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Abstract

In this thesis, we are interested in making decision over a model of a dynamic system.
We want to know, on one hand, how the corresponding dynamic phenomenon unfolds
under different input parameters (simulations). These simulations might help researchers
to design devices with a better performance than the actual ones. On the other hand, we
are also interested in predicting the behavior of the dynamic system based on knowledge
of the phenomenon in order to prevent undesired outcomes. Finally, this thesis is con-
cerned with the identification of parameters of dynamic systems that ensure a specific

performance or behavior.

Understanding the behavior of such models is challenging. The numerical resolution
of those model leads to systems of equations, sometimes nonlinear, that can involve
millions of variables making it prohibitive in CPU time to run repeatedly for many
different configurations. These types of models rarely take into account the uncertainty
associated with the parameters. Changes in the definition of a model, for instance, could
have dramatic effects on the outcome of simulations. Therefore, neither reduced models

nor initial conclusions could be 100% relied upon.

Reduced-Order Modeling (ROM) provides a concrete way to handle such complex simu-
lations using a realistic amount of resources. Interval Constraint Solving Techniques can

also be employed to handle uncertainty on the parameters.

There are many techniques of Reduced-Order Modeling (ROM). A highly used technique

is the Proper Orthogonal Decomposition (POD), which is based on the Principal Com-

vi



ponent Analysis (PCA). In this thesis, we use interval arithmetic and Interval Constraint
Solving Techniques to modify the POD to be able to handle uncertainty associated with

the the parameters of the system.

In this thesis, we propose an increased use of such techniques for dynamic phenomena
at the time they unfold to identify their key features to be able to predict their future
behavior. This is specifically important in applications where a reliable understanding
of a developing situation could allow for preventative or palliative measures before a

situation aggravates.

When solving or simulating the reality of physical phenomena, the Finite Element Method
(FEM) often constitutes a method of choice. In this thesis, we propose a novel technique
to handle uncertainty in FEM using interval computations and Interval Constraint Solv-
ing Techniques. We then demonstrate the performance of our work on two problems:
a static convection-diffusion problem and a transitory nonlinear heat equation as a first

step towards our goal of fuel simulation.

There exists situations where simulations or experiments have to be executed while nei-
ther high performance computers nor internet connection is available. For example,
soldiers that need to take an immediate decision in an unexpected situation or engineers
on a field work. In this thesis, we used the Reduced-Order Modeling techniques to design

an application for mobile devices.
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Introduction
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Newton'’s law of cooling states that

The rate of heat loss of a body is directly proportional to the difference in the

temperatures between the body and its surroundings

If this law is presented this way, not many people might understand what it means, and

if it is presented as
dr
— =k(T—T,
KT =Ty
where T represents the temperature of a body, and T, is the temperature of the room

where the body is, then even fewer people might follow it.

The reality is that everybody “knows” this law, knowing neither its name nor its repre-
sentation as a differential equation or dynamic systems. For instance, when someone has
a glass of hot water and he or she requires that the liquid get cold faster, he or she puts
the glass in the refrigerator. If the temperature surrounding the glass changes, then the

liquid cools faster. What it has been done is change a parameter (the temperature of



the surrounding) to reduce the cooling time. The trajectory of the dynamic system

has been changed as consequence of changing a parameter.

Let us continue with this example, but now, we assume that a forensic doctor working
along the police on a case. An important information that is required to solve any case

is the approximate time of death. The doctor estimates the time of death t, using

e the temperature of the body when the person was alive (around 37°C);
e the temperature of the room where the body was found; and

e the temperature of the body (he or she took an observation).

This is an example of parameters estimation. The doctor knows that his or her estimation
is not reliable because the temperature of a person is not exactly 37°C, the temperature
of the room changes depending on the heater or the AC, and the temperature of the
body can be affected by the measuring instrument. In other words, the estimation of t,
is not reliable because the data is full of uncertainty. In order to obtain reliable results,

the doctor needs to take into account the uncertainty in his or her calculations.

In this thesis, we work with complex dynamic systems that are modeled using differential
equations and are usually solved using numerical methods. A classical way to solve
these equations consists in discretizing them and using real Newton-Like methods, but
occasionally, such methods are unable to find the roots of a function even when the

functions have real zeros. For example, take the function
f(x) = signx+/[x/.

If x #0, f'(x) is defined



Therefore, the Newton iteration is
Xn41 = —Xn.

It does not matter what the initial point is, the Newton method will not converge,

see Figure 1(a).

(a) Infinite loop (b) Iterations move away from the solution

Figure 1: Examples of two cases where the Newton Method in which does not converge

Now, consider the function f(x) = </x. The derivative of this function is f’(x) = Wi
X

In this case, the Newton iteration becomes
Xn+1 = _ZXTU

which means that the iterations move away more and more from the solution, see Fig-
ure 1(b). In both cases, if we use intervals techniques such as the well-known bisection

method [24], then the solution is reached in few iterations.



Not finding a solution of system of equations is bad, but it is worse when Newton method
returns a wrong solution. In his article: False Numerical Convergence in Some Gen-
eralized Newton Methods [92], Dr. Stephen M. Robinson proves that these methods can

produce false convergence.

In this thesis, we aim to conduct fast a reliable simulations of dynamic systems. Such
dynamic systems can be represented as a system of differential equations that can involve
parameters and millions de variables, making it prohibitive in CPU time to run repeatedly
for many configurations. Reduced-Order Model provides a way to handle such complex
simulations using a realistic amount of time. The most used approach for doing so being
Proper Orthogonal Decomposition (POD). The key idea of POD is to reduce a large
number of correlated vectors (snapshots) to a much smaller number of uncorrelated ones
while retaining as much as possible of the variation of the original ones. Although this

method is highly used, it barely takes into account the uncertainty on the data.

In this thesis, we show how intervals and constraint solving techniques can be
used to compute all the snapshots at once. With this new process, we have two

achievement: on one hand, we can handle uncertainty in one or more parameters,

and on the other hand, we reduce the snapshots computational cost.

The ability of searching solutions of a system of equations on a subspace allows us to run
simulations much more lightweight while maintaining quality of the outputs. However,
going beyond merely solving Full-Order discretized Models and looking at other problems
than simulations, we could simply be making an observation (or observations) of an
unfolding phenomenon and it would be valuable to be able to understand it as it unfolds

and predict its future behavior.



We show how we can translate FOM data into ROM data and combine Interval
Constraint Solving Techniques (ICST) with Reduced-Order Modeling techniques

to properly account for both challenges: size and uncertainty.

Using the model of a dynamic system, we aim to find certain parameter values that
guarantee a specific outcome of the modeled dynamic phenomenon. Assuming this phe-
nomenon is modeled as a parametric differential equation (ODE / PDE), the parameters
that lead to a certain outcome can be found discretizing the ODE/PDE equation leading
to a parametric system of equations, and Reduced-Order Modeling and interval constraint

solving techiques to determine such values of the phenomenons parameters.

In this work, we used Reduced-Order Modeling and interval constraint solving
techniques to identify reliable intervals in which the desired parameters values lie

to guarantee a specific outcome of the modeled dynamic phenomenon.

Ordinary differential equations and partial differential equations can be used to model
complex physical simulations, such as combustions JP-8 fuels. Real fuels are chemically
complex and often contain thousands of hydrocarbon compounds. Simulations of these

kind of models are complex due to the difficulty of capturing uncertainty.

In this thesis, we use a transitory nonlinear heat equation as mock-up problem
that mimics the fundamental physics of combustions, and we introduce the Interval

Finite Element Method to determine the envelope where the solution lies.

Organization of the document: This manuscript consist of four parts:



Part I: contains the technical pre-requisites. It is splitted in three chapters: Chapter 1
is dedicated to reduced-order modeling. We start with the definition of ROM, and we
give a small example of it. We present the Krylov, wavelets, and the proper orthogonal

decomposition method (POD).

Chapter 2 contains the basic concepts of interval arithmetic and interval constraint solv-

ing techniques.

Chapter 3 is the last chapter of this part. Here is presented the Theorem of Green, which
is necessary to write a partial differential equation in the weak form. In this part, we

show two examples of nonlinear partial differential equations.

Part II: refers to the contributions. It starts with the Chapter 4 (problem statement)
and follows with the contributions. In Chapter 5, the first contribution is presented,
which is to use interval constraint solving techniques to improve the well-known method

POD.

We can use Interval constraint solving techniques and reduced-order modeling to es-
timate parameters of a dynamical systems when we have observations of the dynamic
phenomenon. We present the techniques of predicting behavior of dynamic systems and
parameter estimation in (Chapter 6), and we show how to recompute parameters of a
model when the dynamic system has been perturbed in (chapter 7). We show how to
handle uncertainty in the finite element method in the (Chapter 8), and we will use these

procedure to handle uncertainty in combustions problem models.

The last chapter of this part (Chapter 9) is not really a contribution, but it is an applica-
tion. We take advantage of our ability of handling uncertainty and reduced-order model

to design an application that can run on mobile devices such as tablets or cell phones.



Part III: This part consists of only the Chapter 10. In this chapter, the reader can find

the conclusion and the future work.

Part IV (Appendix): This part also consists of two chapters: In (Chapter 11), we can
find the basic concepts of linear a metric spaces. In (Chapter 12), it is illustrated with a
example how we can use interval constraint solving techniques to compute the spectrum

of a non-defective matrix.

PG\

In this thesis, there will be few statements that will require formal proofs, but for those

that require one, the end proof mark will be a black square symbol (H).
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Chapter 1

Reduced-Order Modeling

@l 104*01310%15 become smaller when Yyou confvon% gfhem instead of &03;91'%3 jfhcm,

When solving a large-dimensional system of equations, the main idea of Reduced-order
modeling is finding a subspace spanned by a basis ® whose dimension is much smaller
than the dimension of the original space. As a result, finding the solution on the orig-
inal space is mathematically equivalent to find the coordinates of the solution in such
subspace, but computationally the process is faster because the solution is sought in a

smaller space.

1.1 Background

Let us consider a system of equations:

F(x) =0 (1.1.1)



where F: R™ — R™.

Assuming that Equation (1.1.1) has solution, there exists a x* such that F(x*) = 0, and
we acknowledge that:

3 (n x k) matrix @, with k < n,

whose columns are the vectors of a basis of W, such that x* can be expressed as:
X' =0p"+z
where p € R¥.

Assuming that the choice of the subspace where x* lies is accurate, we can infer that

z =~ 0. As a result, we are now solving:

F(Op) =0 over R*.

In Figure 1.1, we illustrate this process on an example where we originally aim to solve
a 3D problem but are able to focus on a 2D subspace. The solution x € R™ corresponds
to the non-perpendicular vector (red) not contained in the plane, which is the subspace
spanned by ®. The lower-dimension unknown p € W C R¥ corresponds to the orthogonal
projection (green) of x onto the plane W. The orthogonal vector (blue) corresponds to
the orthogonal component, z, that is approximately equal to zero when @ is a “good”

basis.

Let us now illustrate the workings of Reduced-Order Modeling through the following

example:

10



Figure 1.1: Graphical Representation of Reduced-Order Modeling.

Example 1. Consider the following nonlinear system of equations:

XF+x—2)x3+1) =

2 2 _
b =3 +6)(xi +1) (1.1.2)
G —2x—3)x3+1) =

\ xXG—43+1) =

o O o O

We can reduce this 4D system of equations by searching for a solution in the sub-

space W spanned by ® ={(2,4,—2,0)";(0,0,0,—4)"} .

16yt + )(4y7 +2y1 —2) = 0
M2+ 1)(16y2+20y; +6) = 0
(4y7 )(16y3 Y1 ) (1.1.3)
(16y3 +1)(4yi +4y1 —3) = 0
\ 4yt +1)(16y3—4) = 0
This mew reduced system (size 2) has two solutions Y; = (0.5,0.5)7 and Y, =

(0.5,—0.5)T. We can obtain the solutions of (Equation (1.1.2)) by plugging Y; and

11



Y; into @ - Y = X. Note that the original nonlinear system (Equation (1.1.2)) has
16 solutions, but the only two contained in W are obtained by solving the Reduced
Model. To overcome the issue of not obtain all the solutions, we consider as future
work to take an union of subspace instead of only one subspace to be able to find

all the solutions of a system of equations.

There are many ways to find an appropriate basis ®. Among others, we can mention
reduction based on Krylov methods, in particular, Arnoldi methods (see [10]), wavelet-
based methods (see [37]), model reduction based on spectral projection (see [15]), and
Proper Orthogonal Decomposition method (see [18, 69, 61]), which is based on principal

component analysis.

In next sections, we will present a brief introduction to the methods mentioned above.

1.2 Krylov Methods

Given an (n x n) matrix A, recall that the characteristic polynomial of A is p(t) =
det(A —tI), where I is the (n x n) identity matrix [19, 103], and the minimal polynomial
of A is the polynomial q(t) such that:

1. the coefficient at the highest term is 1;

2. q(A) =0, which means, q(t) annihilates A; and

3. No polynomial which annihilates A has a smaller degree than q(t).

We are sure that such polynomial exists because at least q(t) = p(t), and the polynomial
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p(t) annihilates A [53, 67, 78].

Assume deg(q(t)) = m, and m < n. We can write

qt) =) aut’ (1.2.1)
i=0
If A is nonsingular, then o # 0 [53], and since (t) annihilates A, we have
0 = Z oAl
i=0

= ool + A+ A+ + AT

we can solve for I :

I = l(—oqA—oczAz—---—ocmAm).
Xo

We left-multiply both sides by A~ :

ATl = alo(—a11—azA—---—amAm—‘).

Finally, we right-multiply both sides by b :

Ab = (—ayb — Ab — - — ay A™'D) .
Xo

We have proved that the solution of the linear system Ax = b lies in the space spanned
by

K(A,b)m = {b, Ab,A%b,...,A™ b},
which is called Krylov space, whose dimension is the degree of the minimal polynomial
of A. Therefore, if the degree of the minimal polynomial is less than the dimension of

the space, then the convergence of the numerical method is faster.

Another reason to use Krylov methods is that A could be given only implicitly, i.e., there

exists a subroutine such that, given a vector v, it returns Av.

There exist several versions of Krylov methods, which we can mention: Arnoldis method,

Conjugate Gradient, among others [21, 95]. In particular, in this disseration, we use the
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generalized minimal residual method (GMRES) that was published by Saad and Schultz

in 1986 [95].

1.3 Wavelets-based Approach (DWT)

Given a finite wave, ¥, called Wavelet Mother, the wavelet transform is a special kind of
mathematical transform which analyzes a function f(t) € [*(R) expresses it in terms of

versions of dilatations and translations of the Wavelet Mother:

Yo () = a; ™" W(a;™(t — nboal")) (1.3.1)

)

If ap =2, bo = 1 and ¥(t) is defined by:

1 if 0<t<}?
Yt)=9 -1 if I<t<1 (1.3.2)
0 otherwise.

Haar in (1910) [102] proved that Equation (1.3.1) provides an orthonormal basis of L*(RR).

In the Discrete Wavelet Transform (DW'T'), the wavelet transform is sampled at discrete
mesh points. The discrete version of W, can be represented as a block matrix, W, where
the half top block is called the low-pass and the bottom block is called the high-pass,

see [561]:

L
W = : (1.3.3)
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The matrix W is a wavelet of level 1 and W¥ is the level k of the wavelet. As an example,

If n = 8, the discrete version, W, Equation (1.3.3) of the wavelet, ¥ in Equation (1.3.2)

is:

(2 2 0 0 0 0 0 0]
0 0 ¥ ¥ o 0 0 0
o 0 0 0 ¥ 2 o o
wo|® 0000 7Y (1.3.4)
2 ¥ 9 0 0 0 0 o0
0o 0 ¥ -2 0 0 0 0
0o 0 0 0 ¥ ¥ o o
0 0 0 0 0 0 ¥ 2

In general, the matrix W is an orthonormal matrix. The matrix in Equation (1.3.4) that

we used as example, therefore it can prove that:

LLT = Inys, (1.3.5)
HH' = Iss (1.3.6)

where n is the dimension of W. Another property of wavelets is that if x € R™ is "smooth

enough", i.e. xi;1 ~ Xi, then

IIx|[* = [[Wx]|* ~ ||Lx|*. (1.3.7)

We can observe this property in Figure 1.2.
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Figure 1.2: Comparison of the norm of a vector (||x||) and the norm of the action of a

low-pass filter on it (||L(x)]]).

1.3.1 How to use Wavelets to Reduce a System of Equations

Given a linear system of equations

Ax = b, (1.3.8)

we can take advantage of the property Equation (1.3.7) to reduce the size of system of

equations by using the low-pass block of a wavelets.

Consider the basis ® = L". The system Equation (1.3.8) is reduced

(OTAD)Xx = D'b. (1.3.9)

Then, once x is found, we can obtain x using x = OXx.

We can see how the wavelet and the low-pass block act over the matrix A of Equa-

tion (1.3.9) in Figure 1.3.

