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ABSTRACT

Atmospheric aerosols play an important role in climate forcing, through scat-

tering and absorption of the incoming solar radiation. The extinction of light by

the presence of atmospheric aerosols was studied using two first-principle models,

and corresponding computer codes. In the first model the extinction of light from

irregularly shaped aerosol particles was analyzed. In the second model it was as-

sumed that the irregularly shaped aerosol particles were covered by a film of water,

and the hygroscopicity and the extinction of light by the aerosols was analyzed.

These models were then applied to the Paso del Norte region and their light ex-

tinction results compared with a local extinctiometer. The inter-comparison of the

models extinction results and the extinctiometer values were well correlated. It

was observed that for high humidity days the model that used an aerosol particle

covered with a water film correlated better with the experimental extinctiometer

measurements. While these two models were validated in the Paso del Norte re-

gion, they are also applicable to any other region, under humid or dry atmospheric

conditions.
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21 F33/F11 Müeller matrix element for an ensemble of oblate
spheroids as a function of scatttering angle θ and relative core
size q for April 13, 2013 at 7:49AM. . . . . . . . . . . . . . . . . 75
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34 F22/F11 Müeller matrix element for an ensemble of oblate
spheroids as a function of scatttering angle θ and relative core
size q for July 18, 2014 at 15:08 hrs. . . . . . . . . . . . . . . . 91
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CHAPTER 1

Introduction

The word aerosol [1] denotes an aerial colloid, a suspensoid with air as the

medium with radius between 0.5 × 10−3µm to 20 µm approximately. They arise

from emissions of particles and from the conversion of certain gases to particles in

the atmosphere [2]. Aerosols affect climate forcing through scattering and absorp-

tion, and both attenuate or extinct the incoming solar radiation and the outgoing

terrestrial IR radiation helping in this way the earth’s radiation balance.

Chemical and physical properties are used to classify aerosols such as composition,

particle concentration, geometric shape, and size distribution. These properties are

often hard to describe completely in situ due to the continuum mixing state of them

due to the constant change of the medium. Field measurements of these properties

are carried out sometimes by using ground based instruments like radiometers or

nephelometers and compared with retrieval algorithms [3]. These computer al-

gorithms are very important when studying aerosols, not only to determine their

physical properties but also to describe their behavior and their impact on the

environment in both short and long term.

On the other side, the study of light scattering by small aerosol particles allow to

understand the interaction process under a deeper analysis which involves electro-

magnetic theory, statistical analysis and numerical algorithms. This study consid-

ers particle properties like geometric shape, orientation and composition in the

analysis of the particles, as well as a complete mathematical approach of the

scattering problem through complicated series expansions where both associate

Legendre and spherical Bessel functions are of crucial importance. In the com-

putational field, discretization of the mathematical formulations, stabilization of

1



the mathematical methods and accuracy of them are always taken into account.

Fortunately all these computational issues were already coded into the T-matrix

approximation developed by Waggoner [4], and modeled by Mishchenko [5]. Also,

based in these formulation, it was possible to study different aerosol geometries

which can be randomly oriented or composed of different materials. Additionally,

in other conditions where the particle or system of particles are under effects of

relative humidity (RH), or when the aerosol masses are composed of particles with

different refractive indexes, these mathematical approaches are still valid under

certain assumptions.

In the following chapters, the concept of aerosols is given and its properties in the

troposphere, its optical properties and stochastic behavior when they are grouped

in clusters. Here also is presented the mathematical analysis of its interaction with

light, the physics formulation of the process and its solution. Additionally, two

mathematical codes are studied and tailored to two specific days of low and high

relative humidity in the El Paso del Norte Airshed.

1.1 Atmospheric Aerosols

When studying atmospheric aerosols, their optical properties are used for clas-

sification. These properties are particle concentration, size, shape, and internal

structure. The sizes of aerosol particles ranges in different equivalent diameters.

Particle detectors can measure different order of magnitudes in aerosol diameters,

which can range from 0.001 to more than 20 µm. For this reason, it is convenient

to divide the range of aerosol diameters in bins of size ranges (modes) of similar

physical properties. Three important modes are the nucleation mode, the accu-

mulation mode, and the coarsing mode. The nucleation mode consists of particles

with diameters that range on about 10−3 - 0.1µm. This particles have short res-

idence times in the air and they coagulate quickly with other particles to form

2



new ones. The accumulation mode consists of particles with diameter in the range

of 0.1-2µm. These particles are important because they can be suspended on the

air for long periods of time and can be transported by wind long distances. The

coarse mode consists of particles with diameters larger than 2µm. These particles

are more affected by gravity forces and therefore they also have short residence

time in the air.

One important dimensionless parameter for aerosol particles is the one related to

its size, the characteristic size parameter, xeff, which is defined as:

xeff =
2πnreff

λ
(1)

where λ is the wavelength of incident radiation, n is the refractive index

of the external medium and r is the characteristic size of the particle (e.g., the

radius of a droplet, or the side of a cubic crystal). Also, the number concentration

N which represent the number of particles per cubic centimeter is a parameter

that help to describe the distribution of particles when they are grouped in sizes.

As an example, the number concentration of sea-salt particles in the open ocean

is usually around 250 cm−3 (250 particles per cubic centimeter) and the value

of N is dominated by small particles with typical sizes around 0.3 µm. The

particle size distribution (PSD) describes how the aerosols are distributed in sizes

and is expressed as a function of radius f(r) and more often modeled using the

log-normal law:

f(r) =
1√

2πσr
exp{− ln2(r/r0)

2σ2
} (2)

where r is the radius of a spherical homogeneous particle, r0 = 0.3µm is the

effective radius (which is related to the projected surface area of the particle

that scatters radiation), and σ is the standard deviation corresponding to this

3



distribution. The log-normal distribution often provides a good fit for atmospheric

aerosol distributions and is regularly used in many atmospheric applications [2].

The area-weighted mean or effective radius reff is an important quantity in aerosol

optics and it is are expressed as follows

reff =

∫
∞

0
r3 f(r) dr∫ ∞

0
r2 f(r) dr

(3)

and it is related to the average particle size of the distribution. For the log-normal

particle size distribution from eq. (2) the following relation applies

reff = r0 exp(2.5σ2) (4)

In media where aerosol particles form part of it like air for example, scattering of

light always occur. When an electromagnetic wave interacts with aerosol particles,

this interaction depends on the relative complex refraction index of the particle

n = m−ik, where k represents the ability of the particle to absorb electromagnetic

energy. The refractive index of water, for example is approximately 1.33 in the

visible and its complex refractive index is 1.0000×10−9 indicating that the water

is very low absorptive of light radiation and it can be neglected in the visible,

infrared, and also in the ultraviolet regime where k =1.1000×10−7.

Table 1 shows us the refractive values of some aerosols for some wavelengths from

ultraviolet to infrared. As it was mentioned, values of m give us both the scattering

index of the particle and k the absortion index of refraction of the particle.

When describing the mass concentration of aerosol particles in the atmosphere,

it is observed that most of the concentration of aerosol particles are in the first

4



Table 1: The refractive index n = m− ik of oceanic, water-insoluble (mainly,
dust), water-soluble (sulfates, nitrates, etc.), and soot aerosol, respectively

(courtesy of Kokhanovsky, A. [6])

λ, nm n k n k n k n k
300 1.40 5.8 ·10−7 1.53 8.0 ·10−3 1.53 8.0 ·10−3 1.74 0.47
400 1.39 9.9 ·10−9 1.53 8.0 ·10−3 1.53 5.0 ·10−3 1.75 0.46
550 1.38 4.3 ·10−9 1.53 8.0 ·10−3 1.53 6.0 ·10−3 1.75 0.44
694 1.38 5.0 ·10−8 1.53 8.0 ·10−3 1.53 7.0 ·10−3 1.75 0.43
860 1.37 1.1 ·10−6 1.52 8.0 ·10−3 1.52 1.2 ·10−2 1.75 0.43

1060 1.37 6.0 ·10−5 1.52 8.0 ·10−3 1.52 1.7 ·10−2 1.75 0.44
1300 1.37 1.4 ·10−4 1.46 8.0 ·10−3 1.51 2.0 ·10−2 1.76 0.45
1800 1.35 3.1 ·10−4 1.33 8.0 ·10−3 1.46 1.7 ·10−2 1.79 0.48
2000 1.35 1.1 ·10−3 1.26 8.0 ·10−3 1.42 8.0 ·10−3 1.80 0.49
2500 1.31 2.4 ·10−3 1.18 9.0 ·10−3 1.42 1.2 ·10−2 1.83 0.51

2000 m (or 2 km) of the troposphere, inside a region that is known as the Boundary

Layer. The boundary layer is the region from the surface to about 0.5-3 km altitude

and its height changes during the day.

Figure 1 shows the concentration of aerosol particles expressed by its optical

depth for the first 10 km in the city of El Paso for a light wavelength of 500 nm

(1 nm = 10−9m). This figure is a re-creation of the values of optical thickness

vertical profile of Elterman L., at 500 nm [7], and weighted with local values for

the surface of El Paso obtained from a visible multifilter radiometer like the one

in fig. 10. This figure clearly shows that most of the concentrations of aerosols are

in the first 2 km of the troposphere (orange region), inside the boundary layer and

the remaining region can be neglectable of aerosols.

In the El Paso del Norte topography, most of the aerosols correspond to min-

eral dust and sand which originate from the land surface, and with some contribu-

tions of anthropogenic sources. Mineral dust and sand are the primary elements

that reduce visibility and also affect the health of the residents in the region, es-

pecially in high-wind events where the concentration of particles can reduce the

visibilty to 5%.
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Figure 1: Aerosol vertical distribution at 500 nm, for El Paso, TX. Notice the
concentration of aerosols are mainly in the first two km of the troposphere approx-
imately, a region called boundary layer

1.1.1 Atmospheric properties of atmospheric aerosols

Light is scattered by aerosol particles suspended in the air. Processes of light

scattering mostly dominate over processes of absorption in the visible region. The

reduction in the intensity of a direct beam during its propagation through an

aerosol medium is determined simultaneously by absorption and scattering pro-

cesses. Emission, which is negligible at optical wavelengths, is not considered in

light scattering processes.

All solar radiation with wavelength below 0.28 µm is absorbed by the Earth’s

atmosphere, above the troposphere. The troposphere is a region that starts at

the surface and extends to between 9 km at the poles and 17 km at the equator,

although this extension can vary with the weather.

Above the troposphere there are several layers where different phenomena

occurs. Figure 2 depicts what is called the lower atmosphere and its layers along

with the distribution of the temperatures and pressures with the altitude.
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Figure 2: Layers of the Earth’s lower atmosphere, and the structure of the tem-
perature and pressure with the altitude. Courtesy of Jacobson M. Z. [8]

Gas absorption is important only in the thermosphere (320-380 km), meso-

sphere (50-85 km approximately) and stratosphere (12-51 km, approximately),

where N2 and O2 together prevent those wavelengths less than 0.245 µm reaching

the troposphere [8].

In the troposphere only NO2 affects more solar radiation, especially for wave-

lengths less than 0.50 µm and moderately for wavelengths of 0.5-0.6 µm. At

wavelengths less than 0.32 µm however, O3 has a larger effect than NO2 on light

attenuation or light extinction. On the other side, the only process of gas scatter-

ing by gas in the atmosphere is Rayleigh Scattering which is produced by N2 and

O2 mainly [4].

In summary, gases scatter short wavelength much more effectively than they do

long wavelength and also their mixing ratios are too low in comparison with the

effect of scattering and absorption by particles. It is for this reason that the study
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of visibility is concentrated only on aerosol particles in the troposphere.

In the case of absorption, the imaginary part k, of the refractive index is an

important parameter because the greater the absorption of a particle, the lesser the

scattering, since absorption hinders scattering. Small particles with radii ri � λ

are relatively inefficient absorbers of radiation. The strongest absorptive particle

in the visible and ultraviolet spectrum region is black carbon, which is the main

component of soot. Others are Fe2O3, Al2O3, and certain organic compounds [8].

The description of range and regimen of particles and wavelengths is important

when we study the effects of extinction of solar radiation due to the interaction

with aerosol particles. When a particle diameter di is much smaller than the

wavelength of light (di < 0.03 λ), it is said that the particles are in the Rayleigh

regime. For diameter particles in 0.03 λ < di < 32 λ, the particles are in the Mie

region, and the absorption and scattering are approximated with Mie’s solution

to Maxwell equations (or with the T-matrix approximation, which has a wider

application for different shapes of particles than Mie’s approximation which only

deals with spherical shapes). Finally, for diameters of di > 32 λ, the particles are

in the Geometric regime.

1.1.2 Optical parameters of atmospheric aerosols

An important property of aerosols is the optical depth, which is a measure of

the transparency (dimensionless), or the quantity of light radiation removed from

a beam by scattering or absorption.

τ(z, ν) = −
∫ z2

z1

Bext(z
′, ν) dz′ (5)

The negative sign is used because we shall adopt the convention that z and τ run

in opposite directions. τν(z) gives the integrated extinction of radiation along the
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z-direction in the segment (z2 − z1). The term Bext is the extinction coefficient

which is defined as the attenuation of radiation after passing through a medium,

ν is the wavelength frequency and z is the vertical coordinate.

