1.89 2.94 5.37 3526 1
beta[29] 1.47 0.02 1.50 -1.19 0.43 1.38 2.41 4.7 407 1
beta[30] 1.20 0.02 1.50 -1.48 0.18 1.12 2.10 4,40 4149 1
beta[31] 1.08 0.02 1.52 -1.62 0.02 0.98 2.00 4.41 3954 1
betal[32] 0.94 0.02 1.55 -1.85 -0.15 0.82 1.91 4.25 4360 1
beta[33] 0. 80 0.02 1.59 -2.04 -0.28 0.69 1.7 4,18 5199 1

Figure 5.5: Convergence measures R and n. 7¢ of the parameters for the P-spline model.
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Figure 5.6: Trace plots for some of the fs of the regularized horseshoe model.

38



150
100

50

Parameter: lambda_tilde[1]

100

50

Parameter: lambda_tilde[5]

100

50

Parameter: lambda_tilde[10]

20

10

(o ittt ibfese - osbon RPN Al ¢ (] o et ] LA - b il 3 all o LA bR

Parameter: lambda_tilde[20]

40

20

Parameter: lambda tilde[30]
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model fitted to the real data.
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) mean se_mean sd 2.5% 25% 50% 7%%  97.5% n_eff Rhat
tau

0.31 0.00 0.20 0.06 0.17 0.27 0.40 0.83 3448 1
c2 26.61 0.08 7.35 15.91 21.45 25.43 30.49 44.16 B0OO0O 1
Tambda_tilde[1] 2.08 0.06 3.82 0.04 0.39 0.93 2.11 12.21 4480 1
Tambda_tilde[2] 9.30 0.24 13.82 0.08 1.232 5.34 12.35 41.51 3363 1
Tambda_tilde[3] 2.27 0.06 4.00 0.05 0.41 1.02 2.41 12.61 4974 1
Tambda_tilde[4] 1.54 0.04 3.13 0.03 0.36 0.81 1.7 7.55 7023 1
Tambda_tilde[5] 2.05 0.04 3.52 0.04 0.432 1.00 2.24 10.80 6428 1
Tambda_tilde[#&] 2.02 0.05 3.7 0.04 0.39 0.92 2.10 11.02 5297 1
Tambda_tilde[7] 15.34 0.41 24.33 2.03 5.96 10.31 17.7 58.26 3527 1
Tambda_tilde[8] 1.89 0.05 3.80 0.03 0.36 0.87 1.95 10.50 5233 1
Tambda_tilde[9] 4.56 0.10 7.35 0.06 0.82 2.24 5.34 22.51 5278 1
Tambda_tilde[10] 2.38 0.06 4.51 0.04 0.45 1.04 2.41 13.51 4825 1
Tambda_tilde[11] 1.69 0.04 3.13 0.03 0.37 0.84 1.80 8.90 5314 1
Tambda_tilde[12] 1.55 0.04 2.67 0.03 0.35 0.83 1.7 7.77 5411 1
Tambda_tiTlde[13] 1.68 0.04 2.92 0.03 0.38 0.86 1.81 8.31 5162 1
Tambda_tilde[14] 2.61 0.07 4.43 0.05 0.49 1.18 2.88 13.81 4477 1
Tambda_tilde[15] 2.02 0.06 3.54 0.04 0.41 0.96 2.21 10.99 4147 1
Tambda_tilde[16] 1.78 0.04 2.90 0.04 0.38 0.89 1.94 9.95 5289 1
Tambda_tiTlde[17] 1.69 0.03 2.66 0.04 0.38 0.89 1.87 8.86 5B75 1
Tambda_tilde[18] 1.93 0.04 3.37 0.03 0.40 0.95 2.07 10.46 5967 1
Tambda_tilde[19] 1.59 0.04 2.84 0.04 0.37 0.82 1.7 8.00 5525 1
Tambda_tilde[20] 1.61 0.04 2.81 0.03 0.34 0.82 1.7 8.86 6197 1
Tambda_tilde[21] 1.53 0.03 2.42 0.03 0.35 0.81 1.7 7.76 6102 1
Tambda_tilde[22] 1.51 0.03 2.49 0.04 0.36 0.81 1.64 7.83 5624 1
Tambda_tilde[23] 1.7 0.04 2.7 0.04 0.39 0.88 1.88 8.7 5958 1
