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ABSTRACT 

Gas turbines are now days used in power plants for power generation and for propulsion in 

the aerospace industry. In these applications gas turbines are exposed to severe temperature and 

pressure variations during operating cycles. These severe operating conditions exposed the 

turbine’s components to multiple deformation mechanisms which degrade the material and 

eventually lead to failure of the components. Nickel based and austenitic super alloys are 

candidate material used for these applications due to its high strength and corrosion resistance at 

elevated temperatures. At such temperature levels, candidate materials exhibit a rate-dependent 

or viscoplastic behavior which difficult the prediction or description of the material response due 

to deformation mechanisms. Unified viscoplastic constitutive models are used to describe this 

viscoplastic behavior of materials. In the present work Miller and Walker unified viscoplastic 

models are presented, described and exercised to model the creep of Hastelloy X and the low 

cycle fatigue behavior of stainless steel 304.  The numerical simulation results are compared to 

an extensive database of experimental data to fully validate the capabilities and limitations of the 

considered models. Material constant heuristic optimizer (MACHO) software is explained and 

used to determine both models material constants and ensure a systematic calculation of them. 

This software uses the simulated annealing algorithm to determine the optimal material constants 

values in a global surface, by comparing numerical simulations to an extensive database of 

experimental data. A quantitative analysis on the performance of both models is conducted to 

determine the most suitable model to predict material’s behavior. Based on the two exercised 

classical viscoplastic models, a novel hybrid unified model is introduced, to accurately describe 

the inelastic behavior caused by creep and fatigue effects at high temperature. The presented 
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hybrid model consists on the combination of the best aspects of Miller and Walker model 

constitutive equations, with the addition of a damage rate equation which provides capabilities to 

describe damage evolution and life prediction for Hastelloy X and stainless steel 304. A detailed 

explanation on the meaning of each material constant is provided, along with its impact on the 

hybrid model behavior. To validate the capabilities of the proposed hybrid model, numerical 

simulation results are compared to a broad range of experimental data at different stress levels 

and strain rates; besides the consideration of two alloys in the present work, would demonstrate 

the model’s capabilities and flexibility to model multiple alloys behavior. Finally a quantitative 

analysis is provided to determine the percentage error and coefficient of determination between 

the experimental data and numerical simulation results to estimate the efficiency of the proposed 

hybrid model. 
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CHAPTER 1: INTRODUCTION 

1.1 MOTIVATION 

Nuclear and chemical reactors are now being used to generate electricity with clean methods 

without the emission of greenhouse gases [1]. Some examples of these types of reactors are: the 

Very-High Temperature Reactor (VHTR) which is the Next Generation Nuclear Plant (NGNP) 

in the United States [2], the High Temperature Test Reactor (HTTR) in Japan [3], Nuclear 

Hydrogen Development and Demonstration plant in Korea [4], and the High temperature Gas 

Reactor in Japan [5]. The efficiency of these reactors is related to the temperature at which they 

operate; therefore, high operating temperatures are desired for better efficiencies. During 

operation at high temperature, the reactor requires cooling systems to keep it within safe 

operating temperature ranges. The coolant system is formed by the intermediate heat exchanger 

(IHX), which exchange heat between the primary heated coolant that come directly from the 

reactor primary system to a secondary working fluid which cools down the primary coolant [1-

3].  Three design configuration recommended by Davis et al. [6] for NGNP are presented in 

Figure 1-Figure 3 [7]. NGNP proposed configuration 1 is presented in Figure 1, this 

configuration requires the smallest IHX design and produces the highest overall electrical power 

production efficiency for the NGNP. In the design configuration 1, the designed operating 

conditions are: reactor outlet temperature is in the range of 850ºC - 950ºC, the IHX inlet pressure 

of 7.0 MPa and outlet pressure of 6.95 MPa, IHX inlet temperature is 850ºC - 950ºC and outlet 

temperature of 523ºC – 628ºC. Proposed configuration 2 is presented in Figure 2; this 

configuration is similar to configuration 1, but includes a third loop which adds a separation 

between the NGNP and a hydrogen generation process. In the design configuration 2 the reactor 
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outlet temperature is in the range of 900ºC – 950ºC, with IHX inlet pressure of 7.0 MPa and 

outlet pressure of 6.95 MPa, IHX inlet temperature is 900ºC – 950ºC and outlet temperature of 

543ºC-593ºC.  Finally the design configuration 3 is presented in Figure 3; this configuration 

requires the larger IHX design since it must transfer all the reactor thermal power to the external 

power conversion system and hydrogen generation process. In design configuration 3 the reactor 

outlet temperature is in the range of 950ºC – 950ºC, IHX inlet pressure of 7.0 MPa and outlet 

pressure of 6.95MPa, IHX inlet temperature of 850ºC – 950ºC and outlet temperature of 484ºC - 

584ºC [7].  

 

 

Figure 1: NGNP configuration 1 (direct electrical cycle and a parallel IHX) 
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Figure 2: NGNP configuration 2 (direct electrical cycle, parallel IHX, and SHX) 

 

Figure 3: NGNP configuration 3 (indirect electrical cycle and a parallel SHX) 
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From the previous described design configurations, it can be observed how in configuration 1 

the IHX operates at higher temperatures; thus, resulting in the most efficient configuration for 

the NGNP plant, meaning that the higher the operating temperature the higher efficiencies the 

system results on. Hence, the IHX perform a crucial function and its optimal performance is vital 

to maintain a safe temperature and a high efficiency of the reactor; consequently, accurate IHX 

piping component design is pivot to achieve high quality designs of IHX piping. Therefore it is 

essential to have a deep understanding of the mechanical behavior of the constituent material 

used in the components under service-like conditions [8]. Since the IHX is operating at high 

temperature and extreme conditions, a material able to deal with thermal and mechanical 

stresses, corrosion, oxidation, and exhibit a high strength at elevated temperature is required for 

IHX piping components. 

Gas turbines are extensively used for generation of electricity in power plants, and for 

propulsion in aerospace industry [9] (Figure 4). This kind of turbo machinery operates at 

elevated temperatures of above 1100ºC, and high pressure ratios of up to 23 to 1 for periods of 

more than 25,000 hours [11-13]. The Thermomechanical efficiency of gas turbines is dependent 

on the temperature at which the turbine operates. A high firing temperature leads to a dual 

benefit, an increase in specific work (that is the output per unit of air flow), and a reduction in 

fuel consumption [14-17]. These severe operation conditions produce multiple deformation 

mechanisms, which are applied to the turbine components such as the combustors, transition 

pieces, exhaust, and turbine blades [13, 18] illustrated in Figure 5. The purpose of the combustor 

is to mix the compressed air coming from the compressor with the fuel, and ignite the air-fuel 

mixture at temperatures of above 1500ºC. An example of a gas turbine combustor is provided in 

Figure 5 (a). 
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Figure 4: Gas turbine Alstom GT24/26 [10]  

After the combustion process is done the combustion gases left the combustor and then enter 

the transition pieces which direct the gases against the nozzle guide vanes. An example of 

transition pieces is given in Figure 5 (b). The purpose of the nozzle guide vanes is to direct the 

combustion gasses to intersect the rotating turbine blades at the optimum angle. An example of 

rotating turbine blades is presented in Figure 5 (c). These components capture the combustion 

gases momentum causing the rotor to spin therefore generating power, Figure 5 (d) shows an 

example of exhaust components, which are responsible of directing the combustion gases out of 

the turbine once they passed through all the rotating turbine blades rows [20]. Some damage 

mechanisms are thermal stresses which are caused by the elevated operational temperature; 

mechanical stresses caused by the pressure differences and the rotational movement of 

components, creep which is caused by the long operation periods of the turbine, low and high  
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Figure 5: W501 F Gas turbine components (a) combustor, (b) transition pieces, (c) Alstom 
GT24/26 rotating gas turbine blades and (d) exhaust components [10,[19] 

 

cycle fatigue caused by vibrations, the start-up , service time and shut-down of the equipment, 

oxidation caused by the contact of components to oxygen during operation. Depending on the 

damage stage caused by the mentioned mechanisms, they could lead to failure of the gas turbine 

components [21- 23], which might be catastrophic as shown in Figure 6. The severe operation 

conditions of gas turbines create a situation where material selection for components’ design 

(a) (b) 

(c) (d) 
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plays a fundamental role to warranty components reliability.  High strength materials are 

necessary to provide long components’ life under elevated temperature  [26-28]. 

 

Figure 6: Failure of turbine components [24,[25] 

For the previously described applications (IHX and gas turbine applications) good material 

candidates are austenitic, hardened superalloys [29]. The nickel-based superalloy Hastelloy X is 

an attractive candidate material. It is favored for these applications because of its high nickel 

content, which provides it with excellent mechanical properties at high temperature, high 

resistance to creep, oxidation and corrosion. A second candidate material for these type of 

applications is the austenitic stainless steel 304, which also possess high strength at elevated 

temperature [30-37]. However at elevated temperature these superalloys exhibit a viscoplastic 

(rate-dependent) behavior [38]. The nonlinear (viscoplastic) behavior of the material difficult the 

prediction of the material’s response to loading.   

 In order to have an optimal design of gas turbine and IHX components, a detailed modeling 

of the material’s behavior under any loading condition is essential to ensure the design integrity 

and quality of the component. Moreover, by knowing the behavior of the material the operational 

temperature might be increased for better system efficiencies. On the other hand, a better 

understanding of the material behavior leads to less conservative designs which in return reduce 
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the cost of hardware and components, since the material is effectively used  [15-17, 39]. There 

has been considerable effort to develop unified constitutive models capable of describing the 

inelastic behavior of Hastelloy X and stainless steel 304. These “unified” models are designed to 

model the multiple deformation mechanisms present during various loading cases such as stress 

relaxation, monotonic tension, creep and fatigue. Historically, numerous viscoplastic models 

have been proposed in literature such as Chaboche, Bodner, Hart, Miller, Walker, Bodner-

Partom among many others [40-44]. Viscoplastic constitutive models are shaped by material 

constants, which are characteristic of each material. Material constants are typically calculated 

using specific types of experimental data. The complexity of the model equations and the 

considered temperature ranges dictates the total number of material constants required for each 

model. The procedure to calculate these material constants is not well documented leaving gaps 

in the calculation process that leads to the “unsystematic” calculation of material constants. This 

unsystematic calculation of constants might result in improper usage of viscoplastic models.  
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1.2 OBJECTIVE 

The objectives of this thesis are as follows:  

 Test the recently developed Material Constant Heuristic Optimizer (MACHO) software to 

calculate material constants and perform finite element (FE) numerical simulations.  

 Use two different alloys (Hastelloy X and stainless steel 304) to validate the ability of 

MACHO, the considered and proposed models to describe the behavior of multiple materials.  

 Analyze and Exercise the Miller and Walker unified viscoplastic models, to determine the 

most accurate model describing the inelastic deformation of Hastelloy X under creep and the 

inelastic deformation of 304 stainless steel under low cycle fatigue. Conduct a series of creep 

and low cycle fatigue numerical simulations at a broad range of stress levels and strain 

amplitudes to fully evaluate the capabilities and limitations of each model. Compare the 

numerical simulation results to experimental data, and estimate the goodness of fit between 

them. Formulate a qualitative conclusion on which model better predicts the material's 

behavior. 

 Develop a hybrid unified viscoplastic constitutive model based on the best aspects of Miller 

and Walker unified viscoplastic models. Add a damage term to the hybrid model equations to 

account for damage state and determine the reaming life of the material. Explain the meaning 

and impact of each material constant on the constitutive equations. Perform a series of creep 

(for Hastelloy X) and fatigue (for stainless steel 304) numerical simulations at a broad range 

of stress levels and strain amplitudes to fully evaluate the capabilities and limitations of the 

proposed model. Compare the numerical simulation results to an exhaustive database of 

experimental data, and determine the goodness of fit between them by the percentage error 

and coefficient of determination. 
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1.3 OUTLINE 

The work is organized as follows. In chapter 2 a brief review on unified viscoplastic models 

is provided, where the basic components and basic skeleton of a viscoplastic model are 

explained. Besides, the Miller and Walker viscoplastic models are presented along with a 

explanation on material damage. Chapter 3 introduces the considered superalloys Hastelloy X 

and stainless steel 304; besides, their chemical composition and their mechanical properties are 

discussed. In Chapter 4 the use of the MAterial Constant Heuristic Optimizer (MACHO) 

software to systematically determine material constants for each constitutive model is explained, 

along with a discussion on the optimization process. In chapter 5 a comparative analysis between 

Miller and Walker constitutive model ability to predict superalloys behavior is presented. In this 

chapter both constitutive models are exercised to model the creep behavior of Hastelloy X at 

broad range of stress levels and the behavior of stainless steel 304 under low cycle fatigue at 

different strain amplitudes.  In chapter 6 the development of a hybrid constitutive model is 

presented. A detail explanation of the equations is provided, along with a discussion of the 

material constants and its impact in the constitutive equations. the hybrid model development is 

presented in three sucessive stages. Finally, in chapter 7 conclusions are formulated based on the 

model’s performance and future work is suggested.     
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CHAPTER 2: BACKGROUND  

2.1 FUNDAMENTALS OF VISCOPLASTICITY 

A unified viscoplastic models is a mathematical model capable of describing and/or predict a 

material’s behavior under complex loading conditions at elevated temperatures. It is called a 

unified model because contrary to classical theories of inelastic deformation, it is unifying the 

creep and plastic strain into one unique inelastic strain term; the unification of this term allows 

the modeling of multiple loading conditions (creep, monotonic tension or cyclic loading) by 

using the same set of constitutive equations for any loading condition. These types of models are 

based in the theory of time-dependent deformation [45, 46]. However, the total mechanical strain 

rate ߝሶ௠௘௖௛	of the material is represented by the summation of the elastic strain rate	ߝሶ௘ and the 

inelastic strain rate ߝሶ௜ Eq. (1); where the elastic strain rate is calculated using Hook’s law and the 

inelastic strain rate is calculated using the unified viscoplastic model.  

