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Abstract

Modeling tumor growth due to infiltration of immune cells presents several challenges in

numerical computations. First, it involves multiple cell species whose total number should

be a constant, due to the incompressibility assumption; second, by mapping the Eulerian

coordinate of the free-boundary problem onto a fixed logical domain, geometric source terms

appear and they need to be addressed properly in numerical methods. In this work, we use

a simplified model that contains two species and prescribed infiltration velocity and to show

that the conventional finite volume methods fail to preserve the trivial (constant) solutions.

To this end, we introduce the totality conservation law (TCL) and the geometric law (GCL)

as the two criterions to address the incompressibility and property of preserving constant

solutions on changing Eulerian domains, respectively. The classical Godunov-type finite

volume methods are enhanced to satisfy these conditions, and performance improvements

are verified by numerical tests with arbitrary infiltration velocities.
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Chapter 1

Introduction

Tumor-infiltrating immune cells consist of a significant component of many cancers [26, 27].

A plethora of studies have been conducted to explore the impacts of tumor-infiltrated

immune cells on associated tumors [28, 29]. Numerous studies have showed that direct

contact between infiltrating immune cells and tumor cells correlates with destruction of

cancer cells, reduction of tumor sizes, and improved clinical prognosiscite [36, 37]. On the

other hand, a large number of studies showed that increased infiltration of immune cells

may promote tumor progression and invasion [30, 31, 33] and many clinical data have also

indicated the tumor infiltration of certain immune cells associates with poor prognosis of

patients with cancers [38, 39, 13]. The primary reasons for these contradictory observations

have remained elusive; in this work, we develop a numerical tool to study how the infiltration

of immune cells into the tumors is regulated, in the hope that it will revealing the mystery

in the future.

Modeling the tumor growth due to immune cell infiltration using the partial di↵erential

equations (PDE) has been an active research area in recent years. One of the earliest papers

addressing this phenomenon from a mathematical point of view is by Evelyn F. Keller and

Lee A. Segel [19], who modeled the cell movements by Brownian motion and concluded that

they generally move towards a region with high chemotaxis concentration. The Patlak-

Keller-Seger (PKS) chemotaxis system, which describes the interaction between the cell

and the chemotaxis, is then studied both theoretically and numerically by various author

[12, 17, 15, 16]. Existing literature focuses on solving the PKS system on a fixed domain;

hence they are suitable for describing the cell movements inside the tumor but not for

modeling how the tumor grows. Recently, Ben Niu et al. [9] proposed a free boundary
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problem that models the growth of tumor due to immune cell infiltration. In this model,

the immune cells are attracted by the chemotaxis that usually has higher concentration

inside the tumor and enter the tumor boundary; the mean cell movement velocity is derived

by assuming the cells are incompressible, hence the total cell number per unit volume is

assumed to be constant. Thus the tumor grows (or shrinks) as immune cells enter (exit)

through the tumor boundary.

In this study, the spherically symmetric free-boundary problem is considered and solved

numerically by first mapping the physical coordinates onto a fixed logical one and then dis-

cretization using the classical finite volume method (FVM). FVM is robust and it captures

the shock of the solution but the conventional FVM fails to contain the overshoots of our so-

lution. Also, geometrical source term appears when coordinate is changed and conventional

finite volume methods cannot balance them out, even while having constant solutions.

To resolve these issues, we use a simplified model that represents the characterization of

the tumor growth model described in [9] for our investigation. The totality conservation law

(TCL) and the geometric conservation law (GCL) are defined and justified as the criteria

for a finite volume method method to maintain constant solutions and satisfy the incom-

pressibility condition required. The theoretical development of our finite volume method

that satisfy both TCL and GCL contains three stages. First, we extend the TCL and GCL

properties to a general finite volume discretization, namely DTCL and DGCL, respectively

where D stands for discrete. Second, we introduce several consistency properties, so that

for any numerical flux that satisfies these properties, the resulting method will satisfy both

DTCL and DGCL. Finally, the classical and first-order upwind method and the second

order MUSCL scheme are extended to satisfy these proposed consistency properties.

The remainder of the paper is organized as follows. In Chapter 2, we briefly describe the

previous models such as the Platelet-Derived Growth factor (PDGF)- driven Glioma model

and the Osteopontin (OPN) model in Gliomas. Later, a simplified model that captures the

most important features is introduced Chapter 3. Chapter 4 covers the proposed method

where we define the DTCL and DGCL conditions and prove necessary conditions for the

2



numerical method to satisfy these criteria. In Chapter 5, we solve the simplified model

and assess the performance of the enhanced methods to the conventional FVM. Finally, we

conclude with Chapter 6 explaining the significance of the work.
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Chapter 2

Mathematical Models and Dynamics

The understanding of the regulation of immune cell infiltration into tumor cells is important

to characterize the role of tumor-infiltrated cells. In this chapter, we briefly review the

models, for more indepth discussion, readers are refered to [9]. Using di↵erent values of the

maximum of chemoattractant (a substance that attracts motile cells of a particular type)

production rate, this model di↵erentiates between wtIDH1 (wild-type IDH1) and muIDH1

(mutant IDH1). How the wtIDH1 tumors reach death volume earlier than the muIDH1 can

be revealed by this model. It also shows that with the increase of tumor volume in both

types of gliomas (a type of tumor that occurs in the brain and spinal cord) in time, the net

increase rate of immune cells infiltrated into the tumor increases while the percentage of

these cells decreases. Analyzing this model, we observe that the proportion of immune cells

infiltrated into the tumor is decreasing as the tumor volume increases. The more immune

cells infiltrated in to the tumor, the earlier the tumor reaches death volume [9].

2.1 The PDGF-driven Model

Considering a radially symmetric tumor where the distance from the center point of the

tumor is denoted by r and R(t) is the tumor boundary, letG(r, t), H(r, t), N(r, t) and A(r, t)

are the number density of glimoa cells, the number density of necrotic cells, the number

density of infiltrated immune cells, and the concentration of chemoattractants, respectively.

The movement inside the tumor cell is caused by the proliferation and removal of cells and

the velocity is denoted by V (r, t). The chemoattractants undergo di↵usion. The immune

cells move along the gradient field which is generated by the movement of chemoattractants
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and then they undergo the similar convection process within the tumor.

Gradient field due to
the movement of
chemoattractants (A) .

Immune cells (N)
moving into the tumor
along the gradient.

Increase of
tumor radius
due to increase
of cell density.

r

R(t)

G, H and 
N cells

G   = Glioma cell density.
H   = Necrotic cell density.
N   = Infiltrated immune cell density.
A   = Chemoattractant concentration.
Nbc= Value of N on the tumor 
boundary (boundary condition).

Nbc

Figure 2.1: Diagram of tumor growth due to inflitrated immune cells

Figure 2.2 explains the tumor growth and immune cells movement into the tumor.

The following equations can be derived by mass conservation law:

@G(r, t)

@t
+

1

r2

@

@r
[R2

G(r, t)V (r, t)] = �G(r, t)� µH(r, t), r 2 [0, R(t)) (2.1)

@H(r, t)

@t
+

1

r2

@

@r
[R2

H(r, t)V (r, t)] = µG(r, t)� �H(r, t), r 2 [0, R(t)) (2.2)

@A(r, t)

@t
= D

1

r2

@

@r


r
2@A(r, t)

@r

�
+

mG(r, t)

� +G(r, t)
� �A(r, t), r 2 [0,1) (2.3)
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@N(r, t)

@t
+

1

r2

@

@r
[r2N(r, t)V (r, t)]

= �↵
1

r2

1

@r


r
2
N(r, t)

@A(r, t)

@r

�
� ⇢N(r, t), r 2 [0, R(t))

(2.4)

It is assumed here that all the cells have the same size. As the number density of the

tumor tissue is constant, it can be written as G(r, t)+H(r, t)+N(r, t) = ✓ inside the tumor

region. After combining the aforementioned equations, the final equation which is for the

velocity is:

✓

r2

@

@r
[r2V (r, t)] = �G(r, t)� �H(r, t)� ↵

1

r2

@

@r


r
2
N(r, t)

@A(r, t)

@r

�
� ⇢N(r, t) (2.5)

Also, the free boundary condition is given by dR(t)
dt

= V (R(t), t). The initial conditions

are specified as R(0) = ✏, where ✏ is in general a small number. The boundary conditions

for the chemoattractant A(r, t) are specified as @A

@r
(0, t) = 0 and A(r, t) vanishes at the

infinite and V (0, t) = 0 for t � 0.

The parameter details are summarized in the table below:
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Table 2.1: Model parameters and their unit

Parameter List

Parameters Descriptions Dimensions

� Proliferation rate of glioma cells day
�1

µ Glioma cell lysis rate day
�1

� Removal rate of necrotic cells day
�1

D Di↵usion coe�cient of chemoattractant mm
2
/day

m Maximum of chemoattractant production

rate

105pg/ml · day

� Michalis constant cells/mm
3

� Chemoattractant degradation rate 102/day

↵ Chemotatic coe�cient mm
2 ·ml/day ·pg

⇢ Clearance rate of immune cells day
�1

✓ Cell density of tumor issue cells/mm
3

2.1.1 The Growth Dynamics

The tumor growth dynamics can be described by this mathematical model. The glioma cell

population exponentially increases as soon as the tumor starts to grow. The chemoattrac-

tants secreted from the tumor cell also increases nonlinearly. They start di↵using within

the host body and start forming a dynamic chemotatic gradient field. Along this gradient
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field, the immune cells start to migrate into the tumor.
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Figure 2.2: Solution of immune cells against the tumor radius
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Figure 2.3: Solution of glioma cells against the tumor radius

From Figure (2.2), we see that immune cell density inside the tumor approximately

follows a linear pattern. As the tumor volume increases throughout the time, the model
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shows distinct growth patterns for immune cells and glioma cells (Figure (2.3)). So, it can be

said that this model mathematically describes the dynamics of the immune cell infiltration

into the tumor body. The di↵erent plots in every figure is obtained by implementing FVM

to calculate the flux using di↵erent upwind methods.

2.2 The Osteopontin Dynamics Model in Gliomas

We can extend the previous model to Osteopontin (OPN) model of tumor cell growth. OPN,

a secreted non-collagenous, sialic-acid-rich, chemokine-like protein that is also a member

of the small integrin-binding ligand N-linked glycoproteins family, plays a crucial role in

determining the oncogenic potential of various cancers [3, 4]. The pivotal role of OPN in

tumor metastasis has been highlighted by gene-transfer experiments [5]. Overexpression

of OPN results in an increase in the malignant phenotype, whereas transfection with an-

tisense oligonucleotides yields a population with a reduced malignant potential [6]. Since

its first identification in bone, the multifaceted roles of OPN have been an area of intense

investigation. Extensive research has elucidated the pivotal role of OPN in regulating the

cell signaling that controls tumor progression and metastasis [5].

2.2.1 Model Dynamics

OPN dynamics in glioma can be described as follows. Glioma cells secrete chemoattractanrs

to attract immune cells, microglia and monocytes. Microglia, a type of neuronal support

cell (neuroglia) occurring in the central nervous system of invertebrates and vertebrates,

functions primarily as an immune cell. As the name microglia suggests, these cells are

small — the smallest of all the neuroglia [7]. Another type of immune cell that is made in

the bone marrow and travels through the blood to tissues in the body where it becomes

a macrophage. Macrophages surround and kill microorganisms, ingest foreign material,

remove dead cells, and boost immune responses [8]. These glioma cells also secrete oseto-

pontin for the enhancement of their proliferation. Similar as the previous PDGF model,
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immune cells move into tumor site along the gradient field of chemoattracttants and they

also secrete osteopontin to inhibit tumor growth.