The single scattering albedo of a particle is a measure of particle scattering cross

section relative to its total extinction cross section (absorption plus scattering

cross sections) and is mathematically defined by the equation (6) as follows

ω =
Csca

Cext

=
Csca

Cabs + Csca

(6)

Another important parameter which describes angular distribution of the scattered

radiation is the phase function P (θ) or the scattering phase function and it is

defined as the scattered intensity at a certain angle θ:

P (θ) =
I(θ)∫

π

0
I(θ) sin θ dθ

(7)

where θ is the scattering angle and I(θ) is the intensity [2]. The Asymmetry

parameter g is defined similarly as the intensity weighted average of the cosine of

the scattering angle:

g =
1

2

∫
π

0
cos θ I(θ) sin θdθ∫
π

0
I(θ) sin θ dθ

=
1

2

∫ π

0

cos θ P (θ) sin θ dθ

(8)

where the factor 1/2 ensures values of g=1 for light forward scattered completely at

Θ = 0◦, and of g = -1 for light backward scattered completely at Θ = 180◦. On the

other hand, a value of g = 0 indicates that the radiation is scattered isotropically.
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1.1.3 The Lognormal Distribution

The size distribution function is the number of particles per unit volume

with diameters between Dp and Dp + dDp. This number of particles or number

concentration is normalized by the range of particle diameters [9]:

n(Dp) =
dN

dDp

(9)

and when the order of magnitude is big in the range of aerosol diameters, the

logarithm scale is used:

n(log(Dp)) =
dN

d log(Dp)
(10)

which is the form more used in atmospheric aerosol calculations.

Other distributions are also applied to aerosol particles like exponential, power

law, Khrgian-Mazin, Nukiyama-Tanasawa, and Rosin-Rammler, but these distri-

butions correspond to special situations and they were selected empirically to fit

the wide range and skewed shape of most aerosol size distributions [9].

The normal distribution is widely applied elsewhere but is not suitable for most

aerosol particle size distributions because most aerosols exhibit a skewed (long

tail at large sizes) distribution function and this distribution is symmetrical.

The lognormal makes the skewed behavior of the particles symmetrical and

also correct the singularity of the normal distribution which consider negative

values on diameters, which does not have physical meaning. Also, the lognormal

distribution is most useful in situations where the ratio of the largest to the

smallest value is greater than about 10.

The number freuency function in normal distribution is given by
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df(Dp) =
1

σ
√

2π
exp

(
−(Dp − D̄p)

2

2σ2

)
dDp (11)

where the D̄p is the arithmetic mean diameter and σ is the standard deviation,

defined as

σ =

(∑
ni(Di − D̄p)

2

N − 1

) 1
2

(12)

Now we use the geometrical mean Dg = (D1D2D3...DN)
1
2 with the conversion

lnDg =

∑
ni lnDi

N
(13)

and the standard deviation is

lnσg =

[∑
ni(lnDi − lnDg)

2

N − 1

] 1
2

(14)

which is a dimensionless quantity with a value equal or greater than 1. With this

change the new frequency deviation can be expressed as

df =
1√

2πDp lnσ
exp

(
−(lnDp − lnDg)

2

2(lnσg)2

)
d lnDp (15)

which gives the fraction of the particles having diameters whose logarithms lie

between lnDp and lnDp + d lnDp.

The normal and lognormal distributions have the following properties which can

be used to fit particle data.
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• In the normal distribution, 95% of the particles lie in the range D̄ + 2σ, as

for the log-normal distribution this percentage lies in exp(lnDg + 2 lnDg)

• One standard deviation in the normal distribution follows σ = D84%−D50%,

as for the log-normal distribution, the geometric standard deviation:

σg =
d84%

d50%

=
d50%

d16%

=

(
d84%

d16%

) 1
2

(16)

1.1.4 The volume-weighted method

The volume-weighted method [10] is a technique which calculates the

refractive indexes by knowing the mass fraction and density of the species of a

composite medium. The method is shown in equations (17) and (18). The mean

refractive index (n̄ = m̄+ ik̄) is computed with the real refractive index for species

j(mj), the masss fraction of species j(Xj), and the species density (ρj, g/cm3).

The mean imaginary part of the complex refractive index is computed using the

value corresponding to each species (kj):

n̄ = ρ̄
∑
j

Xj mj

ρj
+ ρ̄

∑
j

Xj kj
ρj

i (17)

the mean density ρ̄ is computed with

ρ̄−1 =
∑
j

Xj

ρj
(18)
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1.2 Extinction by an arbitrary particle

When a beam of light interacts with a particle, the amount and angular dis-

tribution of the light scattered and the amount absorbed by the particle, depends

on its shape, size, and the internal composition. The different possibilities of face

the problem can be simplified if we take into acccount some features common to

the phenomena of scattering and absorption by small particles. In this chapter the

mathematical and physical framework will be described in some detail to underly

the specific problem of the scattering of light by small arbitrary finite particles,

and the effects of relative humidity in the process.

1.2.1 Scattering, and absorption by an arbitrary finite particle

When an incident electromagnetic beam of electric field E and magnetic field

H impinges on a small particle, several effects can be caused. When the energy

is absorbed into the particle, the process is called absorption and the energy is

converted into heat. If the energy is scattered into any direction, this process is

called scattering. As a result, the energy is reduced by an amount equal to the

sum of the absorbed and scattered energy and it is called extinction. Extinction

(or attenuation), is the effect that produces a diminishing in intensity of radiation

through a medium due to either absorption or scattering, or both together.

The extinction, scattering and absorption cross sections, are characteristics of

the scattering object and of the beam, and has dimensions of area. The product

of the scattering cross section Csca and the incident monochromatic energy flux

gives the total monochromatic power removed from the incident wave as a result

of scattering of the incident radiation in all directions. Analogously, the product

of the absorption cross section Cabs and the incident monochromatic energy flux

gives the total monochromatic power removed from the incident wave as a result of

absorption of light by the object [5]. In consequence, the extinction cross section
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Figure 3: Extinction by a single particle. Courtesy of Bohren, C. F. [11].

Cext is the sum of the scattering and absorption cross sections and, when multiplied

by the incident monochromatic energy flux it is equal to the total monochromatic

power removed from the incident light by the combined effect of scattering and

absorption is obtained.

To determine the total optical cross sections, an imaginary non-absorbing

medium as a sphere of radius r and area A is constructed around the particle as

is shown in figure 3. The net rate at which electromagnetic energy crosses the

surface A of this sphere is always non-negative and is equal to the power absorbed

by the particle:

Wabs = −
∫
A

S · êr dA (19)

here S is the Poynting vector which specifies the magnitude and direction of the
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rate of transfer of electromagnetic energy at all points of space, namely

S = E×H (20)

or for the time averaged Poynting vector for time harmonic fields

〈S〉 =
1

2
<{Ec ×H∗c} (21)

where < denotes real part of the complex term, the subindex c denotes complex

vector, and H∗c denotes the complex conjugate of the magnetic field.

Now, Wabs can be written as a combination of three terms:

Wabs = Winc −Wsca +Wext (22)

where

Winc = −
∫
A

Sinc · êr dA (23a)

Wsca =

∫
A

Ssca · êr dA (23b)

Wext = −
∫
A

Sext · êr dA (23c)

Winc vanishes because the surrounding medium is nonabsorbing and Sinc is a con-

stant vector, whereas Wsca is the rate at which the scattered energy crosses the

surface A in the outward direction. Therefore, Wext is equal to the sum of the

energy scattering rate and the energy absorption rate:

Wabs = Wsca +Wext (24)

And now, the Wext, Wabs, and Wsca, can be related with Iinc which is the incident
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radiance and the respective cross section values

Cext =
Wext

Iinc

(25a)

Cabs =
Wabs

Iinc

(25b)

Csca =
Wsca

Iinc

(25c)

The mathematical derivation of the cross sections in the eqs. (25a)-(25c), is based

on the solution of the wave equation by vector spherical harmonics. The next

section will cover this mathematical formulation and the solution of the problem

for an spherical particle. The spectral aerosol extinction coefficient Bext(µm
−1) is

important to determine levels of extinction by particles or by a system of particles.

For a specific number concentration N of particles, we have

Bext = NCext (26)

also, the equivalent spectral aerosol scattering coefficient is defined by

Bsca = NCsca (27)

and the equivalent spectral aerosol absorption coefficient by

Babs = NCabs (28)

those are important physical quantities that will allow us to calculate levels of

extinction, scattering and absorption of light. We also recall that

Cext = Cabs + Csca (29)

where Cext, Cabs, and Csca are the extinction, absorption, and scattering cross-

section respectively.
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1.2.2 General formulation of the scattering problem (Mie Theory)

The calculation of the electromagnetic fields inside and scattered by a particle

due to its interaction with light is an interesting problem treated in many books

(see for example [11], [12], and [13]), where the main idea is solving the vector

wave equations for the fields E and H. The field inside the particle is denoted by

(E1,H1); the field (E2,H2) in the medium surrounding the particle is the superpo-

sition of the incident field (Ei,Hi) and the scattered field (Es,Hs) as it is shown

in fig. 4. Then

E2 = Ei + Es

H2 = Hi + Hs

where

Ei = E0exp(ik · x− iωt)

Hi = H0exp(ik · x− iωt)

and k is the wave vector appropriate to the surrounding medium, ω is the frequecy

of the field and t is the propagation time. The fields E and H are divergence-free,

not independent and must satisfy the Maxwell’s equations

∇ · E = 0 (32a)

∇ ·H = 0 (32b)

∇× E = iωµH (32c)

∇×H = −iωεE (32d)

at the points where the permittivity of free espace ε and the magnetic permeability

µ are continuous. The curl of (32c) and (32d) is

∇× (∇× E) = iωµ∇×H = ω2εµE

∇× (∇×H) = −iωε∇× E = ω2εµH
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and by using the vector identity

∇× (∇×A) = ∇(∇ ·A)−∇ · (∇A) (34)

we obtain

∇2E + k2 E = 0 (35a)

∇2H + k2 H = 0 (35b)

where k2 = ω2εµ, and again µ as the magnetic permeability, which measure the

ability of magnetization of a material in response to a magnetic field, and ε is the

complex permittivity. The complex permittivity can be expressed as

ε = ε0(1 + χ) + i
σ

ω
(36)

where χ is the electric succeptibility (a measure of how fast a dielectric polarizes

in response to an electric field), σ is the electric conductivity of the medium, ε0 is

the permittivity of free espace (ε0= 8.854187×10−12 F/m), which is the material’s

ability to transmit an electric field, and again ω is the angular frequency of the

field.

The solution of equations (35a) and (35b) are based in the construction of

two vector functions M and N consisted on the scalar function ψ and an arbitrary

constant vector c in the following way

M = ∇× (cψ) (37a)

N =
∇× (M

k
(37b)

proving that M and N satisfy the vector wave equation, they are divergent

free, and satisfy the following properties

∇ ·M = 0 (38a)

∇×N = kM (38b)

18



1

2

( E  , H  )1 1

INCIDENT

( E     , H     )
inc inc

SCATTTERED

( E     , H     )
sca sca

Figure 4: The incident field (Einc,Binc) gives rise to a field (E1,B1) inside the
particle and a scattered field (Esca,Bsca) in the surrounding medium of the particle
labeled as 2. Courtesy of Bohren, F. C.[11].

then, we can write from eqs. (35a) and (35b) in similar way

∇2M + k2M = ∇×
[

c (∇2ψ + k2ψ )
]

(39)

and therefore M will satisfy the vector wave equation if ψ is a solution of the

scalar wave equation

∇2ψ + k2ψ = 0 (40)

which can be written in spherical coordinates as

1

r2

∂

∂r

(
r2∂ψ

∂r

)
+

1

r2 sin θ

∂

∂θ

(
sin θ

∂ψ

∂θ

)
+

1

r2 sin2 θ

∂2ψ

∂2φ
+ k2ψ = 0 (41)

and after using variable separation ψ(r, θ, φ) = R(r) Θ(θ) Φ(φ) yields us to the
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three separated equations

d2Φ

dφ2
+m2Φ = 0 (42)

1

sin θ

d

dθ

(
sin θ

dΘ

dθ

)
+

[
n(n+ 1)− m2

sin2 θ

]
Θ = 0 (43)

d

dr

(
r2dR

dr

)
+
[
k2r2 − n(n+ 1)

]
R = 0 (44)

where the separation constants m and n are determined by subsidiary conditions

that ψ must satisfy.

The linearly independent solutions for Φ(φ) are

Φe = cosmφ

Φo = sinmφ

(45)

where the subscripts e and o denote even and odd and ψ is a single-valued

function of the azimuthal angle φ:

lim
ν→2π

ψ (φ+ ν) = ψ (φ) (46)

and this is valid for all φ except at points on the boundary between regions with

different properties. The condition (46) requires that m to be an integer or zero;

positive values of m are sufficient to generate all the linearly independent solutions

to (42).

