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Abstract: In this paper, we investigate the multi criteria group decision making with intuitionistic
linguistic preference relation. The concept of Fuzzy Collective Solution (FCS) is used to evaluate
and rank the candidate solution sets for modeling under linguistic assessments. Intuitionistic
linguistic preference relation and associated aggregation procedures are then defined in a new
concept of Fuzzy Pareto Solution. Numerical examples are presented to demonstrate computing
procedures. The results affirm efficiency of the proposed method.

Keywords: Fuzzy Collective Solution; Fuzzy Pareto Solution; Group Decision Making;
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1. Introduction

Group decision making (GDM) is useful to evaluate and judge the best solution
among alternatives through a social group. GDM, in a fuzzy environment, contains four
steps (Herrera, Herrera-Viedma & Verdegay, 1996): i) unifying evaluations from
experts; ii) aggregating their opinions to a final score for each alternative represented by a
linguistic label (Chen & Hwang, 1992; Cheng, 1999; Delgado, Verdegay & Vila, 1992;
Fodor & Roubens, 2013; Herrera & Herrera-Viedma, 1997; Hwang & Lin, 2012); iii)
ranking the labels; and iv) selecting the preferred alternative by group decision. It has
been the fact that using linguistic labels makes experts’ judgment more reliable and
informative than using numeric scores. Fuzzy Collective Solution (FCS) is widely used to
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evaluate and rank the candidate solution for a model under linguistic assessments. The
existing algorithms for FCS provided the tool for aggregation in GDM with intuitionistic
preference relations.

Intuitionistic fuzzy set (IFS) is an extension of Zadeh’s fuzzy set (1965) characterized
by a membership and a non-membership function (Atanassov, 1986, 1999). In many
complex decision making problems, the decision can be represented by IFS for better
modelling of imprecise and uncertain data. Recently, some researchers applied IFS to
GDM. Gau and Buehrer (1993) introduced the vague set, which is an equivalence of IFS.
Hong and Choi (2000) developed approximate techniques for multi-attribute decision
making using minimum and maximum operators. Szmidt and Kacpzyk (2002) proposed
the intuitionistic fuzzy core and consensus winner in group decision making with
intuitionistic (individual and social) fuzzy preference relations. Xu and Yager (2006)
developed the intuitionistic fuzzy weighted geometric operator, fuzzy ordered and fuzzy
hybrid geometric operator extending the traditional and ordered weighted geometric
operator in the environment where given arguments are represented by IFSs.

Our contribution for GDM with intuitionistic preference relation is the new approach
using the Pareto solution of the optimization theory and some aggregation procedures
based on FCS to solve the model. This paper is organized in 8 sections with the first
section is the introduction. Section 2 briefly reviews group decision making model and
Low-operator. Section 3 introduces the concept of Fuzzy Collective Solution. Some
computing algorithms for FCS of the multi-criteria problem are given in the Section 4. In
section 5, intuitionistic linguistic preference relations are defined. Section 6 is devoted to
a new concept of Fuzzy Pareto Solution (FPS) and some aggregation procedures for the
FPS in the problems with intuitionistic linguistic preference relations. Section 7 shows an
example to illustrate the approach. The final section is conclusion of this paper.

2. A group decision making model

2.1. A GDM model under linguistic
In this paper, let us consider the following model under linguistic assessments. Assume
X = {Xl, Xy e Xn} is a finite set of alternatives and E ={e, ..., em} is a finite set of

experts. We assume that there exists a distinguished person, say the manager, who
assigns an important degree  W(e, ) = W(K) for each expert such that 0<w(k)<1,

and ka(k) =1.
Let S= {St, t :1,...,T} be a finite and totally ordered linguistic-labels set. Assume

that each expert exeE provides his/her opinions on X by mean of a linguistic preference
relation p, : X x X — S, where Py (i, J) = p(X,X;) €S, represents the

linguistically assessed preference degree of alternative x; over x;. For example, we
consider the following linguistic labels S [12]:
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S={l,EU ,VLC, SC, IM, MC, ML, EL, C}
where they are trapezoidal fuzzy numbers on [0,1].

