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Abstract

In this thesis we study the effect of a dense medium on the quantum properties of a
relativistic electron-positron plasma under a magnetic field. From the calculation of the
photon polarization operator depending on temperature, chemical potential, and the mag-
netic field; we study how the electric susceptibility of the strongly magnetized plasma is
charged with temperature and density. In the same manner we study the dependence of
the Debye mass with density. Then we investigated the phenomenon of magnetic catalysis
of chiral symmetry breaking for a dense medium. We found that there exist a critical value
of the chemical potential where a first-order phase transition takes place for the system to
regain its chiral symmetry. Our results can be on interest for the astrophysics of compact

objects and for planar condensed materials with Dirac Hamiltonians as graphene.
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Chapter 1

Introduction

1.1 General Remarks

At present there has been an intense activity in the scientific community to study the effects
of magnetic fields on several physical scenarios.

In astrophysics pulsars have magnetic fields of order 10'? — 10'® G on their surface on
average, with magnetars having magnetic fields of 10** —10'G. Part of this higher magnetic
field is due to the rotating plasma of a neutron star. When we apply the virial theorem to
estimate the inner core magnetic field we find fields of the order of 10'® Gauss. There is a
natural maximum of 10?°G for high-dense stars formed by quarks [4].

On the other hand, in relativistic heavy-ion collisions you can get massive magnetic
fields from the charged gold nuclei with mass energies of about 200GeV. There can be
magnetic fields of the order 2m?2 from peripheral collisions, a value which is higher than
the magnetic fields found on the surface of magnetars. Even higher magnetic fields of order
eB ~ 152 ~ 10"G can be reached in Pb-Pb collisions at CERN [15] [27].

The magnetic field affects the phase structure of QCD in a nontrivial fashion due to
the behaivor of quarks and charged hadrons vs neutral hadrons in a magnetic field. The
magnetic field can affect deconfinement and chiral symmetry restoration [21].

Originally, you would think that the vacuum should be empty in order to preserve its
invariance under Lorentz transformations. However, since what is needed is the invariance
of the action, and this is not the same as the invariance of the vacuum, you can have that
vacuum be non-empty without violating Lorentz invariance of the action.

It is known that in 3+1 and 2+1 dimensions, a strong constant magnetic field causes



dynamical symmetry breaking that leads to the generation of fermion dynamical mass.
A very strong magnetic field results in the dimensional reduction D—D-2 so 3+1—1+1
and 2+1—0+1 dimensions. The dimensional reduction is due to the confinement of the
charged fermions to the lowest Landau level (LLL), in the presence of the strong field. In the
infrared region, even in the weak QED coupling there is spontaneous symmetry breaking
in a magnetic field. This phenomenon is called in the literature magnetic catalysis of chiral
symmetry breaking (MCxSB) [13] [27].

When there is a large external magnetic field interacting with charged particles there
is a Landau quantization of the particle’s transverse momentum. When that field is strong
enough to confine the particles to the LLL it is easier to form a chiral condensate, because
the fermions are right next to the antifermions of the Dirac sea. Then, the formation of the
particle-antiparticle spin-0 condensate breaks the chiral symmetry a phenomenon referred
as MCxSB. One of the main purposes of our investigation is to consider the MCxSB in a
dense medium. This task will be carried out in the theoretical frame of QED in a strong
magnetic field with finite density (i.e. with a non-zero chemical potential, [u #0]).

There is another effect that plays a role in dynamical chiral symmetry breaking. It is also
important to notice that the magnetic field also induces an anomalous magnetic moment
(AMM) of the fermion-antifermion pair. This AMM is a consequence of the pairing of
the particles with opposed charges and spins (i.e. with a net magnetic moment) [3] [2].
So the induced parameters (dynamical mass and AMM) change the vacuum properties
in the presence of the magnetic field. The dynamical AMM leads to a nonperturbative
Lande g-factor and Bohr magneton proportional to the inverse of the dynamical mass. The
induction of the AMM leads to a nonperturbative Zeeman effect.

Unfortunately, it is very difficult to experimentally prove that an effect is due to the
MCxSB because the dynamical parameter are extremely small. Also there is the added
difficulty of ruling out the other competing mechanisms that can enter in a given field
effect. In this regard, the finding in ”Paraelectricity in Magnetized Massless QED” [6]

is very significant. As it was shown in [6], there is a significant increase in the electrical



susceptibility produced by magnetically catalyzed chiral pairs. If a system shows a sizable
electrical polarization with a weak external electric field along the same direction as a
strong external magnetic field, it will give plausible evidence of MCySB.

The interesting thing about mass is that in any relativistic theory, as for example in
Quantum Electrodynamics (QED), mass and energy can be interchangable. When using
natural units the ¢ in the famous equation of £ = mc? is equal to 1. That means that mass
and energy can be thought of as interchangeable or rather you can think of mass in terms
of energy. Furthermore, there is the interesting concept that the very notion and concept
of mass is that the interaction between quarks is the main factor responsible for the mass
of an object. The contributions of these interactions to the mass can be calculated using
nonperturbative Quantum Field Theory (QFT). Then, of course, there is also a small mass
contribution that comes from the electroweak phase transition via the condensation of the
Higgs field. That way, there is an explanation of why one proton will have a similar mass
to another proton.

It has been discovered, on the other hand, that the origin of mass is associated with
symmetries that have been broken [8]. Yoichiro Nambu was the first who presented the idea
of a fermion pair generating a fermion mass and spontaneous broken symmetry in particle
physics. He had the hypothesis that this pairing process contributed to the mass of the
elementary particles. So the first models of dynamical symmetry breaking in QFT were
constructed by Nambu and Jona-Lasinio. Their model, basically had dynamical symmetry
breaking as one of its central concepts.

The dynamical mass of fermions that is generated in gauge theories requires a non-
perturbative approach. It is usually calculated by using the Schwinger-Dyson equations.
When doing the calculations an infinite series of loops arises in what is called the ladder
approximation.

In this thesis we shall study the effects of a strong magnetic field on the chiral symmetry
breaking of a dense system of electrons. In order to do this, we organize this thesis as follows:

In chapter 1, we give a review about some general concepts that allow for us to do the



calculations in the following chapters.

In chapter 2, we calculate the photon polarization operator (PPO) at finite temperature
and density. We also study the behavior of the electric susceptibility of a strong magnetized
plasma. The electric susceptibility will tell us the properties that the medium imparts on
the photon by breaking it into positron electron pair and then collapsing it back again.
We can do this because the Heisenberg uncertainty principle allows for us to create large
amounts of energy if we collapse them again in a short amount of time. It is important to
consider that a positron and electron are charged particles that interact with an external
magnetic field. This means that the magnetic field can have an effect on a photon indirectly
through the vacuum, although it is a neutral particle.

In chapter 3, we study the electron self energy in order to find the dynamical mass
that is created from quantum fluctuations by using the ladder approximation. It is also
called the ladder approximation because you have the photon proagator over the fermion
propagator. We continue to add photon propagators on top of the fermion propagator unitl
it begins to look like a ladder. This calculation tells us the effect the interaction with the
medium has on the mass of a particle.

Then we conclude and give some specific calculation in the Appendices.

1.2 Noether’s Theorem

Every continuous symmetry of the Lagrangian implies a conservation law. The minimal

action principle implies the conservation of the four current [3],
0S=0 = 0,"=0 (1.1)

Where we used the well known Einstein convention. After we contract the indexes in
Eq. (1.1) we have

3-0
aoj°+81j1+02j2+83j3=0=é+v-j (1.2)



The charge Q is defined as

Q= [ dzj° (1.3)
RB
If we take the derivative with respect to time we have thanks to the conservation law

Eq. (1.1)

— = d%aiﬂ = —/ Pz 7 -5 (1.4)
at B R3 at N R3 v j .

Since the integration of R?® can be over all space we can restrict it to a volume V. This

8QV 3 8]0 / 3 - / .
— d =— [ dPVy-j=— -d 1.
ot /v v ot % Vv Aj 5 (15)

Where we used Gauss’s theorem to show that if we have a varying charge in a volume there

would give us

is a current flux through the volume surface. Then, if the flux is zero the corresponding

charge is conserved.

0Q

S5 =0 (1.6)

1.3 Goldstone Fields
The Lagrangian density of a real scalar field is
£= 1 (0:60"0) ~ U (o) (1.7
where the potential is given by
U(p) = %QQbQ + %qa‘*; A>0 (1.8)
We do the transformation ¢ — —¢, so

U(-0) =62 + 268 = U o) (1.9



and then

1

(Ou(=0)0"(=9)) = U(0) = 5(9u(9)0"(9)) = U(9) = L (1.10)

L= 2

1
2
So the Lagrangian density is invariant under the discrete transformation ¢ — —¢. Let’s

assume that there is a constant field ¢ that minimizes the action. Then the minimal action

principle reduces to

dU A
o oo+ 56° =0 (1.11)
That is,
¢ (;f + %¢2) =0 (1.12)

The roots would then depend on whether 2 > 0 or p? < 0. If p? > 0 then
=0 (1.13)

However if y? < 0, then

— 6.2
A

¢=0, o=+ = tv (1.14)

It is also good to note that when p? >0 the solution is invariant under ¢ — —¢, however

when 1% < 0 we note that the roots are not invariant under this transformation.

