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Abstract

Particulate matter (PM) is defined by the Texas Commission on Environmental Quality
(TCEQ) as “a mixture of solid particles and liquid droplets found in the air”. These parti-
cles vary widely in size. Those particles that are less than 2.5 ym in aerodynamic diameter
are known as Particulate Matter 2.5 or PM2.5. These particles are inhaled, and their
health effects are still largely being studied. Past studies have assessed PM2.5 exposure
of a population, yet individual exposure is more difficult to assess and may vary widely
in a population. Recent studies have combined semiparametric models with kriging (Li
et. al [2012]) to assess nitrogen dioxide exposure in California. These methods may prove
valuable at predicting PM2.5 at unmonitored locations in El Paso and subsequently in

assessing personal exposure to PM2.5 within our population.

Garcia (2010) provides us with a unique opportunity to estimate the spatial covariance
of PM2.5 in the El Paso region. Past studies have established that PM2.5 varies spatially
within a region based on local traffic variables (Smith et. al [2006]). Other studies have
found meterological, variables such as wind speed play an important role in PM levels
(Staniswalis et al.[2005]). First, we use meteorological variables to build a semiparametric
model to estimate the mean PM2.5 at two monitored locations. Then in conjunction with
traffic data and the spatial covariance structure of PM2.5, we use kriging of the residuals

of the semiparametric models to predict PM2.5 at unmonitored locations.

vi
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Chapter 1

Introduction and Data

1.1 Particulate Matter in Ambient Air

Particulate matter (PM) is defined by the Texas Commission on Environmental Quality
(TCEQ) as “a mixture of solid particles and liquid droplets found in the air”. These parti-
cles vary widely in size. Some are visible to the naked eye while others are visible only via
an electron microscope. PM2.5 is defined as those particles that are less than 2.5 ym in
aerodynamic diameter. These particles are airborne and inhaled by the population daily.

Sources of these particles include vehicle exhaust, dust, residential and industrial activities.

Because PM2.5 is inhaled by the population, the impact on cardiovascular and respi-
ratory health is of great concern. Researchers are trying to assess associations between
PM2.5 exposure and adverse health consequences, such as asthma or cardiovascular hos-
pital admissions, and mortality. However, a ubiquitous difficulty for these studies is in
assessing PM2.5 exposure. Technology has yet to allow us to assess personal exposure for
large scale studies. Past studies have assessed exposure often by averaging monitors in a
specific region or zip code (if available). Better estimates of personal exposure could lead

to a better understanding of the impact of PM2.5 on respiratory and cardiovascular health.

There are several air pollution monitors in El Paso, Texas. We are seeking to use
meteorological variables to build a semiparametric model to estimate the temporal mean
PM2.5 at a monitored location. Then in conjunction with traffic data and spatial correla-

tion, use kriging of the residuals of this model to predict PM2.5 at an unmonitored location.



Past studies have used this approach with other pollutants such as nitrogen dioxide.
Li et al. (2012) used cokriging of the residuals of land use regression models to predict
nitrogen oxides in southern California. Models that relate to spatial data are often referred
to as land-use regression models. Semiparametric land use regression models have been
widely used in pollution studies. Using data from 2006, Gonzales et al. (2012) evaluated a
semiparametric model that was developed in 1999 to describe the spatial-temporal gradient
of nitrogen dioxide across El Paso County (Smith et al. [2006]). They found that despite the

elapsed time period, the predicted nitrogen dioxide concentration gradients were similar.

1.2 Monitors for PM2.5 in El Paso

There are two sources of PM2.5 data: (i) Texas Commission on Environmental Quality
(TCEQ) available through www.tceq.texas.gov, and (ii) data collected by Mario Garcia
(2010) under the supervision of Dr. Wen-Whai Li, Department of Civil Engineering at
UTEP. TCEQ data is publicly available data; see References for the full link. TCEQ op-
erates air pollution monitors in El Paso County. TCEQ sites record various measurements
of both meteorological and air pollution variables. Although a site may be run by TCEQ),
it does not necessarily collect PM2.5 data, but it always collects meterological data. We
use all TCEQ sites with PM2.5 data, namely, sites F (UTEP) and H (Chamizal). The
data reported on by Garcia (2010) covered the time period August 2, 2006 to February 3,
2009. Garcia (2010) recorded at 8 sites: A, D, F, H, I J, K and L. Mario Garcia and Dr.
Wen Whai-Li (Garcia 2010) obtained permission to place air pollution monitors at these
locations. Some of the monitors were placed in El Paso Water Utilities (EPWU) facilities,
because they provided secure locations well-suited to monitoring air pollution, and other
monitors were placed at existing TCEQ sites. EPWU does not monitor air pollution as
part of their operations. The sites pertinent to this study and the site operator are listed

in Table 1.1 and individually described below.



Site A is located on the west side of El Paso. It is in a EPWU facility mostly

surrounded by residential areas.

Site D is a TCEQ site, but does not collect PM2.5. This site is located in Northeast

El Paso near Highway 54.

Site F corresponds to the UTEP site, which is also a TCEQ site providing PM2.5
data. This is located on the UTEP campus, which is close to Interstate 10.

Site H is the Chamizal site. It is also a TCEQ site providing PM2.5 data. The
Chamizal site’s region has the greatest traffic density. It is the closest site to a U.S.
Mexico border crossing, and also the closest to the junction of Interstate 10 and

Highway 54, referred to by resident’s as the “Spaghetti Bowl”.

Site I is located on the east side of El Paso in an EPWU facility. This site is located
next to Album Park, one of the largest public parks in El Paso in the middle of a

residential area.

Site J is a TCEQ site, but does not collect PM2.5. It is located in the Southeast of

El Paso near Socorro, Texas. This site is also near the U.S. Mexico border.

Site K is also a TCEQ site, but does not collect PM2.5. It is located in El Paso’s

Lower Valley also near the U.S. Mexican border, close to Border Highway.

Site L is located in the Montana Vista community south of Highway 180 in an EPWU

location.



Table 1.1: Sites of interest to this study, their single-letter code, and the source of
available PM2.5 data.

Site Name TCEQ Garcia (2010)

A Lindbergh X
D Skyline X

F UTEP X X

H Chamizal X X

I Album X

J Southeast X
K Lower Valley X

L Montana Vista X

First, we describe the PM2.5 data obtained at TCEQ sites from August 8, 2006 until
February 3, 2009, which corresponds to the time period studied in Garcia (2010). The
TCEQ data were collected using an FRM sampler. At the UTEP TCEQ site, PM2.5 was
recorded as a daily measurement every three days from August 8, 2006 to January 1, 2008.
In other words, this is a daily measurement that occurs with two day gaps. From January
1, 2008 until February 3, 2009, PM2.5 was measured daily but with five day gaps instead
of two. PM2.5 was recorded at the Chamizal site during this period as a daily measure-
ment every six days. Both the Chamizal and UTEP PM2.5 levels showed right-skewness
as depicted in Figure 1.1. The log transformation was effective in reducing this skewness

as depicted in Figure 1.2.

There were a total of four missing observations at the UTEP site and five missing
observations at the Chamizal site. The Chamizal site was not operational from June 25,
2007 to July 1, 2007. These were imputed using splines as depicted in Figure 1.3. See

Chapter 4 for more information regarding splines.
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Figure 1.1: Density histograms of PM2.5 recorded at TCEQ sites: (a) UTEP and
(b) Chamizal. Right-skewness is seen in both of these histograms.
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Figure 1.2: Density histograms of log(PM2.5) recorded at TCEQ sites: (a) UTEP
and (b) Chamizal.
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Figure 1.3: Time series plots of log(PM2.5) recorded at TCEQ sites: (a) UTEP
and (b) Chamizal. The imputed values are shown in red.

1.3 Meterological Data

The above discussion focused on the PM2.5 data, and the location of the air pollution
monitor sites. Since one specific aim of this thesis is to fit and validate semiparametric
models for prediction of the temporal mean of PM2.5 by meterological variables, we now
describe the meterological data available. Meterological data is available only from TCEQ.
The available meterological data is summarized in Table 1.2. We obtained meterological
data from TCEQ sites D, F, H, J, and K, but not A, I and L. which are EPWU locations.
We considered data in the time period from August 8, 2006 to February 3, 2009 to match
the time period during which Garcia (2010) recorded his data.



Table 1.2: Meterological data available at each site: * indicates the site is a TCEQ

site; X indicates the data is available. Meterological data is not avail-
able for EPWU sites A, I and L.

Site Temperature Wind Speed Wind Direction Humidity Dew Point

D* X X X
F* X X X X X
H* X X X X X

J* X X X

K* X X X
Units °F mph Degrees °F

Temperature is measured hourly and recorded in Fahrenheit (°F) by TCEQ. Thus, there
are 24 measurements of temperature every day, which we averaged to obtain average daily

temperature:
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Figure 1.4: Daily average temperature on days for which there is a PM2.5 mea-
surement at the UTEP and Chamizal TCEQ sites.



During this time period, TCEQ measured wind direction hourly in degrees at all of their
sites. We categorized the wind direction either as north, south, east or west depending on
the angle measured. Letting 6 denote the angle measured, the respective categories are

defined as

North if 6 € [315,360] U [0, 45)

o East if 0 € [45,135)
Direction Category =

South if 6 € [135,225)

West if 6 € [225,315).

\

Using this classification, we define the daily mode of wind direction as the most frequently
occurring direction on a given day. Barcharts of the daily mode of wind direction are shown

in Figure 1.5.
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Figure 1.5: Barcharts of daily modes of wind direction for the UTEP and Chamizal sites.

There was only one day on which the daily mode was south for both the UTEP and

Chamizal sites. Considering this, three indicator variables were defined



X, — 1 if the daily mode of wind direction is north or south
0 otherwise

X, — 1 if the daily mode of wind direction is east
0 otherwise

X, — 1 if the daily mode of wind direction is west

0 otherwise.

We also considered how much the wind direction is changing throughout the given day

by looking at the daily entropy of the wind direction. We define the daily proportions

number of north observations in the day
24

number of south observations in the day
24

number of east observations in the day
24

number of west observations in the day

24

b1 =

D2 =

D3 =

DPs =

The daily entropy for the observed day is defined as

4
X5 =— ij log(p;)-
j=1

Entropy measures variability in wind direction. If the wind is constantly changing through-
out the day, entropy will be higher than when the wind is blowing in the same direction all
day. In fact, entropy is maximized when p; = py = p3 = py = %. Box plots of entropy by
the daily mode are shown in Figure 1.6. As Figure 1.6 depicts, east and west are the most
common daily modes of wind direction, and the distribution of entropy is relatively similar.
On the 14 days the wind direction mode was north, the mean entropy was considerably

higher.
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Figure 1.6: Boxplots of entropy of wind direction for the UTEP and Chamizal sites.

TCEQ also measured wind speed hourly in miles per hour during this time period. We
defined the variable Xg to be the average of the hourly measurements in the direction of the
daily mode. For example, if the wind was blowing north for 23 hours of the day and west
for only one hour, then the wind speed for this day is the average of the 23 measurements
when the wind was blowing north. Boxplots of wind speed in the dominant direction are
shown in Figure 1.7.

Relative humidity is measured as a percentage of moisture in the air, whereas dew point
values represent the temperature at which the air will no longer be able to hold moisture.
Both of these variables are measured daily. These values are highly correlated. TCEQ
measures dew point in degrees Fahrenheit. The UTEP and Chamizal sites are relatively
close to each other, and thus the meterological data is very correlated. This is depicted in

Figure 1.8.
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Figure 1.7: Boxplots of wind speed in the dominant direction for the UTEP and
Chamizal sites.
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Denoting the hourly measurements of humidity for a given day as hq, ho, ..., hoy and

the hourly dew point measurements for that respective day as di, ds, . . ., doy, the variables

X7 and Xy are defined as

11
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Because dew point and humidity are only available at the UTEP and Chamizal sites the

average of the UTEP and Chamizal sites are used to fill in the dew point and humidity

at other sites. Dew point and temperature were converted to degrees Celsius. Figure 1.8

suggests that dew point and humidity may correlate well throughout El Paso as they do

correlate well between the UTEP and Chamizal sites. Summary statistics for PM2.5 at

the UTEP and Chamizal sites and the meterological covariates are provided in Tables 1.3

through 1.6. Chamizal has higher levels of PM2.5 and greater variability than UTEP.