The solutions to (43) that are finite at θ = 0 and θ = π are the associated

Legendre functions of the first kind Pm
n (cos θ) of degree n and order m, where
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n = m,m + 1, .... When m = 0, the associated Legendre functions are the Legen-

dre polynomials, which are denoted by Pn.

For the equation (44) it is used to make a change of variable ρ = kr and define the

function Z = R
√
ρ, and it becomes

ρ
d

dρ

(
ρ
dZ

dρ

)
+

[
ρ2 −

(
n+

1

2

)2
]
Z = 0 (47)

The linearly independent solutions to (47) are the Bessel functions of first and

second kind Jν and Yν , where the order ν = n + 1
2

is half integral and the Bessel

functions are written as

jn(ρ) =

√
π

2ρ
Jn+ 1

2
(ρ)

yn(ρ) =

√
π

2ρ
Yn+ 1

2
(ρ)

(48)

where the constant factor
√
π/2 is introduced for convenience. Any linear

combination of jn and yn is also a solution to (44). Two such combinations that

deserve attention are the spherical Bessel functions of the third kind (sometimes

called spherical Hankel functions):

h(1)
n (ρ) = jn(ρ) + iyn(ρ) (49)

h(2)
n (ρ) = jn(ρ)− iyn(ρ) (50)

The generating functions that satisfy the scalar wave equation in spherical coordi-
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nates are:

ψemn = cos(mφ) Pm
n (cos θ) zn(kr) (51)

ψomn = sin(mφ) Pm
n (cos θ) zn(kr) (52)

where zn is any of the four spherical Bessel functions jn, yn, h
(1)
n , or h

(2)
n . Moreover,

because of the completeness of the functions cosmφ, sinmφ, Pm
n (cos θ), zn(kr),

any function that satisfies the scalar wave equation in spherical polar coordinates

may be expanded as an infinite series in the functions (51) and (52).

The vector spherical harmonics generated by ψemn and ψomn are

Memn = ∇× (rψemn) Momn = ∇× (rψomn)

Nemn =
∇× (Memn)

k
Nomn =

∇× (Momn)

k

which, in component form, may be written
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Memn =
−m
sin θ

sinmφ Pm
n (cos θ) zn(ρ) êθ

− cosmφ
dPm

n (cos θ)

dθ
zn(ρ) êφ (53)

Momn =
m

sin θ
cosmφ Pm

n (cos θ) zn(ρ) êθ

− sinmφ
dPm

n (cos θ)

dθ
zn(ρ) êφ (54)

Nemn =
zn(ρ)

ρ
cosmφ n(n+ 1) Pm

n (cos θ) êr

+ cosmφ
dPm

n (cos θ)

dθ

1

ρ

d

dρ
[ρ zn(ρ)] êθ

−m sinmφ
dPm

n (cos θ)

sin θ

1

ρ

d

dρ
[ρ zn(ρ)] êφ (55)

Nomn =
zn(ρ)

ρ
sinmφ n(n+ 1) Pm

n (cos θ) êr

+ sinmφ
dPm

n (cos θ)

dθ

1

ρ

d

dρ
[ρ zn(ρ)] êθ

+m cosmφ
dPm

n (cos θ)

sin θ

1

ρ

d

dρ
[ρ zn(ρ)] êφ (56)

where the r-component of Nmn is simplified by using the fact that Pm
n satisfies

(43). Any solution to the field equations (35a) and (35a) can be now be expanded

in an infinite series of the functions (53)-(56) .

1.2.3 Expansion of a plane wave in vector spherical harmonics

The scattering of a plane x-polarized wave, written in spherical polar

coordinates as

Ei = E0 e
ikr cos θ êx (57)
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where

êx = sin θ cosφ êr + cos θ cosφ êθ − sinφ êφ (58)

by an arbitrary sphere. The first step toward the solution to this problem is

expanding (57) in vector spherical harmonics:

Ei =
∞∑
m=0

∞∑
n=m

(BemnMemn +BomnMomn + AemnNemn + AomnNomn) (59)

Because sinmφ is orthogonal to cosm′φ for all m and m′ it follows that Memn

and Momn are orthogonal and similarly, (Nomn,Nemn), (Momn,Nomn), and

(Nemn,Memn). The orthogonality properties of cosmφ, and sinmφ imply that all

vector harmonics of different order m are mutually orthogonal. This orthogonality

property implies that the coefficients in the expansion (59) are of the form

Bemn =

∫
2π

0

∫
π

0
Ei ·Memn sin θ dθ dφ∫

2π

0

∫
π

0
|Memn|2 sin θ dθ dφ

(60)

with similar expressions for Bomn, Aemn, and Aomn. It follows from (53), (56), and

(59), along with the orthogonality of the sine and cosine, that Bemn = Aomn = 0

for all m, and n [11]. Moreover, the remaining coefficients vanish unless m = 1 for

the same reason. It comes also that because the incident field is finite at the origin

[11], jn(kr) will be the appropriate spherical Bessel function in the generating

functions ψo1n and ψe1n, and reject yn because of its misbehavior at the origin. In

this case the radial dependence of the generating functions is specified by jn and

the subscript (1) is appended to vector spherical harmonics. Thus, the expansion

24



for Ei has the form

Ei =
∞∑
n=1

(
Bo1n M

(1)
o1n + Ae1n N

(1)
e1n

)
(61)

After using orthogonalities properties and some algebraic manipulation the expan-

sion coefficients M
(1)
o1n and e1n N

(1)
e1n, become

Bo1n = inE0
2n+ 1

n (n+ 1)
(62a)

Ae1n = −i E0 i
n 2n+ 1

n (n+ 1)
(62b)

and finally, we can express the expansion of the incident plane wave in spherical

harmonics

Ei = E0

∞∑
n=1

in
2n+ 1

n(n+ 1)

(
M

(1)
o1n − iN

(1)
e1n

)
(63)

1.2.4 The internal and scattering fields

When a plane x-polarized wave is incident on an homogeneous isotropic

sphere of radius a the incident electric field can be expanded in an infinite series

of vector spherical harmonics, and the corresponding incident magnetic field is

obtained from the curl of (63):

Hi =
−k
ωµ

E0

∞∑
n=1

in
2n+ 1

n (n+ 1)

(
M

(1)
o1n − iN

(1)
e1n

)
(64)
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We may also expand the scattered electromagnetic field (Es,Hs) and the field

(E1,H1) inside the sphere in vector harmonics with the same property that these

expansions vanish for all m 6= 1. Also, finiteness at the origin requires that we

take jn(k1r), where k1 is the wave number in the sphere, as the appropriate

spherical Bessel functions for the generating functions for the vector harmonics

inside the sphere. Thus, the expansion of the field (E1,H1)

E1 =
∞∑
n=1

En

(
cnM

(1)
o1n − idnN

(1)
e1n

)

H1 =
−k1

ωµ1

∞∑
n=1

En

(
dnM

(1)
o1n + icnN

(1)
e1n

) (65)

where En = inE0(2n+ 1)/n(n+ 1) and µ1 is the permeability of the sphere.

In the region outside the sphere jn and yn are well behaved; therefore, the expansion

of scattered field involves both of these functions. In this case we can use Hankel

functions h
(1)
n and h

(2)
n . It is proved that only one of these functions is required by

considering the asympotic expansions of the Hankel functions of order ν for large

values of | ρ | (see for example [14]). In this case the expansion of the scattered

field is therefore

Es =
∞∑
n=1

En

(
i an N

(3)
o1n − bn M

(3)
e1n

)

Hs =
k

ω µ

∞∑
n=1

En

(
i bn N

(3)
o1n + an M

(3)
e1n

) (66)

where the subscript (3) at the vector spherical harmonics mean that the radial

dependence of the generating functions is specified by h
(1)
n . After using the prop-
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erties of the orthogonality of sinφ and cosφ, the coefficients inside the particle cn

and dn are obtained

cn =
µ1 jn(x) [x h

(1)
n (x)]′ − µ1 h

(1)
n (x) [x jn(x)]′

µ1 jn(mx) [x h
(1)
n (x)]′ − µ h(1)

n (x) [mx jn(mx)]′

dn =
µ1m jn(x) [x h

(1)
n (x)]′ − µ1m h

(1)
n (x) [x jn(x)]′

µm2jn(mx) [x h
(1)
n (x)]′ − µ h(1)

n (x) [mx jn(mx)]′

(67)

and the scattering coefficients

an =
µm2 jn(mx) [x jn(x)]′ − µ1 jn(x) [mx jn(mx)]′

µm2jn(mx) [x h
(1)
n (x)]′ − µ1 h

(1)
n (x) [mx jn(mx)]′

bn =
µ1 jn(mx) [x jn(x)]′ − µ jn(x) [mx jn(mx)]′

µ1 jn(mx) [x h
(1)
n (x)]′ − µ h(1)

n (x) [mx jn(mx)]′

(68)

where the prime indicates differentiation with respect to the argument in

parentheses and the size parameter x and the relative refractive index m are

x = ka =
2πNa

λ

m =
k1

k
=
N1

N

where N1 and N are the refractive indices of particle and medium, respectively.

The scattering coefficients can be simplified when introducing the Ricatti-Bessel
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functions

ψn(ρ) = ρ jn(ρ)

ξ(ρ) = ρ h(1)
n (ρ)

If we take both the permeability of the surrounding medium and of the particle

to be the same, then

an =
mψn(mx) ψ′n(x)− ψn(x) ψ′n(mx)

mψ(mx) ξ′n(x)− ξn(x)ψ′n(mx)

bn =
ψn(mx) ψ′n(x)−mψn(x) ψ′n(mx)

ψn(mx) ξ′n(x)−mξn(x) ψ′n(mx)

(69)

Note that an and bn vanish as m approaches unity, this is as it should be, when

the particle dissapears, so does the scattered field. Finally, once obtained the

scattering coefficients the scattering cross sections can be obtained as

Csca =
Wsca

Iinc

=
2π

k2

∞∑
n=1

(2n+ 1)
(
| a |2n + | b |2n

)

Cext =
Wext

Iinc

=
2π

k2

∞∑
n=1

(2n+ 1)< ( | a |n + | b |n )

(70)

1.2.5 Particles small compared with the wavelength

From power series expansion of the spherical Bessel functions (48), and equa-

tions (68) and (69) we have
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ψ1(ρ) ≈ ρ2

3
− ρ4

30
, ψ′1(ρ) ≈ 2ρ

3
− 2ρ3

15
,

ξ1(ρ) ≈ − i
ρ
− iρ

2
+
ρ2

3
, ξ′1(ρ) ≈ i

ρ2
− i

2
+

2ρ

3

ψ2(ρ) ≈ ρ2

15
, ψ′1(ρ) ≈ ρ2

5

ξ2(ρ) ≈ − i
3

ρ2
, ξ′2(ρ) ≈ i6

ρ3

with the coefficients

a1(ρ) = −i2x
3

3
− m2 − 1

m2 + 2
− i2x5

5

(m2 − 2)(m2 − 1)

(m2 + 2)2

+
4x6

9
(
m2 − 1

m2 + 2
)2 +O(x7),

b1 = −ix
5

45
(m2 − 1) +O(x7),

a2 = −ix
5

15

m2 − 1

2m2 + 3
+O(x7),

b2 = O(x7)

Here one condition arises, if |m|x� 1, then |b1| � |a1|; with this assumption the

amplitude scattering matrix elements to terms of order x3 are
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S1 =
3

2
a1,

S2 =
3

2
a1 cos θ,

a1 = −i2x
3

3

m2 − 1

m2 + 2

(71)

where, if the incident light is unpolarized with radiance Ii, the scattered irradiance

Ii, is

Is = −8π4Na6

λ4r2

∣∣∣∣m2 − 1

m2 + 2

∣∣∣∣2 (1 + cos2 θ) Ii (72)

where θ is the angle between the incident and scattering beam. If the quantity

|(m2−1)/(m2+2)|2 is weakly dependent on wavelength (this is not always true), the

irradiance scattered by a sphere is small compared with the wavelength or, indeed,

any sufficient small particle regardless of its shape, is proportional to 1/λ4 [11].

Such scattering is called Rayleigh scattering which applies to incident unpolarized

light.

Inside the scattering plane (see fig. 5) we can observe the relation between

incident and scattered light, where the unitary vectors shows the direction of the

scattered and incident components. One important light scattering parameter is

the phase function F(θ) which is proportional to the sum of the perpendicular

and parallel polarized scattered light intensities F (θ) ∝ i⊥ + i‖. The angular

distribution of the scattered light depends on the polarization of the incident light.
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i‖ = −9 |a1|2

4k2r2
cos2 θ Incident light polarized parallel to the scattering plane.

i⊥ = −9 |a1|2

4k2r2
Incident light polarized perpendicular to the scattering plane

i =
1

2
(i‖ + i⊥) Unpolarized incident light

If the incident light is 100% polarized, the scattered light will be similarly polarized.

