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Abstract. Biological calls attract and repulse each other: if they get
too close to each other, they repulse, and if they get too far away from
each other, they attract. There are empirical formulas that describe the
dependence of the corresponding forces on the distance between the cells.
In this paper, we provide a theoretical explanation for these empirical
formulas.

1 Formulation of the Problem

Biological calls interact. Biological cells attract and repulse each other. For
each type of cell, there is a certain distance R; at which there is no interaction.

— When the cells get closer to each other than this threshold distance, i.e.,
when the distance r between the cells becomes smaller than R;, then the
cells repulse each other.

— On the other hand, if the two cells deviate further away that the threshold
distance Ri, they start attracting each other.

As a result of these two forces, the cells stay at the same — biologically optimal
— distance from each other.

Empirical formulas describing interaction between the cells. According
to [2,3,5], the interaction force f between the two cells at a distance r has the
following form:

1 1
— when r < Ry, we have f = —k; - ( — R) - e, where r is the length of the
r 1
r
vector r (i.e., the distance between the cells) and e 4"~ is the unit vector
T

in the direction r;
— when r > Ry, we have f = ko - (r — Ry) - e.
Formulation of the problem. How can we explain these empirical formulas?

What we do in this paper. In this paper, we provide a theoretical explanation
for the above empirical formulas.
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2 Analysis of the Problem

Qualitative requirements. We want to find the dependence f(r) of the inter-
active force f on the distance r between the two cells.
To find such a dependence, let us consider natural requirements on f(r).

Monotonicity. The larger the difference between the actual distance r and the
desired distance Ry, the larger should be the force. Thus:

— the repulsion force should increase when the distance r decreases, while
— the attraction force should increase as the distance r increases.

It should be mentioned that the empirical formulas satisfy this property — i.e.,
the corresponding dependencies f(r) are monotonic.

Analyticity. This is a general phenomenon in physics, that all dependencies
in fundamental physics are described by analytical functions, i.e., by functions
which can be expanded in Taylor or, more generally, by Laurent series; see, e.g.,
[4]. For functions of one variable, this means that we must have

f(ry=ap4+ar-r+ay-m+. .. +a_ - v fa o r 4. ..

In fundamental physics, this phenomenon is usually explained by the need to
consider quantum effects: quantum analysis means extension to complex num-
bers — and analytical functions are, in effect, differential functions of complex
variables; see, e.g., [4].

Again, it is worth mentioning that both empirical formulas — the formula cor-
responding to r < R; and the formula corresponding to » > R; — are analytical.

Tidal forces. The main objective of the forces between the two cells are to keep
the cells at a certain distance. This motivates the direct effect of the forces:

— when the cells are two close, the repulsion force will make move apart, while
— when the cells are too far away from each other, the attraction force will
make them get closer.

However, with this direct effect, there is also an undesired side effect, caused
by the fact that cells are not points. As a result, different parts of the cell
have slightly difference force acting on them. So, in addition to the overall force
that makes the cell move in the desired direction, we also have tidal forces that
make the parts of the cell move with respects to each other — i.e., make the cell
compress or stretch.

In general, the tidal forces are proportional to the gradient of the force field

of d]
(see, e.g., [4]), i.e., in this case, to the derivative F(r) def —f

From the biological viewpoint, tidal forces are undesirable, so they should be
as small as possible.
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Scale invariance. Physical laws are formulated in terms of the numerical values
of physical quantities. However, these numerical values depend on what measur-
ing unit we select to describe this quantity.

For example, if we first measure distances in meters, and then start using
centimeters instead, then all the numerical values get multiplied by a factor of
100. In particular, 2 m becomes 200 cm.

In most fundamental physical laws, there is no physically preferred unit. In
such situations, it make sense to require that the physical law not depend on the
choice of the unit.

Of course it does not means that all the formulas remain unchanged if we
simply change the measuring unit of one of the quantities. Usually, if we change
the unit of one of the quantities, then we have to accordingly change the units
of related quantities. However, after an appropriate re-scaling of all the units,
all the formulas should remain the same.

In precise terms, scale-invariance of the dependence b = B(a) between two
quantities a and b means that for every A, there exists a u(A) such that if we
change a to ¢’ = X-a and b to V' = () - b, the dependence remain the same: if
b = B(a), then we should have V' = B(d’), i.e., u(\) - b= B(\- a).

For the dependence of the force itself of the distance, there is clearly no scale-
invariance: indeed, in this case, there is a special distance R; at which the force
is 0. However, for the tidal force F(r), interestingly, there is scale-invariance:
namely, F(r) ~ r~2 for small » and F(r) = const for large r; both are scale-
invariant formulas.