Table 1.3: UTEP TCEQ

N Minimum 5th percentile 25th percentile Median Mean

log(PM2.5) 236.00 0.53 1.28 1.79 2.07  2.07

X1 Temperature 236.00 1.04 5.33 13.43 19.15 18.65
X5 Entropy  236.00 0.00 0.00 0.44 082  0.73

X¢ Wind Speed 236.00 1.57 3.39 5.17 6.53  6.99
Xg Dew Point  236.00 -18.78 -12.19 -5.60 0.90  1.57
X7 Humidity 236.00 8.17 14.00 26.10 35.38  37.30

12



Table 1.4: UTEP TCEQ Continued.

75th percentile

95th percentile

Maximum IQR

Standard Deviation

log(PM2.5) 2.35 2.84 3.36  0.56 0.45
X7 Temperature 24.87 29.04 33.73 11.44 7.71
X5 Entropy 1.03 1.27 1.33  0.60 0.40
Xg Wind Speed 8.54 11.82 17.82  3.38 2.62
Xg Dew Point 9.75 14.97 18.35 15.35 8.84
X7 Humidity 47.81 64.65 76.12 21.71 15.26
Table 1.5: Chamizal TCEQ
N Minimum 5th percentile 25th percentile Median Mean
log(PM2.5) 153.00 0.69 1.45 1.92 224 2.26
X, Temperature 153.00 2.85 4.97 13.27 18.80 18.47
X5 Entropy  153.00 0.00 0.00 0.51 0.90  0.78
X¢ Wind Speed 153.00 1.35 2.54 4.67 6.70  7.38
Xg Dew Point  153.00 -19.58 -12.89 -5.99 -0.34  0.98
X7 Humidity 153.00 8.60 13.33 24.48 34.59  36.62
Table 1.6: Chamizal TCEQ Continued.
75th percentile 95th percentile Maximum IQR Standard Deviation
log(PM2.5) 2.58 3.22 3.60  0.66 0.53
Temperature 24.58 29.19 33.97 11.31 7.70
Entropy 1.12 1.29 1.38  0.61 0.40
Wind Speed 9.36 14.60 19.21  4.69 3.69
Dew Point 9.62 15.58 17.15 15.61 9.29
Humidity 46.83 66.48 75.84 22.35 16.10

13



1.4 Other Predictors for the Mean of log(PM2.5)

To account for the seasonal trend of PM2.5 and the population growth during the time
period, we considered time in two fashions, one linear predictor corresponding to the day
of the time period, ranging from 1 to 921 and a periodic time period that corresponds to

the day of the year, ranging from 1 to 365. That is, the covariates Xg and Xy are defined

as

Xg = day of time period (1 —921),

X9 = day of year (1 — 365).

The training data were divided into two categories of dates: August 1, 2006 to July
31, 2007 and August 1, 2007 to July 31, 2008. We also wanted to consider whether the

measured day was a weekend day. We defined three additional indicator variables as

1 if the measurement date is between August 1, 2006-July 31 2007

X1 =
0 otherwise,
% 1 if the measurement date is between August 1, 2007-July 31 2008
12 =
0 otherwise,
and

1 if the measurement date is a Saturday or Sunday

0 otherwise.

A list of all the variables with a brief description is provided in Table 1.7.
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Table 1.7: A list of all the covariates with a brief description of each.

Variable Description
X4 Average Daily Temperature
Xa North or South wind direction
X3 East wind direction
Xy West wind direction
X5 Entropy

X Wind Speed in the direction of the daily mode

X5 Average daily humidity
Xg Average daily dew point
Xy Day of time period (1-921)
X10 Day of year (1-365)
X1 August 1, 2006-July 31, 2007
X12 August 1, 2007-July 31, 2008
Xi3 Weekend day

1.5 Data at Unmonitored Sites

As described in Table 1.1, PM2.5 was recorded at sites D, J and K, thanks to the efforts
of Garcia (2010). They used dichotomous samplers to record PM2.5, while TCEQ records
PM2.5 using an FRM sampler. TCEQ records the covariates temperature, wind speed, and
wind direction. The number of measurements of PM2.5 differs from that of the covariates
because there is much more missing data in PM2.5. In Tables 1.8 through 1.13, N refers

to the number of days the variable is recorded.
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Table 1.8: Site D Garcia (2010)
N Minimum 5th percentile 25th percentile Median Mean

log(PM2.5) 102.00 0.46 1.07 1.45 1.75  1.85
Temperature 128.00 -1.58 4.89 11.53 18.48 17.89
Entropy 128.00 0.00 0.35 0.71 1.06  0.95
Wind Speed 128.00 2.20 2.49 4.01 574  6.91

Table 1.9: Site D Garcia (2010) Continued

75th percentile 95th percentile Maximum IQR Standard Deviation

log(PM2.5) 2.23 2.77 3.27  0.78 0.56
Temperature 24.10 30.77 33.35  12.57 8.08
Entropy 1.19 1.32 1.36  0.48 0.32
Wind Speed 8.87 16.19 20.82  4.86 4.10

Table 1.10: Site J Garcia (2010)
N Minimum 5th percentile 25th percentile Median Mean

log(PM2.5)  72.00 0.02 0.99 1.84 2.08 211
Temperature 128.00 -1.21 5.12 10.77 17.86 17.39
Entropy 128.00 0.00 0.40 0.84 1.05  0.99
Wind Speed 128.00 1.30 1.67 3.36 4.87  5.38

Table 1.11: Site J Garcia (2010) Continued

75th percentile 95th percentile Maximum IQR Standard Deviation

log(PM2.5) 2.38 3.09 4.19  0.54 0.60
Temperature 23.83 29.60 32.80 13.06 8.07
Entropy 1.22 1.33 1.36  0.39 0.30
Wind Speed 6.64 11.58 15.40  3.27 2.89
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Table 1.12: Site K Garcia (2010)
N Minimum 5th percentile 25th percentile Median Mean

log(PM2.5)  99.00 -1.51 0.48 1.54 1.92 192
Temperature 124.00 -1.05 4.73 10.52 17.69 17.26
Entropy 124.00 0.00 0.29 0.76 1.04 094
Wind Speed 124.00 1.37 1.73 3.60 5.65  6.38

Table 1.13: Site K Garcia (2010)Continued

75th percentile 95th percentile Maximum IQR Standard Deviation

log(PM2.5) 2.44 3.14 4.17  0.90 0.88
Temperature 23.88 29.67 33.92 13.36 8.12
Entropy 1.18 1.33 1.37 042 0.33
Wind Speed 8.09 13.92 19.99  4.49 3.59

Garcia (2010) also recorded PM2.5 at the UTEP and Chamizal sites. Garcia (2010)
recorded weekly averages of PM2.5 using dichotomous samplers. The calendar date assigned
to the weekly averages was the beginning of the 7 day monitoring window. Thus, these
recordings rarely aligned with TCEQ measurements. The UTEP site overlapped with 9
TCEQ measurements, and the Chamizal site only overlapped with 4 TCEQ measurements.
Figure 1.9 shows time series plots from August 2006 to February 2009 of log(PM2.5) at
the UTEP and Chamizal sites. These figures show both the data as recorded by Garcia
(2010) and by TCEQ. As Figure 1.9 depicts, the seasonal trend for these measurements are
similar but the measurement days rarely overlap. There is also much more missing data in

Garcia (2010) and occasionally large deviations from the TCEQ data.
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Figure 1.9: log(PM2.5) as measured by TCEQ in green and Garcia (2010) in blue
at (a) UTEP and (b) Chamizal sites.

Tables 1.14 through 1.17 show summary statistics for both Garcia (2010) and TCEQ
of these measurements. Figure 1.10 plots all the log(PM2.5) data as recorded by Garcia.
PM.25 seems to follow a seasonal trend with some sites particularly having higher or lower

log(PM2.5) levels and variability than other sites.

Table 1.14: UTEP log(PM2.5) as recorded by TCEQ and Garcia (2010).
N Minimum 5th percentile 25th percentile Median Mean

Garcia  92.00 0.83 1.29 1.68 1.92  2.06
TCEQ 236.00 0.53 1.28 1.79 2.07  2.07

Table 1.15: UTEP log(PM2.5) as recorded by TCEQ and Garcia (2010).
75th percentile 95th percentile Maximum IQR Standard Deviation

Garcia 2.28 3.28 4.19 0.59 0.64
TCEQ 2.35 2.84 3.36  0.56 0.45
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Table 1.16: Chamizal log(PM2.5) as recorded by TCEQ and Garcia (2010).
N Minimum 5th percentile 25th percentile Median Mean

Garcia 103.00 0.10 0.95 1.52 1.80  1.83
TCEQ 153.00 0.69 1.45 1.92 224 226

Table 1.17: Chamizal log(PM2.5) as recorded by TCEQ and Garcia (2010).

75th percentile 95th percentile Maximum IQR Standard Deviation

Garcia 2.12 2.80 3.88 0.60 0.55
TCEQ 2.58 3.22 3.60 0.66 0.53

Sites A,D,FH,1,J,K, and L as measured by Garcia

log(PM2.5)

Figure 1.10: log(PM2.5) from August 2006 - February 3, 2009 as recorded by Garcia
(2010).
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1.6 Traffic Data

The Metropolitan Planning Office (MPO) measures the vehicle miles traveled or VMT’s
through the use of small devices called traffic counters. VMT’s are generally recorded using
a time period and a buffer radius. Olvera et al. (2012) found a buffer radius of 1 km “as
best suitable for capturing the PM2.5 spatial variability”. Since PM2.5 is measured at
sites A, D, F, H, I, J, K and L, the VMT’s and summary statistics of these measurements
are shown in Tables 1.18 and 1.19. Site L. does not have VMT measurement at this buffer

radius.

Table 1.18: The VMT at a 1 km buffer radius for 2007 by site.
Site 2007 VMT

A 2530.85
D 2257.25
F 1550.72
H 5064.86
I 352.07
J 51.26
K 2459.50
L Not Available
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Table 1.19: Summary statistics regarding the 2007 VMT’s.
Statistic

N 7.00
Minimum 51.26

25th percentile  951.40
Median 2257.25

75th percentile 2495.17
Maximum 5064.86
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Chapter 2

Parametric Regression

Suppose we are interested in a random variable Y that is related in the following form to
a predictor variable x:

Y =By + bz + ¢,

where 3y and 3, are constants and € ~ N(0,0?). In this situation the relationship between
x and E(Y|z) is linear in nature. Suppose we have n independent observations of data from
this population (z;,Y;) for i = 1,2...n. A scatterplot of this data may resemble Figure
2.1. Figure 2.1 shows there may be several lines that can serve to estimate the relationship
between x and Y. However, some lines appear to better capture the linear nature of this
relationship.

A common approach to this scenario is to define the estimator of the regression line by
finding the intercept 3, and slope 3; such that Yo (Vi — Bo — fix;)? is minimized with
respect to [y, f1. This approach is referred to as simple linear regression using least squares.
Simple refers to the fact that there is only one predictor variable, while linear refers to the
fact that E(Y|z) is linear in the parameters 8y and ;. For example, Y = By + S22 + ¢ is a
simple linear model because E(Y|z) = 8y + $12?%, which is linear in the parameters 3y and

[31. We define BT = (6o, 1) to be

n

~

B3 = argmin (Y; — By — ﬁlxi)2. (2.1)
Bo,B1 —

As we will see, equation (2.1) has an explicit solution. However, let us first turn our
attention to the case where we have more than one independent variable known as multiple
linear regression. Now suppose we have a response variable that is linearly related to several

predictor variables 1, ...,z,_; as
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Figure 2.1: A linear relationship between x and Y. The red line is the line yielded
by the least squares approach while the blue and orange lines were
arbitrarily chosen. The green line is simply Y with a slope of zero.

