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Abstract

A known result in low-dimensional topology is that every incompressible surface properly
embedded in a genus two handlebody is boundary compressible. This result produces a
pair consisting of a genus two handlebody and a separating curve in its boundary. We
study particular examples of genus two handlebodies and essential simple closed curves
which separate their boundaries. The aim of this paper is to give our own construction
of separating curves on the boundary of genus two handlebodies and compare them with
previously studied pairs. These constructions involve taking 2n arcs on either side of a
waist disk of a genus two handlebody and defining a mapping which takes the endpoints
of one side and connects them to the other side. Before studying homeomorphisms with
known pairs, we must first state and prove restrictions on the mapping of the arcs in our
construction. Only particular cases of mappings will result in a single circle component

and even fewer cases will result in homeomorphisms with previously studied pairs.
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Chapter 1

Introduction

A 3-manifold is any compact, Hausdorff, second countable topological space which is locally
homeomorphic to R®. A handlebody H of genus g > 1 is a 3-manifold homeomorphic to
the regular neighborhood of a graph in R? consisting of 1 vertex and ¢ edges (also called a
wedge of g circles). We may also view the genus of a handlebody as the number of 1-handles
on the given surface. A solid torus is an example of a handlebody; it has genus one.

In this paper we study genus two handlebodies with certain separating circles in their
boundaries. In particular we look at one pair which arises from a known result in low-
dimensional topology which states that an incompressible surface which is properly embed-
ded in a handlebody will automatically boundary compress. The proof of this statement
as well as the construction of the handlebody-circle pair is given in Chapter 2. This pair is
also seen in the paper of Yukihiro Tsutsumi [5] as an aid to prove that any essential simple
closed curve in the boundary of a genus two handlebody will bound at most four mutually
disjoint, non-parallel, genus one incompressible surfaces, or once-punctured tori, properly
embedded in the genus two handlebody. This theorem, which Tsutsumi proves, gives rise
to the question of which such separating circles will yield three once-punctured tori and
which curves will yield four. In Chapter 3 we give an algorithm for the construction of
a different handlebody-circle pair along with its properties which we then compare to the
pair from Chapter 2. This process involves taking 2n arcs on either side of a waist disk of
a genus two handlebody and defining a mapping which takes the endpoints of one side and
connects them to the other side. We study specific cases in which our construction from
Chapter 3 is homeomorphic to the pair from Chapter 2. In Chapter 4 we give a general

classification to all such constructions. In doing so we may pose certain questions which



are easier understood in one pair rather than its homeomorphic representation. Chapter 5
ties our construction to the theorem in [5] and maps out future work which may prove
exactly which handlebody-circle pairs bound exactly four mutually disjoint, non-parallel,

once-punctured tori.



Chapter 2

Preliminaries

2.1 Fundamental Group

Given a topological space X, we define the fundamental group of X in terms of loops. For
two points a,b € X, we say a path in X from a to b is a continuous function f : [0,1] — X
such that f(0) = a and f(1) = b, where we refer to a and b as endpoints.

We say two paths fi, fo are homotopic if they share the same endpoints and there
is a homotopy between them which fixes endpoints. That is, f1(0) = f2(0) = a and
fi1(1) = fa(1) = b. The equivalence class of a path f is said to be the homotopy class of f
and is denoted as [f].

Now, a loop in a topological space X is a path f such that f(0) = xy = f(1) for some
xo € X. This starting and ending point xg is called the basepoint.

Given two paths f,g: [0,1] — z such that f(1) = ¢g(0), we define the product path f - g
by the formula

f(2z) 0<z

(f - 9)() = :
g2z —1) <z<l

IN

D=
(VAN

The fundamental group of X with basepoint zy € X is the set of equivalence classes
of closed paths with endpoints at xy under the above product operation. We denote it as
71 (X, o). To see that this operation forms a group, see [4]. Tt is also a known result in
[4] that, up to isomorphism, the fundamental group of X is independent of the basepoint
chosen whenever X is connected, in which case we may refer to the fundamental group of
X as m(X). These groups interest us since they give algebraic conditions for two spaces

to be homeomorphic.



