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Abstract

A Bayesian analysis for the Weibull proportional hazard (PH) model is presented. A
comparison between the Weibull PH model and the Weibull cumulative exposure (CE)
model is made graphically and mathematically. The PH model is as flexible as the CE
model in fitting step-stress data and the mathematical form of the PH model enables
researchers to do Bayesian inference much easier than the CE model. In addition, the PH
model has the desirable proportional hazard property. A convex tent prior is used for
Bayesian analysis. Markov chain Monte Carlo methods are used for posterior inferences.
In this study, we adopt two sampling methods. The first way is to draw samples of
the unknown parameters individually from each of the conditional posterior density
functions. Another way is to perform joint sampling of the unknown parameters from
the joint posterior density function. The performance of the two sampling methods is

investigated using both simulated and real data sets.
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Chapter 1

Introduction

In this chapter, a brief introduction is provided on this study. This study applies sur-
vival analysis on the study of Accelerated Life Testing (ALT) which is widely used in the
engineering industry. Some basic concepts regarding survival analysis will be presented
in the following section to give a preliminary knowledge on the survival concepts and
help understand the later parts of the study. In chapter 2, the cumulative exposure
model and proportional hazard model are introduced and compared. The proportional
hazard model is superior to the cumulative model in many ways. Therefore, we adopt
the proportional hazard model by assuming that the failure time of the products follows
a Weibull distribution in this study. In subsequent chapters, we begin our Bayesian anal-
ysis by specifying the probability density function and the likelihood function. We be-
lieve that the population indexed by 6 follows a prior distribution from the convex-tent
family. With the data, the prior distribution is updated to be the posterior distribu-
tion. In chapter 4, we introduce some Markov chain Monte Carlo (MCMC) sampling
methods. Subsequently, the algorithms of the two sampling schemes are presented. In
the last chapter, a discussion of the simulation results and real data results using the

proposed model will be presented.

1.1 Survival Analysis

In this section, some concepts such as survival function, cumulative distribution func-
tion, hazard rate function and cumulative hazard function will be briefly discussed. One

of the most common notations used in survival analysis is S(¢) which is known as the



survival function (Klein and Moeschberger [16]). The survival function represents the

survival probability of an individual beyond time t which is defined as

S(t):Pr(T>t):Joof(y)dy, (1.1.1)
t

where the function f is the probability density function of T. S(t) refers to the reliability
function when it comes to products and equipment. S(¢) is a continuous and decreasing
function if T is a continuous random variable. The survival function is related to the
cumulative distribution function through S(¢) =1 — F(t) where F(t) = Pr(T <t).

In other words, the probability density function can be expressed as the differentiation
of the survival function which is

F(t) = —dfi—(:). (1.1.2)

There are many different types of survival curves. All of them share the same ba-
sic properties such as they are monotone, non-increasing functions. In addition, the
survival function is equal to one when ¢ is zero and zero when t approaches infinity.
The rate of decrease of the survival function differs according to the experience of the
individual at time t.

Hazard rate h(t) which is also commonly used in survival analysis to explain the
failure rate of the individual is defined as

Pr(t<T<t+atlT >t)

h(t) = lim o~ . (1.1.3)

If T is a continuous random variable, then

niy = L0, (1.1.4)

The cumulative hazard function H(t) can be derived by integrating the hazard rate

function up to time ¢ given as



H(t):J;th(y)dy:—lnS(t). (1.1.5)

From the equation (1.1.4), an individual surviving up to time t experiencing the
event in the next moment can be approximated as h(t)At. Different shapes of hazard rate
are used to describe the experience of different individuals. For instance, an individual
or test unit would go through natural aging or wearing over time and it is appropriate to
adopt models with increasing hazard rate. New products with high failures or patients
who undergo surgery will experience higher hazard rates in the beginning and they
could be fitted using models with decreasing hazard rates. The most commonly used
hazard rate to describe the experience of an individual or test unit is the bathtub-shape
hazard. The hazard function has a decreasing hazard rate, followed by a constant hazard
rate. The later part of the function will be an increasing hazard rate. This kind of hazard
rate function is suitable to describe the population starting from birth or some newly

manufactured equipment and products.



Chapter 2

Literature Review

Under normal usage, researchers take a long time to collect data of a product or material.
Accelerated life testing (ALT) is a process to shorten the testing period by subjecting the
products to more severe conditions, resulting in shorter time in failure data collection.
A model is adopted to fit the accelerated failure times obtained from the experiment
and used to estimate the life distribution of the products under normal usage.

The design of an ALT is essential for data collection given limited time. For instance,
the failure rate of high reliability products has to increase in order to collect more data
for the experiment to be optimal or meaningful. As such, the variable which plays a
vital role in ALT design is known as the ”stress variable” such as voltage, temperature,
etc (Dorp and Mazzuchi [36]). There are many different testing scenarios such as a
constant stress, step-stress, random stress and progressive stress suitable for different
environment.

If the stress is time-independent, the test units are often put under a constant stress.
In other words, the test units will be tested under the same stress level throughout the
whole experiment. The constant stress is displayed in Figure 2.1.

If the stress is time-dependent, the test units are put under a stress level which varies
with time. Tests units under varying stress level will yield failure more quickly as com-
pared to when the test units undergo a constant stress. The step-stress and ramp-stress
are typical time-dependent stress tests. The test units will be subjected to stress level x;
for a period of time. Then, the stress level will be varied to a different stress level and
maintained for some time before it is stepped/ramped into another. The step-stress and

ramp-stress are illustrated in Figure 2.2 and Figure 2.3 respectively.
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There are many research papers which make comparisons between the constant
stress and step-stress with step-stress being more useful and advantageous (Wang and
Fei [39]). For instance, in constant stress testing, it is expected that there is censored
data at lower level of stress while for step-stress setting, there is few or no censoring.
Khamis [15] presented a comparison between a constant stress testing and step-stress
testing for Weibull models. Based on the simulation results, the step-stress testing is
preferred than the constant stress when censored data occurs at lower stress level.

Our study uses step-stress testing because step-stress accelerated life testing (SSALT)
is most commonly used in experiments and it has many advantages. Firstly, the use of
SSALT can decrease the experiment duration without compromising on the accuracy of
the estimates of the lifetime distribution (Zhao and Elsayed [43]). Secondly, in com-
parison with parallel constant ALT, SSALT requires fewer test units which are more
practical (Tseng and Wen [35]). In addition, SSALT is chosen for its adaptability. If the
information about the test stresses of a new product is not known, SSALT enables the
researchers to adjust the stress level and stopping time as information is gathered over
time. Besides, another attractive feature about SSALT is that it is economical. Often, ex-
periments conducted under high stress levels will incur substantial costs. Using SSALT,
the varying stress level will help save considerable resources. Tang, Yang and Xie [42]
suggested an optimal SSALT degradation plan which does not require many test units
and helps shorten testing time thereby saving resources.