 

 e i
mech        (1) 

 

Although proposed unified viscoplastic models differ in number of conforming material 

constants, mathematical function used or effectiveness most models share several format details 

and basic structure. According to Chaboche [47] the basic structure of unified viscoplastic 

models should contain a flow law and hardening law equations to describe the evolution of the 

inelastic strain rate and the state variables. A basic skeleton of the constitutive equations of this 

type of models is presented in Eq. (2) - Eq. (4) [48]. Usually these equations are stiff non-linear 

differential equations, meaning that a minimum change in one constant or term can considerably 

affect the solution of equations; thus, these equations are usually difficult to solve and 

complicated integration methods are used to resolve them. The flow law, Eq. (2) describes the 
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inelastic strain rate as a function of the applied stress σ and the state variables that describe the 

hardening state of the material. Usually the strain rate equation contains a power law function or 

a hyperbolic sine function within its structure; besides the signum (sgn) function is added to 

account for reverse stress flow in case of opposite direction loading. The hardening law refers to 

the use of state variables to determine the strain state within the material due to the applied stress 

and the environment conditions, such as temperature. This hardening law is divided into 

kinematic and isotropic hardening [49]. Kinematic hardening R refers to the back or rest stress, 

which describes the global effects of repulsive forces among dislocations in pileups against 

obstacles; if a yield criterion is consider kinematic hardening accounts for the translation of the 

yield surface in the stress space, this accommodates the Bauschinger effect. Equation (3) 

describes the kinematic hardening with respect to time. Isotropic hardening D refers to the drag 

stress, which describes the drag forces that resist dislocation motion; if yield criterion is consider, 

then isotropic hardening accounts for the change in size of the yield surface in the stress space. 

Isotropic hardening with respect to time is represented by Eq. (4) [48].  

 

 i R
K

D
  
 
 

   (2) 

 

 1 2 3
i iR X X R X R        (3) 

 

 1 2 3
i iD Z Z D Z D        (4) 
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Usually hardening equations follow the hardening-recovery format. Terms X1 and Z1 

represent the hardening terms of the model, these terms are function of the inelastic strain rate, 

meaning that they are activated only in the presence of inelastic strain rate. The presence of 

hardening is mainly due to the block of dislocation motion. Terms X2 and Z2 represent the 

dynamic recovery capability of the model. The dynamic recovery is active due to the presence of 

an inelastic strain rate which allows mainly the climbing and cross-slip of dislocations which 

allows dislocation motion therefore recovering some hardening. Terms X3 and Z3 represent the 

effects of static thermal recovery; these terms are not function of the inelastic strain rate, they are 

activated by temperature. Once certain activation temperature is reached then the recovery term 

is activated and some hardening is recovered, the activation temperature is depended of the 

material and the recovery phenomena [48].  

The K, X and Z terms in the constitutive equations represent material constants; these 

material constants are characteristic of each material, and depending on the model they might be 

characteristic of each temperature level. The total number of material constants vary with each 

model, normally the accuracy of the model is related to the number of material constants; a 

model with numerous constants is expected to have a high accuracy. The material constants 

values are determined from creep and fatigue experimental data. Each model has a different 

method to calculate material constants, for example some models require the use of external 

equations to calculate, other require the plotting of experimental data in a certain way or some 

other is just trial and error. The material constants finding process is not always an easy process, 

especially if the model consists of many material constants since this increase the calculation 

time.  
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Even though unified viscoplastic models have been a promising solution to predict metallic 

material response during many years and numerous models have been proposed in literature, 

according to Chang and Thompson [50] there are still some shortcomings present in unified 

viscoplastic models. Some of them are (a) the proposed models have not been fully tested under 

rigorous conditions, therefore its full functionality have not been ensured (b) The material 

constants calculation methods are unclear since they are not well documented in all cases (c) As 

mentioned before the constitutive equations present a stiff regime, therefore its solution is not 

easy for time-dependent analysis. In order to take full advantage of these models and its 

capabilities, the aforementioned shortcomings must be overcome. So Even though unified 

viscoplastic models are not a new concept, there are still some empty spaces that need to be 

filled.   
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2.2 MILLER MODEL 

Miller model is a unified viscoplastic model also called MATMOD, proposed in 1975 by 

Alan K. Miller to model the viscoplastic behavior of materials subjected to high temperatures 

and high loads [51]. Miller developed this model considering four important factors. Factors 

which would classify it as a feasible or unfeasible model; the influence factors were: breadth, 

accuracy, realism and manageability. Breadth came in from the necessity of having a model with 

the ability to describe material’s behavior at different temperatures and strain ranges, besides 

being applicable to as many materials as possible. Accuracy and realism were obvious goals 

since this is a scientific model. Finally manageability was a concern because the equations would 

have to be accessed many times during a finite element analysis; so the use of simple equations 

would help to keep low computation times.  This model was developed trying to compromise 

among these four factors to reach an optimum model.   

This model was developed based on the physical mechanisms that take place within the 

material during exposure to inelastic conditions. The considered physical mechanisms include 

dislocation pileups, dislocation tangles and their bowing effects, solutes atoms and dislocations 

interaction, sub-grain strengthening, and their thermal activation. According to its creator, this 

approach will lead to the best solution because the deformation model relies on the same 

microstructural events that cause the deformation [52]. Individual mathematical consideration of 

each mechanism effects will be more accurate in an individual scale, but this model attempts to 

bring them together towards a more realistic structural analysis by the interaction among the 

inelastic mechanisms [53]. 

This unified model does not just consider creep and fatigue caused by the material’s exposure 

to extreme conditions, its developer claims that it also has the capabilities of simulating multiple 
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inelastic mechanisms such as: transient (primary) creep, steady-state (secondary) creep, 

monotonic short-time plastic deformation, cyclic hardening and softening, Bauschinger effect, 

rate effects, temperature effects, annealing, the accumulation and  the history interaction of these 

effects with respect to time [53].   

Miller model consists on a set of three rate dependent equations and a pair of auxiliary 

equations which introduce the temperature dependence modeling capability. Rest stress and drag 

stress equations represent the rates of change of these two state variables with respect to time. 

The model’s equations are conformed by eight main material constants which are characteristic 

of each material. The process to determine the constant’s values involves the use of auxiliary 

equations and/or plotting experimental data, and changing the constant’s values until the data 

reaches a desired region or desired shape [53]; this process is explained in section 2.2.2 of this 

chapter. The required experimental data comes from short-time monotonic, creep and cyclic 

loading tests at high temperatures.      

2.2.1 MILLER MODEL EQUATIONS 

The inelastic strain rate equation, Eq. (5) is based on Garofalo’s steady state creep equation 

[51]; it was modified to include drag and rest stress variables. This equation is dependent on the 

applied stress σ, and the two state constants R (rest stress) and D (drag stress) [52]. The strain 

rate equation, Eq. (5) requires three material constants B, θ΄, n; constant θ΄ brings the 

temperature dependence into the model, n represents the rate sensitivity of the stress and B is a 

material constant.  
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The second rate equation Eq. (6) describes the rate of kinematic hardening with respect to 

time. The first term in the rest stress rate equation represents the amount of hardening of the 

material, it is produced by the piling up of dislocations against obstacles; the second term 

represents the recovery that is produced by the climb and cross-slip of dislocations and by 

thermal recovery. The constants H1, B, A1 represent material constants; θ΄ is the temperature 

dependence term which accounts for thermal recovery. The constant H1 determines how rapidly 

the rest stress reaches a saturated value during cyclic loading. The purpose of the signum 

function sgn and the absolute values is to give the equation the ability to take into consideration 

reverse stress flow [52]. 

 1 1 1sinh sgn( )
n

R H H B A R R   
                                            (6) 

The third differential Eq. (7) describes the rate of isotropic hardening with respect to time. In 

Eq. (7) the first term represents the hardening of the material and the second term represents the 

recovery of the material. During steady state the hardening and recovery terms are equal, 

therefore resulting in Ḋ=0, the same is applicable to the rest stress equation, meaning that at 

steady state the inelastic strain rate is dependent on the steady state stress only. It is important to 

notice that the drag stress rate equation is dependent on rest stress R and drag stress D; this 

dependence was establish to give this equation the ability to consider cyclic loading by limiting 

the amount of isotropic hardening due to drag stress. The constants H2, C2, A2 are material 

constants.  

3 3
2 2 2 1 2 2 2[ ( / ) ] sinh(A )

n
D H C R A A D H C B D         
 

                   (7) 

As mentioned before the term θ΄ represents the temperature dependence of the model and its 

value is given by Eq. (8) and/or Eq. (9) depending on the initial temperature. This dependence is 
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due to this model’s assumption that the apparent activation energy Q is temperature dependent, 

constant at a temperature above 0.6Tm (where Tm represents the melting temperature) and variant 

at temperatures below. Variable Q represents the activation energy of processes related to 

inelastic deformation that are thermally activated, k represents the gas constant, and T is the 

working temperature.  

  

 exp
Q

kT

 
 
 

 For T≥0.6 Tm (8) 
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           
 For T<0.6 Tm (9) 

2.2.2 MATERIAL CONSTANTS 

As mentioned before model’s equations are conformed by eight main material constants, 

experimental data coming from monotonic tension creep and cyclic loading testing is used in the 

calculation of material’s constants values. It is important to solve for the constants in a specific 

order so that all the constants can be solved, this because the calculation process involves the use 

of previously solved constants. The solving process is the following. 

The first step is to find the constants responsible for the steady state creep. The constant Q 

and θ΄ represents activation energy for plastic flow of the material at high temperature and 

temperature-dependent factor, respectively. These constants are calculated using creep test data 

and plotting the minimum creep strain rate  ss against applied stress  ss with temperature as a 

parameter. Then divide each strain rate by θ΄ and try different values of Q in the temperature 

factor Eq. (8) and Eq. (9) until all the minimum creep data for the different temperatures coalesce 

in a narrow rectangular area. These will be the best values of Q and θ΄.    

 =′ߠ
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The second step is to find a value for the constant A, which is not clearly present in the 

model’s equations but it is required to calculate constants A1 and A2. Constant A is calculated by 

using Eq. (10) and using trial and error, until Eq. (9) results in a straight line when plotted 

( / )ssLog      against [sinh( )]ssLog A . The slope of this straight line is what defines the value of 

n and the value of /ss     at log[sinh( )] 1ssA   is the value of B [55].  

 ( / ) log( ) log[sinh( )]ss ssLog B n A       (10) 

The third step is to calculate the constants responsible for the cyclic stress-strain behavior 

which are C1, H1 and C2. These constants are calculated from cyclic stress amplitude versus 

cyclic strain amplitude and by best-fit procedure as shown in Figure 7 [52]; the arrows indicate 

the effect of an increase in each constant.  

 
Figure 7: Effects of constants C1, H1 and C2. 

Constant C1 controls the peak values of rest stress or stress amplitude by Eq. (11), where the 

rest stress is represented by Rss because that will be the point where stress reaches its steady state 

value due to cyclic saturation. 

 1 1( / )ss ss ssR A A C     (11) 

 



20 

 

Constant H1 controls how fast the rest stress builds up, a high value of the constant will result 

in a fast building up of the rest stress causing high stress amplitude. So, different values of H1 

must be tried in Eq. (6) until the simulation data properly fits the experimental data. Constant C2 

sets the lower value for D. With a proper value for C1, the values of A1 and A2 can be calculated 

using Eq. (12) and Eq. (13), which maintain a balance relation to C1 and A . By using Eq. (14) 

where Y is the 0.2 % yield strength, the Do constant can be found. Constant Do represents the 

initial value for the history of the drag stress.  

   3

2 1/ 1A A C      (12) 

 1 1/A A C   (13) 
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
  (14) 

 Finally constant H2 can be calculated by using tensile, creep or fatigue experimental data 

and tried different values of the constant in Eq. (6), so that simulation data fits experimental data.   

From the model equations it can be seen that Miller model is stress, temperature, structure and 

time dependent. Simple but many experimental data is required to solve for its constants. This 

model is capable of describing multiple inelastic deformations conditions by using these three 

differential equations. In the present work the temperature dependence function has been 

deactivated by setting the activation energy Q=0 which results in a temperature factor value of 

θ΄=1. The deactivation was done because it is not required on the present analysis, since only 

isothermal test are considered; moreover this assumption eliminates one unknown material 

constant, therefore simplifying the constant finding process for this model.  
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2.3  WALKER MODEL 

Walker model is a unified viscoplastic model, developed by Kevin P. Walker in 1981; 

originally this model was called functional theory. This model was published in both integral and 

differential from, in the present work only the differential form is considered. This model is 

intended to describe the inelastic behavior of metals subjected to extreme environments. Walker 

model has the capability of modeling Bauschinger effect, cyclic hardening and softening, creep, 

stress relaxation, strain rate and temperature effects [56]. Walker model describe the inelastic 

behavior of materials by using five equations, three rate equations and two linear equations. The 

first rate equation, the inelastic strain rate equation is responsible for the modeling of all kinds of 

inelastic strains; the second rate equation describes the rest stress rate (called equilibrium stress 

by Walker), which is a state variable, while the third describes the recovery behavior of the 

model. The first linear equation describes the second state variable of the model, the drag stress 

behavior, and finally, the second linear equation represents equality between inelastic strain rate 

and accumulated inelastic strain rate.  In this model, the saturation of the rest stress is 

independent of strain rate at high strains. This is because the state variable equation contains both 

dynamic and static recovery terms.  

The model equations are conformed by fourteen material constants which are calculated 

using cyclic hardening and softening experimental data. The process to solve for the material 

constants has not been found in literature; thus, numerical optimization software has been used in 

the present work, to determine the value of these constants. This optimization software is further 

explained in chapter 4. A fundamental characteristic of this model is the temperature 

dependence. There are no explicit temperature dependent terms involved in the equations. The 

temperature dependence of the model is incorporated within the material constants values, which 
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are functions of temperature and must be experimentally determined for each temperature. 

Therefore the number of material constants increases dramatically with the number of considered 

temperature levels.  

2.3.1 WALKER MODEL EQUATIONS 

The strain rate equation, Eq. (15) is based on a power law and it represents the strain rate 

behavior with respect to applied stress , rest stress R and drag stress D. Constant B and n are 

material constants, the sgn function and absolute value are present in this equation to give the 

ability to account for reversed stress flow.   

 sgn( )

n

n R
B R

D


 

  
  

 
   (15) 

The rest stress rate equation, Eq. (16) introduces kinematic hardening into the model and 

provides the ability to account for Bauschinger effect. The equation is integrated by the material 

constants 1 2 3, ,n n n , temperature T, temperature rate T , recovery relation G , inelastic strain n  

and inelastic strain rate n .  The growth law for the rest stress accounts for strain hardening with 

its first two terms, and for recovery effects with the last two terms which are dependent of the 

recovery relation.  