Y = ﬁo + 51371 + ﬂ2x2 + ...+ ﬂpfl.ibpfl + €,

where € ~ N(0,0%) and By, 1, ... ,-1 are fixed parameters. Notice that p is the number
of parameters. To extend (2.1) to a situation when we have p — 1 predictor variables, let

us first introduce the vectors Y, B, and € as follows:

Y, Bo €1

Y- €
y 2 8- 163} . 2

Yn ﬁp—l €n

) )
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Also, let us introduce the matrices X and I, as

1 11 .- Tip-1 1 0 ... 0
X — 1 T21 ...T2p-1 [n _ 01 ... 0
1 Tn1l -+ -Tpp-1 nxp 00 ... 1 e

Then both €, Y € R" where € ~ N,,(0,0%[,,) and Y ~ N, (X3, 0?L,). If we are considering
the scenario in which there are only two independent variables the relationship between
the response and the predictors is represented by a plane. If there are more than two
independent variables then the relationship is represented by a hyperplane. Naturally, we

can extend the definition of 3 in (2.1) as
B = argnin [[¥ — XBIF%, where [[¥ — XB|[* = (¥ = XB) (Y ~ Xp). (22
We derive the explicit solution to (2.2). Consider
Y = XB8|P=YTY - g'X"Y - Y'X3+ 3" XX
=YTYy — 28" XTY + 8T X" X33,

because BT XTY is a scalar BTXTY = YTX3. If we let Q(B) = Y'Y — 28" XTY +

BT XT X3, then minimizing Q by differentiating with respect to 8 and solving for B in

oqQ

— 2xTy + 2XxTXx3 = 0.
98- b

From here conclude that
B=(X"X)"'X"y,

and the vector of fitted values Y is

Y =X3=X(X"X)"'X"Y = HY,

where H = X(XTX)7!XT. The matrices H and I, — H are idempotent and symmetric.
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Mean and Variance of B

The mean of B can be found by
E(B) = E[(X"X)'XTY] = (XTX)'XTE(XB +€) = 8.

Thus, 3 is unbiased for @. Similarily we can find the variance of 3 as

Var(8) = Var(X7X)'X7Y) = (X" X) "' X Var(Y) (X7 X) ' xT)T

= (X"X)"'XT (0’ L) X(XTX)' = XTX)™".

Model Selection

The variation in the response variable Y can be broken up about its sample mean as

follows:

SV = (V- V)P4 Y (V- V)R (2:3)

i=1 i=1 i=1
The term Y7 (V; — Y;)? is the squared distance between each observed value and its

predicted value. We define the terms SSE, SSR and SST as

S5T = En:(Yz' —-Y)?, SSE Xn:(Yz- —Y;)%, SSR = i(ffi _V),
=1 i=1

i=1
so we can rewrite (2.3) as

SST = SSE + SSR.
The coefficient of determination, R? is defined as

n V)2
o SSE X (i- V)R
SST Y (Yi=Y
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This is also equivalently defined as R? = gg—? Notice that R* € [0, 1], and larger values of
R? are preferred. When the predictor variables are correlated the model will suffer from
large variance, although R? will increase as more variables are included in the model. A
tradeoff is needed between increasing R? and limiting the number of variables in the model.

An alternative to R? is the Akaike Information Criterion (AIC).

Akaike Information Criterion (AIC)

To introduce the Akaike Information Criterion (AIC), we first introduce the predictive
sum of squares and generalized cross validation. The predictive sum of squares or PRESS

statistic is defined as

PRESS =3 (¥ — Yi))?
i=1

where ffi(i) denotes the predicted E(Y;|z;) given that the model has been fitted without the

i'" observation. It can be shown that this is equivalent to

AN 2
" (Y-
PRESS = -
iZ1 (1 - hu‘) ’
where h;; is the ith diagonal element of H (Kutner, Nachtsheim and Nester 2004). Gen-

eralized cross validation (GCV) replaces the h;; elements with the average of the diagonal

elements of H:

I tr(H)
h==S hy= .

Because H is idempotent, tr(H) = rank(H). Thus, h = tr1(1H) — rankon _ 2 The GCV

n

of a model is defined as

N 2
(Y. -Y; SSE SSE
GCV:;<1—’3> T-Emp T

When z ~ 0, log(1 —z) ~ —z, so if n >> p we can establish that
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log(GC'V') = log SSE — 21log(1 — %)
~ log SSE + ol
n

Finally, AIC is defined as

AIC =n log(SSE) + 2p.

Notice, it can be seen in two parts: a goodness-of-fit part in the n log(SSFE) and a penalty

for excessively large models.

The Akaike Information Criterion is very similar to the Bayesian Information Criterion
(BIC) defined as
BIC = nlog(SSE) + plog(n).

Both the AIC and the BIC have certain advantages and disadvantages. They are both
widely used in stepwise variable selection. The important thing to realize is that lower
PRESS is preferable. Lower PRESS generally implies lower GC'V', which implies lower
AIC and BIC. Thus, lower AIC' and BIC are desirable.
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Chapter 3

Nonparametric Regression Using

Kernel Smoothing

3.1 Nonparametric Regression Using Kernel Smooth-
ing
Suppose we have a random variable Y that is related to x in the following form:

Y = f(z) +¢, (3.1)

where f is a smooth function of x and € is a noise random variable with constant variance
o? and mean 0. In simple linear regression f is assumed to be a known function of x that
is linear in the unknown parameters. In nonparametric regression, we will make no such
assumptions. Instead we seek to use the data, in this case (z;,Y;) i =1,2,...n to estimate
the function f without imposing a functional form.

If a parametric approach is applied with a misspecified model, results can be grossly
misleading. However, as we will see, if a valid parametric model is applied, it is superior
to our nonparametric estimate of f. For example, suppose = € [—1,1] and Y = f(z) + €
and f is the function f(z) = 2% Applying a simple linear model to this situation would

be misleading; see Figure 3.1.

Nonparametric regression allows for any smooth functional form of f, usually quantified
by the number of continuous derivatives that exist for the function f(z). This is especially

useful when variables do not appear to be related by a simple functional form. There
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Figure 3.1: This figure illustrates applying a linear model Y = o + Sx + € to the
variables x and Y. The blue line is the ordinary least squares line, while
the green line is a nonparametric fit. Clearly, the green line captures
the quadratic relationship between x and Y.

are several methods of nonparametric regression. Here, we will focus on kernel regression.

First, we will introduce some basic definitions.

3.2 Kernels

Generally speaking kernel functions have compact support on [—1, 1], are symmetric func-
tions and integrate to 1. The objective of a kernel function is to weight each observation.
These properties are very useful for this purpose. For example, the Epanechnikov kernel
is defined as w(u) = 3(1 — u?)I;_y 1j(u). This is symmetric about 0 and integrates to one.

Furthermore, notice that the largest weighted point is (0,w(0)). This implies that if we
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T—x;

b

consider w( )Y;, where b > 0 is called the bandwidth, data points closer to x receive
more weight than points further from x. The bandwidth serves to create a window about
a targeted point z, such that when z —x; > b, then w(*5*) = 0. Thus, points outside the

window receive no weight. This discussion follows from Wand and Jones (1995).

The j% moment of a kernel w; is defined as

o0

wj:/ujw(u)du j=12,....

—00
The order of a kernel corresponds to the first nonzero moment. For example, the Epanech-

nikov kernel is a 2nd-order kernel because

7uw(u)du:§l/lu(1—u2):0,

o0 1
but [ v w(u)du=2 [ u®(1—u?)du> 0.
Kernel functions of order v > 2 are called higher order kernels. Higher order kernels are

sometimes referred to as “bias-reducing” kernels. We will see why this is the case later.

Returning to (3.1), suppose we wish to estimate the function f, but do not want to

constrain f to a specific functional form, such as a linear function. We can use the estimator

N

f(z) defined as
PN i w()Y
I = )

Suppose we want to estimate f at the points tq,ts...¢,,. Consider the vector f(t) and the

(3.2)

matrix S as follows.

f(tl) w(tlfTIl) w(fl;IQ) w(tlszn)
f(t) L) SheE) 7 S eI
foy = | 7" 5=
wimg=)  w(mpm) o w(tagm
Flt) TS i T R =)
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From (3.2),

A

f(t)=5Y. (3.3)

Notice the similarity between (3.3) and the least squares fitted values Y = HY . However,
the matrix S does not share the same properties as H. In fact, S is not idempotent, and

is only symmetric when m = n and t = . (Hastie and Loader [1993])

3.3 Mean and Variance of f(z)

3.3.1 Mean of f(z)

To find the expected value of f (x), assume that f has at least k continuous derivatives,

and w is a kernel of order k. Assume that all the x; € (0,1) are on a regular grid. The

expected value of f(z) can be found as follows.

F) — Z?:l w(m;xi)n
o i W) f ()
% D it w(*5")

For large n and small b the denominator can be approximated as

%[%Zw(gj_bxl)] z%/w(xgv) dv.

This follows from the Riemann sum approximation by an integral. Substituting u = *3*
z—1 z
1 b b
i / w(u)(=b) du = / w(u) du
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Notice that for € (b,1 —b), 7 > 1 and IT_I < —1. Thus, we can break up this integral

as follows: ) )
b -1 1 b
/ w(u) du = / w(u) du + /w(u) du + /w(u) du
z—1 z—1 1
b

el i
Assuming the kernel has compact support on [—1,1], the first and last integrals in this
expression are (. So we can write

1

1 & T —x;
%Zzlw( 7 )N/w(u)dU—l.

-1

Thus, we can approximate the denominator of E(f(z)) with 1.

Similarly, for the numerator

| S50 =4 (5o

i=1

r—v

Substituting u =

%jw<xgv>f(v)dv: /w(u)f(:z:—ub) du.

x

x

b

1
b

For x € (b,1 — b), breaking this up as we did for the denominator,

z

-1

i w(u)f(o — w)du = [ w(wf@ - ub)du+ / wlo) fla = )i+ [ w) (o~ by

z—1 z—1 —1 1
b b

Again, the first and last integrals are 0 so this becomes

jw(u)f(:v — ub)du.
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Assuming f(z) has k continuous derivatives, we can expand f(x — ub) in a Taylor series

about the point x to obtain
1

/w(u)f(x — ub)du

-1

f(@) + f'(@)(—ub) + " (x) (#> + o+ B () ((_z!b) )

1

- [t

-1

du+ R(n,b)

where R(n,b) is some small remainder which is a function of n,b and x. Further simplifi-

1
cation shows that [ w(u)f(z — ub) du is about equal to
1

f(a:)/w(u)du—i— f’(x)(—b)/uw(u)du—i— f”(x)<_26> /u2 w(u)du + . ..

L+ f<k>(x)((_]j) ) / uF wu)du + R(n,b).

-1

1
Since w integrates to 1, the first term in this expression f(z) [ w(u)du = f(z). Because we
“1

1 1 1
have assumed that w is of order k we can conclude that [ ww(u)du, [ v? w(u)du,..., [ uF"'w(u)du
21 21 “1
are all 0. Thus, we are left with

/w(u)f(m —ub) du = f(z) 4+ f¥(z) <(_/j) )wk + R(n,b).

-1

We have shown that the expected value of f(z) is

E(f(2)) ~ f(a) + % (@) ((_kb!) )w’“'

Notice that f (x) is a biased estimator for f(x). The asymptotic bias is

aBias( )] = 160) (S Y
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We'll denote %wk by C; and therefore the asymptotic bias can be written (—b)*C)

ignoring smaller order terms. Now, we can write the asymptotic bias
ABias|f(x)] = (=b)*C}.

Since this is an increasing function of b, one might suggest reducing the bandwidth to
minimize bias. Although this indeed reduces bias, we will see that shrinking the bandwidth

will enlarge the variance of f(z).