Many researches discussed the optimal level of testing using the step-stress to con-
duct the experiment in a meaningful way. Bai and Chun [3] presented an optimum sim-
ple step-stress ALT with different failure causes. The life distribution assumed for each
of the steps follows an exponential distribution. The mean of the distribution is related
to the stress level through a log-linear function. The paper aims to create an optimum
plan which minimizes the asymptotic variances of the maximum likelihood estimators
of the log of mean failure time. However, the optimum simple step-stress ALT plans

have some limitations such as the stress and time-to-failure are linearly related and us-



ing two stresses might not be appropriate in many test testings. An optimum 3-step
step-stress plan was proposed as an extension to the linear model (Khamis and Higgins
[13]). The log of the scale parameter is related to the stress level through a linear or
quadratic function when the assumed life distribution follows exponential distribution.
An optimum M-step step-stress test plan which has k stress variables was presented by
Khamis [14]. The author used the polynomial model, proposed a goodness of fit test
and discussed the relevance of adopting the asymptotic chi-square distribution when
the sample size is small. The result showed that the test was conservative when the
sample sizes are small but the chi-square approximation can be used for practical pur-
poses. There are other researches presenting different optimum test plans. Nelson and
Meeker [25] showed in their paper an optimum test plan which minimized the variance
of the maximum likelihood estimate for Weibull and Extreme Value distributions with
two test stresses. In addition, they also presented a method to determine the optimum
proportion to run with optimum low test stress. The chart from Nelson and Meeker
[24] suggests that the majority of the products allocated near design stress for a given
stress level. They also provided an estimate for the optimum variance of the extreme
value distribution and Weibull distribution. The results showed that at 50th percentile,
the optimum variance was smaller than the variance obtained using the actual plan with
complete data. The result is similar using Weibull distribution. Moreover, a way to de-
termine the number of test units required for each stress level was also shown. However,
the test plans are not practical if there is a misspecification of the unknown parameter
values (Meeker [23]).

In general, there are a few methods to model SSALT. One of the ways is known as
tampered random variable (TRV) (DeGroot and Goel [9]). The increase of the stress
level lowers the future lifetime of the product by a tampering or acceleration factor of
k; depending on the magnitude of change of the stress and vice versa. SSALT TRV was
generalized when the distribution is Weibull under multiple step-stress levels (Zhao

and Elsayed [43]). Another way is known as cumulative exposure (CE) model proposed



by Nelson [26]. The model takes into account the worn-out conditions of the product
accumulated from previous testing periods. The remaining lifetime of the product is
subject to the current accumulation fractions failed under current stress level. The fail-
ure time of the product follows the cumulative distribution function (CDF) under the
current stress by taking into consideration of the previous accumulation fraction failed.
Using the tampered failure rate (TFR) model proposed by Bhattacharyya and Soejoeti
[5], the increase of the stress level will have a multiplicative effect on the failure rate of
the product. The failure rate of the product for the next time period will increase by a
factor of k, which is greater than 1 as the stress level increases. Linear cumulative expo-
sure model (LCEM) suggested by Tang [32] and Tang et al. [33] could also be adopted
to model SSALT. The model states that the exposure increases linearly under each stress
level. Under each stress level, the exposure of a product can be derived by taking the
ratio of the total time (from the start of the experiment) to the lifetime of the product at
current stress. The unit is considered failed if the cumulative exposure is one

Under certain conditions, two of the models will coincide. If the survival distribu-
tions of the product under two different stresses belong to the same scale parameter
family, then the TRV and CE models coincide. If the loss factor is set at ky =k, =1,
or the product’s lifetime under first stress follows an exponential distribution, the TRV
and TFR models coincide (Wang and Fei [39]) .

The limitations of CE, LCE, TRV and TFR model were discussed (Xu and Fei [40]).
TRV model cannot be applied if the lifetime of the unit under previous stress cannot be
described using a tampering coefficient in terms of the lifetime of the unit under current
stress. For instance, if the underlying distribution is Weibull with non-constant shape
parameter, the TRV model cannot be used to fit the experience. CE model is not appli-
cable to situations where the underlying distribution has a failure-free life (FFL) with a
location parameter (Tang [32]). CE model is used with the assumption that the failure-
free life is less than the equivalent cumulative operating time at the current stress level.

Otherwise, the cumulative distribution will be zero unless the underlying distribution



has a threshold parameter (F;(t) = H(ln(t_aﬂ)),i = 1,2 and the location parameter sat-
isfies g—f = exp(p, — p1). The LCE model could overcome the limitation of the CE model.
However, the limitation of the model stems from the variability in the reliability com-
ponent R which makes data analysis difficult. In addition, the maximum likelihood
estimation provided could be incorrect when the underlying distribution is a Weibull
distribution with three parameters, resulting in higher log-likelihood values. The TFR
model outperforms the CE model analytically when the underlying distribution follows
a Weibull distribution. However, the model has a few limitations. Firstly, the model has
no explicit form for the failure rate function. It is not possible to derive the failure rate
function analytically for log-normal distribution. Moreover, the TFR model is also not
easy to apply as well computationally.

Another model which is also commonly used for step-stress testing is known as pro-
portional hazard (PH) model (Bagdonavicius, Gerville-Reache and Nikulin [1]). The
name is derived from having two hazard functions which are multiples of each other. In
other words, the change of stress will have a multiplicative effect on the hazard rate. The
hazard function for PH model presented by Cox [8] can be expressed in terms of failure
time as h(t; x) = hope*? where h(t) is the baseline hazard function. The parameter f rep-
resents the stress effects, x is the stress level and the baseline hazard function does not
necessary take specific form. Unlike the PH model, other lifetime distributions do not
exhibit such property such as the accelerated failure time models. A generalization of
multiple step-stress was presented by Madi [18]. A similar model known as K-H model
based on the time-transformation of the exponential CE model was shown in [12]. K-H
model is as flexible as the CE model when fitting data. The mathematical forms enables
the researchers to obtain the parameter estimates and standard deviations much easier
than the CE model. When the failure time follows Weibull distribution, the CE model
can be re-parameterized as a PH model under constant stress. However, it is not true
for other distributions and stress settings (Lawless [17]). Therefore, PH-SSALT model

is essential in engineering applications with the acceleration model being a failure rate



function.

In early days, the ALT inference methods were based on maximum likelihood esti-
mation (MLE) which requires large sample sizes to make meaningful inference. In most
cases, asymptotic variance plays a vital in determining the optimum design of ALT plans
and the reliability of the statistical inferences. McSorley, Lu and Li [21] investigated
that 100 sample size are required to adopt the large-sample inference procedures. In
addition, when the model is Weibull distribution with constant shape parameter, using
exponential models with large sample sizes or using Weibull models with small samples
would result in poor model fitting. When the sample sizes are small, Bayesian approach
is more suitable for meaningful inferences. This is more practical as it requires sub-
stantial costs to carry out the whole experiment in most cases, resulting in fewer test
units.

The development of a general Bayes inference model for accelerated life testing is
essential as it could cater to varying-stress tests (Van Dorp and Mazzuchi [36] and
[37]). The life time distribution is assumed to follow a Weibull distribution without
any assumption regarding a parametric time transformation function which is typically
specified in most research papers (Van Dorp and Mazzuchi [37]). The development of a
flexible likelihood function results in easier application to different test scenarios such
as fixed-stress testing, regular life testing, progressive step-stress testing and profile
step-stress testing. The number of test environments which consist of a combination
of stress levels from the available set of stress variables is predetermined and fixed.
The approach focuses on the failure rate in a constant stress environment which differs
from the failure in the step-stress ALT. A general expression is derived for the ALT with
different test environments illustrated below for interval data and type I censored data.

The prior information is utilized to obtain prior parameter estimates numerically.
After defining the multivariate prior distribution for the parameters, Bayes point es-
timates for the parameters could be obtained with varying-stress tests. The inference

procedures are applicable for testings with interval data and type I censored data. The

10
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Figure 2.4: A separate ALT design for each test item

posterior distribution might not be tractable. Therefore, Markov chain Monte Carlo
methods are adopted to obtain posterior approximations.

A Bayesian approach has also been adopted in various research papers such as Maz-
zuchi and Soyer [19] and Van Dorp et al. [38]. In those papers, the lifetime distributions
under the environments are assumed to be exponentially distributed. The failure rate
for the exponential model is constant. The rigid nature makes it difficult to model dif-
ferent failure rate for other products. The flexible nature of Weibull distribution enables
it to model increasing, decreasing and constant failure rates with different parameters.
Mazzuchi, Soyer and Vopatek [20] can be considered one of the pioneers to produce
such model using Bayesian approach for constant stress ALT.