Now we use the model of a complex scalar field with Lagrangian density
L=0,00"6—U(e'0) (1.15)
where
2 At
U= w616+ 2(610) (1.16)
We use the U(1) global transformation with w constant

¢ —e“p, ¢l — e ol (1.17)



Under this transformation our Lagrangian density is invariant
L = 9 ¢ty
(uQe_iwngewgb i 3& (e—iw¢Teiw¢)3)
= 0,0'0"¢ — (1ol + (d)*ab)?’)(qﬁ*aﬁ) =L (1.18)

For ¢= const the minimum solution for the Lagrangian density in Eq(1.15) is obtained

from
ou
=12+ = (2070 1.19
9670) ( ) = (1.19)
For ;2 < 0 the solution is given by
3
o2 = =2 (1.20)

Where ¢g =< ¢ > is the vev.
Of course in this case there is a circle of degenerate minima , because the minimum

solution fixes the magnitude of the complex field ¢, but does not fix its phase. Then, we

can write
b = " (121)
V2
where § is a constant phase, and v = —i—(—g’;—Q)_l/2
For the field we can also write
1
¢ = 7(¢1 +ig)e” (1.22)
and the vev is the given by
<> 1(<<;5 > i < Py >)e? = ¢ (1.23)
= i e = -
7 1 2 0
Thus
<1 >=v, <Py>=0 (1.24)



is a good choice for the vev of the component fields.

The Lagrangian density in terms of the fluctuation field with zero vev

¢=0—<¢> (1.25)

is given as
L= Sl0u0)0) + (060 ) + S
AT + B — PG + (62 - (1.26)

We see that the field qz§1 has a positive mass squared _3#2» while ¢~2 is massless. This
massless mode, which arises from the degeneracy of the ground state after spontaneous
symmetry breaking, are the so called ” Goldstone bosons.” Thus, we have that the Goldstone

bosons are a consequence of the spontaneous breaking of a continuous global symmetry
[11, 10].
1.4 Higgs Mechanism

Now we will consider the situation where a local gauge invariance is broken. We start with

the Lagrangian of scalar electrodynamics.

A 1
L = (Dug)(D"¢") = p*6¢" = 2(6¢°)" — 7 Fu P (1.27)
where
Dﬂ(b = (au + iun>¢
D,¢" = (9y —iqAu)e" (1.28)

are the U(1) gauge covariant derivatives acting on the complex scalar field ¢, and

F, = 0,4, —0,A, (1.29)



is the gauge invariant field tensor. When p? > 0 the U(1) symmetry is unbroken as we
know from the analysis of the complex scalar field case. This doesn’t apply to u? < 0

though. In this case the symmetry is broken and the vacuum expectation value becomes

e = <0]p(x)]0>= ey +(—4—“2)1/2 (1.30)
C \/i ) )\ *
Defining the fluctuation field
b = ¢— o (1.31)

and using ¢ = %(le + i¢n)e® we have that the covariant derivative is
is is
e~ - e
—=(61 + i) + —=v
V2 (91 ¢2) V2
is

= 6_\/§(au¢§1 + i(au€b~2 +qAuww) + iun(le + w§2)) (1.32)

Aside from interaction terms, ¢» and A, happen to only enter in the Lagrangian in the

Du(é+6.) = Dyl )

combination
/A 1 Iy
A=A+ q—yamg (1.33)
If we eliminate A, in terms of A) in (1.19), we find that A} is massive, with mass given by
M = qu (1.34)

Hence, the gauge field becomes massive as a consequence of spontaneous symmetry breaking
(v # 0) and its interaction with the Goldstone field ¢,

We note that A], may be obtained from A, in Eq. (1.27) by the gauge transformation
A, — A, + 0,A(z) with

1 -
A(z) = q—y(bg(ac) (1.35)
Since in terms of the fluctuation fields
b= v+ b +id)e” (1.36)
=—(v 19 )e )
/2 1 2



If we choose the gauge parameter as

g\ = arctan 02 - (1.37)
v+ 1

Through the gauge transformation ¢ — ¢' = e ¢ = L (v + &+ iy)e™ we obtain

s

2

¢2 =0 (1.38)
Then, the gauge transformation can be written as

o(z) = ¢/ (z) = %@ T H(x)) (1.39)

with H = ¢;. This causes for U(1) covariant derivative to be transformed as
i6

D¢ — (D) = e—ﬂ(@#H +iquAl, + igALH) (1.40)

In this gauge the Lagrangian density is

1 , , 1
L= SOH + iy + H)@H — igA"(v + H)) - 1L (v + HY
A 4 1 %
— 1—6(V+H) _ZF'W/F
= LoHoH - A A+ 1) — e 1y = Xyt = L, e
2 " 2 16 4"
(1.41)
where ;% = —”fT’\ as stated in Eq. (1.30) After we simply we obtain
1 1 A
L = 5 [(0,H)(0"H) + 3u°H?] — ZMQVQ - E(H4 + 4vH?)
1 1
ZFL”FW + 5q?A;A’#(ﬁ +2vH + H?) (1.42)

The Goldstone model has been completely consumed by the transformed gauge boson A’,.
The only remaining scalar field is the Higgs field, H;, with a mass of (—2,11)5 We can check
that the total number of degrees of freedom remains the same. As a consequence of the
Higgs mechanism the gauge symmetry is broken because the gauge field Aj, is massive and

the scalar field H is real.

10



1.5 Chiral Symmetry Breaking

Let us discuss another important symmetry, which is present in many models of QFT. This
is the so called chiral symmetry that appears in massless theories. Let’s start from the

Dirac Lagrangian for a fermion with mass m.
L=V(ig—m)V (1.43)

We then set m=0 for the massless case the Lagrangian density Eq. (1.43) is invariant under

the chiral transformation
U = e %Y (1.44)
with a being a constant. That is, denoting T = ™% we have
Ly=Vig)V — L) =V (ig)V = (T0)°(9)TT = VT (i) TV (1.45)
At this point we make note of the relation.
Tt = ATt (1.46)
Going back to the Lagrangian we have
(=T (i0"y,) TV = U0 () TTV = U (i) = L (1.47)

Thus, £ is invariant under chiral symmetry. But if we include a mass term in Eq. (1.43)

we find that the chiral symmetry is broken because

Ly = U(m)T — L, =V (m)V = (T0)'mTV = Ui T OmTw

= UHOTmTO = mITTY £ mIU (1.48)

Therefore, there is an explicit chiral symmetry breaking due to the mass.

11



1.6 Feynman Propagator

First find the expectation value of the vacuum

_ d3 ‘
< Otha()9p(y)|0 > = /#QLEL(}M— m)aﬁe”"(”ﬁ—y)
— d3 ‘
< 0[Yp(z)va(y)0 > = /#QLE(%_ m)age @Y (1.49)

Now we define the Feynman propagator Sg(z — y)

Se(@— y) =< TGP0 >= 4~ EWW0>at>ut
<0l = (y)v(@)0 >, 3’ >a°

First the symbol T'(z) means time ordered. The minus sign is necessary to make the two

definitions agree outside the lightcone ({¢(z),1(y)} = 0)

The 4 momentum integral representation for the Feynman propagator is

d'p Yop+m
o — —ip(z—y) I £ T 1.51
SF(ZE y) Z/ (277')46 p2 2 i i(—j’ ( ) )

which statisfies (i@ — m)Sr(x — y) = i0*(x — y), showing that Sp is a Green’s function for
the Dirac operator.
We see in Eq. (1.50) that bosonic operators commute ([, 15]=0) and the fermionic

operators anti-commute ({11, ,} = 0)

1.6.1 Feynman Rules for Fermions

The Feynman Rules are a simplified way to calculate the amplitude of scattering that can
also be illustrated in Feynman diagrams. These Feynman Diagrams in turn are a visual
way to describe the behaivor of a particle or particles.

A fermion of spin r and momentum p is represented as u”(p) for incoming and u"(p) for

outgoing fermions

12



P— P—s
ro. [
u(p) o(p)
e ~
b5y -

T -~
L s
-

An incoming fermicn An outgoing fermion

Figure 1.1: Image of incoming fermion (left) and outgoing fermion (right)

The anti-fermion with momentum p and spin r is represented as v"(p) for incoming and

v"(p) for outgoing anti-fermions

P— // \’\ P—
'u'lip:l ;TP:'
- -
. -

~ -
N ~
v

An incoming anti-fermion An outgoing anti-fermion

Figure 1.2: Image of incoming anti-fermion (left) and outgoing anti-fermion (right)

In Fig.1.1 and 1.2 we are representing the Feynman diagrams for some veritas there. There
the dashed lines are for scalars and the solid lines are for fermions. The arrows of the
fermion lines must flow consistently through the diagram. The matrix indices of the prop-

agators are contracted at each vertex either with further propagators or external spinors.

13



1.6.2 Feyman Rules in QED

For QED the Feynman rules are that we write a vertex and internal lines as

Vertex — —teyt
gt
Photon propagator — -
pe + 1€
Fermaion propagator — M (1.52)
p?—m* + e

Internal lines are the propagators that are present inside of a closed loop in a Feynman

diagram. External lines are the propagator lines that are on the outside of these loops.

i
out

For photons: a polarization vector e for incoming photons and €, , for outgoing photons
is introduced,

For fermions: a spinor of u”(p) for incoming fermions an a"(p) for outgoing fermions.
Conversely we write a v"(p) for incoming and v"(p) for outgoing anti-fermions.

. oo —i v 1 00 o)
iGop(z,y) = Z(f) ;/ dtl.../ dt,,

v=0
< ®o|T[Hy (). H (t,)a ()0} (1)) @0 >
< CI)O’gl(I)O >

(1.53)

1.6.3 Fermion Propagator in the Presence of a Magnetic Field
We begin with the Green’s equation for an electron in a constant magnetic field
Il — S(e,2')] G, ') = 6'(x — o) (1.54)

where II =40, —ieA, and X(z,2’) is the fermion self-energy operator.
The self-energy operator X(z, ') is a function of the operators v, I1*, o, F*, (F*11,)?
and (7,11#)2. (v,I1")? commutes with all of the operators mentioned. So the eigenfunction

of (y-m)? is a Gamma eigenfunction.