I Impossible (0, 0,0, 0);

EU  Extremely-unlikely (0.00, 0.01, 0.02, 0.07);
VLC Very-low-chance (0.04, 0.10, 0.18, 0.23);
SC  Small-chance (0.17,0.22, 0.36, 0.42);
IM  It- may (0.32, 0.41, 0.58, 0.65);
MC  Meaningful-chance (0.58, 0.63, 0.80, 0.86);
ML  Most-likely (0.72,0.78,0.92, 0.97);
EL  Extremely-likely (0.93,0.98, 0.99, 1);

C Certain (1,1,1,1),

2.2. A modification of LOWA operator

Yager (1998) defined the ordered weighted averaging (OWA) operator. The LOWA
operator is based on OWA and the convex combination of linguistic labels (Llamazares,
2007). However, in many real cases, the weights of experts were not considered. Thus,
we are concerning the aggregation problem in which the weights of experts are unknown.
Definition 1. Let a = {ai, ..., an} be a set of linguistic-labels to aggregate, and b is the
associated ordered labels vector, i.e. b = {aim, @im-1), ..., air}, such that  aim > aim-1)
> ... 2ai1.

The Low operator is defined as

Low(a, w) = C {(W,,a,), (1—W,,, Low(a’, w)) €
where w= [wy, ..., Wp], is a weight vector such that, w; € [0,1] and X,w; =1,
a’={@im-1), -» Qit}, W={Wim-1), - Wit), Wi = Wil(1- Wim) . 2
C is the convex combination operator of 2 labels s;, si, j > i with w;>0, wi>0, wj+w; =1,
C{(wi,8y)-(wi,i)} = sk ©)

where k = i +round( w;.(j-i)), where round is the usual round operator.

2.3. Multi-criteria group decision making model

In our model, assume that there is a finite set of criteria: C= {C4, C», ..., CL}. Respect to
each criterion C;, each expert ex €E provides his/her opinions on X by mean of a
linguistic preference relation

Py i XxX =S, where py(i, j)=py(X,X;) €S (4)
is the linguistically assessed preference degree of alternative x; over x;. Moreover, assume
that there are important weights of criteria {B, I=1,2,..., L}, such that 0< B, <1, and ZiB
=1
In our model we assume that p,, : X x X — S is soft-recipodal in the sense:

() Py (i,1) =S;,,, forall i=1,...,n (5)
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(i) P (i, J) =S then Py (J,1) <870 Q)
Let {pk,k :1,...,m} be  linguistic = preference  relations. For  every
G,j), i=4..n,j=1...,n , and for each S;€S, we define
W [s]= D (W0 p G ) =, - @)

This value is the sum of individual importance degrees of experts, who coincide to assign
the linguistic label S; as preference value of the alternative X; over alternative X; .

In the next section, we will define the concept of Fuzzy Collective Solution (FCS) and
apply to evaluate and to rank the alternatives set.

3. Fuzzy Collective Solution

3.1. Notions

The concept of fuzzy collective solution is similar to the concept of aggregated
dominance degrees of alternatives. For each pair (xi,X;), the linguistic dominance degree
is defined by

E(x;,X;) = Low(S,U) (8)
where U =[ur,...,u;], U, =W, [s] for t=1....T. ©)

Definition 2. The fuzzy collective solution (FCS) is a fuzzy set on the alternatives set
X

FCS ={ fcs(x)/ x,, fes(x,)/ X,, .., fes(x,) /%, } (10)
where the membership degree of the alternative x; is calculated as follows:
fes(x,) = Low(S,V) (11)

where V =[Vr ...,V ], for t=1,., T, v, :#{j ; E(xi,xj):st}/n—l . (1)

3.2. Aggregated Fuzzy Collective Solution

Now, we give a notion for aggregation of FCS in multi-criteria decision making
problems. Suppose that for each criterion C;, we obtained the corresponding fuzzy
collective solution:

FCS, ={fcs, (x)/ X,,..., fes,(x,) /%, }  1=1,2, .., L.

Definition 3. The aggregated fuzzy collective solution (aFCS) is a fuzzy set on the
alternatives set X

aFCS ={afcs(x,)/ x,, afes(x,)/ X,,...,afcs(x,) / X, } (13)
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where the membership degree of the alternative X; is calculated as
afes(x) =Low(S,U,),  i=l,...,n (14)

where Uy =[ Uy ool | U =3 {2 fos(x) =5}, t=1,..T (15)
Note that aFCS is a type-2 fuzzy set on X.