Assume that the matrix A is represented by Figure 1.3(a). We can see in Figure 1.3(b)
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(c) Matrix WAWT (d) Reduced Matrix ®TA®

Figure 1.3: Illustration of how wavelets can be used to reduce a linear system of equations.

the visualization of the multiplication AW'. We observe that AW’ consists of two
blocks, and one of them is black, which means its elements are close to zero. We can see
in the third image Figure 1.3(c) the product matrix WAW'. This matrix consist of 4
blocks and only the elements corresponding to ®"A® are significantly greater than zero

Figure 1.3(d).

We can conclude this section observing that wavelets can be used to reduce the associate
matrix of a system of equations to a smaller matrix, but this reduction is just 50% of the
original system. If we want to reduce the system even more, we need to apply the same

procedure to the matrix represented by the inmage in Figure 1.3(d), but in this case, we
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will lose more accuracy. We will see in Section 1.6 that this method will not be useful

when we require a good approximation of our solution.

1.4 Proper Orthogonal Decomposition (POD).

Consider a parameterized static computational model described by a large-scale linear
system of discrete equations

A(A)x = b. (1.4.1)

Here, we can see Equation (1.4.1) as an input-output system, where A is the input and

the solution, x(A) € R™, is the output of it.

The idea behind this method is that, given a certain input, the solution x(A) of a system
contains the behavior of the system [98]. Therefore, the set of outputs serves as a starting-
point for POD. The outputs are called snapshots and these must be given or be computed

first.

Consider the set of snapshots S. The solution x(A*) of Equation (1.4.1) for a particular A*
is a particular snapshot, and therefore, is in the subspace spanned by S. If the columns
of S are highly correlated, then we can apply principal components analysis (PCA) to
obtain an uncorrelated number of columns, and thus to reduce the size of linear system

of equations.
Consider the singular value decomposition (SVD) of S

S=uzv’ (1.4.2)
We can split Equation (1.4.2) into two summands
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S = uzv’ (1.4.3)

k n
= Zumw?%— Z w oV, . (1.4.4)
=1 i=k+1

If there exists k, such that o; ~ 0 for all i > k, then the matrix of snapshots can be

approximated by

k
S ~ ZuiciviT, (1.4.5)
i=1

and we can consider the matrix @ consisting of the first k columns of U, i.e.,

O, =W, Vie{l,2,...,k (1.4.6)

The reader who wants to find more information about Reduced-Order Modeling can find

in [117, 79] a good source of information.

1.5 Using Reduced-Order Modeling for Nonlinear Sys-

tems

Consider a nonlinear system of equations
F(x) =0, (1.5.1)

where F is a nonlinear function F : R™ — R". This nonlinear system of equations could

be the result of the discretization of a ordinary or partial differential equation.
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Algorithm 1 Newton Method Algorithm
Require: A function F: R™ — R", the Jacobian Matrix (]) of F, an initial point x, the

tolerance ¢, and the maximum number of iterations Maxiter
1: for i =1 to i = Maxiter do
2:  Solve: J(x)Ax = —F(X)
3:  Update x: x =x+ Ax

4: if ||F(x)|| < € or i = Maxiter then

5: break
6: end if
7. end for

8: return x

A widely used method to solve Equation (1.5.1) is the Newton Method, whose algorithm

is shown in Algorithm 1.

If a solution, x, of Equation (1.5.1) lies on a k-dimensional subspace W, whose basis is

given by the matrix @, then

x=0p (1.5.2)

where p € R¥.

The system Equation (1.5.1) can be reduced as follows

F(®p) =0, (1.5.3)

the Jacobian matrix of F(®p) is J(®p)®. In Algorithm 2, we show how the Newton

method is modified.
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Algorithm 2 Reduced Newton Method Algorithm
Require: A function F : R® — R", the Jacobian Matrix (J) of F, a basis @, an initial

point p, the tolerance ¢, and the maximum number of iterations Maxiter
1: for i =1 to i = Maxiter do
2:  Solve: J(D)Ap = —F(®p)
3: Updatep: p=p+Ap

4: if |[F(®@p)|| < € or i = Maxiter then

5: break
6: end if
7. end for

8 return x = Op

1.6 Examples

In this section, four examples are solved using each approach studied in the previous sec-
tion. The first example is a set of linear system of equations. The second is a nonlinear
system of equations. The third is the heat equation as example of a linear partial differ-
ential of equation, and the last one is the Burgers equation as an example of nonlinear

partial differential equation.

We compared all results with the FOM solution in terms of computation time and relative

€rror.
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1.6.1 Linear System of Equations

Consider a family of 400 matrices A4poxa00(A), Where A € [—1,1]. The matrix A(—1) is
represented by Figure 1.4(a) and the matrix A(1) is represented by Figure 1.4(e). For
each A € [—1, 1] the matrix A(A) is selected as a convex linear combination of A(—1) and

A(1). For each A, let us define the linear system of equations:
A(A)x =Db(A), (1.6.1)
where b(A) is selected such that, x(A) satisfies:
x(A) = sin (am) (1.6.2)

and t is the discretization of the interval [—1, 1] in 400 nodes. More explicit:

xi(A) = sin (6\/’ci2 - 7\2) (1.6.3)

Where t; = —1 4+ hi with i € {0,1,...,399}. In Figure 1.4, we present three members of
the parametric family A(A) for A € {—1,0, 1} Figures 1.4(a), 1.4(c) and 1.4(e), and their

respective solutions Figures 1.4(b), 1.4(d) and 1.4(f).
In Figure 1.5, we plot in a same graph the solutions corresponding to A € [—1,1].

The problem was solved using MatLab, R2017a(9.2.0.556344) on a MacBook Pro, proces-

sor 2.9 GHz Intel Core i7, 16 GB 1600 MHz DDR3 and we obtain the following results:

1. Full Order Model (FOM): The solution (Figure 1.6(a)) of Equation (1.6.1) is

obtained in 2.83 s. with a relative error ¢ = 4.1236 x 107,
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Solution of the system A(-1)

(a) A(A=-1) (c) A(A=0)
Solution Vem A(0) Solution of the system A(1)
(d) x(A =0) (e) A =1) (£) x(A=1)

Figure 1.4: Three members of the family of the linear systems are shown.

2. Krylov Method: We use gnmres (Generalized Minimum Residual Method), which
is used when the associate matrix of the system is non-symmetric. The approx-
imation of the solution is obtained in 2.40 s. with a relative error of 0.42. In
Figure 1.6(b), we show the approximation of the solution. Observe that for this

example Krylov method is not a good choice.

3. Wavelet Method: In this method, we use the second level of the low pass of the
wavelet named  dbl (Daubechies Wavelet) as the reduced basis, and the solution

is obtained in 2.49 secs with a relative error of 0.0257.

4. Proper Orthogonal Decomposition (POD) Method: We compute the singular
value decomposition of the set of snapshots, which consists of the solution of the
FOM. Then, we select the first five columns of the matrix U as the reduced basis.
These five columns represent the 99.85% of the total variance. Using this method,

we can find the solution (Figure 1.6(d)) in 0.37 s. with a relative error is 0.0021.

23



Figure 1.5: Solution of the A(A)x = b(A), for all A € [—1,1] is depicted.

In the previous example, we observed that the Krylov method is not a option to reduce

our problem. The best option is the POD method for two reasons: on one hand the

dimension of the subspace is the smallest, and on the other hand, it finds the solution

faster than the other approaches.

Table 1.1: Comparison of FOM, Krylov, Wavelets, and POD methods when solving a

parametric linear system of equations

FOM ROM Krylov | ROM Wavelet | ROM POD
Time 1.83 s. 240 s. 249 s. 0.37 s.
Relative Error | 4.1236 x 1077 0.42 0.0257 0.0021
Dimension of the subspace 400 100 100 5

We summarize the results of this example in Table 1.1.
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Solution full Model Order

86 H L o - N e o
[P S S M S

P

(a) FOM Solution (b) ROM Solution Using Krylov
Method

Solution using Wavelets. Solution using POD

(c) ROM Solution Using Wavelets (d) ROM Solution Using POD

Figure 1.6: Solution of a parametric linear system of equations using full-order model,

Krylov, Wavelet, and POD method.

1.6.2 Nonlinear System of Equations

In this section, we aim to solve the nonlinear system of equations proposed by Yamamura
and Kawata [118, 29], defined by:
F:R"™ = R x = (Fi(x))<i<, , Where

(1.6.4)
Fo=25% —105x¢ + 118 —i+ ) x =0, 0<i<m.

i=1
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The Jacobian of F is a dense matrix, J, defined by

A frequently used method to solve a system of this kind is the Newton Method, which is

1llustrated in Section 1.5.

We use the different ROM techniques studied before to solve Equation (1.6.4) and to
determinate which of them is the best with respect to runtime and accurate of the

approximation.

1. Full Order Model (FOM): The initial x, is selected in the n cartesian product
[—108,10%] x [—108,10%]", and the stopping criterion is ¢ = 10~°. The method

converges in 459.74 s. in 814 iterations with ||F(x)|| < 2.81 x 107°.

2. Krylov Method: When Newton method is applied to solve a nonlinear system

the equation, we have to solve the linear system of equations

J(x)Ax = —F(x) (1.6.5)

as many times as the number of iteration Newton method takes to converge. We
solved the linear system Equation (1.6.5) using minres, which is based on Lanczos
tridiagonalization. The implementation used in this thesis was developed by Sys-
tems Optimization Laboratory, Stanford University Dept. of Management
Science and Engineering (MS&E) [84]. The matrix A must be symmetric but
it may be definite or indefinite. The Jacobian J(x) of the Yamamura problem is
symmetric for all x. Under this conditions, the solution is obtained in 108 itera-

tions in 50.64 s with ||[F(x)|| < 107° in the solution, and the relative error compared
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Dimension of The Subspace vs lteration of The Newton Method
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Figure 1.7: Dimension of the subspace minres in each iteration of Newton Method when

solving Yamamura problem.

with the solution obtained with FOM is ¢, = 0.0117. The method minres is used
to solve Equation (1.6.5) finding a subspace where Ax lies. In Figure 1.7, we can
observe the dimension of the subsapce for each iteration. We can observe that the

maximum dimension of such subspaces is 100, and the minimum is less than 5.

3. Wavelet Method: Unlike the previous method minres, which finds a subspace
for the Newton step on each iteration of Newton Method, with wavelet method, we
assume that the solution is either in a fixed subspace or close to it with respect to

the orthogonal projection. Therefore, we search for Ax on the same subspace.

In this part, we used the second level low pass of the discrete wavelets dbl as the
basis of the subspace where the solution of the Yamamura problem is supposed
to be. The Reduced Newton Method is applied. The stopping criterium used is
¢ = 1075, and the initial point is a random vector p, in the box [~10%,103]*°. The
approximation of the solution is obtained in 71 s. in 155 iterations, ||F(x)|| = 35, and

the relative error compared with the solution obtained with FOM is ¢, = 0.021.
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4. Proper Orthogonal Decomposition (POD): In order to compute the snapshots

and to find the reduced basis, we m:

F:R*" 5 R", X— (Fi(x§7\))1gi§n

Fo=2G =105 + 118 —i4+ ) x =0, 0<i<mn.

i=1

The following problem:
F(X,A) =0, for A = 2.001,2.002,...,2.999, 3.000.

is solved. For each A; a matrix of the snapshots where every column is the solution
Xi, is defined
Sna = [X; X; ... Xogo Xio00]-

Later the singular value decomposition of Sna is computed
Sna = USVT,
and finally, the first k columns of U are used as basis, such that

k
—Z;;g‘“ > 0.997.

i=1 Yi

In this experiment, k = 100.

POD Method obtains the solution of the problem in 46 secs with 110 iterations,
IIF(X)|l < 1.12 x 107 and the relative error compared with the solution obtained

with the FOM method ¢ = 4.25 x 1071°.

Summarizing:
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Table 1.2: Comparison of FOM, Krylov, Wavelets, and POD methods when solving a

parametric nonlinear system of equations (Yamamura problem).

FOM ROM Krylov | ROM Wavelet | ROM POD
Time | 459.74 sec 50.64 sec 71.27 sec 46 sec
Iterations 814 108 155 110
Rel. Error - 0.0117 0.021 4.25 x 10710
Dimension 1000 {5, 6,..., 100} 250 100

1.6.3 Linear Partial Differential equation

In this section Heat equation is solved using the four studied approach. The heat equation

is a linear partial differential equation which models the flow of heat in a rod that is

insulated everywhere except at the two ends, and it is defined by

where:

u_ ou
ot ox2’

e The variable x € [0, L], where L is the length of the rod,

e t > 0 is the time variable

U(t,0) = 0 = U(t, L),

where t > 0, (Boundary condition).

Uu(0,x) = f(x), where x € [0, L], (Initial Condition),

(1.6.6)

In our experiment, L = 1, f(x) = sin(7tx) + sin(27tx) and t € [0, 0.01].
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1. Full Order Model: The following equations:
ou U(ti, %) — U(ti1,%)

o _ 1.6.7
ot At ’ ( )
o’u U(ty, %) — 2U(t;, %) + U(ti, Xi41)

=7 = 27 - MR (1.6.8)

are used to discretize the heat equation in each node of space-time domain, where
h =11 —x; and At = t;; — t;, and we can simplify U(t;,x;) = U;;. Substituting
1.6.7 and 1.6.8 in 1.6.6 with A = 1, the sparse and symmetric linear system

defined by
Ugj — Uiy o Wiy — 2Ugy 4 U
At h? '

is obtained and by collecting similar terms, the system is written as

—AAtU 5 1 + (2AAt + h)Uy; — AAtU 7 = h* Uy g5, (1.6.9)

The linear system of equations Equation (1.6.9) is solved for each 1 < i < 400 using

FOM and the approximation of the solution is given in 0.572 secs.

2. Krylov Method: Due to the fact the matrix in the heat equation discretization
is symmetric and sparse, minres is used to solve the linear systems. The program
minres was able to present an approximation of the solution in 0.2 secs. For each
instant t the method minres was able to find a subspace where the solution of the
linear system was and the dimension of such subspace always was less than 4. In
Figure 1.8 the dimension of such subspaces for each instant of time can be observed.

The relative error compared with the solution obtained with FOM is ¢, = 0.021.

3. Wavelet Method: The first level of a db1, which has dimension 200, is used as
reduced basis. This method did not obtain a good approximation of the solution
of the heat equation. The time needed to get the solution was 1.97 secs, with a

relative error compared with the FOM solution of ¢, = 0.68.
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Figure 1.8: Dimension of the subspace in each t-stepsize in the Heat equation.

4. Proper Orthogonal Decomposition The parameter A in Equation (1.6.6) is used
as input. The equation is solved for each A € [0.5,1.5] with AA = 0.01. For each
parameter 50 snapshots are taken and the matrix Snap is defined with all the snap-
shots collected. The singular value decomposition of the matrix of the snapshots,

Snap = USV' is computed and only two columns of U are enough to obtain a good

approximation.
2
210 9999,
i=1 Ot

Using as reduced basis the two first columns of U the approximation of solution is

obtained in 0.059 secs and the relative error ¢, = 0.059.

Summarizing:

The graphs of the solution by using different methods are shown in Figure 1.9.
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Table 1.3: Comparison of FOM, Krylov, Wavelets, and POD methods when solving a

linear partial differential equation (heat equation).

FOM ROM krylov | ROM Wavelet | ROM POD
Time | 0.572 secs 0.2 secs 1.97 secs 0.059 secs
Rel. Error - 0.021 0.68 0.059
Dimension 400 {2, 3, 4} 200 2

1.6.4 Nonlinear Partial Differential Equation

In this section, the FOM, Krylov, Wavelets and POD method are used to solve the

Burgers equation as an example of nonlinear partial differential equation.

Burgers equation is a fundamental partial differential equation from fluid mechanics. It
occurs in various areas of applied mathematics, such as modeling of gas dynamics and

traffic low, and it is defined by

ou(t,x) , df(U(L,x))

ot ™ = g(x), (1.6.10)

where U is the unknown conserved quantity (mass, density, heat etc.), f(U) = 0.5U% and
in our example, g(x) = 0.02exp(0.02x). The initial and boundary conditions used with

the above PDE are: U(0,x) = T; U(t,0) = u(t), for all x € [0;100], and t > 0.
Discretizing U(t, x) with respect to the variable x yields
U(t) = [Uy(t), Uz(t), - -+, Un(t)] (1.6.11)

where U;(t) = U(t,x;), and x; = x;_1 + Ax. Applying Godunov’s scheme, also known

as finite-volumen method, to approximate 9/0x [90], the dynamical system takes the
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(a) FOM Solution (b) ROM Solution Using Krylov
Method
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(c) ROM Solution Using Wavelets (d) ROM Solution Using POD

Figure 1.9: Solution of the Heat Equation.

following form:

‘(11_% = F(U) + G + Bu?. (1.6.12)
where:
—0.5U? exp(0.02x;) =
0.5(U? — U3 exp(0.02x 0
F(U) = W=t |G o | P02 (1.6.13)
0 5(U2 Ui)_ | exp(0.02x,) | | 0|
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Now, discretizing Equation (1.6.12) with respect to the variable t:

U(t:) — Uty )
At

=F(U) + G + Bu?, (1.6.14)

where U(ty) = U°, is the initial condition, fixing the value of t;, Equation (1.6.14) is

equivalent to solve the non-linear system

(—0.5U; (t;)? 4 0.02e%%2 + YAt + Uy (ty) — Uy (tig) 0
(0.5(Uy ()2 — Us(t;)?) + 0.02e%922) At 4 U, (ty) — Ua(tig) 0
R(U) = =
(0.5(Us_1 (2 — U;(t2) + 0.02e%02) At + Ui (t;) — Ui(ti 1) 0
(0.5(Usgo (tf — Uyoo(tf) + 0.02€*% 1) At + Usoo(t;) — Ugoo(tis) 0
(1.6.15)

and Equation (1.6.15) can be solved using techniques to solve nonlinear system of equa-

tions.