2.2 Hyperbolic Knots

In the late 20" century William Thurston was able to classify all knots in S? into either
torus knots, satellite knots, or hyperbolic knots. Torus knots are well understood and are
those whose fundamental groups have nontrivial center. Satellite knots are those which have
an incompressible non-boundary parallel torus in their exterior; this torus may actually be
used to break the exterior of the knot into smaller pieces. The last type of knot is one
which is neither a torus knot nor a satellite knot; these knots are called hyperbolic knots,
and can also be defined as a knot K whose complement S*\ K is a non-compact hyperbolic
3-manifold of finite volume. It is known that every compact orientable 3-manifold contains
a knot such that its complement is hyperbolic [1]. These hyperbolic structures give rise
to hyperbolic metrics and certain geometric invariants which can be used to distinguish

between manifolds.

2.3 Surfaces in 3-Manifolds

We say a compact surface S which is embedded in a 3-manifold M is properly embedded
in M if 9S C OM and S is transverse to 0M. Unless otherwise stated, we will assume all
manifolds to be connected and orientable and all surfaces to be properly embedded.

In a surface S, we say a circle is trivial if it bounds a disk in .S. Similarly, an arc is said
to be trivial in S if it cobounds a disk in S with another arc in 05S.

Let S be a surface in a 3-manifold M which is not a 2-sphere nor a disk. S'is compressible
in M if there is a disk D in M such that DN S = 0D and dD does not bound a disk in S;
we say D is a compressing disk of S. If no such D exists, S is said to be incompressible.

The surface S is boundary compressible in M if there is a disk D in M where 0D = aU(
with « and 8 being connected arcs, a N3 = daNdpB, DNS =a, DNOM = 3, ais a
nontrivial arc in S, and [ is not parallel to 05 in M. If S is boundary compressible,

we say D is a boundary compressing disk of S. S is boundary incompressible if no such D



exists.
The following theorems and corollaries are well known results in three-dimensional topol-

ogy and can be found in [4].

Theorem 2.3.1 (Dehn’s Lemma). Suppose M? is a 3-manifold and f : D* — M3 is a
map of a disk with no singularities on dD?* (i.e. v € 0D* x #y € D* = f(x) # f(y)).
Then there exists an embedding g : D* — M? with g(dD) = f(9D).

Corollary 2.3.2. Suppose J C OM is a simple closed curve in the boundary of a 3-manifold
M and that J is homotopically trivial in M. Then J bounds a properly embedded disk D
in M (i.e. 0D C OM, and the interior of D is properly contained in the interior of M ).

Theorem 2.3.3 (Loop Theorem). If M is a 3-manifold and the inclusion homomorphism
m(OM) — m (M) has nontrivial kernel, then there exists a 2-disk D C M such that 0D

lies in OM and represents a nontrivial element of m (OM).

We say a 3-manifold M is irreducible if every 2-sphere in M bounds a 3-ball.

Now let S be an arbitrary surface in the 3-manifold M, and let N(S) be a regular
neighborhood of S in M. We say that the manifold m is the result of cutting M
along the surface S; observe that the original manifold M can be recovered as mu
N(S), where the union is taken along the frontier ON(S)\ OM of N(S) in M.

Given a 3-manifold M and a disk D C M, we define a full Dehn twist as the self-
homeomorphism taken by cutting M along a regular neighborhood of D, giving one side of
M\ N(D) a full twist in some specified direction, and reattaching both sides of M \ N(D)
along the same neighborhood of D.

2.4 Handlebodies

A complete disk system D of a handlebody H of genus g > 1 is a set of disjoint compression
disks of 0H in H such that the manifold obtained by cutting H along UD is a 3-ball. It



Figure 2.1: A genus three handlebody with one of its complete disk systems.

follows that each disk in D is nonseparating, and hence that the collection D contains g
disks. Fig. 2.1 shows a genus three handlebody with a complete disk system.

Being a submanifold of R?, a handlebody inherits several properties of R?. For instance,
in a handlebody, any 2-sphere bounds a 3-ball, and any closed surface separates in the
handlebody. Surfaces with boundary in a handlebody can be incompressible but must be

boundary compressible, as shown in the next result.
Theorem 2.4.1. Any incompressible surface in a handlebody is boundary compressible.