4. Some computing procedures using FCS

In the following computing procedures, we use the linguistic preference relations
{p,, k=1..,m, 1 =1.., L}, the experts’ important weights {W(k) e € E} , such

that 0<w(k)<1, and zkw(k)=l and the criteria’s important weights

{ﬁ,, 1=1..., L}, such that 0< S <1 , and Zlﬁ, =1. Now we consider some

computing procedures using FCS for the model.
Algorithm 1:

Step 1.

1a. For each criterion Cy, using {p,,, K =1,...,m} and  the weights {W(k) ‘e € E}
calculate the linguistic dominance degrees E = [E, @, j)] = [E(Xi , Xj)], i
,j=1,...n (16)

where 106 %j) = Low(S,U,), Uy =[Up s Uy | an

where Uy =W (8) =D _{W(k): py (i, J) =5}, t=1..T (18)
k
1b. Using the E; = [E, (%, X; )] , calculate the fuzzy collective solution

FCS, ={ fcs, (%) /%, fc5,06)/ %,.,..., fes (x,)/ %, } (19)

as in the Definition 2.

Step 2. Using the {FCS,, 1=1.., L} and the important weights {,Bl, 1=1..., L} ,
calculate the aggregated fuzzy collective solution (aFCS)
aFCSs ={afcs(x,)/ x,, afcs(x,)/ X,,...,afes(x,) / X, } (20)

as in the Definition 3.

Step 3. Classify the set of alternatives X into subsets
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X, ={x: afes(x)=s}, with t=1,..,T (21)
Rank the non-empty sets X, < Xt. iff t <t ,and therefore, the solution is the set

X+, where t"=max{t: X, =#d,s, €S}.

Algorithm 2:
Step 1. For each criterion C,, calculate the linguistic dominance degrees as in (16).

E =[EI (xi,xj)] ,ij=l...n, I=1,..,L

Step 2.

2.a. Using {E,, | =1,..., L} and the important weight {ﬂ,, 1=1.., L}, calculate the
totally social opinion relation: Q = [q(i, J)] = [q(xi , Xj)], i,j=1,..n (22)
where q(X;, Xj) =Low(S,U,), U, =[un,...,uql] (23)
where U =WiT(s) =D {4 1 E (i, J) =8}, t=1..T (24)

2.b. Calculate the fuzzy collective solution according to the totally social opinion
relation Q

FCSo ={ feso (%) /%, fes5 (%) %y, s, (%,)/ %, | (25)

as in Definition 2.
Step 3. Classify the alternative set X into subsets

X, ={x: fosy(x) =5}, t=1,..T (26)
and choose the solution as in the step 3 of the Algorithm 1.

Algorithm 3:
Step 1.

la. For each expert €, using {p,,l=L...,L} and the important weights

{ﬁl, 1=1..., L}, calculate the relatively dominance degrees Fk according to expert

€k as
F :[Fk(i,j)]:[Fk(xi,xj)], Li=l...n
where F*(x,x.)=Low(S,U") (27)

where U =[uy,...,uy] where uy =" {1 py(i, J) =5}, =1..T (28)

1b. Using FX, calculate the fuzzy evaluation FEX according to the expert ex
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FE* ={fe" (%) /%,,.... fe*(x,)/ X, } (29)
with the membership degree of the alternative x; is calculated as
fe*(x) =Low(S,V,), i=I....,n (30)

where V, =[V;,...v,], V; =Hj FA (6, %) =5, ) # i}‘/ﬂ—l,tzl,...,T (31)

Step 2. Using the fuzzy -evaluations {FEk,kzl,...,m} and the weights

{W(k) ‘e € E} , calculate the aggregated fuzzy evaluation (aFE), which is a fuzzy set

on the alternatives set X:

aFE ={afe(x)/x,....afe(x,)/ x,} , (32)
as in Definition 3.
Step 3. Classify the set of alternatives X into subsets

X, ={x: afe(x)=s}, t=1,..T (33)

and choose the solution as in the step 3 of the Algorithm 1.
5. Intuitionistic Linguistic Preference Relation

5.1. Intuitionistic Fuzzy Sets

Definition 4 (Atanassov, 1986). Let Y be a universe of discourse. Then an intuitionistic
fuzzy set (IFS)