The Jacobian of R is a bidiagonal matrix with linear terms,

—U; (t—)1 0 0 0 0 0
Us(t)  —Uy(t) —1 0 0 0 0
B 0 WU (t) —U;s(t;) — 1 0 0 0
= 0 0 Ws(t)  —We(t) —1 0 0
0 0 0 0 oo Ugg(ti) —Uspo(ti) — 1
(1.6.16)

After we discretize and solve the problem using Newton Method for each time step and
each approach, the results are presented in Section 1.6.4 and the graphs of the solution

are presented in Figure 1.10.
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Table 1.4: Comparison of FOM, Krylov, Wavelets, and POD methods when solving a

nonlinear partial differential equation (Burgers equation).

FOM | ROM krylov | ROM Wavelet | ROM POD

Time | 0.41 sec. 2.76 sec. 0.77 sec. 0.67 sec.
Rel. Error - 3.85E-11 0.0076 9.013E-4
Dimension 100 7 50 32

1.7 Conclusion

We have solved four classical problems: a parametric linear system of equations, a para-
metric nonlinear system of equations, a linear partial differential of equations, and a
nonlinear partial differential of equations using four strategies: full order model, rom
using Krylov method, wavelets, and POD. We realized that, except in the case Burgers
equation, the best method to solve a problem using ROM is POD in terms of dimension

and relative error.

In the case of Burger equation, Krylov method is which gives better results. It can be
explained because in each iteration, the Jacobian matrix is a sparse bidiagonal matrix,
and the for that reason the convergence is fast. When other methods are used in this
case the property of sparsity is lost, and as consequence, the dimension of the subspace

is larger and, therefore the time of convergence is large as well.

Finally, As we expected, we observed that ROM based on wavelets was which had the
worst performance in terms of reducing the dimension of the subspace and runtime due

to it get rid of lower frequency data which can be important in the approximation to the
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(a) FOM Solution (b) ROM Solution Using Krylov
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(c) ROM Solution Using Wavelets (d) ROM Solution Using POD

Figure 1.10: Solution of the Burger Equation.

solution.

the reader who wants to have more information about how to obtain a reduced basis on

a nonlinear problems can see [98, 90, 26, 117].
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Chapter 2

Interval Arithmetic and Interval

Constraint Solving Techniques

Broblems ave hidden omooﬁuni’fies, and constrainis can acjfuc&ly boost cwajcim"@,
{%é% %&//ﬂw

In this chapter, we present interval arithmetic to extend real function evaluation to
interval evaluation to be able to obtain with certainty an envelope of the exact answer to
mathematical problems. Algorithms based on interval computations can provide bounds

on a sequence of operations due to the way how the operations are executed.

2.1 Motivation

This section shows how interval computations can be used to conduct reliable computa-

tion.
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2.1.1 A little bit of history

Two very well-known real numbers are v/2 and m. Both
numbers are irrationals, which means that none of them can

be expressed as the ratio of two integers.

Although both numbers are irrationals, there exists a sig-

nificantly difference between them. On one hand, we can

build a segment whose length is v/2; we only have to take
the hypotenuse of an isosceles triangle whose side is one. Figure 2.1: Archimedes of
Geometrically speaking, v/2 can be built using straightedge Syracuse.

and compass, and algebraically speaking, v/2 is a root of a

polynomial with integer coefficients. All numbers that are

root of integer-coefficient polynomial are called algebraic numbers [9, 47, 64].

On the other hand, the number 7t is not an algebraic number. These kind of numbers are
called transcendent number. The question is: how was it possible to have a reliable
approximation to 71?7 The answer of that question was given by Archimedes of Syracuse

(287 - 212 BC), Figure 2.1 with his exhaustion method.

Let us recall how 7t is defined: The number 7t is the ratio of the circumference of a circle
and its diameter. In particular, if the diameter of the circle is one, then the length of

circumference is 7.

The Archimedes’ exhaustion method consists in approximate the circumference of a cir-
cle from above and below by circumscribing and inscribing regular polygons [62, 16],

see: Figure 2.2.
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— — P12
—F — Py

(a) Approximation of 7t using two hexagon. (b) Approximation of 7t using two 12-sided

polygon.

Figure 2.2: Bounding 7t using Archimedes’ exhaustion method.

Consider py and Py the regular perimeter of k sides that are inscribed and circumscribed

in a circle of diameter one. Archimedes proved that

2p Py
p,, = Pnin "= /PP 2.1.1
R P2 PnP2 (2.1.1)

Archimedes found an approximation of 7t using pes and Pos in Equation (2.1.1) and

rational approximations for radicals. He concluded that

10 1

Archimedes used no trigonometry. The last approximation using this method is at-

tributed to Grienberger in 1630 using Snell’s refinement [36].

We can use similar ideas of Archimedes’ exhaustion method to compute interval enclo-

sures for the exact values of integrals.
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2.2 Riemann Integral

Let f be a real-valued function defined on the interval [a, b]. The lower (see: Figure 2.3(a))
and upper (see: (Figure 2.3(c))) sum of f with respect to a partition P: a =xy < x; <

- < Xn, = b is defined as follows:

n—1

LGP = ) inf  F(6)(xi1 =)

- Xi,Xi11])
(2.2.1)
n—I1
URP) = > sup f(t)(xin —x)
i telxixivi]
If f is continuous, then
b
L(f,P) < J f(x)dx < U(f,P) (2.2.2)

The Riemann integral (see: Figure 2.3(b)) is the limit of the Riemann sums of a function

as the partitions get finer [107, 5].

y=a>+1 y=a2+1 y—a2 41

(a) Lower sum. (b) Riemman integral. (c) Upper sum.

Figure 2.3: Lower and Upper approximation to the Riemann integral.

We consider in Figure 2.3 an increasing function as illustrative purposes.
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2.3 Computations with Intervals

Uncertainty in a given quantity can be expressed as an interval of possible values for
this quantity. Measurement instruments often come with a known maximum error. As
a result, when measuring a quantity x, we often instead get X, which in fact corresponds
to X + A, = [X — A, X + A, in which the true observed quantity lies. In what follows,

we start by showing how we can handle uncertainty with intervals.

In a nutshell, interval analysis, as opposed to real analysis, consists in handling every
quantity as a closed interval, as opposed to a real number. The idea of interval arithmetic

1s as follows:
VX,Y intervals, XxxY={xxy, x€ X, y €Y}

where < € {+,—, X, +}

More specifically, since Y might contain 0, when i is +, X 1Y would not be an interval
unless we add an extra operator, [], the hull, to ensure that all interval computations

result in an interval. As a result, we in fact have:

VX,Y intervals, XY =0Ox>y, x € X, y €Y},
where < € {+,—, x,+}
From there, all functions over the reals can be extended to intervals. For any function

f: R™ — R over the reals, a valid interval extension F: " — I satisfies:
VX € R, {f(x), x € X} c F(X).

This definition allows for many interval functions to qualify as extensions of any given
real function f but the goal is to identify interval functions F that best enclose the range
of the original real function f. As a result, when solving nonlinear systems of equations
using interval computations, we seek to use extensions that are tight, so as to avoid

overestimations as much as possible.
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Indeed, in general, different interval extensions of the same real function f yield differ-
ent enclosures [56]. For instance, Volker Stahl demonstrated in [100] that the Horner

extension [28, 54] reduces the overestimation on polynomial evaluation; see Figure 2.4.
Example 2. Consider two different symbolic expressions, called f and g:
flx) = 2x°+x° —3x? (2.3.1)

g(x) = X (=3+x(1+2x%) (2.3.2)

These two expressions in fact represent the same real function: Vx € R, f(x) = g(x).
However, when extending these symbolic expressions to being evaluated on intervals,

the resulting enclosures are very different; see Figure 2.4.

froea®—at
gz —2*((z —0.5)% — 0.25)

[ Evaluation of f
KXY Evaluation of g

Figure 2.4: Comparison of the natural and Horner expressions of the same real polynomial

f.

So, although techniques based on interval computations yield reliable results, they are
subject to overestimation. These are usually caused by one of the following problems

(see [80] for more details):
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1. Dependency problem: when variables appear more than once in an equation, each
occurrence is handled as a separate variable, hence possibly resulting in overesti-
mation, which compounds over repeated computations. For example, consider the
function:

f(x) =x* —x (2.3.3)
if we evaluate Equation (2.3.3) in x = [0, 1], we obtain
f([0,1]) = [0,11*—[0,1]

= [0,1—1[0,1]

= [_]) ”)

which is an overestimation of the real range.

On the other hand, if we re-write Equation (2.3.3) as follows

f(x)—(x—l)z—l (2.3.4)
B 2 4 o

and we evaluate in the same interval. We obtain

[ S
- 22 4’
171
= _O’ZJ—Z’
[

- I 4)O:|)

which is the exact range.
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2. Wrapping effect: as intervals are cartesian boxes, they are not suited for the ap-
proximation of other shapes (other than right shapes). As a result, uncertainty
is generated by the cartesian approximation of such shapes and only grows as the

computations repeat. This effect is illustrated in Figure 2.5.

Figure 2.5: Illustration of the wrapping effect of interval computations.

Note that, in practice, we conduct interval computations with floating-point-bounded in-
tervals. What this changes is that each time an interval computation is carried out, if the
bounds of the resulting interval are not floating points, they are outward rounded (to the
closest outward floating point), to guarantee that the range of the interval computation
still be enclosed. For example the rational number x = 0.1 has no binary representation,

so the interval [0.1,0.1] is approximated as:

[0.1,0.1] = [0.09999999999999999, 0.1000000000000001]. (2.3.5)

In this work, we use interval computations provided in RealPaver [14, 43, 42, 113] and

the natural extensions that this library provides.
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2.4 How to Solve Nonlinear Equations with Intervals?

When solving equations with intervals, we use constraint solving techniques [56,
96|, namely contractors on each equation as follows. In short, given an equation
fi(x1,...,%n) = 0 with k occurrences of x; in the symbolic expression of f;, a contractor

on f; for x; is defined by:

Ciji : IR — IR where: 1 €{1,...,k}
X — Ci,j,l(x) =XN Fi,j,l(X], .. -)Xn)

where F;,j,l is such that Fi,j,1(x1,...,xn) = xx is equivalent to fi(x7,...,%x,) = 0. An

example of this is as follows.

Example 3.
cr: X4y = 1
] J (2.4.1)
c: —x*+y = 0

where x € X =[—1,1] andy € Y = [-1,1].

(a) Initial Box (b) Two Outer Boxes (c) Four Outer Boxes

Figure 2.6: Outer approximations of the solutions of the nonlinear system of equations.

Let us explain, step by step, how the domains of each variable, x and y, are narrowed

(see [45, 46] for details):
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1. First, we start with the initial box, [—1,1] x [—1,1], containing the solution(s) of

this problem, if any; see Figure 2.6(a).

2. Constraint c; is considered and first used to define a contractor for the domain of

variable y:
Cly1: Y= YN (1—X%)
As a result, we obtain:

Y = [-1,1In(1—[-1,1]%)
= [=1,1n(0-=1[0,1])
= [—1,1]IN[0,1]
= [0,1]

3. A similar step is repeated on the contractor for variable x using Constraint ¢;: ¢ 1,

but this step yields not contraction for the domain of x, leaving it as X = [0, 1].

4. Moving on to Constraint c,, and processing the domains of x and y using their
respective contractors, no more contraction is obtained. The new domain after
seeking a first fixed-point of contraction on the original domains yields a new do-

main: [—1,1] x [0, 1].

5. If the accuracy of this new domain is deemed insufficient (which it is, in this case),
then the domain is split along one of its dimension (in Figure 2.6(b), it is split w.r.t.
the domain of x), and the above steps 2—4 are repeated until the whole domain has

been discarded (no solution) or a desired level of accuracy has been reached.

6. Repeating this process further, we reach configuration Figure 2.6(c) in Figure 2.6.

Unlike real-valued traditional non-interval Newton methods, Interval Constraint Solving

Techniques do not involve or depend on the choice of the method’s starting point. Instead,
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they start with the whole domain or search space and keep discarding parts of it that are
guaranteed not to contain a solution, leaving as solutions and quasi solutions, those that
may contain solutions. This approach is complete: it will not miss solutions, and in the
event that no solution is returned, it is safely guaranteed that it is because there was no

solution to the problem at hand in the first place.

Let us illustrate the advantages of working with intervals when there is uncertainty in

one parameter of our model in the following example.

Example 4. Say we want to know the behavior of a phenomenon represented by the

Gaussian model

, X 1
—y =0, wh 0) = 2.4.2
y +Gzy , where y(0) o ( )
for all o € [1,V/3]. The analytical solution of Equation (2.4.2) is
Vo, f (X)—LGX —X—z (2.4.3)
y'o - 0_\/2—7_[ p 20_2 ) M

it and can be used to illustrate the advantages of working with intervals when there is

uncertainty in one parameter of the model.

It is easy to believe that considering the functions f;(x) and f 5 as boundary of the
parametric family {f;},.;,5 Would be enough, but, in fact, it is not true. Information
corresponding to fyq is lost; see Figure 2.7(a). On the other hand, if we discretize and
solve the resulting system of equations (in this case linear) using ICST, then we obtain

an envelope to the family of functions; see Figure 2.7(b).
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o=1

o=V3

Wl of o = [1,V3]

(a) Plots of f1, f 3, and f ;5 (b) Interval envelope of the {fs}s

Figure 2.7: Interval vs. Naive approach for o = [1, V3]

2.5 Conclusion

In this chapter, we illustrated how intervals can be used to obtain reliable approximations
of transcendent numbers and exact integrals. After introducing interval arithmetic, we
were able to show the importance of intervals to obtain a reliable envelope of all the

solutions of a parametric differential equation.
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Chapter 3

Finite Element Method

T belicwe cvery Humcm has a ﬁm’%@ number of hecw%ea%s, 7 don't intend to waste any of mine,

Many natural phenomena can be modeled using parametric partial differential equations
(PDE) over a non-regular boundary domain. A widely-used method to solve such PDEs
is Finite Elements Method. In this disseration, we present a modification of FEM that

allows us to handle uncertainty on the parameters of such equations.

In this chapter, we start by recalling the principle of the Finite Element Method to solve
differential equations before to modify it in order to be able to handle uncertainty in the

involved parameters of the model.
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3.1 Basic Concepts

FEM allows finding numerical approximations to solutions of PDEs over a continuous
domain. Such PDEs are in an integral (or weak) form, which characterizes the behavior
of the physical model on a large number of disjoint subdomains named “finite elements”
[20, 25, 101, 119]. To write a PDE in a weak or variational form, we use Green’s

Theorem:

L(Au)v + L Vu-Vv = J (Onu)v, (3.1.1)

r

which is a particular case of the Divergence Theorem:

J (div p)v —I—J p-Vv= J (p-n)v, (3.1.2)
Q Q r
where div p is the divergence of the vector field p, that is, if p = (p1,p2):
. ap1 apz
d =—— 4+ —.
VP aX1 + aXZ

If we take p = Vu, we obtain Green’s Theorem.

The following is an example of how to express a partial differential equation as the weak

form using the Green Theorem.

Example 5. Consider the boundary value problem:

p

—Au+cu="~f, n Q,

u=go, on Ip, (3.1.3)

onu =gj on I\.
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where 0,u = Vu - n, with n the unit normal vector on points of I' always pointing
outwards. Without specifying spaces where w and v are, the weak formulation of

(3.1.3) can be written as follows:

Find u such that

u=go, on Ip, (3.1.4)

\ IQVu-Vv+cfqu=fov+er grv

for all v, such that v=0 on Ip.

Triangularization: let us assume that () is a polygonal domain, and let us make a

partition of Q) called a triangularization, by subdividing () into a set T;, of non-overlapping

a=Jx

KeTh

triangles K, i.e.,

such that no vertex of one triangle lies in the interior of the edge of another triangle [3,

34, 30, 38].