2.2.2 The Mathematical Model

Let r be a generic point in the tumor location at any time t, G(r, t), H(r, t), A(r, t)

and N(r, t) are exactly defined as in the PDGF model. In addition, P1(r, t) and P2(r, t)

denote the concentration of osteopontin secreted by the immune cells and concentration of

osteopontin secreted by glioma cells. Also, V (r, t) is the velocity and �(r, t) is the tumor

boundary. Both the glioma immune cells and also the necrotic cells convect with the fluid

within the tumor. The attractants and osteopontin di↵use instead of advection since they

are small in size compared to cells. Considering one of the simplest case, where the tumor

is viewed as a symmetric sphere and based on the previous PDGF-model, the following

system is proposed for describing the dynamics of OPN:

@G(r, t)

@t
+

1

r2

@

@r


r
2
G(r, t)V (r, t)

�
= �


1 +

P2(r, t)

b+ P2(r, t)

�
G(r, t)

� µ


1 +

P1(r, t)

a+ P1(r, t)

�
G(r, t), r 2 [0, R(t))

(2.6)

@H(r, t)

@t
+

1

r2

@

@r


r
2
H(r, t)V (r, t)

�
= µ


1 +

P1(r, t)

a+ P1(r, t)

�
G(r, t)

� �1H(r, t), r 2 [0, R(t))

(2.7)

@A(r, t)

@t
= D3

1

r2

@

@r


r
2@A(r, t)

@r

�
+

↵3G(r, t)

�3 +G(r, t)
� �3A(r, t), r 2 [0,1) (2.8)

@N(r, t)

@t
+

1

r2

@

@r


r
2
N(r, t)V (r, t)

�
= �⇢

1

r2

@

@r


r
2
N(r, t)

@A(r, t)

@r

�

� �2N(x, t), r 2 [0, R(t))

(2.9)

@P1(r, t)

@t
= D1

@

@r


r
2@P1(r, t)

@r

�
+

↵1N(r, t)

�1 +N(r, t)
� �1P1(r, t), r 2 [0,1) (2.10)

@P2(r, t)

@t
= D2

@

@r


r
2@P2(r, t)

@r

�
+

↵2G(r, t)

�2 +G(r, t)
� �2P2(r, t), r 2 [0,1) (2.11)
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✓

r2

@

@r


r
2
V (r, t)

�
=�


1 +

P2(r, t)

b+ P2(x, t)

�
G(r, t)� �1H(r, t)

� ↵
1

r2

@

@r


r
2
N(r, t)

@A(r, t)

@r

�
� �2N(r, t)

(2.12)

The initial conditions are given as G(r, 0), H(r, 0), N(r, 0), P1(x, 0), P2(x, 0) within the ini-

tial tumor and A(x, 0) is given in the whole domain. The boundary conditions are given

as @P1
@n

|� = 0, @P2
@n

|� = 0. Also the free boundary is given as

dR(t)

dt
= V (R(t), t), R(0) = ✏;

Normalizing the G,H,N by G/✓, H/✓, N/✓ and considering G+H +N = 1, we get

@G(r, t)

@t
+

1

r2

@

@r


r
2
G(r, t)V (r, t)

�
= �


1 +

P2(r, t)G(r, t)

b+ P2(r, t)

�

� µ


1 +

P1(r, t)G(r, t)

a+ P1(r, t)

� (2.13)

@H(r, t)

@t
+

1

r2

@

@r


r
2
H(r, t)V (r, t)

�
= µ


1 +

P1(r, t)G(r, t)

a+ P1(r, t)

�
� �1H(r, t) (2.14)

@A(r, t)

@t
= D3

1

r2

@

@r


r
2@A(r, t)

@r

�
+

↵3G(r, t)

�3 +G(r, t)
� �3A(r, t) (2.15)

@N(r, t)

@t
+

1

r2

@

@r


r
2
N(r, t)V (r, t)

�
= �⇢

1

r2

@

@r


r
2
N(r, t)

@A(r, t)

@r

�
� �2N(r, t) (2.16)

@P1(r, t)

@t
= D1

@

@r


r
2@P1(r, t)

@r

�
+

↵1N(r, t)

�1 +N(r, t)
� �1P1(r, t) (2.17)

@P2(r, t)

@t
= D2

@

@r


r
2@P2(r, t)

@r

�
+

↵2G(r, t)

�2 +G(r, t)
� �2P2(r, t) (2.18)

1

r2

@

@r


r
2
V (r, t)

�
= �


1 +

P2(r, t)

b+ P2(r, t)

�
G(r, t)� �1H(r, t)

� ↵
1

r2

@

@r


r
2
N(r, t)

@A(r, t)

@r

�
� �2N(r, t)

(2.19)

Other boundary conditions are still the Neumann type at the origin and A is defined in

[0,+1). Initial conditions are same as those in the previous model. Moreover, the new

functions defined at zero time with P1(r, 0) = P2(r, 0) = 0.

To transform the governing equations (2.13 - 2.19) to the conservation law, we multiply
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them with r
2. Next to convert them to a fixed domain instead of a free-boundary problem,

we use transformation of coordinates and later the chain rule:

(r, t) 7�! (⌘, ⌧) =
⇣

r

R(t)
, t

⌘

Chain rule:
@

@t
=

@

@⌧
� ⌘R

0

R

@

@⌘
,

@

@r
=

1

R

@

@⌘
(2.20)

Also, for any species X, considering ⌘
2
R

2
X = eX, we get the final form of the governing

equations in normalized coordinates:

@ eG
@⌧

+
@

@⌘

✓
V

R
� ⌘R0

R

◆
eG
�
=

� eGP2

b+ P2
� µ eGP1

a+ P1
� R

0 eG
R

+ (�� µ) eG (2.21)

@ eH
@⌧

+
@

@⌘

✓
V

R
� ⌘R0

R

◆
eH
�
=

� eGP1

a+ P1
� �1

eH � R
0 eH
R

+ µ eG (2.22)

@ eA
@⌧

+
@

@⌘

✓
� ⌘R

0

R

◆
eA
�
= D3

@

@⌘

✓
⌘
2@A

@⌘

◆
+

↵3
eG

�3 +G
� �3

eA� R
0 eA
R

(2.23)

@ eN
@⌧

+
@

@⌘

✓
V

R
� ⌘R0

R
+

⇢

R2

@A

@⌘

◆
eN
�
= ��2

eN (2.24)

@ eP1

@⌧
+

@

@⌘

✓
� ⌘R

0

R

◆
eP1

�
= D1

@

@⌘

✓
⌘
2@P1

@⌘

◆
+

↵1
eN

�1 +N
� �1

eP1 �
R

0 eP1

R
(2.25)

@ eP2

@⌧
+

@

@⌘

✓
� ⌘R

0

R

◆
eP2

�
= D2

@

@⌘

✓
⌘
2@P2

@⌘

◆
+

↵2
eG

�2 +G
� �2

eP2 �
R

0 eP2

R
(2.26)

1

⌘2R

@

@⌘


⌘
2

✓
V +

↵

R
N
@A

@⌘

◆�
=

�P2
eG

b+ P2
� �1

eH � �2
eN + � eG (2.27)

2.3 Numerical Solution

We have used finite volume method (FVM) for solving the model instead of a typical

finite di↵erence scheme. The reason behind using finite volume method is its conservation

properties. It is derived on the basis of the integral form of conservation law, a starting

point that turns out to have many advantages and is closely related to a finite di↵erence

method.
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2.4 Classical Finite Volume Method

In practice many interesting solutions contain discontinuities such as shock waves instead

of being smooth. A fundamental feature of nonlinear conservation law is that these dis-

continuities can easily develop even though smooth initial data is used, and so they must

be dealt with both mathematically and computationally and is troublesome for accurate

approximation of such solutions. For this method, the primary problem is to determine a

good numerical flux function which can correctly approximate the flux values of the cell

average or over the whole cell.

Instead of approximation at grid points, FVM breaks the computation domain into

grid cells and then approximate the total integral of flux over each grid cell or actually cell

average of the flux, which can be measured by dividing the total integral over the flux by

the volume of each cell. At each time step, these values are modified by calculating the

flux through the edges of the grid cells.

For simple notations, we define:

eG = ⌘
2
R

2
G, eH = ⌘

2
R

2
H, eN = ⌘

2
R

2
N.

For the velocity variable, however, we adopt nodal approximation:

Vi ⇡ V (⌘i),

where ⌘i = ih, i = 0, ..., L⌘.

We denote the solutions by S, at any given time ⌧ , S should contain the below infor-

mation:

• The radius R.

• The cell numbers eGi, eHi and eNi for 1  i  L⌘.

• The velocity Vi, where 0  i  L⌘.

• The chemotaxis attractant concentration Ai for 1  i  mL⌘.

13



• The osteopontin concentration P1 and P2 for 1  i  L⌘ (for the OPN model).

Here m > 1 is a positive number that denotes the truncated domain for computing A.

Particularly, because A is defined on ⌘ 2 R+
, it is not easy to solve A on the entire half

line. Nevertheless, because the source term involving G vanishes for ⌘ � 1, we expect

A to decay exponentially as ⌘ 7! 1. Hence we approximate this unbounded di↵erential

equation by setting the boundary condition A(⌘ = m, ⌧) = 0 and solve for A on the

truncated interval [0,m], which is discretized using mn intervals of the same size 4⌘.

2.4.1 The General Workflow

Considering space and time discretizations separately and a first-order-in-time method to

update the solutions from ⌧
k to ⌧

k+1 = ⌧
k +4⌧

K is denoted by Sk+1 = M(Sk
,4⌧

k). For

constructing the operator M, we follow the below steps in the following order:

1. Update R
k+1.

2. Update the cell numbers eGk+1
i

, eHk+1
i

and eNk+1
i

, 1  i  L⌘.

3. Update the chemotaxis attractant concentration A
k+1
i

, 1  i  mL⌘.

4. Update the osteopontin concentrations P k+1
1i and P

k+1
2i for 1  i  L⌘ (for the OPN

model).

5. Update the velocity V
k+1
i

, 0  i  L⌘.

6. Calculate the time step 4⌧
k.

The first and last steps will remain the same for di↵erent methods.

• Step 1: Updating tumor radius

The forward Euler method is used to update the radius of the tumor. There is a

correlation among the numbers of data points at successive time intervals [11].

R
k+1 = R

k +4⌧
k
V

k

L⌘

14



• Step 2: Computing the cell numbers

After deriving the finite volume formulation for G,H and N , we get :

d eGi

d⌧
+

1

4⌘
[FG

i
� F

G

i�1] = �
0
✓
1 +

P2i

b+ P2i

◆
eGi(1� l

0
Gi)

� µ

✓
1 +

P1i

a+ P1i

◆
eGi � ! eGiNi �

R
0

R

eGi

(2.28)

d eHi

d⌧
+

1

4⌘
[FH

i
� F

H

i�1] = µ

✓
1 +

P1i

a+ P1i

◆
eGi � �1

eHi �
R

0

R

eHi (2.29)

d eNi

d⌧
+

1

4⌘
[FH

i
� F

H

i�1] = ��2
eNi �

R
0

R

eNi (2.30)

Here �
0 = �⌘

q and F
X

j
where X = G,H,N is a numerical flux approximating✓

V

R
� ⌘R

0

R

eX
◆

at ⌘j. In general, a p-th order flux function leads p-th order spa-

tial discretization.

• Step 3: Updating the Chemotaxis Attractant Concertation

The equation for chemotaxis attractant concentration A involves both advection and

di↵usion. In order to avoid a tiny time step size in explicit time-integration, we adopt

a fully implicit method for both advection and di↵usion here. Particularly, a first-

order method can be constructed by using the first-order upwind flux for advection

and central di↵erence for di↵usion. Integrating (2.24) over a cell Ci where 1  i  mL

leads to the following semi-discrete formula for A:

d(⌘2
i
R

2
Ai)

d⌧
+

1

4⌘
[FA

i
� F

A

i�1] =
D3

4⌘

"
⌘
2
i

Ai+1 � Ai

4⌘
� ⌘

2
i�1

Ai � Ai�1

4⌘

#

+ �iL

↵3
eGi

�3

✓
+Gi

�
✓
� +

VL

R

◆
⌘
2
i
R

2
Ai

Here �iL⌘ is an indicator function showing that the source term containing G should

only be included for 1  i  L⌘, i.e., when the cell is in the tumor.

• Step 4: Updating the Osteopontin Concentrations (for OPN model)

The osteopontin concentrations P1 and P2 are updated the same way as the chemo-

taxis attractant concentration A, by implicit first-order upwind/central-di↵erence

15



method or IMEX [41] second-order MUSCL/central-di↵erence method. The only

di↵erence is that the two equations are defined on 1  i  L⌘, and we enforce the

Neumann boundary condition at the right boundary- therefore the finite di↵erencing

stencil needs to be biased for both i = 1 and i = L⌘.

• Step 5: Computing velocity

Computing the velocity V
k+1
i

makes use of the integral equation that can be derived

from (2.27) with the boundary condition V
k+1
0 = V (⌘ = 0, ⌧ k+1) = 0. The integral of

the velocity is given by:

V =
R

⌘2

Z
⌘

0

⇠
2


�

✓
1 +

P2

b+ P2

◆
G(1� l

0
G)� �1H � �2N � !GN

�
d⇠ � ↵

R
N
@A

@⌘
(2.31)

where l
0 2 [0, 1], � and q 2 [0, 1] being constants introduces spatially inhomogeneous

growth and a toggle for the logistic growth, respectively.

• Step 6: Time step calculation

For computing the time step, 4⌧
k is computed according to the Courant condition.

Especially, because all the di↵usion terms are treated implicitly, we set the Courant

number according to the advection velocity:

4⌧
k = ↵cfl min

1iL

h

max

✓����
V

k

i
� ⌘iV

k

L

Rk

����,
����
V

k

i
� ⌘iV

k

L

Rk
+

⇢

(Rk)2
A

k

i+1 � A
k

i

4⌘

����

◆

where ↵cfl is the Courant number specified by the user, which is typically smaller

than 1 for partially explicit computations and can take any value when everything is

implicit.