A={((ua (V. va (Y Y)|y Y} (34)
is characterized by a membership function £, :Y —[0,1],and a non-membership
function v, :Y —[0,1], with the condition 0< g, (y)+v,(y)<lforall yeY,
where the numbers ,(Yy) and v,(Y)represent, respectively, the degree of
membership and the degree of non-membership of the element y to the set A.
Definition 5 (Xu, 2007). Let X = {)(1, Koy e Xn} . An intuitionistic preference relation
B onthe set X is represented by a matrix:

B =[bij]nxn wherely = {(1(%, %;),v(%, X)) /(X X;)} . foralli, j =1,2,...,n (35)
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where £4; = £4(X;, X;) €[0,1] is the preference degree of X; in comparing with X; and
v, =v(%,X;) €[0,1] is the non-preference degree of X; in comparing with X; .

In [33], Xu supposed that  z4; = £4(X;, X;) and v;; =v(X;,X;) satisfy the following
condition:

O0<ug+vy <1, py=vy, vy =g, H;=v; =05, forall i,j=12,.,n.
(36)

Next, we will define the intuitionistic linguistic preference relation and will present a new

approach to solve the group decision problems with intuitionistic linguistic preference
relations.

5.2. Intuitionistic linguistic preference relation

Definition 6. Let X :{Xl, X2,...,Xn} be an alternatives set. Let S be a finite and
totally ordered linguistic labels set: S= {s:, t=1,..., T} where T is an odd number. An

intuitionistic linguistic preference relation P on X is a matrix

P=]p; o

[ ”J“Xn where p; ={(,u(xi,xj),v(xi,xj))/(xi,xj)},for all i,j=12,...,n
(37)
where g4 = (X, X;) €S s the linguistic preference degree of X; in comparing
withX; and v =v(xi,xj) €S s the linguistic non-preference degree of X; in

comparing with X;.

Definition 7. (Soft-reciprocal condition) An intuitionistic linguistic preference relation
P onthe set X is said to be soft-reciprocal if

7 =,u(Xi,Xj)ZSE,then o =,u(Xj,Xi)<SEandvij =v(Xi,Xj)<SE ,
2 2 2

forall i, j=1,2,...,n(38)

Note 1. This condition on preference relation is much weaker than other supposed
conditions in the papers on decision making problems using preference relations. For
example see (Xu, 2006).

6. Fuzzy Pareto Solution

In our approach, we need the Pareto Solution concept of Optimization Theory (Tuy,
1998).
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6.1. Pareto Solution in Optimization Theory

LetD#D et f:D—R" beareal function, i.e. for each X € D,
We have f(x) =(f,(x), f,(x),..., fj(x),..., f. (X)) . (39)

Definition 8 (Pareto Solution). Consider the following optimization problem
f(x) — mMax

subjectto X € D.
A X* e D is a Pareto solution, if there not exists X'€ D such that
fOxX*)<f(x) and f(x*)=Tf(x),ie, (40)
for any x'e D, if f;(x*) < f;(X) for some j, then there is k # j such that
f (X)) < f . (x*).

A generalization of this concept is the following.

6.2. Generalized Pareto Solution

Let D=, S, fori=12..,n betotally ordered sets, S =95,xS,x...xS_

(41)
Let g:D—S beamapfrom D to S.
For each XeD, g(x) =(9,(X);--,9;(X),---, 9, (X)) - (42)
Definition 9. (Generalized Pareto Solution)
A X* e D is ageneralized Pareto solution if there not exists X' € D such that
g(x*) <g(x) and g(x*)=g(x).ie, (43)
forany X' € D, ifg;(X*) < g;(X’) for some j, then there is k # j such that
gy (X)) < g, (X¥). (44)

We will see that this new definition is a useful concept in the group decision making
problems with intuitionistic linguistic preference relations.

6.3. Fuzzy Pareto Solution

Definition 10. (Fuzzy Pareto Solution)

Let X = {Xl, X5y eeny Xn} be an alternatives set. The evaluation information of the expert

e, about XiisalFSon X

(P 09, PEOD M (PO RSOV,
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Let S;,S, be totally ordered linguistic-label sets.