 1 2
1 2 0 1
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( ) ( )n n nn n

R n n T R R n G T
T n T

  
  

         
                     (16) 

The recovery relation is given by Eq. (17) which represents a relationship between dynamic 

and static recovery of the material. The dynamic recovery term (first term of the equation) 

governs hardening recovery in the presence of inelastic strain rate. On the other hand, the static 

recovery term (second term of the equation) governs hardening recovery in the absence of an 
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inelastic strain rate. The equation incorporates material constants 3 4 5 6, , , ,n n n n  R, Rs, m, strain 

magnitude k  and strain rate magnitude k . 

 
1

3 4 5 6[ exp( )]
m

k k

S

R
G n n n n

R
 



       (17) 

The original model proposed by Walker [56], contains temperature rate terms T in the rest 

stress rate equation. These terms are responsible for modeling rest stress changes due to 

temperature changes during non-isothermal tests. However, in the present work only isothermal 

tests are considered; therefore the temperature rate term T  has been omitted from the model’s 

equations, resulting in Eq.  (18).  

 1 2 0 1( ) ( ) Gn nR n n R R n          (18) 

The material constants n1 and n2 determine how fast the rest stress grows, until it reaches 

saturation. With large constants values, the rest stress will saturate so promptly that in theory it 

will saturate within the elastic region; in a hysteresis loop, this will cause a square behavior of 

the plot as shown in Figure 8. With intermediate values it will take longer for the rest stress to 

saturate and in a hysteresis loop this will cause a rounded behavior of the plot. With small 

values, the rest stress will slowly saturate and even rounded behavior will be exhibit in a 

hysteresis loop [56]. The drag stress equation, Eq. (19) introduces isotropic hardening into the 

model and provides the ability to account for cyclic hardening and softening of the material. 

Material variables 7n  and 2k  control the isotropic behavior of the model depending on the 

accumulated inelastic strain	ߝ௞; therefore the precision of this variables is of extreme importance 

to accurately model isotropic hardening or softening of the material [57].   

 1 2 7exp( )kD k k n      (19) 
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Figure 8: Stress-strain behavior at high n1 and n2 values 

Equation (20) sets the accumulated strain rate k  equals to the magnitude of the inelastic 

strain rate n . The accumulated inelastic strain rate in Walker model is equivalent to the thermal 

recovery terms on Miller model [57].  

 k n     (20) 

2.3.2 MATERIAL CONSTANTS  

No literature information was found to explain the material constants calculation process. 

However it is known that Walker model involves cyclic experimental data to determine material 

constants. Since the constants calculation process is unknown, numerical simulation software is 

used in the present work to determine material constants for Walker model.  
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2.4 MATERIAL DAMAGE 

Material damage (ω) refers to a state variable that accounts to the reduction in resistance to 

failure of the material, caused by loading and extreme environment conditions [58]. Material 

damage is used as a measure of the material degradation as a function of time. The damage 

evolutionary state variable considers the material stiffness and strength reductions. Besides 

material damage determine the damage state within he material bulk and allows life prediction of 

the material. Usually material damage is divided into two damage terms, creep and fatigue 

damage. In the present work only creep damage is considered since it will help to predict the 

tertiary creep regime. The basics of material damage is attributed to Kachanov, who in the 

1950’s proposed the foundations of what is now a days known as continuum damage mechanics 

[59]. Generally, damage is assumed to be homogeneous or continuum throughout the body, 

thereby the name continuum damage mechanics. Moreover damage is assumed to be irreversible. 

Damage theory assumed that at an initial time (t=0),  the damage state  (ω) is zero, since no 

force has been applied, and that rupture happens whenever damage (ω) reaches a unity value 

(t=tr). Thus, material damage ranges between zero and unity (0 ≤ ω ≤ ωr where ωr =1) .  

2.4.1 KACHANOV CREEP DAMAGE MODEL    

Kachanov creep damage model uses the term damage to describe the changes in the material 

due to loading and environment conditions. Kachanov represents damage by using a loss of cross 

sectional area caused by the growth of internal micro-cracks and micro-voids. As damage 

increases, the reduction in cross sectional area results in an increase in the internal stress and 

consequently an increase in the bulk strain.  The typical forms of damage that Kachanov 

investigated were:  
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 Transgranular (ductile) fracture, results from the formation of micro-voids within the grains. 

 Intergranular (brittle) fracture, results from the accumulation of micro-cracks at the grain 

boundaries.  

 Transgranular and Intergranular (plastic) fracture, results from the formation of micro-voids 

and micro-cracks as a consequence of large strains.  
 

Equation (21) is the damage rate equation that describes the material damage evolution as a 

function of the initial stress. The term A and k represents material constants, while ω is a state 

variable that accounts for the damage accumulation.  
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oA


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   (21) 

Assuming that at time equal to zero the damage state is zero, since no load is applied and 

integration of Eq. (21)  leads to Eq. (22). Equation (22) allows the determination of the rupture 

time (tr) based on the material constants A, k and the initial stress	ߪ௢ [59]. 
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  (22) 

Qi et al. [60] determine that the basic theory of critical damage equals to unity is not actually 

true for Kachanov model. The critical damage value using Kachanov model is less than unity, 

ranging between 0.2 – 0.8 for most metals. Therefore, the damage accuracy of Kachanov model 

is not granted. Thus, Kachanov model is only considered as background; however, it will not be 

further considered.  
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2.4.2 SIN-HYPERBOLIC CREEP DAMAGE MODEL 

A recently Sin-hyperbolic based model was developed by Haque and Stewart [61]. This Sin-

h model has the capabilities to fully predict the three creep stages. The constitute model 

equations are the following. Equation (23)  represents the damage rate or damage evolution 

equation which is function of the material constants M, φ, ߪ௧, the applied stress σ, and the state 

variable ω which accounts for the damage history of the material. Equation (24)  represents the 

inelastic strain rate evolution equation used by the Sin-h model. Equation (24) consists of the 

material constant A, the stress relationship (σ/σs) from where σ is the applied stress and σs is the 

stress as function of temperature, and the sine hyperbolic function (which gives the name to the 

model). The term λ is not consider a material constants because it can be calculated directly from 

experimental data by using Eq. (25), which involves the use of the maximum and minimum 

strain rate of the experimental data. An exponential function (exp) is used in Eq. (23) an Eq. (24) 

to mitigate the stress sensitivity and mesh dependence issues.  
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The previously described equations form a creep-damage constitutive model that accounts 

for damage and creep. It can observed that damage evolution is predicted only by Eq. (23) and its 

effects on the inelastic strain rate are described by the exponential (exp) term in Eq. (24).    
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CHAPTER 3: MATERIALS 

3.1  HASTELLOY X 

The creep inelastic behavior of Hastelloy X is analyzed in the present work. It is a nickel-

chromium-iron-molybdenum solid-solution-strengthened Ni-base superalloy which possesses an 

outstanding combination of oxidation resistance and high strength at temperatures of up to 

1200ºC, where it exhibits a good ductile behavior. At 1093ºC the ultimate tensile strength of 

Hastelloy X is 97 MPa; the Yield Strength at 0.2% offset is 91 MPa. Its melting temperature 

range is between 1260ºC - 1355ºC [47, 62 -64]. Thanks to these mechanical properties Hastelloy 

X has been used extensively in the power generation and pressure vessel industry. A large 

number of studies have been performed on this material characterizing the tensile, rupture, and 

creep deformation behavior [64, 65]. The Hastelloy-X experimental data used in the present 

study comes from Kim et. al.[32]; the alloy used for the experiments was a commercial type hot-

rolled plate with 19 mm of thickness. The creep specimens used had a cylindrical form of 30 mm 

in gauge length and 6 mm in diameter. The constant load creep test were conducted at different 

stress levels 35 MPa, 30 MPa, 25 MPa, 20 MPa, 18 MPa, 16 MPa, and 14 MPa at 950 ºC. At 

950ºC Hastelloy X exhibited an average young modulus of 144 GPa, a poison’s ratio of 0.29 and 

a 0.2% yield strength of 121 MPa.  The nominal chemical composition of the Hastelloy X is 

provided in Table 1. 

Table 1: Hastelloy X chemical composition (weight. %) [32] 

Ni C Mn Si Cr Co Cu Mo 

48.04 0.082 0.82 0.42 21.91 0.79 0.13 8.65 

W Fe B Al Ti P N S 

0.44 19.0 0.002 0.17 0.007 0.013 0.015 0.0003 
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3.2  STAINLESS STEEL 304 

The second considered material is stainless steel 304, an austenitic iron-nickel-chromium 

alloy that possesses high strength and high resistance at elevated temperatures where it exhibits a 

ductile behavior. At 800ºC the ultimate tensile strength of stainless steel 304 is 135 MPa; the 

yield strength at 0.2% offset is 70 MPa [66]. The melting temperature range is 1399ºC - 1454 ºC 

[67]. Thus, thanks to these mechanical properties and its repeated use on piping applications, this 

material is considered in the present study.  

The stainless steel 304 experimental data used in the present work was found in Stewart Ph., 

D. dissertation work [68]. The specimens used during the fatigue testing were rod annealed and 

cold finished to improve strength and straightness. Low cycles fatigue test were conducted at 

600ºC and at 0.5% and 0.7% strain amplitude (∆ߝሻ. The tested material was prepared to meet 

ASTM standards A276 and A479, the nominal chemical composition of stainless steel 304 is 

provided Table 2. 

. 

Table 2: stainless steel 304 chemical composition (weight. %) [68] 

Fe Cr Ni C Mn Cu 

69.0 19.0 9.25 0.04 1.0 0.5 

Mo Si S P Co N 

0.5 0.5 0.015 0.023 0.1 0.05 
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CHAPTER 4: NUMERICAL OPTIMIZATION SOFTWARE 

The numerical optimization software used in the present work to calculate Miller and Walker 

material constants is the MAterial Constant Heuristic Optimizer (MACHO) software. This new 

FORTRAN based software was recently developed at The University of Texas at El Paso to 

optimize material constants of complex constitutive models. This software allows the 

optimization of material constants by comparing experimental data to multiple iterations of 

simulated mechanical test results, until convergence parameters are meet. Besides MACHO 

calculates an objective function value which reflects the goodness of fit between the simulated 

mechanical test results and the experimental data. The objective function value is useful because 

it gives a good estimation of which constants set possess a higher accuracy. The provided 

experimental data and boundary conditions play a fundamental role in the optimization process. 

In the case of comparing viscoplasticity models’ performance such as in the present work, the 

use of MACHO is extremely helpful because it ensures a systematic calculation of material 

constants. Using the same optimization parameters for both models, a fair comparison between 

the models can be establish since the material constants for both models were 

calculated/optimized under the same conditions. MACHO is based on the simulated annealing 

algorithm; within this algorithm, an initial temperature is given and the model evaluation at the 

given temperature takes place until a given number of iterations are reached or convergence 

parameters are reached. Afterward, a temperature reduction is executed and function evaluation 

at this new temperature again takes place; this process is repeated until convergence is reached.   
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4.1 OPTIMIZATION PROCESS 

The optimization process is illustrated in Figure 9. It is as follows: initial guess constants, 

boundary conditions and experimental data must be provided by the user. These initial guess 

constants should preferably fit experimental data closely to allow the optimization algorithm to 

calculate constants within a more promising area. To determine initial guess values, both 

constitutive models were programmed in spreadsheets where experimental data was plotted and 

different material constants values from literature were modified until material constants values 

capable of fitting experimental data closely were found. The experimental data and boundary 

conditions files must contain the time-stress and time-strain relation of the physical experiment. 

The time relation must be the exactly the same between the experimental data and the boundary 

condition file. Depending on the mechanical test type the experimental data and boundary 

condition files would be different. For a load control test the experimental data file will contain 

the time-strain data, while the boundary condition file will contain the time-stress data. On the 

other hand, for a displacement control test the experimental data file will contain time-stress data 

while the boundary condition file will contain time-strain information.  

 MACHO possess the capabilities to optimize material constants considering n number of 

experimental data sets at the same time. Besides a combination of load controlled and 

displacement controlled data sets can be simultaneously optimized; however, the combination of 

experimental data types might lead to the calculation of less optimal material constants when 

compared to the use of only one type of experimental data. The experimental data and boundary 

conditions are characteristic of each material; therefore, only one material can be optimized at a 

time. In the present work the material constants for Hastelloy X creep (load controlled) were 
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calculated apart from the material constants for stainless steel 304 low cycle fatigue 

(displacement controlled).   

In the next step the Finite Element (FE) simulation of the desired mechanical test takes place 

by using the initial guess constants and the programmed constitutive model equations. The 

approach used to perform the FE simulation is executed based on the mechanical test type, load 

controlled or displacement controlled. For load control tests the process is simple, because the 

applied stress is directly used in the constitutive model equations to calculate an updated inelastic 

strain rate. On the other hand, if the test is displacement controlled, then radial return mapping 

using Newton-Raphson iteration takes place to solve for an updated stress which will then be 

used to calculate an updated inelastic strain rate.  

 Before the calculation of the objective function value (which indicates the goodness of fit of 

the simulation results with respect to experimental) takes place, a linear interpolation of the 

simulation results is perform. This linear interpolation sets the simulation results time step size 

equal to the experimental data’s; therefore, allowing a comparison between the experimental data 

and the simulated data at exactly the same time step. Then the objective function value is 

calculated based on the type of test; for load controlled test Tertiary Creep Function algorithm is 

used, while Low Cycle Fatigue Function algorithm is used for displacement controlled. Both 

methods calculate the normalized least squares values. The reason of having two methods  is 

because the objective function value of two types of test is not directly comparable, since the 

weight influence (or importance) of each data set might vary due to the duration of the test or the 

length of the experimental data set. The objective value of each data set is summed into one 

objective function value, which is represented by the sum of least squares. Afterwards, the 

objective value is compared to convergence parameters, if convergence has not been reached, 
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then the simulated annealing optimization algorithm is executed. The simulated annealing 

algorithm is based on the metallurgical method of annealing, where a material heated above its 

recrystallization temperature is cooled at a low cooling rate to reach a low energy state. The 

smaller the cooling rate the lower the energy state the material will result in. Based on this 

method, the simulated annealing algorithm accepts low cooling rates (low temperature reduction 

rates) to control the probability of accepting worse solutions. With a low cooling temperature 

rate this probability is reduced, resulting in more precise function evaluations. The simulated 

annealing algorithm suggests that slowing the temperature reduction will result in lower global 

minima [69, 70]. Thereafter, the algorithm will produce a new set of material constants which are 

used to start the process all over again until convergence is reached. 
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Figure 9: MACHO material constant optimization process 
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4.2 OPTIMIZATION PARAMETERS 

MACHO allows the user to establish critical optimization parameters that control the 

optimization software performance to obtain better results. Some controlling parameters of the 

simulated annealing algorithm are initial temperature Ti, temperature reduction factor rT, total 

number of steps Ns at each temperature level before cutting temperature, convergence controls 

within a temperature level, and maximum number of iterations. A high enough initial 

temperature will allow the algorithm to evaluate the gross behavior of the model since the 

algorithm is performing uphill movements finding optimal constants in the global surface. A low 

initial temperature will reduce the model’s evaluation in a global surface, therefore not ensuring 

a global evaluation of constants values. The temperature reduction factor should be low enough 

to keep a low cooling rate of the annealing simulation. The maximum number of iterations is 

dependent on the number of optimized material constants of the model, high number of 

optimized material constants will require a high number of iterations since its optimization will 

take longer. Other parameters that can be adjusted on the software are the total number of 

constants to optimize N, set upper and/or lower boundaries for the optimized constants values; 

this contributes to a faster and more accurate optimization of constants since the possible 

solutions are narrowed to a smaller set of possibilities. The regulation of these parameters, 

control the duration and accuracy of the optimization process. 
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CHAPTER 5: EXERCISE OF MILLER AND WALKER MODELS 

5.1 OPTIMIZED MATERIAL CONSTANTS 

Table 3 and Table 4 show the initial guess material constants values used by MACHO during 

the optimization process for Hastelloy X, and the resultant optimized material constants values, 

which were used for the simulation and exercise of both constitutive models to predict Hastelloy 

X behavior under creep. The same experimental data sets and optimization parameters were used 

for both models during their optimization process; it consisted of 500,000 iterations, with a 

temperature reduction factor of 0.5 and 100ºC as the initial temperature.  As mentioned before, 

the objective function value is a measure of how good the optimized material constants fit the 

experimental data (it is unit less).  