3.3.2 Variance of f(z)

Now, consider the variance of f(z),

ar(f(z)) = Var ap i W)Y
Var( (1) = V (nibz?zlw(xbxﬁ

(sse ) B

nb =1

5 i W(—

2
The term <1+x%)) is approximately 1 as discussed when we found the mean of

f (z). Recall that Var(Y;) = 02, and thus this expression is approximately

2

<l (7))

=1

Making similar integral approximations as we made when finding the mean of f for z €

[b, 1 — b] and assuming large n this is approximately

zg[/_lluﬂ(u)du}

We will write the constant o2 Ll1 w?(u)du as Cy. Thus, the asymptotic variance of f(z) is

) C,
AVar(f(x)) = -

ignoring smaller order terms. Notice that as b — 0, Var(f) — oo. Thus, choosing b very
small will reduce bias but increase variance, while choosing b very large will reduce variance

but increase bias. Naturally, this leads us to consider the mean squared error of f(x).
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3.4 Asymptotic Mean Squared Error

The asymptotic mean squared error of f(z) is AMSE(f(x)) = AVar(f(x)) + ABias?(f(z)).
Thus, the AMSE of f(z) is given by

AMSE(f(z)) = b*C? + S—;

Now, we can minimize AMSE by differentiating with respect to b as follows

d
b=bg
_ C

Solving for by

1
B Cy 2+ 1
bo = n <2k012> '

Notice that by depends inversely on n. Sometimes this is stressed by writing by(n). Plugging

in (7 and Cy we can write this as

b e (%0 [ wi(w)d
’ Qk(f(k)(g;)wk))2

This is the optimal bandwidth by minimal mean squared error criterion. If we substitute

i 2k T
Co o2 G Lo
n2kC? Lo\ n2kC?

2k 1
2k+1 2k+1
= ( C;Qk> CFV 4 P (2k;012>
n

- (Q)ki ok [(2/@)% + (2/{;)Tl+1]

n

the expression by into AMSE

AMSE(by) =

Since (2/{;)T1+1 = (2]{)1*% we can further simple this to
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AMSE(by) = nart1 CFF CZFT (2k)amer (1 + 2k ).

Substituting in C; and Cy into this expression

e 1 i1 [ f(K) Ty
AMSE(by) = n2s+t <cr2/ wQ(u)du> : (f kfﬁ)wk) : (2k)2w+1 [1 +2k]
—1 .

1
2 2

= Cj nott (02kf(k) (x)) e [( / w2(u)du>k wk] e
-1
where .
(2k)2+1 (1 + 2k)
(k!)zeT
The AMSE of the kernel estimator can be further reduced by a judicious choice of

k?:

1 k
the kernel that minimizes the expression T'(w) = ( [ w?(u) du) wy, for a given value of
k. Such “optimal” kernels are provided by Gasser and Muller (1979). They also provide
1
kernels that minimize [ w?(u) du among all kernels of order k; these are called minimum
-1

variance kernels. The Epanechnikov kernel is an optimal kernel of order 2. (Wand and

Jones [1993]).

3.5 Boundary Correction

As we have seen, kernel estimators suffer from bias. Particularly, kernel estimators suffer
from greater bias in the boundary. Notice the kernel plotted in red with a bandwidth of
0.15 in Figure 3.2. The points outside the window, [zg — b, 2o + b] are weighted zero.

At the point zy, we seek to plot the estimate f (o) that reflects the regression function
E(Y|z = x9) = f(x9). The kernel weights the points relative to their distance from z.
The points outside the window (shown in blue) get no weight, while the points inside the

window get weight based on each point’s individual distance from x,. Notice that the
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Figure 3.2: This figure illustrates that points close to x( are weighted more by the
kernel than points further from xq = 0.5 and b = 0.15.

kernel is symmetric. Thus, it weights points to the left and right of xy equally. However,

consider the left boundary where x < b as depicted in Figure 3.3.
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Figure 3.3: This figure shows the Epanechnikov kernel plotted with bandwidth,
b=0.2 and xo = 0.

This region where x < b is referred to as the left boundary. Notice there are no points on

the left side of the window and this has the effect of exacerbating the bias.

z

%

In the left boundary, £ € (0,1) thus, we cannot break up the integral [ w(u) du as we
1
b

did previously. Instead, we break it up as

-1

/ w(u) du = / w(u)du + /p w(u)du (3.4)

x—1 z—1 —1
b b

where p = 7. Again, assuming the kernel has compact support, the first integral is zero.

The second integral cannot be broken up further since § < 1. If we compute E[f ()] for x

in the left boundary, we arrive at

E[f(x)] ~
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P
where Wy(p) = [ w(u)du. Again using a Taylor series expansion about the point z,
“1

E[f(z)] is approximately equal to

Wol(ﬂ) / wlu)

-1

f(x)—i_(_Ub)f/(x)‘Fw—F...—kw

du + R(x,n,b)

p p

_ [f(x)/pw(u)dqu(_b)f’(x)/uw(u)dqu (—b)Q@/u%(U)du

—1 —1 -1

B () T
SF % /ukw(u)du] /Wo(p) + R(z,n,b).

-1

p -
Let W;(p) = [ ww(u)du, for j =1,2,... k. Because these integrals are no longer from —1
1

to 1 these terms do no correspond to the moments of the kernel. We can further simplify

this as
f(x)+<—b)f'(x)$;8 + (_Qb) f”(@%ﬁ% +...+(_]j) f’“(m)g//zgg 4 R(z,n,b)
= —-b) ' ﬂ " ﬂ k
F@) + (=0)f (@) Ralp) + == () Ra(p) + ... + == f (@) Ri(p) + Rz, n,b)

where R;(p) = xg—gzg forj=1,... k.

So the bias of the kernel estimator is of order b instead of b* as in the interior. There
are several fixes to this problem. We will discuss two approaches: 1.)Jackknifing and 2.)

Local Linear Fitting.

3.5.1 Jackknifing

Consider when z € (0,b), k = 2 and the kernel estimator is constructed using two different
bandwidths, b; and by. We can write the expected value of f (x; b)) when x is in the interior

as
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E(f (x;08)) = f(2) + (=ba) f' (@) Ri(pn) + (=0n)*f" (x) Ra(pn) (3.5)

where p, = 3=, h=1,2. We define the Jackknife estimator, f(z;b1,b2) to be a convex

linear combination of these estimators

f(@;b1,bs) = cf (w;b1) + (1= ) f (w5 by) (3.6)

where ¢ € (0,1) is a constant. The appropriate choice of ¢ eliminates the middle term in
(3.5), thus reducing the bias inside the boundary to an order of b*. Consider E(f(z)), for
x € (0,0), this is given by

Ef(z,b) + (1 — )Ef(x,by)
/ (_b1)2 "
~ e[ f(x) + (=) Ri(pr) f'(z) + 5 Ry(p1) f" ()]

S Rt

+f(@) + (=b2) Ra(p2) f'(2) +

—elf(@) + (bR () £(2) + 2L Bl ).

— o)+ f(2) HbQ Ri(p2)—by Rl(p1)>—bQR1(p2)}_|_f”éx> [C(—b§R2<pz)+biR2<m))+b§ R2(2p2>}

(3.7)

From here it follows that if ¢ is given by

. baRR1(p2)
baRi(p2) — biRi(p1)

Generally, for a kernel of order k, a convex linear combination of k kernel estimators

with bandwidths by, ... b is needed to reduce the bias in the boundary back to order b*.
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3.5.2 Local Linear Fitting

In local linear fitting, as the name implies, the objective is to fit a line within a window

[zg — b, xg + b]. That is, we want to find & and 3 such that

min nwﬁ”;“ﬂm—<a+m%—x@ﬂ% (3.8)

«,
A 1=1

Consider WSS defined as

WSS = Z::w(xz ; :co) |:Y;; - (oH—B(:Ei - a:o))F.

Minimizing by differentiating with respect to a and 3, we solve for & and 3 in the following

system of two linear equations:

OWSS
Oa

a=d = —QZw(I@;lU)(Y; — o — B([[Z — xo))’a:@ =0
B=p i=1 p=p

WSS - i
- a:a:_QZw(x IO)(%—HUO)(Y;'—@—5($i—$0))‘a:a:O'
op la=é — b B=p
Therefore,
w(" Y =6 (M) =AY w(* ) ) =0

To solve for & and B in (3.9) and to simplify these equations the following constants are
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defined,

“ Ty — X - Ty — X
co—Zw( 5 Ny, 012210( b %)
i=1 =1
" or—x " or—x
=Y 2 (@i — o) 5= w 2 °) (@i — )Y,
i=1 i=1
" omi—z
Cq4 = w( b 0)@1’ - x0)2

It’s important to realize that these are all functions of xy. Now, we can write (3.9) as

follows

co—dcl—Bczz()

C3 —dCQ —BC4 = 0.

In matrix notation,

C1 Co (6] Co
A = )
ca cy) \B C3
with solution )
& C1 Co Co
B Ca ¢4 C3
1 €y —C2 Co 1 CoCq — C2C3
= — 2 = — 2
€164 — G —Cy C1 C3 €164 — G C1C3 — CoC2
The solutions for & and [ are
A CpoCq — C2C3
O=—"7,
c1cq — €5
B C1C3 — CpCo
c1eq — 3

Finally, the estimate of E(Y |z = ) is given by & + 3(2 — #9)|s—s,. S0 at each point

where we desire to estimate f(z), we use the intercept & of a locally fitted line. The slope
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of the locally fitted line at this particular point can be estimated using /5’ )

Turning our attention to the expression for &, notice that only the constants ¢y and c3

involve Y. Now & can be written as

> i1 [’w (IJ;%)CZL - w(@) (2; — 370)02} Ya 

c1eq — €3

o=

The term w (xj;%) {04 — (z;— x0)02:| is the new weight for the point (z;,Y;) and ¢icq — ¢3
is the normalization constant for the weights to sum to 1. This is called the equivalent
kernel see Figure 3.4. Again, notice that points far from z( receive relatively smaller weight

than points close to xy. Thus, the equivalent kernel for local linear fitting is

K(z;,20,b) = w (xﬂ' - “") [c4 — (z; — xo)@}

and f(z,) is given by

f(x ) . Z?:l K(xj7x07b)yj
0) — n .
Zj:l K('rj»wOvb)

The equivalent kernel for x < b has negative lobes that make the first moment zero

(kernel of order 2). In general, to obtain a boundrary corrected kernel of order-k, a poly-
nomial of degree k is fit locally to the data. The equivalent kernel resulting from this is a

kernel of order k in the boundary.
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1.0

0.0

Figure 3.4: This figure shows the Epanechnikov kernel plotted in red (solid), and
the equivalent kernel plotted in the purple (dashed), both use the band-
width b = 0.2 for zq = 0.

44



Chapter 4

Nonparametric Regression using

Splines

4.1 Smoothing Splines

An alternative approach to nonparametric regression is smoothing splines. The discussion
here follows Eubank (1999). Smoothing splines fit data by a compromise between closeness
to the data and smoothness of an estimated function. Suppose we have data (¢;,Y;) j =
1,2,...nwhere 0 < t; <ty <...<t, <T. Among all functions f which have a continuous

m!" derivative that is square integrable, we define the penalized residual sum of squares as

n

1 T
PRSS(f,N) = 1 DI~ )P+ [ 1m0 (4.1

i=1 0
where A > 0. Lower values of PRSS are preferable. The first term measures closeness to
the data, while the second term measures smoothness of the fitted function. The Sobolev

space of order m is defined as the set

T
Win0,T) = {f | f™is absolutely continuous and/ [F™(0)]2dt < oo}
0

Our objective is to minimize PRSS over all such functions, thereby creating a function
that is close to the data yet smooth. Since, the second term measures smoothness, \ is
referred to as the smoothing parameter. When A\ = 0, the solution to this problem is any
function in the Sobolev space that interpolates the data. When A — oo and m = 2 the

solution is the least squares line. The solution to (4.1) is a natural spline of degree 2m — 1
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which we will define later.

To define a spline, first define the function (z — a), as follows

(x —a)y = max(0,z — a).

This is simply x —a when x > a and 0 otherwise. This function is plotted in Figure 4.1 for

a = 0.5 below.

0.5

0.4
Il

0.3

0.1

0.0

0.0 0.2 0.4 0.6 0.8 1.0

Figure 4.1: The function (x — 0.5)

A spline of order r with knots at t1,...t, is any function of the form:

S(t) = TZW‘ + zn:éi(t —t)y tel0,T] (4.2)

for some real valued coefficients 61, 6,,...6,_1 and 41,0, ...0,. For example, suppose we
are given the two knots ¢; and ¢y, where t; < t5. An example of a spline of order 3 is a

function of the form

S(t) = O + Out + 0ot + 5,.(t — 11)2 + St — 12)2.