Thus far, parametric estimation procedures were discussed. There are a few research
papers which adopt non-parametric approach. Shaked [29] and Shaked and Singpur-
walla [30] presented ALT using non-parametric approach when the failure has a single
cause and the test units are not censored. Basu and Ebrahimi [4] extended the work
of the latter by considering censoring and competing risks. Tyoskin and Krivolapov
[34] proposed a non-parametric model for the interval estimation using SSALT. They

adopted a linear model of damage accumulation which is proven to satisfy the assump-

11



tions suggested in other papers. In addition, they estimated the time transformation
function by using failure time data for all stress levels. A numerical example was also
presented using the data simulated to investigate performance of the proposed method.

In our work, we develop a Bayesian inference procedure for PH model using SSALT
which is similar to Sha and Pan [28]. We present a more general likelihood function
which allows censoring during the testing period at a given stress level. In addition, we
sample conditionally and jointly the posterior density function and make comparisons
based on the posterior estimates and the credible intervals using simulated data and

also real data.

12



Chapter 3

Methodology

3.1 CE model

In this section, the CE-model is presented. The model assumes the products’ remaining
lifetime depends on the current cumulative fraction failed and current stress level (Nel-
son [26]). The failure time of the test units follows the cumulative distribution function
(CDF) for the current stress level with the previous worn-out conditions being consid-
ered. In other words, the previous accumulated fraction failed has to be accounted for.
The process is explained with the help of some graphs as follows. Assuming that there
are 3 constant stresses (x1,x,,x3) with changing time 7 = 1,7, = 2,73 = 3. The stress x;
starts at 7; and runs to 7,1 for j =1,2,3 as in Figure 2.2. The CDF of the failure time,
F for the process is obtained under a particular step-stress pattern. The cumulative

fraction failed of the products under stress x; is

F(w)=F(w), 0<w<T. (3.1.1)

Under stress level of x;, let s; be the equivalent starting time, producing the same cu-

mulative fraction failed as previous testing period to satisfy

Fy(s1) = Fi(t1). (3.1.2)

The total cumulative failed fraction of the products by time w at stress level of x, is

given by

13



F(w)=Fy(w-1,+51), 71 Sw<T,. (3.1.3)

Similarly, under stress level of x3, s, can be solved by the following equation

F3(52):F2(T2—T1+Sl). (314)

The total cumulative failed fraction is

F(w)=F3(w-1+s3), T, <w<T1s (3.1.5)

In general, the CDF can be expressed as

Fi(w), if 0<w<mn

Fz(w—’(1+51), if m<w<rt
F(w) = (3.1.6)

Fi(w—1r_1 +Sk-1), if 11 Sw < oo.

with Fi+1(5i) = Pi(Ti T+ Si—l) fori= 1,2,...,k.

3.1.1 Weibull CE-Model

In the following section, the failure time w is assumed to follow Weibull distribution.

The CDF can be written as

exp(—6;w®), if 0<w<mn

exp(—0,(w -1 +51)%), if 1, <w<r
Flw)=1- p(=6s( 1151 1 2 (3.1.7)

exp(—@k(w —Tk-1 T+ Sk_l)é), if T—1 S w < oo.
where s; is the equivalent time under the ith stress level, which satisfies F;(t; — 7;_1 +

Si—l) = Pi+l(si)l 1= 1,2,...,k— 1 Wlth So = 0 and To = 0.
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The hazard rate function which corresponds to each level of stress for Weibull CE-Model

can be derived as the following

filw—7i_; +si_1)

h; =
I(W) 1 —Pi(w—’fi_l +5i—71)
_00i(w—Tiy + si-1)° " exp(0;(w — T+ si-1)°) (3.1.8)
exp(0;(w —Ti_1 +5i_1)°)
=80, (w—Tj_y +5;1)° "
The cumulative hazard rate function for each level of stress is H;(w Io t)ydt =

T;_1 +5;_1)°. The cumulative hazard rate function throughout the testing perlod is as

follows

Hi(w), if 0<w<mn

Hz(w—Tl+51), if T1Sw<1n
H(w) = (3.1.9)

Hi(w—Tp_1 +Sk—1), if Tpog S w < oo.

As an illustration, Figure 3.1 shows the cumulative hazard rate function at each level of
stress for over four levels of stress. The different colors plotted for different cumulative
hazard rate functions represent the product’s cumulative hazard rate for each testing
period, corresponding to each level of stress. The composite hazard rate function which
is displayed on the right in Figure 3.1 is formed by shifting the hazard rate function for

each level of stress horizontally.

3.2 PH Model

The lifetime of the test units follows a general PH model. The model assumes that the
stress level has a multiplicative effect on the hazard rate. If the ratio of two hazard rates

from two different stress levels is computed, the ratio is constant over time.
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Figure 3.1: Cumulative exposure model

3.2.1 Weibull PH Model

The exponential PH model can be derived based on time transformation of the expo-
nential CE-Model (Khamis and Higgins [12]). Subsequently, the Weibull PH model can

be obtained by simple transformation from exponential CE model.

exp(—0,w?), if 0<w<mn
exp(—0,(w® —10) — 0, 1?), if 1 <w<1,

Fw)=1-1"7 ! ! (3.2.1)
exp (-0 (w? - T]f_l) - 92(155 - Tf) - Glrf), if 1,1 <w<oo.

where the parameter 0; is related to the stress level of x; using a log-linear function
log(0;) = Bo + p1x; for i =1,2,...,k with unknown parameters , and ;. The hazard rate

function of KH model can be found by

16



_ 00w’ eXp(—Qi(wé - T?_l) - 91’—171"—1) (3.2.2)

= (591'11}6_1

fori=1,2,..,k where 6y =0,75 = 0.
The ratio of two hazard rates under two different stress levels in two time periods is
constant which has the desirable proportional hazard property. The covariates are mul-
tiplicatively related to the hazard rates. The covariate effects can be measured using the
hazard rate ratios.

hiw) _ 56]'“}?_1 _9 (3.2.3)
hi(w) 60wt 6;

The cumulative hazard rate function of the Weibull PH model is

Hi(w), if 0<w<mt
Hy(w) — (Ha(t1) = Hi(11)), if p<w<m
H(w) =
Hi(w) = (Hi(th-1) = Hi=1(Th=1)) — - = (Ha(11) = Hi(71)), if T3y Sw <oo.
(3.2.4)

where H;(w) = 60;w®™!,w > 0. Assuming there are four level of stresses, the cumulative
hazard rate function for each level of stress on the left in Figure 3.2. The different
colors plotted for different cumulative hazard rate functions represent the product’s
cumulative hazard rate for each testing period, corresponding to each level of stress.
The plot on the right in Figure 3.2 depicts the cumulative hazard rate function of SSALT
for the whole testing period. This can be formed by taking segments of H;(w) which

corresponds to the level of stress and testing period and shifting the segments vertically.
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Figure 3.2: Proportional hazard model

3.3 Bayesian Analysis

In this section, probability density function (pdf) is determined using the weibull PH
model. By specifying the pdf of the weibull PH model, the likelihood function for the
experiment design can be formed. Subsequently, a prior distribution is defined. Lastly,
the joint posterior distribution and each conditional posterior distributions are specified

using the prior distribution and likelihood function.

3.3.1 Probability Density Function

The probability density function (pdf) of failure time w is needed to obtain the like-
lihood function and can be derived by differentiating the CDF for Weibull PH Model

which is as follows

flw)=—— (3.3.1)

The pdf is given by

18



00, w L exp(-0,w?), if 0<w<mn
00,w L exp(—0,(w® - Tf) - Ql'cf), if m<w<mt

flw)= (3.3.2)
50w Lexp(—Ox (W’ —17_|) — ... = 0x(1 = 1) - 01 7)., if T Sw < co.