Proof. Let S # S?, D? be an incompressible surface in a handlebody H. Consider a com-
plete disk system D = {D;,Ds,...,D,} of H and let D* = D; U Dy U ---U D,. Isotope
D* so that it is transverse to S; then the intersection |D* N S| consists of arcs and circles
properly embedded in S, and we use |D*N.S| to denote the number of components of D*N.S.
Among all complete disk systems D, select one for which |D* N S| is minimal.

Suppose [D*NS| = 0. Then S is disjoint from D* and hence S lies in the 3-ball obtained
by cutting H along D*. Since any surface properly embedded in a 3-ball is compressible,
the surface S must compress in H, contradicting our hypothesis. Therefore |D* N S| > 0.

Suppose D*N S has circle components, and let C' be any one of them; thus C' is a subset

of some disk D, of D. If C'is nontrivial in S then C' bounds a subdisk of D, and so the map



Figure 2.2: The construction of D, from the disk D,.

m(S) — m (M) is not injective. But then, by Dehn’s Lemma, the surface S compresses
in M, contradicting the hypothesis. Therefore any circle component of D* NS bounds a
disk in S, so we may assume C' is innermost in S, that is, C' bounds a disk F in .S whose
interior is disjoint from D*, as shown in Fig. 2.2.

On D,, C also bounds a subdisk F’ such that 0F = C' = 0FE; we construct a new disk
D! = (D,\F) U E, which we push away from S via a regular neighborhood of S. Since
0D! = 0D,, a new complete disk system & for H is produced by replacing D, with D! in D
such that |£* N S| < |D* N S|, again contradicting our hypothesis on D. Therefore D* N S
has no circle components.

We now claim that every arc of D, N.S is nontrivial in S.

For suppose D* N S contains an arc v which is trivial in S, say v C D, NS for some

D, € D. Without loss of generality we may assume v is outermost in S, that is, v cobounds



Figure 2.3: The outermost arc v in SND* C S.

a subdisk C C S with 05 such that and C; N D* =+, as show in Fig. 2.3.

Let C,, C! be the closures of the components of D, \ 7, and consider the disks E =
C, U, Cs and E' = C] U, Cs which are properly embedded in H, as Fig. 2.4 illustrates.
Our goal is to replace D, with one of the disks F or E’ and obtain a new complete disk
system of H with fewer intersections with S. Observe that, since 9H \ D* is a connected
surface (a punctured 2-sphere), it is possible to construct a circle @ C OH that intersects
D, transversely at one point distinct from the endpoints of 7, is disjoint from all other disks
in D, and intersects the arc dCs N OH transversely, as shown in Fig. 2.5. It follows that a
intersects F and £’ transversely and that the relation |F Na| + |[E'Na| =2|CsNal +1
holds, which implies that either F or E’, say F, is a nonseparating disk in H.

Pushing E off away from S via a thin regular neighborhood of S produces a new disk,
which we continue to call E, such that E is a nonseparating compression disk for the
boundary of H and (D\{D,}) U{E} will be a new complete disk system for H. This
complete disk system has fewer intersections with S since it is no longer intersecting v, a
contradiction with our choice of D.

Therefore every arc of D, NS in S is essential in S. In general every arc of D* N S in



Figure 2.4: The disks F and F'.

Figure 2.5: The circle o in 0H.



S is nontrivial in S. As a result, S is boundary compressible in H. O]

2.5 Circles in Handlebodies

Let H be a handlebody and « a circle in 0H. We say that a is primitive if it represents
a primitive word in 7 (H) and that it is a power if it represents a nontrivial power of
a nontrivial word in m (H). The following result gives information on the structure of

primitive and power circles in 0H.
Lemma 2.5.1. Let H be a handlebody and o a circle in OH .

(a) If o is a power circle then, in m(H), o = w* where |k| > 2 and w is primitive in

1 (H) .

(b) If o is a primitive circle then, in m(H) = (z,y |— ), the cyclic reduction of o is z*!,
y*L, or of the form x™yPra®y2 ... g% ybk where k > 1, the exponents ai,...,a; all
have the same sign, and the exponents by, ..., by all have the same sign; moreover we

may assume all the exponents a; are 1 or all are —1 while each exponent b; is equal

ton orn -+ 1 for some integer n # —1,0.