A spline of order r has three important properties:
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1. Tt is a polynomial of degree r — 1 on the interval [t;,t;1].
2. It has r — 1 continuous derivatives.

3. The r*" derivative has jumps at the knots.

This is also established in Hastie, Tibshirani and Friedman (2009). A natural spline of
order r = 2m is a spline that is a piecewise polynomial of order m on the intervals [0, )
and (t,,T]. For example, a natural cubic spline is linear on the intervals [0,¢;) and (¢, T].
We further define the space S"(t1, s, ... t,) to be the collection of all splines of order r with
knots at tq,...,t,. The set NS"(t1,ts,...t,) is defined as the set of all natural splines or

order r with knots at tq,...,%, .

Now, consider finding the unique minimizing natural spline S € NS"(ty,ts,...t,) of

S st e [ s i (4.3

0
for r = 2m. Let ¢1(t),¢¥a(t), ..., ¥n(t) be a basis for NS"(t1,ta,...t,), then there exists

coefficients 90’]', e Qm—l,j; 51,j7 6273', Ce (571,]‘ such that

m—1 n
Yi(t) =D Ot + D Gyt — )"
=0 i=1

This follows from the fact that NS"(¢y,...,t,) is a subspace of S"(t1,...,t,). Lyche and
Shumaker (1978 [4]) showed that for f € W3[0, T] and S(t) = > 7, B;9;(1),

/T fm (t)s(m) (t)dt = (—=1)™(2m — 1)! i i B;0i ;- (4.4)

i=1 j=1
Using this result Lyche and Shumaker further showed that

| s Ra = cimem - 130 se(3 858
Let S(t) = ¥3 according to
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and define the matrix G as

Using the previous results we can write (4.3) as

%HY — U2+ \8TeTGR. (4.5)

Notice that this depends on a given A, thus we will denote the unique minimizer to this by

B,. This can be written as

By = argmin {~(Y —wB)"(Y — wp) + \6" W' GB)

The solution to equation (4.5) is analogous to the solution to ridge regression with minimizer
with respect to 3 € R”
By = (¥ +n\G) Y.

This shows that Sy (t) = > ., fxr:%:(t) is in fact the minimizer among all S € NS"(ty,...,t,).
It can be shown that this is in fact the minimizer of (4.1) over the entire Sobolev space.

We can rewrite (4.1) as

%Z [Yi — Sx(t:) + Si(ti) - f(ti)] 2 + A /T [ng)(t) —(SI(t) — fOY
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Y [YZ N t,} +A /0 ' {sg’”)(t)r dt (4.6)

1

2 T 2
{SA £t ] + A / [Sﬁ’”) (t) — f(””(t)} dt
1 0

3= $3000) [$56) — 10) =1 [ 870 (5§70 - 0] )

i=1

:I>—‘

7

S|
™M=1

+

+2{

It can be shown that the cross-product does not depend on f, thus Sy(t) is the unique

7

S|

minimizer for all f € WJ"[0,T]. From what has been established so far, this cross-product

depends on f through

n

%Z [n - sm)} f(ts) = / "s) £ ) at

n

:%;[Yi—& } A; gﬂm i —1)™(2m — L.

Using matrix notation,

= (Y - wB)TF - NGBS

= %[(Y - v, — )\GﬁA]Tf-

By definition of 3,, the term (Y — ¥3,) — A\G3, = 0.

Since the cross product is 0, and the first term in 4.6 does not involve f it follows that

f = S, is in fact the minimizer of (4.1) over the entire Sobolev space.

4.2 B Splines

Previously we said that the functions 1, ¢,..., "% (t—#) ", ..., (t —t,) " form a basis

referred to as the power basis for splines of order r with knots ¢, ... ,%,. The B-spline basis
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is an alternative to the power basis. In fact the solution to

min, S = fR+A [ P

W2
fewi n i

can be written using the B-spline basis. The B-spline basis functions of order k are defined

recursively as follows.

1 if tE[ti,ti_H)

Ni,l t) -
0 otherwise
t—t; tin — 1t
Ni,k(t> = ﬁNi,k—l(t) + TT—FTNHI’IC_I(ZS) (4.7)
i+k—1 i i+k i+1

for i = —(k—1),...0,...,n. To develop the B-spline basis for S(¢,,...,t,) we have to

define 2k additional knots as follows

0= t—(k:—l); .. -t—1,t0;tn+1, .. 7tn+k =T.

Suppose we have knots at 0.1, ..., 0.9, these knots are referred to as the interior knots. Take
k = 1, we have to define 2 additional knots ¢ty and t,,,. Practically for implementation,
these are defined as tg = t; —e and t,,,1 = t,,+¢€ where € is a small non-negative real number.
In this case we will choose € to be 0, so we will be “stacking” knots at the endpoints. A
spline of order k£ with k+ 1 coincident knots is defined to be the zero function. The B-spline
basis of order 1 includes No1(t) = Tjo0.1)(t), Ni,1(t) = Lpa,02)(t), -, Noa(t) = Ijo.o1)(1).

These are simply indicator functions depicted in Figure 4.2.
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Figure 4.2: This figure illustrates B-splines of order 1, with knots at 0.1,...,0.9, € [0, 1].

Now, to develop the B-spline basis of order k£ = 2 we have to define four additional knots,
define t_; = tp = 0 and ¢,4; = t,,42 = 1. Consider N_; 5. Using (4.7) N_; 2 is computed

using N_;; and Ny ;. However, N_; ;(t) has two coincident knots so it is the zero function,

SO
ty —t 0.1—¢
N_15(t) = t) = Noa(t
1.2(¢) P— 0.1(t) = =57 Noalt)
This is simply a line with slope of (ﬁ = —10 and y-intercept at 1. Next, consider Nys.
Using (4.7)
t— 1o to — 1 t 0.2—-1
Noao(t) = Noq(t Ny1(t) = =—Np1(t Nyq(t).
02(t) T— 01(t) + R 11(t) 01 01(t) + 01 11(t)

Notice that the support of Ny covers 2 intervals of the knots. B-splines of order £ are of

degree k — 1 and cover k intervals if they have full support on those intervals.
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Figure 4.3: The functions N_; »(¢) (dashed line) and Ny (solid line).

Similarly, for Ny 5(t) = 55 Noa(t) + 225N 1 (t). Proceeding in this fashion we arrive at

Ny o(t) which is given by

since Nig1(t) = 0. The function Ny, like N_; 5 does not have full support but it is an
upward sloping line with a slope of 10 and y-intercept of —9. The B-spline basis of order

2 is shown in Figure 4.3.
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Figure 4.4: This figure illustrates the n + k = 11 B-splines of order 2 with knots at

0.1,...,0.9.

The B-sline basis of order 4 is called the cubic B-spline basis because it is of degree 3.

This basis is most often used because it has 2 continuous derivatives.

These are smooth

functions shown in Figure 4.5. There is seldom a need to go beyond cubic B-splines.

Cubic B-Spline Basis

1.0
|

0.4

0.2

0.0
|

Figure 4.5: This figure illustrates the n + k = 13 cubic B-spline basis with interior

knots at 0.1,...,0.9.

93



4.3 P-Splines

Instead of penalizing the second derivative of the spline, P-splines (Penalized Splines)
penalize differences between adjacent coefficients (Eilers and Marx [1996]). The following

notation is useful in defining P-splines.

Ay = B = Bin
AT5; — AT_16;_1 _ Rr—1

7—1

Suppose we have a set of k B-splines, B, for j = 1,2,..., k. Let p denote the order of the

penalty. Given data (z;,Y;), for i =1,2,... n, the approach of P-splines is to minimize

PSS = Z ( ZBJ ;) )2 + A i (APB;)? (4.8)

=1 Jj=p+1

For example, for cubic P-splines, p = 2, we seek to minimize

pss = (v Z@J w) + iwm (4.9)

=1

For cubic splines the penalty becomes

A?By = DBy — AP
=B —28;1+ B2

Define the vector 3 and the matrices B, D and X as

o4



8 1 -2 1 0

5o D— o 1 -2 1

Br kx1 00 0

31(1’1) 32(551) Bk(ﬂﬁn)
)

Bl(l’g) BQ(Q?Q) Bk(l’g

Bl(ZEn) BQ($n) Bk(l’n)

So we can write (4.9) as

Defining B as

PSS = ||Y — BB||> + \3"D"Dg.

B = argmin |Y — BB|[* + A" DT DB,

we find that the solution is given by

3= (B"B+AD"D)'BTY .
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5.1 Semiparametric Additive Models

Chapter 5

Additive Models

Suppose we have two independent variables, one of which we wish to fit parametrically and

the other nonparametrically to predict a univariate response. For example, in Figure 5.1

we see a clear linear relationship between Y and x while a nonlinear relationship between

Y and ¢.

(a) x and Y

(b) t and Y

Figure 5.1: This figure depicts two predictor variables x and ¢, each plotted with

o6

the response Y. The relationship between x and Y appears to be a
linear relationship, while the relationship between ¢ and Y is nonlinear.



Modeling E(Y |z, t) as
Y =Bz + f(t)+e (5.1)

where € ~ N (0, 0?), this model is referred to as a semiparametric model because z is fitted
parametrically while ¢ is fitted nonparametrically. It is an additive model because the effect
of x and t on Y is additive. We can extend this model easily. Suppose we have ¢ variables,
Z1,...,x, of which we wish to fit parametrically and ti,...,¢,_, of which we wish to fit

nonparametrically. Then we could write the model as follows

i= j=

For example, if we desire to fit 2 variables parametrically and 2 variables nonparametrically

then this becomes Y = 121 + foxs + f1(t1) + fo(ta) + €.

Imposing the parametric form reduces the number of variables that will be fitted non-
parametrically. Parametric models are unbiased, and they are superior to nonparametric
models if the parametric model is correct. However, parametric models can be too inflexible

compared to nonparametric models.

5.2 Fitting the Semiparametric Model by Backfitting

Suppose we have n observations following the modeling assumption of (5.1); that is we have
observations (x;,t;,Y;) for i = 1,2,...n. We can fit this model using backfitting. Define

the additional vectors

T f(tl)
o — x.z F= f(t2)
Tn f(tn)
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First, we suppose f is known, then Y is computed as

?:Y_f7

B=(x"x)'2”Y, and

fi=H(Y — f)=HY, (5.3)

where H = x(x”x) 'x”. Notice the similarity between this and the ordinary least squares

approach. Here f; is an estimate of (.

Next, we suppose [ is known. If S was known consider that

Y —px=f(t)—e

Define the estimator of f to be

f2=5(Y - pz), (5.4)

where S is the smoothing matrix defined in Chapter 3. This discussion motivates the

backfitting algorithim that proceeds by iterating between (5.3) and (5.4) to convergence.

Backfitting

1.) Initialize _fl(o) = fByx and compute f2(0) =S(Y — fl(O))'

2.) Update step:
ATV =HY - 1)

f2(i+1) — S(Y . fl(i+1))

3.) Repeat the update step until convergence.
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Convergence can be defined as ||f5™ — f!|| < e and ||f5™ — fi|| < € where € is a small
positive real number. Here, f; is the estimate of &3 and f5 is the estimate of f. In this

case, B and f can be solved explicitly in

B=(z"x) ' HY - f)
f=5Y —=zp).

The explicit solution for 5 and f is given by (Hastie and Tibshirani: 1990 pg. 118)

3= (x" (I, — S)x) ‘'a’ (I, - S)Y
F=8(Y —xf).

We can extend the backfitting algorithm to the situation which there ¢ variables, p
of which we wish to fit parametrically and variables, ¢ — p of which we wish to fit non-
parametrically, ¢1,...,%,_,. This is done by writing a system of equations of the the form
fi=8;(Y =320, f;), where S; is a smoother matrix and may be H if the 4t variable is

desired to be fitted parametrically. That is, we establish the following system of equations

=Sy =Y - = 1Y)
S = Sy = ATV — )= 1)

q q—1
These functions are updated recursively after initialization.
Parametric models are impeded by multicollinearity. In the presence of multicollinearity
regression coefficients are estimated with a great deal of variance. Multicollinearity inflates

the variance of the estimators and thus the overall model. Additionally, multicollinearity
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can present computational difficulties as well. In the case of perfect multicollinearity, when
there is an exact correspondence with one or more of the predictor variables, the matrix
XTX will not be invertible. With semiparametric models concurvity is the analogous con-
cept to multicollinearity in parametric regression. Concurvity inflates the variance of the

estimates, and imposes computational difficulties.