Figure 10 shows the resultant objective function values with respect to the iteration number 

during the material constants optimizing process of the Miller and Walker constitutive models 

for Hastelloy X under creep. It can be observed how during the first iterations the objective 

function values exhibited a large oscillation for both constitutive models; these oscillations are 

the result of the non-convergence of the optimization process due to the use of non-proper 

material constants values. Similarly, it can be observed how after several thousand iterations 

both models reach convergence resulting in a constant objective function value which in the 

figure is described by a constant horizontal line. Likewise, according to the figure the Miller 

model reach convergence at an earlier iteration number, while the Walker model reaches 

convergence at a later stage. The convergence difference is attributed to the number of material 

constants being optimized for each constitutive model, where seven material constants were 

optimized for Miller model and nine for Walker model. The objective function values for each 

constitutive model are shown in Table 3 and Table 4. 
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Figure 10: Objective Function results of the optimization process of Miller and Walker models 
for Hastelloy X under creep.  

 

For the initial guess constants values the objective function difference between Miller and 

Walker model is 3.04%, whereas for the optimized constants values the objective function 

difference between Miller and Walker is only 0.4%. Thus, both models’ constants were 

optimized under the same conditions and their goodness of fit or objective function value is 

reasonably similar for both models, ensuring a systematic calculation of material constants for 

both constitutive models.  According to Walker [56, 57] only nine material constants are required 

to model creep, Table 4 shows the nine material constants used to exercise the Walker model. In 

an effort to optimize all fourteen material constants, optimization simulations were performed, 

resulting in higher objective function values; thus, demonstrating that not all material constants 
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of Walker model are required to model creep. These zero values will deactivate some functions 

or terms of the constitutive equations, especially the recovery terms of the model; resulting 

effects are discussed in the next section.   

Walker model material constants were compared values found in literature [56] for Hastelloy 

X and the following differences were determined. The optimized value of constant B is smaller 

compared to that found in literature; this indicates that all the optimized values will result in a 

high magnitude of inelastic strain rate. Therefore a small B value is required to lower the 

inelastic strain value and tune it to the proper range. None significant difference has been found 

in the n material constant values. The material constant K1 is smaller in the optimized values and 

since the drag stress equation is a non-evolutionary equation (constant value) it means that the 

optimized values are determining a smaller constant drag stress value compared to literature 

values. The optimized value of  n6  is larger than that of literature, this difference will be affecting 

the recovery rate equation by causing a smaller recovery magnitude in the rest stress. The 

optimized value of n3 is a smaller value compared to literature values, this difference will affect 

the dynamic recovery term of the rest stress by causing a lower magnitude of rest stress recovery. 

So the optimized values magnitude difference of constant n6 and n3 in the optimized values 

compensates the value difference between these constants in literature values.  The Miller model 

optimized material constant values cannot be compared to literature, because no material 

constant values have been found for Hastelloy X.  

 
Table 3: Miller model initial guess and optimized material constants for Hastelloy X creep 

Material 
constant 

Initial guess 
value 

Optimized 
value 

 
Units 

 

B 0.45107e14 0.41229e13  Sec-1  
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n 3.2003 3.2608  -  

H1 0.32995e-4 0.14383e-3  MPa  

H2 0.21839e6 0.33919e7  -  

A1 11.351 7.0297  MPa-1  

A2 0.12418e-13 0.17724e-14  MPa-1  

C2 0.12030e-27   MPa  

Obj. Funct. 1,290.215 1,106.046  -  

 
Table 4: Walker model initial guess and optimized material constants for Hastelloy X creep 

Material 
constant 

Initial guess 
value 

Optimized 
value 

 
Units 

 

B 1.46e-7 .13545e-6  -  

K1 4.5870  4.5183   MPa  

K2 0 0  -  
Ro 15  15   MPa  
Rs 7.3055 8.3276  -  

m 6.3459 6.3480  -  

n 4.8584 4.8582  -  

n1 0 0  -  
n2 -3.4  -3.4   MPa  
n3 -2 -2  -  

n4 0 0  -  

n5 0 0  -  
n6 1e-8 -.27462   Sec-1  
n7 0 0  -  

Obj. Funct. 1,251.04 1,101.63  -  
 

 

Two different alloys are considered in the present work to test the flexibility and capabilities 

of the considered constitutive models and MACHO algorithm. Stainless steel 304 was used to 

test the modeling capabilities at low cycle fatigue conditions. Different optimization parameters 

were used for low cycle fatigue optimization process to perform a better optimization of material 
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constants. 500,000 iterations were conducted at an initial temperature of 125ºC and a temperature 

reduction factor of 0.25. Table 5 and Table 6 show the initial guess material constants used by 

MACHO during the optimization process and the optimized material constants for stainless steel 

304, along with the objective function value for each set of constants.  

The difference in objective function value at initial guess constants values between Miller 

and Walker for stainless steel 304 constants is 14.32%; whereas for the optimized material 

constants the objective function value difference is 46.40%. Even though the final objective 

functions value for low cycle fatigue is not as close as in creep for between both models, it still 

allows a comparison between the models since both models were optimized under the same 

conditions. This difference reflects the capability difference between both models to predict low 

cycle fatigue. The fatigue optimization objective function magnitudes are not comparable to 

creep’s because the area under the creep curves are not of the same magnitude as the fatigue 

curves.  

Miller model optimized material constant values were compared to values found in literature 

[53] for 304 stainless steel and the following differences were determined. The optimized 

material constant B has a lower value than in literature, this difference means that all the 

optimized materials constants will predict an overall higher inelastic strain magnitude compared 

to literature material constants. Therefore a high tuning value for constants B is not required. The 

material constant n does not present a considerable difference between the optimized and 

literature values; however the optimized value is small, meaning that the stress intensity 

calculated by the optimized values is higher. The optimized constant values for H1 and A1 are 

smaller than those in literature; these differences indicate that the rest stress will be evolving in 

lower magnitudes compared to using the literature values. On the other hand, the optimized 
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material constants A2 and C2 present a higher value compared to literature values. This difference 

indicates that the drag stress will be evolving at a higher magnitude compared to using the 

literature values. So the overall difference in material constant values between optimized and 

literature values, indicates that by using the optimized values the drag stress will be calculated in 

higher magnitudes, and this increase will be compensated by a lower calculation of rest stress. 

The optimized material constants for Walker model cannot be compared to literature, because no 

material constants have been found in literature for 304 stainless steel.  

Figure 11 shows the number of iterations with respect to the objective function value for each 

model during low cycle fatigue optimization process. It can be observed how the Walker model 

exhibited a larger variation on the objective function value compared to Miller model. Miller 

model reached convergence at an earlier stage compared to Walker model; however, this was 

expected because it contains fewer variables. Considering the final objective function value the 

Walker model resulted in a smaller value compared to Miller model, this is attributed to the 

higher capabilities the model possess and they are reflected in the larger number of necessary 

material constants. 
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Figure 11: Objective function results of the optimization process of Miller and Walker models 

for 304 stainless steel under fatigue 
 

According to Walker [56, 57] nine material constants are required to be active to model low 

cycle fatigue. Optimization simulations were conducted for nine material constants (as in creep) 

and for fourteen material. The results showed that the use of nine material constants resulted in a 

better correlation between simulated and experimental data by more than 90% compared to 

fourteen constants. Therefore only nine material constants were used to exercise the Walker 

model.   
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Table 5: Miller model initial guess and optimized material constants for stainless steel 304 

Material 
constant 

Initial guess 
value 

Optimized 
value 

 
Units 

 

B 0.10e-14 0.56864e-4  Sec-1  

n 5.8 1.2661  -  

H1 100.0 0.41389e-3  MPa  

H2 280.0 9705.50  -  

A1 0.7420e-4 0.2407e-5  MPa-1  

A2 
0.800 0.41394e-1  MPa-1  

C2 
0.100 0.15996e9  MPa  

Obj. Funct. 129,831.37 3,292.2774  -  

 
 

Table 6: Walker model initial guess and optimized material constants for stainless steel 304 

Material 
constant 

Initial guess 
value 

Optimized 
value 

 
Units 

 

B 0.77186e-5 0.41691e-3  -  

K1 27.386 169.16  MPa  

K2 0 0  -  
Ro 2.22 14.696  MPa  
Rs 0.8181e20 0.18133e20  -  

m 0.52505e20 0.78026e19  -  

n 22.0 7.8255  -  

n1 0 0  -  
n2 6,954.1 24,252  MPa  
n3 182.89 279.18  -  

n4 0 0  -  

n5 0 0  -  
n6 0.94574e10 0.13881e20  Sec-1  
n7 0 0  -  

Obj. Funct. 151,525.35 1,764.814  -  
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5.2 RESULTS 

Miller and Walker constitutive models were exercised in ANSYS Mechanical APDL using 

UPFs to program the constitutive equations and input decks to code simulation parameters and 

boundary conditions. The models were exercised to model the creep behavior of Hastelloy X at a 

constant temperature of 950ºC at different stress levels 35 MPa, 30 MPa, 25 MPa, 18 MPa, 16 

MPa and 14 MPa, and to model the fatigue behavior of stainless steel 304 at a constant 

temperature of 600ºC at 0.5% and 0.7% strain amplitude (∆ߝሻ. MACHO optimized material 

constants were used for these numerical simulations. Figure 12 - Figure 14 show the creep 

numerical simulation results of Miller model, compared to Hastelloy X experimental data. Miller 

model behavior under creep conditions is presented and compared to experimental data in Figure 

12. It can be observed that even though this model was design to account only for primary and 

secondary creep, when good optimized material constants values are used the model gains the 

ability to accurately model tertiary creep at high stress levels. On the other hand, at low stress 

levels the model is able to predict only primary and secondary creep as it is designed to. As 

shown in the figure, as the applied stress level decreases the Miller model becomes less accurate. 

Good correspondence between experimental data and numerical simulation results is observed 

for stresses  25 MPa, where full creep is predicted. On the other hand, scatter is present 

between experimental data and numerical simulation results at  < 25 MPa. At these stress 

levels, primary and secondary creep is predicted with some discrepancies; thus, conservative 

consideration of the material capabilities at low stresses would result.  

The drag stress or isotropic hardening behavior of the Miller model during numerical 

simulations is shown in Figure 13. The drag stress describes the stress impeding dislocation 

motion caused by grain boundaries, solute atoms, and precipitate atoms. Simulation results show 
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the drag stress linearly decreasing with time; physically meaning that as time increases 

dislocation motion increases due to the climbing and slip of dislocations. At high stresses the 

drag stress reduction will be larger and faster, meaning that the higher the applied stress, the less 

time it will take to have a drag stress or isotropic hardening reduction, since there is more applied 

stress involved to overcome obstacles impeding dislocation motion . On the contrary, at low 

applied stresses, the reduction of drag stress is smaller and slower, meaning that solute atoms and 

grain boundaries prevent dislocation motion for a longer period of time and allowing only a 

slight motion. Figure 14 shows Miller’s rest stress or kinematic hardening behavior during 

numerical simulations of creep. The rest stress represents the amount of stress that stuck 

dislocations are causing within the lattice due to the applied stress. As presented in the figure, as 

time increases, so does the rest stress, meaning that as time increases more stress is generated by 

the stuck dislocations, thus affecting the stress concentration within the lattice. At high stress 

levels high rest stress are generated, whereas at low stress levels lower rest stresses are 

generated. This is due to the fact that the opposing or back stress is proportional to the applied 

stress.  

Figure 15 - Figure 17 show the creep numerical simulation results of Walker model, 

compared to Hastelloy X experimental data. Walker’s model also gains the ability to describe the 

tertiary creep regime of Hastelloy X given optimized material constants, even though it is not 

included in its original designed capabilities. Figure 15 presents Walker model behavior under 

creep and compares it to experimental data. Walker model exhibits high precision predicting 

creep at high stress levels where the three creep stages are predicted. However, at low stress 

levels, the constitutive model meets its design purposes and describes the primary and secondary 

creep regime. Thus, as the stress level decreases the modeling accuracy decreases. As it is shown 
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in the figure, good correspondence between the numerical simulation results and experimental 

data is observed at ߪ ൒ 20 MPa. On the contrary, scatter between the same parameters is present 

at 20>ߪ MPa. The unusual behavior of Walker model predicting tertiary creep at high stress 

levels is attributed to the optimized material constants used for the numerical simulations. Drag 

stress behavior during Walker model numerical simulation is presented in Figure 16. The drag 

stress behavior is represented by a straight line for all stress levels. This is expected since the 

drag stress equation is a non-evolutionary drag stress equation governed only by the material 

constant k1, which has a constant value throughout the simulation. The remaining terms of the 

drag stress equation were deactivated because they were not required to describe creep 

phenomena according to Walker and Hartmann [56, 57]. Figure 17 shows the rest stress behavior 

during the simulation of Walker model. As presented in the figure, as time increases the rest 

stress decreases. However, the rest stress reduction is dependent on the stress level. At low stress 

levels the rest stress reduction is slow and short, whereas at high stress levels the drag stress 

reduction is fast and larger. This difference in rest stress reduction is due to the test time and 

applied stresses. The rest stress value is decreasing because of the deactivation of constant n1 in 

the rest stress rate equation. Constant n1 is affecting the hardening and recovery terms of the 

equation where it is affected by the inelastic strain rate; however, in the recovery term it is also 

function of the recovery relation rate which is an increasing number based on the accumulated 

inelastic strain rate equation. Thus, the deactivation of the material constant n1 is leading to a 

reduction in the rest stress behavior.  