Proof. Part (a) follows from the work of Casson and Gordon [2], while (b) follows from the

work of Gonzalez-Acuna and Ramirez [3]. O

2.6 Pairs

A pair (H,J) consists of a genus two handlebody and a circle J C 0H which separates
OH into two once-punctured tori and is nontrivial in H. If one of these once-punctured
tori is compressible then its compression would result in a disk whose boundary is J,
contradicting the hypothesis that J is nontrivial in H; therefore these once-punctured tori

are incompressible in H.

10



Figure 2.6: A pair of type (0,1;1,2) on a genus two handlebody

In [5] Tsutsumi defines a (p, q;, s) pair as follows. We see a genus two handlebody H
along with a separating circle J embedded in OH similar to the one shown in Fig. 2.6. On
the boundary of the handlebody, this circle can be seen as two pairs of arcs, labeled 1 and 2
in Fig. 2.7, disjoint from the two basic circles shown in OH. These arcs are then connected
by taking a waist disk of 0H and thickening it to create an annulus. In this annulus, we
choose a matching between the ends of arcs 1 and 2 on one side with the ends of arcs 1
and 2 on the other side.

Now consider the genus two handlebody as two tori separated by a waist disk. On the
boundary of the two tori, we can generalize the process above and take two torus knots of
type (p,q) and (r,s), where p and r represent the standard meridional parameters of the
knot and ¢ and s the longitudinal parameters. We then similarly take two pairs of arcs
labeled 1 and 2 disjoint from the torus knots and join them using the same process with
the waist band. We will refer to these pairs as (p,q;r,s). An example of a (0,1;r,s) pair
is shown in Fig. 2.6 and will be called a simple pair for our purposes. Notice that for any

p,q,r,s, the circle J is nontrivial in H, i.e. it does not bound a disk in H, since in the

11



2 |1

Figure 2.7: The boundary of a (p,¢;r, s) pair

fundamental group of H, the word generated by J is x%y°T 99 °.

The following lemma shows the role that (p, ¢;r, s) pairs play in the context of pairs.

Lemma 2.6.1. Let (H, J) be a pair and let T be a once-punctured torus properly embedded
in H with OT = J. Then T separates H into two components, one of which is a genus two

handlebody H' with J C OH' such that the pair (H', J) is of type (0, 1;7,s) for some r,s.

Proof. Suppose J separates H into once-punctured tori 77 and T5. If T' does not separate
H then, after embedding H in R3, we obtain the closed surface T'U T} which does not
separate R3, an impossibility. Hence the once-punctured torus 1" separates H.

Since J is nontrivial in H it follows that 7' is incompressible and hence boundary
compressible by Lemma 3.2.2. A boundary compression disk D of T" must lie between T
and one of the once-punctured tori, say 77, as shown in Fig 2.8. Therefore the manifold
H' on the side of T that contains D has boundary 0H' =T; U; T, or a genus two surface.

In Fig 2.9 we can see that the surface obtained in the first step of boundary compressing

12



Figure 2.8: The union of T" and T} along the boundary compression disk D.

Figure 2.9: First step in the boundary compression of 7" along D.

13



Figure 2.10: The annulus A resulting from the boundary compression on 7.

T along the disk D is an annulus A. Since T was separating in H, we also have that A
is separating in H, so that after capping off 0A with copies of D we obtain a separating
waist disk of H as full boundary compression of T". In Fig 2.10 we can see A as the annulus
complementary to a torus knot in 0H’. By [6] it follows that A cobounds a solid torus
V' with an annulus A" C 0H’, so that undoing the boundary compression along D will
be equivalent to adding a one-handle along the solid torus V' and therefore resulting in a
genus two handlebody. In this genus two handlebody we can see that J is the union of A’,
a torus knot of type (r,s) in V, and a rectangle, a (0, 1) knot. Thus (H’, J) forms a simple
pair. O

Lemma 2.6.2. A simple pair contains no properly embedded once-punctured tori.

Proof. Let (H,J) be a simple pair and T}, T3 the two once-punctured tori in 0H separated
by J. Assuming there is a properly embedded once-punctured torus 7" in the simple pair
(H,J) then from Lemma 2.6.1 we know that T" separates H into two components.