2.4.2 Result Analysis

A classical nonlinearly stable method such as explicit first-order upwind method is used

here for updating the cell number densities G,H and N which are Glioma cells, Nectoric

cells and Immune cells, respectively. The cell number densities are plotted against the

growth of the tumor radius in the Figure (2.4).
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Figure 2.4: Solution of G,H and N against the tumor radius

From the above figure, we can see that around the origin and also at the boundary,

overshoots are observed. At origin, immune cell density, N is 1.5 and also near the right

boundary, their sum is again more than one. So, the non-compressibility assumption does

not hold for the solution of the system. This might occur due to the discretization method

that we have used in conventional finite volume method. In the next chapter we will

consider a simplified model to work with and then introduce an enhanced FVM to solve

the governing equations.
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Chapter 3

A Simplified Model

In this chapter we address the numerical challenges we face while solving the free boundary

problems described by spherically symmetric conservation laws. Here, we normalize the

radial coordinate to transform the free boundary problem to a fixed boundary one and

utilize a finite volume method to solve the equations. We show that classical finite volume

method fails to restore the constant solutions and propose modifications to maintain the

totality conservation law, the geometric conservation law and also balance the source terms.

3.1 A Model Problem

In this section, for simplicity, we consider a simplified model with only two species G and

N . Then the governing equations in spherical coordinate are as below:

@(r2G)

@t
+

@

@r
[r2GV ] = r

2
f (3.1)

@(r2N)

@t
+

@

@r
[r2N(V + u)] = r

2
g (3.2)

1

r2

@

@r
[r2(V + uN)] = f + g (3.3)

For this model, the computational domain is:

(r, t) 2 [0, R(t))⇥ [0, T ]

For some positive T > 0 and R : [0, T ] 7! R+ denotes the radius of the spherical domain

which satisfies:

Ṙ = V (R(t), t). (3.4)
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The lower case letters in (3.1 - 3.3) are prescribed functions:

u(r, t) = ǔ(r, t, G,N), f(r, t) = f̌(r, t, G,N), g(r, t) = ǧ(r, t, G,N)

where they represent the velocity di↵erence between N and G, the source term of G,

and the source term of N , respectively. We further require that ǔ = 0 at r = 0 for all

t 2 [0, T ]. Now, because G and N represent the proportion of the two species whose sum

is incompressible , it satisfies the initial condition:

G(r, 0) +N(r, 0) = 1, 8 0  r  R(0). (3.5)

We can define that the total number⇥(r, t) = G(r, t)+H(r, t); then the incompressibility

assumption requires ⇥ ⌘ 1. If this holds, we actually have a very convenient way to estimate

the growth of tumor.

Now, the only mechanism such that the new cells can enter the tumor is through the

boundary condition for N at r = R(t). Now, we can write:

Ň(t) =

8
>>><

>>>:

N(R(t), t), u(R(t), t) � 0;

Nbc(t), u(R(t), t) < 0,

where u is the prescribed infiltration velocity, Ň(t) is the flow out of/into the tumor and

Nbc (boundary condition) is the prescribed ambient number of immune cells, N . We also

obtain the ODE for R(t):

R
0(t) = u(R(t), t, )Ň(t),

which will help to design numerical tests for which the exact tumor growth curve can be

calculated.

19



3.2 The Totality Conservation Law in Radial Coordi-

nate

Considering G(r, t)+N(r, t) = ⇥(r, t) and adding (3.1) and (3.2) and substituting it to the

right hand side of (3.3), we get:

@(r2⇥)

@t
+

@

@r
[r2⇥V + r

2
Nu] = r

2(f + g) =
@

@r
[r2(V + uN)],

or equivalently:
@(r2⇥)

@t
+

@

@r
[r2(⇥� 1)V ] = 0, (3.6)

From which it can be accepted that ⇥(r, t) ⌘ 1 regardless of the other variables if the initial

condition (3.5) holds.

By replacing one of G and N by ⇥ in either (3.1) or (3.2) with (3.6), the PDE system

is essentially the same problem with identical solutions. We expect that G(r, t)+N(r, t) =

⇥(r, t) ⌘ 1 for the solutions if the original system of equations.

As equation (3.6) explains the conservation of the sum of the two species, we can call it

the totality conservation law or TCL with the context of the current work and expect the

numerical method to satisfy a discrete version of TCL.

3.3 The Conservation Laws in Normalized Coordinate

Due to (3.4), this problem is a free boundary problem. Because of this, fixed grid dis-

cretization in (r, t) domain becomes di�cult. To resolve this, we define the normalized

coordinates (⌘, ⌧) and define them as described in chapter 2.

Here we suppress the dependence of R0 and R on t (or ⌧) for simplicity. Before going

into the details of changing the coordinates of (3.1 - 3.3), we apply the chain rule (2.20) to

(3.6) and obtain:

@(⌘2R2⇥)

@⌧
� ⌘R

0

R

@

@⌘


⌘
2
R

2⇥

�
+

1

R

@

@⌘


⌘
2
R

2(⇥� 1)V

�
= 0
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or equivalently:

@(⌘2R2⇥)

@⌧
+

@

@⌧


⌘
2
R(⇥� 1)V

�
� @

@⌘


⌘
3
R

0
R⇥

�
= �⌘

2
R

0
R⇥ (3.7)

which is the TCL in the normalized coordinates. Unlike (3.6), setting ⇥ ⌘ 1 in (3.7) does

not lead to a trivial identity; instead, we get:

@(⌘2R2)

@⌧
+

@

@⌘


� ⌘

3
R

0
R

�
= �⌘

2
R

0
R. (3.8)

This equation is called the geometric conservation law or GCL, which clearly holds at the

continuous level; but we also require the numerical method to satisfy a discrete version of

GCL, or the discrete geometric conservation law (DGCL), which poses further requirements

on our spatial and temporal discretizations.

3.4 The Model Problem in Normalized Coordinates

Finally, we apply the chain rule to (3.1 - 3.3) to derive the governing equations in the

normalized coordinates (⌘, ⌧):

@(⌘2R2
G)

@⌧
+

@

@⌘

✓
V

R
� ⌘R

0

R

◆
⌘
2
R

2
G

�
= ⌘

2
R

2
f � ⌘

2
R

0
RG, (3.9a)

@(⌘2R2
N)

@⌧
+

@

@⌘

✓
V

R
� ⌘R

0

R
+

u

R

◆
⌘
2
R

2
N

�
= ⌘

2
R

2
g � ⌘

2
R

0
RN, (3.9b)

1

⌘2

@

@⌘


⌘
2

✓
V

R
+

u

R
N

◆�
= f + g, V (0, t) = 0; (3.9c)

the computational domain in (⌘, ⌧) 2 [0, 1]⇥ [0, T ] for some positive T > 0 and R : [0, T ] 7!

R+ denotes the radius of the spherical domain, which satisfies:

Ṙ(⌧) = V (1, ⌧). (3.10)

The lower case latter in (3.9) represent the prescribed functions:

u(⌘, ⌧) = ǔ(⌘R, ⌧, G,N), f(r, t) = f̌(⌘R, ⌧, G,N), g(r, t) = ǧ(⌘R, ⌧, G,N)

where ǔ, f̌ and ǧ are the same known functions. Clearly, adding (3.9a) and (3.9b) and

comparing the resulting right hand side to that of (3.9c) leads to TCL (3.8).
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Chapter 4

An Enhanced Finite Volume Method

Neither TCL nor GCL is automatically satisfied by finite volume discretization to solve

(4.10). To fix the issue, we subdivide the domain for ⌘ by L⌘ cells with uniform cell

size 4⌘ = 1/L⌘ and suppose that the discrete velocities are defined at the grid points:

V
n

i
⇡ V (⌘i, ⌧n), ⌘i = i4 ⌘, 0  i  L⌘. To motivate the issue, let us focus on the GCL and

first consider a numerical method such that (3.8) is satisfied at the discrete level. Let the

discretization of (3.8) and (3.10) for the time interval [⌧n, ⌧n+1] be :

1

4⌧n


⌘
2
i�1/2(R

n+1)2 � ⌘
2
i�1/2(R

n)2
�
+ (R0)nRnDi�1/2


� ⌘

3

�
= �⌘

2
i�1/2(R

0)nRn
, (4.1a)

(R0)n = V
n

N⌘
, (4.1b)

R
n+1 = R

n +4⌧
n
V

n

L⌘
. (4.1c)

where (3.11a) collocates at the cell center ⌘i�1/2 and Di�1/2 is the spatial discretization of

choice for @⌘ at ⌘i�1/2. The method (4.12) features the natural choice of the forward Euler

time-integrator and approximation of R0(⌧n) by V
n

L⌘
, c.f. (3.10). However, it follows that:

Di�1/2

⇥
⌘
3
⇤
= �⌘

2
i�1/2 �

⌘
2
i�1/2

4⌧n

(Rn +4⌧
n
V

n

L⌘
)2 � (Rn)2

V
n

L⌘
Rn

= �⌘
2
i�1/2 � ⌘

2
i�1/2

"
2 +

4⌧
n
V

n

L⌘

Rn

#

which is highly undesirably since the right hand side depends on the solutions V and R.

An easy way to fix this issue is to approximate (R0)n of (3.8) by:

(R0)n ⇡ (Rn+1)2 � (Rn)2

24 ⌧nRn
= V

n

L⌘

 
1 +

1

2
4 ⌧

n
V

n

L⌘

Rn

!
(4.2)
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then (4.12a) reduces to :

Di�1/2(�⌘
3) = �3⌘2

i�1/2, (4.3)

which is independent of V and R as desired. The preceding case study indicates that

we must design the time-integrator carefully to satisfy DGCL. Furthermore, the spatial

discretization Di�1/2 needs to compute the derivative of third-degree polynomials exactly,

hence we are motivated to use a numerical approximation that is at least third-order ac-

curate in space. In the remainder of this section, we construct finite volume method that

satisfy both the GCL and TCL discretely. To this end, our numerical approximations to

the species are collocated at cell centers and velocities V and u at grid points. Thus the

discrete versions of G and N represent cell averages:

G
n

i
⇡ 1

4⌘⌘
2
i�1/2(R

n)2

Z
⌘i

⌘i�1

⌘
2(Rn)2G(⌘, ⌧n)d⌘, (4.4a)

N
n

i
⇡ 1

4⌘⌘
2
i�1/2(R

n)2

Z
⌘i

⌘i�1

⌘
2(Rn)2N(⌘, ⌧n)d⌘, 1  i  L⌘, (4.4b)

where ⌘i�1/2 = (i� 1/2)4 ⌘ = (⌘i�1+ ⌘i)/2; and the discrete versions of V and u represent

nodal values:

V
n

i
⇡ V (⌘i.⌧

n), 0  i  L⌘, (4.5a)

u
n

i
⇡ u(⌘i.⌧

n), 0  i  L⌘, (4.5b)

where no approximation is needed for u since the function ǔ is prescribed earlier.

The remainder of this chapter is organized as follows. A general finite volume formula-

tion is provided and our main result is given in the next section, which provides su�cient

conditions for the method to satisfy the conditions derived previously; and they are pre-

sented in the subsequent sections.

4.1 A General Finite Volume Discretization

The explicit first-order time-accurate finite volume formulation of (3.9a) and (3.9b) is ob-

tained by integrating these equations over each cell [⌘i�1, ⌘i] and then discretizing the
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time-derivative by forward-Euler method :

⌘
2
i�1/2[(R

n+1)2Gn+1
i

� (Rn)2Gn

i
]

4⌧n
+

1

4⌘


F

G,n

i
� F

G,n

i�1

�
= ⌘

2
i�1/2[(R

n)2fn

i
� (R0)nRn

G
n

i
],

(4.6a)

⌘
2
i�1/2[(R

n+1)2Nn+1
i

� (Rn)2Nn

i
]

4⌧n
+

1

4⌘


F

N,n

i
� F

N,n

i�1

�
= ⌘

2
i�1/2[(R

n)2gn
i
� (R0)nRn

N
n

i
].

(4.6b)

Here, FG,n

j
and F

N,n

j
denote numerical fluxes for G and N at ⌘j, respectively:

F
G,n

j
⇡
 
V

R
� ⌘R

0

R

!
⌘
2
R

2
G

����
⌘=⌘j ,⌧=⌧n

, (4.7)

F
N,n

j
⇡
 
V

R
� ⌘R

0

R
+

u

R

!
⌘
2
R

2
N

����
⌘=⌘j ,⌧=⌧n

. (4.8)

The two source terms fn

i
and g

n

i
are approximations to the functions f and g, respectively;

how the source terms are computed is not critical here, as long as the same formula is used in

the velocity equation. In conventional finite volume methods, the velocities V/R � ⌘R
0
/R

and V/R � ⌘R
0
/R + u/R are used to compute the two fluxes F

G

j
and F

N

j
, respectively.