A triangularization or mesh is defined by point coordinates (x;,yi), 1 < i < n,, where
n, denotes the total number of points on the mesh. It is necessary to know how these
points are connected to form the elements, so we need a connectivity matrix (conny;)s,j
to describe the relation between local points and global points. For a linear triangular
grid, conny, j =1,2,3, i=1,2,...,n,, denotes the global label of the jth point of the
ith element, where n. is the total number of elements. For example, in Fig 3.1(a), we
see that conn;; =1, conn;, =4, conn;3 = 5 meaning that the element T; is defined

by the points: Py, P4, P5 written counterclockwise.
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T,
P5 T3
T
Ps T,
Ts
T P Ts

Ts
P4 P;3
(a) Triangularization of Q = [0,1] x [0, 1] (b) A piecewise-linear basis function

on eight elements

Figure 3.1: Example of a triangularization of O and an element of the basis function

To enforce boundary conditions, we need to know what nodes are on the boundary of
the domain, and what type of boundary conditions exist there. We define a two-column

matrix gbc as:

0 if it is an interior point
gbciy =4 1 if it is a Dirichlet point

2 if it is a Newmann point

Moreover, when gbc;; # O for any i, we use gbc;, to specify the corresponding boundary

value.

Once the discretization is done and the boundary conditions are set, the next step consists
in defining the finite element space V;, containing all functions v continuous on Q, such

that each v is affine on each triangle K, and v =0 on 0Q.

Assuming that T, contains N interior vertices x;, 1 <1 < N then we can define a basis
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of functions v; € V;, for each interior point satisfying:

vi(xi) = by (3.1.5)

Note that the support of ¢; consists of the triangles with x; as a common vertex, see

Figure 3.1(b).

The discrete version of the weak formulation, specifying the numbering of Dirichlet nodes

in the discrete Dirichlet conditon unfolds as follows:

Find u;, € V4 such that

un(pj) = go(p;), on Ip, (3.1.6)

L fQVuh-VvthcfQuth = J‘vah_i_‘l‘rN g1Vn

Example 6. The first example to test out implementation is based on the boundary

condition in a 2-D poisson problem [44, 1] on Q =1[0,1] x [0,1]:

—Au = 47* sin(27tx) sin(2my) (3.1.7)

u(x,y) =0; V(x,y) € 0Q (3.1.8)

In this example, the domain Q is discretized on ne = 256 elements. The number of

points, and therefore the number of equations and variables is np = 145. The first
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(a) Triangularization of a compact domain  (b) Solution of the Poisson equation using tri-

angular finite elements

Figure 3.2: Solution of a poisson problem in a triangular finite domain Q

column of the vector gbc consists of 0’s or 1’s due to the fact that boundary conditions

are only Dirichlet Figure 3.2(a).

After solving the integral each integral equation, and solve the system of equations we
have a numerical approximation to the solution Figure 3.2(b). In Chapter 8, we will

retake this example but handling uncertainty on the boundary condition.

Next example is integrated on the same domain and with the same discretization. This

time is a equation that not only depends on the space but also depends on time.

Example 7. Consider the transient nonlinear heat conduction in a given body:

d
pcy,a—iL = V. (kVu)+ Qu on Q x [0, T]
u = g on0Q x [0,T] (3.1.9)

u(x,0) = To=0,¥xeQ
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In (3.1.9), w=u(x,t) is the temperature, C, = 50.0 1s the heat capacity to constant

preassure and k = k(u) = 2 (1 + 1?)30) 1s the thermal conductivity, and p = 1 1is the

density of the material. The function Q, = QoQ(x,y) represents heat sources, where

0.1
/52 12

Qx,y) =—10""

100 —

sin(X) sin(() exp (

f()?, g) - fmin

max ~ fmin

% = 20x — 10; § = 20y — 10

The function f(X,{) is known as the Cross-in-Tray function, see Figure. 3.3(a).

/
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(a) The heat generation function (b) Solution of the transient nonlinear heat

conduction equation using triangular finite

elements

Figure 3.3: Solution of transient nonlinear heat conduction and the source of heat

In Problem (3.1.9), the derivative in time is approximated by finite differences, i.e.,

i il
ou v with At = 0.005. The graph of the solution in t = 0.025 is given in

ot At
Figure 3.3(b).
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3.2 Conclusion

In this chapter, we gave an introduction of to the Finite Elements Method. We presented
the discretization of a domain, and present the elements of the functional basis. We
closed the chapter with two examples, one of them a partial differential equations, which
depends only of the space domain, and another example, which depends on space and
time. These examples are considered with Dirichlet condition without uncertainty. This
allows us to observe the form of the solution to later observe the changes when the same

examples are considered with uncertainty on the boundary conditions in Chapter 8.
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Chapter 4

Problem Statement

We can not solve our pwmcms wi’(h ﬂlc same lewel of %hinﬁif@ fﬂla’( created %hem

A dynamical system is a system, which describes the dependence of a state vector in an
instant of time of both: time and the state vector corresponding to the previous instant of
time. [77, 104, 108|. Dynamical systems are usually represented as differential equations,

and these differential equations depend on one or more parameters [52, 87, 112].

We will work with differential equations whose domain could be an interval of time, a
compact domain of space, or the cartesian product of a compact domain and a closed

interval of time.

We work in thesis with the following kind of parametric differential equations:

e Nonlinear system of ordinary differential of equations [58|:

X = f(X, /\), X(to) = Vo, (401)
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where t € [ty, t,], the function f: R™ x RP — R", X € R" is the state vectors, and
A € RP is a p-dimensional vector of time-invariant parameters. For example:

X7 = ax;— Pxixz

, x1(0) =10,%2(0) = 10. (4.0.2)
X5 = —yxa+ ovxix,

here, X = (x(t),%2(t))", and A = (e, B,v,8)"

e Parametric partial differential equations [13]: It is an equation of the form:

ou ou
f(X],...,Xn,u,a—x],...,g,...,/\):O (403)

the function u is defined on a compact ), and it satisfies either: Dirichlet, Neu-

mann, or Robin boundary conditions.

After discretizing the domain, Equations (4.0.1) and (4.0.3) turn into a large, sometimes
nonlinear, system of equations

F(X;A) = 0. (4.0.4)

where F: R™ x R? — R™. We saw in Chapter 1 that in order to deal with large dimension
issues we have to search for the solution in a smaller subspace than the original search
space. The proper orthogonal decomposition method (POD) is a well-known method to
locate a subspace containing the solution, but it does not take into account the uncer-
tainty on the parameters to find the snapshots. Chapter 5 shows how to use interval
arithmetic and interval constraint solving techniques to obtain a basis of the subspace
taking into account possible uncertainty of the parameters A. Much work has been done

to find an enclosure [X, X] of the solution X when we have an enclosure of the parameters

A.

Assume we have access to observations of the dynamic systems, i.e., for some subset

Iovs C {1,2,...,n}, we have x; = X;, Vi € Iops. The observation could be inaccurate,
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so x; may be represented as an interval. Chapter 6, we use interval constraint solving
techniques along reduced-order modeling to estimate parameters which leads to a given

behavior of a dynamic system. With

Fo(p,A) =0

m o (4.0.5)
Z ®y;p; = Xi, Vi € ops.

j=1

Equation (4.0.5) can be used to model a natural phenomenon that has been perturbated
and requires recomputation of some parameters to guarantee a specific outcome of the

modeled dynamic system Chapter 7.

Finally, capturing the uncertainty in combustion simulations is of great interest not only
for fundamental research but also for vehicle designers to evaluate the behavior of novel
fuels to engine performance. In this point, to run simulations is essential to design engines
with a good performance. To run such simulations, researchers represent the model they
want to simulate as partial differential equations over a domain, and then, they use Finite
Element Method (FEM) to solve the PDE. In Chapter 8, we propose a novel technique to
handle uncertainty in FEM using interval computations and Interval Constraint Solving

Techniques to capture uncertainty in JP-8 simulations.
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Chapter 5

Interval POD (I-POD)

7 became insane, wml 10%3 infervals of How{ ble scmi’gy,
Cppr - Alire P

Once again, the problem that we are solving is as follows: Given a parametric system of

equations (also known as the Full Order Model):

Fx,A\) =0, A€l (5.0.1)

where F can be either linear or nonlinear function F : R™ — R", that might emerge from
the discretization of a set of partial differential equations and I is a fixed interval. The

idea behind POD is to solve (Equation (5.0.1)) for a sequence of values A; € I, i.e.,
F(x,A) =0 (5.0.2)

where A; € I, for i = 1,2,...,n. The main idea of this method is based on the
assumption that there exists a high correlation between solutions for such values A;, so

PCA techniques can be applied to obtain a smaller number of columns uncorrelated
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with the greatest of accumulated variance.

This chapter proposes an interval version of POD. The original idea behind this new
Interval POD is that we aim to reduce the amount of work in solving the Full Order
Model for many different values of the input parameters (A). Instead we suggest and
experimented solving the Full Order Model once on the entire interval containing all

desirable values of A.

This slight change in concept (many processes solving for many different values of A vs.
one process solving for an entire interval instead) has consequences in our ability to solve
the Full Order Model. Now that an interval is part of the problem we are bound to use
interval-computation-based solving techniques and we found interval constraint solving

techniques to be very practical to do so.

More specifically, we are now solving:
F(x,I) =0, (5.0.3)

which is a nonlinear system of equations with explicit uncertainty in the shape of an inter-
val. We called this variation of POD the Interval Proper Orthogonal Decomposition

(I-POD) method.

5.1 Numerical Results

This section describes and reports on preliminary experiments of our I-POD method on
four well-known problems: the Gauss model, Burgers’ equation, the Transport equation,

and the Bratu equation. In each of these experiment, we aim to assess the ability of I-
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POD to generate snapshots that yield a reduced basis of quality enough that the solution
of the reduced-order model yields a very small error (w.r.t. FOM solution) in comparison

to what a similar process using POD achieves.

5.1.1 Gauss Model

We start with a simple o-parameter Gauss equation model, which is an ordinary differ-

ential equation with initial condition. Find y,(x) such that

X 1
"+ =y =0,Vx € [0,2] and y(0) = 5.1.1
Y+ 3y [0,2] y(0) T (5.1.1)

To solve Equation (5.1.1) using finite differences method, we divide the domain [0, 2] in

N uniforms points; we denote as y; the approximation of the solution in an arbitrary

point x;, and we approximate the derivative substituting

r_ Yi — Yi

. 5.1.2
Yy - (5.1.2)

where h = x; — X;_1. In this scheme, x; = i-h for i = 0,1,...,N. Substituting the
approximations of y{, yi, and x; in Equation (5.1.1), we can construct the system of
equation

(0 +h*)y; —o*yi1 =0, Vi=1,2,...,N. (5.1.3)

In this case, yy is the initial condition.
We want to find the snapshots solving for y in the linear system of equations

(0f + K*)y; — ojyi1 =0, Vvi=1,2,...,N. (5.1.4)
where o0j is uniformly distributed in the interval (1, Vv/3]. We can store the solution of
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Equation (5.1.4) as a column in the matrix of snapshots Snap([1,...,N],j) =y, see Fig-

ure 5.1(a).

After computing the singular values decomposition of Snap

Snap = WZV'

(5.1.5)

To define the basis ®ppp, for a fixed ¢ < 1, we select the first k columns of W such

i=1

> €.
N = €
Do
i=1

where 07 > 0, > - -+ > 0y are the k first singular values of Snap.

Snapshots of POD Snapshots of ILPOD
T T T T T 0.4 T T T T T

—— Lower bound
] ossp —— Upper bound | {

L L L L L L L L L L L L L L L L L L
0 20 40 60 80 100 120 140 160 180 200 0 20 40 60 80 100 120 140 160 180 200

(a) Snapshots of Gauss model using POD (b) Snapshots of Gauss model using I-POD

Figure 5.1: Snapshots of Gauss model using POD and I-POD method
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5.1.2 Burgers Equation

Consider the Burgers’ equation:

ou(x,t) = of(U(x,t))

3t + I = g(x), (5.1.7)
where U is the unknown conserved quantity (mass, density, heat etc.), f(U) = 0.5U% and
in this example, g(x) = 0.02exp(0.02x) [63, 99, 71, 68]. The initial and boundary condi-

tions used with the above PDE are: U(x;0) = 1; U(0;t) =4, for all x € [0;100], and t > 0.

Below, in Section 5.1.2 and Algorithm 4, we describe the procedure to obtain the
snapshots and the reduced basis in the POD method for the Burgers equation. We will
then compared it with I-POD.

The POD algorithm is modified in the following way:

Figure 5.2: Solution of Burger equation for A =4, and some snapshots corresponding to

this parameter.

The matrices returned by Section 5.1.2 and Algorithm 4 will be the reduced basis to
apply ROM strategies. We applied previous procedures, FOM, POD, and I-POD, to solve

(Equation (5.1.7)) and we obtained the results reported in the Table 5.1.
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Algorithm 3 Computing a Proper Orthogonal Decomposition Basis.

Require: An empty matrix where we will collect the snapshots: Snap = [, and an initial

1:

10:

11:

12:

13:

14.

15:

16:

17:

A = 3.5.
fori=2toi1i=100do
ou(x,t) of(U(x,t))
+
ot 0x
g(x) = 0.02exp(0.02x)

= g(x),

Solve:
U(x;0) =1, for all x € [0;100],
\ Uu(o;t) = Ay, for t > 0.
Collect snapshots: From ty,t,,...,t,, select a subsequence ti, tis, ..., tip.
Add new  columns to  the snapshot matrix: Snap =
[Snap U(X, ti ) U(X> tiZ) R U(X) tip)] .
Update A: A; = A7 + 0.01
end for

Compute the singular value decomposition of the matrix Snap: Snap = WXV’
Select from W the principal components with the greatest accumulated variance:
o0=0 (0y=2ZXZy)

for k=1to k=ndo

Ok

DIIEY
if 0 > Tol, 0 < Tol < 1 then

0=0+

break
end if
end for
Select the first k columns of W, and define ®: ® = W(;, [1,2,...,k])

return O.
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Algorithm 4 Computing a Proper Orthogonal Decomposition Basis Using I-POD.

Require: An empty matrix where we will collect the snapshots: Snap = [].

1:

10:
11:
12:
13:
14:

15:

Solve:
(- oU(x,t) N of(U(x,t))
ot 0x
g(x) = 0.02exp(0.02x)

Uu(o;t) = Ay, for t > 0.

= g(x),

U(x;0) =1, for all x € [0;100],

(5.1.8)

The solution of Equation (5.1.8) is an interval solution. i.e., for any 1 < xo < 100,

0 < ty < 50, the value U(xo,ty) is an interval.

The infimum of such interval is

defined U,;(xo,to) and U, (xo, to) is the supremum. In that case, for all T < x < 100,

0 <t <50, U(x,t) € [Uy(x,t), U, (x, t)], see Figure 5.3

Collect snapshots: From ti,t,,...,t,, select two subsequences tyy, tio,...,tu, and

tin ) tir2> ceey tirp-

Take snapshots from U; and add new columns to the snapshot matrix: Snap =

[Snap Uy(x, tir) Wilx, tuz) ..y Wi(x, tup)l

Take snapshots from U, and add new columns to the snapshot matrix: Snap =

[Snap ur(X) tiﬂ) UI(X, tirl) (RS ul(x) tirp)]-

Compute the singular value decomposition of the matrix Snap: Snap = WZ V'

Select from W the principal components with the greatest accumulated variance:

O-ZO(O--'L:Zﬁ)
fork=1tok=ndo

if 0 > Tol, 0 < Tol < 1 then
break
end if

end for

67
Select the first k columns of W, and define ®: ® = W(;, [1,2,...

return O.
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Figure 5.3: Infimum and supremum of the solution of Burger equation and some snap-

shots corresponding to A =4 are shown.

Table 5.1: Comparing POD and I-POD methods in solving a particular example of

Burgers’ Equation

Method | FOM | POD I-POD

Dimension | 100 37 36

Time to solution | 1.5 s | 0.75 s 0.75 s

Relative error: |[Utom — Wromll/|[Wioml| | - 4.85E —4 | 5.76E — 4

We observe that there is no significant difference between the traditional method (using
POD) and the method we propose (using I-POD) w.r.t. (1) the dimension of the subspace,
(2) the time it takes to solve the problem once we have identified the reduced basis, and
(3) the relative error compared with the FOM solution. The major two advantages of

our proposed method are:

e the computational time it requires to obtain the snapshots: Our approach requires

68.52% less time than the original one and the quality of the snapshots our method

generates is comparable to that generated by POD as observed in the relative error;
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and

e the ability to handle uncertainty: the interval that contains A, handled at once

by I-POD, is similar to uncertainty and is handled without problems. Further
experiments will aim to demonstrate that I-POD produces meaningful results also

when there are other sources of uncertainty (beyond the interval for A).

5.1.3 Transport Equation

The transport equation is a partial differential equation that models the concentration
of a contaminant in the position x in at time t in a fluid that is flowing with velocity
v in a thin straight tube whose ross section, denoted by A is constant [121, 27]. Such
concentration will be denoted by U(x, t). if the function U(x, t) and its partial derivatives
of order one are continuous functions of x and t, and the fluid velocity v and the cross

section of the tube, A, are constants, then the Transport Equation is reduced to:

ou U

E‘f—\)a—o

(5.1.10)

(x,t) € Q

Where Q is a convex domain. In particular, we solve (Equation (5.1.10)) with U(x,t)

subject to the following boundary and initial conditions:

u(o,t) = u(t) = —sin(27mt) + sin(7t) (5.1.11)

U(x,0) = u(x)= sin(27mtx) + sin(7x) (5.1.12)

for all t € [0,1], and x € [0, 1].
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Using v € [0.5,1.5] as the input parameter, we can proceed, similarly to how we did in
the Burger equation case, and compute, first, a basis using POD method, and later, using

I-POD.