The R software package implements the backfitting algorithm when the data are Gaus-
sian; otherwise it uses the local-scoring algorithm, a closely related algorithm. The back-
fitting algorithm sets the default values for convergence at ¢ = 1077, and the maximum
number of iterations allowed for is 30. The original version in S used 1073, and the maxi-
mum number of iterations was 10. However, due to the work of Dominici et al. [2002], the

convergence criteria was adjusted to be more stringent.

5.3 Model Comparison
Suppose we have two linear models:

(F) Model 1: Y = BO + 611‘1 + ,621’2 + €

(R) Model 2: Y = BO + lel + €.

Because Model 1 contains Model 2, Model 2 is said to be nested in Model 1. Model 2 is also
sometimes referred to as the reduced model. It can be shown under the Gaussian modeling

assumptions that

SSE(F)/(n — df) Y= dirn=die ‘
where SSE(R) and SSE(F') refer to the SSE, and dfg and dfr refer to the degrees of free-

dom for the reduced and full models, respectively (Kutner, Nachtscheim and Neter [2004]).

So we can use (5.5) to test whether the contribution of x5 is significant.
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Suppose we have two smooth estimates of f denoted fl = 51Y and f2 = 52Y . Define

RSS; = Z (3@- - ﬁ(zvi))Z

i=1

Ve = tr(ZSk - SkSkT)

for k = 1,2. We can compare the two estimates by computing a test statistic with an

approximate F’

No—y1,n—v. distribution as

(RSS; — RSS2) /(72 — m1)
RSSy/(n — 72) ’

where RSS; > RSS,. Notice the similarity between (5.6) and (5.5). In (5.6), 71 and v, play

(5.6)

the role of dfr and dfr, and in doing so are sometimes referred to as the degrees of freedom.
However, it is important to note that only equation (5.5) can be established analytically
to follow an F distribution. Nonetheless, (5.6) serves as a useful comparison of models.
For example, this approach can be taken in comparing two semiparametric models, or a
nonparametric estimate to a parametric estimate or two nonparametric fits with differing

smoothness (Chambers and Hastie [1992]).

The GAM package in R provides a summary table for additive models fitted in R. This
summary table contains an ANOVA table for the nonparametric and parametric variables
with F' values. For the variables fitted nonparametrically, Statistical Models in S (Cham-
bers and Hastie [1992]) describes how this F-value is computed,;

“For each nonparametric term in the model the nonlinear component is set to
zero and the parametric part of the model is refit by weighted least squares,

holding the other nonlinear components fixed.”
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5.3.1 Mean Square Prediction Error

Another approach to compare models is to partition the data into a training and testing data
sets. Suppose there are n observations, then we can use the first £ “training” observations
to build a model and the remaining n — k observations to validate the model. Once, a model
has been developed we can validate the model by computing the mean squared prediction

eIrror as

1 o\ 2
MSPR = —— > (vi-v)” (5.7)

n—~r.
i=k+1

Models with lower mean squared prediction errors are thought to be better models.
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Chapter 6

Semiparametric Modeling

6.1 Semiparametric Model Selection

Semiparametric models were fitted using the GAM package in R version 3.1.1 for the UTEP
and Chamizal TCEQ sites. Both of these models were fitted using the TCEQ training data
corresponding to August 3, 2006 to July 31, 2008. The remaining TCEQ time period
August 1, 2008 - February 2, 2009 was set aside for validation. All the meteorological
covariates- temperature (X;), entropy (X;), wind speed (Xg), humidity (X7), dew point
(X3) and day of year (Xip : 1 — 365) were fitted nonparametrically. The remaining
covariates, day of time period, (Xo : 1 —921), wind direction, (X5, X3, and X}), time
period (X1, X12) and weekend day (X;3) were fitted parametrically. Table 6.1 lists all the

variables, a brief description and how they were initially fitted into the model.
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Table 6.1: A list of all the covariates with a brief description of each and how they
were initially fitted in the model. * is marked next to the variables
forced into the regression model.

Variable Description and Initially Fitted
X4 Average Daily Temperature-Nonparametrically
X5 North or South wind direction- Parametrically
X3 East wind direction-Parametrically
Xy West wind direction-Parametrically
X5 Entropy-Nonparametrically

Xs Wind Speed in the direction of the daily mode- Nonparametrically

X7 Average daily humidity-Nonparametrically
Xg Average daily dew point-Nonparametrically
X * Day of time period (1-921)-Parametrically
X * Day of year (1-365)-Nonparametrically
X1 August 1, 2006-July 31, 2007-Parametrically
X1 August 1, 2007-July 31, 2008- Parametrically
Xi3 Weekend day- Parametrically

Model selection was carried out via Backward Variable Selection with a stay criterion
of 0.1. Gonzales et al. (2007) also used this stay criterion for model selection. The model
selection proceeded in 6 steps for both the UTEP and Chamizal models. These steps and
the actions taken are outlined in Tables 6.2 and 6.3. The time variables Xq and X, were
forced into the model to explain changes in log(PM2.5) levels over time that may be at-
tributable to seasonal, population, and environmental changes in the El Paso community

over time.
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Table 6.2: Backwards Variable Selection for UTEP Model

Step Action Taken

Step 0 Full Model Fitted

Step 1 Dropped X171 — X192

Step 2 Changed X7 from nonparametric to linear
Step 3 Dropped X3

Step 4 Moved X5 to be linear

Step 5 Dropped X5 — X4

Step 6 Dropped X5

Alternative Model Dropped X7
Final Model Dropped X5 and X

Table 6.3: Backwards Variable Selection for Chamizal Model

Step Action Taken

Step 0 Full Model Fitted

Step 1 Changed X5 from nonparametric to linear
Step 2 Changed X7 from nonparametric to linear
Step 3 Dropped X171 — X192

Step 4 Dropped X3

Step 5 Dropped X5 — X4

Step 6 Dropped X5

Alternative Model Dropped X7
Final Model Dropped X5 and X5

The final model selected for both sites, with Xg and X;q forced into the model, was of the

form

log(PM2.5) = BXg + f1(X1) + f3(Xe) + f5(Xs) + f6(X10) + €
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Recall from Table 6.1, X is average daily temperature, X is wind speed in the direction
of the daily mode of wind direction, Xg is average daily dew point, Xo (1 — 921) is day of
time period and X;o (1 — 365) was day of year.

Mean square prediction errors were computed using the validation data set from August
1, 2008 to February 2, 2009 using each model developed by Backwards Variable Selection.
Figures 6.1 and 6.2 describe the mean squared prediction errors computed using the vali-
dation data set throughout the Backwards Variable Selection process. Figures 6.1 and 6.2
show that all mean squared predictions errors were between 0.94 and 1.06 using the valida-
tion time period, suggesting that variables dropped from the full model were not important

predictors.

UTEP

1.06
!

1.04
1

DropXs
Drop X, = X4
°

Drop Xsand X;
°

1.02
1

DropX;
°

Full Model XsLinear
.

1.00
1

Drop Xy; = X3

Mean Squared Prediction Error

0.98
1

X7 Linear

0.96
1

Drop X3

0.94
1

T T T T T
0 2 4 6 8

Step in Backward Variable Selection

Figure 6.1: Mean square prediction errors for UTEP models developed via Back-
wards Variable Selection. Each description above the mean square pre-
diction error describes the change made from the previous model.
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Chamizal

1.06
!

Drog X7
Drop Xi3 Drop X, - X, Drongand X
°

Drop Xs
°

Drop Xy1 = X1z

1.04
1

1.02
1

X5 Linear

Xs Linear
°

Full model

Mean Squared Prediction Error
0.98 1.00
1 1

0.96
1

0.94
1

T T T T T
0 2 4 6 8

Step in Backward Variable Selection

Figure 6.2: Mean square prediction errors for Chamizal models developed via back-
ward variable selection. Each description above the mean square pre-
diction error describes the change made from the previous model.

Histograms of the standardized residuals are shown in Figure 6.3. We examined the resid-
uals e(.) for both the UTEP and the Chamizal models for temporal autocorrelation. The
temporal autocorrelation refers to the correlation between the residuals e(.) at times ¢ and
t + h. The temporal autocorrelation was examined using the sample semivariogram. The

semivariogram is defined by
1
~y(t, h) = §Var[e(t) —e(t+h)). (6.1)

If the residual process is second-order stationary, then the semivariogram ~(t, h) only de-
pends on h, in which case the semivariogram is related to the covariance function C(.) of

the residuals according to

7(h) = C(0) = C(h). (6.2)



Therefore, a semivariogram y(h) of a second-order stationary process that is constant across

values of h indicates there is no temporal autocorrelation. The sample semivariogram of

the residuals indicates there does not appear to be significant autocorrelation over time;

see Figure 6.4.

Sample Variogram

Density

UTEP Final Model Chamizal Final Model

0.2 0.3 0.4
Density
03 0.4

0.1
0.1

0.0
0.0

Residuals Residuals

(a) UTEP (b) Chamizal

Figure 6.3: Density histograms of the standardized residuals for the final UTEP
and Chamizal models. Both histograms resemble each other.

UTEP Chamizal

010 -

Sample Variogram

T T T T T T T T T T
10 20 20 a0 50 60 50 100 150 200
Time. Time

(a) UTEP (b) Chamizal
Figure 6.4: The sample variograms for the residuals of the UTEP and Chamizal

models. There does not appear to be any correlation between the resid-
uals over time.
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6.1.1 Estimation at UTEP and Chamizal

The UTEP and Chamizal semiparametric models were also used to make predictions on
all days when Garcia’s data were obtained. Modeling performance was evaluated using the
relative root mean square prediction error. Relative root mean square prediction error is
defined as the square root of the mean square prediction errors divided by the mean of these
two sites. For example, the relative root mean squared prediction error for the UTEP site

TutTe

using the UTEP model is the square root mean squared prediction error divided by #+3-*<,

where 7, and Z, are the mean log(PM2.5) of the UTEP and Chamizal sites, respectively.
This quantity is used in Smith et. al. (2006) to evaluate the predictions obtained by
cross-validation. However, there is no need to cross-validate here, since the semiparametric
models were developed with the TCEQ data and we are computing the mean squared error
of prediction for log(PM2.5) using an independent data set (Garcia [2010]). The relative
root mean square prediction errors for the UTEP and Chamizal sites are shown in Table 6.4.
UTEP has smaller relative root mean square prediction error, but the standard deviation
of log(PM2.5) was also lower at the UTEP site (sd=0.45) as compared to the Chamizal
site (sd=0.53); see Tables 1.4 and 1.6. The observed and predicted values are displayed in
Figure 6.5. The predictions follow the trend of log(PM2.5) as recorded by Garcia (2010),
except for the time period at the Chamizal site when the Garcia (2010) monitors had a

negative drift.

Table 6.4: Relative root mean square error of predictions for log(PM2.5) obtained
by Garcia using the UTEP and Chamizal models.

Relative Root MSEP
UTEP Garcia (2010) 0.19
Chamizal Garcia (2010) 0.33
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Figure 6.5: Time series plot of log(PM2.5) as recorded by Garcia (2010) and the
predicted log(PM2.5) using the UTEP and Chamizal GAM models.

6.1.2 Estimation at D, J and K

The UTEP and Chamizal semiparametric models were used to predict log(PM2.5) at sites
D, J and K with the weather variables recorded at these sites by TCEQ. The relative root
mean square error of prediction are shown in Table 6.5 for sites D, J and K using the UTEP
and Chamizal models. Here, the relative root mean square error of prediction is computed
relative to the means of sites D, J and K. The predicted and observed values are shown
in Figure 6.6. As Figure 6.7 shows, the predictions from the UTEP and Chamizal models
are similar with correlations of 0.7299 (D), 0.7081 (J), and 0.7523 (K). In Chapter 7, we
describe Inverse Distance Weighting to combine the UTEP and Chamizal model to obtain
predictions at sites D, J and K.
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Table 6.5: Relative root mean square error of prediction for log(PM2.5) for sites
D, J and K using the UTEP and Chamizal models.
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Figure 6.6: Time series plot of log(PM2.5) for the sites D, J and K as recorded by
Garcia (2010) and predicted log(PM2.5) using the UTEP and Chamizal
models.
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Figure 6.7: Comparison of the predictions for log(PM2.5) by the UTEP and
Chamizal models at sites D, J and K.