For our problems, however, it is advantageous to consider each component of the velocity

separately; namely, we segregate the numerical fluxes as:

F
G,n

j
= F

G,n

V,j
+ F

G,n

R0,j , F
G,n

V,j
⇡ V ⌘

2
RG, F

G,N

R0,j ⇡ �⌘
3
R

0
RG; (4.9)

F
N,n

j
= F

N,n

V,j
+ F

N,n

R0,j + F
N,n

u,j
, F

N,n

V,j
⇡ V ⌘

2
RN, F

N,n

R0,j ⇡ �⌘
3
R

0
RN, F

N,n

u,j
⇡ u⌘

2
RN ;

(4.10)

There remains the velocity equation, which does not involve any time derivatives. There-

fore, we derive the following discrete version by integrating ⌘
2(Rn)2⇥ (4.10c) over [0, ⌘i] for

all i = 1, ...., N⌘ and using V
n

0 = 0 to obtain:

⌘
2
i
R

n
V

n

i
+ FN,n

u,i
=

iX

k=1

4⌘

⇣
⌘
2
k�1/2(R

n)2fn

k
+ ⌘

2
k�1/2(R

n)2gn
k

⌘
. (4.11)

Here FN,n

u,j
approximates u⌘2R2

N at (⌘i, ⌧n); and the source terms on the right hand side

use the same formula (hence the same notation) as those in (4.17a) and (4.17b).

24



4.2 Su�cient Condition for DTCL and DGCL

It is fair to assume that we use the same flux function to compute the numerical fluxes

FG,n

V,j
and FN,n

V,j
; to this end we suppose:

F
X,n

V,j
= Fn

j
(Xn

j+k
: �l  k  r,P), (4.12)

F
X,n

R0,j = bFn

j
(Xn

j+k
: �l  k  r, bP), (4.13)

where l � 0 and r � 1 are fixed numbers denoting the stencil of the flux function. Here X

represents either species and parameter sets P and bP are placeholders for high-resolution

fluxes that are described later.

We distinguish the flux functions Fn

j
and bFn

j
because the former approximates the fluxes

due to a spatially varying velocity V whereas the latter approximates fluxes due to spatially

constant velocity R
0; furthermore, we maintain the subscript j and the subscript n in these

generic functions to indicate their dependence on the spatial coordinates ⌘, domain size

R
n, as well as (R0)n, which are determined independent of this discretization herein.

Next, we note that both flux functions are in the form F(Xn

j+k
: �l  k  r, ...) where

the omitted quantities represent the inputs that are the same when the flux function is

applied to compute fluxes for G and N , respectively.

Definition 4.1

The flux function F(Xn

j+k
: �l  k  r, ...) is called additive if for all X, Y and Z = X+Y :

F(Xn

j+k
: �l  k  r, ...) + F(Y n

j+k
: �l  k  r...) = F(Zn

j+k
: �l  k  r, ...). (4.14)

where the omitted inputs are kept the same in all the three function evaluations.

Furthermore, we define the V -consistency for the flux function Fn

j
of (4.12) and cubic-

preserving for the flux function bFn

J
of (4.13) as follows.
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Definition 4.2

The numerical flux function Fn

j
of (4.12) is V-consistent if for all V n

j
:

F
1,n
V,j

= ⌘
2
j
R

n
V

n

j
, (4.15)

that is, setting Xj+k = 1, 8k in the right hand side of (4.12) yields Rn
⌘
2
j
V

n

j
.

Definition 4.3

The numerical flux function bFn

j
of (4.13) is cubic-preserving if

1

4⌘

✓
F

1,n
R0,j � F

1,n
R0,j�1

◆
= �3⌘2

j�1/2(R
0)nRn

. (4.16)

Note that FX,n

R0,j can be treated as the flux for an advection equation with the spatially

constant velocity �(R0)nRn and convected variable ⌘
3
X. The purpose of this section is to

derive su�cient conditions such that our method satisfies the discrete geometric geometric

conservation law (DGCL) and the discrete totality conservation law (DTCL). To this end,

we have the following definitions:

Definition 4.4

The method given by (4.6a),(4.6b) and (4.11) satisfies the DGCL if Nm

j
+G

m

j
= 1,

1  j  L⌘ and m = n, n+ 1, there are (4.6a) and (4.6b) lead to (4.11).

Definition 4.5

The method given by (4.6a),(4.6b) and (4.11) satisfies the DGCL if they had a conservative

discretization of (3.6).

Now we state the main theorem that will eventually guide us in the construction of the

proposed numerical methods.
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Theorem 4.6

The numerical method given by (4.6a),(4.6b) and (4.11) satisfies both DGCL and DTCL if

: (1) Fn

j
is additive and V-consistent, (2) bFn

j
is additive and cubic-preserving, (3)FN,n

u,j
=

F
N,n

u,j
,and (4)(R0)n equals the right hand side of (4.2)

Proof. Adding (4.6a) and (4.6b) and then incorporating (4.11), we get:

⌘
2
i�1/2

4⌧n

⇥
((Rn+1)2(Gn+1

i
+N

n+1
i

)� ((Rn)2(Gn

i
+N

n

i
)
⇤

+
1

4⌘

✓
F

G.n

V,i
+ F

N,n

V,i
� F

G,n

V,i�1 � F
N,n

V,i�1

◆

+
1

4⌘

✓
F

G,n

R0,i + F
N,n

R0,i � F
G,n

R0,i�1 � F
N,n

R0,i

◆
+

1

4⌘

✓
F

N,n

u,i
� F

N,n

u,i�1

◆

= ⌘
2
i�1/2(R

n)2fn

i
+ ⌘

2
i�1/2(R

n)2gn
i
� ⌘

2
i�1/2(R

0)nRn(Gn

i
+N

n

i
)

=
R

n(⌘2
i
V

n

i
� ⌘

2
i�1V

n

i�1)

4⌘
+

1

4⌘

✓
FN,n

u,i
� FN,n

u,i�1

◆
� ⌘

2
i�1/2(R

0)nRn(Gn

i
+N

n

i
)

Define ⇥n

i
= G

n

i
+N

n

i
and ⇥n+1

i
= G

n+1
i

+N
n+1
i

as before, following the additivity of the

fluxes Fn

j
and bFn

j
we obtain:

F
G,n

V,i
+ F

N,n

V,i
= F

⇥,n

V,i
, F

G,n

R0,i + F
N,n

R0,i = F
⇥,n

R0,i

Invoking in addition the assumption that FN,n

u,j
= F

N,n

u,j
, we obtain:

⌘
2
i�1/2

4⌧n


(Rn+1)2⇥n+1

i
� (Rn)2⇥n

i

�
+

1

4⌘

✓
F

⇥,n

V,i
� F

⇥,n

V,i�1

◆
+

1

4⌘

✓
F

⇥,n

R0,i � F
⇥,n

R0,i�1

◆

=
R

n(⌘2
i
V

2
i
� ⌘

2
i�1)V

2
i�1

4⌘
� ⌘

2
i�1/2(R

0)nRn⇥n

i
.

(4.17)

Clearly, (4.17) represents a conservative finite volume discretization of the continuous to-

tality conservation law (3.6) using the same flux functions Fn

j
and bFn

j
; hence the method

satisfy DTCL.
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Now we move on to show the DGCL and to this end assume ⇥n

i
⌘ 1 and ⇥n+1

I
⌘ 1 ,

then (4.17) reduces to:

⌘
2
i�1/2

4⌧n


(Rn+1)2 � (Rn)2

�
+

1

✏4 ⌘

✓
F

1,n
V,i

� F
1,n
V,i�1

◆
+

1

✏4 ⌘

✓
F

1,n
R0,i � F

1,n
R0,i�1

◆

=
R

n(⌘2
i
V

n

i
� ⌘

2
i�1V

n

i�1

4⌘
� ⌘

2
i�1/2(R

0)nRn
.

(4.18)

Since (R0)n = ((Rn+1)2 � (Rn)2)/(24 ⌧
n
R

n) according to (4.2), (4.18) is equivalent to :

1

4⌘

✓
F

1,n
V,i

� F
1,n
V,i�1

◆
+

1

4⌘

✓
F

1,n
R0,i � F

1,n
R0,i�1

◆
=

R
n(⌘2

i
V

n

i
� ⌘

2
i�1V

n

i�1)

4⌘
� 3⌘2

i�1/2(R
0)nRn

.

(4.19)

The last equation is trivial following the V -consistency of Fn

j
and the cubic-preserving of

bFn

j
. Hence we conclude that given all the assumptions as stated, and that N

m

j
+ G

m

j
=

⇥m

j
= 1 and m = n, n+ 1, (4.6a) and (4.6b) give rise to (4.11). Thus the methods satisfies

DGCL. ⌅

4.2.1 A Review of The Conventional Flux Functions

We briefly review the conventional finite volume method in the context of (4.10); partic-

ularly we consider the spherically symmetric conservation law for a generic species X in

spherical coordinates and radial advective velocity U :

@(⌘2R2
X)

@⌧
+

@

@⌘

⇥
U(⌘2R2

X)
⇤
= 0, (4.20)

where we omitted the right hand side since its approximation is generally independent of

the finite volume discretizaions.

The conservative herein is eX def

= ⌘
2
R

2
X rather than X, particularly eXj = ⌘

2
j�1/2R

2
Xj

and eXj+1 = ⌘
2
j+1/2R

2
Xj+1; hence (4.20) is simply the conservation advection equation for

eX by the velocity U :
@ eX
@⌧

+
@

@⌘
(U eX) = 0, (4.21)
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whose finite volume discretization (at the semi-discretized level) reads:

d eXj

d⌧
+

1

4⌘
(Fi � Fi�1) = 0,

where Fj ⇡ U eX|⌘=⌘j . Because eXj represents the cell average over the cell [⌘j�1, ⌘j] and eXj+1

represents that over [⌘j, ⌘j+1], we need to decide which one (or both) to use to approximate

the flux at ⌘j. The widely used first-order flux is given by the upwind flux:

Fj = Fupw(Uj,
eXj,

eXj+1), (4.22)

where Uj is the nodal velocity at ⌘j and the flux function is given by:

Fupw(Uj, Yj, Yj+1) =

8
><

>:

UjYj Uj � 0;

UjYj+1 Uj < 0.
(4.23)

Extension to higher accuracy is achieved by the limited polynomial reconstruction. One of

the most widely used second-order extension is given by the high resolution MUSCL flux

[24]:

Fj = Fmuscl(Uj,
eXj�1,

eXj,
eXj+1,

eXj+2,�j,�j+1) (4.24)

where �j and �j+1 are slope limiters and the MUSCL flux function is given by:

Fj = Fmuscl(Uj,
eXj�1,

eXj,
eXj+1,

eXj+2,�j,�j+1)

def

= Fupw

✓
Uj, Yj +

1

2
�j(Yj+1 � Yj), Yj+1 �

1

2
�j+1(Yj+2 � Yj+1)

◆ (4.25)

The slope limiter �j 2 [0, 1] usually depends on the solutions, but only weakly in the

following sense. Slope limiters are introduced to reduce the magnitude if the slope such

that the reconstruction will not introduce any new local extremum - a property called

monotone preserving. Hence if �j = cj satisfies the monotone preserving property, so is all

slope limiters �j 2 [0, cj]. For this reason the slope limiters are introduced as free (or more

precisely semi-free) parameters.

29



The limiters are non-linear functions of the discrete solutions, for example, the minmod

limiter computes:

�j = '
minmod(4Yj�1,4Yj)

8
>><

>>:

0, 4Yj�1 4 Yj  0,

min

✓
4Yj�1

4Yj

, 1

◆
,4Yj�1 4 Yj > 0.

(4.26)

Here 4Yk = Yk+1 � Yk, 8k.

In the meantime, we show that these conventional flux functions are neither V-consistent

nor cubic-preserving. The later is obvious since the upwind flux is only first-order accurate

and the MUSCL flux is at most second-order; whereas cubic-preserving requires a third-

order flux advection equations.

We will now focus on V-consistency and consider, for example, the upwind flux Fupw
.

Then the V- consistency requires that Fupw(Vj/R, ⌘
2
j�1/2R

2
, ⌘

2
j+1/2R

2) = ⌘
2
j
RVj; however,

this equality does not hold either when Vj � 0, in which case according to (4.23) :

Fupw

 
Vj

R
, ⌘

2
j
R

2
, ⌘

2
j+1R

2

!
= ⌘

2
j�1/2RVj 6= ⌘

2
j
RVj;

similarly if Vj > 0, we have

Fupw

 
Vj

R
, ⌘

2
j
R

2
, ⌘

2
j+1R

2

!
= ⌘

2
j+1/2RVj 6= ⌘

2
j
RVj;

Nevertheless, the conventional methods that were just reviewed will the basis for our con-

structing fluxes according to our requirement.