In Lemma 2.6.1 we saw that the boundary compression disk D or a properly embedded
once-punctured torus was the bigon of the (0, 1;r,s) pair located on one side of the once-
punctured torus.

Consider a complete disk system {D;, Do} of H as shown in Fig 2.11. Since (H,J)

14



Figure 2.11: o ) ) o
A (p,q;r, s) pair with two compression disks D; and D, and their in-

tersections with 7.

is a simple pair, T intersects D; only once, resulting in the arc shown in figure Fig 2.11.
However, T' may intersect Dy in a number of arcs from which we can choose an outermost
arc « as shown in Fig 2.11. The arc « separates T'. We will call the disk D, C D, as the
disk with no other intersections with 7'.

Since T'N Dy only has two sides, we may choose the disk D, C D; as the disk that is
on the same side of T as D,,.

Both D, and D, are boundary compression disks of T'. Therefore we have that T'U; T}
is a simple pair with two bigons D; and D,, so T'U; T} must be of the form (0,1;0,1).
This genus two handlebody can also be written as T7 x I, which implies 7" is parallel to the

boundary of H, a contradiction to our original hypothesis. O]

Lemma 2.6.3. Let (H,J) be a pair. Then J bounds at most two mutually disjoint, non-

parallel, once-punctured tori in H which are not boundary parallel.

15
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Figure 2.12: Three mutually disjoint, non-parallel, once-punctured tori in H

Proof. Assume there are three mutually disjoint, non-parallel, once-punctured tori 77, T,
and T35 in H which are not boundary parallel, as shown in Fig 2.12. By our Lemma 2.6.1
we can see that T, bounds a simple pair on one side. But from Lemma 2.6.2 we know that
a simple pair does not contain any non-parallel once-punctured tori. Thus if 75 bounds a
simple pair on the side of T}, T} cannot exist, and if 75 bounds a simple pair on the side of

T3, T5 cannot exist. Hence T, cannot exist, contradicting our hypothesis. O

16



Chapter 3

2n,p pairs

3.1 Construction

Let H be a genus two handlebody with a waist disk D,, separating two basic primitive
circles = and y as shown in Fig. 3.1 (up to homeomorphism). The disk D,, separates H
into two solid tori Vi, V4 which contain meridian disks Dy, Ds, respectively, disjoint from
D,. In H, D; and D, form a complete disk system. Cut 0H along 0D, to produce two
once-punctured tori 7, and 7T}, containing = and y, respectively, so that 0H =T, Uy AUs T,
for some regular neighborhood A of 9D, in 0H. For each positive integer n > 2 let A,
and A, be families of 2n mutually disjoint parallel arcs in 7, and 7T, disjoint from z and
y, respectively.

We will label the arcs of A, and A, consecutively with the labels 1 through 2n as shown
in Fig. 3.1, and their endpoints with the labels 1 through 4n as shown in the same figure.

We then construct a collection of circles C, , in OH by connecting the endpoint with
label 1 in A, to some endpoint in A, with label p using a spanning arc « in A which goes
from left to right and adding arcs in A parallel to a connecting the remaining endpoints
of A, to A,, as shown in Fig. 3.2. Notice that each endpoint with label ¢ in 4, will be
connected to the endpoint with label ¢t + p in A, for some 0 < p < 4n — 1, and we say
that C, , has been constructed by giving p clicks to the endpoints of the arcs in A, before
identifying with the endpoints of the arcs in A,

17



H4n Uy

Figure 3.2: The endpoints of 2n arcs with the arc a

18




3.2 Properties of C, ,

In C, , we may get more than one component depending on the number p of clicks used
in its construction. Our main interest lies in the case where C,, , has only one component

which we now characterize in the next proposition, which is the main result of this section.

Proposition 3.2.1. The genus two handlebody H along with the collection of circles Cy,
constructed with p clicks forms a pair iff gcd(2n,p) = 1, in which case we may assume that

0<p<2n—1.
The proof follows from the next 3 lemmas.

Lemma 3.2.2. IfC, o is constructed using p clicks then the number of components in C,

is ged(2n, p). In particular, (H,C, ) is a pair iff ged(2n,p) = 1.