6.2 Comparison of UTEP and Chamizal Models

The only parametric variable in the final UTEP model and Chamizal model is Xg (time
1—921), which was forced into the model. The estimate of its coefficient and the standard
error are shown in Table 6.6. The estimates have opposite signs, positive for the UTEP
model and negative for the Chamizal model. However, the standard errors are rather large,

so these coefficients are not significantly different from 0. Nonetheless, this term is believed
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to explain changes in log(PM2.5) levels over time that may be attributable to population

and environmental changes in the El Paso community over time.

Table 6.6: Estimates of the coefficient of Xg for both the UTEP and Chamizal
Models and their standard errors.

Model Estimate Standard Error
UTEP 1.3 x 107* 1.4 x 107*
Chamizal —3.7 x 1074 2.0x 107

Partial residual plots were obtained using the “visreg” package available in R version
3.1.1. Partial residual plots follow from the work done by Landwehr et al. (1984) and refer-
ences therein. The fits for the covariates fitted nonparametrically are shown for the UTEP
model in Figure 6.8 and the Chamizal model in Figure 6.9. Examination of these figures
indicates that the covariates dew point and wind speed that were fitted nonparametrically
have similar effects for both the UTEP and Chamizal models. Specifically, log(PM2.5)
has a negative quadratic relationship with dew point, and a positive quadratic relationship
with wind speed. Other studies in the El Paso region have also found that inversions in the
atmosphere associated with low wind speeds trap urban pollution, while high wind speeds
result in the entrainment of dust and sand, i.e. high levels of PM2.5. Staniswalis et al.
(2005) describes “effects of particles in the ambient aerosol during El Paso sandstorms is
believed different from that of particles present during still-air conditions resulting from
atmospheric temperature inversions”.

Time X1y (1-365) was also not statistically significant, but forced into the model with a
p-value of 0.29 for the UTEP model and a p-value of 0.7 for the Chamizal model. The partial
residual plots for this variable are not similar. The partial residual plots for temperature
both show a peak during cooler temperatures. Temperature was statistically significant
for the UTEP model (p-value of 0.014), but not statistically significant for the Chamizal
model (p-value of 0.064). Nonetheless, temperature stayed in the model because the stay

criterion was 0.1.
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Figure 6.8: Partial residuals versus predictors for the UTEP Model
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Chamizal Model Fits
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Figure 6.9: Partial residuals versus predictors for the Chamizal Model
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Chapter 7

Geostatistical Methods

7.1 Inverse Distance Weighting

In geostatistics, observations are often made at sites s, Ss,...,5,,. The notation and the
content follows from Bivand, Pebesma, and Gomez-Rubio (2008). The values of interest at

these sites are denoted Z(s1), Z(s2),...,Z(Sm). We denote these as vectors with

s’ = <31 Sg ... sm) and Z(s)" = (Z(sl) Z(s1) ... Z(sm)> :
Often in geostatistics, we are interested in predicting Z(sq) at an unmonitored location sg.
We will reserve the notation s, for an unmonitored location. If there is more than one un-
monitored location then we use the vector sg to denote the vector of values corresponding

to unmonitored locations.

An intuitive approach to predicting at an unmonitored location is to take a weighted
average of the observed levels based on distance to the unmonitored site. This approach is
referred to as inverse distance weighting (IDW). The IDW estimator for a site sq is given
by

ZIDW(

S wls)(s)
o T ) (70

where w(s;) = ||s; — so|| ™"

Typically [ is taken to be 2. Notice the similarity between equation (7.1) and (3.2). Both

are weighted averages that are weighted inversely according to the distance to the desired
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point to be estimated. The weights depend solely on distance rather than any spatial

covariance structure between the sites.

7.2 The Multivariate Normal Distribution

Meteorological, geological, epidemiological and even sociological data often pertain to the
space in which the data were recorded. Observations may correlate according to the geo-
graphical distance between them. In our case air pollution levels at different locations may
correlate. The multivariate normal distribution is a useful distribution because it relates
the components of a random vector to the other components. Specifically, the conditional
distribution of unknown components of a vector given that the other components are known

has been explicitly established.

Let X7 = <X1 Xy ... Xp) and suppose X ~ N,(u,X), where
011 012 ... Olp
Op1 Opa ... Opp

Here o;,; denotes the variance of X;, while o; ; is the covariance between X; and X;; 7,j =

1,2...,p. The probability density function of X is given by

m exp <($ — )TNz - N))-

Often, we may be given a portion of the vector X and be interested in the distribution of

flx) =

the remaining portion. For example, partitioning X as

X1

X2
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where X; is ¢ x 1 and X3 is (p — q) x 1, induces a partition on the mean vector pu and

covariance matrix X as

Here pq is the ¢ x 1 mean vector of X7, pg is the (p — ¢) x 1 mean vector of Xy, ¥y is
the g X g covariance matrix of X3, Y15 is the ¢ X (p — ¢) covariance matrix between X
and X5, and Yo is the (p — q) X (p — q) covariance matrix of X,. Suppose we are given

X2 = x4, then the distribution of X; conditional on X5 = x4 is given by

X1| X2 = 22 ~ N, (Ml + 21935 (22 — pa), S — 21222_21221) (7.2)

A proof of this result is given in Johnson and Wichern (2007, Result 4.6). We can look
upon the conditional mean of X;|Xs = @2 as the mean of X; adjusted by the covariance
between X; and X5 or equivalently adjusted by the correlation between X; and X,. If X3
and X, are independent then 35 is a 0 matrix, and the conditional mean of X;| X5 = x5

is simply the mean of X;.

7.3 Estimation of Spatial Covariance

7.3.1 Stationarity Assumptions

To estimate spatial correlation we make assumptions regarding the spatial covariance of the
process being observed, in this case the log(PM2.5) levels being recorded by the monitors.
Suppose we have log(PM2.5) measured at two sites that are a distance h apart, Z(s) and

Z(s 4+ h). If we assume the process is a second-order stationary process, then

1. The mean function is constant over the space.

2. Cov(Z(s), Z(s + h)) = C(h), where C(h) is some function of h.
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Furthermore, istropy assumes the covariance is the same in any direction. This discussion

has followed from Gaetan and Guyon (2010).

7.3.2 The Exponential Model

Suppose we have n observations at each of the sites sq, 52, . .., ;. Let 2z;; denote log(PM2.5)
measured at time ¢ at site j fori = 1,2,...nand j = 1,2,...,m. One approach to compute

the covariance between the sites to is to compute the matrix S as

S11 S12 ... Sim
S21 5929 e Som,
S = ,
Sml Sm2 -+ Smm
1 n
where s;, = — E (zji — Zi) (2 — 2x), fori,k=1,2,...,m.
j=1

From this matrix we can obtain the matrix of correlations R,

1 12 T1im
21 1 Tom
R = ,
Tm1 Tm2 1
n — —
i=1\%ji — Zi)\Zjk — %k ,
where 1), = 2z (% (2 ) fori,k=1,2,...,m.

555/ Skk ’

We can obtain S from R, or R from S by
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S = D2RD? (7.3)

where

0 0 e A Smm

It is of interest to model correlations between sites. One approach is to model the

correlation between two sites as

log i, = —a d(sj, sk), (7.4)

where d(s;, si) is a function of distance between the sites s; and s;. This is called the expo-
nential model. Schabenberger and Gotway (2005) “strongly feel that the exponential model
has earned its place among the isotropic covariance models for modeling spatial data”. As
the distance between s; and sj increases the correlation decreases exponentially. If we
have observations at sites si, Ss,...,S,, and we want to predict the correlation between
site Z(so) and, for example, Z(s1) we can use the model in (7.4) as long as we know the
distance between the two sites. Estimation of a can be done via least squares. This is car-
ried out using the correlations between UTEP and sites A, D, H (Chamizal), I, J, K, and L
as well as between Chamizal and sites A, D, F (UTEP), H, I, J, K and L in the next chapter.

7.4 Kriging

Suppose the response variable at a particular site s is linearly related to a set of predictors

as
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Z(s) =XB +e(s) (7.5)

where Ee(s) = 0, X is the n x p design matrix and 3 is the vector of unknown parameters.
Notice the similarity between equation (7.5) and the linear model. Unlike the linear model
the covariance of the residuals is not assumed to be a multiple of the identity matrix, but
rather the spatial covariance structure of the Z(s) is denoted by V. Let x(sg) denote the
vector of the predictors at the unmonitored site sy and let v denote the covariance between
Z(s9) and Z(s). The kriging estimator of an unmonitored site Z(sp) when V' is known is

given by

Z(s0) = (s0)"B + 0TV (Z(s) - XB) , (7.6)

where B = (XTX)'XTV1Z(s).

When there are no predictors (p = 1) and the mean is unknown, the estimation is referred to
as ordinary kriging. Simple kriging refers to kriging when 3 is assumed to be known and not
estimated as 3. Notice the similarity between equation (7.6) and the mean in equation (7.2).
Under the model assumptions of (7.5), Z(so) is the mean of Z(sy) adjusted by the spatial
correlation between Z(sg) and the Z(s). When Z(sy) and Z(s) are independent, v = 0
and the conditional mean of Z(sy) given Z(s) is simply the mean of Z(sg). Accordingly, it is

imperative to estimate V' well. Approaches to estimation of V' involve modeling correlations

between sites, for example, in terms of the distance between the sites.
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Chapter 8

Application of Geostatistical
Methods to Prediction of PM2.5 at

Unmonitored Locations

8.1 Inverse Distance Weighting

We predict the temporal mean of log(PM2.5) at an unmonitored location as a function
of meterological and weather covariates. Recall that two models, one for the UTEP site
and one for the Chamizal site, were built to estimate log(PM2.5) based on weather and
time covariates using TCEQ data from August 1, 2006- July 31, 2008. The UTEP and
Chamizal models predicted log(PM2.5) at sites D, J and K using the weather covariates
obtained at each respective site with the exception of dew point and humidity which were
taken to be the average of the UTEP and Chamizal measurements. We can estimate the
mean log(PM2.5) at an unmonitored site by weighting the predictions of the UTEP and
Chamizal models based on the distance to the unmonitored site using Inverse Distance
Weighting, see equation (7.1). This allows the mean log(PM2.5) at an unmonitored site to
be a function of the meteorological covariates and time. However, this requires the distance
between the sites. The coordinates of the sites are listed in Table 8.1. The distance between
two sites was computed using the Haversine distance. The R package “sp” provides the
function “spDists” which was used to compute the distance in kilometers (km) between

two sites using each site’s latitude and and longitude coordinates.
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Table 8.1: Lattiudes and longitudes for sites A, D, F, H, I, J, K and L.
Site Latitude Longitude

A 31.84808 -106.5833

D 31.89389 -106.4256
F 31.76806 -106.5011
H 31.76556 -106.455
I 31.78345 -106.3612
J 31.66194 -106.3031
K 31.70361 -106.3558
L 31.80492 -106.1664

The Inverse Distance Weighted predictions for sites D, J and K shown in Figure 8.1
were computed by Inverse Distance Weighting of the predictions based on the UTEP and
Chamizal semiparametric regression models. The relative root mean square prediction
errors for sites D, J and K using Garcia’s data are provided in Table 8.2. For sites D and
K, the IDW predictions have lower relative root mean square prediction errors than the
predictions from the UTEP model alone and the Chamizal model alone. The UTEP model
predictions for site J had a slightly lower relative root mean square prediction error than
the IDW predictions by 0.02. Predictions were not made for sites A, I and L, because

meterological data were not available.
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Figure 8.1: IDW predictions for sites D, J and K. The green lines are the IDW
predictions on days where there is a TCEQ measurement at UTEP
and Chamizal, while the blue lines are the IDW predictions on days
for which Garcia took measurements. Garcia’s log(PM2.5) is shown in
black.

