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Abstract

To describe the state of the world, we need to describe the values
of all physical quantities. In practice, due to inevitable measurement
inaccuracy, we do not know the exact values of these quantities, we only
know the sets of possible values for these quantities. On the class of such
uncertainty-related sets, we can naturally define arithmetic operations
that transform, e.g., uncertainty in ¢ and b into uncertainty with which
we know the sum a + b.

In many applications, it has been useful to reformulate the problem in
purely algebraic terms, i.e., in terms of axioms that the basic operations
must satisfy: there are useful applications of groups, rings, fields, etc.
From this viewpoint, it is desirable to be able to describe the class of
uncertainty-related sets with the corresponding arithmetic operations in
algebraic terms. In this paper, we provide such a representation.

Our representation has the same complexity complexity as the usual
algebraic description of a field (such as the field of real numbers).

1 Formulation of the Problem

Need for intervals (and more general sets): a brief reminder. To
describe the exact state of the world, we need to know the numerical values
of the corresponding physical quantities. Some of the quantities can only take
values from a given discrete set: e.g., the electric charge must be proportional
to the smallest possible charge. However, for most physical quantities, all real
numbers are possible values.

In practice, we rarely know the exact value a of a physical characteristic; due
to inevitable measurement uncertainty, we only know a set of possible values;
see, e.g., [5]. In many cases, all we know is the measurement result @ and the
upper bound A on the absolute value of the measurement error @ — a. In this
case, all we know about the actual (unknown) value a of this quantity is that it
belongs to the interval [a — A,a + A].



In some cases, the set of possible values of a quantity is more complex than
2
v
an interval. For example, if we have measured the kinetic energy m - — of a
1-D particle with some accuracy but we do not know the particle’s direction,
then the possible values of the velocity v form a union of two disjoint intervals
[T, —v] U [v, 7] for appropriate values v and v.

Algebraic operations on intervals and sets. Once we know the intervals
(or, more generally, sets) A and B of possible values of quantities a and b, then
we can conclude that the set of possible values of the sum a + b is the set

A+BY¥ {a+b:ac A&be B}. (1)

Similarly, the sets of possible values of the difference a — b and product take the
form

Adeéf{afb:aeA&bEB}; (2)
A-BY{a-b:acAkbe B). (3)

For the inverse a~!, the set of possible values exists only when 0 ¢ A:
AL {a™t:ac A} (4)

For the case of intervals, these formulas form interval arithmetic; see, e.g., [2, 4].
These operations can be considered for more general sets as well.

It is desirable to have an algebraic description. Often, it is useful to have
an algebraic description of a class of mathematical objects. When we know that
the properties of this class are described by a few axioms, it is sometimes easier
to find a proof based on these axioms. There are many practical examples of
such efficiency based on axioms describing groups, rings, fields, etc.; see, e.g.,

[1].

Formulation of our problem: first approximation. From this viewpoint,
it is desirable to come up with an algebraic description of interval (and set)
uncertainty.

Let us start with a known algebraic description of real numbers. Most
algebraic properties of the set of real numbers are captured by describing it as
a field, i.e., as a set with two constants 0 and 1 and two operations — addition
+ and multiplication - — which are commutative, associative, distributive, and
have the properties that a + 0 = a, a - 1 = a, and that every non-zero element

a has a multiplicative inverse a~!.

How complex is this description? A natural way to describe the complexity
of a general formula is by counting the number of quantifier changes; see, e.g., [6].
The simplest formulas are the ones with no quantifiers at all, such as 0+ 1 = 1.
Next in complexity are formulas with only universal or only existential quan-
tifiers, such as
Va¥b(a+b=b+a)



and
VaVbVe(a+ (b4 ¢) = (a +b) + ¢).

The class of all formulas described by only universal quantifiers is usually de-
noted by II;. Formulas from this class describe most properties of the field like
commutativity, associativity, and distributivity.

The only property that requires more quantifier changes is the property that
every non-zero element has an inverse:

Va(a#0— 3b(a-b=1)),

or, equivalently,
Vadb(a#0—a-b=1).

The class of all such formulas is denoted by Ils.

It is desirable to come up with a description of set arithmetic that will have
the exact same complexity. Thus, we arrive at the following formulation of the
problem.

Final formulation of the problem. It is desirable to come up with a Il
description of set arithmetic, i.e., of the class of non-empty subsets of a field
which contains all the one-point sets and which is closed under above-defined
operations of set addition, set multiplication, and (when applicable) set inverse.

What we do in this paper. In this paper, we present such a description.

In our description, we will use known results. In this description of set
arithmetic, we will use the main ideas behind a similar description of interval
arithmetic; see, e.g., [3] are references therein.

2 Analysis of the Problem

Let us start with a definition.

Definition 1. Let F be a field. By a set arithmetic, we mean a class C of
non-empty subsets of F' which contains all one-point sets and which is closed
under set addition (1), set subtraction (2), set multiplication (3), and — for sets
A F 0 — set inverse (4). On this class, we have elements 0 (= {0}), 1 (= {1}),
and operations A+ B, A- B, and A™'.

How can we characterize one-point sets. Suppose that we have the class
of the subsets which is appropriately closed. How can we then select points —
i.e., one-point sets? The answer follows from the following simple lemma.

Lemma 1. For every set arithmetic C, a set A € C is a one-element set if and
only if there exists A’ € C' for which A+ A’ = 0.

Proof. If A = {a}, then we can take A’ = {—a}. Vice verse, if A is not a
one-element set, i.e., if the set A contains two different points a; # as, then for



each a’ € A’, the set A+ A’ contains two different elements a; + a’ and as + a’
and thus, the set A+ A’ cannot be equal to the 1-point set 0 (= {0}).