Proof. Take a 2n,p construction with endpoints labeled as in Fig. 3.3. Observe that the
two labels at the endpoints of each arc add to 1 modulo 4n. Let p be an integer. Starting
from the left side, we say a revolution is taken when, after connecting a left-sided arc with
its corresponding right-sided arc via p number of clicks, we arrive once more to a left-sided
arc ready to connect to a right-sided arc. As seen in Fig. 3.3, one revolution consists of
four assignments given by the mapping: *+ -z +p—>1—-z—p—>1—x—2p = =+ 2p.
Hence after r revolutions, the endpoint x is mapped onto the endpoint x + 2rp.

Consider a component of C, , which contains the endpoint with label x on the left-
hand side. From the discussion above, tracing the component once starting at x will
require a number of revolutions » > 1 which is the smallest positive integer satisfying
x+r-2p =2z mod 4n, or equivalently r is the smallest positive integer such that 4n|2pr,
whence r = 2n/ged(p,2n). Since each revolution consists of two arcs, it follows that
each component of C,, is a union of 2r arcs and therefore that there must be a total of

4n/2r = ged(p, 2n) components in C, 4. O

The following two lemmas give restrictions to the arc o and the number of clicks p.

19



Figure 3.3: A pair of 2n arcs with 1 click.

20



Figure 3.4: A Dehn twist.

Lemma 3.2.3. There is a homeomorphism f : H — H that maps the family C, ., onto

Ch,ao iff the endpoints of ay and o in A, are the same.

Proof. We construct the homeomorphism f by giving H an appropriate number of Dehn

twists along the core of the annulus A as shown in Fig. 3.4. O

Lemma 3.2.4. There s a homeomorphism f : H — H that maps the family of circles
Cna, constructed with p clicks onto the family of circles C, o, constructed with 4n —p + 1

clicks.

Proof. We construct the homeomorphism f by reflecting the pair (H,C, ) with p clicks
along the plane shown in Fig 3.5 (where the case p = 1 is represented). O

From now on we may assume that in the family C, , the endpoints of o are labeled 1
and p+ 1 where 0 < p < 2n — 1 and refer to C, o by C,,. For every positive integer n with
ged(2n, p) = 1, we will call (H,C,,) a 2n, p pair.

We may further narrow our choice of p with the following lemma.

21



Figure 3.5: The pair (H,C,,) with 1 click (left) and its reflection.

Figure 3.6: An 8,3 construction

22



Lemma 3.2.5. There is a homeomorphism f : H — H that maps the 2n,p pair to the
2n,2n — p.

Proof. Consider a 2n, p pair. We construct the homeomorphism f by giving H a half-Dehn
twist and isotoping the arcs such that they are all on the top of the handlebody. As seen in
Fig 3.7 relabeling the arcs on 4, results in the endpoint with label 1 in A, being mapped
onto the endpoint with label 4n — 2n — p+ 1 in the homeomorphic image of 4,. Now from

Lemma 3.2.4 we see this is homeomorphic to a 2n,2n — p pair. L]
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Figure 3.7: Performing a half-Dehn twist and bringing the arcs to the top of H.
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Chapter 4

Simple Pairs and 2n,p Pairs

4.1 Nonsimple 2n,p Pairs

By Proposition 3.2.1 the family of circles C,, , in 0H has exactly one component iff ged(2n, p) =
1, and we may further assume that 1 < p < 2n — 1. In this chapter we will assume that
Cnp consists of a single component J and that p satisfies the above restrictions, and refer
to (H,J) as a 2n, p pair. In our first result we show that such pairs are generically different

from simple pairs.
Theorem 4.1.1. A 2n,p pair with p # 1 is not homeomorphic to any simple pair.

Proof. Let G = (H,J) be a 2n,p pair and let ¢; and ¢y be the boundary circles of the
complete disk system of H used in the construction of G. The circle J then cuts each circle
c1 and ¢y into collections of arcs properly embedded in 7T; and T5; since there is only one
arc in c¢; or co that intersects the basic circle x and only one arc that intersects the basic
circle y, it follows that the arcs of ¢; and ¢y must lie in 0H as shown in 4.3; that is, on
either side of J there are 2n — 1 parallel arcs and 1 arc which is not parallel to the others.