3.3.2 Likelihood Function

When constructing likelihood functions, reliability or survival experiment designs which
involve censored or truncated test units have to be given due considerations (Klein and
Moeschberger [16]). One of the most common assumption is that lifetimes and cen-
soring times are independent. Otherwise, special methods have to be used. When the
likelihood function is constructed, the way each test units contribute to the likelihood
has to be identified. If a test unit fails, the test unit corresponding to the exact time con-
tributes to the likelihood in terms of density function f(x) of X at this time. When a test
unit is right-censored, the event is not going to occur at this time. The test unit provides
information in terms of the reliability or survival function S(x). For left-censored test
unit, the event of interest has already happened. The cumulative distribution function
F(x) of the test unit will be used in constructing the likelihood. For interval censored
test unit, the information provided is the probability of the event of interest occurring
in the time interval. Conditional probabilities are used for truncated data depending on

the type of truncation. The general likelihood can then be written as

L(OID) ]‘[f(x»]‘[S(x»]‘[P(xi)]‘[{sui)—s<Ri>} (3.3.3)

ieD i€R iel iel
where D represents the set of death time, R is the set of right-censored units, L is the set
of left-censored units and I is the set of interval censored units.

For this study, we only consider failed units n; and right-censored units m; observed

with w;; and v;; being the jth failure time and censored time respectively. Therefore,
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the likelihood function can be written as

k nj mi
L(OID) o H{Hf(wm]_[sm]-)} (3.3.4)
i=1 \j=1 j=1

where the observational data is D = wij,vi]-,mi,i =1,..,k,j=1,..,n; ;. Using the prob-
ability density function of the PH model and the log-linear function of 6;, log(9;) =

Bo + B1x;, the likelihood for the whole experiment design can be expressed as

L(Bo, p1,9ID) = 6" exp

nﬁﬁ(inixi)/}l - ie/’)‘)*ﬁlxiui(é)lﬁﬁwg_l (3.3.5)
i=1

i=1 i=1 j=1

where u;(0) = YiL (=t )+ LI (0] = ) + (n+m = Xj_y g = Yoy my)(c) =) for
i=1,2,...k—1and uy(8) = L, (wy; - Tk 1)+z] Wy =T y)-

If v;j = 7; for i = 1,2,...,k, the likelihood reduces to the likelihood obtained from
Khamis and Higgins [12].

3.3.3 Prior Distribution Function

A family of prior is introduced which is known as a convex tent family defined on a
finite interval, A. The prior distribution will be updated using the likelihood to be the
posterior distribution. Subsequently, the posterior distribution will be used for poste-

rior inference. The prior density function are presented below (Sarhan [27]).

Definition The density function of the variable, 6 belongs to a convex tent family if the

density function has the following form

— 10— u)) 0P exp(gB), if O€[u—e,
2(6) = K(e—16 —pl)"0P exp(q0), if 6 €[p €ﬂ+€]' (3.5.6)

0, otherwise

where r € Z* U {0}, p,q € R and K is the normalizing constant for 7t(6). To derive the

normalizing constant, the proof can be found in the appendix Al. The equation is given
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-1
l () e~ TGP+ gu—em+(-1Y(ute)TGp+jguutell  (3.3.7)

where the function G(m, n;z1,z,) is given by

k)
G(m,n;z1,25) = J x"exp(nx)dx, m>0,neR. (3.3.8)
Z

1

The function can be expressed in the following form

AR § if m>0,n=0
G(m,n;2y,25) = m+l [[(m+1,szy)-T(m+1,sz1)] if m>0,n=-s<0 - (3.3.9)
ﬂ [G*(zp;m, n) — G*(z1;m,n)] if m=0,1,..,n=0

where I'(n,z) fo x"~1exp(—x)dx is the incomplete gamma function and G*(x;m,n) can

be expressed as

m  m— 1 1) XM=
G*(x;m,n) + Z exp(nx). (3.3.10)
— ni(m—1)!
The cumulative distribution function (CDF), F can be found by integrating the prior

density function which is

0
F(6)=J K(e -1y —ul)"y" exp(qy)dy (3.3.11)
H

The cdf has the following form
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0, if O<pu—e
K{X o (Ol(e-prTGp + j,q;y—e,é))]}, i uc<O<p
K 25:0(5)[(“#)”'(5(?+qu:#—€,#)+(—1)f(14+e)r‘fG(p+j,q;ﬂ,9)]}’ if p<O@<p+e

1, if O>pu+e
(3.3.12)

A few graphs are plotted to show the characteristics of the prior density function.

When the parameters of the prior density function is set to be p = 0,4 = 0,7 = 1, the

distribution is known as triangle distribution displayed in the top-left of Figure 3.3.

When the parameters are set to be p = 2,g = —4,r = 0, the distribution is similar to the

gamma distribution defined on a finite interval. The graph is in the top-right of Figure

3.3. When the scale parameter is set to be a large positive value g = 10 with r = 1 and

p = 2, the graph is skewed to the left. The graph is skewed to the right if the scale

parameter is set to be g =-20 withr =1 and p = 1.

3.3.4

Bayesian Inference Procedure

Bayesian approach is generally different from the classical approach. In the classical

approach the unknown parameter 6 is fixed. The value of 6 is estimated based on a

sample data xq,xy,...,x, from the population. In contrast, Bayesian approach assumes

that 0 follows a probability distribution. Researchers generally have some beliefs on the

parameter, 6 and the distribution is formulated before the data are observed. Hence,

it is named as prior distribution 7t(6). After the data is collected from the population

described by 6, the prior distribution is updated to be the posterior distribution 7t(6|x)

using Bayes’ Rule (Casella and Berger [6]). By denoting the likelihood function by L(0|x),

the posterior distribution can be expressed as
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Figure 3.3: Convex tent prior
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_ m(O)L(6ID)
n(0|D) = ) (3.3.13)

where m(x) is the marginal distribution of X given by
m(x) = Jn(G)L(6|D)d6 (3.3.14)

Bayesian inferences can be made on the unknown parameters 6 from the posterior dis-
tribution.

A Bayesian inference for the Weibull PH model is shown. The transformation of o =
exp(pBo) and @y = exp(f) is to ensure the parameters are positive. The prior distribution
used for each of the unknown parameters ag, a1, follows the convex tent family with
positive and finite interval. Independent priors are set for the parameters 3, 5;,6. The
joint posterior density function is proportional to the product of the priors and the

likelihood function.

T((ao, aq, 5|D) o L((Xo,al, 5|D)TC(C¥0)TC(Q’1)TC((5) (3315)

The convex tent prior is the conjugate prior of @y. The conditional posterior density

function of ay is given as

n(aplay, o, D) oc t(ag)L(aglay, o, D)
Zk nix;—1 k X; - k S
o (€ —|ag— /ul)roago exp(aoqo)énag_lal =L expl—ao Zallui(é)l l_[ wfj_l

oc (e~ latg — ) o™ gLy o i(0)

(3.3.16)

The distribution for conditional posterior of aq is aglay,0,D ~ CV T (rg, po+n, qo—Zle af u;(0))
with hyper-parameters ry, pg,qo. The convex tent prior is not prior conjugate of a; and

0. The conditional posterior density function of ay, 9 is given as follows
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nt(aylag, 6, D) e (ay)L(ai]ag, 6, D)
Z’f n;x;—1 K X; k
o (€ — |y —/u|)rlacf1 exp(alql)énag_lal =L expl—ao Zal’ui(é)l l_[ wfj_l
i=1 '

k .
+) o nixi—1 _ kX (s
o (€ —lay - p)1a Lis Mm%~ ayq1-a0 Ti, @' i(6)