4.2.2 Modified Fluxes for Transporting The Species.V-consistency:

In this section, V- consistent flux Fn

j
by modifying the conventional upwind or MUSCL

fluxes; then a synchronized limiter is introduced to ensure the additivity property as re-

quired by Theorem 4.5. The fluxes F
X,n

V,j
and F

X,n

u,j
will be constructed accordingly. To
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construct a V-consistent flux Fn

j
, instead of applying the conventional flux functions to

the conservative variables eXj, we consider the primitive ones Xj instead. Particularly, a

first-order upwind method for (4.13) can be constructed by setting l = 0, r = 1 and P = ø

Fj
n({Xn

j
, X

n

j+1}) = ⌘
2
j
(Rn)2Fupw

 
V

n

j

Rn
, X

N

j
, X

n

j+1

!
. (4.27)

Because Fupw(V n

j
/R

n
, 1, 1) ⌘ V

n

j
/R

n
, the flux (4.27) is V- consistent.

Similarly, extension to higher-order accuracy can make use of the MUSCL flux (4.25) :

Fn

j

��
X

n

j�1, X
n

j
, X

n

j+1, X
n

j+2

 
,
�
�
X,n

j
,�

X,n

j+1

 �

= ⌘
2
j
(Rn)2Fmuscl

 
V

n

j

Rn
, X

n

j�1, X
n

j
, X

n

j+1, X
n

j+2,�
X,n

j
,�

X,n

j+1

!
,

(4.28)

�
X,n

k
= '

minmod(4X
n

k�1,4X
n

k
), k = j, j + 1. (4.29)

Here clearly P =
�
�
X,n

j
,�

X,n

j+1

 
and the limiter can be replaced by any other limiter of

choice. It is not di�cult to verify that Xn

k
⌘ 1, the MUSCL flux Fmuscl gives rise V

n

j
/R

n

regardless of the values of the limiters; hence the flux function (4.28) is V- consistent, no

matter what the limiter we choose.

Next, the additivity of these fluxes are considered, which is essentially requiring that

the fluxes are linear in the inputs Xj. Hence, the upwind fluxes are by nature additive; as

an example, we consider Fn

j
and suppose V

n

j
� 0, then following (4.29):

F
G,n

V,j
+ F

N,n

V,j
= Fn

j

�
{Gn

j
, G

n

j+1}
�
+ Fn

j

�
{Nn

j
+N

n

j+1}
�

= ⌘
2
j
(Rn)2Fupw

 
V

n

j

Rn
, G

n

j
, G

n

j+1

!
+ ⌘

2
j
(Rn)2Fupw

 
V

n

j

Rn
, N

n

j
, N

n

j+1

!

= ⌘
2
j
(Rn)2 ·

V
n

j

Rn
G

n

j
+ ⌘

2
j
(Rn)2 ·

V
n

j

Rn
N

n

j
= ⌘

2
j
(Rn)2 ·

V
n

j

Rn
⇥n

j

= ⌘
2
j
(Rn)2Fupw

 
V

n

j

Rn
,⇥n

j
,⇥n

j+1

!
= F

⇥,n

V,j
.

The argument for the case V
n

j
< 0 is similar; hence Fn

j
is additive.

Extension to MUSCL-based fluxes (4.28) is not straightforward, as the limiter function

' is generally nonlinear in the solutions. Following the discussion below equation (4.25),
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we can circumvent by synchronizing the limiters G and N , that is:

F
G,n

V,j
= ⌘

2
j
(Rn)2Fmuscl

 
V

n

j

Rn
, G

n

j�1, G
n

j
, G

n

j+1, G
n

j+2,�
n

j
,�

n

j+1

!
(4.30)

F
N,n

V,j
= ⌘

2
j
(Rn)2Fmuscl

 
V

n

j

Rn
, N

n

j�1, N
n

j
, N

n

j+1, N
n

j+2,�
n

j
,�

n

j+1

!
(4.31)

where

�
n

k
= min

�
�
G,n

k
,�

N,n

k
,�

⇥,n

k

�
, k = j, j + 1. (4.32)

Here, �G,n

k
,�

N,n

k
and �

⇥,n

k
are obtained by (4.29) with X = G,X = N and X = ⇥ = G+N,

respectively. Note that the same limiters are used to compute the two fluxes. To show the

additivity, we assume again without loss of generality that V n

j
� 0, then:

F
G,n

V,j
= ⌘

2
j
(Rn)2 ·

V
n

j

Rn

 
G

n

J
+

1

2
�
n

j
(Gn
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n

j
)

!
,

F
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V
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n

j
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n

j
)

!

) F
G,n

V,j
+ F

N,n
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(Rn)2 ·
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+
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n
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(⇥n
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)

!

= ⌘
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j�1,⇥
n

j
,⇥n

j+1,⇥
n

j+2,�
n
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,�

n
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!
.

Finally, we complete the fluxes for the species by computing F
N,n

u,j
as:

F
N,n

u,j
= ⌘

2
j
(Rn)2Fupw

 
u
n

j

Rn
, N

n

j
, N

n

j+1

!
(4.33)

for first-order accuracy or:

F
N,n

u,j
= ⌘

2
j
(Rn)2Fmuscl

 
u
n

j

Rn
, N

n

j�1, N
n

j
, N

n

j+1, N
n

j+2,�
n

j
,�

n

j+1

!
(4.34)

for the second-order accuracy.
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4.2.3 Modified Fluxes for Transporting The Species.Cubic-preserving:

To construct a cubic-preserving flux F
X,n

R0,j , however, we cannot follow the same strategy in

previous section. Indeed, if this flux was defined as:

F
X,n

R0,j = ⌘
2
j
(Rn)2Fupw

 
� ⌘j(R0)n

Rn
, X

n

j
, X

n

j+1

!
;

supposing (R0)n � 0 and setting the X
n

k
⌘ 1 we have:

F
1,n
R0,j = �⌘

3
j�1(R

0)nRn
, F

1,n
R0,j = �⌘

3
j
(R0)nRn

) 1

4⌘

✓
F

1,n
R0,j � F

1,n
R0,j�1

◆
=

✓
3⌘2

j�1/2 +
1

4
4 ⌘

2

◆
(R0)nRn

.

To proceed, we recognize that a higher-order and non-linearly stable flux can be obtained

by the reconstruct solutions on each cell such that the total variation does not increase,

and apply the upwind flux to the two reconstructed values on both sides of the cell face.

In the MUSCL scheme, the reconstruction is achieved by limiting the slope of a linear

reconstruction that preserve cell average; in this section, we adopt the average -preserving

and monotone cubic reconstruction of the Piecewise Parabolic Method (PPM) [14],but

construct the flux di↵erently.

Let the variable be Y as before, the PPM reconstruction is normalized coordinates

⇠ = (⌘ � ⌘j�1)/4 ⌘ on the cell [⌘j�1, ⌘j] reads:

Y (⇠) = Yj,� + ⇠
�
Yj,+ � Yj,� + Y6,j(1� ⇠)

�
, Y6,j

4
= 6Yj � 3(Yj,� + Yj,+). (4.35)

Here Yj,� and Yj,+ are the two end values that are defined as:

Yj,� = Yj + �
Y

j,�(Yj�1/2 � Yj), Yj�1/2
4
=

7

12
(Yj�1 + Yj)�

1

12
(Yj�2 + Yj+1), (4.36)

Yj,+ = Yj + �
Y

j,+(Yj+1/2 � Yj), Yj+1/2
4
=

7

12
(Yj + Yj+1)�

1

12
(Yj�1 + Yj+2). (4.37)

The value Yk+1/2, k = j � 1, j are third-order reconstruction of the face values when the

data is smooth; and the two limiters �j,± are decided as follows:
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(a) if (Yj+1/2 � Yj)(Yj�1/2 � Yj) � 0, we have a local extrema and set:

�
Y

j,� = �
Y

j,+ = 0. (4.38)

(b) if (a) is not true, and if
��Yj+1/2�Yj

�� > 2
��Yj�1/2�Yj

�� or
��Yj�1/2�Yj

�� > 2
��Yj+1/2�Yj

��,

the reconstructed profile is n ot monotone or the interval; [⌘j�1, ⌘j] and we compute:

�
Y

j,+ = �
2(Yj�1/2 � Yj)

Yj+1/2 � Yj

(4.39)

in the former case, and

�
Y

j,� = �
2(Yj+1/2 � Yj)

Yj�1/2 � Yj

(4.40)

in the latter case.

(c) Otherwise, set the �
Y

j,�, or �
y

j,+, or both, to one.

Finally denoting X
n

j
= ⌘

3
j�1/2X

n

j
, we define the flux F̌n

j
of (4.13) as:

F̌n

j

�
{Xn

j�2, X
n

j�1, X
n

j
, X

n

j+1, X
n

j+2, X
n

j+3}, {�
X,n

j,+ ,�
X,n

j+1,�
�

def

= Fupw
�
� (R0)nRn

, Xj,+, Xj+1,�
�
.

Here jk,± are computed according to (4.36) and (4.37) with data Xk; and the limiters �X,n

j,±

are computed as �X

j,⌥ according (a-c) mentioned before.

Theorem 3.7

The flux FX,n

R0,j = F̌n

j
= ({Xn

j�2, X
n

j�1, X
n

j
, X

n

j+1, X
n

j+2, X
n

j+3}, {�
X,n

j,+ ,�
X,n

j+1,+}) as described be-

fore cubic-preserving for j � 3. Proof: Let Xn

k
⌘ 1, 8k , we first compute the reconstructed

values Xk+1/2, where k � 2 :

Xk+1/2 =
7

12

✓
⌘
3
k�1/2⌘

3
k+1/2

◆
� 1

12

✓
⌘
3
k�3/2 � ⌘

3
k+3/2

◆
= ⌘

3
k
� 1

4
⌘k 4 ⌘

2
.

Now we compute the limiters �X,n

k,± for k � 3. First of all:

Xk+1/2 �Xk = ⌘
3
k
� 1

4
⌘k 4 ⌘

2 � ⌘
3
k�1/2 =

3

2
⌘
3
k�1/2 4 ⌘ +

1

2
⌘k�1/2 4 ⌘

2
> 0,

Xk�1/2 �Xk = ⌘
3
k�1 �

1

4
⌘k�1 4 ⌘

2 � ⌘
3
k�1/2 = �3

2
⌘
3
k�1/2 4 ⌘ +

1

2
⌘k�1/2 4 ⌘

2
< 0.
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thus the condition in (a) does not hold. Continuing to check the conditions in (b), we get:

2
��Xk+1/2 �Xk

���
��Xk�1/2 �Xk

�� = 3

2
⌘
3
k�1/2 4 ⌘ +

3

2
⌘k�1/2 4 ⌘

2
> 0,

2
��Xk�1/2 �Xk

���
��Xk+1/2 �Xk

�� = 3

2
⌘
3
k�1/2 4 ⌘ +

3

2
⌘k�1/2 4 ⌘

2
> 0.

hence neither condition in (b) is true. Thus we conclude that �X,n

k,± for all k � 3; consequently

Xk,� = Xk�1/2 and Xk,+ = Xk+1/2.

Finally we can calculate the flux F
1,n
R0,j for all j � 3. Because Xj+1,� = Xj+1/2 = Xj,+,

regardless of the sign of (R0)n, there is:

F
1,n
R0,j = �(R0)nRn

Xj+1,� = �(R0)nRn
Xj+1 = �(R0)nRn

✓
⌘
3
j
� 1

4
⌘j 4 ⌘

2

◆

hence for j � 4 :

1

4⌘

✓
F

1,n
R0,j � F

1,n
R0,j�1

◆
= �(R0)nRn

4⌘

" 
⌘
3
j
� 1

4
⌘j 4 ⌘

2

!
�
 
⌘
3
j�1 �

1

4
⌘j�1 4 ⌘

2

!#

=

" 
(⌘j�1/2 +

1

2
4 ⌘)3 � (⌘j�1/2 �

1

2
4 ⌘)3

!
� 1

4
(⌘j � ⌘j�1)4 ⌘

2)

#

= �(R0)nRn

4⌘

 
3⌘2

j�1/2 4 ⌘ +
1

4
4 ⌘

3 � 1

4
4 ⌘

3

!
= �3⌘2

j�1/2(R
0)nRn

.

Hence the constructed flux is cubic-preserving.

Theorem 3.7 addresses the cubic-preserving for cells far away from the origin. More

specially, we need to consider the cubic-preserving on the first three cells [0,4⌘], [4⌘, 24⌘]

and [24 ⌘, 34 ⌘]. Following a similar procedure in the preceding proof, cubic-preserving

on these cells amount to:

F
1,n
R0,2 = �(R0)nRn

✓
⌘
3
2 �

1

4
⌘2 4 ⌘

2

◆
, (4.41)

F
1,n
R0,1 = �(R0)nRn

✓
⌘
3
1 �

1

4
⌘1 4 ⌘

2

◆
, (4.42)

F
1,n
R0,0 = 0. (4.43)

Note that (3.53) is enforced automatically as the boundary condition at the origin; hence

we focus on the first two, which are guaranteed if:

X2+1/2 =
15

2
4 ⌘

3
, X1+1/2 =

3

4
4 ⌘

3
,
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and that �
X,n

2,± = �
X,n

1,± = 0 when all X’s are 1. The required X2+1/2 is precisely given by

the formula in (4.36) or (4.37) and we then focus on X1+1/2 and the limiters. To this end,

utilizing the knowledge that when Y is given by ⌘
3
X we expect Y = 0 at ⌘ = 0 and define

X1+1/2 by the generic formula:

Y1+1/2 =
7

12
(Y1 + Y2)�

1

12
(Y3 � Y1). (4.44)

According to this definition �
X,n

2,± = 1 when X ⌘ 1 as desired; but on the first cell we have

�
X,n

1,� = 1 and �
X,n

1,+ = 2/5 following the criterion before, particularly (4.39). Hence we need

to relax it. A simple fix can be derived by the following reconstruction of the cell [0,4⌘]

utilizing the knowledge that Y ⇠ ⌘
3 near ⌘ = 0 :

Y (⇠) = ⇠
3(Y1,+ + Y6,1(1� ⇠

2)), Y6,1
4
= 12Y1 � 3Y1,+,

Y1,+ = Y1 + �
Y

1,+(Y1+1/2 � Y1).