However, because light of two different polarization states is scattered differently,

the scattered light will we partially polarized if the incident light is unpolarized

and

P =
i⊥ − i‖
i⊥ + i‖

=
1− cos2 θ

1 + cos2 θ
(73)

where the degree of polarization of the scattered light, given incident unpolarized

light is |P |. P is always positive; therefore the scattered light is partially polarized

perpendicular to the scattering plane. If a sufficiently small sphere is illuminated by

unpolarized light, the scattered light is 100 % polarized at a scattering angle of 90%.

We should note that the absolute scattered irradiance depends on size (the volume

squared), but is difficult to measure absolute irradiances. Therefore, the radius of

small spheres cannot readily be determined from scattering measurements; in this

sense, all small spheres are equal [11].

1.2.6 The scattering matrix

Consider again an arbitrary particle that is illuminated by a plane harmonic

wave (Fig. 5). The direction of propagation of the incident light defines the z axis

which is called the forward direction. The scattering direction êr and the forward

direction êz define a plane called the scattering plane. The incident electric field
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Ei, which lies in the xy plane, can be expressed in components parallel (E‖) and

perpendicular (E⊥) to the scattering plane

Ei = (E0‖ ê‖i + E⊥ ê⊥i) ei(kz−ωt) = E‖i ê‖i + E⊥i ê⊥i (74)

where the basis vectors hold the relations

ê⊥i = sinφ êx − cosφ êy

ê‖i = cosφ êx + sinφ êy

ê‖i = sin θ êr + cos θ êθ

ê⊥i × ê‖i = êz

ê⊥i = −êφ

(75)

where k = 2πn/λ is the wave number in the medium surrounding the particle, n

is the refractive index, and λ is the wavelength of the incident ligth in vacuo.

At sufficiently large distances from the origin (kr >> 1), in the far-field region,

the scattered electric field Es is approximadetly transverse (êr · Es ≈ 0) and may

be written

Es = E‖s ê‖s + E⊥s ê⊥s (76)

similarly for the scattering field its basis vectors follow the relations

ê‖s = êθ

ê⊥s = −êφ

ê⊥s × ê‖s = êr

(77)

From fig.5, the basis vector ê‖s is parallel and ê⊥s is perpendicular to the
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scattering plane, and the vectors Es and Ei are specified relative to different sets

of basis vectors. Because the linearity of the boundary conditions of the problem,

the amplitude of the field scattered by an arbitrary particle is a linear function of

the amplitude of the incident field. The relation between incident and scattered

field is more conveniently written in matrix form

E‖s
E⊥s

 =
ei k (r−z)

−i k r

S2 S3

S4 S1

E‖i
E⊥i

 (78)

where the elements Sj(j = 1, 2, 3, 4) of the amplitude scattering matrix depend in

general on θ, the scattering angle, and the azimuthal angle φ.

Once we have obtained the electromagnetic filed inside and scattered by the

particle, we can determine the Poyinting vector and the electromagnetic fields

at points outside the particle. The calculated electromagnetic fields allow the

determination of the Poynting vector at points outside the particle (see figure 4).

By using the equation (21), the Poyinting vector S at any point in the medium

surrounding the particle can be written as the sum of three terms:

S =
1

2
<{E2 ×H∗2} = Sinc + Ssca + Sext

Sinc =
1

2
<{Einc ×H∗inc}, Ssca =

1

2
<{Esca ×H∗sca}

Sext =
1

2
<{Einc ×H∗sca + Esca ×H∗inc}

(79)

if the medium is nonabsorbent, Sinc is independent of the position and we may

interpret Sext as the term that arises because of the interaction between the

incident and scattered waves. The problem of scattering is in this sense a problem
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Figure 5: Scattering by an arbitrary particle. Courtesy of Bohren, C. F. and
Huffman, D. R.[11].
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that is more related to the polarization of light, which is nicely represented by a

column vector called the Stokes vector [15], with its four elements which are called

the Stokes parameter. The theory of light scattering and Stokes parameters was

introduced into optics by Sir George Gabriel Stokes in 1852 when he was trying

to describe mathematically the nature of polarized light, but his work was not

followed inmediately until almost one century after when it was ”rediscovered”

by S. Chandrasekar in the late 1940s when he wrote his monumental paper on

radiative transfer [16]. If E = E0 exp(ikz − iwt) represent the incident wave with

E0 = E‖ê‖ + E⊥ê⊥, the Stokes polarization parameters of the incident light are

written as

Iinc = E||incE
∗
||inc + E⊥incE

∗
⊥inc

Qinc = E||incE
∗
||inc − E⊥incE

∗
⊥inc

Uinc = E||incE
∗
⊥inc + E⊥incE

∗
||inc

Vinc = i
(
E||incE

∗
⊥inc − E⊥incE

∗
||inc

)
(80)

The Stokes parameters of the light scattered by a particle are represented by

Isca =
k

2ωµ

(
E||scaE

∗
||sca + E⊥scaE

∗
⊥sca

)
Qsca =

k

2ωµ

(
E||scaE

∗
||sca − E⊥scaE

∗
⊥sca

)
Usca =

k

2ωµ

(
E||scaE

∗
⊥sca + E⊥scaE

∗
||sca

)
Vsca = i

k

2ωµ

(
E||scaE

∗
⊥sca − E⊥scaE

∗
||sca

)
(81)

The parameters in equations (80) and (81) represent the total intensity of the

light (Isca), the amount of linear horizontal or vertical polarization (Qsca), the

amount of 45◦ or -45◦ degrees polarization (Usca), and the amount of right or left
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circular polarization (Vsca) for scattered light (incident or scattered). The relation

between incident and scattered Stokes parameters are


Isca

Qsca

Usca

Vsca

 =
1

k2 r2


S11 S12 S13 S14

S21 S22 S23 S44

S31 S32 S33 S34

S41 S42 S43 S44



Iinc

Qinc

Uinc

Vinc


S11 =

1

2

(
|S1|2 + |S2|2 + |S3|2 + |S4|2

)
S12 =

1

2

(
|(|S2|2 − |S1|2 + |S4|2 − |S3|2

)
S13 = <(S2 S

∗
3 + S1 S

∗
4 )

S14 = =(S2 S
∗
3 − S1 S

∗
4 )

S21 =
1

2

(
|S2|2 − |S1|2 − |S4|2 + |S3|2

)
S22 =

1

2

(
|S2|2 + |S1|2 − |S4|2 − |S3|2

)
S23 = <(S2 S

∗
3 − S1 S

∗
4 )

S24 = =(S2 S
∗
3 + S1 S

∗
4 )

S31 = <(S2 S
∗
4 + S1 S

∗
3 )

S32 = <(S2 S
∗
4 − S1 S

∗
3 )

S33 = <(S1 S
∗
2 + S3 S

∗
4 )

S34 = =(S2 S
∗
1 + S4 S

∗
3 )

S41 = =(S∗2 S4 + S∗3 S1 )

S42 = =(S∗2 S4 − S∗3 S1 )

S43 = =(S1 S
∗
2 − S3 S

∗
4 )

S44 = <(S1 S
∗
2 − S3 S

∗
4 )

(82)

where this 4×4 matrix is the scattering matrix or the Müeller matrix and it de-
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scribes the relation between ”incident and ”transmitted” Stokes vectors.

The Stokes parameters of the light scattered by a collection of particles are

the sum of the Stokes parameters of the light scattered by individual particles.

Therefore the scattering matrix for such a collection is merely the sum of individual

particle scattering matrices, assuming that the linear dimensions of the volume

occupied by the scatterers is small compared with the distance r at which the

scattered light is observed [11].

1.3 The T-matrix approximation

The T-matrix method is a powerful technique for computing light scattering

by nonspherical single and compounded particles in random orientation and it is

based on numerically solving Maxwell’s equations [5]. It was first introduced by

Waterman (1965, 1971) as a technique for computing electromagnetic scattering by

single, homogeneous, arbitrarily shaped particles based on the Huygens principle

([17], [18], [19], and [20]). due to the linearity of the Maxwell’s equations, it is

possible to expand both the incident and scattered waves into spherical harmonics

and then relate the scattering coefficients of those expansions through use of a

transformation matrix [5].

The single scattering of light by a small-volume element dV of n particles

randomly oriented, and rotationally symmetric, is completely described by the

ensembled-averaged extinction, Cext, and scattering Csca, cross sections per

particle and the dimensionless Müeller scattering matrix from equation (82). The

process of the scattering is depicted by the following equation:

Isca =
n Csca dV

4πR2
F (θ) Iinc (83)

where F(θ) is the scattering matrix, θ is angle between the incident and scattered
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beam, R is the distance between the scattering system and the detector, Csca is

the scattering cross section of the particle, and F (θ) is the Müeller matrix.

The T-matrix model calculates, both scattering and extinction cross sections Csca

and Cext, respectively, single scattering albedo, asymmetry parameter, and the

Stokes and Müeller matrix.

The formulation as it is presented by Mishchenko [5] consider an arbitrarily

shaped particle located at the origin of a spherical coordinate system with a plane

wave incident on the particle. The incident fields Ei and Es are expanded as a

series of spherical harmonics:

Ei =
∞∑
n

n∑
m=−n

[ amnRgMmn(kr) + bmnRgNmn(kr) ] (84)

Es =
∞∑
n

n∑
m=−n

[ pmn Mmn(kr) + qmn Nmn(kr) ] (85)

where Mmn and Nmn are proportional to the spherical Hankel functions, and Rg

denotes the regular solution of the Helmhotz equation for the scattering problem

(see Mishchenko, appendix C [5]).

For pratical computer calculations, the infinite series are truncated to a finite

size nmax that dependes on the size parameter x = k1r, where r is the particle

radius and k1 is the wave vector of the medium. This chosen value is adopted in

the code as

nmax(x) = x+ 4.05x
1
3 + 8 (86)

The relation of incident coefficients amn and bmn, to the scattered field coefficients,
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pmn, and qmn are

pmn =
∞∑
n′=1

n′∑
m′=−n′

[
T 11
mnm′n′ am′n′ + T 12

mnm′n′ bm′n′
]

(87)

qmn =
∞∑
n′=1

n′∑
m′=−n′

[
T 21
mnm′n′ am′n′ + T 22

mnm′n′ bm′n′
]

(88)

or in matrix form

p
q

 =

T 11 T 12

T 21 T 22

a
b

 (89)

where T is the transformation matrix or T-matrix and it does not depend on the

incident or scattered fields, but only on the physical properties of the scattering

particle. Once the transformation matrix is solved for a given particle, it is

possible to calculate the scattered light for any orientation of incident radiation.

The determination of the T-matrix can be accomplished by use of the extended

boundary condition method [17]. This is done by first expanding the internal field

Eint of the particle in terms of vector spherical fucntions as it was explained on

sections 1.2.3 and 1.2.4 for spherical particles. Following the same analysis, it is

found that the internal field Eint is

Eint =
∞∑
n

n∑
m=−n

[ cmnRgMmn(mkr) + dmnRgNmn(mkr) ] (90)

where the complex index of refraction is given by m. The expansion coefficients

of the internal field to those of the incident and scattered fields through the
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transformation matrix Q are

a
b

 =

Q11 Q12

Q21 Q22

c
d

 (91)

p
q

 = −

RgQ11 RgQ12

RgQ21 RgQ22

c
d

 (92)

The T-matrix can then be related to Q by the following

T = −RgQQ−1 (93)

The elements of Q are integrals over the particle’s surface and depend again on the

physical properties of that particle. In eneral, T and Q contain an infinite number

of elements. However, for practical purposes, the summations on equations (85)

and (90), are truncated after certain convergence criteria are reached thus allowing

T to be determined explicitly. In adddition, the calculation of T can be greatly

simplified by the assumption of an ensemble of randomly oriented particles with

rotational symmetry.

The T-matrix calculations of light scattering was done using the

double precision T-matrix code for polydisperse non-spherical and ran-

domly oriented particles of Mishchenko et al., available at NASA web site

http://www.giss.nasa.gov/staff/mmishchenko/ and of free distribution.

1.3.1 The T-matrix approximation for coated non-spherical particles

The calculation of light scattering properties of randomly oriented symmetric

coated particles, for concentric spheres was studied with the Aden-Kerker theory
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Figure 6: The geometry of a plane wave incident upon a sphere with a concentric
spherical shell, as it was shown by Aden and Kerker [21].

[21] in the framework of the T-matrix approximation. The problem is described in

fig. 6 with the incident Poynting vector Si represented as the vector perpendicular

to the magnetic and electric field. This figure is a representation of a simplified

geometry of the problem for spherical coated particle of inner radius a, outer radius

b is illuminated by a monochromatic beam of radiation of vacuum wavelength λ0,

and n0, n1, n2 are the refractive indices of the suspending medium (air in this

case), core, and shell respectively, k = 2π/λ = 2πn1/λ0 and x = ka, y = kb are

the dimensionless sizes parameters and the dimensionless parameter q = x/y is

used to reduce the number of parameters needed to describe the size distribution

for the entire particle [22].