(3.3.17)
T((5|a0,a1,D)ocn(é)L(5|a0,a1,D)
Z’.‘ n;x;—1 k X; ko N
oc (€ =10 — pl)26P2 exp(q,)d" af La expl—ao Zallui(é)“_[ wfj_l
i=1 i=1 j=1
k n; k
o< (e = 15— 287> exp { 5(q, + log(wij)) — o ) ay'u;() ¢
i=1 j=1 i=1
(3.3.18)

where r1,p1,9; and r,, p;, g, are the hyper-parameters.
To make posterior inference, we have to draw posterior samples from their posterior
distributions which are not standard. Therefore, we have to adopt a special algorithm

known as Markov chain Monte Carlo method discussed in the next chapter.
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Chapter 4

Sampling Techniques

Markov chain Monte Carlo (MCMC) methods such as the Metropolis-Hastings and Gibbs
sampler have become increasingly popular in statistics field. In general, the MCMC
sampling schemes provide an approximate sampling for the researchers when dealing
with complicated probability distributions with high dimensions. With the introduction
of Gibbs sampling, sampling directly from the posterior distributions of some compli-
cated statistical models is made possible. The MCMC methods have become popular
among Bayesian statisticians as most Bayesian inferences could be carried out using
MCMC methods while little could be done without it (Casella and Robert [7]). The

following sections discuss some concepts about MCMC and some MCMC methods .

4.1 Markov chain

A sequence of dependent random variables {X;} is known as a Markov chain if the prob-
ability distribution of X;,; given all past variables depends only on X; which is given

by

P(Xt+1|X11~-1Xt) = P(Xt+1|Xt)

The X; obtains values from state space of the Markov Chain and the conditional proba-

bility distribution is known as transition kernel, K which is

X1 |X11 ooy Xp ~ K(Xt’ Xt+1)
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4.1.1 Stationarity

A Markov chain {X;} is also a stochastic process. The stochastic process is stationary
if the distribution of k-tuple (X;,1..., X;;x) does not depend on the value of ¢ for every
positive integer k. As a result, the Markov chain is also stationary. In other words, a
Markov chain is stationary if and only if the marginal distribution, 7t(x) of X; does not
depend on t (Casella and Robert [7]). The kernel and stationary distribution satisfy the

equation

LK(x,y)n(x)dx =1(y)

MCMC methods require a Markov chain on a state space to be run easily with the prob-
ability distribution 7c that has the desired distribution as the stationary distribution.
The Markov chain has to be reversible in order to construct an MCMC algorithm. The
following explains such property (Smith and Roberts [31]).

Definition. A Markov chain on as state space y is reversible with respect to a probability

distribution 7t on y;, if

n(dx)P(x,dy) = nt(dy)P(y,dx), x,y€x

Proposition If a Markov chain is reversible with respect to 7(-), then 7t(-) is stationary
for the Markov chain.
Proof.

| manpean = [ wappean =ntiy) | p.dn=nlap)
XEX Xex

XEX

If a Markov chain has stationary distribution, it might not be able to converge to sta-
tionarity. The Markov chain has to contain two more properties which are irreducibility
and aperiodicity. The definitions of the two terms are as follows:

Definition. A chain is ¢-irreducible if there exists a non-zero o- finite measure ¢ on

x such that for all set A with A C x, ¢(A) > 0 and for all x € yx, there exists a positive

27



integer n such that P"(x, A) > 0.

Irreducibility of a Markov chain allows free moves over the state space, which means
that the probability of moving from any state to any other state in the chain is finite
(K(x,p)>0).

Definition. A Markov chain with stationary distribution 7(-) is aperiodic if there do not
exist d > 2 and disjoint subsets x1, x2,..., x4 € x with P(x, x;;1) =1 forall x € x;(1 <i <
d—1),and P(x, x1) = 1 for all x € x; such that 7t(x;) > 0. Otherwise, the chain is periodic
with period d and periodic decomposition x,..., x4

The number of steps to return to any arbitrary non-negligible set must not always be a
multiple of some values.

The Markov chain in MCMC algorithms are recurrent which is the expected number
to return to any arbitrary nonnegligible set is finite. If the chain is recurrent, the limit-
ing distribution is the stationary distribution. The chain is said to be ergodic. In other
words, if a kernel K with an ergodic Markov chain and stationary distribution 7, gener-
ating from K would produce similar results as simulating from 7, that is, for integrable

function g,

N
5D 8(X0) > Exlg(X) (4.1.1)
t=1

where N is the number of simulation. This is the Law of Large Numbers on which the
concepts of MCMC methods are built.
In Bayesian statistics, when the distribution with respect to a Markov chain achieves

equilibrium, the stationary distribution is the posterior distribution.

4.2 Metropolis-Hastings

Metropolis-Hastings is one of the most commonly used MCMC methods. When simu-
lating directly from the conditional posterior density is difficult, a working conditional

posterior density g(y|x) is proposed which is used to simulate the samples. The ratio of
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the target density 7 and the proposed density g(y|x) is constant and independent of x.
In addition, q(y|x) has to be allowed to explore the whole support of 7. Based on the
construction of the Metropolis-Hastings algorithm, the kernel K is created such that
is the limiting distribution. The Metropolis-Hastings sampling procedure is discussed

below (Casella and Robert [7]).

4.2.1 Algorithm

Suppose a simulation is run to sample from the target density 7= which is complicated. A
working conditional density g is proposed which produces a Markov chain X;. Assum-
ing that the current state is x;, a new sample y; is drawn from g(y|x;). The Metropolis-

Hastings algorithm is as follows:

1) Propose a distribution, q.
2) Generate Y; ~ q(y|x;)
3) Take

Y;, with probability p(x;, Y;),
X1 =

x;  with probability 1-p(x;,Y;),

where

) qxly)
pixy)= mm{ () qlyl) 1}'

The final step of the current simulation is known as Metropolis rejection. After one
proposed value y; is made, the proposed move to new state is accepted with probability
p(x;,v;), otherwise the Markov chain remains at the current state. The ratio is undefined
if 7(x;) = 0. Therefore, the initial state 7(x) > 0 has to be arranged. The Markov chain
can never move to a new state if 7(x) = 0. In addition, the conditional density g(y|x) > 0
with probability one must be satisfied. With m(x) > 0 and gq(y|x) > 0, the ratio will be

well defined. If 7(y) = 0 and g(x[y) > 0 it will not cause any difficulty as the proposed
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value y will be accepted with probability 0. It is the case when the proposed value y if
an impossible value of the desired stationary distribution or the x is not given that y is

the current state.

4.3 Gibbs sampling

If the random variables 6, 0,,...,0, have joint density 7(6,,0,,...,0,), the Gibbs sam-
pler draws samples directly from the full conditional distributions of each of the ran-
dom variables and generate a Markov chain Qt,Qé,...,Qfl as the following algorithm. If
0!,05,..., 0} is distributed from 7, /1,041, ..., 0%1 also has the same distribution. This
is because both iterations draw samples from true conditionals. For Gibbs sampling, the
new sample drawn from a conditional distribution of the desired stationary distribution

is accepted with probability one.

4.3.1 Algorithm

Assume that 6 = (01,0,,...,0,,) at t-th iteration, the Gibbs sampling is displayed as fol-

lows:

1) Sample 9{“ from the full conditional posterior distribution, 7{(6{“ 6%, 65, . 9,2).

Sample 95” from the full conditional posterior distribution, 7‘((65rl |6§+1, 0%,..,00).

Sample 0!*! from the full conditional posterior distribution, 77(9%+! |9{+1, o+t 9;*_11 ).

2) Repeat (1) for many times.