As before Y6,1 is defined such that the mean of Y (⇠) is Y1 or any right end value Y1,+. Because

Y1,� ⌘ Y1�1/2 ⌘ 0, there is no way to design the limiter such that Y (⇠) is monotone if Y1 6= 0

and Y1+1/2 is too close to Y1 . To this end, we design �
Y

1,+ to prevent the non-monotone

due too large Y1+1/2 :

(a) If Y1Y1+1/2  0 or 3
��Y1+1/2

��  8
��Y1

��, we set �Y

1,+ = 0

(b) if (a) is not true, and if
��Y1+1/2

�� > 6
��Y1

��, we define

�
Y

1,+ =
5

Y1+1/2/Y1 � 1
(4.45)

(c) Otherwise, �Y

1,+ = 1. Following this modified definition, when X1 = ⌘
3
1/2 = 1

8 4 ⌘
3
,

the limiter is precisely �
X,n

1,+ = 1. Finally we ensure the additivity of the fluxes FG,n

R0,j

and F
N,n

R0,j by constructing the limiter �n

j,± for both species as follows. For j � 2:

(A) If (N j+1/2 �N j)(N j�1/2 �N j) � 0, or (Gj+1/2 �Gj)(Gj�1/2 �Gj) � 0, or (⇥j+1/2 �

⇥j)(⇥j�1/2 �⇥j) � 0, we set:

�
n

j,� = �
n

j,+ = 0. (4.46)
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(B) Otherwise, we compute:

↵1 = min

 
2
��N j�1/2 �N j

��
��N j+1/2 �N j

�� ,
2
��Gj�1/2 �Gj

��
��Gj+1/2 �Gj

�� ,
2
��⇥j�1/2 �⇥j

��
��⇥j+1/2 �⇥j

��

!
,

and

↵2 = max

 ��N j�1/2 �N j

��

2
��N j+1/2 �N j

�� ,
��Gj�1/2 �Gj

��

2
��Gj+1/2 �Gj

�� ,
��⇥j�1/2 �⇥j

��

2
��⇥j+1/2 �⇥j

��

!
.

(B1) If ↵2 > ↵1, use (4.46)

(B2) Otherwise ↵1 < 1, set: �n

j,� = 1, �
n

j,+ = ↵1; and if ↵2 > 1, set: �n

j,� = ↵
�1
2 , �

n

j,+ = 1.

Similarly for the first cell, we have:

(A) if X1X1+1/2  0 or 3
��X1+1/2

��  8
��X1

�� is true for any of X = G,X = N, orX = ⇥,

we set �n

1,+ = 0.

(B) Otherwise set:

�
n

1,+ = min

✓
1,

5

G1+2/G1 � 1
,

5

N1+2/N1 � 1
,

5

⇥1+2/⇥1 � 1

◆
.

To this point, all the fluxes that are required to update the species have been specified.

Now we extend the designed method to the modeling of infiltration of immune cells in a

spherical tumor.

In the next chapter, we evaluate the performance of the numerical method derived in

this chapter and by solving the simplified model for two species.
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Chapter 5

Result

In this chapter, we show the numerical solution for the simplified model solved for only two

species G and N. For calculating flux due to V/R and u/R, we have used upwind method,

modified upwind method, MUSCL method and also modified MUSCL method. For flux

due to ⌘R
0
/R, in addition to the previous methods, we have also used piecewise parabolic

method to satisfy the su�cient conditions described in the previous chapter.
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Figure 5.1: Solution of immune cells N against tumor radius R over time
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In Figure (5.1), solution of N was obtained. From Figures (5.1a) and (5.1c), we can see

that the problem with overshoot around the the origin still persists. In Figures (5.1b) and

(5.1d), we can see that the overshoot around the origin is more contained in the latter two.
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(b) Modified MUSCL and PPM

Figure 5.2: Comparison of solutions for N

In Figure (5.2a), solutions of all the previous methods for solving N are compared. We

can say that modified MUSCL method generates the least overshoot in the four methods.

Later, in Figure (5.2b), we used modified MUSCL for flux due to V/R and u/R and PPM

for flux due to ⌘R
0
/R and observe no visible oscillation around the origin.
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(c) Regular MUSCL method
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Figure 5.3: Solution of Glioma cells G against tumor radius R over time

In Figure (5.3), solutions of G are showed. From Figures (5.3a) and (5.3c), we can see

that the problem with incompressibility around the the origin still persists. In Figures

(5.3b) and (5.3d), we can see that the overshoot around the origin is less visible than of

the previous graphs of G.
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Figure 5.4: Comparison of solutions for G

As observed for N , similarly for G, modified MUSCL gives the least overshoot. From

Figure (5.4a) between the two conventional and modified methods and Figure (5.4b), we

see no visible oscillation which means most of it has been removed from the solution where

we have used PPM for calculating the flux due to ⌘R
0
/R.
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(d) Modified MUSCL methods

Figure 5.5: Solution of ⇥ against tumor radius R over time

In Figure (5.5), solution of ⇥ = G+N are showed. From Figures (5.5a) and (5.5c), we can

see that it does not follow the conservation law at the origin. In Figures (5.5b) and (5.5d),

we can see that the sum is close to 1 which is due to second-order approximation.
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(b) Modified MUSCL and PPM

Figure 5.6: Comparison of solutions for ⇥

From Figure (5.6a) between the four methods, modified MUSCL method follows the

conservation. In Figure (5.6b), we see that the solution follows conservation law throughout

the whole tumor growth except the final point which is 1.5 mm which is really close to 1.

From the results above, it can be established that the enhanced finite volume method

introduced earlier generates stable trivial solution for both first-order and second order

methods, numerically by satisfying the DTCL and DGCL.
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Chapter 6

Conclusion

Summary

In this paper, we first briefly described the Platelet-Derived Growth Factor (PDGF)-driven

Glioma mathematical model and then we extend the model to Osteopontin model. We

showed that using the conventional Gudonov-type finite volume, we can not preserve the

trivial solution. We then introduce a new simplified model which has two species G and

N , which are Glioma cells and Immune cells, respectively and also a prescribed infiltration

velocity. Next, we derived some conditions which are su�cient to satisfy the totality

conservation law and the geometric conservation law.

After plotting the solutions using upwind method, modified upwind method, MUSCL

method, modified MUSCL method and Piecewise-Parabolic Mehtod (PPM) (only for flux

due to (⌘R0
/R)), we see that using first-order or second-order method does not influence

the stability unless we use the newly introduced modified method for both order. We also

see a drastic di↵erence when we use the PPM. Using second-order MUSCL method for

calculating flux due to (V/R) and (u/R) and Piecewise-Parabolic Method for (⌘R0
/R), we

get the most stable and constant solution which also satisfies both GCL and TCL.
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Appendix A

Matlab Code

The below code is for selecting the method for calculating the flux by the FVM and also

setting the values for the parameters.

sample run.m

Nx = 100 ;

Na = Nx ;

T = 1 . 0 ;

R0 = 1 . 0 ;

Nbc = 0 . 5 ;

f = @( time , x array , rad ius , g array , n array ) zeros ( s ize ( x ar ray ) ) ;

g = @( time , x array , rad ius , g array , n array ) zeros ( s ize ( x ar ray ) ) ;

u = @( time , x ar ray)�x ar ray . ˆ 2 ;

opt {1} = 0 . 4 ; % CFL

opt {2} = 0 ; % I n i t i a l cond i t i on

opt {3} = 1 ; % dR

opt {4} = 0 . 1 ; % dt max

opt {5} = 0 ; % 0 (upw) 1 (mod) 2 (MUSCL) 3 (mod MUSCL) f o r V

opt {6} = 1 ; % 0 (upw) 1 (mod) 2 (ppm) 3 (mod MUSCL)

. . . 4 (MUSCL) for R

opt {7} = 0 ; % 0 (upw) 1 (mod) 2 (MUSCL) 3 (mod MUSCL) f o r U
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opt {8} = 1e�8; % Tolerance

[ so l R , sol G , sol N , sol V , csrv G , csrv N , x c ]= tumor run (Nx, f , g , . . .

u ,T,R0 ,Nbc , opt ) ;

r ad iu s = x c ⇤ so l R (1 ,end ) ;

gpn = ( so l G (end , : )+ so l N (end , : ) ) ;% Theta

tumor run.m

The below routine evaluates the values passed on to it from the sample run.m file and calls

the functions as set previously.

function [ so l R , sol G , sol N , sol V , csrv G , csrv N , x c ] = . . .

tumor run (Nx, f , g , u ,T,R0 ,Nbc , opt )

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

%

% Nx : Number o f uniform c e l l s

% T: Terminal time

% R0: I n i t i a l rad ius

% f : Handle f o r source term func t i on o f G

% A gener i c f unc t i on t ha t depends on :

% t , x , R, G, and N

% g : Handle f o r source term func t i on o f N

% A gener i c f unc t i on t ha t depends on :

% t , x , R, G, and N

% u : Handle f o r i n f i l t r a t i o n v e l o c i t y

% u needs to be zero at x=0

% Nbc : Boundary data f o r N

% opt : opt {1} �� c f l number
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% opt {2} �� i n i t i a l cond i t i on index

% opt {3} �� method to compute dR

% opt {4} �� maximum a l l owed dt

% opt {5} �� f l u x f o r V

% opt {6} �� f l u x f o r R

% opt {7} �� f l u x f o r U

% opt {8} �� t o l e r anc e

%

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

c f l = opt {1} ;

dx = 1.0/Nx ;

% (1 , : ) �� curren t s o l u t i o n in each loop

% (2 , : ) �� updated s o l u t i o n in each loop

% (3 , : ) �� temporary s t o rage

G = zeros (3 ,Nx ) ; % Arrays f o r s t o r i n g G at c e l l s

N = zeros (3 ,Nx ) ; % Arrays f o r s t o r i n g N at c e l l s

A = zeros (3 ,Nx ) ; % Arrays f o r s t o r i n g A at c e l l s

R = zeros ( 3 , 1 ) ; % Arrays f o r s t o r i n g R

phi V = zeros (1 ,Nx+1);%Arrays f o r s t o r i n g Limiter f o r MUSCL

phi U = zeros (1 ,Nx+1);

phi R = zeros (1 ,Nx+1);

x f = linspace (0 , 1 ,Nx+1); % Normalized coords at f a c e s

x c = 0 . 5⇤ ( x f ( 1 : end�1)+x f ( 2 : end ) ) ; % Normalized c e l l c en t e r s

V = zeros (1 ,Nx+1); % Array f o r s t o r i n g V at nodes

U = zeros (1 ,Nx+1); % Array f o r s t o r i n g U at nodes
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S F = zeros (1 ,Nx ) ; % Array f o r s t o r i n g f a t c e l l c en t e r s

S G = zeros (1 ,Nx ) ; % Array f o r s t o r i n g g at c e l l c en t e r s

csrv G = zeros (2 ,Nx ) ;

csrv N = zeros (2 ,Nx ) ;

f lux G V = zeros (1 ,Nx+1);

f lux G R = zeros (1 ,Nx+1);

f lux N V = zeros (1 ,Nx+1);

f lux N R = zeros (1 ,Nx+1);

f lux N U = zeros (1 ,Nx+1);

%

% I n i t i a l s e tup

%

t cu r = 0 . 0 ;

% I n i t i a l data f o r G, N

switch opt {2}

case 0

G( 1 , : ) = (1.0�Nbc)⇤ ones (1 ,Nx ) ;

N( 1 , : ) = Nbc⇤ones (1 ,Nx ) ;

end

% I n i t i a l rad ius

R(1 ,1 ) = R0 ;

% I n i t i a l sources

S F ( : ) = f ( t cur , x c ,R0 ,G( 1 , : ) ,N( 1 , : ) ) ;

S G ( : ) = g ( t cur , x c ,R0 ,G( 1 , : ) ,N( 1 , : ) ) ;