Comparing the drag stress evolution of the two exercised constitutive models, it can be 

concluded that the Walker model drag stress equation is a non-evolutionary equation governed 

by a constant value k1. On the other hand, Miller model uses an evolutionary drag stress equation 
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dependent on multiple material constants and strain rates responsible of the drag stress value 

evolution. Comparing the rest stress evolution behavior of the two considered viscoplastic 

models, it can be concluded that Walker softening terms in the rest stress rate equations have a 

higher influence than in Miller model. This behavior is attributed to the optimized and 

deactivated material constants. In terms of the magnitude values of the drag and rest stress of 

both models, the differences are attributed to the different mathematical functions present in the 

inelastic strain rate equations. Walker model uses only a power law function; whereas Miller 

model uses a hyperbolic sine function and two power law functions. Therefore in order to 

balance the difference of these mathematical functions, the drag and rest stress magnitudes must 

be different. 

The behavior of the rest and drag stress for the Walker model during these numerical 

simulations is unrealistic, since the behavior does not correspond to the actual physics present 

during a physical test. This unrealistic behavior of Walker rest and drag stress is attributed to the 

optimized material constants, which were optimized to fit the numerical simulations to the 

experimental data and not to follow the actual physics of the phenomena. This illustrates that 

MACHO is agnostic to the physics of the material behavior; it finds the optimal material 

constants that would best fit the experimental data by following a mathematical algorithm. That 

is the reason why both constitutive models gained the ability to model tertiary creep. Even 

though Miller model drag and rest stress behavior matched the actual physics of the deformation 

mechanisms, no literature information was found to support the precision of the magnitudes of 

these parameters with respect to the numerical simulations results. Therefore, a laboratory 

experiment is recommended to experimentally determine the real values of Hastelloy X rest and 

drag stress.  
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Figure 12: Miller model simulation vs. experimental data [32] 

Figure 13: Miller model drag stress vs. time 
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Figure 14: Miller model rest stress vs. time 

Figure 15: Walker model simulation vs. experimental data [32] 
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Figure 16: Walker model drag stress vs. time 

Figure 17: Walker model rest stress vs. time 
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Miller and Walker models were exercised using the finite element calculation included in 

MACHO. ANSYS was not used to simulate the low cycle behavior of the models, because it 

didn’t accepted the optimized material constant values optimized by MACHO because they seem 

to be unrealistic for the software. Besides there were some discrepancies between ANSYS and 

MACHO calculation of the updated stress, because MACHO calculates the updated stress 

assuming a uniaxial stress, whereas ANSYS calculates the updated stress assuming equivalent or 

Von Mises stress. Thus, the following numerical simulation results for the low cycle behavior of 

stainless steel 304 were performed using the MACHO internal finite element tool.  

Figure 18 and Figure 19 show the low cycle fatigue numerical simulation results using the 

Miller model against the experimental data, at a temperature of T=600ºC and strain amplitudes 

of		∆ߝ ൌ0.005 and ∆ߝ ൌ0.007, respectively. From Figure 18 it can be observed how the 

numerical simulated curve exhibit a lower hardening prediction compared to experimental data 

in the hardening region. In the negative stress region, the numerical simulations display a much 

softer behavior than the experimental data. At this strain amplitude the Miller model under 

predicts low cycle fatigue behavior, since the predicted hardening and softening behavior are 

smaller than the actual behavior. In Figure 19 it can be observed how the hardening portion of 

the initial cycle is under predicted by the numerical simulated curve. Overall there is good 

correspondence between the simulated and the experimental curve; however at the maximum 

softening region (lower stress point) and at the middle hardening region (positive stress, negative 

strain area) the numerical simulated curve exhibits an under prediction of the behavior.  
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Figure 18: Miller model simulation vs. experimental data [68]  

Figure 19: Miller model simulation vs. experimental data [68] 
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Figure 20 and Figure 21 show the Walker model results prediction for low cycle fatigue 

against the experimental data,  at a temperature of T=600ºC and strain amplitudes of ∆ߝ ൌ0.005 

and ∆ߝ ൌ0.007, respectively. From Figure 20 at the maximum softening region (lower stress 

point) a good correspondence can be observed for the first cycle, whereas for the subsequent 

cycles there are some discrepancies since the behavior is under predicted. At the middle 

hardening region (positive stress, negative strain area) there is a small under prediction of the 

behavior; however, at the maximum hardening region (highest stress point) there is a good 

hardening prediction.  From Figure 21 an overall close correspondence between simulated and 

experimental curves can be observed; however, there is a slight over prediction of the behavior at 

the maximum hardening region. In low cycle fatigue test the use of optimized material constants 

do not give any extra capabilities to the models, only a high accuracy level to describe the 

material behavior. No comparison figures of drag and rest stress for low cycle fatigue 

simulations are presented since the behavior of these state variables is agnostic to the physics due 

to the use of the optimized material constants. This issue is exemplified in creep simulation 

figures.  
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Figure 20: Walker model simulation vs. experimental data [68] 

Figure 21: Walker model simulation vs. experimental data [68] 

Walker Model Stainless Steel 304, T=600ºC,  

Strain  mm/mm)

-0.006 -0.004 -0.002 0.000 0.002 0.004 0.006

S
tr

e
s

s
 

M

P
a

) 


-300

-200

-100

0

100

200

300

400

Exp Data 
Walker Model Sim

 

Walker Model Stainless Steel 304, T=600ºC,  

Strain  mm/mm)

-0.008 -0.006 -0.004 -0.002 0.000 0.002 0.004 0.006 0.008

S
tr

e
s

s
 

M

P
a

) 


-400

-300

-200

-100

0

100

200

300

400

Exp Data 
Walker Model Sim

 

n=7 

n=7 



55 

 

In Figure 22 and Figure 23 show the stress amplitude (top and bottom stress levels) with 

respect to the number of cycles at strain amplitudes of 0.005 and 0.007, respectively. In this 

figures the previously predicted stress amplitude (Figure 18-Figure 21) of each viscoplastic 

model is compared to the experimental data. Figure 22 shows a comparison of the viscoplastic 

behavior predictions and experimental data at an strain amplitude of 0.005. From this figure it 

can be observed how Miller model is over predicting the hardening behavior during the first 

couple of cycles, meaning that the viscoplastic model is hardening at a higher rate compared to 

experimental data. In this figure it can be observed how Miller model is is exhibiting a good 

correspondence in the top stress levels or at the hardening points; however, at the lower stress 

points or softening points, the Miller model is under predicting the stress response at all points.  

On the other hand Walker model is better predicting the material hardening during the first 

couple of cycles; however, it is still being over predicted by Walker model. Considering the top 

stress levels or hardening points there is a better correspondence of Walker model predictions 

compared to those of Miller model. in the lower stress levels or softening points it can be 

observed how Walker model is closely following the softening path of the material described by 

the experimental data, meaning that Walker model is accurately predicting the softening 

behavior of the material.  

Figure 23 shows the comparison of the viscoplastic model predictions with respect to 

experimental data at an strain amplitude of 0.007. From this figure it can be observed how Miller 

model is over predicting the hardening of the material during the first couple of cycles, as the 

cycle number increases and the material hardens the correspondence between Miller model 

predictions and experimental data increases. The softening behavior is being under predicted by 

Miller model at all stress points. On the other hand, Walker model is better predicting the 
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softening behavior of the material; however, it is still under predicting the stress level. 

Considering the hardening of the material the Walker model is over predicting the hardening 

during the first couple of cycles, however, as the number of cycles increases the correspondence 

with respect to experimental data does it as well. Overall both viscoplastic models are not 

exhibiting a good correspondence to experimental data of the material hardening during the first 

couple of cycles, meaning that the predicted hardening of both models is not evolving as close to 

experimental data as expected that is why the highest accuracy or correspondence of both models 

is exhibited at a higher cycle number where the material hardening increases and tends to 

stabilize.     
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Figure 22: Comparison of stress amplitude vs. number of cycles at Δε=0.005  

Figure 23: Comparison of stress amplitude vs. number of cycles at Δε=0.007 
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5.3 ANALYSIS 

In order to determine which constitutive model is the best to describe Hastelloy X and 

stainless steel 304 behaviors, it is required to consider the accuracy and the friendliness of each 

constitutive model. To facilitate the process of this decision, a quantitative and qualitative 

discussion is presented. To establish a numerical or quantitative evaluation of the behavior of 

each model with respect to the experimental data, the time step size of each model was set equal 

to the time step size of the experimental data. To do so, for Hastelloy X creep ten experimental 

data points were selected as a base time step size and by using linear interpolation, ten numerical 

simulation data points (strain and time) were obtained for each constitutive model at exactly the 

same time. With these new data points, the ten experimental data points and the twenty 

numerical simulation data points (ten from each model) were comparable since all the new strain 

points were calculated at the same time point. On the contrary, this procedure was not necessary 

for the low cycle fatigue data of stainless steel 304 since the time step size is the same between 

the numerical simulations and the experimental data. The mean percentage error (MPE) was 

calculated between the experimental data and the new numerical simulation data points for each 

constitutive model at each stress level for Hastelloy X. The results are presented in Table 7. 

Table 8 presents the MPE between the experimental data and numerical simulation results of 

stainless steel 304 subjected to low cycle fatigue. The equation used to calculate MPE was 

Eq.(26) , where n represents the total number of data points considered at each stress level and 

strain amplitude.   

# #100

#
SimData ExpData

ExpData

MPE
n


                                                (26) 
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The MPE represents the average percentage error by which the numerical simulated data 

differ from the experimental data. Therefore the smaller the MPE, the more accurate the 

constitutive model is. The coefficient of determination (ܴଶ) was also calculated for each stress 

level and strain amplitude. The coefficient of determination is a number that specifies how well 

the numerical simulated data fits the experimental data at each stress level. When	ܴଶ ൌ 1, it 

denotes that the numerical simulation data perfectly fits the experimental data; thus, the higher 

the coefficient of determination the more accurate the constitutive model is at a specific stress 

level or strain amplitude. The coefficient of determination ܴଶ was calculated using Eq.(27), 

which implied the use of the total sum of squares given by Eq.(28), which is proportional to the 

variance of the data and also the use of the sum of squares of residuals given by Eq.(29) also 

called the residual sum of squares. Where i represent the number of data points consider at a 

specific stress level, yi and fi represent an experimental data point and a numerical simulated data 

point respectively, ݕത is the mean value of the experimental data at a specific stress level. The 

coefficient of determination was calculated for each stress level and strain amplitude; the results 

are presented in Table 7 and Table 8, respectively.   

2 1 res

tot

SS
R

SS
                                                                (27) 

 2

tot i
i

SS y y                                                          (28) 

2( )res i i
i

SS y f                                                          (29) 

 

According to the results presented in Figure 12 at high stress levels where    18 MPa 

Walker model exhibited the smaller MPE and the higher ܴଶ values, meaning that Walker model 

produces better predictions than Miller model at these stress levels, where primary, secondary 
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and tertiary creep are predicted. However, at 30 MPa MPE difference between Miller and 

Walker model is not significant. In accordance with Figure 12 and Figure 15 where it was shown 

how the numerical simulation data graphically fits the experimental data, the results on Table 7 

show how the accuracy and precision of each constitutive model decreases as the stress level 

decreases. At ߪ ൑16 MPa, the Miller model exhibited a higher accuracy than the Walker model. 

However, at these stress levels both models are only predicting primary and secondary creep. So 

at high stress levels ߪ ൒ 18 MPa, Walker model exhibited a higher accuracy than Miller model 

by 2.23% MPE. On the other hand at low stresses ߪ ൑16 MPa, Miller model exhibited a higher 

accuracy than Walker model by 1.903% MPE.    

Table 7: Calculated mean percentage error (MPE) and coefficient of determination ሺܴଶሻ	for 
Miller and Walker numerical simulations for Hastelloy X subjected to creep 

 Miller Model Walker Model 

Stress Level MPE 2R MPE 2R  

35 MPa 15.15029 0.983132 10.52089 0.983448 

30 MPa 15.9161 0.622079 15.62258 0.798828 

25 MPa 14.6515 0.700181 10.91014 0.926826 

20 MPa 16.17862 0.581108 15.09627 0.698367 

18 MPa 35.69324 0.070061 33.29827 0.099627 

16 MPa 47.52395 -0.17722 48.50205 -0.26891 

14 MPa 54.40565 -0.35598 56.69404 -0.49785 

 

According to the results presented in Table 8 at an strain amplitude of ∆ߝ ൌ0.005, Walker 

model exhibit a smaller MPE compared to Miller model, considering the MPE Walker model is 

43.60% more accurate than Miller model. Considering the coefficient of determination Walker 

model produces the highest value, meaning that there is a higher correspondence between its 

prediction and the experimental data. At an strain amplitude of ∆ߝ ൌ0.007 Miller model 
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presented a smaller coefficient of determination, meaning that there is a smaller correspondence 

between its prediction and the experimental data. Considering the MPE Walker model exhibit a 

smaller value; therefore, at this strain amplitude Walker model is 0.1591% MPE more accurate 

than Miller model.  