4.4 Conditional Sampling

In this section, the Metropolis-Hastings within Gibbs sampling method adopted to draw

samples from the full conditional distributions of each of the unknown parameters is
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presented. Assume that @y, a1, at t-th iteration, a)*! is sampled from the full condi-

tional distribution of nt(agla}, &). Next, ai“ is drawn from the full conditional distribu-
tion of mt(a; |a6+1, 6"). Due to non-standard distribution of a; |a6+1, o', using Metropolis-
Hastings, a proposed distribution with density f; which follows the convex tent prior is
used to draw samples for a}. The new sample a;j is accepted with probability r,, which
is shown in the algorithm. Similarly, a proposed distribution with density f, which

follows the convex tent prior is used to draw samples for 6'*!. The new sample 6" is

accepted with probability r;.

4.4.1 Algorithm
Assume that a, aq, 6 at t-th iteration, the Gibbs sampling is displayed as follows:

1) Sample at! from nt(aglat, 8').

2) Sample a!™! from nt(a|aft!, 8') by using Metropolis-Hastings

L aj, with probability Tayr
=

aj, with probability 1-7,,,

where a proposed a] ~ CVT(ry,p;,q;) with density f; and

n(ailagt o) fi(ajlaq) 1)
n(ajlag,of) fi(ajlaf)’

3) Sample 6'*! from 7t(6|af!, alt!) by using Metropolis-Hastings

Tq, = min(

sl 0%, with probability rg,
6!, with probability 1-rs,

4) Repeat the process for many times.
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4.5 Joint Sampling

Metropolis-Hastings sampling method is adopted to sample from the joint distribu-
tion. Let 8 = (ag, a1,0). The proposed values of 6 are drawn from 0'*! ~ N(E)t,I‘/l(Bf))
where mean vector takes on the values from the previous joint samples and the variance-
covariance matrix is obtained using the observed inverse of the Fisher information (shown
in appendix A2) as it is analytically difficult to evaluate the expected value of some terms
from the second derivatives. Therefore, we evaluate the expected value of all terms from
the second derivatives by taking the sample mean of the function at each stress level.
For instance, let h be any function, the terms can be evaluated using E(h;(x)) = T (x).
After the proposed joint sample is drawn, the acceptance ratio is computed to deter-

mine if the proposed value is accepted. The process is repeated until the final number

of simulation is reached.

4.5.1 Algorithm

Assume that 0 = (ag, ay,0) at t-th iteration, the algorithm is displayed as follows:

1) Sample 6'*! jointly from 7t(a, @1, 6|D) by using Metropolis-Hastings

o+ _ 0%, with probability rg, .
0!, with probability 1-rg,

where a proposed 6" ~ N(Gt,I‘/l@t)) with density ¢ and rg = min( 229*)2 Z

2) Repeat the process for many times.
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Chapter 5
Application

In this chapter, we will investigate the proposed model on both simulated data and real
data using Bayesian approach. After the data is simulated, the two sampling schemes
are used to obtain the posterior estimates and credible intervals for each unknown pa-
rameter. Subsequently, we apply the model to two real data sets. One of the data is
obtained from Zhao and Elsayed [43] which is a step-stress of light emitting diodes

(LED). Second data set is a step-stress test of cable insulation from Nelson [26].

5.1 Simulation study

The data sets are simulated from the Weibull PH model by setting the parameter values
Bo =-2.85,81 =-1 and 6 =2.97. The data sets are simulated for each different stress level
of the total number of stresses k = 3,4,5,6. The number of right-censored units m;
are sampled from discrete uniform distribution (1,5) while the number of failures n;,
stress changing times 7; and the terminated time 7; are specified in Table 1. The failure
time w;; is sampled from the Weibull distribution for each stress level using a log-scale
function log(6;) = By + p1x; for i = 1,2,...,k where x; is the stress level sampled from
normal distribution with mean 2 and standard deviation 1 (x; ~ N(2,1)).

Two sampling methods are performed and the performance is investigated. We first
draw samples from each conditional posterior density function for each unknown pa-
rameter «a, a1, 0 with hyperparameter values as p;y = p, =p3 =1,41 =9, = q3 = -2 and
r1 = rp = r3 = 2. Then, we evaluate the posterior estimates by taking the mean of the

remaining samples after a burn-in period. Subsequently, 95 % credible intervals for
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each unknown parameter are computed. The procedures are repeated for different sets
of hyperparameter values where py =p, =p3 =641 =qo=qz=-2andry=r,=r3 =1
and p; =p, =p3 =2,q1 =9, =93 = -8 and r| = r, = r3 = 1. The results is tabulated in
Table 5.2. Next, samples for the unknown parameters are drawn jointly from the joint
posterior density function using Metropolis-Hastings algorithm with the same hyperpa-
rameter values as mentioned above. The subsequent procedures are carried out in the
same way to draw samples from the conditional posterior density function. The results

are shown in Table 5.3.

Table 5.1: Prespecified values of simulated data

Stress number Failures at each stress Stress changing times Terminated time

k n; T; Tk

3 6,3,9 0.5,2.0 3.5
4 9,14,5,12 0.5,2.0,3.5 3.5
5 15,6,3,1,10 0.5,2.0,3.5,5.0 3.5
6 12,6,9,2,1,8 0.5,2.0,3.5,5.0,8.0 3.5

For each simulated data, we draw 20000 samples for each unknown parameter with
different sets of hyperparameter values specified above. A burn-in period of 10000 is set
based on the trace plots for each unknown parameter. In order to monitor convergence
of the simulations, the scale factor estimate VR = %(l’b) is adopted (Gelman et al.
[11]), where Var(¢) = "—;1W + %B. W denotes the within-sequence variances while B is
the between-sequence variances and 7 is the iteration number. The scale reduction fac-
tors for By, f1, 0 fall within 0.97-1.03 for different hyperparameter values which suggests
the convergence of the unknown parameters. We observe that the estimation precision

improves as the number of stresses increases for both sampling schemes. In addition,

the width of the 95 % credible interval decreases with the increase of the number of
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stresses. When there are three or four number of stress levels, the estimation precision
and the width of the 95 % credible intervals are better for conditional sampling than
joint sampling. However, when there are five or six number of stress levels, the latter
performs better than the former in terms of estimation precision and the width of the
95 % credible intervals. These patterns are also noticeable with different hyperparame-
ter values. It is also observed that the posterior estimates for different hyperparameter

values are close to each other for different number of stress levels.

5.2 Real Data Analysis

The first SSALT data from Zhao and Elsayed [43] is shown in Table 5.4. The experiment
was conducted under high temperature and humidity which can shorten the lifetime of
the LED considerably to predict the product lifetime under normal temperature usage of
50°C. The experiment was conducted at four different levels of temperature measured
in Kelvin while setting the humidity level constant. The temperature was first set at 363
Kelvin and increased at certain time periods. The test was terminated at 7.2 (100 hours).
Some of the test units were right censored during the experiment. Using the Arrhenius
of reliability testing with temperature, the stress level is reciprocal of the temperature
measured in Kelvin which is x; = % In this study, the stress level is set as x; = % to
make x =1 at T = 323(50°C)

Using the two sampling methods, the hyperparameters are set as p; = p, = p3 =
1,91 =q2 =q3 = -2 and r; = r, = r3 = 2. In this case, 20000 number of simulations is
sufficient as the Gelman-Rubin statistic VR are near 1 for the three parameters for both
sampling methods. The posterior estimates are computed by taking the means of the
remaining samples after a burn-in period of 10000. Table 5.4 shows the MLE estimates,
large-sample based 95 % confidence intervals from Meeker and Escobar [22] for CE and

PH model, posterior estimates and 95 % credible interval from Eberly and Casella [10]
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for both sampling schemes.

It is observed that the estimates using Bayesian approach are close to the frequen-
tist approach. However, the width of the interval estimations for Bayesian approach is
smaller as compared to the frequentist approach. We notice that the 95 % confidence
intervals of B; include zero which suggests the effect of the stress is not identifiable at
5 % significance level. For Bayesian approach, there is no such difficulty as the credible
intervals do not include zero. Moreover, comparatively the width of the credible inter-
vals for both sampling schemes are about the same. The trace plots and histograms for
each sampling scheme is shown in Figure 5.1 and 5.2. The samples seem to converge
after the burn-in period which is the vertical line at 10000.