Suppose that there is an aggregated evaluationmap g : X — S xS,

900 ={(9u (%), 8 (/% s (G (%), Gy () 1%, - (45)
Foreach X, € X, i=1,....n
g(x) =(agy (%),9,(x)) isa linguistic IFS on X,
where g, (%) €S, is the first membership degree and g, (X;) €S, is the second

membership degree. A X* € X is an Fuzzy Pareto Solution (FPS ), if there not exists
X"e D such that:

gu (x)<gu(x) and g, (x)<g,(X), or (46)

gu () <g,(x) and g, (x)<g, (X). 47)
In the case that S, =S, =S is a linguistic labels set defined as in Section 1, FPS is a
type-2 IFS.

6.4. Some aggregation procedures

We consider the following multi-criteria problem:
Given the alternatives set X ={X,X,,..., X, } - Given the criteria set {C,,C,,...,.C,}-

The expert set E={e,..,e,}with their importance{w(k):e €E} such that
0<w(k)<1,
and Zk w(k) =1.Given criteria’s important weights {,6'1, B, ...,,BL} such that

0<p <1 ,and ZI,B, =1.

The linguistic labels set:

S={s;=1,5,=EU,s5;=VLC,s, =SC,s; =IM,s; =MC,s, =ML, sg =EL,sy =C}
We assume that each expert exeE provides his/ her opinions on X by mean of
intuitionistic linguistic preference relations

Py =(M,V,), k=1..m, I=1..L (48)

satisfying the soft-reciprocal condition.
The linguistic preference relations are:

My :|::uk| (Xi'Xj):I’ fori,j=1..n py (Xi’xj) €S (49)
and the linguistic non-reference relations are

Vk,:[vk,(x.,x.)], fori, j=1..,n, v,(%,X,)€S, (50)
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We have to evaluate and to choose the solution sets based on the given intuitionistic
linguistic preference relations. Using the algorithms in Section 4, we present three
aggregation procedures for FPS.
Aggregation procedure 1:
Step 1.
1.1.a. For each criterion Ci, using p,=(M,,V,), k=1..,m and the weights
{w(k):e, eE},
calculate the linguistic dominance degrees:

Ey (%, X)) =Low(S,Uyy) - i,j=1,....n (51)

where U,, is calculated as (18) with Pa =My

1.1.b. For each criterion C,, using the relation E,I\,I , calculate the FCS according to
each criterion C
FCSy, ={ fes, (%) %,.... fosy, (%,)/ %}, I=1,.., L (52)

as in Definition 2.
1.2.a. For each criterion C,, calculate the linguistic non-dominance degrees:

Ey (%, %) =Low(S,Uy,) > i,j=1,...,n (53)

where U,, is calculated as (18) with p,, =V, .

1.2.b. For each criterion C,, using the relation = , calculate the FCS according to each
criterion C
FCS, ={fes) (%) /X,..., fosy (x,)/%,}, =L L (54)

as in Definition 2.

Now we obtain Intuitionistic Fuzzy Evaluation
IFE' ={(fes}, (x), fos, (x))/ %,,... (fosy (x,), fos) (4.)) /%, } - (55)

Step 2
Using the {(FCS,,,FCS;),1=1..,L} and the important weights {4, z,,... .}
calculate the aggregated fuzzy collective solutions (aFCS):

aFCs,, ={afcs,, (x,)/x, ..., afcs,, (x,)/x,} and (56)

aFCs, ={afcs, (x)/x,, ..., afcs, (x,)/x, } (57)
as in Definition 3.
Finally, we obtain Aggregated Intuitionistic Fuzzy Evaluation (alFE):

aIFE:{(afcsM (x)/x,afcs, (x)) ..., (afcs,, (x,)/ x., afcs, (xn))} (58)
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Using alFE, we choose Aggregated Fuzzy Pareto Solution (aFPS) of the problem.

Aggregation procedure 2:
Step 1.

For each criterion Ci, using p,=(M,,V,), k=L..,m and the weights
{w(k):e, eE},
calculate the linguistic dominance degrees:

Ea (%, X;) =Low(S,Uyy) » i,j=1,...n (59)

where Uw is calculated as (18) with Pa =My .
Calculate the linguistic non-dominance degrees:

Ey (%, X)) =Low(S,Uyy) . i,j=1...n (60)

where U, iscalculated as (18) with  py =V, .