(v H)Z]Ep - ﬁQEp (1.55)

14



Where E, is the eigenfunction matrices of (v,I1#)%. We also have that (v - 7)? commute
with Y5 and 23 = i’yl’yg.

When 75 and Y3 are diagonal with eigenvalues of +1, the eigenfunction E, is given by

=Y Ep(x)A0) (1.56)

o=+1
with the spin projectors given by
A(o) IH? ! (1.57)
and E,, () is
Eyo() = Ny @400, (p) - p = \f2]eH|(z) — 12) (158)

eH

in an asymmetric gauge. D, (p) are the parabolic cylinder functions with the normalization

factor

dreH)/4 1
n!

The [E, functions form a complete set of functions,

N, =

(1.59)

27)

and satisfy the generalized orthogonal condition

[ B, @B @) = (201540 ) (1.61)
where

E,(z) =7"Ely°, My ="A(+) + I(1—6%)

d4(p—p) = 8" 3(po — p))d(p1 — P1)3(ps — 1) (1.62)
and

Zi = Z/dpodpldm (1.63)

15



From the spin structure of E, we can say that

(v-IDE, =Ey(y-p), (Z /) + ZL 11 )Ep(z) = Ey(# + #1) (1.64)
with
ﬁu :ﬁﬁ—i_ﬁlj_? pﬁ = (p070>05p3)a p;j_ = (0707_\’ 26Hl70) (165)

Z) and Z, are the coefficients of the wave functions after renormalization.

The E, functions diagonalize ¥(p,p’) giving us the equation
S(p.p) = 2m)'6" (p = ') M 2 (p) (1.66)

Since we are using the full fermion propagator, which includes the anomalous magnetic

moment (AMM) [2], we have
MY (p) = Z\#) + ZLB, + (M'+ THA(+) + (M' = T)A(-) (1.67)

with M! being the fermion mass and 7' being the AMM. From Eq. (1.61) , Eq. (1.64),
Eq. (1.65), and Eq. (1.67) we can get the fermion full propagator which takes into account
AMM effects [2],

- NYoT, V) — iV (AT — A7 _
]5 Z ( H) J_( il J_)

‘(p) = A(0)A7 1.
G( ) £ Dl(aﬁT) (0) [l ( 68)
where
1 2_5” 1 )
T==l14+0—], AU:—1+Z02,
1= 3 ( |p|||> 1=3 7)
Vi =@ -2zl Vi=0-2)p.]|

N'(oT,oV)) = oT'=M' =5V
DY(oT) = (Ml)2—(v|f—aTl)2+(Vj)2 (1.69)

Since it will be used later, we should calculate the fermion propagator without AMM.

This is done by setting T = 0 and performing the summations over o and &. This means
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that

N'(oT,aV) = —M'—-3aV]
D'(oT) = (M")?— (Vi) + (V) (1.70)

With this we write the Fermion propagator as

—M' =& ((1 = z)lpyl) — (1 = 21)IpLI(ir*)

G'(p) = . ATA(0) (1.71)
D BN
After we perform the sum in ¢ and & we get
L = - M= L=l
G'(p) = (1.72)

(M')? = (1 = 2{)Ipy > + (1 = 24 Ipo
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Chapter 2

Photon Polarization Operator of a
Charged e -e" Plasma in a Strong

Magnetic Field

In this chapter we calculate the Photon Polarization Operator (PPO) in the presence of a
strong magnetic field for different media such as the QFT vacuum, the charged positron-
electron plasma, and the neutral positron-electron plasma. Graphically the PPO is repre-
sented by the Feynmann diagram of Fig 2.1 where the wavy line represents the propagating
photon and the straight line the virtual positron-electron pair. So, the first initial photon
would be the one on the left. Then the photon annihilates to create a positron-electron
pair. This process is allowed because of the Heisenberg Uncertainty Principle which allows
for us to have an infinite energy in an infinitesimal amount of time. This virtual process is
represented by the circular loop in the middle of the diagram. The straight lines in the loop
represent fermion propagators. Afterward the positron-electron pair annihilates to create

a photon again.

Figure 2.1: The photon polarization operator in the one-loop approximation
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The process represented by this diagram accounts for the quantum corrections to the pho-
ton propagator due to its interaction with the medium, or even with the vacuum.

The PPO is important because it also can tell us about the electromagnetic properties
of a medium. In this case the photon can be used as a probe to activate the medium
response. For example we will use the PPO to calculate the electric susceptibility of the
magnetized medium and the Debye screening. Thus, we can find the degree of polarization
of such a medium (the fact that electrons and positrons are charged particles and can
interact with the applied magnetic field may affect the electromagnetic properties of the
medium). Also the Debye screening will give us information about the modification of the

Coulomb interaction in the medium under consideration.

2.1 The One-loop PPO in a Strong Magnetic Field

In order to do the calculation of the PPO in the one-loop approximation, we must first
use the Feynman rules to take the magnitude of the fermion full propagator. G(x,y) is
the fermion full propagator magnitude in the presence of a constant magnetic field and
depending on the anomalous magnetic moment and with the bare vertices represented by

(zey*). This gives us the equation
I, (z,y) = —4raTr [v,G(z,y) .Gy, v)] (2.1)

When we take Eq. (2.1) and do the transformation to momentum space we obtain [2],

G(z,x') = i (;lTP;LlEp(x) M GYP)E,(2). (2.2)

From Eq. (2.2) and the properties of the trace in Eq. (2.1) we have

My (0.) = —4ra Y GEETr (B0, 0) M G D, 0B () P G )] (2

From [17] we know that

g TS N / _d? Jnn’ qAI el(ninl)(b /
/dye TYE, (y) By (y) = (2m)*0%(p' + ¢ — ple™ 2 Z (\/Lﬁ A(o)y,A(0")(2.4)

0,0
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and that

= ~ _§? (],,ﬁ(q’ )ei(ﬁ'*ﬁﬁﬁ B B
iq -x _ 4537,/ / > 1 /
/ dre” 4 By(r) By (x) = (2P0 +d —ple”™ 3 TEUE— A(0),A(0)(25)

R nin’! i n+n’'—2m

m!(n —m)!(n’ —m')!

where ¢, = 3%
Since the photon has no interaction with the magnetic field we can do a Fourier trans-

formation so that
/ d'ed'yIL,, (a, y) ™0 = (27)'5(q — ¢ ) (q) (2.7)

From Eq. (2.4), Eq. (2.5), and Eq. (2.7) we get for the PPO

i(n—n'+n'—n)¢

X d?p e
= — —4? E _— E _— (g _-(q
HMV ((ZZ) 2OC€H€ + / (27T)2 n'n/'ﬁ'ﬁ/' Jnn (C.ZL)JH 7L<QL)

Ll o,0',5,5’
xT'r [A(&')%A(ﬁ) M GLP)A(0)y,Ale”) My GY (p = q)] (2.8)
When we consider that in the strong-field limit only the terms of J,,, and Jz; with the
smallest contribution in ¢ contribute to the PPO because of the factor e~9- we have

Jnn/((jj_) — 0oy  and  Jpmp — Nlomg . (2.9)

Using Eq. (2.9), Eq. (2.8) becomes

52 d?
Hulj(q) = _QQGHG_qLZ/# Z 5nn’5ﬁ’ﬁ

/ ! = =/
N o,0',5,0

x Tr [A(E’)WA(E) M G'@)A(0) A My G (p—¢ qﬂ . (2.10)
After we perform the sums in o,0’,7,5" we get

_2 d? o o
,.(q) = —2aeHe™* Z / (QTP;Q {5”/Tr [%U M G M Gl p = q)]

w
F0ua T A M G A ) M G (p=g)

o7 [ A NG A eGP =) | (2.11)

20



When we use the fact that in the low energy region, ¢ < 1, the only contributions come

from the LLL, we have

- d*p ~ .
I, = —2aleH|e 2em [ — 2 Tr~lIA 0m~IA 0 —
o = =2i0le | [ SR AME @RI

The first step in order to calculate Eq. (2.12) is to calculate the trace. The trace always

q)r] (2.12)

appears when there is a closed line of fermions in a Feynman diagram.
From Eq. (1.72) and [2] we know that

A +m
P +m?

&(p) = (2.13)

The trace in Eq. (2.12) is given by

+oh(p— )b — gl

pu(]? - Q) v v
(p\l m?)((p — q)

Triyl A @A) B —q)r] =2

(p - (p— @) —m?)
i —m?)
(2.14)

Finally, by substituting Eq. (2.14) in Eq. (2.12), we find that the PPO in the strong-field

limit is
A pe Il — ) — gl _ 2
2P 0 =)= 0 — )
To perform the Wick rotation we on Eq. (2.15) we get
v — _5 v
Po — ips = I 8 (2.16)
X YH =mxoyo —x3ys — =X, Y, = —(ToYo + 3Y3)
This is introduced through the replacement
dpy (2n —I— (2n+ Dm
;o n=0,£1,+2... 2.17
IE= 52) (217
with 8 = 7 were T is the absolute temperature. The photon’s external fourth momentum
is quantlzed as qq = 2’”7”, m =0,%1, £2.
dps dpy 1
- | —— =2 e S —— 2.18
/pi—ﬁz—MQ /pi+ﬁ2+M2 Wzn:iW%+ﬁ+M2 (2.18)

This allows for us to perform a summation over an infinite discrete set of frequencies instead

of over a continuous spacial component.[30] [16]
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2.2 The PPO in a Strongly Magnetized Positron-Electron
Plasma

In order to take into account the effect of the medium, we introduce the Matsubara sum

for the discrete fourth component of the fermion Euclidean momentum.

g dps pi(p — @)b + piu(p — @)% — Gu(py - (p — @)y + m?)
mWA“MBBEQ/ W+ ) (= 0 + ) (249

The density of the medium is introduced by the chemical potential p, which enters as a

shift in the fermion momentum fourth component

Pl = (pa —ip,0,0,p3), (=)l = (pa — @ — i1, 0,0, ps) (2.20)

Now, we perform the Matsubara summation in Eq. (2.19) as shown in Appendix A.