Comparative values are presented in Table 5.2:

Table 5.2: Comparing POD and I-POD methods in solving a particular example of

Transport Equation

Method | FOM | POD I-POD

Dimension | 100 12 76
Time to solution | 0.15s | 0.022 s 0.042 s

Relative error: |[Utom — Wromll/|[Wioml| | - 7978 —-5| 1.81E -5

In this experiment, we observed that even when the dimension of the subspace is larger
using the I-POD (76) than when using POD (12), the time needed to compute the reduced
basis in I-POD is significantly less than the computing time needed using POD. Once,
both basis are known, solving the reduced problem from POD or I-POD take the same

time.

In Figure 5.4, we can observe the plot of the solution of the transport equation for time-
steps 20, 40, 60, 80. In green and red are respectively the infimum and the supremum of

the interval containing the solution.
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U(20,x) U(40,x)

Figure 5.4: Solution of Transport Equation for time-steps 20, 40, 60, 80, enclosed in the

Interval solution.

5.1.4 Lotka-Volterra

Consider a particular case of the Lotka-Volterra problem, which involves a model of a

predator-prey system.

Y1 =01 —y2), wi(0)=12 0;,=3,

Y, =0y2(y1 —1), y(0)=11 6,=1

(5.1.13)

y; and Yy, respectively represent the amount of preys and predators. In this particular
example, the growth rate of the first species reflects the effect the second species has on
the population of the first species (0;). Similarly, the growth rate of the second species
reflects the effect the first species has on the population of the second species (62). The
system was integrated from t, = 0 to t,, = 10. Numerical experiments were carried
out with a constant step size h = 0.1. Ranges for the parameters 0; € [2.95,3.05] and

0, = [0.95,1.05] were used as input. Comparative values are presented in Section 5.1.4:
In Figure 5.5, we observe the interval enclosure of (Equation (7.2.1)) when 6; =
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Table 5.3: Comparing POD and I-POD methods in solving a particular example of Lotka-

Volterra
Method | FOM POD I-POD
Dimension | 200 3 3
Time to solution | 0.0129 s | 0.0746 s 0.0484 s
Relative error: |[Ufom — Wromll/|[Wioml] | - 456E —4 | 1.20E -3

2.95,3.05] and 0, = [0.95,1.05].

Figure 5.5: The interval enclosure of Lotaka-Volterra model for 6; = [2.95,3.05] and
0, = [0.95,1.05]

The examples of the Burger’s equation (Equation (5.1.7)) and the Transport equation
(Equation (5.1.10)) were partial differential equations with uncertainty in one parameter.
The number of unknowns was the same as the number of points in the discretization of

the domain. Problem (Equation (7.2.1)) is more challenging because it is a system of
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two nonlinear partial differential equations, which means that the number of unknowns
is twice as large as the number of nodes in the discretization. Also in this experiment,
we show that we are able to handle uncertainty in two parameters. The results reported
in Table (Section 5.1.4) show that we can significantly reduce the size of the search
space since we were able to go from dimension n = 200 to a reduced dimension k = 3,
which constitutes a 98.5% contraction. Having uncertainty in two parameters did not
yield a large loss of quality, since, given the reduction of the subspace, just one order of

magnitude is lost.

5.1.5 The FitzHugh-Nagumo Model

The following nonlinear model is based on the classical FitzHugh-Nagumo oscillator[82,
57, 70, 85|. Let:
f(v) =v(iv—a)(1 —v)

and let (Veq,Weq) be the equilibrium point of the nonlinear system. This system has

been modified so that the equilibrium point coincides with the initial condition, i.e.,

(v(0), w(0)) = (Veqy Weq)

% = f(V+Veq) = f(veq) —W

(5.1.14)
dw
i e(v—yw)

We will illustrate the behavior of the FitzHugh-Nagumo model using the following values
for the parameters: o« = 0.139, ¢ = 0.008, v = 2.54, vo = V¢q = 0.15, Wy = w,q = —0.028,

the domain t = [0, 10] was discretized using A, = 0.1.

Let us consider the initial condition vy = [0.1,0.2] as the input parameter. Observe
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in Table 5.4 the comparative values, and in Figure 5.6 an enclosure of the solution when

vo = [0.1,0.2].

Table 5.4: Comparing POD and I-POD methods in solving a particular example of The
FitzHugh-Nagumo Model

Method | FOM | POD I-POD

Dimension | 200 3 2
Time to solution | 0.022 s | 0.079 s 0.188 s
Relative error: |[urom — Wromll/IWroml| | - 6.28E — 05 | 0.0110

Function f in the definition of FHN (Equation (5.1.14)) is highly nonlinear. As a con-
sequence, the nonlinear system of equations obtained when discretizing the domain is
highly sensitive to overestimation when we use interval computations. In Table 5.4 we
report our experimental results, which show that the performance of IPOD is affected
by the highly nonlinear nature of the function we simulate. We observe that the time
to solution of the ROM, even in a smaller space than POD, is larger. Similarly, the
obtained accuracy (relative error to FOM) of the obtained solution is not nearly as good
as that of POD. This is definitely an area of improvement, but overall, we observe that
this problem does not naturally lend itself to POD (or IPOD for that matter) since even
POD'’s time to solution is larger that that of FOM.
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0 10 20 30 40 50 60 70 80 90 100

Figure 5.6: The interval enclosure of FHN model for vy = [0.1,0.2]

5.1.6 The Bratu problem

In this section, we study the Bratu problem [105, 7, 114|, which is an the elliptic PDE:

Au+re* =0 on Q:{(x,y) e0<x<1,0<y<1} (5.1.15)

with u=0 on 0Q)

Studying Bratu'’s problem in more details is interesting because the existence and unique-
ness of (Section 5.1.6) depends on the parameter r. There actually exists a critical value
1., called the Frank-Kamdndtskii value, such that for r > r,, there does not exist any
solution to the Bratu’s problem, and two solutions exist for 0 < r < r, [39]. Once 1, has
been determined, the finite difference only gives the lower branch of the solution [83]. Ex-
perimentally, it has been proven that for (Section 5.1.6) the Frank-Kamdndtskii value is

around 1, & 6.78 [37, 8]. Zero-Dirichlet solutions are used to model combustion reactions.
We consider the discretization of the domain O, u(xi,y;) = wy; with 1 < 1,j < 30
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(Equation (5.1.16)).

o — s . L1 — 2ug i1,
Uij1 LLL]2+ Uijrr | Wi u112+ Wit +reYi = 0
(Ay) (Ax) (5.1.16)

Woj = U31j = U0 = U3 = O

After substituting r = [6.79, 00] in (Equation (5.1.16)) and using ICST to solve it. We
can prove that (Equation (5.1.16)) has no solution for r > 6.79. If r — 0 then u; — 0

for all 1 <1i,j < 30, we will focus in the solutions for 1 < r < 6.78.

Now, let us consider the parameter r = 1, and apply ICST. In order to use ICST to solve
the problem, we need to set the parameter as an interval r = [1,1]. In that case, we

obtain two solutions for Equation (5.1.16); see Figure 5.7.

T
First Branch

——— Second Branch

400 500
Index

Figure 5.7: Two solutions of Bratu equation for r = [1, 1]

In order to perform a comparison between POD and I-POD, we first need to take 100
uniformly distributed values of parameter r € [1,6.78] to compute the snapshots. For
each r, the solution is column-wise sorted and stored in the snapshot matrix. Later, we

use ICST to solve the same problem but now r = [1,6.78]. Results are shown in Table 5.5.
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Table 5.5: POD and I-POD methods in solving a particular example of The Bratu Prob-

lem
Method | FOM POD I-POD
Time to compute the reduced basis | - 2.56 s 7,200 s
Dimension | 900 4 4
Time to solution | 66.4 ms | 11.2 ms 14.4 ms
Relative error: |[Ufom — Wromll/|[Wioml| | - 9.94E — 04 | 0.0045

Figure 5.8 shows a solution’s enclosure of (Section 5.1.6) for r = [1,6.78].

Figure 5.8: The interval enclosure of Bratu equation for r = [1,6.78]

5.2 Conclusion

We proposed and described a novel (ROM) approach that improves the well-known

Proper Orthogonal Decomposition method by: freeing traditional ROM techniques from
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snapshot identification, providing reliable solutions, and allowing to handle uncertainty.

Our new approach is based on the use of Interval analysis and Interval Constraint Solv-
ing Techniques. We called this new method the Interval Proper Orthogonal Decompo-
sition (I-POD). We tested I-POD on five nonlinear partial differential equations prob-
lems: Burgers’ equation, the Transport equation, Lotka-Volterra problem, the FitzHugh-
Nagumo Model, and the Bratu’s Problem. We observed and reported promising perfor-

mance of [-POD, when compared to POD.
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Chapter 6

Predictions of Large Dynamic Systems

Behavior

Never make pyeclic%ions, espcciany about %hc fu%uw,
Hns Vestlony

The ability to conduct fast and reliable simulations of dynamic systems is of special
interest to many fields of operations. Such simulations can be very complex and, to
be thorough, involve millions of variables, making it prohibitive in CPU time to run
repeatedly for many different configurations. Reduced-Order Modeling (ROM) provides
a concrete way to handle such complex simulations using a realistic amount of resources.
However, uncertainty is hardly taken into account. Changes in the definition of a model,
for instance, could have dramatic effects on the outcome of simulations. Therefore,

neither reduced models nor initial conclusions could be 100% relied upon.

In this chapter, we show how using information acquired about an unfolding dynamic

phenomenon is possible, despite the possibly large size and embedded uncertainty of
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its Full-Order discretized Model. We show how we can translate FOM data into ROM
data and combine Interval Constraint Solving Techniques (ICST) with Reduced-Order

Modeling techniques to properly account for both challenges: size and uncertainty.

6.1 Understanding Unfolding Events from Observations

In design situations, one has control of the input parameters and other conditions (e.g.,
initial conditions, boundary conditions) and simulating a dynamic phenomenon under
said parameters and conditions provides knowledge or information to better understand
the dynamic phenomenon under study. Such amount of control is not always available.
It is the case of many phenomena; their occurrence are beyond the observers’ control.
However, if the general type of phenomenon is known, it could be crucial to be able to
draw predictions of future behavoir of an unfolding event; e.g., predicting how epidemics

could unfold in the future, which policies should be set to stop them.

The idea is that, based on the knowledge of a dynamic phenomenon and on observations
of said phenomenon, we aim to predict its behavior further than the time of observations
(to be able to take palliative action if necessary) as well as to identify potential ranges

of its key features (e.g., input parameters, initial conditions).

Note that we assume that we know the kind of dynamic phenomenon we are observing

(e.g., it is a pendulum, a predator-prey situation, or an disease propagation situation).

1. As a result, we can assume that we have access to the system of equations that

results from discretizing the generic description of this problem:

F:R" x R* - R", solve: F(x,A) =0, (6.1.1)
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where x € R™ will provide us information about the quantity of interest of the simu-

lation, including the initial conditions and A € R* stands for the input parameters.

. In addition to the above, which is underdetermined, we also have access to obser-
vations of the unfolding phenomenon, i.e., observed values X; of some of the x;, for
some i € {1,...,n}k
Obs = {Xi, for some i€ {1,...,n}}
= {Xi,Vi € Iops C{1,...,n}} with Iops # 0
Observations add the following constraints (equations in this case) to the above
system of equations F(x,A) = 0:

Vie IObS) Xi = 721 (612)

Note that observations will be inaccurate (noise caused by measurement tools): we

represent these as intervals. As a result, Obs is a set of interval values.

As stated earlier, solving F(x,A) = 0 is tedious as the number of unknowns may exceed

what can be solved/computed in a practical amount of time. We address this problem

by using a reduced-order model, as described in Chapter 5. So we do not solve exactly

the above — full-order — problem but instead, its reduced form:

Fo : R™ x R — R", solve: Fo(p.A) = F(® -p,A) =0,

where @ is the basis of a subspace where the solution of the original problem F(x,A) =0

is expected to lie. If we add to these the constraints coming from observations, such

constraints express restrictions on variables (x;, Vi € Iops) that are not part of the rest

of the problem F¢(p.A) = 0. However, by definition of the reduced basis @, there is a

linear relationship between the original variables x € R™ and p € R™ with m < n:

x=0 -p+z with: z=0
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As a result, we replace the constraints defined in Equation (6.1.2) by:

m
Vi € Iopsy, Xi = Z D ;p;
j=1

The reduced constraint system we solve is therefore as follows:

Fo (p>}\) =0

Vi€ Tovs, 20 Dijpj =%

(6.1.3)

Note that the system is reduced because it has a lot fewer variables than the original

full-order one, but it still has the same number of constraints.

This reduced problem is solved using interval constraint solving techniques, as explained
in Chapter 5. What we expect to obtain from solving this problem is an envelope of
the expected behavior of the dynamic system under observation. Most importantly, as
interval constraint solving techniques will return quasi solutions in addition to validated
ones, we will use the envelope as a way to rule out situations / behaviors, namely,

everything outside the envelope.

6.2 Numerical Experiments

In this section, we illustrate our work with two examples: the Gaussian-model problem,
already studied in Section 5.1.1, and the Lotka-Volterra problem (modeling the dynamics
of predator / prey populations). For each of these problems, we consider that we have

observations at several points in time. The values of these observations are intervals.

82



6.2.1 Gaussian Model

Let us consider the Gaussian Model [115, 97, 11]

, X 1
Z 4y =0, wh = 6.2.1
Yy T2y 0, where y(0) o2 ( )

we have already used this model to show the advantages of using ICST to handle uncer-

tainty in dynamic systems Equation (2.4.2) and to illustrate how we can find a reduced

basis using I-POD method Section 5.1.1.

In this chapter, we suppose we have a number of observations on the phenomenon and use
them to identify the parameter that leads to such behavior. Consider the discretization

of the original problem
(02 +ih})y;— oty =0;i=1,2,...,100 (6.2.2)

with y(0) = 0, and observed data given as intervals of the phenomenon in different

instants of time:

Variable Value

Yy [0.24,0.32]
Yy  [0.23,0.31]
yso  [0.22, 0.30]
ys  [0.21,0.28]

This problem has (100 — m) + 1 = 101 — m unknowns, where m is the number of
observations: the y;’s are we have not observed (100 — m) plus the parameter o (+1).
We solve this problem using the Interval Reduced-Order Model (Chapter 5). We have

already identified a matrix ¢ using POD. The values of y;’s can be obtained as: y; =
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Z}L] ¢(i,j)p;. The value of k in this case is two. The reduced problem we solve is the

following:

(02 + 1) (L1 6(1,i)py) — oPyo = 0

(02 + 1) (X7, 0l0,j)p;) —0* (5 o= 1ilp) = 0 i=23,...,100

Y d(kilp = yis k=10,20,30,40
(6.2.3)

where the unknowns are now p;, p2, and o. The dimension was reduced from 101 —m to

4.

To solve this problem ( Equation (6.2.3)) using interval constraint solving techniques, we
need to start with an initial box that contains the feasible values of vector p. The tighter
the initial box, the faster the solver will return the solution; so it is a good idea to invest

some time in finding a good initial box.

Let us start by rearranging Equation (6.2.2) as follows:

Y o’

Vi1 T o fin?

(6.2.4)

since the right hand side of Equation (6.2.4) and y, are positive, it follows that the
sequence {y;H% is positive and non increasing. Considering o € [1,100], we therefore

have yo = #271 = [0.003989422804014,0.398942280401433]. SInce 0 < y; < Yy, it follows

Vi > 1,y; € 0,0.398942280401433)
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Knowing the interval where each y;lies, we use the linear constraints system ¢p =Y,
where Y is an interval vector whose i-component is y; and obtain the following starting

domains for variables p;’s:

—0.9635940410489494, 1.018651306585007
P=| —3.5921593513132990, 1.397845978701148 (6.2.5)
—0.3901435316130543, 0.4776937802351998

We can use Equation (6.2.5) as an initial box along with the initial domain for o = [1, 100]
to solve Equation (6.2.3) using ICST. The envelope for Equation (6.2.2) is shown in
Figure 6.1(a).

(a) Interval solution for two observations (b) Interval solution for four observations

Figure 6.1: Interval solutions of the Gaussian model for two and four observations re-

spectively

We repeat the experiment this time for four observations, and we see that there is not

much improvement; see Figure 6.1(b). This is because the most contraction for o was
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obtained as a result of the first observation. The estimation of o for one observation is
o = [1.229577791480822,1.646728008711858],
and the estimation for four observations is

o = [1.229577791480823, 1.646728008711857],

The contraction obtained at the first "try" is due to the fact that there was not much
overestimation involved in the solving process. However, we can still observe a slight
overestimation as the plot bulges around each of the observations. The fact that there
is not much improvement despite the (even slight) overestimation points us that efforts
must be put towards a better contraction of the domain of the parameter (here o).
However, since we are looking at predicting behavior and that we get actionable results,
at this point, seeking more contraction on the parameter’s domain could compromise the

solving time.