% I n i t i a l v e l o c i t i e s

U( : ) = u( t cur , x f ) ;
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V( : ) = ca l c v (R0 ,U,N( 1 , : ) , S F , S G , x c , x f , Nbc ) ;

dt = ca l c d t (dx , c f l ,R0 ,V,U, x f , opt {4} ) ;

% Output

i t ime = 1 ;

time (1 ) = t cu r ;

so l R (1 ) = R0 ;

so l G ( 1 , 1 :Nx) = G( 1 , : ) ;

so l N ( 1 , 1 :Nx) = N( 1 , : ) ;

so l V ( 1 , 1 :Nx+1) = V( : ) ;

while t cu r < T

%

% Update the s o l u t i o n s G and N using

% S F , S G , U, and V tha t are c a l c u l a t e d

% in the prev ious time s t ep

%

% Only f o r forward Euler

%

% Step 1 : update dR and R

R(2 ,1 ) = R(1 , 1 ) + dt⇤V(end ) ;

cur R = R( 1 , 1 ) ;

switch opt {3}

case 0

dR = V(end ) ;

case 1
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dR = V(end) ⇤ (1+0.5⇤ dt⇤V(end)/ cur R ) ;

end

% Step 2 : compute con s e r va t i v e G and N

for i = 1 :Nx

csrv G (1 , i ) = x c ( i )⇤ x c ( i )⇤ cur R⇤cur R⇤G(1 , i ) ;

csrv N (1 , i ) = x c ( i )⇤ x c ( i )⇤ cur R⇤cur R⇤N(1 , i ) ;

end

% Step 3 : compute the f l u x e s V

switch opt {5}

case 0 % C l a s s i c a l upwind FVM app l i e d to c s r v ⇤

f lux G V ( : ) = ca l c f l ux upw ( V, 1 .0/ cur R , . . .

csrv G ( 1 , : ) , 1 , 0 . 0 ) ;

f lux N V ( : ) = ca l c f l ux upw ( V, 1 .0/ cur R , . . .

csrv N ( 1 , : ) , 1 , 0 . 0 ) ;

case 1 % Modif ied upwind

f lux G V ( : ) = ca l c f l ux upw ( V, 1 .0/ cur R , G( 1 , : ) , 1 , 0 . 0 ) ;

f lux N V ( : ) = ca l c f l ux upw ( V, 1 .0/ cur R , N( 1 , : ) , 1 , 0 . 0 ) ;

for i = 1 :Nx+1

flux G V ( i ) = flux G V ( i )⇤ x f ( i )⇤ x f ( i )⇤ cur R⇤cur R ;

f lux N V ( i ) = flux N V ( i )⇤ x f ( i )⇤ x f ( i )⇤ cur R⇤cur R ;

end

case 2 % MUSCL

phi V = c a l c l i m i t (V,G( 1 , : ) ,N( 1 , : ) ) ;
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f lux G V = calc musc l new (V, 1 .0/ cur R , . . .

csrv G ( 1 , : ) , phi V , 1 , 0 . 0 ) ;

f lux N V = calc musc l new (V, 1 .0/ cur R , . . .

csrv N ( 1 , : ) , phi V , 1 , 0 . 0 ) ;

case 3 % Modif ied MUSCL

phi V = c a l c l i m i t (V,G( 1 , : ) ,N( 1 , : ) ) ;

f lux G V= calc musc l new (V, 1 .0/ cur R , G( 1 , : ) , phi V , 1 , 0 . 0 ) ;

f lux N V= calc musc l new (V, 1 .0/ cur R , N( 1 , : ) , phi V , 1 , 0 . 0 ) ;

for i = 1 :Nx+1

flux G V ( i ) = flux G V ( i )⇤ x f ( i )⇤ x f ( i )⇤ cur R⇤cur R ;

f lux N V ( i ) = flux N V ( i )⇤ x f ( i )⇤ x f ( i )⇤ cur R⇤cur R ;

end

end

% Step 4 : compute the f l u x e s R

switch opt {6}

case 0 % C l a s s i c a l upwind FVM app l i e d to c s rv ⇤

f lux G R ( : ) = ca l c f l ux upw ( x f , �dR/cur R , . . .

csrv G ( 1 , : ) , 1 , 0 . 0 ) ;

f lux N R ( : ) = ca l c f l ux upw ( x f , �dR/cur R , . . .

csrv N ( 1 , : ) , 1 , 0 . 0 ) ;

case 1 % Modif ied upwind
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f lux G R ( : ) = ca l c f l ux upw ( x f , �dR/cur R , . . .

G( 1 , : ) , 1 , 0 . 0 ) ;

f lux N R ( : ) = ca l c f l ux upw ( x f , �dR/cur R , . . .

N( 1 , : ) , 1 , 0 . 0 ) ;

for i = 1 :Nx+1

flux G R ( i ) = flux G R ( i )⇤ x f ( i )⇤ x f ( i )⇤ cur R⇤cur R ;

f lux N R ( i ) = flux N R ( i )⇤ x f ( i )⇤ x f ( i )⇤ cur R⇤cur R ;

end

case 2 % PPM

[ f lux G R , f lux N R ] = ca l c f l ux sync ppm (dx ,dR , . . .

cur R , x c , x f , G( 1 , : ) ,N( 1 , : ) , opt {8} ,Nbc ) ;

case 3 %Modif ied MUSCL

phi R = c a l c l i m i t ( x f ,G( 1 , : ) ,N( 1 , : ) ) ;

f lux G R ( : ) = ca lc musc l new ( x f , �dR/cur R , G( 1 , : ) , . . .

phi R , 1 , 0 . 0 ) ;

f lux N R ( : ) = ca lc musc l new ( x f , �dR/cur R , N( 1 , : ) , . . .

phi R , 1 , 0 . 0 ) ;

for i = 1 :Nx+1

flux G R ( i ) = flux G R ( i )⇤ x f ( i )⇤ x f ( i )⇤ cur R⇤cur R ;

f lux N R ( i ) = flux N R ( i )⇤ x f ( i )⇤ x f ( i )⇤ cur R⇤cur R ;

end

case 4 %MUSCL

phi R = c a l c l i m i t ( x f ,G( 1 , : ) ,N( 1 , : ) ) ;
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f lux G R ( : ) = ca lc musc l new ( x f , �dR/cur R , . . .

csrv G ( 1 , : ) , phi R , 1 , 0 . 0 ) ;

f lux N R ( : ) = ca lc musc l new ( x f , �dR/cur R , . . .

csrv N ( 1 , : ) , phi R , 1 , 0 . 0 ) ;

end

% Step 5 : compute the f l u x e s U

switch opt {7}

case 0 % C l a s s i c a l upwind FVM app l i e d to c s r v ⇤

f lux N U ( : ) = ca l c f l ux upw ( U, 1 .0/ cur R , csrv N ( 1 , : ) , . . .

0 , Nbc⇤( x c (Nx)+dx )⇤ ( x c (Nx)+dx)⇤ cur R⇤cur R ) ;

case 1 % Modif ied upwind

f lux N U ( : ) = ca l c f l ux upw ( U, 1 .0/ cur R , N( 1 , : ) , 0 , Nbc ) ;

for i = 1 :Nx+1

flux N U ( i ) = flux N U ( i )⇤ x f ( i )⇤ x f ( i )⇤ cur R⇤cur R ;

end

case 2 % MUSCL

phi U = c a l c l i m i t (U, csrv G ( 1 , : ) , csrv N ( 1 , : ) ) ;

f lux N U ( : ) = ca lc musc l new ( U, 1 .0/ cur R , csrv N ( 1 , : ) , . . .

phi U , 0 ,Nbc⇤( x c (Nx)+dx )⇤ ( x c (Nx)+dx)⇤ cur R⇤cur R ) ;

case 3 % mod MUSCL

phi U = c a l c l i m i t (U,G( 1 , : ) ,N( 1 , : ) ) ;

[ f lux N U ( : ) ] = ca lc musc l new ( U, 1 .0/ cur R , . . .

N( 1 , : ) , phi U , 0 , Nbc ) ;

for i = 1 :Nx+1
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f lux N U ( i ) = flux N U ( i )⇤ x f ( i )⇤ x f ( i )⇤ cur R⇤cur R ;

end

end

% Step 6 : update con s e r va t i v e v a r i a b l e s

for i = 1 :Nx %

csrv G (2 , i ) = csrv G (1 , i ) + dt ⇤ ( x c ( i )⇤ cur R⇤ x c ( i ) ⇤ . . .

cur R⇤S F ( i ) � x c ( i )⇤ x c ( i )⇤dR⇤cur R⇤G(1 , i ) ) ;

csrv G (2 , i ) = csrv G (2 , i ) � ( dt/dx ) ⇤ . . .

( f lux G V ( i +1) � f lux G V ( i ) + flux G R ( i +1) � f lux G R ( i ) ) ;

csrv N (2 , i ) = csrv N (1 , i ) + dt ⇤ ( x c ( i )⇤ cur R⇤ x c ( i ) . . .

⇤cur R⇤S G( i ) � x c ( i )⇤ x c ( i )⇤dR⇤cur R⇤N(1 , i ) ) ;

csrv N (2 , i ) = csrv N (2 , i ) � ( dt/dx ) ⇤ ( f lux N V ( i +1) � . . .

f lux N V ( i ) + flux N R ( i +1) � f lux N R ( i ) . . .

+ flux N U ( i +1) � f lux N U ( i ) ) ;

end

% Step 7 : covner t to p r im i t i v e G and N

for i = 1 :Nx

G(2 , i ) = csrv G (2 , i ) / ( x c ( i )⇤R(2 , 1 ) ) / ( x c ( i )⇤R( 2 , 1 ) ) ;

N(2 , i ) = csrv N (2 , i ) / ( x c ( i )⇤R(2 , 1 ) ) / ( x c ( i )⇤R( 2 , 1 ) ) ;

end

t cu r = t cu r + dt ;

% Update source terms , U, and V

S F ( : ) = f ( t cur , x c ,R(2 , 1 ) ,G( 2 , : ) ,N( 2 , : ) ) ;

S G ( : ) = g ( t cur , x c ,R(2 , 1 ) ,G( 2 , : ) ,N( 2 , : ) ) ;

59



U( : ) = u( t cur , x f ) ;

V( : ) = ca l c v (R(2 , 1 ) ,U,N( 2 , : ) , S F , S G , x c , x f , Nbc ) ;

dt = ca l c d t (dx , c f l ,R(2 , 1 ) ,V,U, x f ,min( opt {4} ,T�t cu r ) ) ;

% Copy data

R(1 ,1 ) = R( 2 , 1 ) ;

G( 1 , : ) = G( 2 , : ) ;

N( 1 , : ) = N( 2 , : ) ;

% Output

i t ime = i t ime+1;

time ( i t ime ) = t cu r ;

so l R ( i t ime ) = R( 1 , 1 ) ;

so l G ( it ime , 1 :Nx) = G( 1 , : ) ;

so l N ( it ime , 1 :Nx) = N( 1 , : ) ;

so l V ( it ime , 1 :Nx+1) = V( : ) ;

end

end

calc dt.m

Next, for calculating the time step 4t, we use the code calc dt.m file and updating the

value for Velocity, we call the function calc v.m

function dt = ca l c d t (dx , c f l ,R,V,U, Xf , dt max )

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Compute time s t ep s i z e

% Using
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% dx : Ce l l s i z e

% c f l : Courant number

% R: Radius

% V: Mean v e l o c i t y 1xNx+1

% U: I n f i l t r a t i o n v e l o c i t y 1xNx+1

% Xf : Array o f normal ized c e l l f a c e s

% dt max : Maximum a l l owed dt

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

v max = 0 . 0 ;

Nx = length (Xf)�1;

for i = 2 :Nx+1

l o c v = V( i )/R;

v max = max( v max , abs ( l o c v ) ) ;

l o c v = Xf ( i )⇤V(end)/R;

v max = max( v max , abs ( l o c v ) ) ;

l o c v = U( i )/R;

v max = max( v max , abs ( l o c v ) ) ;

end

i f v max == 0.0

dt = dt max ;

else

dt = min( c f l ⇤ dx / v max , dt max ) ;

end

end
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function V = ca l c v (R, U, N, S F , S G , Xc , Xf , NBC)

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Compute array V of s i z e 1xNx+1

% Using

% R: Radius

% U: I n f i l t r a t i o n v e l o c i t y 1xNx+1

% N: Array o f N: 1xNx

% S F : Array o f source f : 1xNx

% S G : Array o f source g : 1xNx

% Xc : Array o f normal ized c e l l c en t e r s

% Xf : Array o f normal ized c e l l f a c e s

% NBC: Boundary va lue f o r N

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

Nx = length (Xc ) ;

V = zeros (1 ,Nx+1);

% Step one :

for i = 1 :Nx

V( i +1) = V( i ) + Xc( i )⇤Xc( i )⇤ ( S F ( i )+S G( i ) ) ;

end

% Step two :

for i = 2 :Nx+1

i f i<Nx+1

loc N = 0 .5⇤ (N( i�1)+N( i ) ) ;

else

loc N = NBC;%0.5⇤ (N( i�1)+NBC) ;

62



end

V( i ) = R⇤ ( (V( i )/Xf ( i ) / . . .