The standard procedure at finite temperature suggests that we might perform first
the summation over the Matsubara frequencies and then the integration over the spatial
momentum components.

To perform the Matsubara sum we work with the different Lorentz components of the

PPO. The p = v = 0 component of Eq. (2.19) is given by

 daeHe ™ / dps i (wn — zu)(c(un — W — i) — (p3(ps — @3) + m°) (2.21)

(2r)? P2+ m?)((p—q)? +m?)

n=—oo
where we introduced the Matsubara frequencies, which for fermion is given by py = w,, =

(2”;1) n=0,+1,%+2, .

This can be written as a combination of the sums Sum; and Sumy4 shown in Appendix

A,

4aeHe ¢ d
Iy = 3 / (2r p33 {Sum4 — [p3(ps —aq3) +m Suml} (2.22)
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and it is explicitly given by

My = aeHe @ / _dps_ 3 [ons(By + op) —o'ng(Ez +0'p) —5(0 = )]
00 (27T)3 it —iwm + 0/E2 + UEl
p3(ps — q3) +m?
: | 2.23
x(1+ o0 BB ) : )
where
By =p;+m’, By =(ps— ) +m’ (2.24)

In Eq. (2.23) the terms proportional to ny correspond to the medium contribution, while
the others correspond to the vacuum contribution. By taking the analytic continuation

iwm — (14+1i1)g0 = qo, we go back to the Minkowski space and Ilyy becomes

/ / 1 /
M, — —aeHe“ﬁ/ dps 3 long(Ey +op) —o'ng(Ey +0'p) — 5(0 —o')] "
(2m)3 i —qo+ 0'Ey+ oFy
ps(ps + qs) +m?
1 ! 2.25
(1 4 oo BT (2.25)
The p = v = 3 component of the PPO is given from Eq. (2.19) by
Do — —4aeHe @ / dps f: — i) (wn — Wiy — i) — [p3(ps — g3) — m?]

B o wn —ip) + Ef){(wn — wm — ip)* + E3]

(2.26)

Comparing Eq. (2.26) with Eq. (2.21) we note that II33 becomes similar to Iy as long as

we multiply it by —1 and replace m? with —m?. Therefore we obtain

! ! 1 o
My = —aeHe & / s Z s Byt op) — o'nilFat k) = 5(0 = 7] X
(2m)3 vl —qo+ 0'Ey+ oF
ps(ps + q3) —m®
1 ! 2.27
x(1+o0 B B, ) (2.27)
where we have performed the analytic continuation iw, — qq.
The case when = 0 and v = 3 (and p=3, v=0) gives
404€H€ © [ dpy )(p3 — q3) + p3(wn — Wiy — i)

Mo = Moy = ——— 2.28
o =Ml = DN e e
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Using the notation introduced in Appendix A, this can be written in terms of Sum2 and

Sum3 as
daeHe ™ [d
M3 = ———— / ﬁ[(pg — q3)Sumsy + p3Sums] (2.29)
I6; 2m

After performing the Matsubara sum (see Appendix A for the details) we obtain

. _§ dpg 1
Myw = —iqeHe 41 [ 222
03 aerie /27T ngzil —qO+U/E2_UE1

X {@awua+am—nﬂg+ﬁm»@xyﬂmq—%y+%wd—m}cgm

where we have performed the analytical continuation iw,, — qo.
Summarizing, the PPO components in vacuum, II}%, and in the medium, Hl’ff,d, are

given respectively by

o [d — 2 Ei+FE
[Iuee — _zaeHeqz/ﬁ (1 I ek Dl ) ( i ) (2.31)

2T B Ey q% - (El + E2)2
_ [ dps ps(ps — q3) —m? Ey+ Es
Hvac — 2 H q - 1 _ 232
T Reee /?w( E\E, @ — (Br + B2 (2:52)
e [dps ((p3—q3)E1L — p3Es do
Hvac — Hvac — 2 H q2 / =< 233
30 03 aurete 2m ( E1E2 q(2) — (E1 + E2)2 ( )
.y dp3
Hmed — 4 H q2 o
0 aeHe o
« {1 {nf(El + ) —ngp(Ea+p)  ng(Ey —p) —ng(Er — u)] (1 L Palps —as) + m2)
4 —qo —I— E2 — E1 —(qo — E2 —|— E1 E1E2
L 1 {”f(El + )t np(Er—p)  ng(Eyr—p) +ng(Er+ M)} (1 _ ps(ps —aq3) + m2)}
4 —qo — By — E) —qo + Eo + By E\E,
(2.34)
_42 dps
et = 4qeHe ™4 —
45 aeHe o
y {_1 {”f(El +u) —ng(Ea+p)  ng(Er—p) —ng(Es — u)} (1 N p3(ps — q3) — m2)
4 —qo + By — By —qo — By + B, E\E,
1 [”f(El +p) +ng(Ey—p)  ng(Ey—p) +np(Ey + M)} (1 _ p3(ps —a3) — mz) }
4 —qo — By — B, —qo + By + By E\E,
(2.35)
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mped =117 = daeHe @ %
y {l {nf(El + 1) —ng(Ez 4+ p) n ng(Ey — p) —ng(Ey — M)} ((PS — q3)Ey +p3E2)
47 —qo + Ey — Ey —qo — Fr + 4 EEy
L L [nf(El ) (B — ) np(En = ) + (B + u)] (—(293 — q3) Er +p3E2> }
) —qo — Fy — B4 —qo + E> + E4 EEs

(2.36)

2.3 Vacuum Polarization Tensor in the Infrared Limit

We will now compare the results that we calculated for the PPO in vacuum with those that
are already known [29][1].

First we note that the only combinations of  and v in the PPO are Iy, Ilyz = I3,
and Ils33.

Starting from Tlgy of Eq. (2.31), we explore its infrared limit (go = 0, g3 — 0). The first
step in line with this goal is that we set ¢y = 0 in the above equation to get

= [dps (@3 — (B — Ey)? 1
I 0 ol [ s (% 2.37
00(qo 1 q3) aetie / o ( 2E E, Ey+ E, ( )

where we have used 2p3qs = E? — E2 + ¢2. Note that the integration over ps can be

performed analytically and the result is

] 4m? 2 1 Am?2
Hoo(go = 0,q3) = AqeHe mem — |9 - 2T 3, [ VB +4m* + g3
dm 31/ @3 + 4m? 3 +4m? — g3

Next, we take the limit g3 — 0, and perform a Taylor expansion up to O(g3) in Eq. (2.38).

(2.38)

So, Iy in the static limit has the form

47 \ 3m?

a2 1 2
Moo(do = 0,5 — 0) = daeHe 7o — <q—3) (2.39)

The use of dimensional regularization preserves the transversality of II,, and we have

that TI33=0 when ¢,=0 [6].

25



2.4 Infrared Polarization Tensor for the Neutral e -e™

Plasma

To help us move forward let us consider the PPO for a neutral plasma. This will provide us
with an idea of what we should expect for the more complicated case of a charged plasma.

For a neutral plasma we should take ;4 = 0 in the medium contribution to the PPO
Lorentz components. Then, taking ;1 = 0 in Eq. (2.34) and static limit (¢o = 0)

_ [ dp, p3(ps — q3) + m?\ [ns(Es) — ns(Ey)
T1med (g, — — JaeHe e —¢— |1
00 (40 = 0) aesie /_ _4r { < + By B, E, — B

_ (1 _ p3(ps —a3) + m2> [nf(El) + nf(E2)] } (2.40)

E\Ey Ey + Ey

Now, we take the limit g3 — 0 in Eq. (2.40), we are going to perform a Taylor expansion

for Ey and for the Fermi-Dirac distribution n;(FEs) up to O(g3) to obtain

B L L

E, BT R
p3gz Ong(Ey)  1m? _ic‘)nf(El)ij_%@an(El)} 2
E. 0B, 2 E| E, 0B ' m o2 |B
1 ps3 [3m2 ong(Ey)  3m*d*ns(E) 283nf(E1)] 3

E2 ~ El

+
np(Ey) ~ ng(Er) —

2 0E, B, 0E? 3T omd

+§E—% qs (241)

Note that there is no infrared divergence in Eq. (2.40). Once we take into account the

previous approximations in Eq. (2.41), we expand I15:*? up to O(q3) and obtain

_ * d on+(E
(g = 0) ~ 4daeHe 2T x/ ﬁ{_Q ny(Eh)

oo AT 0F,
L@3 [ ming(Ey) m?0ng(E1) m2d*ny(Er)  2p3 Png(Ey)
2E2 {_E? E,  E? 0B, B, 0E? 3 O£} }}
(2.42)

where we have dropped out the linear term in ps because the integrand is odd and the
integral has symmetric limits, so it vanishes. Note that the second term in the above

equation can be related to the susceptibility [6].
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For m33, we apply the same procedure, in order to analyze the static limit. We first set

¢o = 0 in Eq. (2.35)

a3 o0 N 2 .
M550 = 0) = 4aeHe—z|$H|/ %{(Hpg(ps gs) —m ) ns(Ey) — ny(Ey)

oo A E\Es Ey, — B
— —m? E E
E\E, Ey + B,y

Therefore, performing the change of variable ps = —(py—¢3) = (E1 <> E») in Eq. (2.43),

only for those terms which involve the Fermi-Dirac distribution ns(E,), gives us the equa-

tion
5ed(gy =0) = doeHe % /00 %nf(El) 2ps
* —00 2m Q3E1
= 0, (2.44)
where in the last line we have used the following formula
E} = E] = —q;+2psqs = 43(2ps — g) (2.45)

Thus Il33 in the static (¢o=0) limit is zero.