As it was seen in section 1.3, the T-matrix elements only depend on the

particle’s size, shape, composition and orientation and they can be calculated

in the natural reference frame (z axis along the revolution axis) and then be

averaged for all incident and scattering directions, which equals averaging on

particle orientation [23]. In this case, the T-matrix can be written in compact
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notation as

T = −B · A−1 = −

B11 B12

B21 B22

 ·
A11 A12

A21 A22

−1

=

T11 T12

T21 T22

 (94)

as it is written and solved in [5], and [24]. In the case of homogeneous scatterer,

the matrices depend on the inner and outer indices of refraction m1 (core) and m2

(shell), the T-matrix can be calculated as [25].

T = −B · A−1 = −
[
B2 +BB2 ·

(
−B1 · A−1

1

)]
·
[
A2 + AA2 ·

(
−B1 · A−1

1

)]
(95)

with

• −B1 ·A−1 = T1 is the T-matrix for the core particle with refractive index as

m1/m2 for inner, as 1 for outer and incident radiation wave number as k0m2.

• A2 and B2 are calculated by setting refractive index as m2 for inner and as

1 for outer, and an incident wavelength as k0. If calculated, the product

−B2 · A−1
2 would be the T-matrix for a particle with no core.

• Matrices AA2 and BB2 are calculated in the same way as A2, B2 except

that the Bessel functions of the first kind with argument kr are replaced by

Hankel functions with the same argument [22].
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CHAPTER 2

Methodology

2.1 Instrumentation

In order to have an accurate description of the particles during the day, the

Atmospheric Physics Laboratory acquired a laser particle counter model Climet

CI150, which provides number distributions in four defined channels, and a Pho-

toacoustic Extinctiometer, which provides scattering values, absorption and ex-

tinction coefficients, and detects soot at 870 nm. These instruments along with a

visible multifilter radiometer will be described in the next subsections as well as

the mathematical model used to calculate the cross sections of the particles.

2.1.1 Optical particle laser counter

An optical particle counter uses a high-intensity light source (a laser), a con-

trolled air flow (viewing volume), and a highly sensitive light photodetector [26].

The instrument measures the scattering of the light produced by the interaction of

the laser with the air sample. The light scattered is converted to electric signals or

electric pulses which are proportional to the pulses of scattered light which at the

same time is proportional to the size of the particle. The next step procedure is to

analyze the height of the electric signals. It is achieved by a pulse height analyzer

which examines the magnitude of the electrical pulses and places the values into

an appropriate sizing channel. The channels contain information about each pulse

that correlates to particle sizes.

The laser particle counter instrument used in this work is the Climet CI-150t

(Climet instrument 150t) which is a laser diode based aerosol particle counter that

monitors particles in four ranges or bins: 0.3-0.5, 0.5-1.0, 1.0-5.0, and ≥ 5.0µm.

It is fully self-contained, operating on battery power or AC power for sampling
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Figure 7: Climet CI-150t - Laser Particle Counter.

convenience [27]. It works by taking samples at flow rates of air at one cubic foot

per minute (1 CFM). The sample air is filtered before being exhausted through

the rear panel. Counts of the types of particles are displayed and printed in a

variety of formats. They can be stored on an 3.5” floppy disk or in the computer

through a RS-232 serial port. Data are displayed as a comma delimited ASCII

which contains the total count, differential count, concentration per cubic foot,

and concentration per cubic meter. The instrument uses a highly efficient optical

system and detection electronics based on a light scattering principle. The light

from a 50 mW laser diode is scattered by the particles and then collected by an

elliptical mirror and focused onto a solid state photo detector, which converts the

light energy into electrical current. Figure 7 displays a picture of the instrument.

2.1.2 Photoacoustic Extinctiometer (PAX)

The Photoacoustic Extinctiometer (PAX) is a sensitive, high-resolution, fast-

response instrument for measuring aerosol optical properties relevant for climate

change and carbon particle sensing [28]. Its applicatios are to air quality and

44



Figure 8: Photoacoustic extinctiometer circuit diagram.

Figure 9: Photoacoustic extinctiometer model PAX 870 nm.

visibility, atmosphere, health effects, combustion source emissions and biomass

burning.

Figure 8 depicts the internal mechanism of the instrument. It uses a modu-

lated diode laser to simultaneously measure light scattering and absorption. The

Atmospheric Physics Laboratory at the University of Texat at El Paso acquired the

standard 870 nm wavelength which is especially sensitive to black carbon particles,

since there is relatively little absorption from gases and non-BC aerosol species at

this wavelength. Figure 8 shows the mechanism of measurement through the cir-

cuit diagram and figure 9 shows a frontal view of the instrument in operational

mode. The ”modus operandi” is as follow: a 1 liter per minute aerosol sample flow
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is drawn into the PAX using an internal vacuum pump controlled by two critical

orifices, the inlet and exhaust orifices. The flow is split between the nephelometer

and photoacoustic resonator for simultaneous measurement of light scattering and

absorption. The absorption measurement uses in-situ photoacoustic technology. A

laser beam directed through the aerosol stream is modulated at the resonant fre-

quency of the acoustic chamber. Absorbing particles heat up and quickly transfer

heat to the surrounding air. The periodic heating produces pressure waves that

can be detected with a sensitive microphone and determine aerosol light absorp-

tion. Additionally, the PAX uses a wide-angle integrating reciprocal nephelometer

to measure the light scattering coefficient. The scattering measurement responds

to all particle types regardless of chemical makeup, mixing state, or morphology.

The measurements are recorded every 15 seconds and stored internally. The data

is then copied to an usb device as comma separated values format or CSV.

2.1.3 The Visible Multifilter Rotating Shadowband Radiometer

The Visible Multifilter Rotating Shadowband Radiometer (Vis-MFRSR) in-

strument consist of a broadband channel together with a rotating shadowband

which measures solar irradiance at six narrowband wavelengths (nominal 415, 500,

615, 673, 870, and 940 nm) and instantaneous optical depth. This measurements

are made every 15 seconds and integrated into 3-minute averages and stored by an

on-board computer.

The University of Texas at El Paso, Texas, was integrated as one of the mon-

itoring sites once it installed the Vis-MFRSR on January 6, 2006 on the roof of

the Undergraduate Learning Center (UGLC) of the University of Texas at El Paso

(UTEP) and started to collect data since then (See figure 10).
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Figure 10: Side (a) and close up view (b) of the Visible Multifilter Rotating Shad-
owband Radiometer installed at the roof of the Undergraduate Learning center
(UGLC), at the University of Texas at El Paso.

2.2 Mathematical models

The T-matrix theory is applied for the nonspherical, polydispersal and ran-

domly oriented aerosol particles for both core alone and core-shell geometry where

mineral dust and black carbon were selected as the main constituents of the par-

ticles. In the El Paso del Norte Airshed most of the particles are scatterers as it

is seen in the retrieval of single scattering albedo from radiative transfer models

applied to the region. The truncation of the series expansion of the fields was

taking according to eq. (86), and the models used here were running in a PC with

AMD FX-8350 8-Core processor under LINUX environment and GNU compilers.

2.2.1 The Tropospheric Radiative Transfer Model (TUV)

The TUV model version 5.0 is a one-dimensional radiative transfer code

that uses either or both of Eddington’s approximations and the discrete ordinate

method to describe the radiative transfer through the atmosphere. The code gives

outputs of various spectral irradiances in the UV and visible spectra by using in-

put data, such as geographic coordinates and atmospheric parameters in standard

format. The Tropospheric Radiative Transfer Model, TUV, has been used to solve
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the Radiative Transfer Equation and obtain single scattering values as it will be

explained later.

2.2.2 The T-matrix model

As it was indicated in section 1.3, the T-matrix model is a mathematical

model tool which was built following the T-matrix approximation given by Water-

man [17], and that accurately computes light scattering by nonspherical particles.

The description of the input values of the code is done by Mishchenko [29]. In this

work, the T-matrix version for randomly oriented nonspherical particles in double

precision was modified and applied using the variables from table 2. The code was

modified in order to obtain Cext and Csca values at the effective radius for the four

bins of the laser particle counter at different wavelengths and different refractive

indexes from days selected at the El Paso del Norte Airshed. The required input to

the code include the wavelength of the incident light. In this case, because of the

capabalities of the acoustic extinctiometer, the wavelength selecteds was 0.87µm.

The size distribution was input as lognormal distribution parameters based on fit

data. Particle shape were input as oblate spheroids (ellipse of revolution about

its minor axis) with sphericity parameter (EPS) equals to 1.5. This spheroidal

approximation of particle shape applied for Mineral Dust and Black Carbon is

based on early works (see for example Nousiainen and Vermeulen [30]). Although

this is not true in reality (atmospheric particles are highly irregular in shape) this

shape model showed good results and save us greatly time computations. The

spheroids are formed by rotating an ellipse about its minor axis (oblate spheroid)

or major axis (prolate spheroid). Their shape are described by the equation

r(ϑ) = a

(
sin2 ϑ+

a2

b2
cos2 ϑ

)− 1
2

(96)
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where b is the rotational (vertical) semi-axis and a is the horizontal semi-axis,

and the shape and size of the spheroid is specified by the axis ratio a/b and by

either rs which is the radius of a sphere having the same area or rv which is

the radius of a sphere having the same volume. The following definitions are

summarized in the input table 2 and allowed us to understand the model in general

(see Mishchenko [5]). The average area of the geometric projection per particle 〈G〉

〈G〉 =

∫ rmax

rmin

dr n(r)πr2 (97)

where 〈G〉 = πr2 if it is the area is of circle.

The average volume per particle 〈V 〉

〈V 〉 =

∫ rmax

rmin

dr n(r)
4

3
πr3 (98)

and the average radius 〈R〉

〈R〉 =

∫ rmax

rmin

dr n(r)r (99)

where n(r) is the number distribution of the particles (particles/cm3), and r is the

radius of the particle.

As it was indicated before, all input parameters must be specified in the same

units. If the units we are working on are based on lengths like micrometers (1µm

= 10−6m), then all the derivatives of lenght like area and volume must be expressed

in micrometers. Table 3 describes output values from the code.

The model was modified to ouput the scattering, extinction and absorption
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Table 2: T-matrix input parameter values

Input Value Description
R1 and R2 Ri Array of 4 radii bins
ICHOICE 2 Gauss Elimination for inverse matrices
NDISTR 2 Lognormal distribution
DDELT 0.001 Accuracy
GAM 0.05 Not taken into account
NDGS 2 Compact spheres
NPNA 19 Number of scattering angles
NKMAX 5 Number Nr of Gaussian quadrature points
LAM 0.87 Wavelength, it varies from 0.3-0.94 µm
EPS 1.5 Oblate spheroidal particles
RAT 1.0 Volume equivalent sphere radius rs
NP -1 Spheroids

cross sections per bin of the particle laser counter for the generalized spherical

functions which are related with the solution of the scattering problem for the wave

equations (35a) and (35b), however only the values of scattering and extinction

cross sections were calculated from the model and for the computation of the

optical coefficients and Müeller coefficients. The values of Babs are generated by

substracting Bext −Bsca.

Table 3: T-matrix output information

Output Description
R1 and R2 Minimum and maximal radii, respectively
REFF Effective radius
VEFF Effective variance
CEXT Ensemble-averaged extinction cross section per particle
CSCA Ensemble-averaged scattering cross section per particle
COS Ensemble-averaged asymmetry parameter
ALBEDO Ensemble-averaged single scattering albedo
〈G〉 Averaged projected area
〈V 〉 Averaged volume per particle
〈R〉 Averaged radius
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2.2.3 The LISA model

The T-matrix code was adapted to calculate first the (A1, B1) matrices for

the inner layer, and then the (A2, B2, AA2, BB2) matrices for the outer layer

as it is described in section 1.3.1 and by Quirantes [22]. Once computed , the

T-matrix elements can be used to calculate any light scattering of interest, either

cross sections or scattering (Müeller) matrix elements. As it was described for the

T-matrix, tables 4 and 5 show input and output descriptions respectively.

Table 4: LISA input parameter values

Input Value Description
mr1 and mr2 Vary Absolute refractive index for core and shell
ntope 7 Total angles in the calculation of the Müeller matrix
ang(ntope) 0:30:180 Angles in the calculation of the scattering matrix elements
a 2 Starting value of nmax(x+ 4x1/2 + 2− a)
G 5 Number of Gaussian quadrature points Ng = G · nmax

kr, deri 0.001 Functions describing the particle surface, r(θ), dr/dr(θ)
∆ 0.001 Desired accuracy
rint/rext Vary Outer size over inner size ratio
NDISTR 2 Lognormal distribution
LAM 0.87 LAM varies from 0.3-0.94 µm
EPS 1.5 For sphere particles a/b=1.00
RAT 1.0 Volume equivalent sphere radius rs
NP -1 For spheroids

Table 5: LISA output information

Output Description
Qsca scattering efficiencies
Qabs absortion efficiencies
Qext extinction efficiencies
F11(θ) and F22(θ) Müeller elements
F33(θ) and F44(θ) Müeller elements
F12(θ) and F34(θ) Müeller elements
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2.3 The Scattering Matrix

The description of the scattering effect of a beam by a volume is done by

the Müeller matrix or scattering matrix. The incident and scattered radiation are

related by equation (83). When the scattering system is composed of randomly

oriented, axially symmetric particles in single scattering, the scattering matrix has

the form [11].