Table 8: Calculated mean percentage error (MPE) and coefficient of determination ሺܴଶሻ	for 
Miller and Walker numerical simulations for stainless steel 304 subjected to low cycle fatigue 

Strain 
Amplitude 

Miller Model Walker Model 

MPE 2R MPE 2R  

0.005 47.547 0.986091 26.814 0.996177 

0.007 23.139 0.994617 22.688 0.996202 

 

Walker model involves the use of nine material constants to predict the same phenomena as 

Miller model, whereas Miller model is using only seven material constants; therefore, this is a 

point in favor for Miller model. The procedure to calculate Walker constants is not well 

documented, while Miller model procedure to calculate material constants is explained and 

documented by Miller [51, 53]; thus a second point in favor for Miller model. In terms of 

equations Walker model is a more complex constitutive model since it consists of five 

constitutive equations. On the other hand, the Miller model is simpler since it only involves the 

use of three constitutive equations; therefore, a third point in favor of Miller model. However, its 

sine hyperbolic function makes it difficult to manipulate. The Miller model is demonstrated to be 

physically more competent than the Walker model in describing drag and rest stress behavior 

during numerical simulations.  However, in terms of accuracy as demonstrated in this paper the 

Walker model produces a higher accuracy level.  
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CHAPTER 6: DEVELOPMENT AND EXERCISE OF A NOVEL HYBRID 

UNIFIED VISCOPLASTIC MODEL 

The development of the novel hybrid unified viscoplastic model has been performed in three 

stages. The first stage is hybrid model V0, consists on the development of a basic unified 

viscoplastic model formed by the inelastic strain rate, rest stress rate and drag stress equations. 

After exercise the hybrid model V0, the deficiencies are analyzed and a hybrid model V1 is 

proposed which is based on hybrid model V0 with further improvements. Hybrid model V1 

contains an improved rest stress rate equation and a damage law is integrated in the constitutive 

equations of the model. Finally a hybrid model V2 is presented, which is an improvement of 

hybrid model V1. In the hybrid model V2 the drag stress equation is modified to improve the 

fatigue prediction capabilities of the model. In all three development stages the main objective 

has been to keep the model constitutive equations in a simple format and with a low number of 

material constants. The accomplishment of this objective will lead to a easy to use model with 

low computation time when used to simulate.  

6.1 HYBRID MODEL V0  

Based on the basic theory of viscoplastic models, the best aspects of the analyzed Miller and 

Walker viscoplastic models, the unified viscoplastic model hybrid model V0 is proposed. The 

hybrid model V0 consists of the inelastic strain rate, rest stress rate and drags stress equations, 

which involves the use of five material constants that were determined using MACHO and 

experimental data, and two state variables (inelastic strain rate and rest stress). Hybrid model V0 

possesses capabilities to model the inelastic behavior of materials during low cycle fatigue, 

primary and secondary creep at isothermal conditions.  
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6.1.1 MODEL DEVELOPMENT 

The inelastic strain rate equation of the hybrid model V0 is presented in Eq. (30) . This 

equation incorporates the hyperbolic sine function of the Miller model and the power function of 

the Walker model. The hyperbolic sine function was selected because its mathematical nature 

will facilitate the prediction of creep. Just as in the basic skeleton of viscoplastic models, this 

hybrid model is function of the applied stress σ, the state variables rest (R) and drag (D) stress. 

The signum (sgn) function accommodates reversed stress flow allowing the model to predict 

fatigue. Material constant B adjusts the overall precision magnitude of the inelastic strain rate, 

while constant n controls the stress intensity in the viscoplastic model. 

 sinh sgn( )

n
R

B R
D


 

  
  

 
   (30) 

The rest stress rate equation follows the basic hardening-softening format for the hardening 

equations, it is presented in Eq. (31). Just as in Miller and Walker constitutive models the 

hardening term consist only on the inelastic strain rate ߝሶ and the hardening material constant H1, 

the hardening constant proportionally controls the hardening magnitude of the rest stress. 

Following Walker simple softening term, a dynamic or recovery term is included. This softening 

term is function of the inelastic strain rate  ߝሶ, the accumulated rest stress (R) state variable and 

the softening material constant S1. The magnitude of the softening constants controls the rest 

stress softening behavior. 

 1 1R H RS       (31) 

By following Walker assumption [56] no hardening or softening term is included for the drag 

stress equation Eq.(32) . The drag stress equation is a non-evolutionary equation, meaning that 
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the drag stress equation consists only on a constant value represented by material constant H2. 

Therefore, the magnitude of the drag stress is dictated by the value of material constant H2.  

 2D H   (32) 

6.1.2 EXERCISE OF HYBRID MODEL V0 

Table 9 show the initial guess material constants values used by MACHO during the 

optimization process for Hastelloy X creep, and the resultant optimized material constants values 

which were used for the simulation and exercise of the proposed hybrid model V0. The 

optimization process consisted of the optimization of seven creep experimental data sets (35 

MPa, 30 MPa, 20 MPa, 18 MPa, and 16 MPa) for 50,000 iterations, with a temperature reduction 

factor of 0.25 and 125ºC as the initial temperature.  

Table 9: Hastelloy X creep material constants for hybrid model V0 

Material 
Constant 

Initial Guess 
Value 

Optimized 
Value 

Units 

B 0.71611e-7 0.52565e-7 Sec-1 

n 0.52218 0.50519 - 

H1 1.8844 1.9139 - 

H2 0.32765 0.26577 MPa 

S1 172.71 173.16 - 

Obj Funct. 2,122.30 2,097.172 - 

 

Two different alloys are considered in the present work to test the flexibility and capabilities 

of the proposed constitutive equations and MACHO algorithms to model the inelastic behavior 

of multiple materials. Stainless steel 304 was used to test the modeling capabilities at low cycle 

fatigue conditions. The optimization parameters used for low cycle fatigue optimization process 

were, 60,000 iterations an initial temperature of 125 ºC and a temperature reduction factor of 

0.25.   
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Table 10 show the initial guess material constants values used by MACHO during the 

optimization process for 304 stainless steel low cycle fatigue, and the resultant optimized 

material constants values which were used for the simulation and exercise of the proposed hybrid 

model.  

Table 10: 304 Stainless steel low cycle fatigue material constants for hybrid model V0 

Material 
Constant 

Initial Guess 
Value 

Optimized 
Value 

Units 

B 0.33238e-3 0.15355e-2 Sec-1 

n 1.6723 1.8917 - 

H1 7226.1 6,622.4 - 

H2 175.22 335.56 MPa 

S1 3.4251 0.10757e-9 - 

Obj Funct. 3,735.03 3,608.72 - 

 

The objective function values of the fatigue and creep simulations cannot be compared 

between them, because of two main reasons. First, the time duration of the fatigue test is much 

smaller (140~190 seconds) compared to creep test (77~1,200 hours); therefore, the importance or 

weight of each experimental type is different for MACHO. The optimization software would 

focus more (assign more weight or importance) on the optimization of the creep experimental 

data since it has a larger duration of time, whereas the fatigue experimental data would have least 

importance because of the shorter duration. Second, two different material are being optimized 

and the material constants are characteristic of each alloy. The proposed hybrid model V0 was 

exercised using the FEMCREEP feature of MACHO to perform numerical finite element (FE) 

simulations of creep and low cycle fatigue at multiple stress and strain amplitude levels, while at 

elevated temperature levels. The proposed hybrid model V0 was exercised using the 

FEMCREEP feature of MACHO to perform numerical finite element (FE) simulations of creep 
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and low cycle fatigue at multiple stress and strain amplitude levels, while at elevated temperature 

levels. The numerical simulation results are compared to experimental data in Figure 27- Figure 

26. Figure 27 shows the creep results of Hastelloy X at 950ºC at different stress levels (35 Mpa. 

30 MPa, 20 MPa, 18 MPa, 16 MPa). In the other hand, Figure 25 and Figure 26 shows the low 

cycle fatigue results of 304 Stainless Steel at 600ºC, at strain amplitudes (Δε) of 0.005 and 0.007. 

From Figure 24 it can be observed how hybrid model V0 is capable of predicting primary 

and secondary creep. The resultant straight line in the figures represents the secondary creep 

behavior, which shows a good correspondence between the experimental data and the simulated 

creep. However this figure demonstrates that the hybrid model V0 does not have capabilities to 

describe tertiary creep; therefore further improvement is required. From Figure 25 it can be 

observed how the hybrid model V0 exhibits a good correspondence with experimental data 

predicting the top or maximum stress point, whereas the lower stress point is under predicted by 

the hybrid model. There is a good correspondence between the experimental data and the 

simulated data on the hardening behavior of the hysteresis loop. On the other hand, the softening 

behavior is under predicted by the hybrid model.  Figure 26 shows a better overall 

correspondence between the experimental and simulated data. The hardening behavior is not 

accurately predicted; however, the softening behavior is better predicted at this strain amplitude 

but there are still some discrepancies. The maximum stress point is over predicted, whereas the 

minimum stress is under predicted by the hybrid model V0. These observations lead to the 

conclusion that a improvement of the softening term is required.  
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Figure 24: Hastelloy X creep vs hybrid model V0 simulation at multiple stress levels 
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Figure 25: 304 Stainless steel low cycle fatigue vs. hybrid model V0 simulation at Δε=0.005 

Figure 26: 304 Stainless steel low cycle fatigue vs. hybrid model V0 simulation at Δε=0.007 
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To determine the hybrid model V0 accuracy describing Hastelloy X and stainless steel 304 

behaviors, a quantitative discussion is presented. To establish a numerical or quantitative 

evaluation on the behavior the hybrid model with respect to the experimental data, the mean 

percentage error (MPE) and the coefficient of determination (ܴଶ) were calculated. The mean 

percentage error (MPE) was calculated between the experimental data and the numerical 

simulation data points for each data point at each stress level for Hastelloy X, only the primary 

and secondary data was consider for calculation of the MPE and ܴଶ. The results are presented in 

Table 11. Table 12 presents the MPE between the experimental data and numerical simulation 

results of stainless steel 304 subjected to low cycle fatigue.  

From Table 11 it can be observed that the higher accuracy of the hybrid model V0 predicting 

creep is at 30 MPa, where the lowest MPE and the highest ܴଶare present. The correspondance 

between experimental data and simulated data is at 20 MPa, where the highest MPE and the 

lowest ܴଶ are present. 

Table 11: Mean percentage error (MPE) and coefficient of determination (ܴଶሻ	of Hastelloy X 
creep simulations hybrid model V0 

Stress Level MPE (%) ࡾ૛ 

35 MPa 13.57184 0.903691 

30 MPa 4.287146 0.947752 

20 MPa 27.9802 0.292467 

18 MPa 8.113803 0.93126 

16 MPa 8.266703 0.910554 
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According to Table 12, hybrid model V0 exhibits its higher accuracy at 0.007 strain 

amplitude where the lowest MPE and the higher coefficient of determination are present. This 

numerical conclusion matches the visual inspection discussed above. The strain amplitude 0.005 

exhibits a higher MPE error and lower coefficient of determination, since lees correspondence 

between experimental data and simulated data is resulted. As discussed above, the lower 

correspondence is at this strain amplitude is due to the miss-prediction of the softening behavior 

of the material.   

 
Table 12: Mean percentage error (MPE) and coefficient of determination (ܴଶሻ	of 304 stainless 

steel data low cycle fatigue simulations hybrid model V0 

Strain Amplitude MPE ࡾ૛ 

0.005 41.253 0.986269 

0.007 19.750 0.991324 
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6.2 HYBRID MODEL V1  

Based on the developed hybrid model V0 presented in the previous section, a damage law 

was included to extend the model’s capabilities to account for tertiary creep. Besides major 

modifications were performed to the softening term of the rest stress rate equation, to increase 

the model accuracy predicting the material softening during low cycle fatigue. The proposed 

hybrid model V1 consists of eight material constants and 4 state variables (rest stress, 

accumulated inelastic strain rate, inelastic strain and damage) to accommodate the internal 

material’s state. The proposed hybrid model is functional for isothermal tests, since no 

temperature term is present. The hybrid model V1 is capable of modeling monotonic tension, 

low cycle fatigue, primary, secondary and tertiary creep at different stress and strain amplitude 

levels. 

6.2.1 MODEL DEVELOPMENT 

Haque and Stewart [61] sine hyperbolic damage model described in section 2.4.2, is used in 

the proposed hybrid model to add tertiary creep prediction capabilities. The damage evolution 

equation used is represented by Eq.(33). 

 
  3
1 exp(

sinh exp( )
t

M   
 

   
  

 
   (33) 

Following basic hardening equation format proposed by Frederick-Armstron [71], an 

accumulated inelastic strain rate and the previous step rest stress value are included in the 

softening term to account for the rest stress history throughout the test. Several mathematical 

functions were tested for the softening term in rest stress rate equation. The different 

mathematical functions were tested using MACHO, and the best function was determined by the 

lowest objective function value that resulted from the exercise of the equation. The test consisted 
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on simulating fatigue for 20,000 iterations where the initial guess values were the same for all 

the tested cases. Table 13 shows the different mathematical functions tested and the resultant 

objective function value.   

Table 13: Rest stress rate equations tested for improvement  

Rest Stress rate Equation Objective Function Value 

1 1
pR H S R      3,788.97 

1 1
pR H S R       268,190.22 

1 1 sinh( ) pR H S R       8,675.521 

1 1 exp( ) pR H S R       8,682.93 
2

1 1
pR H S R       5,730.06 

2

1 1
pR H S R       7,243.73 

 

From the mathematical functions tested, the best overall equation with the lowest objective 

function value resulted to be the first equation where the absolute value of the rest stress is used. 

The rest stress rate equation Eq. (34) of the hybrid model V1 consists of the hardening term 

which is function of the inelastic strain rate, and the dynamic recovery term which is function of 

an accumulated inelastic strain rate described by Eq.(35). The dynamic recovery or softening 

term is dependent on softening constant S1, the major modification in the softening term are 

addition of the absolute value of the rest stress (state variable) and the accumulated inelastic 

strain rate (state variable), just as in the Walker model.    

1 1 pR H S R                                                                (34) 

p                                                                    (35) 

The drag stress is represented by Eq.(36), which keeps the same structure as in hybrid model 

V0 where a non-evolutionary drag stress function is used.   

2D H                                                                   (36) 
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The new inelastic strain rate equation is presented in Eq. (37). This equation includes the 

previously presented flow law equation with the addition of the exponential (exp) function, 

which incorporate the damage effects in the inelastic strain rate. The tem λ is not counted as a 

material constants since it can be determined directly from experimental data by using Eq. (38).  

3

2sinh sgn( )exp

n
R

B R
D


  

   
    

   
                                        (37) 

max

min

ln



 
  

 




                                                             (38) 

6.2.2  EXERCISE OF HYBRID MODEL V1  

Table 14 show the initial guess material constants values used by MACHO during the 

optimization process for Hastelloy X creep, and the resultant optimized material constants values 

which were used for the simulation and exercise of the proposed hybrid model V1.  