Finally, it is easy to see that in the static limit the components 30 and 03 become null

Gyt = Mgt = 0 (2.46)

2.4.1 Electric Susceptibility

From the term proportional to ¢35 in Eq. (2.42) we get the electric susceptibility and from
the other term we obtain the Debye mass. Note that when we take q3 = 0 only the first
term in the integrand remains. This term is precisely the Debye mass.

From Eq. (2.39) and from Eq. (2.42), the electric susceptibility is found as

1214_/00 dp 3m? _ﬁnf(El) 228nf(E1) _ﬁ@an(El) _2_p§83nf(E1) 2.47)
Yo o P4E? | B2 R E2  OF, E2 (OF,)? 3 (0B |7
where
aeH __d_
Xo = o3¢ 2[eH] (2.48)



with g = % and g is the chemical potential. We plot x/xo as a function of § at zero

chemical potential p = 0.

0.0 0.5 1.0 1.5 2.0

Figure 2.2: Electric Susceptibility versus Temperature

Note that increasing the temperature the electric susceptibility decreases from its zero

value, o, to zero at T>M.

2.4.2 High Temperature Limit

The effect of the magnetic field on the vacuum is to orient the particle’s dipole moment
along its direction. In vacuum we have two physical scales: the fermion mass m and the
magnetic field ﬁ, which in the strong magnetic field limit has the hierarchy of m? < eH.
The medium provides us with the additional scale T, with T being the medium temperature.
Since we declared that these calculations are in a strong magnetic field we must assume
that (m? < eH and T? < eH).

That leaves us with two possible regions m < T" and T" < m. With the former being
the high-temperature limit and the later being the low temperature limit of the strongly

magnetized system. So we analyze both of those possibilities here starting with the high-

temperature limit. The zero temperature limit being somewhat trivial as the all medium
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contributions becomes zero, in the neutral case.
Let us start this subsection by noticing that in Eq. (2.42) the derivatives with respect

to the energy can be replaced by derivatives with respect to (5, in the form

Ong(Ey) B Ong(En)
OF, = B 98 (2.49)
and in general
k E gk
9 nf(kEl) _ ﬁ 9 nf(El) (2.50>
oL} Ey opFk

So, using Eq. (2.50) we rewrite Eq. (2.42), as

dps {_MQLEOJF g5 {(_263 0 ) ny(E1)

M7ed(qo = 0) = daeHe 7o /

Ar 8 E; 2E2 3 0p3 Ey
3 93
9 B 0%\ 2m?ns(Ey)
_Z - _Z 2.51
’ ( 3055 P 3853) B} (251)
Note that there are several integrals with the same structure, therefore we introducing the
notation
> ng(E)
I, = /_oo dps bﬁaﬂ (2.52)
we rewrite Eq. (2.51) as follows
med _ _ *qei 1 2 253 63
HOO (qO—O,q3—>O) = 4aeHe ? HE{ 2ﬁ—5[0+ {(—Ta—ﬁg I

1 00 B ,
N (" 55% N _6 862 3 am) 2m I“]}
(2.53)

We calculate each I, in the high temperature limit. Thus, Eq. (2.53) in the high tempera-

ture limit looks

42 1
HBT(L)Ed(qO et 0, q?) — 07 /6 — 0) — 4a6H6_2\le-I\ 4_ X
m
2m252 1 q% /84 4 1
2- s \35 )t 5|3 5, = 2.54
{ (2ﬂ)24<’2)+2m2 3*(%)4C 2 (2:54)
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where we kept terms up to O((fm)*) in the term proportional to g3, and ((a,b) is the
generalized Reimann zeta function.

When we combine this result with the one from the vacuum we obtain

a1
Moo(go = 0,¢3 — 0, B — 0) = daeHe 7ef X
m

2 2 32 2 4,4
q3 2m*f 1 q3 2 B'm 1
— 2— —— = — |-+ — = 2.55
8 {(3m2> I (3’ 2> T o2 { 3 @mic >3 (2.55)
From where the electric susceptibility is found as

384m* 1
o o () .

We see that the electric susceptibility of the system decreases as the tempearture increases.
This is in agreement with the numerical result reported in Fig 2.2. This means that the
temperature acts against the electric susceptibility of the system. The temperature in-

creases the system entropy destroying the polarization of the electric dipoles.

LOF— o .
[ \
- .\
0.8 | 1
\\
< 0.6 \\ E
3 \\ —— Exact ]
>< 04F \\ — — High Temperature 1
[ - Zero Temperature ]
02r -
0.0f
0.0 0.5 1.0 1.5 2.0
T/m

Figure 2.3: Graph of the Electrical Susceptibility as a function of temperature

30



2.5 Polarization operator of the Charged ¢ -e™ Plasma

2.5.1 Infrared Limit

As in the case of a neutral plasma, in this section we shall analyze each component of the
PPO in the infrared limit ¢o=0, and ¢3 — 0 and keeping p # 0.
We start this analysis by setting gy = 0 in the PPO given in Eq. (2.34)

~ dps {_ <1 n p3(ps — a3) +m2> {Nf(Eﬁ — Nf(El)}

HOO(QO = O) = 40&€P[€7q2L /

oo 87 E\ By Ey — Ey
— 2\ [N4(E N¢(E
(sl —gs) +m s(Es) + Ny(Ey) (2.57)
EFE, Ey + Ey
where to simplify the equation we introduced the notation
Ni(2) = np(a + 1) + sz — p) (2.58)

Expanding g3 up to O(g3) and using the expansion Eq. (2.41), we get

_ad (4 NA(E
Mgl = 0) ~ 4aeHe Tem / ﬁ{_Qaf_w

—00 81 8E1
i 1gi [ m?Ny(BEy)  m?ONg(Ey) m?PNy(Ey)  2p3 0°Ny(En) (2.59)
2E2 | E2 E, B! OB, E 0E 3 9B '

Now, for the p = v = 3 component of the PPO given in Eq. (2.34) after the ¢g = 0

limit, we obtain

2 [T dps ps(ps — q3) —m?>\ [Ny(Es) — Ny(E)
Me(go=0) = daeHe™ @ [ 21(1
33 (qo ) aelie *t \/;oo 87]' { ( T E1E2 EQ - El

(oo By BN, g

Notice that this last equation has the same structure as Eq. (2.43). We can make the
change of variable p3 = —(p4 — ¢3) (= E1 <> E3) in those terms which involve E, and

expand in powers of gz up to O(g3) to obtain

o [ d 9
M54 (q = 0) = 4a€H6qi/ %:Nf(EJ |:Q3];’1:|

- (2.61)
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where we followed the steps that we show in Eq. (2.44).
Finally for the = 3, v = 0 component of the PPO we get from Eq. (2.34) after setting

q =0
115 (go = 0) = 0 (2.62)

In a similar fashion, we also have that TI7¢¢(go = 0, g3 — 0) = 0.

2.5.2 Zero-temperature Limit

We should mention that this limit is meaningful for astrophysical applications. Neutron
stars have a very large density compared to their temperature. This means that effectively
we could use a zero-temperature limit approximation for this case.

In order to simplify the analysis in the zero temperature limit, we rewrite dpz in terms

of dE, as dps = —2141_ in Eq. (2.42), Then we write

_i o dEl E1 8Nf(E1) 1 q2 m2 Nf(El)
[Ied  — foeHe e _9 I
00 aese /m At JELZ —m2 _m2{ 0B, 222 | B2 B
m2 aNf(El) _ m2 82Nf(E1) _ 2(E12 — m2) 83Nf(E1)
E% 0F; E 3E% 3 8E{’

(2.63)

Now, taking into account that in the zero temperature limit, (8 — 0o), the function N;(E;)

becomes
N¢(E1) = O(p — En) (2.64)

with ©(z) the Heaviside step function, we have that Eq. (2.63) in the zero-temperature

limit turns out to be of the form

i [FdE E
H%Ed(% =0,8—=00) = 4046]-1@_2\511\ / 1 1

m 4 \/E%—mQ

{20(n — Er)

12 [ m? m? m206(u — Ey)  2(E? —m?) 0%5(u — Ey)
Top | B - By e T OE?

(2.65)
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Next, using the relation

/ do f() 22 (qyn 2 @) (2.66)

ox™ ox™

=0
and bearing in mind that the dirac delta function(d(z)) is an even function, Eq. (2.65)

becomes

g (g0 = 0, 8 — 00)
aeH _ 4 20 @ | 3um?— 243
= e el & ——— + = O(up—m
T { /,u2 —m2 2 3m2(p? — mz)g (u )

B OéeHequ { 20 5 3pm? 213

™

} O(n —m)
(2.67)

2 _ 2+5 20,2 — m2)s 212 — m2)5
p? —m 3m?(p? —m?)z  3m*(u® —m?)