How can we describe that a point A belongs to the set B? Such a
characterization is also easy to describe:

Lemma 2. When A = {a}, then a € B if and only if the set B — A does not
have an inverse.

Proof. Indeed, a € B if and only if 0 € B — a = B — A, and this is indeed the
only condition under which the set B — A does not have an inverse.

Now, we are ready to formulate our main result.

3 Main Result

Notation. Let us denote the condition that the inverse A~! is defined by
D(A™Y).

Proposition. For a set C with constants 0 and 1, everywhere defined operations
A+ B, A— B, A+ B, and a partially defined operation A™1, the following two
statements are equivalent to each other:

o clements of the set C' can be represented as non-empty subsets of a field
with operations (1) — —(4), so that one-point sets are all elements of the
class C;

e the following 115 statements hold:

VAVA'YBVYB'3C' (A+ A =0&B+ B =0) = (A+B)+C' =0). (
VAVA'VBYB'3C' (A+ A =0&B+B' =0)—» (A-B)+C' =0). (
VAVA'YBYB'3C' (A+ A =0&B+B' =0) = (A-B)+C' =0). (7
VAVA'3C' (A+ A =0&D(A™Y)) - A7+ ' =0). (
VAVA'VBYB' (A+A' =0&B+B' =0) - A+ B=B+A). (
VAVA'VBVYB' (A+A' =0&B+B =0)—-A-B=B-A). (10
VAVA'YBYB'YCVYC' (A+A'=0& B+ B =0&C+C' =0) —

A+(B+C)=(A+B)+0). (11)
VAVA'YBYB'YOVYC (A+ A =0& B+ B =0&C + C' = 0) —

A-(B-C)=(A-B)-0). (12)
VAVYA'YBYB'YOVYC (A+ A' =0& B+ B =0&C + C' = 0) —

A-(B+C)=A-B+A-Q). (13)

VAVA'VBYB'YOVC' (A+ A =0&B+B =0&C +C' =0) —



(A+B=C & C—-A=B)). (14)

VAVA (A+ A" =0& A #0) — D(A™Y)). (15)
VAVA'VAVBVYB'VB; (A+ A'=0&B+ B =0&

D((A1 = A)™)&D((Br = B)™)) = D((Ai + B1) = (A+B))™")).  (16)
VAVA'VAVBVB'VB; (A+ A =0& B+ B =0&

D((A1 =A™ &D((B1 — B)™)) = D((A = B1) = (A= B))™")).  (17)
VAVA YA VBYB'VB; (A+ A =0&B+ B =0&

D((Ar = A) ) &D((B1—B)™Y) = D((A-Bi1) = (A-B))™1).  (18)

VAVA'YA, (A+ A =0& D((A; — A)"H&D(ATY) —

(DA™ & D(A;" — A7), (19)
VAL VB YCYC! (C + C' = 0& D((Ay + By) — C)~1)) —
JA3A'3IBIB (A+ A ' =0&B+ B =0&C = A+ B)). (20)
YALYBYOYC! (C+ C' = 0& D((A1 — By) — C) 1)) —
JAIA'IBIB (A+ A =0&B+ B =0&C = A— B)). (21)
VA, VB VOVC! (C+ C' = 0& D((A1 - By) — C)~ 1)) —
JA3A'3IB3AB (A+ A =0& B+ B =0&C = A- B)). (22)
VAL YOVC' (C+C' =0& D(A7" — C) 1) —
JATA (A+ A =0&C = A1), (23)

VAVB(A# B —303C" (C+C' =0&
(D(A=C)")&=-D((B-C)" )V (-D(A-C)")&D((B-C)™)). (24)
VA(A+0=A). (25)
VA(A-1=A). (26)

Proof. If C is the class of subsets of a field F', then properties (5)-(8) means that
when applied to 1-point sets (elements), arithmetic operations lead to 1-point
sets. The properties (9)-(13) means that for elements, addition and multiplica-
tion are commutative, associative, and distributive. The property (14) means
that for one-point elements, subtraction is defined in terms of addition, and the
property (15) means that every one-element set different from 0 has an inverse.

The property (16) means that if a € A; and b € By, then a+b € A1+ Bj;. The
properties (17)-(19) describe similar properties for subtraction, multiplication,
and inverse.

The property (20) means that if an element ¢ belongs to A; 4+ By, then it can
be represented as a + b for some elements a € A; and b € By. The properties
(21)-(23) mean the same for other arithmetic operations.



The property (24) means that if two objects are different, this means that
there is a point that belongs to only one of them.

Finally, (25) and (26) are the usual properties of 0 and 1.

Vice versa, let us assume that we have a class C' with constants 0 and 1 and
with operations A + B, A- B, and A~! that satisfy the properties (5)-(24).

Let F' denote the set of all the objects A for which A+ A’ = 0 for some A’.
Then, due to the properties (5)-(8), the set F' is closed under the arithmetic
operations. The properties (9)-(13) imply that on the set F', addition and
multiplication are commutative, associative, and distributive. The property (14)
implies that on the set F, subtraction is defined in terms of addition, and the
property (15) implies that every one-element set different from 0 has an inverse.
The properties (25) and (26) are usual properties of 0 and 1. Thus, the set F'
is a field.

To every element A € C, we can then assign the set of all the elements B
for which D((A — B)™1). Due to the property (24), different elements from C
correspond to different sets.

The properties (16)-(19) imply that for each arithmetic operation ©®, if a €
Ay and b € By, then a ©b € A; ® By. The properties (20)-(23) imply that,
vice versa, that if an element ¢ belongs to A; ® By, then it can be represented
as a ® b for some elements a € A; and b € B;. Thus, the set corresponding to
A ® B is indeed the set of all possible values a ® b where a € A and b € B.

The proposition is proven.
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