The second step-stress test of cable insulation data is in Table 5.6 which shows the
pattern of specified values (Kilovolts), final step, failure time and right-censored time
of the tested specimens. The purpose of the test is to estimate the lifetime of cable at
a design stress of 400 volts/mil. Each specimen was held for 10 minutes each at 5kV,
10kV, 15kV and 20kV before the test began. The specimens were then separated into
four different tests according to the thickness of the specimens where the difference
between changing time increases as the thickness increases.

As stated previously, the hyperparameters are setas py =p, =p3=1,q1 =9, =93 =
—2and ry = r, = r3 = 2. 20000 iteration is sufficient for convergence as the Gelman-
Rubin statistic VR is close to 1. The posterior estimates are computed by taking the
means of the remaining samples after a burn-in period of 10000. Table 5.7 shows the
MLE estimates, 95 % confidence interval for CE and PH model, posterior estimates and
95 % credible interval for both sampling schemes.

The posterior estimates for both sampling methods are close to the MLE, but the
credible intervals are narrower than the confidence intervals. The width of the credible
intervals for both sampling methods are relatively the same. It is also observed that the
confidence and credible intervals do not contain zero, suggesting that the effect of the

stress is significant at 5 % significant levels. The trace plots and histograms for each
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sampling method is shown in Figure 5.3 and 5.4. The samples seem to converge after

the burn-in period.
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5.3 Conclusion

In our study, a Bayesian approach for Weibull PH model for SSALT data analysis is pre-
sented. The graphical and mathematical differences between the model and the Weibull
CE model are also discussed. The Weibull PH model has one appealing proportional
hazard which explains the relationship between the physical stress and the failure rate.
In addition, using it will help avoid the model complexity caused by the time transfor-
mation in a cumulative way. Moreover, the model enables us to carry out the posterior
inference much easier than the Weibull CE model mathematically without compromis-
ing on the flexibility of fitting data. The prior distribution we adopted is flexible in
terms of fitting different shapes of probability density function which allows us to fit
different scenarios. The joint posterior density function is not standard. With the help
of MCMC methods, we could conduct the posterior inferences with much convenience
and efficiency. Most of the time, reliability testing only gives small failure time data.
This could potentially gives an extremely flat likelihood function and create large un-
certainties in the parameter estimation. However, Bayesian inference could resolve this
problem by using some prior information from engineering experience or other studies

on the model.
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Figure 5.1: Plots for LED data using conditional sampling
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Figure 5.3: Plots for cable insulation data using conditional sampling
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Table 5.2: Simulated data using conditional sampling

hyperparameter (p,q,r)

Stress Level,

k

(1,-2,2)

Posterior estimates

(95 % credible interval)

(6,-2,1)

Posterior estimates

(95 % credible interval)

(2,-8,1)

Posterior estimates

(95 % credible interval)

A

A

A

fo = —2.4427 fo = —2.5489 fo =—2.5330
(—2.6949,-2.3209) (—2.7947,-2.4258) (—2.7578,-2.4234)

3 f1 =—0.6582 f1 =—0.6539 f1 =—0.6386
(—0.7890,-0.5888) (—0.7708,-0.5890) (—0.7424,-0.5881)
5 = 3.0160 5 = 3.0436 5 = 3.0195
(2.7622,3.2237) (2.8040,3.2345) (2.7803,3.2241)
fo =—2.7366 fo =-2.7101 fo =-2.7104
(—2.8472,-2.6751) (—2.8038,-2.6650) (—2.8012,-2.6659)

4 p1 =-0.9104 f1 =0.9146 f1=-0.9112
(—0.9449,-0.8938) (—0.9563,-0.8946) (—0.9465,-0.8938)
5 = 2.9855 5 = 29916 5 = 2.9793
(2.9022,3.0553) (2.9105,3.0570) (2.8992,3.0514)
fo=—2.8810 fo=—2.8316 fo=—2.8728
(—2.9220,-2.8241) (—2.894,-2.7741) (—2.9312,-2.8112)

5 f1 =-1.0225 p1 =-1.0216 p1 =-1.0238
(-1.0661,-0.9797) (-1.0639,-0.9792) (—1.0662,-0.9800)
5 = 2.9744 5 = 2.9745 5 = 2.9720
(2.9345,3.0107) (2.9333,3.0108) (2.9319,3.0104)
fo = —2.8645 fo = —2.8643 fo = —2.8644
(—2.8761,-2.8531) (—2.8781,-2.8515) (—2.8781,-2.8505)

6 fr =-1.0129 fi =-1.0124 fi =-1.0135
(-1.0311,-0.9994) (-1.0231,-0.9988) (—1.0245,-0.9982)
5 = 29708 5 = 2.9707 5 = 2.9704

(2.9552,2.9848)

(29549,2.9865)

(2.9545,2.9855)




Table 5.3: Simulated data using joint sampling

hyperparameter (p,q,r)

Stress Level,

k

(1,-2,2)
Posterior estimates

(95 % credible interval)

(6,-2,1)
Posterior estimates

(95 % credible interval)

(2,-8,1)
Posterior estimates

(95 % credible interval)

A

A

A

fo = —2.5343 fo = —2.4744 fo=-2.5105
(—2.8545,-2.3601) (—2.7859,-2.3228) (—2.7958,-2.3537)

3 f1 =—0.3853 f1 =—0.3587 f1 =—0.4840
(—0.5236,-0.3018) (—2.3228,-0.2871) (—0.5938,-0.4268)
5 = 2.8899 5 = 3.0376 5 = 3.0432
(2.3862,3.4083) (2.2443,3.4247) (2.4846,-3.4359)
fo = —2.9044 fo =—2.8838 fo =—-2.9038
(—3.0145,-2.8383) (—3.0025,-2.8192) (—3.0106,-2.8355)

4 p1 =-0.8371 p1 =—-0.8232 p1 =-0.8177
(—0.9218,-0.7891) (—0.9070,-0.7837) (—0.8906,-0.7822)
5 = 2.9934 5 = 3.0983 5 = 3.0552
(2.8551,3.0820) (2.8823,3.1965) (2.8864,—3.4359)
fo = —2.8450 fo =—2.8472 fo =—2.8470
(—2.8995,-2.7935) (—2.8605,-2.8340) (—2.8581,-2.8363)

5 f1 =—1.0004 f1 =-1.0024 f1 =-1.0024
(—1.0189,-0.9838) (—1.0226,-0.9807) (—1.0226,-0.9804)
5 = 2.9854 5 = 2.9978 5 = 2.9983
(2.9567,3.0285) (2.9837,3.0141) (2.9834,3.0153)
fo = —2.8475 fo = —2.8475 fo = —2.8473
(—2.8589,-2.8368) (—2.8607,-2.8338) (—2.8607,-2.8340)

6 f1 =-1.0002 f1 =-1.0014 f1 =-1.0016
(-1.0100,-0.9930582)  (—1.0116,—0.9908) (-1.0119,-0.9906)
5 = 2.9694 5 = 2.9682 5 = 2.9687

(2.9635,2.9758)

(2£603,2.9794)

(2.9605,2.9791)