F (θ) =


F11(θ) F12(θ) 0 0

F12(θ) F22(θ) 0 0

0 0 F33(θ) F34(θ)

0 0 −F34(θ) F44(θ)

 (100)

where the Müeller matrix elements are calculated from the expansion of generalized

spherical functions P s
mn(θ)

F11(θ) =
∞∑
s=0

as1 P
s
00(cos θ),

F22(θ) + F33(θ) =
∞∑
s=2

(as2 + as3)P s
22(cos θ),

F22(θ)− F33(θ) =
∞∑
s=2

(as2 − as3)P s
22(cos θ),

F44(θ) =
∞∑
s=0

as4 P
s
00(cos θ),

F12(θ) =
∞∑
s=2

bs1 P
s
02(cos θ),

F34(θ) =
∞∑
s=2

bs2 P
s
02(cos θ)

(101)

where the asi , b
s
i are related to the T-matrix elements (see [22] and [23]).

2.3.1 The matrix element F11

Nonspherical particles are not always best scatterers than the spherical ones

in the backscattering direction, and for this element the angular scattering are
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similar for both prolate and oblate particles with the same long-to-short axis [23].

Also, the tendency of F11 is to increase with q = rint/rext and scattering angle θ in

smoother behavior for nonspherical than for spherical particles.

2.3.2 The matrix element F22/F11

This Müeller matrix element indicates nonsphericity, since is equals to unity

for spherical particles, although non spherical particles can exhibit values close to

one [31], and allows to distinguish prolate particles from oblate particles of the

same volume and axial ratio.

2.3.3 The matrix element F33/F11 and F44/F11

This elements show sphericity if F33 = F44. One characteristic of the F33

element is the faster variation for spherical particles than for nonspherical particles

when the angle or the core size is changed [23]. For spheroids the differences

between F33 and F44 are smaller also but not equals like as spheres. Also, in the

backscattering region, F33/F11 = F44/F11 = −1 for spheres at 180◦. This fact is

of relevance for particle sizing because backscattering is more sensitive to particle

shape.

2.3.4 The matrix element F12/F11

This element indicates linear polarization. Its formulation is with in some

references with negative sign (see for example Bohren [11]) and shows faster vari-

ations with core and angle for spherical particles. For particles smaller than the

incident wavelength, the beam is complete polarized at 90◦ indicating Rayleigh

effect (see eq. 72). It is also known that for non spherical particles polarization

does not reach extremes (±1) [23].
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2.3.5 The matrix element F34/F11

This parameter is more strongly core and angle dependent for spheres than

for spheroids. When particles are nonspherical, this ratio does not reach extreme

values (±1). In the forward and backward scattering regions, this ratio is close to

zero, being identically zero for θ = 0◦, 180◦, as it is predicted by theory [23].

2.4 Experimental setup

The procedure for modeling the inputs for the two mathematical models is

represented in figure 11. Climet particle counter data for April 13, 2013 and July

18, 2014 were assumed to follow the lognormal distribution and they represent low

relative humidity and high relative humidity day cases respectively. Parameters

like the ln2 σg was calculated as input for the models, according to eq. (13). This

distribution data were selected along with PAX acoustic extinctiometer values of

Bsca, Babs, and Bext, and compared to the computed coefficient values from the

models. The T-matrix represent the model for low relative humidity and the LISA

model is applied to the cases when relative humidity is considered. Comparisons

of the coefficients Bsca, Babs, and Bext were made for the two scattering models in

order to validate them with the extinctiometer in the El Paso del Norte Airshed.

Also, the Müeller parameters from the scattering matrix (see section 2.3) were

analyzed for the coating particles.

2.4.1 Selection of days

Values of the mean relative humidities (RH) were selected during April and

October of 2013, and July 2014 due to the availability of the data from both the

extinctiometer and the particle counter instruments. Two days which represent

the minimum and maximum relative humidities were chosen and they are shown

in tables 6, 7, and 8. Values of particle concentrations for these days are shown in
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Figure 11: Flowchart of procedure for light scattering calculations.
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figures 12 and 13 for the four bins 0.3-0.5 µm, 0.5-1.0 µm, 1.0-5.0 µm, and >5.0

µm in diameter. The values from PM2.5 and PM10 were obtained from the Texas

Commision on Environmental Quality (TCEQ) and gives us an idea about the

mass concentration of particulate matter in the airshed, as can be seen in figures

14 and 15.

Once the days were selected, it was necessary to create input files for both models

in the appropriate units required. Also, the refractive indices were calculated

for the composite material which is mainly formed by mineral dust and soot. The

volume-weighted averaged method was used to find the mass fraction of the species

of the composite material and from there it was derived the refractive index of the

composite medium in the air. By expanding the volume-weighted equation (17)

and comparing their respective real and complex indices to the one calculated

with the T-matrix and LISA codes, we were able to find the mass fractions and

refractive indexes for both low-relative-humidity and high-relative-humidity days.
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Table 6: Number concentration for April 13, 2013, in cm−3, diameters for the
four bins are in µm at the header

Time 0.3-0.5 0.5-1.0 1.0-5.0 >5.0
06:19 9.9600 1.7429 0.9794 0.0348
06:34 13.1535 2.3368 2.0626 0.1640
06:49 10.8528 1.9208 1.1806 0.0485
07:04 12.7955 2.0370 1.3215 0.0499
07:19 25.9999 3.5786 2.7547 0.1432
07:34 12.1289 2.5240 1.7888 0.0797
07:49 10.6261 1.6481 1.1271 0.0523
08:04 21.0171 15.4542 23.1116 1.8225
08:19 21.1408 14.0825 19.6178 1.5721
08:34 14.1236 2.8587 2.2292 0.1157
08:49 14.9980 3.4686 2.7531 0.1294
09:04 14.7230 3.3524 1.9758 0.0661
09:19 14.6298 2.6365 1.6233 0.0669
09:34 15.1510 2.7675 1.9617 0.1116
09:49 14.7666 2.5282 1.6758 0.0808
10:04 11.8997 2.1293 1.3801 0.0605
10:19 10.5391 1.9953 1.5563 0.0735
10:34 10.9753 1.8504 1.3306 0.0596
10:49 10.7518 1.9872 1.2841 0.0464
11:04 8.3661 1.3442 0.9078 0.0369
11:19 7.9078 1.1976 0.8429 0.0468
11:34 6.3282 1.0162 0.5573 0.0137
11:49 6.4654 1.1456 1.2269 0.0856
12:04 8.3632 1.2185 0.9092 0.0472
12:19 6.7148 1.0341 0.9951 0.0675
12:34 6.4278 0.9977 0.6779 0.0281
12:49 6.8004 1.1652 1.2468 0.0821
13:04 5.9705 0.8871 0.6543 0.0299
13:19 7.7794 1.0403 0.8873 0.0678
13:34 6.8964 0.9218 0.6661 0.0316
13:49 6.8087 0.9861 0.6332 0.0209
14:04 6.0354 0.8704 0.5795 0.0141
14:34 6.0360 0.9701 0.7508 0.0305
15:04 6.1802 0.8791 0.5894 0.0181
15:34 6.5435 0.9877 0.7218 0.0250
16:19 7.2968 1.4037 1.6172 0.1248
16:34 7.1318 1.1293 1.0535 0.0461
16:49 7.0426 1.1343 0.9478 0.0343
17:04 6.9063 1.1844 1.0392 0.0285
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Table 7: Number concentration for July 18, 2014, in cm−3, diameters for the four
bins are in µm at the header.

Time .3-0.5 0.5-1.0 1.0-5.0 >5.0
14:23 11.7896 0.9450 0.5641 0.0312
14:38 13.1629 1.3769 0.7257 0.0263
14:53 12.5170 1.0839 0.6453 0.0476
15:08 12.9462 0.9116 0.6354 0.0355
15:23 13.1291 1.0501 0.6584 0.0252
15:38 12.5332 0.9033 0.5998 0.0250
15:53 13.3357 0.9103 0.6015 0.0285
16:08 13.2753 0.8868 0.5405 0.0188
16:23 14.1010 1.0470 0.6124 0.0250
16:38 13.9976 0.9087 0.5704 0.0228
16:53 14.0923 0.9930 0.5879 0.0209
17:08 15.8491 1.2358 0.6392 0.0201
17:23 15.1262 0.9123 0.5542 0.0239
17:38 14.9795 0.9166 0.5408 0.0208
17:53 16.3175 1.2138 0.6337 0.0204
18:08 16.4879 1.3486 0.9042 0.1985
18:23 16.3520 1.0622 0.5709 0.0201
18:38 18.6764 1.5216 0.6742 0.0190
18:53 16.8534 1.0222 0.5398 0.0185
19:08 19.2067 1.3065 0.6371 0.0183
19:23 17.2035 1.2483 0.7332 0.0298
19:38 17.3083 1.1985 0.6467 0.0266
19:53 17.8135 1.3556 0.7683 0.0331
20:08 21.0226 2.0410 1.1902 0.0529
20:23 17.6707 1.4320 1.0270 0.0513
20:38 18.3794 1.7029 1.2989 0.0682
20:53 20.0397 1.6091 1.1603 0.0616
21:08 16.2276 1.0605 0.6463 0.0312
21:23 16.5419 1.2291 0.7764 0.0360
21:38 14.5538 0.9315 0.5521 0.0174
21:53 14.5322 0.9636 0.5751 0.0192
22:08 14.8350 0.9345 0.5609 0.0181
22:23 15.2147 0.9612 0.5869 0.0215
22:38 15.5077 1.0979 0.7197 0.0231
22:53 14.8325 0.9386 0.5899 0.0183
23:08 16.1260 1.2330 0.6960 0.0190
23:23 15.3612 1.1773 0.6766 0.0186
23:38 15.1179 1.0528 0.5974 0.0195
23:53 14.4713 0.9488 0.5490 0.0163

58



Table 8: Days selected and values of relative humidity and particle concentration
for April 13 and July 18, 2014, in the PdN Airshed.

Day/Variable(mean) 04/13/13 07/18/14
RH 0.156 0.351
0.3-0.5, cm−3 10.468 15.580
0.5-1.0, cm−3 2.369 1.145
1.0-5.0, cm−3 2.287 0.687
>5.0, cm−3 0.145 0.032
pm2.5, µg/m3 7.092 5.621
pm10, µg/m3 27.458 19.504

2.4.2 Input Process

Due to the irregularity of the particles suspended in the air, it is difficult

to obtain single measurement parameters to describe them like for example the

diameter of the particles. It is in such cases that an equivalent diameter of a

sphere of equivalent volume with the same physical properties is used to classify

them. Such classificiations are grouped in bins of diameters or radii by particle

counter instruments.

The particle laser counter measures the particle number concentration N in

four bins of diameters of 0.3-0.5µm, 0.5-1.0µm, 1.0-5.0µm, and >5.0µm. These

measurements in units of particles per ft3 are converted in standard units of

particles per cm3. These measurements are done every 15 minutes and operates

simultaneously with the acoustic extinctiometer. Data from the particle counter

is extracted through the serial port and downloaded to storage device (see section

2.1.1). This data are stored in format time HH:MM:SS per day which it is

reformated to HH:MM for better comparison with the acoustic extinctiometer.

The conversion and the selection of the distribution is done in the flowchart of fig.

11 in the subroutine stat.f90, where the parameters for the log-normal distribution

with the input parameters like the one in eq. (13) is given.

For all the cases were values of relative humidity are present, the hygroscopic
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growth of the particle was considered and calculated from Hänel [32].

r ≈ r0(1−RH)ε (102)

where RH is the relative humidity (≤ 1), r0 is the initial particle radius, r is the

new radius, and ε was assumed as 0.23 which is the mean value of 0.25, 0.25, 0.255,

0.18, and 0.20 for five different aerosol types studied before [33].

The composite index of refraction was calculated by using the volume-weighted

method which is explained in section 1.1.4. The two species considered in the

study were mineral dust (n = 1.53 + i0.0080, ρmd = 2.39) and soot (n =

1.872 + i0.6887, ρsoot = 2.00) which are the two main components of the air for

El Paso del Norte region, and interpoled to the wavelength 0.87µm under a single

rule of three [3]. This consideration is based in old aerosol studies in the region

due to the complex topography and location of the mountains and river valley in

the El Paso del Norte region which results in a constrained air basin where, on

calm days, especially in the winter, anthropogenic air pollution is trapped over

the metropolitan area [34]. On windy days, especially during the winter and early

spring, mineral dust and sand blowing out of the surrounding desert causes high

particulate matter concentrations [35]. The main component of soot is elemental

carbon with density of ρ = 2.0 g cm−3, and on the other side, mineral dust has

many components and for this region the density and refraction index was assumed

as a simplified composition of 90% SIO2 9% CaCO3, and 1% Fe2O3 as it is shown

in table 9.