Tambda_tilde[24] 2.35 0.06 4.15 0.04 0.45 1.07 2.46 12.86 4647 1
Tambda_tilde[25] 1.64 0.04 3.11 0.04 0.37 0.83 1.7 8.46 5602 1
Tambda_tilde[26] 1.67 0.04 2.88 0.04 0.37 0.86 1.84 8.48 5466 1
Tambda_tilde[27] 2.02 0.04 3.46 0.04 0.41 1.01 2.21 10.63 5936 1
Tambda_tilde[28] 1.77 0.04 3.10 0.04 0.37 0.87 1.92 9.38 5283 1
Tambda_tilde[29] 1.99 0.05 3.42 0.04 0.40 0.95 2.17 10.67 5444 1
Tambda_tilde[30] 2.03 0.05 3.42 0.04 0.41 0.97 2.18 10.94 5545 1
Tambda_tilde[31] 2.02 0.05 3.7 0.04 0.41 0.94 2.08 11.37 5022 1
Tambda_tilde[32] 1.98 0.05 3.44 0.04 0.40 0.96 2.15 10.68 5557 1
betal1] 3.35 0.00 0.17 3.00 3.24 3.35 3.46 3.69 6184 1
betal2] 0.20 0.00 0.31 0.00 0.03 0.08 0.20 1.31 5053 1
betal[3] -2.66 0.06 2.53 -7.23 -4.95 -2.38 -0.06 0.32 2007 1
betal4] -0.26 0.01 0.7 -2.37 -0.35 -0.04 0.04 0.67 5937 1
betal5] -0.04 0.00 0.41 -1.02 -0.14 0.00 0.09 0.80 8000 1
betal#&] 0.29 0.01 0.59 -0.38 -0.02 0.07 0.43 2.01 7060 1
betal7] 0.21 0.01 0.60 -0.57 -0.04 0.04 0.29 1.97 7198 1
beta[8] 3.33 0.01 0.98 1.47 2.67 3.30 3.97 5.33 BOOO 1
betal[9] 0.11 0.01 0.53 -0.7 -0.07 0.02 0.19 1.60 6486 1
beta[10] 0.89 0.01 0.95 -0.17 0.06 0.63 1.48 3.12 5059 1
beta[11] 0.32 0.01 0.66 -0.46 -0.02 0.07 0.47 2.22 6145 1
betal12] 0.12 0.01 0.45 -0.61 -0.06 0.02 0.20 1.34 8000 1
betal13] 0.10 0.00 0.41 -0.55 -0.06 0.01 0.18 1.22 8000 1
betal14] -0.08 0.00 0.43 -1.20 -0.18 -0.01 0.07 0.7 8000 1
betal[15] -0.41 0.01 0.7 -2.36 -0.66 -0.10 0.01 0.42 587 1
betal[l16] -0.25 0.01 0.61 -2.00 -0.36 -0.04 0.03 0.54 5868 1
betal[l17] 0.21 0.01 0.50 -0.41 -0.03 0.04 0.31 1.62 6758 1
beta[18] 0.19 0.01 0.52 -0.49 -0.04 0.03 0.27 1.7 7308 1
beta[19] -0.21 0.01 0.57 -1.85 -0.31 -0.03 0.04 0.57 6962 1
betal[20] -0.07 0.00 0.39 -1.07 -0.17 -0.01 0.07 0.68 8000 1
beta[21] 0.03 0.00 0.41 -0.80 -0.10 0.00 0.12 1.01 8000 1
beta[22] 0.00 0.00 0.39 -0.85 -0.11 0.00 0.11 0.87 8000 1
beta[23] 0.06 0.00 0.39 -0.66 -0.08 0.01 0.14 1.01 8000 1
betal[24] -0.12 0.01 0.47 -1.36 -0.22 -0.02 0.06 0.67 8000 1
betal[25] -0.33 0.01 0.64 -2.11 -0.50 -0.08 0.02 0.45 6692 1
beta[26] -0.03 0.00 0.41 -1.00 -0.14 0.00 0.09 0.80 8000 1
betal[27] 0.13 0.01 0.45 -0.54 -0.05 0.02 0.20 1.36 8000 1
beta[28] 0.28 0.01 0.54 -0.34 -0.01 0.08 0.43 1.77 8000 1
beta[29] -0.14 0.01 0.48 -1.50 -0.23 -0.02 0.05 0.64 8000 1
betal[30] -0.20 0.01 0.51 -1.61 -0.32 -0.04 0.03 0.56 8000 1
betal[31] -0.21 0.01 0.61 -1.96 -0.31 -0.03 0.05 0.67 8000 1
betal[32] -0.18 0.01 0.62 -1.96 -0.26 -0.02 0.06 0.7 8000 1
betal[33] -0.20 0.01 0.56 -1.7 -0.33 -0.03 0.04 0.66 8000 1