Step 2.

2.a. Using the relations of linguistic dominance degrees {Eﬁ,l,...,E,bl} and the

important weights [ = {ﬁl, ey ,B,_} , calculate the totally social opinion relation

Q. :[qM(xi,xj)] i,j=1..,n (61)
Where  q, (xi,xj)z Low(S,UqM), UqM :[un,...,uqJ (62)
where Uy =W(s,) =Y {4 B (i) =5}  =L.T (63)

Using the relations of linguistic non-dominance degrees {EleVL} and the

important weights S ={/,,..., 8_} , calculate the totally social opinion relation

Q =[qv(xi,xj)], i,j=L1..,n (64)
Where & (5,%) =Low(S,Ug,) U, = Ugrs-ons Uy | (©5)
where Uge =Wi,-“(st)=2.{ﬂ| LB G, j):St}’ t=1,..T. (66)

2.b. Using Qy,,Q, . calculate the fuzzy collective solution according to the totally
social opinion relations

FCS,, ={fcs,, (4)/%,..., fes,, (%,)/x,} and 67)

FCSq, ={ fos,, (4)/ %, fes, (%,)/ %, } (68)
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as in Definition 2
From (67,68) we obtain Intuitionistic Fuzzy Evaluation

IFE, ={(fos,, (%), fes, (%)) %,....(fes,, (x,), fes, (%)%, ] (69)
Using IFEq , we choose FPS of the problem.

Aggregation procedure 3:
Step 1. For each expert e, for k=1,...,.m, use p, =(M,,V,), I=1..,L,andthe

weights B={4,,.... B_} . calculate F (X, X;)=Low(S,Uy,) (70)
where Uy =[uq,....u], where,u =>" {4 :M,,(i, j) =s } t=1....T, (71)
and the fuzzy evaluation  FEY, ={fef\ (x)/x,,..., fey (x,)/ %} k=1...m

where  fef, (x) =Low(S,V,"). (72)

where V& =[v;,...,v,], for t=1,..T , vtij:F,\'j (Xi,Xj)=St,j¢i}‘/n—1

(73)
as (31) with F* =F%.
Analogously, calculate R (%, %;) = Low(S,Uy), (74)
where Uy =[u,...,u ], where u = > {£:V,, (i, ) =5} t=1,...T, (75)

and the fuzzy evaluation ~ FE! :{fej(xl)/xl,..., fe'v‘(xn)/xn} k=1,...m (76)
where  fell (%) =Low(S,V*) , Vi =[v;,....v,] .

v, =Hj RS, X)) =S, ;ti}‘/n—l , t=1,...T

as (31)with F*¥ =F) .

Step 2. Using the fuzzy evaluation {(FE,‘\(,I JFE¥), k=1,..., m} and the weights {w(k):

exeE}, calculate the aggregated fuzzy evaluation (aFE):

aFE,, ={afe, (x)/x, ..., afce, (x,)/x,} andaFE, ={afe, (x)/x, ..., afe, (x,)/x,} ~ (77)
as in Definition 3.
Then we obtain Aggregated Intuitionistic Fuzzy Evaluation (alFE):

alFE = {(afe,, (x,),afe, (x))/ X,,..... (afe, (x,),afe, (x,))/ %,}. (78)
Using alFE, we choose aFPS of the problem.
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7. A numerical example

We consider the following multi criteria GDM problem with intuitionistic linguistic
preference relations:

The alternatives set: X ={x,%,,X;, X, } -
The expert set: E ={e,,e,,e,} with their importance w={0.2, 0.5, 0.3}.

The set of criteria: C = {Cl, Cz,Ca} with their importance weighs /8 ={0.35,0.4,0.25} .
The linguistic labels set:
S={s,=I,5,=EU,s,=VLC,s, =SC,s; =IM,s; =MC,s, =ML,s; =EL,s, =C}

The intuitionistic linguistic preference relations are relations

P =(M,.V,), k=123 1=123 (79)
where My =[ 10 (%, %) ], 1,j=1,2,34 (80)
Vi=[va0x) ] i j=1234 (61)

are given in the Appendix.