As it was mentioned, the T-matrix and the LISA codes were used to determine

the cross sections for both low and high relative humidity cases respectively for

non-spherical and randomly oriented particles. The cross section values calculated
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were multiplied by the number density obtained from the particle laser counter

and described in the equations (26), (27), and (28), and therefore the values of

extinction, sccatering, and absorption coefficients were obtained. These computed

coefficient values were compared against the acoustic extinctiometer for each mea-

sured time of day. Also, values the Müeller matrices F11, F12, F22, F33, F34, and

F44, were calculated and plotted for better analysis at selected hours.

Finally, the values of single scattering albedo (SSA) were retrieved for the

wavelengths of 0.87 µm by using the direct-to-diffuse (DDR) method. This

method consists of changing the values of SSA in the TUV code to obtain outputs

of direct-to-diffuse irradiance ratios and comparing them against values obtained

from the Visible-MFRSR instrument using error percent relative error δSSA, as is

shown in the following equation:

δSSA =
| DDRMFRSR −DDRTUV |

DDRMFRSR

(103)

61



Table 9: Physical constant of species used in refractive index and density
calculations (courtesy, Hand, J. L., et al. [36])

Density Refractive
Species (g cm−3) index
H2SO4 1.8 1.408
NH4HSO4 1.78 1.479
(NH4)3H(SO4)2 1.83 1.527
(NH4)2SO4 1.76 1.531
Organic Carbon 1.4 1.55
Elemental Carbon 2.0 1.96-0.66i
NaNO3 2.261 1.587
SiO2 2.32 1.486
Al2O3 3.97 1.765
Fe2O3 5.24 3.011
CaO 3.3 1.833
MgO 2.58 1.735
TiO2 4.23 2.58
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Figure 12: Averaged particle concentration, cm−3 on April 13, 2013.
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Figure 13: Averaged particle concentration, cm−3 on July 18, 2014.
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Figure 14: Mass concentration (µg/m3) on April 13, 2013.
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CHAPTER 3

Results and Discussion

Values of the scattering and extinction cross sections were calculated with

both models, non relative humidity model (T-matrix), which does not consider

hygroscopic growth, and the one which consider relative humidity (LISA), which

consider hygroscopic growth and consequently core-shell geometry. Number con-

centration of the particles in ft−3 were obtained from the laser particle counter at

their four channels and then converted to units of particles/µm3. The scattering

and extinction coefficients were obtained by using the formula

Bsca =

NB∑
i=0

n · Csca (104a)

Bext =

NB∑
i=0

n · Cext (104b)

where NB is the number of bins of the particle counter, C are the cross sections,

and the values for Babs was obtained directly from the equation

Babs = Bext −Bsca (105)

Equations (104a), (104b), and (105) are valid for scattering by individual or en-

semble of particles and the single-scattering theory can be used even in the more

concentrated atmospheric conditions if the average distance between particles is

large compared to the particle size [2].

Each coefficient value was calculated with the model and then compared with the
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ones from the acoustic extinctiometer per hour. Figures 16 and 30 show the com-

parison between Bsca coeffcients calculated from dry simulation model, simulation

with humidity and values from the acoustic extinctiometer along with values of

humidity for the days selected.

The elements of the T-matrix for a randomly oriented, axially symetric particels

are plotted for the radius q = rint/rext of the day cases selected. This plots are

per angular distribution and the Müeller matrix form is given by equation (100).

Values of q are very close to one for all the cases where relative humidity is less

than 40% which is true for an arid region as El Paso, where the hygroscopic growth

from equation (102) does not present changes around the core. The low relative

humidity values does not allow us to make a complete visualization of the proper-

ties of the hygroscopic growth of the particles and the two models apparently show

the same results. However, we have selected some hours where the scattering co-

efficients, the angular scattering patterns, and the polarization gives us important

information about the shape and orientation of the particles.
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3.1 April 13, 2013

The first case run was the one with low relative humidity. Values of scattering

coefficients, composite index of refraction and mass concentration during the day

are shown in table 10. Due to the low relative humidity, this day did not show

major changes in the particle and not hygroscopic growth was detected. Also, as

it is seen the values of composite index of refraction are more close to mineral dust

and only at certain hours this index changes to more presence of soot or black

carbon. The scattering coefficient results also are plotted in figure 16. The two

models describe correctly the behavior of the instrument. At 7:49 AM however,

there is an increasing in scattering that the model with humidity follows correctly.

This peak correspond to a change in the number concentration which is doubled

at that time as it can be seen in table 6 and therefore increasing tremendously the

scattering to ten times. This change can be easily seen from the TCEQ in fig. 14

where particles matter of 2.5 µm and 10.0 µm in diameter is greater at around

7:00 AM and before 8:00 AM in this day.

For the first nonzero Müeller matrix element, F11 from figures 17 and 18 we

can see the angular scattering patterns for April 13, 2013 at 7:49 AM and 8:04 AM

respectively. This selection was based on the increase of the scattering coefficient

at that time interval. We can see in these plots that the particle scattering follows

Rayleigh scattering as it shows symmetrical and isotropic scattering for bins 1-3

(small size parameters) and forward-backward assymetry for bin 4 [11]. Rayleight

scattering also describe complete polarization or not scattering at 90 degrees as it

is proved in eq. (72). Unfortunately, due to the low values of relative humidity, it

is not possible to see the changes of F11 for changes of q at any angle.
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Table 10: Time (hh:mm), Bsca ( µm−3) of instrument, LISA model, T-matrix
model, Relative Humidity (%), and Index of Refraction for composite material

for April 13, 2013

Time Instrument LISA T-matrix RH n = m + i k
06:19 10.430 8.147 11.879 16.653 1.530 + i 0.008
06:34 21.316 35.835 25.772 17.106 1.872 + i 0.688
06:49 12.032 11.253 14.172 17.085 1.530 + i 0.008
07:04 20.922 11.219 16.827 16.755 1.530 + i 0.008
07:19 30.382 30.301 33.882 16.253 1.682 + i 0.310
07:34 14.684 17.227 20.643 16.616 1.872 + i 0.688
07:49 24.729 12.270 14.538 16.592 1.530 + i 0.008
08:04 399.869 397.499 277.860 16.497 1.530 + i 0.008
08:19 369.796 343.745 238.139 16.795 1.530 + i 0.008
08:34 19.191 24.510 25.903 16.806 1.872 + i 0.688
08:49 37.720 29.332 33.222 16.672 1.530 + i 0.008
09:04 16.504 14.720 22.995 16.656 1.530 + i 0.008
09:19 16.393 14.861 19.640 16.533 1.530 + i 0.008
09:34 20.288 23.174 23.984 16.586 1.872 + i 0.688
09:49 22.363 17.973 21.827 16.691 1.530 + i 0.008
10:04 16.394 13.886 16.510 16.602 1.530 + i 0.008
10:19 16.937 16.977 17.847 16.599 1.813 + i 0.570
10:34 12.578 13.054 15.607 16.569 1.872 + i 0.688
10:49 14.368 10.881 14.899 16.564 1.530 + i 0.008
11:04 10.690 9.436 10.712 16.521 1.530 + i 0.008
11:19 7.073 11.699 10.423 16.359 1.872 + i 0.688
11:34 5.649 3.919 6.624 16.277 1.530 + i 0.008
11:49 12.302 31.797 14.880 15.875 1.872 + i 0.688
12:04 10.861 11.427 11.022 15.497 1.872 + i 0.688
12:19 6.725 21.993 12.200 15.506 1.872 + i 0.688
12:34 7.828 8.000 8.102 15.232 1.872 + i 0.688
12:49 21.884 28.278 15.929 15.023 1.872 + i 0.688
13:04 8.462 9.366 8.4080 14.954 1.872 + i 0.688
13:19 3.280 18.106 11.466 14.713 1.872 + i 0.688
13:34 7.425 8.430 8.138 14.534 1.872 + i 0.688
13:49 5.769 5.755 7.521 14.673 1.646 + i 0.238
14:04 2.986 4.111 6.634 14.390 1.872 + i 0.688
14:34 5.470 9.844 8.713 14.464 1.872 + i 0.688
15:04 6.574 5.560 6.900 14.109 1.530 + i 0.008
15:34 6.106 7.129 8.330 13.737 1.872 + i 0.688
16:19 15.422 42.356 19.859 12.652 1.872 + i 0.688
16:34 11.468 13.678 11.892 12.737 1.872 + i 0.688
16:49 6.473 9.830 10.611 12.764 1.872 + i 0.688
17:04 12.608 9.199 11.851 12.705 1.530 + i 0.008
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Figures 19 and 20 show the F22 element with values near to unity for bins

1-3 indicating sphericity in these radii ranges. For bin 4, the particles are bigger

than the wavelength and this matrix element goes from close to unity to 0.8. This

indicates that for bigger particles this element can detect particles shapes at 0.87

µm at the backscattering angle.

The matrix elements F33/F11 and F44/F11 in figures 21 and 22, show similarity

in values (F33 = F44), also the fast variation of these parameters with the change

of the angle indicates that the particles are more likely spheres.

The matrix element F12/F11 indicates linear polarization. Its formulation

is expressed with negative sign in some texts and we followed the convention of

Bohren and Hauffman [11], however the negative sign can be removing and we will

arrive to the same conclusions. From figures 25 and 26, we can observe that the

light is complete polarized at 90◦ indicating Rayleigh effect as it is described by eq.

(72). Figures also show that for spherical particles, polarization reaches extremes

indicating again the spherical shape of particles.

For bins 1 and 2, the matrix element F34/F11 does not show polarization at

all. This can occur due to the size of the particle with respect to the wavelength.

However for bins 3 and 4, this element shows strong dependence of core and angle

which is true for spheres than for spheroids. Also, this ratio does not reach extreme

values (±1) leading to the conclusion of nonspheres particles according to section

2.3.5.

The retrieval of single scattering albedo in fig. 29, shows that scattering occurs

most frequently. The values of SSA are greater than 0.6 for all time of the day

with some dips for certain hours and with maximum at 13:00 - 14:00 hrs.
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April 13, 2013, at 07:49 AM
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Figure 17: Log(F11) Müeller matrix element for an ensemble of oblate spheroids
as a function of scatttering angle θ and relative core size q for April 13, 2013 at
7:49 AM.
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April 13, 2013, at 08:04 AM
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Figure 18: Log(F11) Müeller matrix element for an ensemble of oblate spheroids
as a function of scatttering angle θ and relative core size q for April 13, 2013 at
8:04 AM.
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April 13, 2013, at 07:49 AM
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Figure 19: F22/F11 Müeller matrix element for an ensemble of oblate spheroids
as a function of scatttering angle θ and relative core size q for April 13, 2013 at
7:49AM.
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April 13, 2013, at 08:04 AM
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Figure 20: F22/F11 Müeller matrix element for an ensemble of oblate spheroids
as a function of scatttering angle θ and relative core size q for April 13, 2013 at
8:04AM.
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April 13, 2013, at 07:49 AM
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Figure 21: F33/F11 Müeller matrix element for an ensemble of oblate spheroids
as a function of scatttering angle θ and relative core size q for April 13, 2013 at
7:49AM.
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April 13, 2013, at 08:04 AM
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Figure 22: F33/F11 Müeller matrix element for an ensemble of oblate spheroids
as a function of scatttering angle θ and relative core size q for April 13, 2013 at
8:04AM.
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April 13, 2013, at 07:49 AM
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Figure 23: F44/F11 Müeller matrix element for an ensemble of oblate spheroids
as a function of scatttering angle θ and relative core size q for April 13, 2013 at
7:49AM.
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April 13, 2013, at 08:04 AM
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Figure 24: F44/F11 Müeller matrix element for an ensemble of oblate spheroids
as a function of scatttering angle θ and relative core size q for April 13, 2013 at
8:04AM.
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April 13, 2013, at 07:49 AM
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Figure 25: F12/F11 Müeller matrix element for an ensemble of oblate spheroids
as a function of scatttering angle θ and relative core size q for April 13, 2013 at
7:49AM.
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April 13, 2013, at 08:04 AM
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Figure 26: F12/F11 Müeller matrix element for an ensemble of oblate spheroids
as a function of scatttering angle θ and relative core size q for April 13, 2013 at
8:04AM.
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April 13, 2013, at 07:49 AM
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Figure 27: F34/F11 Müeller matrix element for an ensemble of oblate spheroids
as a function of scatttering angle θ and relative core size q for April 13, 2013 at
7:49AM.
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April 13, 2013, at 08:04 AM
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Figure 28: F34/F11 Müeller matrix element for an ensemble of oblate spheroids
as a function of scatttering angle θ and relative core size q for April 13, 2013 at
8:04AM.
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3.2 July 18, 2014

The day with higher average relative humidity for the area was July 18, 2014.

It can be seen form table 11 that the values of scattering coefficients are close

in some times of day, however in general it is not so. The first analysis on this

results is that the model with humidity underpredict values from the instrument,

and the dry model shows a better behavior instead. This is understandable if we

consider that the values of humidity does not allow a noticeable hygroscopic growth

and therefore the shell is almost neglectable according to eq. (102). However, at

relative humidity values higher than 40%, the model with humidity show a better

approximation, like before 15:30 hrs (see fig. 16).