6.2.2 Lotka-Volterra

Consider the Lotka-Volterra problem[89, 73, 116, 48], which describes a predator-prey

system. We use the following system of differential equations to model it

/

v =av—PBwvw, v(0)=vy=10;

(6.2.6)

w' =—yw+ ovw, w(0) =wy =10,

where v and w represent the number of preys and predators respectively. Parameter o

represents the reproduction rate of the preys, 3 corresponds to the mortality rate of prey
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per predator, v is the mortality rate of predators, and & the reproduction rate of predator

per prey.

It is clear that if there is no interaction between both species (f = & = 0), then
the population of the prey increases exponentially while the population of the
predator tends exponentially to extinction. A well-known example of a species
with no predator is the European rabbit (Oryctolagus cuniculus); see Figure 6.2(a)
that was introduced in Australia in 1859 spreading quickly and causing erosion of

gullys in the south the country; see Figure 6.2(b) [65, 66, 17].

(a) European rabbit (Oryctolagus cuniculus) (b) Erosion of gullys in South Australia

Figure 6.2: Consequences for the environment caused by a specie with no predator

The system is integrated from t, = 0 to t,, = 50 with a constant step size h = 0.5. So our
original full-order model is of size 200 (100 for the preys and 100 for the predators).We
define this problem on a smaller model, obtained using POD that allows us to identify
a (reduced) basis, which we call @, that spans a subspace containing the solution. In
this case, the reduced model is of size 3 (withunknowns p;, p2, p;) and is described as

follows.
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For 1 =1, we have

(271 bi,ipy) —vo
—h (‘x <Zj3:1 (I)(i»j)pj) (Z] 1(13 4, P]) (Z)  d n+l)])p]>> =0

(S5 o+ i) -
< (Z]1¢n+1>]) >+6(Z]1¢ 1] p]) (Z)]d)n—i—l,])p)))zo
where vy = v(0), and wy, = w(0). For i € {2,3,...,n}, with n = 100, we have the

following equations:

(S5 0l,ip) = (X5 0l —1,9p)
_h<°‘ <Zj:]d) 1] pj) (Z] ol P]) (Z) 1 ¢ n+1)J)PJ>> 0

(Z] 1 e(n+1,j PJ) (Z] 1 n+1—1,])p1)
_h< <Z] 1 ¢ “"’1»])?1) +6<Z] 1 (1] PJ> (Z) 1 ¢ n"’%])PJ)) =0

The above system of the equations is the reduced representation (ROM) of the Lotka-
Volterra Equation (6.2.6) model. When we use it to understand the its behavior using

observations, our unknowns are:

e The coordinates of the solution with respect to the basis of the subspace, i.e., py,

p2, and ps;
e The parameters defining the model «, 3, v, and 9; and

e The initial size of the population of both species vy and wy.
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Let us now consider a set of observations. We started with observations at two different

times on each of the numbers of preys and predators (hence 4 observations):

k

vio = ) _¢(10,j)p; = [6.96,10.96]
l?

v = ) $(20,j)p; = [10.01,14.02]
j=1

- (6.2.7)
wio = ) b(110,j)p; = [1.32,5.32]
j=1

k
wp = Y $(120,j)p; = [0.00,3.26].
j=1

We then proceeded to utilize 7 different observations at seven different times (hence
in our case, 14 observations). The observed values we picked were computed from the
simulation of a Lotka-Volterra system (to ensure that we were picking observations that

would yield solutions). The observations are plotted Figure 6.3.

50 - - - - - - - - - 50
451 1 45
40 - 40t |
351 35
30t 1 30l
25 25 |

20 4 20 - |

(a) Observations at t = 10 and t = 20 (b) Seven observations at t = 10, 20,...,70

Figure 6.3: Observed interval data for Lotka-Volterra Problem

The prediction of the Lotka-Volterra behavior was obtained by solving the above-
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described reduced system (200 by 9) along with the constraints described in Equa-
tion (6.2.7). The results we obtain when solving this prediction problem, for different

numbers of observations, are plotted in Figure 6.4

(a) Envelope for four observations (b) Envelope for 14 obsrvations

Figure 6.4: Envelopes of the bahavior of a Lotka-Volterra system

As we can see from Figure 6.4, we were able to obtain an envelope of the expected behavior
of the Lotka-Volterra system, beyond the times of observations. The ragged aspect of
the plots is a result of the fact that we solved for p and then recovered v and w using
®. Moreover, from the plots, we observe that the envelope suffers from overestimation.
We are still obtaining quite a good indication of the expected behavior of the two species

over time.

6.2.3 Lotka-Volterra: Three Species

The Lotka-Volterra model is not restricted to only two species, but it can model the
interaction of many different species. In this section, we will describe how we can estimate

parameters and study the behavior of the trajectory of three different species [86]. The
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lowest-level prey is preyed by the middle-level, and the middle is preyed by the top-

level[49, 55, 76]. For instance, the ecosystem of mice, snakes and, owls, see Figure 6.5.

(a) Lowest level (Mouse) (b) Middle Level (Snake) (c) Top Level (Owl)

Figure 6.5: Example of a predator-prey system with three species

This ecosystem is modeled with the system of differential equations

(d
d_)t( = ax—bxy
d
oo cytdawy—eyz (6.2.8)
dt
dz —fz+ gyz
Cdt 9

Let us discretize the domain t € [0,4], with h = 0.04. Let us use finite difference to
approximate the derivative. First, we solve Equation (6.2.8) with no uncertainty on
the parameters. Second, we fix the initial conditions to see if we are able to handle

uncertainty in all the parameters.

We fix the initial conditions, and we solve Equation (6.2.8) fora=b=c=d=e=f=

g = 1.0 Figure 6.6(b).
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(a) Solution with no uncertainty on the param- (b) Solution with uncertainty on the parameters

eters

Figure 6.6: Solution of Food-Chain model with uncertainty and with no uncertainty on

the parameters.

6.3 Conclusion

In this chapter, we proved that we were able to handle uncertainty in dynamical systems
parameter-dependent. We also proved that in some cases we are able predict the behavior
of such dynamic systems and estimate the parameter leading to such behavior if we have

available some observations.

A particular case that has to be studied in detail is the Food-Chain model Equa-
tion (6.2.8). In this case, we were able to handle uncertainty in all the parameters,
but we were not able to reduce the overestimation when we tried to estimate the param-
eters given some observations. We left as future work to find out what are the necessary

conditions the parameters have to satisfy to be able to reduce the overestimation.
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Chapter 7

Parameter Identification for Dynamic

Systems Control

ﬂw[ha’f T m &omj is not waﬂﬂ based on a &cﬁm’%c iclan%iﬁca%ion or a clcﬁni%ion of »whajf itis, Ws
intended 1o be open to inj(wwejfa%ion.
Do Vi

In this chapter, we aim to address situations in which an unfolding dynamic phenomenon,
for which we know all input parameters and other properties, is perturbated and requires
recomputation of some parameters [122] so as to ensure that some properties be satisfied
(e.g., the below helicopter example where the landing zone is guaranteed even after per-
turbation, see Figure 7.1). In general, if we priori restrict ourselves to a lower-dimensional

space, we only get an approximation solution.

In the event of a perturbation, observations are essential to understanding the pertur-
bation but observations are inherently inaccurate. As a result, if we are to solve such

problems, we need to handle and quantify uncertainty to assess the quality of our solu-
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Figure 7.1: Parameters of the flight are reliably recomputed to reach the landing zone

after perturbation

tions. We use interval computations to handle uncertainty.

7.1 Problem Statement and Proposed Approach

Let us recall the problem we want to solve. Using the model of a dynamic system, we
aim to find certain parameter values that guarantee a specific outcome of the modeled

dynamic phenomenon.

Assuming this phenomenon is modeled as a parametric differential equation (ODE /

PDE), the parameters that lead to a certain outcome can be found as follows:

1. Discretize the ODE/PDE equation leading to a parametric system of equations
F(X,P) = 0, where X = (x1,X2,...,Xn) is the approximation of the solution and P

are the parameters of the ODE/PDE equation, and F: R™ — R™.

2. Let [iy,12,...,1m] a subset of [1,2,...,n] where n is the dimension. Fix the values
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of xj, = [& yXi, ], with j = 1,2,..., m representing the expected outcomes. Solve for

P using ICST the following system:

Q(hy,)Y =%, =[xy, %]
Ol )Y =xi, = [xi)%;]
(7.1.1)
Oy, )Y =%, = [xi_m, Xi,.]
F(®Y,P) = 0

Where ®(ij,:) is the i;-row of ®. The solutions P correspond to the sought parameters.

7.2 Numerical Experiments

In this section, we report on preliminary experiments of our approach on the Lotka-
Volterra model when the rate of reproduction of the prey coincides with the rate of
interaction with the predator. Similarly, the rate of death of the predator when there is

not interaction with the prey coincides with the of interaction with the prey.

7.2.1 Lotka-Volterra Model

Consider the Lotka-Volterra problem when o« = 3 = 0; and the parameters y = 6 = 0.

We use the following equations to describe this problem:

vi=0v(1 —w) v(0)=vy =12
1 ’ ’ (7.2.1)
w =0wiv—1), w(0)=wy=1.1
where v and w respectively represent the number of preys and predators represented in

thousands. The system was integrated from time ty = 0 to t,, = 10 with a constant step
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size h = 0.1. We used 0; = 3 and 0; = 1. Let us assume that at t = 5, a perturbation
occurs, which changes the number of predators and preys. Since, it is not possible to
know the new real number of animals of each species, the new number of both species is

handled with uncertainty.

(a) Trajectory 1 (b) Trajectory 2

Figure 7.2: Perturbation of a dynamical system on the midtime before an experiment

ends

In Figure 7.2, we can see two kind of perturbations. On one hand, the perturbation
and the final goal are consistent, which means Equation (7.1.1) is satisfied for some
parameters, and as consequence, we have a little of overestimation of the trajectories for
both species Figure 7.2(a). On the other hand, in Figure 7.2(b), are not consistent and
there is no way we can know the behavior of both population before the end point. We
are confident that the population of both species will reach the final condition, please

observe the final values of the trajectories en Figure 7.2(b).
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7.3 Conclusion

We aimed to design a technique that allows the identification of parameters of a given
(known and observed) dynamic system that has been perturbated, in such a way that
some final conditions still hold. We used Reduced-Order Modeling and interval constraint

solving techiques to determine such values of the phenomenon’s parameters.

We were able to identify reliable intervals in which the desired parameters’ values lie.

We improved the runtime of this method by using ROM.
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Chapter 8

Interval Finite Element Method

you see %he world as fixed and finite, and it is nol, N is Uguicl and cver moving, and one act can

chanjc we@ﬂi na.
AL G

Real fuels are chemically complex and often contain thousands of hydrocarbon com-
pounds. The refining industry requires these fuels to meet general chemical/physical
property specifications, such as boiling range, heat of combustion, and freezing. This
results in an intractable real fuel composition making it difficult to ensure reproducible
results. Due to this variability, combustion simulations can only be performed based on a
“surrogate” that limits the number of compounds in the blend to enforce fuel composition
tractability. Capturing the uncertainty in combustion simulations is of great interest not
only for fundamental research but also for designers to evaluate the behavior of novel

fuels to engine performance.

When solving or simulating the reality of physical phenomena, the Finite Element Method

(FEM) often constitutes a method of choice. However, uncertainty is hardly handled and
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when it was, only the linear case was mentioned, or in the case of stochastic approaches,

the number of simulations can be prohibitive or the results not 100% guaranteed.

In this chapter, we propose a novel technique to handle uncertainty in FEM using interval
computations and Interval Constraint Solving Techniques. We then demonstrate the
performance of our work on two problems: a static convection-diffusion problem and a

transitory nonlinear heat equation as a first step towards our goal of fuel simulation.

8.1 Handling Uncertainty in FEM

8.1.1 Our Approach

In this section, we present our algorithm for handing uncertainty when a PDE is being

solved using FEM.

The general procedure is as follows:

e Discretize the domain into finite elements;

e Write the PDE in its weak form,;

Compute the contribution of each element to the respective constraint;

Implement the boundary conditions;

Set the parameters with uncertainty; and

Solve the system of equations using ICST.
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8.1.2 Example

Let us consider the equation:

—Au =—4
(8.1.1)
u(x,y) = [0.8(x* +y?),1.2(x* + y?)] on 0Q
The domain Q = [0, 1] x [0, 1].
Step 1. Discretize the domain in finite elements, as show in Figure 3.1(a).
Step 2. Write (8.1.1) in its weak form:
J VuVv = —4J Y (8.1.2)
Q Q
Step 3. Compute the contribution of each element to the respective constraint:
Element 1: P, = (0,1), P4 = (0,0), Ps = (1/6,4/6); Area(T;) = 0.0833
— — 1
Vil = y o Vgl = y Vsl = (8.1.3)

1 —1 0

The constraints after the integrals are calculated in the first element are as follow:
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Element 2: P,

cl:
c2:
c3:
c4:
co:
c6:
c/:

—(0,1), P, = (1,0), Ps = (1/6,4/6); Area(T;) = 0.1667

Vi, =

1.4167x; 4 0.5833%x4 — 0.333x5 =—0.1111,
0 =0,

0 =0,
0.5833x%; + 0.4167x4 — 0.1667x5 = —0.1111
—0.3333x; — 0.1667x4 + 0.0833x5 = —0.1111,
0 =0,

0 =0,

The constraints are updated as follows:

cl:
c2:
c3:
c4 :
cod:
co:
c/:

We repeat this procedure until Element 8 and the resulting final system is:

], Vvalr, = y  Vvsly, = 03333

2.5 -3 0.1667
2.6250x; — 1.25x; + 0.5833x4 — 0.3191x5 = —0.3333,
—1.25%; + 1.5%x; — 0.0833x5 = —0.2222,
0 —0,
0.5833x; 4+ 0.4167x4 — 0.1667x5 =—0.1111,
—0.3194x; — 0.0833x; — 0.1667x4 + 0.1064x5 = —0.3333,
0 —0,
0 =0;
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cl: 2.6250x; + 0.0417x; 4 0.5833x4 — 3.2500x5

c2: 0.0417x; + 1.2045x; 4+ 0.2083x3 — 0.1136x5 — 1.3409x,

c3: 0.2083x; + 2.1050x3 + 0.6367x4 — 0.6500x¢ — 2.3000%;

c4: 0.5833x; + 0.6367x3 + 1.5681x4 — 1.2373%x5 — 1.5507x;

c5: —3.2500x; — 0.1136x, — 1.2373x4 + 5.9368x5 — 1.1148%¢ — 0.2211x;

c6: —1.3409x; — 0.6500x3 — 1.1148x5 4 4.6994xc — 1.5938x%;

c7: —2.3000x3 — 1.5507x4 — 0.2211x5 — 1.5938x%¢ + 5.6656x;

= —0.3333,
= —0.6481,
= —0.4296,
= —0.4704,
= —0.9037,
= —0.6407,
= —0.5741;

Step 4. and Step 5. Implement the boundary conditions and set the parameters with

uncertainty: x; = [0.9,1.1], x, = [1.8,2.2], x3 = [0.9,1.1], x4 = [0, 0]

cl: 2.6250[0.9,1.1] + 0.0417[1.8,2.2] — 3.2500x5

= —0.3333,

c2: 0.0417[0.9,1.1] + 1.2045[1.8,2.2] + 0.2083[0.9,1.1] — 0.1136x5 — 1.3409xs = —0.6481,

c3: 0.2083[1.8,2.2] +2.1050[0.9,1.1] — 0.6500x¢ — 2.3000x;

c4: 0.5833[0.9,1.1] + 0.6367[0.9,1.1] — 1.2373x5 — 1.5507x7

c5: —3.2500[0.9,1.1] —0.1136[1.8,2.2] + 5.9368x5 — 1.1148x¢c — 0.2211x%;

c6: —1.3409(1.8,2.2] —0.6500[0.9,1.1] — 1.1148x5 + 4.6994x; — 1.5938x;

c7: —2.3000[0.9,1.1] — 0.2211x5 — 1.5938x%¢ + 5.6656x7

Step 6. Solve the system using ICST :

X1
X2
X3
X = X4
X5

X6

X7

[0.8999999999999999, 1.100000000000001]
[1.799999999999999, 2.200000000000001]
[0.8999999999999999, 1.100000000000001]
(0.0, 0.0]
[0.5700639986955393, 0.6877342144440121]
[0.8692719389895366, 0.9738156052408669)
[0.5370470020083591,0.6398964257062801]
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8.2 Experimental Results

In this section, we apply our approach to a stationary and a transitory problems, ex-
pressed as partial differential equations, to measure our ability to handle uncertainty in
a time independent case as well as in a time dependent case. The system of equations

coming from the discretization is solved using Realpaver [14, 43, 42, 113].