Xf ( i ))�U( i )⇤ loc N/R) ;

end

end

Now for updating the solution for G and N , we call the functions calc flux upw.m when

we calculate flux by first order upwind method.

calc flux upw.m

function f l u x = ca l c f l ux upw ( V, ooR , VAL, FIXBC, BCVAL )

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Compute the upwind f l u x accord ing to v e l o c i t y

% V/R

% V: Nodal v e l o c i t y array 1xNx+1

% ooR : One over Radius

% VAL: Ce l l va lue array 1xNx

% FIXBC: Whether to f i x bc f l u x ( 1 : yes ) ( 0 : no )

% BCVAL: FIXBC=1 �� f i x e d bc f l u x

% FIXBC=0 �� boundary cond i t i on

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

Nx = s ize (V,2)�1;

f l u x = zeros (1 ,Nx+1);

f l u x (1 ) = 0 . 0 ;
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for i = 2 :Nx

l o c v e l = V( i )⇤ooR ;

i f l o c v e l >= 0.0

f l u x ( i ) = l o c v e l ⇤ VAL( i �1);

else

f l u x ( i ) = l o c v e l ⇤ VAL( i ) ;

end

end

% BC

i f FIXBC == 1

f l ux (Nx+1) = BCVAL;

end

i f FIXBC == 0

l o c v e l = V(Nx+1)⇤ooR ;

i f l o c v e l >= 0.0

f l u x (Nx+1) = l o c v e l ⇤ VAL(Nx ) ;

else

f l u x (Nx+1) = l o c v e l ⇤ BCVAL;

end

end

end

When we calculate flux by second order MUSCL method, we use the MATLAB function,

calc muscl new.m. To use MUSCL method, we need to calculate the limiters first. The

function for calculating limiters is given below:
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calc limit

function phi = c a l c l i m i t (V,G,N)

Nx = s ize (V,2)�1;

G(Nx+1)= 0 ;

G(Nx+2)= 0 ;

N(Nx+1)= 0 ;

N(Nx+2)= 0 ;

sum = G+N;

phi G = zeros (1 ,Nx+1);

phi N = zeros (1 ,Nx+1);

ph i th t = zeros (1 ,Nx+1);

ph i t = zeros (1 ,Nx+1);

phi = zeros (1 ,Nx+1);

for i = 2 :Nx+1

%%%%%Limiter G c a l c u l a t i o n

i f ( (G( i ) � G( i �1))⇤(G( i+1)�G( i ) ) ) <= 0

%%%Ca l cu l a t i n g phi G ( i )

phi G ( i ) = 0 . 0 ;

else

phi G ( i ) = min( (G( i ) � G( i � 1 ) ) / . . .

(G( i+1)�G( i ) ) , 1 ) ;

end

end
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for i = 2 :Nx+1

%%%%%Limiter N c a l c u l a t i o n

i f ( (N( i ) � N( i �1))⇤(N( i+1)�N( i ) ) ) <= 0

%%%Ca l cu l a t i n g phi N ( i )

phi N ( i ) = 0 . 0 ;

else

phi N ( i ) = min( (N( i ) � N( i � 1 ) ) / . . .

(N( i+1)�N( i ) ) , 1 ) ;

end

end

for i = 2 :Nx+1

%%%%%Limiter Theta c a l c u l a t i o n

i f ( (sum( i ) � sum( i �1))⇤(sum( i +1 ) . . .

�sum( i ) ) ) <= 0

%%%Ca l cu l a t i n g p h i t h t ( i )

ph i th t ( i ) = 0 . 0 ;

else

ph i th t ( i ) = min( (sum( i ) � sum( i � 1 ) ) / . . .

(sum( i+1)�sum( i ) ) , 1 ) ;

end

end

for i = 2 :Nx+1
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ph i t ( i ) = min( phi N ( i ) , ph i th t ( i ) ) ;

phi ( i ) = min( phi G ( i ) , ph i t ( i ) ) ;

end

end

After calculating the limiters, we call the function calc muscl new.m and pass value of the

limiters too.

calc muscl new

function [ f l u x ] = ca lc musc l new (V, ooR , VAL, phi , FIXBC, BCVAL)

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Compute the MUSCL f l u x accord ing to v e l o c i t y

% V/R

% V: Nodal v e l o c i t y array 1xNx+1

% ooR : One over Radius

% VAL: Ce l l va lue array 1xNx

% FIXBC: Whether to f i x bc f l u x ( 1 : yes ) ( 0 : no )

% BCVAL: FIXBC=1 �� f i x e d bc f l u x

% FIXBC=0 �� boundary cond i t i on

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

Nx = length (VAL) ;

new val = zeros (1 ,Nx+2);

VAL(Nx+1)= 0 ;

VAL(Nx+2)= 0 ;

for i = 2 :Nx
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new val ( i ) = VAL( i ) + 0 .5 ⇤ phi ( i ) ⇤ . . .

(VAL( i +1) � VAL( i ) ) ;

new val ( i +1) = VAL( i +1) � 0 .5 ⇤ . . .

phi ( i +1) ⇤ (VAL( i +2) � VAL( i +1)) ;

f l u x = ca l c f l ux upw (V, ooR , . . .

new val ,FIXBC,BCVAL) ;

end

end

Now, for improving the flux value due to ⌘R
prime

/R, we use piecewise-parabolic-method or

PPM. For that, we used the function calc flux sync ppm.m

calc flux sync ppm.m

function [ f lux G , f lux N ] = ca l c f l ux sync ppm (dx ,dR , . . .

R,Xc , Xf ,G,N,TOL,NBC)

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Compute the synchronized PPM f l u x e s

% dR: R’

% R: Radius

% Xc : Array o f c e l l c en t e r s : 1xNx

% Xf : Array o f c e l l f a c e s : 1xNx+1

% G: Array o f G: 1xNx

% N: Array o f N: 1xNx

% TOL: Tolerance

% NBC: Boundary cond i t i on f o r N

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

Nx = length (Xc ) ;
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f lux G = zeros (1 ,Nx+1);

f lux N = zeros (1 ,Nx+1);

% Orig ina l bar ve r s i on

GBar = G.⇤Xc .⇤Xc .⇤Xc ;

NBar = N.⇤Xc .⇤Xc .⇤Xc ;

TBar = GBar+NBar ;

% Constant e x t r a p o l a t i o n at the r i g h t end ( ghos t va l u e s )

% May change to l i n e a r e x t r a p o l a t i o n or quadra t i c e x t r a p o l a t i o n

GBar(Nx+1) = (1.0�NBC)⇤ (Xc . . .

(end)+dx ) ˆ 3 ;

GBar(Nx+2) = (1.0�NBC)⇤ (Xc . . .

(end)+2⇤dx ) ˆ 3 ;

NBar(Nx+1) = NBC⇤(Xc . . .

(end)+dx ) ˆ 3 ;

NBar(Nx+2) = NBC⇤(Xc . . .

(end)+2⇤dx ) ˆ 3 ;

TBar(Nx+1) = (Xc(end)+dx ) ˆ 3 ;

TBar(Nx+2) = (Xc(end)+2⇤dx ) ˆ 3 ;

hGBar = zeros (1 ,Nx+1);

hNBar = zeros (1 ,Nx+1);

hTBar = zeros (1 ,Nx+1);

so t = 7 . 0 / 1 2 . 0 ;

oot = 1 . 0 / 1 2 . 0 ;

hGBar (2 ) = sot ⇤(GBar(1)+GBar ( 2 ) ) . . .
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� oot ⇤(GBar(3)�GBar ( 1 ) ) ;

hNBar (2 ) = sot ⇤(NBar(1)+NBar ( 2 ) ) . . .

� oot ⇤(NBar(3)�NBar ( 1 ) ) ;

hTBar (2 ) = sot ⇤(TBar(1)+TBar ( 2 ) ) . . .

� oot ⇤(TBar(3)�TBar ( 1 ) ) ;

for i = 3 : Nx+1

hGBar( i ) = sot ⇤(GBar( i�1)+GBar( i ) ) . . .

� oot ⇤(GBar( i+1)+GBar( i �2)) ;

hNBar( i ) = sot ⇤(NBar( i�1)+NBar( i ) ) . . .

� oot ⇤(NBar( i+1)+NBar( i �2)) ;

hTBar( i ) = sot ⇤(TBar( i�1)+TBar( i ) ) . . .

� oot ⇤(TBar( i+1)+TBar( i �2)) ;

end

%% Limi ter s ( 1 , : ) i s � vers ion , ( 2 , : ) i s + ver s i on

phi = zeros (2 ,Nx ) ;

% Limiter in the f i r s t c e l l ( on ly need phi (2 ,1 ) )

i f abs (NBar(1))<=TOL && . . .

abs (hNBar(2))<=TOL

phi n = 1 . 0 ;

e l s e i f NBar (1)⇤hNBar(2)<=0.0 | | . . .

3⇤abs (hNBar(2))<=8⇤abs (NBar ( 1 ) )

phi n = 0 . 0 ;

else

phi n = min(1 , 5 . 0 / ( hNBar ( 2 ) . . .

/NBar (1 ) �1 . 0 ) ) ;

end

70



i f abs (GBar(1))<=TOL &&.. .

abs (hGBar(2))<=TOL

phi g = 1 . 0 ;

e l s e i f GBar(1)⇤hGBar(2)<=0.0 . . .

| | 3⇤abs (hGBar(2))<=8⇤abs (GBar ( 1 ) )

ph i g = 0 . 0 ;

else

ph i g = min(1 , 5 . 0 / ( hGBar ( 2 ) / . . .

GBar (1 ) �1 . 0 ) ) ;

end

i f abs (TBar(1))<=TOL &&.. .

abs (hTBar(2))<=TOL

ph i t = 1 . 0 ;

e l s e i f TBar (1)⇤hTBar(2)<=0.0 | | . . .

3⇤abs (hTBar(2))<=8⇤abs (TBar ( 1 ) )

ph i t = 0 . 0 ;

else

ph i t = min(1 , 5 . 0 / ( hTBar ( 2 ) / . . .

TBar (1 ) �1 . 0 ) ) ;

end

phi ( 2 , 1 ) = min ( [ ph i n ph i g ph i t ] ) ;

% Limi ters away from x=0

for i = 2 :Nx

di f fNp = hNBar( i+1)�NBar( i ) ;
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diffNm = hNBar( i ) �NBar( i ) ;

d i f fGp = hGBar( i+1)�GBar( i ) ;

diffGm = hGBar( i ) �GBar( i ) ;

d i f fTp = hTBar( i+1)�TBar( i ) ;

diffTm = hTBar( i ) �TBar( i ) ;

i f di f fNp ⇤diffNm>=0.0 | | . . .

d i f fGp ⇤diffGm>=0.0 | | d i f fTp ⇤diffTm>=0.0

phi (1 , i ) = 0 . 0 ;

phi (2 , i ) = 0 . 0 ;

else

alpha1 = 2.0⇤min ( [ abs ( diffNm/ di f fNp ) . . .

abs ( diffGm/di f fGp ) abs ( diffTm/ di f fTp ) ] ) ;

alpha2 = 0.5⇤max( [ abs ( diffNm/ di f fNp ) . . .

abs ( diffGm/di f fGp ) abs ( diffTm/ di f fTp ) ] ) ;

i f alpha2 > alpha1 + TOL

phi (1 , i ) = 0 . 0 ;

phi (2 , i ) = 0 . 0 ;

e l s e i f alpha1 <1.0

phi (1 , i ) = 1 . 0 ;

phi (2 , i ) = alpha1 ;

e l s e i f alpha2 >1.0

phi (1 , i ) = 1 .0/ alpha2 ;

phi (2 , i ) = 1 . 0 ;

else

phi (1 , i ) = 1 . 0 ;

phi (2 , i ) = 1 . 0 ;

end

end
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end

f lux G (1) = 0 . 0 ;

f lux N (1) = 0 . 0 ;

l o c v e l = �dR⇤R;

i f l o c v e l >= 0.0

for i = 2 :Nx

f lux G ( i ) = l o c v e l ⇤ (GBar( i � 1 ) . . .

+phi (2 , i �1)⇤(hGBar( i )�GBar( i �1)) ) ;

f lux N ( i ) = l o c v e l ⇤ (NBar( i � 1 ) . . .

+phi (2 , i �1)⇤(hNBar( i )�NBar( i �1)) ) ;

end

else

for i = 2 :Nx

f lux G ( i ) = l o c v e l ⇤ (GBar( i ) . . .

+1.0⇤(hGBar( i )�GBar( i ) ) ) ;

f lux N ( i ) = l o c v e l ⇤ (NBar( i ) . . .

+1.0⇤(hNBar( i )�NBar( i ) ) ) ;

end

end

f lux G (Nx+1) = 0 . 0 ;

f lux N (Nx+1) = 0 . 0 ;

end
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