This result is an exact result in which we only used the assumption p > m.

If we consider the extreme scenario u > m, then Eq. (2.67) reduces. Therefore we
need take the taylor expansion of the first term to the second order. Then we take the
taylor expansion of the second term to the second order. After this is done we recieve the

following

aeH _ 4 2m q 2 3m? 1
Hmed ~ Q‘CH‘ 2 — 3| = R —_— 268
% " {+u++2[3m2+2u4+u2]} (268)

We then combine Eq. (2.68) with the vacuum term in Eq. (2.39) giving us

o vac med

aeH _ 2m ¢ [ 1  3m?
H — q7 2 - = | — _— 269
" T {+u+2{u2+2u4 (2.69)

The medium contribution to the electrical susceptibility is obtained from the terms pro-
portional to ¢3 in Eq. (2.67). Thus, the total susceptibility normalized with respect to the

vacuum susceptibility reads.

3 -2
X BB,
Xo 2(u? —m?)z
or = sm” {3m +,u] (2.70)
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in which the high-density limit (x> m) gives
X _om (2.71)

The graphical representation of the electric susceptibilities in the zero-temperature limit of

Eq. (2.70) and Eq. (2.71) are given in Fig 2.4 as a function of the chemical potential.

—— Exact

— — High Density

0.0 0.5 1.0 1.5 2.0 2.5 3.0

Figure 2.4: Graph of the Electrical Susceptibility as a function of chemical potential

We note that for © > m, the electric susceptibility decreases with the chemical poten-
tial. This means that the increase of the density of e~ — e pairs screens the medium
polarizability.

Also note that there is a singularity when y=m in Fig. 2.4, that can be associated with
a passable phase transition.

Likewise from the term independent of g3 appearing in Eq. (2.68), we obtain the con-

tribution of the medium to the Debye Mass

9 aeH 61

MDebye = 3 (M2 _ m2)1/2@(:u - m) (272)

In Fig. 2.5 we represent the Debye mass as a function of chemical potential.
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Figure 2.5: Debye Mass vs Density

We see that as in the electric susceptibility case the chemical potential decreases the Debye

mass of the strongly magnetized medium and at u=m there is also a singularity.
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Chapter 3

Magnetic Catalysis of Chiral
Symmetry Breaking at Finite Density
in the Ladder Approximation

3.1 General Goal

It is known that because of the effect of quantum contributions on the mass, there is a
dynamical mass. To find this dynamical generated effect, a nonperturbative approach is
required. This is usually worked out in the ladder approximation, where the full fermion
Green’s function contributes to its self-energy. Then, we will investigate the effect of the

dynamically generated parameters on the electric susceptibility and Debye mass.

3.2 Shwinger-Dyson Equation in the One-loop Ap-
proximation at B=0

In this section we will use the Shwinger Dyson equation to determine the quantum correc-
tion to the fermion mass in the one-loop approximation. The Schwinger-Dyson equation

can be written as

S7Hp) =Sy (p) + 2, (3.1)
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where S~!(p) is the full fermion propogator, S;*(p) is the bare fermion propagator, and X
is the full correction provided by the self-energy operator. This equation is equivalent to
4

(;iTqleuuv“S (@) (3.2)

Where D, is the photon propagator, and S(q) is the free electron propagator in a magnetic

field.

yé—M:]é—Mo—GQ/

v
(P—d)—M

To get the correction to the fermion mass due to X, we take the trace of Eq. (3.2) to obtain

S(q) = (3-3)

d'q ., M
Cr) O (= g = M2 (34)

M:MO+62/

3.3 Electon’s Self Energy in Vacuum

First we start off with the Feynmann diagram for self-energy

Figure 3.1: Self Energy

The diagram consists of an electron breaking apart into an electron and a photon and
then recombining back again into an electron. So the diagram has two vertices that are
iey, and ievy,.

The fermion propagator is

it
S<p_q)_<%_g/)_m_ <p_q)2_m2

(3.5)
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The photon propagator

q2

Dw/ — (guu - (1 - f)%) (36)

Where € is the gauge fixing parameter. So the fermion self energy is

_ d4q . v i . ow gMV_(l_g)qz#
Y(p) —/W(Zw )(m)(zw ) (—z 7 ) (3.7)
with the Schwinger-Dyson equation in mind we replace m by m in ¥ to obtain.
L, =M 9w (- Ok
Y(p) = —ie / (27r)47 ((p AT M2)7 (—@ 7 , (3.8)
Which can be rearranged as
[ diq 2=+ BHOM = (1= O[-(F+ ) + 2 4]
S / (2m)! (0 — 9)2 — Mg (39)

Expressions Eq. (3.8) and Eq. (3.9) in the Feynman guage ((=1) reduce respectively to

_ e [ d'a 26— D) +4M
=) = / (2m)* [(p — @)* = M?¢? (3.10)

3.4 Electron Self-Energy at Finite Temperature

The self energy operator at finite temperature is given by

T) = 2T Z / dq 2]5 d):]\jé\f (3.11)

n=—oo

Where the momenta are defined as

qu - (WnaQ17QQ7QB)

Py = (Wn —wWn,P1 —q1,P2 — G2, 03 — G3) (3.12)

with the Matsubara’s frequencies for fermions given by

(2n+1)m

T n=0,+1,+2 . (3.13)

Wp =
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To make the Matsubara sum in Eq. (3.11), we consider first the following partial summa-

tions
S = T oot
b 2+ E7)(w? + E3)
B 1 Z T’?’Lb(EQ) —sng(Ey) + 52
 AEE, ~ iw, —sEy—1E
where
Ef = (F-q)+M
E} = q°*
and
1
(B 1) = Smmy 1
1
n (B 1) = S

(3.14)

(3.15)

(3.16)

where ny(E, 1) and ny(E, p) are the fermion and boson distribution functions respectively.

The last step is covered in Appendix B. Similar to Eq. (3.14) we have for Sy

— Wp
Sy = TZ +E2](w2 —I—E2)

sS—Tr

1 snbEQ—'r’n Ey) + 55
RS <> H(BY) +

4ZE2 zwm + T'El + SE2

r,s==£1

Substituting Eq. (3.14) and Eq. (3.17) in Eq. (3.11) we obtain

(T) = 262/(d3 s {(F— @) +2M]S) ++°S2 }

262/ Bq [(p—d+2M Z ry(Ey) — snp(Ey) + 52
(27T)3 4E1E2 @'wm — SE2 — TEl

r,s==41

R Z snp(Es) —rng(Ey) + %)

4’LE2 zwm + T'El -+ SEQ

r,5=
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(3.17)

(3.18)



Since for the variables s and r are dummy variables, we can just switch them in the second

summation. Then, what we end up with is a simplified integral.

2 d*q
20 = ¢ [ spr
Z (F— J+2M — v zElrs) (rnb(Eg) —sng(Ey) + %)

3.19
— TEl — SEQ ( )

r,s==+1

3.5 Electron Self-Energy and Dynamical Mass at Fi-
nite Temperature and Density at B=0

In order to incorporate the chemical potential and temperature, let us start with Eq. (3.10).
Now, we perform the Wick rotation to go from Minkowski to Euclidean space. To introduce

the chemical potential, u, we perform a shift on the electron four momentum,
qﬂ = (wn7q17q2aq3)
(P=@p = (Wn—wn— i, p1—q1,P2 — G2,P3 — G3) (3.20)

Then, introducing the Matsubara sum and the chemical potential, Eq. (3.10) is transformed

into

— W —ip)ya+ (F—q) - 7) +4M
S(u, T) = / 32 wn_wm_w) =07+ I+ (3.21)

So in a similar fashion as before let us begin by introducing some basic forms to help us

with calculating the Matsubara sums,

1
Si(p) = T; (W — Wy — i0)? + E2)(w? + E2)

r4s

1 S (Snf(El—r,u)—rnb(Eg) 2) 522)

Wm + 1 —rE; — sky

B W — Wy, — LU
San) = TZ (wm — wn —ip)? + E?) (w2 + E3)

i sny(Ea) — rng(Ey — i) + 25*
I
W + 10— 1rE] — sEs

(3.23)
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where it was assumed that £y — p > 0.

Then, substituting Eq. (3.22) and Eq. (3.24) into Eq. (3.21) we obtain

S T) = 2 [ L 0+ 20150 + "0}

_ 62/ d3q 1 "
(27’(’)3 2E1E2

y < Z (sny(Ey —rp) —rng(Es) — HTT)(%_ a"" 2M — 70iE1T>> (3.24)

) —rE, — sE
rs=*1 W+ pt =18y — Sk

3.5.1 Zero-Temperature Limit

Taking the 7' — 0 limit of Eq. (3.24) we have that the Bose-Einstein distribution func-
tions vanish as Fy is always positive, and the Fermi distribution functions give rise to the

corresponding step functions,

Z s(O(p— Ey) — %)((ﬁ— q+2M) —ir Ey)
iwm—i-u—El—sEg

d3q 1
(P, T =0, = 2¢? /
( ,LL) (271')3 4E1E2 11

(F— q+2M) +z’70E1}

iwm + H + El + E2
— 262/ g 1 3 sO(p — EV)((F— q+2M) —in°E)
(27’[’)3 4E1E2 a—t1 iwm +u— E1 — SE2

((F— 7+ 2M) —ir Ey) n ((F— 7+ 2M) +ir Ey)
iwm+M—E1—E2 iwm—i-,u+E1+E2

(3.25)

In Eq. (3.25) we performed the summation over r, also we moved the 152 of the first term

of the Eq. (3.25) to get to the second equality of the Eq. (3.25).