We label the arcs of ¢; and ¢y cut by J consecutively with 1,2,...,2n in a fashion
similar to the one shown for the 8,3 pair in Fig. 4.1, so that the arc intersecting the basic
circle in T or Ty gets the label 2n.

It is not hard to see that the arcs of ¢; with labels p and 2n — p cut T, into two
components: an annulus B containing y and a rectangle R. We construct a circle L, C T5
as the union of a core arc of the rectangle R and an spanning arc of B which is disjoint

from the arcs of ¢y, as shown in Fig 4.2.
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Figure 4.1: An 8,3 pair with two nontrivial circles ¢; and cs.

We define the arc order of the arcs of ¢; U ¢y in Ty as the sequence of labels read
while traversing the circle L, starting at the point y N L,, so that the first label read is
p. For example, the arcs in T5 in Fig. 4.2 have arc order 31,69, 71,45, 11, 22,51 where the
subindices 1 and 2 represent arcs from ¢; and ¢y respectively. Notice that the subindices
1 and 2 alternate in the arc order induced by L,; this property can be traced back to the
constructions of J and the rectangle used in the construction of L,,.

Similarly we construct a circle L, C T7 which induces the arc order 35,61, 75,41, 12, 21, 5o
in the arcs of ¢; U ¢y in T7.

We construct a homeomorphism of the 4—tuple (H,J, ¢y, ¢y) by representing J as a
‘waist’ circle of OH separating the circles z and y as shown in Fig. 4.3, where the arcs of
c1 and ¢y on either side of J are labeled following the arc order induced by the circles L,
and L,. In this homeomorphic image, the endpoint with label 1 may go to the endpoint
with label 2 or the endpoint with label 2n. Since there are four such endpoints on the right
side, we have four possible matchings. Fig 4.4 shows two such matchings. In fact, these

two matchings are the only ones which will correctly match all other arcs. We can see that,
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Figure 4.2: The curve L, going along an 8, 3 pair with two nontrivial circles ¢; and c;.

on the right side, the order of the parallel arcs may be reversed. We keep the notation of
c1 and ¢y for the two distinct circles in the homeomorphism as seen in Fig 4.3.
From the work of Valdez-Sanchez [pre-print] we can say the following about simple

pairs.

Lemma 4.1.2. In any (0, 1; ¢,d) pair, a circle « is a power circle iff a intersects a primitive

circle of the handlebody in one point.

Suppose now that p # +1 mod 2n. To see that the pair G is not homeomorphic to any
(0,1;¢,d) pair by Lemma 4.1.2 it suffices to show that any circle a in T that intersects z
in one point does not represent a power in m(H).

Since the circle a intersects z in one point, it must be a homological sum of the form
L, + qy; Fig 4.5 shows the circle a for ¢ = 1.

Now, m1(H) is the free group on the generators z and y which are dual to the complete
disk system {Dy, Do} of H. Since ¢; = dD; and ¢y = 0D,, the word represented by a in
m1(H) can be found by simply reading the intersections of a with ¢; and cs.

Observe that, under suitable orientations for ¢y, ¢z, Ly, the first and last letters in the
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Figure 4.3: The circles ¢, ¢, 2,9y, Ly, L, in the homeomorphic image of the 8,3 pair.

word of L, will always be x because, from Fig. 4.2, we can see, using the part of L, in
the annulus B, that the arcs with labels (p); and (2n — p); are intersected by L, in the
same direction, and thus in the circles ¢; and ¢y, the first and last arc components have the
same orientation. Since the subindices 1 and 2 in the arc order induced by L, alternate, it
follows that the word for L, will have the form L, = z - y*2x%s . yk2n—2 . where k; = £1.
Therefore we have a = L, - y? = axyF2ahs | yken-2q. 0.

Recall that L, = x - w - z where w = y*2zks . yF2n-2 with k; = £1; since L, intersects

2. w. We now claim that

c; and ¢y alternatingly, it follows that a cyclic reduction of L, is
w contains a pair z,T or y,¥; these pairs are necessarily nonadjacent since the word 2 - w
is cyclically reduced.

From Fig 4.4 we see that the labels of the endpoints on the right side may be in reverse

order. We consider both cases in Fig 4.6 by letting the first endpoint on the right side have

the label € - p mod 2n where ¢ = +1. This endpoint necessarily connects to the endpoint
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Figure 4.4: The two possible matchings in the homeomorphic image of the 4,1 pair.
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Figure 4.5: The circle a = L, + qy with ¢ = £1.