 
Table 14: Hastelloy X Creep Material Constants for hybrid model V1 

Material 
constant 

Initial guess 
value 

Optimized 
value 

 
Units 

B 0.2702e-3 0.23945e-3  Sec-1 

n 0.95161 0.23586e-2  - 

H1 0.72027e20 737.02  - 

H2 0.34271e20 0.1184e12  MPa 

S1 0.23249e9 0.49514e19  - 

M 0.31266e20 0.31707e20  - 

  0.60955e20 0.53055e20  - 

t  0.96889e20 0.33562e20  MPa 

Obj. Funct. 28,804.6 9,449.82  - 
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Table 15 show the initial guess material constants values used by MACHO during the 

optimization process for 304 stainless steel low cycle fatigue, and the resultant optimized 

material constants values which were used for the simulation and exercise of the proposed hybrid 

model V1.  

Table 15: Stainless Steel 304 Fatigue Material Constants for hybrid model V1 

Material 
constant 

Initial 
guess 
value 

Optimized 
value 

 
Units 

B 256 0.44225e-1  Sec-1 
n 1 2.0033  - 

H1 5823 6608.6  - 
H2 159 1721.1  MPa 
S1 8523 0.19465e-9  - 
M 1523 0.56284e20  - 
  1 0.17482e20  - 

t  7456 0.38283e20  MPa 

Obj. Funct. 270,930.8 3,606.76  - 
 

The proposed hybrid model V1 was exercised using the FEMCREEP feature of MACHO to 

perform numerical finite element (FE) simulations of creep and low cycle fatigue at multiple 

stress and strain amplitude levels, while at elevated temperature levels. The numerical simulation 

results are compared to experimental data in Figure 27-Figure 30. Figure 27 and Figure 28 shows 

the creep results of Hastelloy X at 950ºC at different stress levels (35 Mpa. 30 MPa, 20 MPa, 18 

MPa, 16 MPa). In the other hand, Figure 29 and Figure 30 shows the low cycle fatigue results of 

304 Stainless Steel at 600ºC, at strain amplitudes (Δε) of 0.005 and 0.007.  

In Figure 27 the numerical simulation results are compared to experimental data at 35 MPa 

and 30 MPa. At his stress levels it can be observed how the proposed hybrid model does not 

performed a good prediction of the inelastic behavior of Hastelloy X. The hybrid model is under 
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predicting the inelastic behavior by magnitudes of 0.7% creep strain. Figure 28 in the other hand, 

shows the creep results of Hastelloy X at lower stress levels 20 MPa, 18 MPa and 16 MPa. It can 

be observed an overall good correspondence between numerical simulation results and 

experimental data. At 20 MPa the highest correspondence is exhibited, at this stress level the 

hybrid model is fully predicting the three creep stages. At 18 MPa the accuracy of the model 

decreased but it still follows the tertiary creep path; however, the rupture creep strain is not 

accurately predicted by the model. At 16 MPa the model is predicting tertiary creep; however the 

model is over predicting the creep strain. The rupture creep strain is over predicted by the model 

by magnitude of 0.1% creep strain. A step can be observed at low time (hours), this step is 

attributed to the transition from secondary to tertiary creep. An option to mitigate this transition 

effect is the use of an evolutionary drag stress rate equation. This evolutionary drag stress rate 

equation will allow a smoother transition between creep stages.  

 Figure 27: Hastelloy X creep experimental data vs. Hybrid model V1 simulated data   
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Figure 28: Hastelloy X creep experimental data vs. Hybrid model V1 simulated data 

 

Figure 29 shows the numerical simulation results against the experimental data of low cycle 

fatigue at strain amplitude of 0.005. It can be observed how there is a good overall 

correspondence between the curves at top stress levels, meaning that the hybrid model is 

successfully predicting the maximum hardening of the material. However, at the lower stress 

point or maximum softening point, the hybrid model is under predicting it. The hardening 

behavior of the material is well predicted by the model, this can be observed in the top curve of 

the hysteresis loop (from the lower to the higher stress point). The softening of the material is not 

predicted as well as the hardening section of the hysteresis loop. Figure 30 shows the numerical 

simulation results vs. experimental data at strain amplitude of 0.007. An overall good 

correspondence between the data can be observed. However at the maximum stress level or 

maximum hardening point, it can be observed how the hybrid model is over predicting the stress 
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level. At the lower stress point or maximum softening point, it can be observed how the hybrid 

model is under predicting the stress level. At this strain amplitude in can be observed how the 

softening section of this hysteresis loop is better predicted compared to the previous hysteresis 

loop. This indicates that the softening terms of the model requires further improvement to 

successfully predict the softening behavior. The incorporated damage term, does not exhibited 

any effect in the low cycle fatigue simulations.   
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Figure 29: Stainless Steel 304 experimental data vs. Hybrid model V1 simulated data. 
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Figure 30: Stainless Steel 304 experimental data vs. Hybrid model V1 simulated data. 

 

To establish a numerical or quantitative evaluation on the behavior the hybrid model with 

respect to the experimental data, the mean percentage error (MPE) and the coefficient of 

determination (ܴଶ) were calculated. The mean percentage error (MPE) was calculated between 

the experimental data and the numerical simulation data points for each data point at each stress 

level for Hastelloy X. The results are presented in Table 16. Table 17 presents the MPE between 

the experimental data and numerical simulation results of stainless steel 304 subjected to low 

cycle fatigue.  

From Table 16 it can be observed how the model exhibited a higher accuracy at low stress 

levels (σ≤20 MPa) simulating the creep behavior of Hastelloy X. At this stress levels the MPE is 

smaller compared to higher stress levels. Similarly considering the coefficient of determination 

(ܴଶሻ, the higher accuracy of the model is present at low stress levels where the coefficient of 

n=7 
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determination is closer to unity.  The highest accuracy of the model is exhibited at 20 MPa where 

the lowest MPE and highest coefficient of determination are present. This higher accuracy at an 

intermediate stress level (intermediate value of the considered stress levels) is expected since the 

material constants were optimized using the seven experimental data sets simultaneously. 

Therefore, MACHO is looking for optimized constants that would fit the experimental data in 

average, and 20 MPa is the middle or average stress value. Moreover, the higher overall accuracy 

is present at low stress levels where the experimental time is larger; therefore, resulting in a 

higher weight or higher importance automatically assigned to this low stress levels.  

 

Table 16: Mean percentage error (MPE) and coefficient of determination (ܴଶሻ	of Hastelloy X 
creep simulations hybrid model V1 

Stress Level MPE (%) ࡾ૛ 

35 MPa 90.38 0.21 

35 MPa (2) 57.8501 0.5009 

30 MPa 83.051 0.12 

30 MPa (2) 77.23867 0.15 

20 MPa 13.93849 0.991517 

18 MPa 27.7065 0.892781 

16 MPa 65.158 0.745854 

 

From table Table 17 it can be observed how the best accuracy of the model predicting low 

cycle fatigue behavior of 304 stainless steel is at high strain amplitudes. At 0.007 strain 

amplitude the higher accuracy is presented since the lower MPE and the highest coefficient of 

determination were determined. This meets the visual conclusion discussed above, where it was 
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discussed how the hybrid model better predicts the softening of the hysteresis loop at 0.007 strain 

amplitude.  

 

Table 17: Mean percentage error (MPE) and coefficient of determination (ܴଶሻ	of 304 stainless 
steel data low cycle fatigue simulations hybrid model V1 

Strain Amplitude MPE ࡾ૛ 

0.005 42.344 0.9856 

0.007 20.334 0.9934 
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6.3 HYBRID MODEL V2 

Based on the hybrid model V1 constitutive equation and the previously discussed results an 

improved hybrid model V2 is presented. Major modifications were performed to the drag stress 

equation, it was modified to be an evolutionary drag stress rate equation where hardening and 

softening terms were added. The hybrid model V2 consists of ten material constants, an five state 

variables (inelastic strain rate, accumulated inelastic strain rate, rest stress, drag stress, and 

damage).  Hybrid model V2 is function for isothermal tests, and it is capable of predicting 

monotonic tension, low cycle fatigue, primary, secondary and tertiary creep.  

6.3.1 MODEL DEVELOPMENT 

No modification were performed in the inelastic strain rate, damage rate and rest stress 

constitutive equation proposed in hybrid model V1, equations presented in Eq. (39)– Eq. (43) .  
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Based on Krieg, Swearenen and Rohde’s (KSR) viscoplastic model [40], major modifications 

were performed in the drag stress equation. It was modified to be an evolutionary equation 

dependent of time; thus, the resultant drag stress equation is actually a drag stress rate equation 

presented in Eq.(44). It follows a basic hardening-softening format. The hardening term is 

dependent of the inelastic strain rate and the material constant H2, which is responsible of the 

drag stress hardening due to the presence of an inelastic strain rate. The recovery or softening is 

not dependent of the inelastic strain rate or accumulated inelastic strain rate. Material constant S2 

and S3 are responsible of the amount of hardening of the drag stress rate, while the material 

constant n controls the intensity of the drag stress history impact in the softening term. The drag 

stress D is used to account for the drag stress history, and the time step Δε scales the softening 

behavior as a function of time.    

 2 2 3( )nD H S t D S       (44) 

6.3.2 EXERCISE OF HYBRID MODEL V2 

Table 18 shows the initial guess values used by MACHO for the optimization process and 

the optimized material constants for Hastelloy X creep. From this table it can be observed how 

before and after the values of the material constants S2 and S3 are equal to zero. Since these 

material constants are used as multipliers of other state variables, their zero value deactivate the 

softening term of the drag stress rate equation. Therefore, it can be concluded that the hybrid 

model V2 only requires the use of eight material constants to calculate the creep of Hastelloy X.  
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Table 18: Hastelloy X creep material constants for hybrid model V2 

Material 

Constant 

Initial Guess 

Value 

Optimized 

Value 
Units 

B 0.21739e-2 0.2022e-2 Sec-1 

n 0.22677e-2 0.21834e-2 - 

H1 0.62641e20 0.1e21 - 

H2 0.60238e17 12,207 MPa 

S1 0.60211e20 0.1e21 - 

M 0.1324e20 0.98713e20 - 

Φ 0.82894e20 0.85562e20 - 

σt 0.56998e20 0.93381e20 MPa 

S2 0 0 Sec-2 

S3 0 0 MPa 

Obj. Funct. 2,487.44 2,468.75 - 

 
Table 19 show the initial guess material constants values used b MACHO during the 

optimization process for 304 stainless steel low cycle fatigue, and the resultant optimized 

material constants values which were used for the simulation and exercise of the proposed hybrid 

model V2. From this table it can be observed that the material constant n which is an exponent in 

the inelastic strain rate equation and an exponent in the drag stress rate equation is equal to unity, 

before and after the optimization process. Therefore, this indicates that hybrid model does not 

require the use of the material constant n; thus, only nine material constants are required to 

model low cycle fatigue using hybrid model V2.  
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Table 19: 304 Stainless Steel Fatigue material constants for hybrid model V2 

Material 

Constant 

Initial Guess 

Value 

Optimized 

Value 
Units 

B 0.92241e-3 0.16683e-3 Sec-1 

n 1.0 1.0 - 

H1 5,741.1 6,591.9 - 

H2 0.2021e6 30,301 MPa 

S1 0.59532 0.64032 - 

M 79.393 34.869 - 

Φ 0.7582e20 0.18069e20 - 

σt 0.37511e20 0.5766e20 MPa 

S2 0.41836e19 0.29356e20 Sec-2 

S3 294.45 103.29 MPa 

Obj. Funct. 3,102.31 2,741.23 - 
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Figure 31 shows the experimental data and numerical simulation results for creep behavior of 

Hastelloy X at 35 MPa using hybrid model V2. It can be observed how the numerical simulation 

results are following the tertiary creep regime with some discrepancies. The hybrid model V2 is 

under predicting the tertiary creep regime for this stress level. However the secondary creep 

regime is well predicted in both simulation results. Figure 32 shows the experimental data and 

the numerical simulation results for creep behavior of Hastelloy X at 30 MPa using hybrid model 

V2. 
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Figure 31: Hastelloy X creep experimental data vs. Hybrid model V2 simulated data   

Figure 32: Hastelloy X creep experimental data vs. Hybrid model V2 simulated data   
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A good correspondence between the experimental and simulation data can be observed, since 

the simulation data is better following the tertiary creep regime it both cases. The first test (gray) 

is exhibiting the highest accuracy. The second test (black) is over predicting the creep behavior; 

however it is following the experimental data path by predicting tertiary creep. No other stress 

levels were simulated since the current stage of the constitutive model is not allowing the 

calculation of material constants for them, even when they are optimized individually. This is 

attributed to the current equations format. Just as demonstrated in Table 18 constant S2 and S3 are 

equal to zero for creep prediction; therefore the softening term of the drag stress rate equation is 

fully deactivated. Thus, the drag stress rate equation is function of the inelastic strain rate and the 

hardening constant H2. While being function of these terms, it means that the drag stress is 

slightly changing throughout the simulation since it is dependent on the time step size (due to the 

strain rate). However the issue appears when the drag stress rate is converted to a drag stress to 

be saved as a state variable. The drag stress rate is multiplied by the time step increment (which 

converts it into a drag stress) and then it is added to the drag stress value from the previous step. 

Therefore the drag stress (state variable) is constantly increasing, reaching saturation at an early 

stage and causing the optimization software to crash for lower stress levels. This is the reason 

why Walker model does not use an evolutionary drag stress equation.  

Figure 33 shows the experimental data against the numerical simulation results produced by 

the hybrid model V2 during low cycle fatigue of 304 stainless steel at a strain amplitude of 

0.005. From Figure 33 it can be observed how the hardening behavior is well predicted by the 

hybrid model V2, except at the maximum stress point, were it is over predicted by the proposed 

model. The softening behavior is not as well predicted as the hardening behavior; however, there 

is a good correspondence at the beginning of the hardening behavior and at the very end where 
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the minimum stress point is slightly under predicted by the proposed model. However, the best 

correspondence between experimental data and numerical simulation data is generated by hybrid 

model V2, when compared to the previous versions.  

Figure 34 shows the experimental data against the numerical simulation data generated by 

the hybrid model at a strain amplitude of 0.0007, for 304 stainless steel. From this figure, it can 

be observed how there is a good correspondence between the numerical simulation results and 

the experimental data during the hardening section of the hysteresis loop. However, at the 

maximum stress point the proposed model is over predicting the stress level. The softening 

behavior is overall well predicted however, there are some discrepancies in the middle section 

where the hybrid model is overproduction the behavior. The minimum stress point is well 

predicted by the proposed model.  