8.2.1 Handling Uncertainty in a 2—D convection-diffusion problem
The first example to test out implementation is based on the boundary condition in a
2-D convection-diffusion problem [74, 12, 11].

Example 8. Consider the 2-D convection-diffusion problem on Q =1[0,1] x [0,1]:

~Au+v-Vu= —Zyz N nyz + Zyxz (8.2.1)

u(x,y) = [0.8x*y?, 1.2x*y% on dQ (8.2.2)

We solved (8.2.3)-(8.2.4) discretizing the physical domain into finite triangular elements,
and using ICST, we solved the resulting system of equations, see Figure. 8.1(a) and
Figure. 8.1(b). Since this is a stationary model, we only need to solve the system of
equation once, so the uncertainty on the boundary conditions (8.2.4) leads to an interval

solution represented here as two surfaces (lower and upper), see (8.1(b)).

Let us retake the example studied in example 6, but this time, we consider uncertainty

on the boundary condition:
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(a) Triangular finite elements (b) Solution of a convection-diffusion problem

using triangular finite elements

Figure 8.1: Solution of a convection-diffusion problem in a triangular finite domain ()

Example 9. A 2-D poisson problem on Q =[0,1] x [0,1]:

—Au = 47 sin(27x) sin(2my) (8.2.3)

u(x,y) =[-0.2,0.2]; V(x,y) € 0Q (8.2.4)

We discretize the domain and set the equations as we did in Chapter 3, but we solve the

equations using Interval Constraint Solving Techniques.

In Figure 8.2, we can see clearer than in the previous example how the solution is given as
en envelope for all the solutions corresponding to the boundary condition in the interval
[—0.2,0.2]. The blue part corresponds with the lower bound of the interval solution and

the red one with the upper bound.
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Figure 8.2: Interval Solution of the Poisson equation with uncertainty on the boundary

condition.

Finally, we see again the transitory studied in example 7, and the uncertainty is present

in the initial condition. We present it in what follows:

8.2.2 Transitory nonlinear heat transfer equation

We study the transient nonlinear heat conduction [41, 31, 91] in a given body:

Example 10. Consider the transitory partial differential equation:

d
pcpa—iL = V. (kVu)+Qu on Q x [0, T]
u = g ondQ x[0,T] (8.2.5)

u(x,0) = To, Vx € Q
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In (8.2.5), w=u(x,t) is the temperature, C, = 50.0 1s the heat capacity to constant

preassure and k = k(u) = 2 (1 + 1230) 1s the thermal conductivity, and p = 1 1s the

density of the material. The function Q, = QoQ(x,y) represents heat sources, where

)

sin(X) sin({) exp (‘100 — @

f(5%,9) = (

f(X, 7 _fmin

Qlxy) = 10409~ fin
max — !min

% =20x—10; § =20y — 10

The function f(X,{) is known as the Cross-in-Tray function [81], see Figure. 8.3(a).

Solution of the Heat Equation in the 5th Stepsize
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(a) The heat generation func- (b) Interval solution of transi- (c) Solution expressed in row-
tion tory heat equation using trian- wise order

gular finite elements

Figure 8.3: Solution of transient nonlinear heat conduction using triangular finite ele-

ments

In Problem (8.2.5), the derivative in time is approximated by finite differences, i.e.,

a_u ‘LL _u'L 1
ot At
on 0Q) x [0, T] and the initial condition Ty = [0,0.01] V x € Q. Using ICST (8.2.5) for

. Uncertainty is present in both the boundary condition u = g = [0, 0.01]

t; = ti1 + Ay, with A, = 0.005 and i = 1,2, --- , 10.
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8.3 Conclusion

In this chapter, we were able to present a interval version of the Finite Element. This
new approach allows us to handle uncertainty in problems that normally are solved using

FEM.

We illustrated our approach with three examples. Two of them depended on the space

domain and the last one, the transient problem, depended on both, space and time.

The fact that Problem (8.2.5) is a transitory model makes it very challenging. The system
of equations coming from the triangularization (nonlinear in this case) must be solved
several times, once for each stepsize. The solution at each instant of time carries on (or
propagates) with the uncertainty of the previous realization, and it is passed on to the
next one. Uncertainty is overestimated until it is not possible to handle it anymore. This
behavior of uncertainty can be observed in Figure. 8.3(c), where the solution is plotted

column-wise.

The solution at the 5th stepsize of Problem (8.2.5) is plotted on the top part of Fig-
ure. 8.3(c): in particular, we can barely observe any difference between the lower bound
and the upper of the interval solution. However, when reaching even only the 9th instant
of time, the difference between the lower and the upper bound is already significant.
The uncertainty propagates and an uncertain situation usually leads to an even more
uncertain future: this is what we observe. In real applications, where observations of a
phenomenon are available in real time, observations allow to disambiguate a situation
where uncertainty has exploded via a few propagation steps. The interval solution for

t = 0.05 is presented in Figure. 8.3(b).
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Let us observe how Figure 8.3(b) shows two surfaces: the first one, the upper surface,
represents the upper bound of the interval solution, and underneath it, the second one,
the lower surface, represents the lower bound. These two surfaces constitute an envelope
of all possible solutions to the problem at hand. Despite the uncertainty of having
solutions lie within such a thick envelope, it is important to stress that we can guarantee
that all solutions were identified, which means that we can also certify that no solution
lies outside of the envelope. This is very important when trying to avoid a scenario: if it

1s outside the envelope, it is indeed guaranteed to be avoided.
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Chapter 9

Applications: Mobile Apps

7116‘?’0,5 Nno Mmore impov%cmjf consumeyr ?TO&“C% %oclo;y %han a ceﬂ ‘PHO‘YW,
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There exists situations where simulations or experiments have to be executed while nei-
ther high performance computers nor internet connection is available. For example,
soldiers that need to take an immediate decision in an unexpected situation or engineers

on a field work.

In this thesis, we used the Reduced-Order Model techniques to design an application
for mobile devices. This application was designed in two stages. The first stage was
developed to measure our ability to handle large dimensions on a nonlinear system of
equations, and for the second stage, we use ROM and Interval Constraints Solving Tech-

niques to estimate parameters and unfold future behavior of dynamical systems.

109



9.1 Full Order Model Vs Reduced Order Model

The beta version of the application(Figure 9.1) was designed to solve default problems
that were previously loaded on it; see Figure 9.1(b). The users have to choose the
problem they want to solve and only to insert the parameter associated with the model,;
see Figure 9.1(c). In Figure 9.1(d), we can see the comparison of FOM versus ROM
method.

HOME CALCULATE

et o o

The Objective Of This Application Is To Demonstrate
The Effectiveness Of Reduced Order Models With
Newtons Method When Compared With A Full Order
Model

Lotksvamire
14

Locta Voltera

Logistic

Step One: Select A

Function To Compute Yammamulﬂ

From The Dropdown In
The Calculate Tab

Eiger Sikorski Stenger :
B rou
Extended Frued Einstein
CALCIALATE
08 CUFAR

SR lere] ] Eitended Woods

(a) Initial Page (b) Preloaded Problems (c¢) FOM solution of a (d) FOM vs Rom solu-
preloaded problem tion of a preloaded prob-

lem

Figure 9.1: FOM vs ROM on a mobile device
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9.2 Interval Constraint Solving Techniques on a Mobile

Device

The second version of our application was more complete, but still needs to be improved.
We can run simulations or estimate parameters given some observations on some partic-
ular instant of times. To handle uncertainty on our application, we needed to develop
our own interval library on Java to run our programs on Android, which is the operating
system of the mobiles we were working on. As future work we are planning to export

our library to IOS to be able to run our application on IPhones.

Given a model, input parameters, and observations with uncertainty (given as intervals)
at several points in time we are able to run ROM on the app to estimate the parameters
that lead to such observations, and we were able to unfold the future behavior of the

phenomenon on our tablet as illustrated in Figure 9.2.

Let us describe in detail how to use our application to estimate parameter given some

observations with uncertainty:

1. we selected the problem we want to solve from a collection of preloaded models

(Figure 9.2(a));

2. select the instant of time where to set the observations. In this version, we have up

to three observations. (Figure 9.2(b)).

3. We set the values of the observations corresponding to t set in the previou step

(Figure 9.2(c)), and we click NEXT to obtain the results.

4. set the initial box for the variables of our problem. In this version of our application,
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Figure 9.2: Prediction and parameter estimation on a mobile device.
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the initial box has to be cube, i.e., x; € [a,b] for all i € {1,2,...,n}, where [a,b] is

a constant interval (Figure 9.2(d));
5. We have the plot of the solution (Figure 9.2(f)).

6. Finally, we can show the result of the problem. This solution can be presented as

a union of intervals or a hull of them (Figure 9.2(f)).

With this, we finish this short chapter about the application we developed to mobile

devices.
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Chapter 10

Conclusion and Future Work

@cop’[e do not like 1o jfhinﬁ. ﬂf one ’(Hinﬁs, one must waéﬁ conclusions, Conclusions are not a’lwcgs

PLZQS cmj(,
A A A

In this thesis, we aimed to study the behavior of dynamic systems. The most of the dy-
namical systems are solved numerically using finite differences and to obtain an acceptable
accuracy of the approximation of the solution, we have to do a finer discretization of the

domain. This discretization leads to a large and usually nonlinear system of equations.

To reduce the runtime computing the solution, the Proper Orthogonal Decomposition
(POD) method is frequently used to reduced the space where the solution is sought
(ROM). This method is based on principal component analysis, and it used the concept
of inputs and snapshots. The inputs used to compute the snapshots that will be used to
compute the basis of the reduced subspace are assumed that they are free of uncertainty,

which is real life is not true.
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We proposed and described a novel (ROM) approach that improves the well-known

Proper Orthogonal Decomposition method by:

1. freeing traditional ROM techniques from snapshot identification,
2. providing reliable solutions, and

3. allowing to handle uncertainty. Our new approach is based on the use of Interval
analysis and Interval Constraint Solving Techniques. We called this new method
the Interval Proper Orthogonal Decomposition (I-POD). We tested I-POD on five
nonlinear partial differential equations problems: Burgers’ equation, the Transport
equation, Lotka-Volterra problem, the FitzHugh-Nagumo Model, and the Bratu’s
Problem. We observed and reported promising performance of I-POD, when com-

pared to POD.

UolaU)

Our ability of solving large dynamical systems while handling uncertainty using Reduced-
Order Modeling allows us to address the problem of predicting the behavior of an un-
folding dynamic event under observation. This problem rose challenges, namely handling
uncertainty and the size of the original problem. We demonstrated that using Reduced-
Order Modeling techniques along with Interval Constraint Solving techniques, we were
able to tackle this problem of prediction. Our experimental results showed that our

model worked properly.

As future work, we plan to take observation outliers into account to make our approach
more realistic. In addition, at this point, when we go from the full-order model to the

reduced model, we only reduce the number of un- knowns but we do not reduce the
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number of constraints. In truly large systems (even starting at hundreds of thousands of
constraints), this can certainly be a problem. Prior attempts to deterministically reduce
the number of constraints resulted in systems that were really hard to solve (limiting the
computational time advantage of reducing the order). We now plan to devise strategies
not to use all constraints at each step of computation so as to lighten the solving process,
but we need to study the tradeoff with quality. Finally, we plan to apply the approach
proposed in this article to the problem of fuel combustion performance where the mix

that goes into the fuel is usually uncertain.

We also aimed to design a technique that allows us to identify parameters of a given
(known and observed) dynamic system that has been perturbed, in such a way that
some final conditions still hold. We used Reduced-Order Modeling and interval constraint
solving techniques to determine such values of the phenomenon’s parameters. We were

able to identify reliable intervals in which the desired parameters’ values lie.

e/AG\o

Starting with the need to handle uncertainty in a complex fuel problem, we proposed a
Finite Element Method able to handle uncertainty, that integrated interval computations
and constraint solving techniques. We tested it on preliminary problems to gauge its
feasibility. We obtained promising results of our new approach for the static convection-
diffusion and the transitory nonlinear heat equation problems. In both cases, we were
able to identify a reliable solution: an interval solution that was actionable (not overly

uncertain).

Future work includes taking into account the recomputation time and not assuming that

new behavior can be “plugged” directly from where perturbation happened. As a result,
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more uncertainty needs to be taken into account, which includes time uncertainty.
4

S'pace unfcertaint:y

Figure 10.1: Space and Time uncertainty on a trajectory simulation

Additionally, we plan to consider perturbations as fuzzy numbers. This will require us to
consider our dynamic system with uncertainty differently (e.g., with fuzzy derivatives).
But most importantly, this is expected to help us make more informed decisions: if we
can label our input uncertainty with fuzzy values, how does this inform us about labels

on uncertain solutions to focus on the best ones? [33].

Future work includes working on PDEs with uncertainty in parameters other than the
initial and boundary conditions. Immediate work includes enhancing the JP-8 surrogate

model with uncertainty and identifying uncertain parameters to solve it with.

e/A6\o

Our ability of handling large system of equations and uncertainty allows us to developed
an application that can run on mobile devices. This application is very useful when
decisions have to be taken on field and we have neither access to a fast computer nor
internet conection. The results obtained with these kind of mobile devices could be not as
accurate as we want, but it could be enough to make a decision in critical situations. We

are planing, as future work, to export our library to IOS to be able to run our application
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on IPhones.
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Chapter 11

Background in Vector and Metric

Spaces

Celestial mechanics is %710 origen of o}ynwmica(l s:ys%cms, lincar abc%m, j(o<po1w, variational

caleulus, and gymzp1ec’(ic jeome%@,
T ludlons - Fonot

Many concepts used in this thesis have their support in linear algebra and in mathematical
analysis, for example: subspaces, inner product, density of subsets, compactness, etc. In
this chapter, which is part of the appendices, we introduce the notion of space vector
over a field. We lead the reader through the basic concepts such as subspace, basis, and
dimension. The key concept of inner product is defined, and therefore, the concept of a

metric space is introduced.
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11.1 Basic Concepts of Vector Spaces

The following is one of the main definitions in linear algebra.

Definition 1. A vector space over a field F consists of a set V, a closed binary
operation
+:V xV =YV, satisfying:

1. u+v=v+u, forallu,vevy,

2. u+ (v+w) = (u+v)+w, for allu,v,w eV,

3. for allv €V, there 1s an element 0 1n V, such thatv+0 =,

4. for each elementv € V there is a unique element —v in V such that v+(—v) =0,
and a scalar multiplication, * : F x V — V, such that

1. forallveVand 1 e€F, 1xv=yv,
2. forall o, €F andv eV, (aff) *v=ox*(f*V),
3. foralla,pEF andveV, (x+p)*xv=axv+f*v,
4. forallx e F,vyzw eV, ax (v+w) =axv+ axw.
In short, a vector space over a field F is a 4-tuple (V,+, F, ), where (V,+) is an Abelian

group, and the action of the field F over V, « * v, is denoted by av. Each element of V

is called vector, and the elements of F are called scalars [93, 67, 53].
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The set R"™, the set of continuous functions, and the set of derivable functions are examples

of vector spaces.

Let us introduce another example of a vector space in the following:

Proposition 1. Consider a closed polygon, Q, in the plane R?*. Let us denote its

boundary I'. The space of the functions

LZ(Q)z{f:Q—nR

L > < oo} (11.1.1)

1s a vector space [2, 94, 23, 106].

Proof. The addition of two elements in [*(Q) is defined according to the following rule
(f+g)(x) = f(x) + g(x)
and the scalar multiplication is defined as
(xf)(x) = ocf(x)

The above-defined operations satisfy all the axioms that define a vector space. We only

prove the closure of the addition. Given f, g € L?(Q),

X
J f+g* = | [f+gl-If+g
Q Q

r

IN

(If1+1gl) - (Il + lgl)

JO

g
= | Ifl* +Ig/* + 2/flig]
JQ

since

0 < (Ifl —Igl)* = IfI* + gl — 2Ifllg],
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1t follows that

2Ifllgl < [fI* +1gl?

|| 1218 + 21191 < | 2017 +19P) < o0 (11.1.2)
Q Q

with (11.1.2), we conclude our proof. |

Let us continue introducing the concept of subspace.

Definition 2. Given two spaces W and V over a field F, the space W 1is said to be
subspace of V if W C V.

From now on, we will write the terms "subspace" and "space", omitting the ex-

pression "over a field F".

There is a simple criterion in order to establish that a subset W of a space V is a subspace

of V.

Proposition 2. (Subspace criterion) Let W be a nonempty subset of the vector space
V. The subset W 1s a subspace of V if for each pair of vectors v,w in W and each

scalar « in F, the vector av +w € W.

The reader can find a general proof in [53].

A generic construction of the subspaces of a vector space is given in the following.

Definition 3. Let vq,vy,...,v, be vectors in a vector space V, the expresion of the
form

vV =0V] + XV + - - + XpVn,
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where «q, X2,...,0, € F, 15 called a linear combination of the vectors vi,va,..., V.
The set of all such linear combinations s called the span of vi,vy,..., v, and it 1s

denoted by Span{vi,v;...,v,} [50].