D

Figure 4.6: The endpoints of the homeomorphic image shown in Fig. 4.3.
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€-p+ 0 on the left side for § = +1 and we may assume this endpoint is on the top portion
of 2n arcs. Since p # +1 mod 2n we can say p # € - p+ 0 # 2n — p. That is the endpoint
with label € - p connects to an endpoint between the two endpoints with labels p and 2n —p
on the left side. Since the endpoints with labels p and 2n remain on the top portion of the
arcs, we now see that there must exist an endpoint between € - p + 6 and p that connects
to the endpoint with label € - p on the bottom portion of the arcs. From Fig 4.6 we can see
that, since € - p was an ‘innermost’ arc and both endpoints connect to the top portion of
the arcs, we have a switch in direction for the circle ¢; or co. This results in a nonadjacent
pair z,T or y,y in the word w.

It now follows that for any ¢ the cyclic reduction of a = L,-y? also contains a nonadjacent
pair z,T or y,7, and so by Lemma 2.5.1 the circle a is not a power in m(H). Since from
Lemma 4.1.2 we have that each side of J in any simple pair contains a power circle, it follows

that a 2n, p pair with p #Z £1 mod 2n cannot be homeomorphic to a 2n, p pair. O]

4.2 Simple 2n,p Pairs

We have now narrowed down the number of 2n, p pairs which can be simple to only two

cases. The next result shows that indeed in these remaining cases the 2n, p pairs are simple.
Theorem 4.2.1. A 2n,p pair is homeomorphic to a simple pair iff p =# £1 mod 2n.

Proof. Theorem 4.1.1 shows that if a 2n,p pair is homeomorphic to a simple pair then
p ==£1 mod 2n.

From Lemma 3.2.5 we see that we only need to consider the case for p = 1.

Consider a 2n,1 pair and a regular neighborhood A of a waist disk of H shown in
Fig. 4.7. In this neighborhood A, we can see the existence of a bigon disk D C H with the
two intersections with J shown in Fig. 4.7. We can also see two circles ¢; and ¢y which are
both disjoint from J and D as seen in Fig. 4.7.

By cutting H along the bigon D, we get a solid torus as shown in Fig. 4.8 where ¢

and co are torus knots and the arcs of J are between these two circles. By reattaching the
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Figure 4.7: The two circles ¢; and ¢y disjoint from both J and the bigon.
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Figure 4.8: The result of cutting H along D

1-handle shown in Fig. 4.8 we can see we have a simple pair (1,0;7,s) where r and s are
determined by the torus knots separated by arcs of J and the feet of the 1-handle N (D)

as shown in Fig. 4.8. Thus we have that a 2n, 1 pair is homeomorphic to a simple pair.

0

33



Chapter 5

Applications

By identifying this homeomorphism between 2n,1 pairs and simple pairs we can answer
questions about more general separating circles in a genus two handlebody. For instance,
any pair which does not contain a bigon is not homeomorphic to a 2n, 1 pair and therefore
is not homeomorphic to any simple pair. Rather than compute the fundamental group of a
pair to establish a mapping between two handlebodies, we can take a geometric approach
and consider constructions which may be easier in one homeomorphic version of the pair.

In section 3.1 we saw a that a nontrivial separating curve in any genus two handlebody
bounds at most two mutually disjoint, nonparallel, once-punctured tori. However, it may
often be the case that only one once-punctured torus is present in an (H,.J) pair which
is not boundary parallel. We expect that all (p,q;r,s) pairs will only contain one once-
punctured torus not parallel to the boundary of H. On the other hand, we expect two
mutually disjoint, non-parallel once-punctured tori to be present in 2n,p constructions
with ged(2n,p) = 1 which use power circles in place of basic circles; in fact a stronger
claim is that such pairs are the only ones which contain two mutually disjoint, non-parallel
once-punctured tori not parallel to the boundary of H. Proofs of these claims are left as
future work. Intuition leads one to believe the basic circles in 2n, p pairs which are disjoint

from J are heavily involved in these proofs.
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