Figure 33: Stainless Steel 304 experimental data vs. Hybrid model V2 simulated data.  
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Figure 34: Stainless Steel 304 experimental data vs. Hybrid model V2 simulated data.  
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Figure 35 and Figure 36 show the stress amplitude with respect to the number of cycles at 

strain amplitudes of 0.005 and 0.007, respectively. In this figures the previously predicted stress 

amplitude of hybrid model V2 is compared to experimental data. Figure 35 shoes the predicted 

stress amplitude with respect to the number of cycles and it is compared to experimental data at 

strain amplitude of 0.005.  from this figure it can be observed how the hybrid model is over 

predicting the stress levels at the hardening points during the first couple of cycles, however as 

the number of cycles increases and the material hardens the predicted stress levels is exhibiting a 

close correspondence with experimental data. on the other hand, in the softening region the 

hybrid model is under predicting the stress levels during the first couple of cycles, and as the 

material hardening the correspondence between data increases. Figure 36 compares the 

experimental data to predicted data at strain amplitude of 0.007. From this figure it can be 

observed how the hybrid model is over predicting the stress level in the hardening region. Within 

the softening region the hybrid model is presenting a higher correspondence with experimental 

data, the stress level is accurately predicting during the first couple of cycles and as the number 

of cycles increases the model is under predicting it.  From this image it can be concluded that the 

hybrid model is not evolving as the experimental data, meaning that the hardening and/or 

softening predicted by the hybrid model is being predicted as an almost constant value.  
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Figure 35: Comparison of stress amplitude and number of cycles at Δε=0.005 

Figure 36: Comparison of stress amplitude and number of cycles at Δε=0.007 
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From Table 20  it can be observed how the accuracy of the hybrid model V2 is higher than 

hybrid model V1 for high stress levels. The highest accuracy was at the first test at 30 MPa, and 

the lowest accuracy was at the second test at 35 MPa (2). This difference in accuracy is attributed 

to the importance or weight that MACHO automatically assigns to the experimental data set with 

the longest duration time; however, since the average is used that is the reason why the best fit is 

found in the data set with the average time value.   

 

Table 20: Mean percentage error (MPE) and coefficient of determination (ܴଶሻ	of Hastelloy X 
data creep simulations hybrid model V2 

Stress Level MPE (%) ࡾ૛ 

35 MPa 53.31072 0.2015 

35 MPa (2) 92.27 0.0708 

30 MPa 16.203 0.85486 

30 MPa (2) 54.5937 0.491694 

20 MPa NAN NAN 

18 MPa NAN NAN 

16 MPa NAN NAN 
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From Table 21 it can be observed how the best accuracy of the model predicting low cycle 

fatigue behavior of 304 stainless steel is at high strain amplitudes. At 0.007 strain amplitude the 

higher accuracy is presented since the lower MPE and the highest coefficient of determination 

were determined. However, based on the results of hybrid model V1 there was a great 

improvement in the prediction of the low cycle fatigue behavior at a lower strain amplitude 

(0.005). this improvement is due to a better prediction of the softening behavior, which is 

attributed to the improvement performed in the drag stress rate equation. Based on the results of 

hybrid model V1, there was a small increment (about 0.3% MPE) this is attributed to the 

optimization process which is optimizing constants for both strain amplitudes simultaneously.  

 

Table 21: Mean percentage error (MPE) and coefficient of determination (ܴଶሻ	of 304 stainless 
steel data low cycle fatigue simulations hybrid model V2 

Strain Amplitude MPE ࡾ૛ 

0.005 29.542 0.992655 

0.007 20.586 0.993448 
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CHAPTER 7: CONCLUSION & FUTURE WORK 

7.1 CONCLUSIONS 

The following conclusions can be formulated from the exercise of Miller and Walker 

Constitutive models:  

 By calculating materials constants with an effective systematic approach, Miller and 

Walker constitutive models can go beyond the designed limitations and model the three 

stages of creep when used at stresses     20. When σ < 20 MPa both models predict 

primary and secondary creep only.  

 Both constitutive models can be used in non-isothermal conditions; however the total 

number of material constants required for each constitutive model will increase, especially 

for Walker model. The authors recommend the use of MACHO to optimize the 

temperature dependent material constants for both constitutive models.  

 Walker model does not require the use of more material constants to simulate creep and 

fatigue behavior. MACHO simulations were performed in an effort to optimize all 

fourteen material constants and the results did not show a better correspondence with 

experimental data, this confirms Walker assumptions [56]. Therefore, it can be concluded 

that Walker constitutive equation can be simplified for creep and low cycle fatigue 

simulations, since some components are fully deactivated.  

 The predictions for creep of both models show a good correspondence with experimental 

data at stresses above 20 MPa, where both models go beyond design limitations.  

 At low stresses (below 20 MPA) significant deviations between numerical simulated data 

and experimental data is observed, especially at the tertiary creep regime.  
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 According to the results presented in the present work for creep, Walker model exhibited a 

better accuracy at stresses above 18 MPa. Whereas at stresses below 18 MPa, the Miller 

model exhibited a higher accuracy.   

 During low cycle fatigue, at a low strain amplitude Walker is considerably more accurate 

than Miller model. At a high strain amplitude both models exhibited a high accuracy, 

however Walker model is slightly more accurate. 

 It has been proven that both viscoplastic models have the capabilities to model more than 

one alloy type. 

 The functionality of MACHO to optimize material constants for multiple alloys has been 

proven.  

 Considering the presented loading cases, the authors conclude Walker model to be a better 

model during isothermal test while using optimized material constants values. 

The development of a novel hybrid viscoplastic model has been presented, explained and 

exercised for creep and low cycle fatigue at different stress levels and strain amplitudes. From 

the presented results the following conclusion can be formulated: 

 The addition of the damage term to the basic hybrid model, leads to the prediction of the 

tertiary creep stage.  

 The presence of the “step” in the transition region between secondary and tertiary creep is 

attributed to the interaction between the inelastic strain rate and the damage rate equation. 

Further testing is recommended to determine reason of the appearance of the “step”.  

 The use of a non-evolutionary drag stress equation, allows the successful prediction of 

tertiary creep at stresses equal or below 20 MPa, a good overall prediction of low cycle 
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fatigue is generated. However, an evolutionary (non-constant) drag stress function should 

produce better prediction at high stress levels.  

 From the creep simulations, it can be observed how the importance of having a similar 

weight or importance on each data set affects the material constant optimization, which 

consequently affects the model behavior. To mitigate this issue, each data set (stress level) 

should be optimized individually; however, different material constant values will result 

for each stress level.   

 From the fatigue results it can be observed how the improvement of the hardening 

equations have led to improvements on the model predictions for creep and low cycle 

fatigue.  
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7.2 FUTURE WORK  

The following future work is suggested: 

 Optimize material constants for each stress level individually, to mitigate the weight or 

importance issue associated with experimental time duration during creep.  

 Modify MACHO to assign an equal importance level to each stress level, not mattering 

the test duration time.  

 Test the life prediction capabilities of the incorporated damage term under creep 

conditions.  

 Add a damage term that counts for damage caused by low cycle fatigue and accounts for 

life prediction.   

 Investigate the impact of the rest and drag stresses in the damage evolution law.  

 Further exercise the proposed hybrid model to validate its functionality for other alloys.  

 Exercise the proposed hybrid model under different loading cases, such as: stress 

relaxation, fatigue with stress holds and fatigue with strain holds.  

 Further improvement of the hardening equation to account for progressive hardening of 

the material.  
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APPENDIX 

APPENDIX 1: HYBRID MODEL V2 UPF 

 
      SUBROUTINE usercreep (impflg, ldstep, isubst, matId , elemId, 
     &                      kDInPt, kLayer, kSecPt, nstatv, nprop, 
     &                      prop  , time  , dtime , temp  , dtemp ,  
     &                      toffst, statev, creqv , pres  , seqv  , 
     &                      delcr , dcrda)  
          
************************************************************************** 
*     Hybrid Model               V.2.1                         4/14/2015 * 
*     usercreep.f                                                        * 
*                                                                        * 
*     Auhor: Luis Varela, The University of Texas at El Paso             *  
*                                                                        * 
*     This UPF incorporates a hybrid unified viscoplastic model based    * 
*     on Miller and Walker classic unified viscoplastic models. Besides  * 
*     a damage term is added, to account for damage and life prediction  * 
*     The Sinh creep‐damage model used was proposed by Haque and Stewart * 
*     at UTEP.                                                           * 
*                                                                        * 
*     Algorithm for usercreep.f                                          * 
*                                                                        * 
*     1. Argument Descriptions                                           * 
*     2. Variable Declaration                                            * 
*        (e.g. time(N), time increment, stress(N), stress increment,     * 
*        creep strain(N), elastic strain(N), temperature, internal state * 
*        variables (damage(N), damage rate(N))                           * 
*     3. Get material constants from ANSYS                               * 
*        (e.g. secondary creep (B, Q, n, m),                             * 
*        tertiary creep (M, chi, phi, alpha, beta)                       * 
*     4. Calculate strain and ISVs                                       * 
*     5. Store Strains and ISVs                                          * 
*                                                                        * 
************************************************************************** 
 
*2*  VARIABLE DECLARATION 
 
!#include "impcom.inc" 
 
      DOUBLE PRECISION ZERO 
      PARAMETER        (ZERO = 0.0d0) 
 
      ! 
      ! GLOBAL Arguments 
      ! =============== 
      ! 
      INTEGER          ldstep, isubst, matId , elemId, 
     &                 kDInPt, kLayer, kSecPt, nstatv, 
     &                 impflg, nprop, i, j 
      DOUBLE PRECISION dtime , time  , temp  , dtemp , toffst, 
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     &                 creqv , seqv  , pres  , sig_r 
      DOUBLE PRECISION prop(*), dcrda(*), statev(nstatv) 
 
      ! 
      ! LOCAL Arguments 
      ! =============== 
      ! 
      DOUBLE PRECISION con1,delcr,T_k, 
     &                 pi,R_ugc,omeg_cr, 
     &                 omeg_t_1,del_omeg 
  
** Material Properties 
    DOUBLE PRECISION      B, n, H1, H2, S1, A1, S2, S3, S4  
     &             Poisson, Young, Shear, phi, lambda, sig_t, M  
   
** State Variables 
    DOUBLE PRECISION      R, D, R_Dot, D_Dot, Strain_dot, sgn,  
     &           temp1, temp2, temp3, temp4, StrainK_dot, omega, 
omega_dot 
           
************************************************************************* 
 
***Specify UPF and other constants options 
 
      pi=4.d0*atan(1.d0)      ! 3.141592653589790 
      smooth=.true.           ! activate principal stress smoothing 
      R_ugc=8.314d0           ! Universal Gas constant (J/mol‐K) 
 
 
************************************************************************* 
 
***BEGIN Main Body of Program******************************************** 
 
*3* Material Constants 
 
      ! Re‐write the temperature to Kelvin 
  T_k=temp+273.15 
         B = prop(1)  
         n = prop(2)  
    H1 = prop(3)  
        H2 = prop(4)  
        S1 = prop(5) 
        S2 = prop(6) 
         M = prop(7) 
       phi = prop(8) 
      sig_t= prop(9) 
        S3 = prop(10) 
                  
       lambda=5.66 
              
    sgn = 0 
      ! Recall the previous internal state variables 
    R = statev(1) 
    StrainK_dot = statev(2) 
    Strain_dot = statev(3) 
        omega = statev(4) 
        D = statev(5) 
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** REST STRESS RATE / KINEMATIC HARDENING 
  CALL NN(R,sgn) 
 
  R_dot=H1*Strain_dot ‐ S1*(abs(R))*StrainK_dot  
       
** DRAG STRESS RATE / ISOTROPIC HARDENING 
  temp1=abs(Strain_dot) 
 
      !D=H2 
  D_dot=H2*Strain_dot‐S2*dTime*(D‐S3)**n 
       
** DAMAGE RATE EQUATION       
       
      omega_dot=(1/phi)*M*(1‐EXP(‐phi))*((SINH((seqv)/sig_t))**3)  
     & *EXP(phi*omega) 
       
** INELASTIC STRAIN RATE  
  If (D .eq. 0) then  
    Strain_dot= 0 
      ELSE 
        temp1=seqv ‐ R 
        CALL NN(temp1,sgn) 
        temp2=(abs(temp1)/D)**n 
 
        Strain_dot=B*(sinh(temp2))*sgn*exp(lambda*(omega**3/2)) 
       
              ENDIF 
       
      ! Determine the incremental creep strain 
      delcr=Strain_dot*dtime 
 
      ! Determine derivative of incremental creep strain w.r.t. effective stress 
 
  CALL HH(temp1,temp3) 
  CALL HH(temp1‐1,temp4) 
       
      temp5=(abs(temp1)/D) 
 
      dcrda(1)=2*(temp3‐temp4)*B*dtime*(sinh((temp5)**n)) 
     & *exp(lambda*(omega**3/2)) 
     & +(B*dtime*n*sgn*sgn*cosh(temp5)*exp(lambda*(omega**3/2)) 
     &  *(sinh(temp5)**(n‐1)))/D 
       
  ! Determine derivative of incremental creep strain w.r.t. effective creep strain 
      dcrda(2)= 0 
 
*5* Store Strains and ISVs 
           
      R=R+R_dot*dTime 
      StrainK_dot=abs(Strain_dot) 
      omega=omega+omega_dot*dTime 
      D=D+D_dot*dTime 
       
  statev(1) = R 
  statev(2) = StrainK_dot 
  statev(3) = Strain_dot 
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      statev(4) = omega   
      statev(5) = D 
 
 345  continue 
      return 
      end 
 
** END PROGRAM Jacobian 
************************************************************************************ 
*                              UPF SUBROUTINES 
*     
*    Listed below are subroutines that follow which were used in the main usermat3d: 
* 
*   NN, trace, VtoM, MtoV, print_array, eff_strain, eff_stress, invar_2, MIGS, ELGS 
* 
************************************************************************************ 
** Subroutine returns the sgn of the variable 
      SUBROUTINE NN(Var,sgn) 
        DOUBLE PRECISION    :: Var, sgn 
         
      sgn=0.0 
 
  If (Var .lt. 0.0) then 
  sgn=‐1.0 
  ENDIF 
 
  IF (Var .gt. 0.0) then 
  sgn=1.0 
  ENDIF 
 
    RETURN 
  END 
 
** Subroutine is a heavyside function 
      SUBROUTINE HH(Var,sgn) 
        DOUBLE PRECISION    :: Var, sgn 
         
      sgn=1/2 
 
  If (Var .lt. 0.0) then 
  sgn=0 
  ENDIF 
 
  IF (Var .gt. 0.0) then 
  sgn=1.0 
  ENDIF 
 
    RETURN 
  END 
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