In the analysis of the Müeller matrix elements F11, from figures 31 and 32 we

observe the same behavior as in the dry case, where the particles follow Rayleigh

scattering as it shows symmetrical and isotropic scattering for bins 1-3 (small size

parameters) and forward-backward assymetry for bin 4 as well. Also, the sphericity

shape from particles in bins 1-3 is proved from figures 33 and 34 which shows

again the F22 element with values near to unity. For bin 4, it is expected a better

resolution when the size parameter xeff is greater than the incident wavelength

and therefore this element at this interval size deviates from unity, indicating

nonsphericity.

As it happened in section 3.1, the matrix elements F33/F11 and F44/F11 in

figures 33 and 34, show similarity in values (F33 = F44), and changing fast with

angles indicating sphericity again, but not conclusions can be made before ana-

lyzing figures 39 and 39. For linear polarization, the matrix element F12/F11, it is

observed from figures 37 and 38, we observe the same Rayleigh behavior, the un-

polarized beam is complete polarized at 90◦ and also reaches extremes indicating

again the spherical shape of particles.
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From figures 39 and 40, the matrix element F34/F11 does not show any change

for the first bin, but it is interesting the behavior for bin 2, which show extreme

values at 60◦ and 120◦ indicating nonsphericity and for bins 3 and 4, this element

shows strong dependence of core and angle which is true for spheres.

Finally, the retrieval of single scattering albedo in fig. 41, also shows that

scattering occurs most frequently with values above 0.6 for all time of day and

also whows dips for certain hours and with maximum values of 0.96 at sometimes

showing that the iar masses are mostly composed of scattering particles.
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Table 11: Time (hh:mm), Bsca ( µm−3) of instrument, LISA model, T-matrix
model, Relative Humidity (%), and Index of Refraction for composite material

for July 18, 2014

Time Instrument LISA T-matrix RH n = m + i k
14:23 6.94 6.83 6.95 47.27 1.53 + i 0.01
14:38 10.91 5.74 8.50 46.11 1.53 + i 0.01
14:53 10.02 10.0 8.48 44.58 1.75 + i 0.44
15:08 6.84 7.18 7.38 42.83 1.87 + i 0.69
15:23 6.05 5.49 7.43 41.21 1.53 + i 0.01
15:38 7.51 5.46 7.29 41.86 1.53 + i 0.01
15:53 7.18 6.20 7.18 39.92 1.53 + i 0.01
16:08 6.96 4.07 6.85 39.23 1.53 + i 0.01
16:23 8.48 5.43 7.94 37.79 1.53 + i 0.01
16:38 6.21 4.96 6.89 38.03 1.53 + i 0.01
16:53 7.19 4.54 7.18 36.65 1.53 + i 0.01
17:08 8.12 4.35 8.10 36.09 1.53 + i 0.01
17:23 9.35 5.19 7.64 35.28 1.53 + i 0.01
17:38 7.55 4.51 7.39 35.55 1.53 + i 0.01
17:53 10.2 4.41 8.61 34.52 1.53 + i 0.01
18:08 7.87 40.41 16.25 35.39 1.80 + i 0.69
18:23 8.29 4.34 7.97 34.80 1.53 + i 0.01
18:38 8.25 4.11 8.95 33.62 1.53 + i 0.01
18:53 8.05 4.00 7.77 33.83 1.53 + i 0.01
19:08 7.78 3.95 8.52 33.24 1.53 + i 0.01
19:23 9.66 6.46 9.67 32.35 1.53 + i 0.01
19:38 9.56 5.75 9.22 32.37 1.53 + i 0.01
19:53 9.92 7.17 9.95 34.02 1.53 + i 0.01
20:08 11.16 11.16 14.27 34.05 1.68 + i 0.31
20:23 15.11 11.14 13.05 33.25 1.53 + i 0.01
20:38 12.99 13.78 15.17 31.43 1.87 + i 0.69
20:53 14.60 13.34 14.61 32.34 1.53 + i 0.01
21:08 13.86 6.76 9.18 31.21 1.53 + i 0.01
21:23 11.67 7.81 10.57 30.75 1.53 + i 0.01
21:38 9.78 3.78 7.63 30.91 1.53 + i 0.01
21:53 7.76 4.17 7.77 30.57 1.53 + i 0.01
22:08 10.15 3.92 7.76 30.87 1.53 + i 0.01
22:23 6.51 4.66 7.63 30.70 1.53 + i 0.01
22:38 7.36 5.01 8.73 30.85 1.53 + i 0.01
22:53 9.43 3.97 7.94 31.36 1.53 + i 0.01
23:08 8.41 4.12 8.65 31.04 1.53 + i 0.01
23:23 9.07 4.05 8.89 1.73 1.53 + i 0.01
23:38 9.13 4.23 8.19 31.75 1.53 + i 0.01
23:53 8.12 3.54 7.52 31.58 1.53 + i 0.01
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July 18, 2014, at 14:53 hrs
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Figure 31: Log(F11) Müeller matrix element for an ensemble of oblate spheroids as
a function of scatttering angle θ and relative core size q for July 18, 2014 at 14:53
hrs.
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July 18, 2014, at 15:08 hrs
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Figure 32: Log(F11) Müeller matrix element for an ensemble of oblate spheroids as
a function of scatttering angle θ and relative core size q for July 18, 2014 at 15:08
hrs.

89



July 18, 2014, at 14:53 hrs
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Figure 33: F22/F11 Müeller matrix element for an ensemble of oblate spheroids as
a function of scatttering angle θ and relative core size q for July 18, 2014 at 14:53
hrs.
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July 18, 2014, at 15:08 hrs
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Figure 34: F22/F11 Müeller matrix element for an ensemble of oblate spheroids as
a function of scatttering angle θ and relative core size q for July 18, 2014 at 15:08
hrs.
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July 18, 2014, at 14:53 hrs
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Figure 35: F33/F11 Müeller matrix element for an ensemble of oblate spheroids as
a function of scatttering angle θ and relative core size q for July 18, 2014 at 14:53
hrs.
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July 18, 2014, at 15:08 hrs

0 50 100 150

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

Angle (degrees)

F
3
3
/
F
1
1

r
eff

 core = 0.196,  r
eff

 shell= 0.196

0 50 100 150

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

Angle (degrees)

F
3
3
/
F
1
1

r
eff

 core = 0.344,  r
eff

 shell= 0.345

0 50 100 150

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

Angle (degrees)

F
3
3
/
F
1
1

r
eff

 core = 0.67,  r
eff

 shell= 0.671

0 50 100 150
−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

Angle (degrees)

F
3
3
/
F
1
1

r
eff

 core = 2.947,  r
eff

 shell= 2.95

Figure 36: F33/F11 Müeller matrix element for an ensemble of oblate spheroids as
a function of scatttering angle θ and relative core size q for July 18, 2014 at 15:08
hrs.
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July 18, 2014, at 14:53 hrs
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Figure 37: F12/F11 Müeller matrix element for an ensemble of oblate spheroids as
a function of scatttering angle θ and relative core size q for July 18, 2014 at 14:53
hrs.
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July 18, 2014, at 15:08 hrs
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Figure 38: F12/F11 Müeller matrix element for an ensemble of oblate spheroids as
a function of scatttering angle θ and relative core size q for July 18, 2014 at 15:08
hrs.
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July 18, 2014, at 14:53 hrs
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Figure 39: F34/F11 Müeller matrix element for an ensemble of oblate spheroids as
a function of scatttering angle θ and relative core size q for July 18, 2014 at 14:53
hrs.
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July 18, 2014, at 15:08 hrs

0 50 100 150
−1

−0.5

0

0.5

1

Angle (degrees)

F
3
4
/
F
1
1

r
eff

 core = 0.196,  r
eff

 shell= 0.196

0 50 100 150

−1

−0.5

0

0.5

1
x 10

−3

Angle (degrees)

F
3
4
/
F
1
1

r
eff

 core = 0.344,  r
eff

 shell= 0.345

0 50 100 150
−3.5

−3

−2.5

−2

−1.5

−1

−0.5

0

0.5

x 10
−3

Angle (degrees)

F
3
4
/
F
1
1

r
eff

 core = 0.67,  r
eff

 shell= 0.671

0 50 100 150

−0.35

−0.3

−0.25

−0.2

−0.15

−0.1

−0.05

0

Angle (degrees)

F
3
4
/
F
1
1

r
eff

 core = 2.947,  r
eff

 shell= 2.95

Figure 40: F34/F11 Müeller matrix element for an ensemble of oblate spheroids as
a function of scatttering angle θ and relative core size q for July 18, 2014 at 15:08
hrs.
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CHAPTER 4

Conclusions and future work

4.1 Conclusions

Scattering of solar radiation of 0.87 µm by atmospheric aerosols under the

effects of humidity was calculated by using two models based in the T-matrix

approximation showing reasonable agreement with the experimental data.

Although the scattering properties of core-shell models was not affected by

the shell thickness because of its minimal hygroscopic growth, due to general low

humidity; it shows better agreement during high humidity hours. Predictions by

Bauer et al., [37] who stated that the shell thickness should be 20% of the core

radius in order to be significant in light scattering.

The selected low relative humidity day show good agreement for both models

which were built under the t-matrix approximation. The model for high humidity

has a good response when the number distribution increases, as it has been seen

on day april 13, 2013. However, humidity greater than 40% were not present

in the region and the LISA model could not be proved in all the hourly events.

In summary we can say that both models worked very well but it is neccesary

simulate more cases under extreme higher relative conditions and also changing the

shape of the particles for better analysis. Despite of all, the scattering coefficients

Bsca shown good agreement in most of the cases for both low and high relative

humidities.

Only two species have been used in the simulations and they corresponded

closely to the real composition of aerosols in the region. Mineral dust is the one

that contributes more to the air masses and also to scattering. The measurements

of number distribution by the particle laser counter and the mass concentration

by the Texas Commission on Environmental Quality (TCEQ) allow to measure
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the size distribution which is a good indicator of the air masses, however it will be

useful to make measurements in finer meshes in diameters as well in short interval

of times.

Particle shape was possible to observe under the Müeller matrix elements. Al-

though the wavelength was large to detect particles under 1.0µm on effective radius,

it was clear to observe polarization changes, sphericity and scattering properties

per angle when it was neccesary. Both selected days were similar in size and geom-

etry, having similar matrices elements and similar values as well. This is another

consequence of the absence of significant shell thickness on the particle.

The values of SSA showed that most of the particles in the airshed correspond

to scattering particles, and the selection of the refractive indices for them at the

wavelength chosen was correct. This also was confirmed by electron scanning

spectroscopy (SEM) as it is seen in figures 42 and 43. There were few cases where

the concentration of soot was relevant but it occurred in few cases, like at 6:34

AM and 8:34 AM for april 13th, 2013, and for 14:53 hrs and 15:08 hrs for July

18th, 2014. This few episodes of soot could correspond to high peak hours where

emissions from motorized vehicles occurs at these time of the day. It is neccesary

to run emissions models to make a final conclusion about this.

In conclusion, this developed methodology was succefully used to find the

composite refractive index for both day scenarios and estimate the percentages

of the aerosol components, and it can be extended to other air masses where the

composition is more complex.

4.2 Future Work

For the data processing of the particle counter, the size distribution function

was assumed to be the log-normal distribution. The limitation on the number of

channels or diameter bins of the particle counter, made it not possible to fit the
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data, however this distribution is considered standard in aerosol counting tech-

niques [10]. In future work, particle counters with better resolution in diameter

channels and short collection time intervals is suggested.

Some computation improvements will demand some cost of memory, proc-

cesing, and time. The T-matrix model has also a parallel version, which was de-

veloped to make bigger calculations. It is advisable to review the routines created

and explore the capabilities of the model for larger data.

In the calculation, it was assumed that most of the particles were oblates and

rounded in shape. In reality the shape of the particles can vary from spherical to

non-spherical (also, chevyshev particles with more complicated shape). Figures 42

and 43 show the real shape of aerosols corresponding to El Paso airshed, simulation

of this particle is difficult to create, however there exist some programs that can

simulate them and are of free use (see for example Wriedt [38]).

The single scattering albedo allowed to observe the composition of the particles

in the air masses. This methodology can be combined with some other instruments

in order to detect other parameters involved in the study of atmospheric aerosols.

For example, it would be interesting to retrieve values of the phase factor described

in eq. 8. This parameter in combination with the Müeller matrices will help us

to create a complete description of the size and shape of the particles and their

effects on scattering.

Finally, we are trying to complement this work with some image processing

of the pictures taken by ordinary digital cameras. In the future we expect to have

this information as a data source for brighteness and contrast information of the

meteorological range or visibility in visible wavelenth range during the day and

also for night using infrared cameras to match with the wavelength used in this

work.
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Figure 42: Aerosol particle at 200µm scale resolution. The threads in the figure
are the composition of special filters used in the filtering process.
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Figure 43: Aerosol particle at 500µm scale resolution. The threads in the figure
are the composition of special filters used in the filtering process.
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