Figure 5.8: Convergence measures R and n, ¢ for the parameters of the regularized horse-

shoe model fitted to the real data.
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Appendix A

R and Stan code

A.1 Generate the AR(2) time series data

t = 550 ## length of the time series
N = 10 ## number of the time series
M = floor((t-50-1)/2) ##calculate the M

dataset = matrix(nrow = N, ncol = M)

w = matrix(nrow = N, ncol = t)

TS = matrix(nrow = N, ncol = t - 50)

P = matrix(nrow = N, ncol = t - 50)

Logperiodogram = matrix(nrow = N, ncol = M)
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par (mfrow=c(2,2))
for( i in 1:N )
{

wli,]= rnorm(t,0,1);

TS[i,] = filter(w([i,],filter=c(1,-0.9),

method ="recursive") [-(1:50)]

plot.ts(TS[i,])

P[i,] = (abs(£f£ft(TS[i,]))"~2)/(t-50)

Logperiodogram[i,]=log(P[i,1:M])

write.csv(Logperiodogram, file="E:/DropBox/Dropbox/yiexie

/10 time series data/Logperiodogram.csv")

write.csv(TS, file="E:/DropBox/Dropbox/yiexie/10 time series data

/TS.csv")

A.2 The P-spline model

library("splines")
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library("rstan")

library("astsa")

library("shinystan")

set.seed(1000)

Logperiodogram = read.csv("E:/DropBox/Dropbox/yiexie

/10 time series data random walk/Logperiodogram.csv")

M = length(Logperiodogram([1,]) - 1

Logperiodogram = Logperiodogram[,2: (M+1)]

TS = read.csv("E:/DropBox/Dropbox/yiexie

/10 time series data random walk/TS.csv")

1TS = length(TS)

TS = TS[,2:1TS]

1ITS - 1 + 50

t
Il

=
I

length(TS[,1])

FF=((1:M)/(t-50))  ########  frequency as X
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num_knots <- 30 # true number of knots

spline_degree <- 3

num_basis <- num_knots + spline_degree - 1

gg = seq(0,0.5,1length.out = num_knots)

gg = ggl-c(1,30)] ##generate the internal breakpoints that

define the spline

B <- bs(FF,knots = gg, degree=spline_degree,

Boundary.knots = ¢(0,0.5),

intercept = TRUE) # creating the B-splines bases

X = cbind(rep(1,M),B)

betahat = matrix(nrow = N,ncol = num_basis+1 )

yhat = matrix(nrow = N,ncol = M)

for (i in 1:N)
{

stan.fit <- stan(file = ’1st.stan’,
data = list(n = length(FF),
p = num_basis+1,
y = as.vector(t(Logperiodograml[i,])),
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x = X,

sigma = 10,
A1 = 1000,
nul = 3),

control = list(adapt_delta = 0.99,
max_treedepth = 15),

chains = 4 ,iter = 4000,

warmup = 2000)

betahat[i,] = get_posterior_mean(stan.fit,pars="beta")[,5]
## there are 4 chains, so the fifth column is the mean of all the
four chains.

yhat[i,] = XJk*kbetahat[i,]

print(stan.fit)

}

ff = arma.spec(ar=c(1,-0.9),log = "yes")
ml = ff$freq

m2 = log(ff$spec)

par (mfrow=c(1,2))

##par (mfrow=c(5,2) ,mar = c(4,4,1,1))

for (i in 1:N)
{
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plot (FF,Logperiodogram[i,],ylab="Log periodogram",

xlab="Fourier-frequency")

lines(FF,yhat[i,],col = "red")

lines(ml,m2,col = "blue")

par (mfrow=c(1,2))

##par (mfrow=c(5,2) ,mar = c(4,4,1,1))

for (i in 1:N)

{
plot (FF,exp(Logperiodogram[i,]),ylab="Periodogram",
xlab="Fourier-frequency")

lines(ml,exp(m2),type = ’1’, col = "blue")

lines(FF,exp(yhat[i,]), col = "red")

A.3 The Regularized horseshoe prior model

library("splines")
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library("rstan")

library("astsa")

library("shinystan")

set.seed(1000)

Logperiodogram = read.csv("E:/DropBox/Dropbox/yiexie

/10 time series data horseshoe prior/Logperiodogram.csv")

M = length(Logperiodogram[1,]) - 1

Logperiodogram = Logperiodogram[,2:M]

TS = read.csv("E:/DropBox/Dropbox/yiexie

/10 time series data horseshoe prior/TS.csv")