Finally we take the analytical continuation iw,, — py to obtain
3 sO(u — EV)((F— §+2M) —in"Ey)

d3q 1
(T =0, = ¢ / ( )
( ,U) (271')3 2E1E2 11 Po + o — E1 — SEQ

po+ 1) (I Er) — (B + Ey)(F— 7+ 2M)
(po + p)* = (E1 + Ey)?

Y

(3.26)

As it was stated in the beginning of the chapter the dynamical mass can be obtained by
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computing the trace of Eq. (3.26) to get

M’—/ dq e*M
N (27T)3E1E2

by + By = sO(u — E)
(Po + p)? — (E1 + E)? po+p— By — sky

s=+1
(3.27)

3.6 Electron Dynamical Mass at Strong Magnetic Field
in the Ladder Approximation

Let’s consider the Schwinger-Dyson equation for massless QED (M, = 0) in the ladder
approximation at finite density and in the presence of a strong magnetic field (eH >
T? eH > M?). In this approximation we need to consider bare vertices and a bare photon
propagator but a full fermion propagator in the strong magnetic field limit.

In the strong-field limit the electrons are confined to the (LLL) so only longitudinal

modes are present. This implies that the electron momenta and vertices reduce to

P—d =~
Yo = AR (3.28)

and the electron self energy takes the following form

o [ d¢* 2M
SEIAGH) = A [ et oy —a)? = 2 (3.29)

Now, performing the Wick rotation to go from Minkowski to Euclidean space.

qn = (qu1aQQaQ3)

P —a)n = (Wm—wn —ip,0,0,p3 — g3) (3.30)

Introducing the Matsubara sum and the chemical potential we have

— 62 dq3 6_2qeﬁj‘1 1
S)A) = —28(0e” [ e M G P ==+ = aP )
(3.31)
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After performing the sum we obtain

d¢® & M s(ny(Es) + 5) + r(ng(Ey — sp) — 3)
_ 2 S 2 2
ZP)AGM) = —2A(+)e /(277)36 AE\ B, 2 i + f1 — sEy — 1

r,s==+1

(3.32)
where

E12 = (ps —Q3)2+M2

E: = ¢°? (3.33)

We now consider the self energy at T = 0, 4 # 0, and B # 0. Taking the limit 77— 0 we

have
S(B,T = 0,))A+) = —A(+)e? / Pq -y M
’ Bl N (2ﬂ)3 4Eh£b
2 - F —
D P e R D e
| wom = Ei —rk, I sk —rkEs
(3.34)
When we do the analytic continuation iw,, — py we get
dq _4 M
Y(B, T =0,u)A = —A(+)é? TzeH
(B.T = 0.19A(+) (e [ e
2 - F —
<Y et S poE
| potu—Er—rEy & po+pt sk —rEy
(3.35)

To get the dynamical mass, we perform the trace of Schwinger-Dyson Equation, Eq. (3.2),
with My = 0 and using the self-energy operator Eq. (3.35) we obtain

1 = —62/ﬁ€2qji{ 1
(27)3 4Ehfk
>

r==+1

20 — E -
O B s i (3.36)
pot+pu—Er—rEy & po+pu+ sk —rE;

In Fig. 3.2 we plot the dynamical mass in the infrared limit versus the chemical potential

using Eq. (3.36)
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Figure 3.2: Graph of the Dynamical Mass vs chemical potential

As can be seen in Fig 3.2, the dynamical mass remains almost constant until it has
reached the point around where the chemical potential equals the dynamical mass at zero

chemical potential is reached [13] [18].
My = V2eHe Vo (3.37)

where « is the fine-structure in natural units. There is a first-order phase transition at that
critical point, where the system regains the chiral symmetry.

Compairing this result with that at finite temperature [14], we find that both param-
eters, p and T, contribute to erase the chiral condensate. The only difference is that the
chemical potential produces a first-order phase transition while the phase transition of

thermal effects is of second-order.
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Chapter 4

Summary and Concluding Remarks

We started our exposition by going over the basic occurances in nature of a strong mag-
netic field. Having the possibility to have in the core of neutron stars fields of the order
~ 10?°G is a little different than the 1G we are more acccustomed to on Earth. Not only
that, but the immense pressure and density which can take place in compact astronomical
objects require a special treatment of QFT under external conditions. After covering the
motivation for why we would need such QED methods, we went into a review of the main
surrounding ideas and theories serving as basis for our work. In this sense Noether’s theo-
rem, Goldstone’s Theorem and the Higgs Mechanism were reviewed with a special emphasis
of chiral symmetry breaking produced by the induction of a dynamical mass. Then, we
also reviewed some basic calculation techniques in QFT, as the Feynman rules, that we
specifically used in the calculations for the a dense and strongly magnetized medium.

In the second chapter we went over the one-loop PPO. First, the PPO was calculated at
finite temperature with zero magnetic field and then with a strong magnetic field. As it is
common in these calculations the vacuum and medium contributions separate. After that,
the infrared limit of the PPO was calculated for a neutral positron-electron plasma. In Fig.
2.3 the graph of the electric susceptibility as a function of temperature was given. It shows
that the electric susceptibility decreases with the temperature. For T~M the susceptibility
is practically zero. Then, the system’s electrical susceptibility was obtained in Fig. 2.4 as
a function of the chemical potential and at zero temperature. The graph for the electric
susceptibility showed that for u < m the susceptibility is almost constant and beyond the
critical point at u=m, where appears a singularity, it has a sharp decrease to zero. In Fig.

2.5 we showed how the Debye mass depends on the chemical potential at zero temperature.
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There we also notice the singularity at ;. = m that separates a zero value of the Debye mass
for p < m from a small valve different from zero. Both singularities indicate a possible
phase transition.

In the third chapter we were concerned with the fermion self energy operator and
its contribution to the Shwinger-Dyson equation. There, we calculated in the one-loop
approximation the self-energy of an electron in vacuum. We then added temperature and
density effects. In Fig. 3.2 we graphed the dynamical mass vs. chemical potential.

We found that there is a critical value of the chemical potential of the order of the
dynamical mass at zero density and where a first-order phase transition takes place and the
system regains the chiral symmetry. Nevertheless, the existence of a singular behaviour at
that critical point could be signalizing the existence of a new condensate. This condensate
would be the one corresponding to an inhomogeneous particle-hole pair, that can appear

beyond that critical point.

46



1]

References

[.A. Batalin and A.E. Shabad, Zh. Eksp. Teor. Fiz. 60, 894 (1971) [Sov. Phys.- JETP
33, 483 (1971)); A.E. Shabad, Ann. Phys. (N.Y.) 90, 166 (1975), A.E. Shabad, Letter
al Nuovo Cim 3, 457 (1972); A.E. Shabad and V.V. Usov, Phys. Rev. D 77, 025001
(2008).

E. J. Ferrer and V. de la Incera, “Dynamically Generated Anomalous Magnetic Mo-

ment in Massless QED,” Nucl. Phys. B 824, 217 (2010) [arXiv:0905.1733 [hep-ph]].

E. J. Ferrer and V. de la Incera, “Dynamically Induced Zeeman Effect in Massless

QED,” Phys. Rev. Lett. 102, 050402 (2009) [arXiv:0807.4744 [hep-ph]].

E. J. Ferrer, V. de la Incera, J. P. Keith, I. Portillo and P. L. Springsteen, “Equation
of State of a Dense and Magnetized Fermion System,” Phys. Rev. C 82, 065802 (2010)
[arXiv:1009.3521 [hep-ph]].

E. J. Ferrer, V. de la Incera and A. Sanchez, “Non-perturbative Euler-Heisenberg
Lagrangian and Paraelectricity in Magnetized Massless QED,” Nucl. Phys. B 864,
469 (2012) [arXiv:1204.3660 [hep-th]].

E. J. Ferrer, V. de la Incera and A. Sanchez, “Paraelectricity in Magnetized Massless

QED,” Phys. Rev. Lett. 107, 041602 (2011) [arXiv:1103.5152 [hep-ph]].

Alexander L. Fetter and John Dirk Walecka “Quantum Theory of Many-Particle Sys-
tems,” (McGraw-Hill Higher Education), pp. 249-250.

K. Fukushima and J. M. Pawlowski, “Magnetic catalysis in hot and dense quark matter

and quantum fluctuations,” Phys. Rev. D 86, 076013 (2012) [arXiv:1203.4330 [hep-
ph]].

47



[9]

[10]

[11]

[19]

K. Fukushima and Y. Hidaka, “Magnetic Catalysis vs Magnetic Inhibition,” Phys.
Rev. Lett. 110, 031601 (2013) [arXiv:1209.1319 [hep-ph]].

J. Goldstone, A. Salam and S. Weinberg, “Broken Symmetries,” Phys. Rev. 127, 965
(1962).

J. Goldstone, “Field Theories with Superconductor Solutions,” Nuovo Cim. 19, 154
(1961).

E. V. Gorbar, V. A. Miransky and I. A. Shovkovy, “Surprises in relativistic matter in
a magnetic field,” Prog. Part. Nucl. Phys. 67, 547 (2012) [arXiv:1111.3401 [hep-ph]].

V. P. Gusynin, V. A. Miransky and I. A. Shovkovy, “Dimensional reduction and catal-
ysis of dynamical symmetry breaking by a magnetic field,” Nucl. Phys. B 462, 249
(1996) [hep-ph/9509320).

V. P. Gusynin and I. A. Shovkovy, “Chiral symmetry breaking in QED in a magnetic
field at finite temperature,” Phys. Rev. D 56, 5251 (1997) [hep-ph/9704394].