Now, we are ready to describe our result.

3 Definitions and the Main Result

The above properties take the following form:
Definition 1.

— By a force function, we mean a function f(r) from positive numbers to real
numbers.

— We say that a force function unction f(r) is analytical if it can be expanded
in Laurent series

f(r):a0+al‘T+a2'T2+...—|—a,1'r71+a72.r*2+“.

— We say that a force function is monotonic-at-0 if for sufficiently small r, its
absolute value increases as r decreases.

— We say that a force function is monotonic-at-oo if for sufficiently large r,
its absolute value increases as r increases.

— By a tidal force function corresponding to the force function f(r), we mean

d
its derivative F(r) = —f
— We say that a tidal force function is scale-invariant if for every A > 0, there

exists a p(N) for which, for all r and a, a = F(r) implies that u(\) - a =
F\-r).
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Next, we should describe the property that the tidal forces should not grow too
fast.

Definition 2. Let f(r) be an analytical monotonic-at-0 force function f(r), let
F(r) be its tidal force function, and let F(r) be scale-invariant. We say that F(r)

grows fast if there exists another analytical monotonic-at-0 force function g(r),
F
with scale-invariant tidal force function G(r), for which GET; — 00 asr — 0.
T
Definition 3. Let f(r) be an analytical monotonic-at-co force function f(r), let
F(r) be its tidal force function, and let F(r) be scale-invariant. We say that F(r)

grows fast if there exists another analytical monotonic-at-co force function g(r),
F
with scale-invariant tidal force function G(r), for which GET; — 00 asr — 0.
T
Proposition 1. Fvery analytical monotonic-at-0 force function f(r) for which
the tidal force function F(r) is scale-invariant and does not grow fast, has the

form f(r) = 2 for some ¢y and c;.
r

Proposition 2. Every analytical monotonic-at-co force function f(r) for which
the tidal force function F(r) is scale-invariant and does not grow fast, has the
form f(r) =co-r+cy for some cy and c;.

Discussion. These are exactly the empirical formulas that we wanted to explain.
Thus, we have a theoretical explanation for these formulas.

4 Proofs

1°. Let us first see what we can conclude from scale-invariance of the tidal force
function F'(r). By definition, this scale-invariance means that

The function F(r) is analytical, thus smooth. For smooth functions, every
function F(r) with this property has the form F(r) = ¢ - r® for some constants
c and a; see, e.g., [1].

This fact is easy to prove. Since the function F(r) is smooth, the function

FX-
(), which is equal to the ratio of two smooth functions p(\) = 1(:,(;), is
T
also smooth. Differentiating both sides of the equality F(A-7) = u(X\) - F(r) by
d
A and taking A = 1, we conclude that r - — = « - F', where « def 24 .
dr dX|a=1

By moving all the terms containing r to one side and all the terms containing
F to another side, we conclude that d? =a- % Integrating both sides, we
get In(F(r)) = a - In(r) + C, for some integration constant C. Thus, for F(r) =
exp(ln(F(r))), we get F(r) = c-r®, where ¢ %ef exp(C).
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2°. Since the force function f(r) is analytical, its derivative is also analytical.
Thus, a should be an integer.
For o = —1, integration of the above expression for F(r) would lead to

f(r) = ¢In(r), which is not an analytical function. Thus, o # —1, and integration
of F(r) leads to f(r) = co - r°+! + ¢;, where ¢y %< —Cf— 1
o

3°. Monotonicity-at-0 implies that a +1 < 0, i.e., that that « +1 < —1 and
a < —2. For a < =2, we could take g(r) = r~! with G(r) = —r~2 and thus,
gg:; ~ :ﬁ = "2 From o < —2, it follows that o + 2 < 0, hence ZE:;
r*t2 5 o0 as r — 0. So, all the cases when a < —2 correspond to the tidal force
function that grows fast. The only case when this function does not grow fast is
the case a = —2, which leads to f(r) =co-r~! +c1.

~

4°. Similarly, monotonicity-at-co implies that a+1 > 0, i.e., that that a+1 > 1
and a > 0.
: F(r)
For o > 0, we could take g(r) = r with G(r) = 1 and thus, GO
a>0,r* — oo asr— 00. So, all the cases when « > 0 correspond to the tidal
force function that grows fast. The only case when this function does not grow

fast is the case o = 0, which leads to f(r) = co - 7 + ¢1.
The Propositions are proven.

~ r®. From
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