1TS = length(TS)

TS = TS[,2:1TS]

t =1TS - 1 + 50
N = length(TS[,1])
#HN = 1
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FF=((1: (M-1))/(t-50))  ########  frequency as X

num_knots <- 30 # true number of knots

spline_degree <- 3

num_basis <- num_knots + spline_degree - 1

knots <- unname(quantile(FF,probs=seq(from=0, to=1,

length.out = num_knots)))

B <- bs(FF,df=num_basis, degree=spline_degree, intercept = TRUE)

# creating the B-splines base

X = cbind(rep(1,M-1),B)

betahat = matrix(nrow = N,ncol = num_basis+1)

yhat = matrix(nrow = N,ncol = M-1)

for (i in 1:N)

{

Finnish.fit <- stan(file = ’Finnish horseshoe update.stan’,

data = list(n = length(FF),

p = num_basis+1,
y = as.vector(t(Logperiodogram[i,])),
x = X,

sigma = pi/sqrt(6)),
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control = list(adapt_delta = 0.99,
max_treedepth = 12), chains = 4 ,

iter = 4000,warmup = 2000)

betahat[i,] = get_posterior_mean(Finnish.fit,pars="beta")[,5]
## there are 4 chains, so the fifth column is the mean of all
the four chains.

yhat[i,] = XY%xJbetahat[i,]

print(Finnish.fit)

}

ff = arma.spec(ar=c(1,-0.9),log = "yes")
ml = ff$freq

m2 = log(ff$spec)

par (mfrow=c(1,2))
##par (mfrow=c(5,2) ,mar = c(4,4,1,1))
for (i in 1:N)
{
plot (FF,Logperiodogram[i,],ylab="Log periodogram",

xlab="Fourier-frequency")

lines(FF,yhat[i,],col = "red")
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lines(ml,m2,col = "blue")

par (mfrow=c(1,2))

##par (mfrow=c(5,2) ,mar = c(4,4,1,1))

for (i in 1:N)

{
plot (FF,exp(Logperiodogram[i,]) ,ylab="Periodogram",
xlab="Fourier-frequency")

lines(ml,exp(m2),type = ’1’, col = "blue")

lines(FF,exp(yhat[i,]), col = "red")

A.4 Process the real time series data

origindata = read.csv("E:/DropBox/Dropbox/yiexie/Finnish horseshoe

/milk.csv")

plot.ts(origindata$Month,origindata$production,type = "1",

xlab = "Time",ylab="Monthly Production")

milk

ts(origindata$production,frequency = 12)
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fit = stl(milk,s.window = "period")

plot (fit)

t = length(fit$time.series[,1])

TS = matrix(nrow = 1,ncol = t)

TS =fit$time.series[, 3]

TS

plot.ts(TS)

o
I

matrix(nrow = 1,ncol = t)

av]
I

(abs(f£ft(TS))"2)/(t)

Logperiodogram = matrix(nrow = 1,ncol = 0.5%t)

Logperiodogram = log(P[1:(0.5%t)])
qq = (1:(0.5%t))/t
Qq

plot.ts(qq,Logperiodogram)
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write.csv(Logperiodogram, file="E:/DropBox/Dropbox/yiexie

/Finnish horseshoe/Logperiodogram.csv")

A.5 Apply the P-spline model and the Regularized horseshoe

prior model to a real time series

library("splines")

library("rstan")

library("astsa")

library("shinystan")

set.seed(1000)

Logperiodogram = read.csv("E:/DropBox/Dropbox/yiexie/

Finnish horseshoe/Logperiodogram.csv")

M = length(Logperiodogram$x)

Logperiodogram = Logperiodogram$x

FF=(1:M)/(2xM)  ########  frequency as X
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num_knots <- 30 # true number of knots

spline_degree <- 3

num_basis <- num_knots + spline_degree - 1

gg = seq(0,0.5,1length.out = num_knots)

gg = ggl-c(1,30)] ##generate the internal breakpoints

that define the spline

B <- bs(FF,knots = gg, degree=spline_degree,

Boundary.knots = ¢(0,0.5),

intercept = TRUE) # creating the B-splines bases

X = cbind(rep(1,M),B)

betahat = matrix(nrow = 2,ncol = num_basis+1 )

yhat = matrix(nrow = 2,ncol = M)

stan.fit <- stan(file = ’1st.stan’,

data = list(n = length(FF),

p = num_basis+1,

y = as.vector(t(Logperiodogram)),
x = X,

sigma = 10,

A1 = 1000,
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nul = 3),
control = list(adapt_delta = 0.99,
max_treedepth = 15), chains = 4 ,

iter = 4000,warmup = 2000)
betahat[1,] = get_posterior_mean(stan.fit,pars="beta")[,5]
## there are