D. E. Kharzeev, L. D. McLerran and H. J. Warringa, “The Effects of topological charge
change in heavy ion collisions: ’Event by event P and CP violation’,” Nucl. Phys. A

803, 227 (2008) [arXiv:0711.0950 [hep-ph]].
Mikko Laine “Basics of Thermal Field Theory,” pp6-17

D. S. Lee, C. N. Leung and Y. J. Ng, “Chiral symmetry breaking in a uniform external
magnetic field,” Phys. Rev. D 55, 6504 (1997) [hep-th/9701172].

C. N. Leung, Y. J. Ng and A. W. Ackley, “Schwinger-Dyson equation approach to
chiral symmetry breaking in an external magnetic field,” Phys. Rev. D 54, 4181 (1996)
[hep-th/9512114].

C.N. Leung and S.-Y. Wang; Nucl. Phys. B 747, 266 (2006)

48



[20]

[21]

[24]

[25]

[26]

[27]

28]

[29]

V. A. Miransky, Dynamical Symmetry Breaking in Quantum Field Theories (World
Scientific, Singapore, 1993)

A. J. Mizher, M. N. Chernodub and E. S. Fraga, “Phase diagram of hot QCD in an
external magnetic field: possible splitting of deconfinement and chiral transitions,”

Phys. Rev. D 82, 105016 (2010) [arXiv:1004.2712 [hep-ph]].

Peskin, Schroesder, An Introduction to Quantum Field Theory Perseus Books Pub-
lishing L.L..C. 1995. Print

V.I. Ritus, Ann.Phys. 69, 555 (1972); Sov. Phys. JETP 48, 788 (1978) [Zh. Eksp. Teor.
Fix. 75, 1560 (1978)]; E. Elizalde, E.J. Ferrer, And V. de la Incera, Ann. of Phys. 295,
33 (2002); Phys. Rev. D 70, 043012 (2004); G. Murguia, A. Raya, A, Sanchez, E.
Reyes, Am. J. Phys. 78, 700 (2010).

J.J. Sakurai and Jim Napolitano, Modern Quantum Mechanics, San Francisco: Pearson

Education, Inc., 1994 Print

A. E. Shabad and V. V. Usov, “Electric field of a point-like charge in a strong magnetic
field,” astro-ph/0607499.

I. A. Shovkovy, “Magnetic Catalysis: A Review,” Lect. Notes Phys. 871, 13 (2013)
[arXiv:1207.5081 [hep-ph]].

V. Skokov, A. Y. Illarionov and V. Toneev, Int. J. Mod. Phys. A 24, 5925 (2009)
[arXiv:0907.1396 [nucl-th]].

Tong, David, ” Quantum Field Theory: University of Cambridge Part 11T Mathematical
Tripos.” Quantum Field Theory. University of Cambridge. Oct 2012. Lecture

W. -y. Tsai, “Vacuum Polarization in Homogeneous Magnetic Fields,” Phys. Rev. D

10, 2699 (1974).

49



[30] Zee, A.. Quantum Field Theory in a Nutshell pp262-264. New Jersey: Princeton
University Press, 2003. Print.

20



Appendix A

Appendix A

A.1 Generic Sums over Matsubara Frequencies

Let us perform the Matsubara sums of the different terms contributing to the one-loop
PPO in Eq. (2.19).
We start by summing

o0

1
Sum, = Al
P DR ) (P EaT D
Using Eq. (2.20) in Eq. (A.1) we get
Sumq = i": - ! - (A.2)
S wn = ip)? + EF][(wn — wi — i) + E3]
where
Ef=p;+m?, Ej=(ps—q)+m” (A.3)
and
2 1
Wy = % n=0,+1,+2 +3
2
Wy, = % m=0,+1,+2, +3 (A.4)
Using partial fractions, it is easy to see that the sum can be rewritten as follows
Sum; = i Z ! o0’ (A.5)
! AB\ By (i(wy, — ip) + 0B (i(wn — woy — ip) +0'By)

n=—o00 o,0/=+1

o1



Using again partial fractions, we rewrite the above equation as

1 oo
S —
um 1L, E, Zﬂ i ¥ 0By — 0By

o,0'=
00

< Y o en :
i(wy — i) + 0By i(wn — Wy — i) + 0’ Ey

n=—oo

1 oo
= X
4F,F, UUZ:;I —iWm +0'Ey — oy

o0 /

X Z L’wn — (B +op) B i(wn + 0'wn) — (Ea + U,H)} (A.6)

n=—oo

where in the last line of the above equation we have used the fact that the sum over n does

not change when we replace n by —n. Next, we use the identity

(A7)

[\le—

1 & 1 1 & 1
En;omn—gpzﬁn;m 2n+1)F —¢ ns(&) -

with ns(€,) = the Fermi-Dirac distribution, this changes Sum, into

1
eBlép—1) 11

!

I5; oo’
S = X
urn AE,E, Mzzil i, + 0By — 0E;

X <0 {nf(El +ou) — %] — 0 {nf(Eg +o'u) — %D (A.8)

Finally, this can be rewriteen as

Z o'ng(Ey 4+ op) —ong(Ey +o'p) — 5(0’ — o)

Sum
L= —iWm +0'Ey — 0By

4E1E2 (A.9)

o,0'=+1

The two other sums which are going to appear in our calculations are

e (n — i)
Sumg = Z [(wn _ Z/JJ>2 + E%H(Wn — Wy, — Zlu>2 + E%]

n=—oo
o0

_ (Wn — Wy — i)
Sums = 2 Ton = i+ Elon —m ~ 0P T B S

n=—oo
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Using partial fractions we rewrite Sums as follows

Sumy = ) _41132 i (oz( —Uw)+E1)< (wn—wml—iﬂ)+E2>

o,0'=%1 n=-—00

1
B Z 42E2 :Z_ —iWy, + 0'Ey — 0E1

o,0'=%1

X (iwn — (E1 +op) - i(wn + 0'wn) — (B + a’u)) (A.11)

Finally, substituting Eq. (A.?) in Eq. (A.11), we have after summing in n,

o0'ng(Ey +op) — 5] — [ng(EBy + 0'p) — 5]
Sumy = E p
’L4E2 —Z(Um +o0o E2 - O'E1

o'=%1

B Z oa'ng(Er +op) —ny(Ez +0'p) — 5(00’ — 1)

Z4E2 T —iwm -+ U/EQ — UEl
o,0'=%1

(A.12)

Since Sumg is similar to Sums, we just do the same steps as we did for Sums giving us

B Z ”f<E1+0M)—U‘7/”f(E2+UIM)—%(1—‘70/) (A.13)
—iwm+a’E2 —O'E1 ’

Let us consider now the following sum over Matsubara frequencies Sumy, defined by

[e.9]

_ (wn - iﬂ)[(wn - wm) - iﬂ]
9= 2 o= in )+ B — o — )7+ EF —

n=—oo

Note that each factor in the above equation can be rewritten as follows

( i) B 1 1 1
[(wn —ip)2+E? 2 (z’(wn —ip) + By —i(w, —ip) + E1>
Wy — Wy — LU 1 1
[(Wn — wm —ip)? + E2]  2i (1(wn — Wy, — i) + By

1
—i(wp — Wy — ip) + Eg)
Then substituting Eq. (A.15) in Eq. (A.14), we get

Sumy = Z m i@o (w(w — (Z'TM) + El) (ia’(wn - w:— i) + E2>

o,0'=%x1 n=

T4 Z Z ( — i) +0E1) < (wn—wm—liu)+0’E2) (4.16)

o,0'=t1n=—o00

(A.15)
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Where we multiplied the expression inside the first parenthesis by Z and that inside the
second parenthesis by Z > and took into account that o2 = 0’2 = 1.

After using partial fractions, we obtain

1 1
S = —= —
uma Z Z — Wy, + U’Eg — ok, ( (wp — i) + 0By i(wy, — W — i) + 0’E2>

0'0'/ +1n=—

1 1
= —— X
4 Z —@'wm + O',EQ - O'E1

o,0'=%1

/

X Z ( E1 + op) Z(O'/wn t 0'wm) — (B + O-IM)) (A.17)

n=—oo

Finally, using the identity of Eq. (A.7) in Eq. (A.17), it reduces to

Sum, — 5 Z ong(Ey 4+ op) — o'ng(Es + o'p) — 3(0 — o) (A18)

—Ww oc'FEy —ocF
cra’ +1 m_'_ 2 1

For the sake of ease of use we will suppose that there is an w >0 then suppose we have the

equations
= 1 1
Y = A -]
| 1
Y = —Hlu) -] (A19)

With this we may suppose that

Z > — Py— = r(ny(w) — %) (A.20)

—oo r==%1

This little trick helps us to calculate the Matsubara summations resulting in fermion and

boson distributions.
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Appendix B

Fermi-Dirac Distribution

zero-Temperature limits

There are some anomolies that are present for the Fermi-Dirac distibution function as the
limit as 7" — 0.

Let g = % so limp_,o 8 = o0

With this in mind we know that the Fermi distribution function at finite density is given

by

1
n(By =) = Fmon (B.1)
with Fy > 0; 4 >0
Case I: E—pu<0
li (E ) = 1li L =1 (B.2)
poo N T R B 11 '
Case 2: By —pu>0
lim ns(Er — 1) = | L (B.3)
7o NV T T R B 11 ‘
Case 3: By —u=20
lim n(E — i — i _ ! (B.4)
oo 1_M)_T1E%)65(E1*“)+1 _Tlg%)eo—i—l 2 ’

We can represent this behaivor through the Heavyside step function
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