Table 8.2: Relative root mean square prediction errors for sites D, J and K.
D J K

IDW 0.33 0.33 0.46
UTEP Model 0.38 0.31 0.48
Chamizal Model 0.37 0.33 0.49
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8.2 Spatial Covariance of PM2.5

8.2.1 Fitting the Exponential Model of Correlation

We need to take the spatial covariance of log(PM2.5) into account in the estimation of
log(PM2.5). We obtained correlations between UTEP and all other sites for which PM2.5
is available using Garcia’s data. These are sites A, D, F, H, I, J, K and L. Site K had
a negative correlation with UTEP of —0.35. This is an unusual correlation. Raysoni
et. al (2013) showed positive correlations between the monitors in El Paso, Texas. In a
personal conversation with Dr. Wen-Whai Li, who was a coauthor in the Raysoni et al
(2013) publication, he reiterated that this finding was unusual. Because this was unusual
we omitted it in estimation of @ in (7.4). The correlations with the UTEP log(PM2.5)
and distances to the UTEP site are shown in Table 8.3. The correlations and distances
relative to Chamizal were also obtained. Site D correlated negatively with the Chamizal
site with a correlation of —0.16. Accordingly, this was omitted as well in estimation of
a in (7.4). The remaining correlations with the Chamizal log(PM2.5) and distances to
the Chamizal site are shown in Table 8.4. We fitted two exponential models by applying
ordinary least squares without an intercept term to estimate a in (7.4), one for the UTEP
site and one for the Chamizal site. Using the correlations with the UTEP site we estimated
a to be 0.066, while using Chamizal data we estimated a to be 0.124. Figure 8.2 depicts
Tk = €Xp ( —a d(sy, sk)) for both these models.
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Table 8.3: Correlations and distances in kilometers relative to the UTEP site. The
negative correlation for site K is marked with * to indicate that it was
omitted in fitting the exponential model for the correlation between
monitors.

Site Correlation with UTEP  Distance to UTEP (km)

A 0.28 11.79
D 0.56 15.66
F 1.00 0.00
H 0.09 4.38
I 0.54 13.36
J 0.13 22.14
K* -0.36 15.51
L 0.22 31.96

Table 8.4: Correlations and distances in kilometers relative to the Chamizal site.
The negative correlation for site D is marked with * to indicate that it
was omitted in fitting the exponential model for the correlation between
monitors.

Site Correlation with Chamizal Distance to Chamizal (km)

A 0.04 15.20
D* -0.16 14.48
F 0.09 4.38
H 1.00 0.00
I 0.45 9.10
J 0.29 18.41
K 0.06 11.64
L 0.08 27.68
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Correlation: exp(—a*distance) Correlation: exp(-a*distance)
UTEP (F) and other monitors Chamizal (H) and other monitors
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Figure 8.2: The exponential models as described by Schabenberger and Gotway
(2005) fitted using distances relative to UTEP and Chamizal sites.

In the interest of a single exponential model we combined the distances and correlations
in Tables 8.3 and 8.4 and estimated a via ordinary least squares without an intercept
term to be a = 0.091. Notice this is between our previous two estimates for a, namely
0.066 (UTEP) and 0.124 (Chamizal). This is depicted in Figure 8.3. This exponential
model is useful because it allows us to predict the correlation of log(PM2.5) between any
unmonitored location and TCEQ sites within El Paso, Texas based on the distances to the

monitored locations.
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Correlation: exp(—a*distance)
Chamizal (H blue), UTEP (F red) and other monitors
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Figure 8.3: Correlations between sites. The red letters reflect the distance and
correlation between sites relative to the UTEP site, while the blue
letters reflect correlations and distances relative to the Chamizal site.
The black line is the exponential model fit to the correlations for both

sites.

8.2.2 Residual Correlations and Covariances

Residuals, e;, of predictions at site k£ on day i are computed as

ei(k) = Zi(k) — ZIPV (k)

where Z;(k) is the observed log(PM2.5) on day ¢ at site k and Z/PW (k) is the predicted
log(PM2.5) from Inverse Distance Weighting. We computed all residuals using Garcia’s
data Z;. For the UTEP and Chamizal sites the residuals were computed using the pre-

diction from the semiparametric model built using TCEQ data for that respective site.
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Histograms of these standardized residuals are shown in Figure 8.4. We computed the
correlation of residuals between UTEP and all other sites, as well as between the Chamizal
and all other sites. The correlations between the residuals relative to the UTEP and the
Chamizal sites are shown in Tables 8.5 and 8.6 respectively. The variances of the residuals

are given in Table 8.7.
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Figure 8.4: Standardized residuals for sites D, F, H, J, and K. Residuals for sites
F (UTEP) and H (Chamizal) are computed using Garcia (2010) data
and the predictions from the sites’ respective model fitted with TCEQ
data. Sites D, H and J predictions are computed using the IDW.
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Table 8.5: Distances to UTEP site and correlations with UTEP residuals.

Distance To UTEP Correlation with UTEP residuals

15.66
0.00
4.38

22.14

= o = 4™ J

15.51

0.32
1.00
0.55
0.23
-0.08

Table 8.6: Distances to Chamizal site and correlations with Chamizal residuals.

Distance To Chamizal Correlation with Chamizal residuals

D 15.66
F 0.00
H 4.38
J 22.14
K 15.51

0.00
0.55
1.00
0.33
0.19

Table 8.7: Variance of the residuals from prediction of log(PM2.5) using Inverse
Distance Weighting. The residuals are calculated on days for which
Garcia (2010)recorded log(PM2.5).

Site Variance of Residuals from

modeling temporal variation

D 0.3689

F (UTEP) 0.1370

H (Chamizal) 0.2164
J 0.4366

K 0.8269
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At this point, let’s pause to compare the correlations between sites calculated from
log(PM2.5); see Tables 8.3 and 8.4, with the correlations between residuals reported above
in Tables 8.5 and 8.6 . Figure 8.5 shows the correlations between the residuals relative
to the UTEP site versus distance (red letters) and those relative to Chamizal site versus
distance (blue letters). The dashed line is the exponential model for correlation using
log(PM2.5) with a = 0.91, whereas the solid black line is the exponential model fitted with

the correlations between residuals, a = 0.22.

Once the temporal variation in log(PM2.5) is subtracted from the data, the spatial
correlation decreases more rapidly. If we desire to estimate the spatial correlation between
two sites, a = 0.091 would be used if the response is log(PM2.5). If instead, the response
is log(PM2.5) after removal of the temporal variation as estimated by our semiparametric

model, then a = 0.22 in the exponential model for correlation.
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Residual Correlations Relative to UTEP and Chamizal
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Figure 8.5: log(PM2.5) residual correlations relative to UTEP (red) and Chamizal
(blue). The dashed line is the exponential model for the correlations
of log(PM2.5). The solid line is the exponential model for residual
correlations.

8.3 Kriging

8.3.1 Traffic Data

Traffic is believed to be a major contributor to PM2.5 levels. Figure 8.6 shows the mean of
log(PM2.5) for 2007 plotted against the VMT’s of a 1 km buffer radius for sites A, D, F,
H, I, J, and K for 2007. A least squares line is also shown in the solid line, along with the
grand mean of all the means of the sites. As you can see the relationship here is not very
strong. This may be due to the fact that there are other local contributors to PM2.5 such

as power plants, an oil refinery and the adjacent Ciudad Juarez, Mexico. Since VMT did
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not explain much variation in log(PM2.5), we did not pursue using it as an explanatory

variable for the spatial variation of log(PM2.5).
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Figure 8.6: VMT in 2007 at a 1 km buffer radius for sites A, D, F, H, I, J, and K
shown on the x-axis and the mean of log(PM2.5) for each site on the
y-axis. The black line is the least squares line, while the red line is the
mean of the site means.

8.3.2 Kriging of the Residuals

We have shown that we can model the temporal mean log(PM2.5) at an unmonitored site
as a function of meterological and time covariates. Next, kriging the residuals from IDW for
prediction of log(PM2.5) will be used to take into account the spatial covariance between

an unmonitored site (site D, J or K) and a monitored site (UTEP [F] and Chamizal [H]).
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Simple kriging is used because it is assumed that the residuals from IDW have a known

mean of 0. We define the matrix and vector of covariances

SFF  SFH
Sra =
SFH SHH

8y = <5iF 5iH> for sites i = D, J and K.

We also define the vector

where er and ey are the vector of residuals for the UTEP and Chamizal sites, respectively.

The kriged estimates for the unmonitored locations are given by
Z(i) = 2PV (i) + sl puSpy BT, forsites i =D, J and K. (8.1)

We can obtain kriged estimates for sites D, J and K at days when measurements are avail-
able for the UTEP and Chamizal monitoring sites. Figure 8.7 shows the kriged estimates
for sites D, J and K on days for which Garcia took measurements (in blue) and on days
which TCEQ has measurements (in green). Equation (8.1) was used to obtain these pre-
dictions that take into account both spatial and temporal variation of log(PM2.5). The
covariances used in equation (8.1) were those obtained from the residual correlations re-

ported in Tables 8.5 and 8.6, and the residual variances reported in Table 8.7.
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Figure 8.7: The observed log(PM2.5) as recorded by Garcia (2010) is shown in
black. Displayed are log(PM2.5) predictions obtained from equation
(8.1) for TCEQ days (green) and Garcia (2010) days (blue).

The relative root mean square prediction errors for days when Garcia has measurements
are shown in Table 8.8. As shown in Table 8.8 the kriged estimates have the lowest relative
root mean squared prediction errors in all sites D, J and K. This improvement is most
likely attributed to the fact that kriging takes into account the spatial correlation between

the monitored sites (UTEP and Chamizal) and the unmonitored sites (D, J and K).
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Table 8.8: Relative root mean squared prediction errors for sites D, J and K.
Method D J K

UTEP Model 0.38 0.31 0.48
Chamizal Model 0.37 0.33 0.49
IDW 0.33 0.33 0.46

Simple Kriging 0.18 0.22 0.41

The Simple Kriging estimates obtained in Table 8.8 employed the data-based corre-
lations and variances of residuals. However, we could estimate the correlations between
residuals using the exponential model. To do this we also have to estimate the variance of
the residuals for sites D, J and K. A natural choice for this variance is the average of the
UTEP and Chamizal residuals. Using the estimates for correlations between UTEP and D,
J and K residuals and between Chamizal and D, J and K residuals, and using the average
of the UTEP and Chamizal residuals variance, we applied (8.1). The results are listed in
Table 8.9. As you can see the relative root mean square prediction errors are about the
same as the IDW predictions. This result is not suprising because they are both weighted
estimates based solely on distance, whereas the simple kriging estimates are based on the

data.

Table 8.9: Relative root mean squared prediction errors for sites D, J and K.
Method D J K

UTEP Model 0.38 0.31 0.48

Chamizal Model 0.37 0.33 0.49

IDW 0.33 0.33 0.46

Simple Kriging 0.18 0.22 0.41

Simple Kriging via the Exponential Model 0.37 0.38 0.47
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8.4 Summary

The approach for prediction of log(PM2.5) at unmonitored locations considered in this
thesis is unique in that it used a combination of semiparametric models to explain temporal
variation combined with simple kriging to account for spatial correlation. This allows us to
obtain a better estimate of personal PM2.5 exposure. For example, this procedure allows
us to predict PM2.5 exposure at a particular school within El Paso, and thereby study the
impact of PM2.5 exposure on children’s health.

A challenge for this research was using data collected using different monitoring tech-
nologies (FRM and dichotomous samplers) that were measured on different dates. Also,
the dichotomous samplers of Garcia (2010) collected weekly averages of PM2.5, whereas
FRM measurements recorded by TCEQ are daily average PM2.5 measurements. The me-
teorological covariates pertained to daily measurements to match the TCEQ data. Garcia
(2010) was the best available data for estimation of correlations used in kriging. Other traf-
fic variables may also serve to improve estimation of log(PM2.5) by kriging, for example
Johnson et al. (2010) considered distance to a petroleum facility in a land use regression

model.
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