We can extend the notion of span to a set S of vectors in a vector space V. In this case,
Span(S) is the intersection of all subspaces of V which contain S. If a subspace of V is
such that W = Span(S), for some S C V, we say that W is generated or spanned by

S, and we also say that this set spans W.

Let us see when we can get rid of a vector from a subset of a space vector and still to

preserve its Span.

Theorem 1. Given a subset S and an element v of a vector space V. A mecessary

and suffictent condition to Span{S U{v}} = Span{S} is v € Span{S}.

Proof. Let us prove the sufficient condition first. Assume v € Span{S}, then we need
to proof that Span{S U{v}} = Span{S}. Any linear combination of elements of § is also a

linear combination of {S U {v}}, so we have: Span{S} C Span{S U {v}}.
To prove that Span{S U{v}} C Span{S}, consider w € Span{S U {v}}:
W= gV + 1V + 0oV + - - - + v with {vy, v, ... n ) C S (11.1.3)
Since v € Span{S},
v = PR 1wy + Bowy + -+ Bmwn with {wy,w,,...w,} CS (11.1.4)

substituting the value of v of Equation (11.1.4) in Equation (11.1.3), it follows that w € S.

Conversely, let us assume

Span{S U {v}} = Span{S} (11.1.5)
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The vector v € Span{S U {v}} by Equation (11.1.5) it follows v € Span{S}. [ |

Given a spanned subspace W = Span{S}, we can assure that we can remove vectors that
are a linear combination of others in S, and W remains the same based on Theorem 1.
We can wonder if there exist a B C S, such that none of vector of B is linear combination
of others in B, and Span{B} = Span{S}. This question opens the way for three very

important definitions:

Definition 4. Given a set B of a vector space V,

1. The set B 1s linearly independent if none vector of B s linear combination

of other elements of B,
2. The set B is a basis of V if B is linearly independent and Span{S} =V,

3. The dimension of V 1s the cardinality of B, where B s a basis of V.

The term “a basis” in Definition 4 Item 2 means that the basis of a space is not unique.
A space vector could have a basis with infinity elements. It is clear that the vector space
V = (R, +, R, %) with the usual operations is a finite-dimensional space vector.

Here and subsequently, R™ refers to "the vector space R™ over the field of R with

the usual addition and the scalar multiplication".

An example of a space vector whose dimension is infinity is the following:

Example 11. Consider the closed interval [0,1] and the set

C([0,1,R) ={f | f:[0,1] —» R, f 2s continous} (11.1.6)
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The set C([0,1],R) is a vector space over the field R under the addition and scalar

multiplication defined by

(f+g)(x) = f(x)+g(x) (11.1.7)

(af)(x) = of(x), (11.1.8)
and it can be proven that the set of functions
B = {sin(27tnx), cos(27tmx), with ,n € N and m € NU{0}}
is a basis with infinite number of elements of C([0, 1], R) [22, 59, 40].

There are some vector spaces with an additional structure that are very useful in computer
sciences programs since they allow us define the concept of “closeness” between elements,

and therefore the concept of “convergence”.
Definition 5. A vector space with an operation between its elements (-,-) : VXV — R
satisfying

1. for allv,w €V, (v,w) = (w,v) (symmetry ),

2. for allu,v,w €V and « € R, (acu+v,w) = a{u,w) + (v,w) (bilinear ),

3. forallu eV, (uu) >0, and (u,u) =0 ¢f and only if u = 0 (positive-definite),

1s called a vector space with inner product.

Example 12. The space R™ with the product defined

n
<V)W> = Zviwia
i=1
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and [?(Q) Equation (11.1.1) with the product defined

<f»9>=J f-g

Q

are vector spaces with inner product.

The structure of inner product allows us the generalize the definition of orthogonal vec-
tors. We say that two vectors are orthogonal if their inner product is equal to zero.
According with this definition, the vector zero is orthogonal to all vector of the space.

Moreover, if a vector, e, is orthogonal to all vectors of a space, then e = 0.

Definition 6. Let V a space vector and B a basts. The basis B = {vi,Vva,..., v} 1§

orthonormal if

<V1,V]'> :51]' (1119)

where d;; 1s the Kronecker delta.

JolgU)

In any vector space with inner product, we can define a norm |jv|| = /(v, V). Therefore,
given two elements v,w € V

d(v,w) = |lv —wll.

We will formalize the concept of metric space in the following section, and with this,
we can conclude the first part of this chapter, which is to endow R™ and L[?(Q) with a

structure of a metric space.

11.2 Basic Concepts of Metric Spaces

In this section, we will formalize the concept of metric spaces.
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Definition 7. Let V be a set. A metric on V s a function
d:VxV—=][0,00) (11.2.1)

such that, for all u,v,w €V

1. d(u,v) = d(v,u) (symmetry),
2. d(u,v) =0 2f and only if u=v,

3. d(u,w) < d(u,v) + d(v,w) (triangle inequality).

The spaces R™ and L?(Q) with the metric inherited by their inner product are examples

of metric spaces. Let us present two more examples of metric spaces.

Example 13. In V ={a, b, c}, consider the function

d:VxV —=|[0,o0]
0 ifv=
dv=w (11.2.2)
d(V)W) =

1 otherwise

The function d in Equation (11.2.2) is a metric known as discrete metric. The pair
(V,d) is a metric space, which does not satisfy vector space axioms, i.e., not all metric

spaces are vector spaces.

Let us denote by IR the set of all closed intervals in R. The elements in IR are denoted in
bold print, and the real numbers x and X are the endpoints of the interval, i.e., x = [x, X].

In TR, let us consider the function
d:IR x IR — [0, c0)

(11.2.3)
d(x,y) = max{|x —yl,[x —yl}
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We prove that the function d in Equation (11.2.3) satisface the definition of metric in

the next next theorem:

Theorem 2. The pair (IR,d) where d is defined in Equation (11.2.3) s a metric

space.

Proof. We give the proof only for the triangle inequality axiom; the other axioms follow

from the properties of absolute value in the definition of d.

Consider x,y,z € [R, and
d(x,z) = max{lx — z|, X —Z[}.
There is no loss of generality in assuming
max{|x —z|,[x —zl} = X — Z|,
applying the triangle inequality of the absolute value and the definition of d

X—z < k—yl+I[y-—1zl
< max{[x —yl, X — yl} + max{ly — zl, [y — z[}

= d(x,y) + d(y,z).

This finishes the proof. [ |

The metric d in Theorem 2 is known as The Moore metric [80]. We will study the

metric space (IR, d) in detail in Chapter 2.

In what follows, we will refer to “a metric space” only writing the set V instead of

writing the pair (V, d).

130



Definition 8. In a space metric V, giwen avy € V and r > 0, the open ball centered

in vo and radius 1 1s the set
B(vo, 1) ={x € V| d(v,v) < 1} (11.2.4)

and the closed ball with the same center and radius s

B(vo, 1) ={x € V| d(v,v) < 1} (11.2.5)

Let us introduce the concept of open set.

Definition 9. Let V a metric space. A subset U C V s open in V if for each v € U,

there exist v > 0 such that B(v,r) C V.

Given a subset S of a space V. Let us denote by
S={xeV|x¢S}h (11.2.6)
A subset W € V is closed if W*° is open.

The following is a generalization of the well-known concept of continuous function:

Definition 10. Let V and W be metric spaces. A function f:V — W 1s continuous
if for allv € V and ¢ > 0, there exist 6 > 0 such that if vi € B(v,d), then f(v;) €
B(f(x),€).

This theorem provides a criterion for determining the continuity of a function based on

open subsets.

Theorem 3. Let V and W metric spaces. If f: V — W 1s continuous, then for all

open Wi C W, f1(W;) CV is open.
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Proof. Choose x € f7'(W;), the element f(x) € W;, which is open. By definition of

open set, there exists ¢ > 0 such that

B(f(x),e) C W, (11.2.7)

since f is continuous, there exists & > 0, such that
vx' € B(x,8) — f(x') € B(f(x), ¢) (11.2.8)

which means that B(x,8) € f~'(W;). This is our desired conclusion, The best general

reference here is [35, 60]. |

Corollary 1. Let V and W metric spaces. If f:V — W 1s continuous, then the

preizmage of any closed set itn W 1s closed.

Proof.

Consider W; a closed set in W. To prove that f~'(W;) is closed, it is sufficient to show
that (f~'(W;))¢ is open. Since

(F1(Wh))e = F71(W5),

the function f is continuous, and WY is open, it follows that (f~'(W;))¢, which proves the

corollary. [ |

In a metric space V, the union of an arbitrary family of open sets in V is open, and in

consequence, the intersection of any family of closed sets is closed in V.

Example 14. Consider the function F : R — R", where F(x) =

[f1(x), f2(x), ..., fo(x)]T. Suppose fi,fs,...,f are continuous functions. The set of
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solutions

S = {xeR":fi(x)=0,1=1,2,...,n}
n (11.2.9)
— ﬂf;1({o}), Vi=1,2,...,n
i=1

18 closed.

The proof above gives more, if f;'({0}) is bounded for any i = 1,2,...,n, then S is

bounded. There exists an M, such that

SCIMM] x [-M;M] x -+ x [-M,M] (11.2.10)
Equation (11.2.10) gives us a reduced domain where to start to search the set of solutions
of a system of equations.
Let us define the concept of dense set, which will play a key role hereafter:

Definition 11. In a metric space V. A set S is dense if for each v € V and for all
e>0

SNB(v,e) # 0.

We can rephrase Definition 11 as:

The set S is dense in V if each v € V can be approximated by an element of s € S.

Example 15. The set of rational numbers, Q, 1s dense in R. Moreover, Q™ s dense

in R™.

Definition 12. Gwen a function f : [a,b] — R. Suppose the interval [a,b] s par-
titioned as a = xo < X1 < ... < X, = b, and the values f(x1),f(xz,),...,f(xn) are

knowns. The function f 1s continuous-linear piecewrse if
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X —Xi X — Xi]
——f

f(x) = fxi1) +

= (xi), Vx € Ixi_1,xi,i=1,2,...,n (11.2.11)
Xi—1 — X4 X{ — Xi—1

Theorem 4. The set of continuous-linear piecewise function is dense in C([0,1],R).

Proof.

Let us recall how the metric in [?(Q) is defined. We begin with the definition of the

inner product

replacing g = f, we can assert that

WW=JfZ
Q

the distance follows
W—szjﬁ—gf
Q

Since C([0,1],R) c L%([0,1]), the space C([0,1],R) is a metric space with the metric
inherited by L?([0, 1]).

To prove the theorem, we need to show that given any function f € C([0, 1], R) and ¢ > 0,

there exists a continuous-linear piecewise function, g, such that d(f, g) < e.
Consider f € C([0,1],R). Set a uniform partition of [0, 1]
O=x<x1<...<xp,=1,

define the continuous-linear piecewise function, g, as Equation (11.2.11) with h(x;) =

f(x;), see Figure 11.1.
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(a) Partition of [0, 1] in 4 subintervals (b) Partition of [0, 1] in 10 subintervals
Figure 11.1: Continuous-linear piecewise approximation of a continuous function f: R —

R

We can take n enough large such that J (f — g)2 < ¢. This is precisely the assertion of
Q

the theorem.
[ |

The same proof works for f € C(Q,R), where QO C R? is closed and bounded, see Fig-

ure 11.2.

UolgU)

Let us study a generalization of the concept of derivative of functions defined on R™.

Definition 13. Suppose that F : R — R™. The function F = (f;,f,,...,fn), where
fi : R™ = R. If for all i and j, 0f;/0x; is continuous near a, then F 1s differentiable

in a and the Jacobian matrix [72, 75, 120] is given by
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ofi1(a) ofi(a) . 9fi(a)

0xq 0x2 Oxn
ofz(a)  dfz(a) of2(a)
0xq 0x2 o 0Xn
J = (11.2.12)
fm(a) 9fm(a) dfm (a)
0xq 0x1 T Oxn

The following theorem will provide a generalization of the well-known Chain Rule.

Theorem 5. Let F: R* — R™ and G : R™ — R™. IfF is differentiable in a, and G is
differentiable in F(a). Then the function GoF s differentiable in a [4, 32, 88/, and

its Jacobian matriz 1s given by

91(f(@)  dgi(f(a)) .. dgi(fla) ofila) f(a)  Bfala)
0xq 0x2 0Xn 0xq 0x2 0Xy
dg2(f(a))  dga(f(a)) . dgalf(a)) fa(a)  df2la)  dfa(a)
]GoF(a) _ 0xq 0x) OXn 0xq 0x) OXy , (11213)
dgm(f(a)) dgm(f(a)) . 3gm(f(a)) dfn(a) dfn(a) = 9fn(a)
0xq 0xq 0Xn 0xq 0x1q 0Xxy

The demonstration can be found [6].

In particular, if F is a linear function, then it can be expressed as F(x) = ®x, where @
is a n X k matrix. The jacobian of F is the constant matrix Jr(a) = @, and In this case,

the chain rule states

Jeor(a) =Jg(Pa)® (11.2.14)

In this chapter, we have presented the notion of linear space. We defined inner product

space vectors, which allow us to define orthonormal basis. In the second part of the
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chapter, we study the basic properties of metric spaces. We proved that C([0,1],R)
and [2(Q) are metric spaces, moreover we proved that each element in C([0,1] can be

approximated by continuous-linear piecewise functions.
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Chapter 12

Reliable Computation of the Spectrum

of a Matrix

Thc fu%uw zlcfpcn&s on wha% :you élo %OCIOLy

This chapter could be considered as part of the future work chapter, but due to it is not

directly related with the thesis we write it in an appendix.

12.1 Spectrum of a Matrix and Linear System of Differ-

ential Equations (Change the title)

A linear system of differential equations can be solved using analytically using the expo-

nential of a matrix [22], i.e.,

X = AX; X(0) = X, (12.1.1)
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The solution of Equation (12.1.1) is given as

X(t) = XoeM, where
At)?  (At)? At)™
eM = I+At+( ) +( ) +---+( )
2! 3! n!

At this point is where the concept of eigenvalues and eigenvectors play a important to

(12.1.2)

solve a a linear system of differential equations.

Definition 14. A matriz A« said to be diagonalizable if there exrists a diagonal

matriz D and an invertible matriz V sucth that

A=VDV (12.1.3)

The columns of V are the eigenvectors of A and D = diag([A1,Az,...,A,]) is the di-
agonal matrix whose elements are the eigenvalues. Substituting Equation (12.1.3) in

Equation (12.1.2)

er = VePtv! (12.1.4)

where eP! is a diagonal matrix whose elements (eP!);; = e,

12.1.1 Reliable Computations of the Spectrum of a Non-defective
Matrix (Change the title)

The classical way to find the eigenvalues and eigenvectors of A is to find the roots of the
characteristic polynomial

P(A) = det(A — AI) =0, (12.1.5)

and then we have to find a basis for the null space of the matrix A — Al

(A —Al)v = 0. (12.1.6)
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Given a matrix A, if v is a eigenvector corresponding to the eigenvalue A, then for each

B#0
A(Bv) = BAv

= B(Av) (12.1.7)
= )\(BV))
so PBv is also a eigenvector of A. A direct consequence of Equation (12.1.7) is that

Equation (12.1.6) infinite solutions.

The following theorem allows us to determine where the eigenvalues are located.

Theorem 6. Let A a matriz and R; = Z laij|. Consider the B(ai, Ri) (Gershgorin
j#i
circle). Each etgenvalue of A lies within at least one of the Gershgorin circle.

Proof. Let A be an eigenvalue of A, and x = (X1,X2y...,Xiy...,Xn) an eigenvector

associate to A such that x; =1 and [xj| < 1; Vj # 1.

Z ayX; = Z aijXj + Qixi = Axg = A (12.1.8)
j=1 =1, A
A—ayl = Z aixj| < Z la| = Ri. (12.1.9)
j=1, j#i j=1,j#i
Therefore, A € B(ai, R;). [ |

We can formulate Equation (12.1.6) using interval constraint solving techniques:

agXx) + apXa + -+ amxn = Ax;i={1,2,...,n} (12.1.10)
X+ xE =1 (12.1.11)
x; > 0 (12.1.12)
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Equations (12.1.10) are the constraints define by (12.1.6), and Equations (12.1.11)-

(12.1.12) are used to guarantee that the eigenvectors form a basis.

Example 16. Find the etgenvalues and eigenvectors of the following matriz

0 1
A=
—2 =3
Constraints:

Xy = }\X1

—ZX] — 3X2 = }\Xz
xXi+x3 = 1
X1 Z 0

Initial Box:

X1 € [—1, ]]
X2 € [—1, ]]
A € [-5,1]

Figure 12.1: Eigenvectors of norm 1

In Figure 12.1, we can see the eigenvectors of the matriz A.
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We have shown in this appendix how Interval Constraint Solving Techniques can be used

to find in a reliable way the spectrum of a matrix.
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