4 chains, so the fifth column is the mean of
all the four chains.
yhat[1,] = XY*)betahat[1,]

print(stan.fit)

Finnish.fit <- stan(file = ’Finnish horseshoe update.stan’,

data = list(n = length(FF),

p = num_basis+1,
y = as.vector(t(Logperiodogram)),
x = X,

sigma = pi/sqrt(6)),
control = list(adapt_delta = 0.99,

max_treedepth = 12),

chains 4 ,iter = 4000,

warmup = 2000)

betahat[2,] = get_posterior_mean(Finnish.fit,pars="beta")[,5]

## there are 4 chains, so the fifth column is the mean of all

the four chains.
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yhat[2,] = XY%xJbetahat[2,]

print (Finnish.fit)

par (mfrow=c(1,2))

plot (FF,Logperiodogram,ylab="Log periodogram",

xlab="Fourier-frequency")

lines(FF,yhat[1,],col "red")

lines(FF,yhat[2,],col

nblueu)

plot (FF,exp(Logperiodogram) ,ylab="Periodogram",

xlab="Fourier-frequency")

lines(FF,exp(yhat[1,]),col "red")

lines(FF,exp(yhat[2,]),col = "blue")

A.6 Stan code for the P-spline model

functions {

real te(vector beta, matrix x, vector y) {
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return -sum(x*betatexp(y-x*beta));

// the log wittle likelihood

data {

int<lower=0> n; // half the length of the time series

(round to the ceiling)

int<lower=0> p; // equal to number of basis functions + 1
matrix[n,p] x; // x matrix n X p matrix
vector[n] y; // respones variable vector

real<lower=0> sigma; // the sd of alpha 1 and alpha 2

real<lower=0> Al; // scale parameter for tau

real<lower=0> nul; // df of the t distribution for tau

parameters {

vector[p] beta_raw; // coefficients for the basis functions

real<lower=0> tau; // one parameter of the random walk prior
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transformed parameters {

vector [p] beta;

for (i in 1:1)4

betali] beta_rawl[i];

for (i in 2:2){

betalil beta_raw[i] *tau;

for (i in 3:p)

betalil betal[i-1] + beta_rawl[i]*tau;

model {

tau ~ student_t(nul,0,Al);

for (i in 1:1){

beta_raw[i] ~ normal(0, sigma);

for (i in 2:p){

beta_rawl[i] normal (0, 1);
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target += te(beta, x, y);

A.7 Generate the AR(2) time series

functions {
real te(vector beta, matrix x, vector y) {
return -sum(x*betatexp(y-x*beta));

//the log Whittle likelihood

data {
int<lower=1> n; // Number of data
int<lower=1> p; // Number of covariates
matrix[n, pl x;
vector[n] y;

real<lower=1> sigma;

// slab_scale = 5, slab_df = 25 -> 8 divergences

transformed data {
real m0 = 20; // Expected number of large slopes
real slab_scale = 5; // Scale for large slopes

real slab_scale2 = square(slab_scale);
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real slab_df = 30;
slopes

real half_slab_df = O.

parameters {

// Effective degrees of freedom for large

5 % slab_df;

vector [p-1] beta_tilde;

vector<lower=0>[p-1] lambda;

real<lower=0> c2_tilde;

real<lower=0> tau_tilde;

transformed parameters {

real tau0 = (m0 / (p - m0)) * (sigma/ sqrt(l * n));

real tau = taul0 * tau_

tilde; // tau ~ cauchy(0, tau0)

// c2 7 inv_gamma(half_slab_df, half_slab_df * slab_scale2)

real c2 = slab_scale?2

* c2_tilde;

vector [p-1] lambda_tilde =

sqrt( c2 * square(lambda) ./ (c2 + square(tau) *

square (lambda)) );

vector [p] beta;
{

// Implies that marginally beta ~ student_t(slab_df, O,

slab_scale)
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// beta ~ normal(0, tau * lambda_tilde)
for (i in 1:1){

betalil
}
for (i in 2:p){

10%beta_tilde[i];

betal[i] tau * lambda_tilde[i-1]* beta_tilde[i-1];

model {
beta_tilde ~ normal(0, 1);
lambda ~ cauchy(0, 1);
tau_tilde ~ cauchy(0, 1);

c2_tilde ~ inv_gamma(half_slab_df, half_slab_df);

target += te(beta, x, y);
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