Table 5.4: LED testing conditions and lifetime data

Temperature Testing period Failure or suspension (+) time

(Kelvin) (100 hours) (100 hours)
363 (0,3) 3.00+
413 (3,5) 3.47,3.97,4.32,4.91,5.00+,5.00+
433 (5,6) 5.12,5.67,5.74,5.88,5.97,6.00+,6.00+
448 (6,7.2) 6.03,6.05,6.15,6.33,6.34,6.37,6.44,6.53,6.75,6.84,
6.99,7.06,7.18,7.20,7.20+,7.20+,7.20+,7.20+
Table 5.5: Estimation results for the LED data
Frequentist Method Bayesian Method
MLE (95 % confidence interval) Posterior mean (95 % credible interval)
Parameter CE model PH model Conditional Sampling  Joint Sampling
o 5.9724 4.5250 4.1589 4.1567
(4.3119,7.6359) (2.8635,6.1865) (3.9088,4.3540) (3.9582,4.3368)
Bo -6.7812 -7.2160 -6.6260 -6.6484
(-10.0282,-3.5349) (-10.4628,-3.9692) (-7.1342,-6.2783) (-7.0539,-6.3418)
B1 -1.4326 -1.5640 -1.1489 -1.1049

(-7.5259,4.6607) (-7.6571,4.5291) (-1.4376,-0.9651) (-1.4775,-0.8194)
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Table 5.6: Test data on cable insulation

Kilovolts Final step Failure or suspension (+) time (hours)
26.0 1 6.1+,14.9+
28.5 19.3

2
31.0 3 32.7,41.0,41.0+,45.0
33.4 4 48.7
36.0 5 1.7,1.9,1.9,18.3,18.3,69.0
6

38.5 5.75,5.75+,6.2,20.8,20.9,22.2,22.2+

Table 5.7: Estimation results for the cable insulation data

Frequentist Method Bayesian Method
MLE (95 % confidence interval) Posterior mean (95 % credible interval)
Parameter CE model PH model Conditional Sampling  Joint Sampling
o 0.7755 0.6647 1.3579 0.8156
(0.4308,1.1203)  (0.4735,0.8560) (1.2878,1.3949) (0.6980,0.9442)
Bo -8.4785 -9.0385 -6.8539 -7.4318
(-9.7795,-7.7175) (-10.3117,-7.7653) (-7.2889,-6.5587) (-8.0595,-7.0075)
B1 2.5780 2.3002 1.4610 1.6075
(2.1421,3.0139) (1.9073,2.6931) (1.3999,1.5483) (1.5294,1.6812)
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Appendix A

Appendix

Al

To solve for the normalizing constant K, we integrate the prior density function from

p— € to p+ € and equate it to one.
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A.2

Using (3.3.5), the likelihood of By, f1,Y is

k k k n;
L(ﬁo;/ﬁ’l,YlD)=ey””explnﬂw(Znixi)ﬁl—Zeﬁ(’*’glxl‘u h_[ wey L (A2.1)

i=1 i=1 i=1 j=

where Y =1log(0), ui(y) = Lj%, (wf; -t >+z] s =t ) nem= T =Y my)(e -
t¥,)fori=1,2,..,k-1and uk(é)_z”k (wi; — 1)+z] (W =T y)-
The log-likelihood becomes

k
log(L(Bo, 1, YID)) =np + "ﬁo+( anxi)ﬁl =) PPt (y)e
=1 (A.2.2)

Let 6 = (Bo, f1,v), the first derivative of the log-likelihood is

n— Y5, eforPiring )
dlog(L(Bg, 81, Y|D
o8(L{fo f D) _ T g — T ebobivin ()

n-Yi, €ﬁ°+’31x’au +eV Y 1 L log(wij) +1

where

J i i i

%;y) =y 1(w ¢ log(w;j)-T yleylog(ri_l))+2;1:1(vf;e? log(v;;)-7¢ ¥ log(Ti—1))+
: . d

(n+m—Yi_ n- lel my)(t¢ " e¥log(t;) — Tl?flelflog(ri_l)) fori=1,2,..,k—1and uaklﬁy) =

Y (wie¥ log(wij) — 7" ¥ log (1)) + £ (v ¥ log(vj) — 7 ¥ log (14_1))

The Hessian matrix H is defined as follows

d?log(L(Bo.p1,YID))  9*log(L(Bo.B1,YID))  9*log(L(Bo,B1,YID))

Ip; IBodp1 dPody

H = _| 2%10g(L(Bo.pr,YID)  *log(L(Bo,p1,YID)  9*log(L(Bo,p1.YID))
dp19Bo Ip? dp1dy

9% log(L(Bo.p1,YID))  9*log(L(Bo.p1,YID)) ~ 9*log(L(Bo.1,YID))
dydpo dydp dy*

53



and the Fisher information matrix is given by

d?log(L(Bo.p1,YID))  d?log(L(Bo,p1,YID))  9*log(L(Bo,p1,YID))

ap? dBodp1 dBody
[(0) = —E| 2Zlos(LiBop,YID)  Plog(L(pp,pr,¥ID) 9 log(L(fo,fy.YID))
dp19Bo p? dp1dy
9*10g(L(Bo,p1,YID))  9*log(L(Bo,p1,YID))  9*log(L(Bo.p1,YID))
dydpo dydp dy?
where
9%log(L(By,B1,Y|D ,
og( gﬁ/;)gﬁl |D)) :_Z;c:l 6’30+ﬁ1xlui(}})
9%log(L(By,B1,Y|D ,
Og( (5/;)1261 | )) :_2521 elg0+ﬁ1x1xi2ui(y)
92 log(L(Bo,B1,Y|D . 9%u; i
HELHPn - T ot SR L log(wy)
2%1log(L(By,B1,Y|D 2%1log(L(By,B1,Y|D k .
Og(a,(sﬁ??/fll ID)) _ Og(a,gf%g; I)):_Zizleﬁwﬁlxle.ui(y)
9% log(L(Bo,1,YID)) _ 9*log(L(Bo.1,YID)) _ _y K ePorpix 2440)
dpody B dydpy - i=1 dy
(’)21 (L( i fY|D))_921 (L( i ,YlD))_ k i d 1()
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Figure A.10: Plots for conditional sampling using 6 levels of stress with hyperparame-

ters (1,-2,2)
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Figure A.11: Plots for conditional sampling using 6 levels of stress with hyperparame-

ters (6,-2,1)
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Figure A.12: Plots for conditional sampling using 6 levels of stress with hyperparame-

ters (2,-8,1)
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Figure A.13: Plots for joint sampling using 3 levels of stress with hyperparameters (1,-

2,2)

67



Histogram of By Trace plot of By

5

0
- L I
& P
s © = .
[=n 4 =
m
E w3
el
a -
[ T T T 1 T T T T
-3z =30 =28 =26 -24 a 5000 10000 15000 20000
TS e of skmulstions
Histogram of By Trace plot of By
9
a
g FECE
z (=8
T E g
g B 2.
I'Iq —
[ T T 1 T T T T
<049 =05 07 <06 a 5000 10000 15000 20000
s=mples rrineT of Smulsiions
Histcgram of & Trace plot of &
= =3

20

Freque icy
10
sAmpks
20 25 30 35
1

oo

| | I | | | 1 | | | |
Z2F & 28 30 a1 a2 33 a 5000 10000 15000 20000

EFTIDIES muminer of skmulations

Figure A.14: Plots for joint sampling using 3 levels of stress with hyperparameters (6,-
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Figure A.16: Plots for joint sampling using 4 levels of stress with hyperparameters (1,-

2,2)
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Figure A.17: Plots for joint sampling using 4 levels of stress with hyperparameters (6,-

2,1)
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Figure A.18: Plots for joint sampling using 4 levels of stress with hyperparameters (2,-

8,1)
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Figure A.19: Plots for joint sampling using 5 levels of stress with hyperparameters (1,-

2,2)
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Figure A.20: Plots for joint sampling using 5 levels of stress with hyperparameters (6,-

2,1)
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Figure A.21: Plots for joint sampling using 5 levels of stress with hyperparameters (2,-

8,1)
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Figure A.23: Plots for joint sampling using 6 levels
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Figure A.24: Plots for joint sampling using 6 levels of stress with hyperparameters (2,-

8,1)
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