7.1. Computing with the aggregation procedure 1

Stepl.
Step 1.1. Computing for criterion C,
1.1.a. Use the linguistic preference relations

IM ML MC EU IM MC MC EU IM MC MC EU
M- SC IM MC EU M. SC IM SC EU " SC IM SC EU
71sCc SC IM EU “71sc MC IM EU “7lsc MC IM EU

ML IM EL IM ML IM EL IM ML IM EL IM

Calculate the linguistic dominance degrees:
Ey (6. %;) = Low(S,Uy,), ij=123,4 asin (51).
Ew (4, %) = Low((ss), (1)) = s5 = IM.
Epr (%, %) = Low((sg, 57, S5), (0.2,0.5,0.3)) = C {(0.5,5), (0.5, Low((s5), (1))}
=C{(0.5,5;),(0.5,5)} =S¢ 1.9),
k(@,2)=6+round((0.5).(7-6)) =6+1=7 =54, =5;=ML.
Exy (%, X3) = Low((s7, S5, 5), (0.2,0.5,0.3) =C{(0.2, 5), (0.8, Low((s5), (1)}

=C {(0-2, $7),(0.8, 56)} = Sk(1,3)
K(L3) =6+round((0.2).(8-6)) =6+0=6 =85z =S = MC.
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Ep (%, X4) = LOW((S,, S5, 5,),(0.2,0.5,0.3) =C {(0.2, 5,), (0.8, Low((s,), (1))}
=C{(0.2,5,),(0.8,5,)} =s, =EU.

Ep (X, %) = LOW((S;,54,54),(0.2,0.5,0.3)) =C{(0.2,5,),(0.8,5,)} =, = SC.

Epr (X2, %) = LOW((S5, S5, S5), (0.2,0.5,0.3)) = C {(0.2,55), (0.8, 55) } = 55 = IM.

Epy (X, X3) = LOW((S4, S5, 54), (0.2,0.5,0.3)) = C {(0.5, 55), (0.5, Low((s, 5), 1))}
=C{(0.5,5),(0.5,5,)} = Sy (2.3

k(2,3)=4+round((0.5).(6-4)) =4+1=5 =53 =5%=IM _

Eb (X5, %,) = Low((S3,S,,5,),(0.2,0.5,0.3)) =C {(0.2,55),(0.8, Low((s,, s,), (1)}
=C{(0.2,5;),(0.8,5,)} =S¢ (2.4,

k(2,4)=2+round((0.2).3-1))=2+0=2 =54 =S, =EU .

EL (%, %) = LoW((S3,5,,5,),(0.2,0.5,0.3)) = C {(0.5,5,), (0.5, Low((s,, 33), (3/5,2/5))}
=C{(0.5,54),(0.5,5,)} =s, =SC.

EL) (X Xg) = LOW((Sg. S4.5), (0.2,0.5,0.3)) = C {(0.2, 55), (0.8, Low(sg. S,), (3/8,5/8))}

=C{(0.2,5),(0.8,55)} =S(3.2) =S5 = IM.
since
Low((sg,S4),(3/8,5/8)) =s,, k=4+round((3/8).(6-4))=4+1=5 =5, =55

E,%,, (X3, X3) = Low((Ss, S5, S5),(0.2,0.5,0.3)) =C {(0.2, S5),(0.8, 55)} =5=IM.

En (X, %) = LOW((S,,5,,5,),(0.2,0.5,0.3) =C {(0.2,5,), (0.8, Low((s,), (1)}
=C{(0.2,5,),(0.8,s,)} =5, =EU.

Epr (X4, %) = Low((Sg, S7,57),(0.2,0.5,0.3)) = C{(0.2, 5, (0.8, Low((s;), (1)) }
=C{(0.2,%),(0.8,5,)} = S¢(41)

k(4,1)=7+round((0.2).8-7))=7 =S4y =S;=ML.

Epr (X4, %) = LOW((S5, S5, S5), (0.2,0.5,0.3)) = C {(0.2, 55), (0.8, Low((S5), (1)}
=C{(0.2,55),(0.8,55)} =55 = IM.

Exr (X4, %3) = LOw((s7, g, Sg), (0.2,0.5,0.3)) = C{(0.3,55), (0.7, Low((sg, 7). (5/8,2/8))}

=C{(0.3,5),(0.7,8) } = Sy a1y

since

Low((sg,S7),(5/7,2/7))=s,, k=7+round((5/7).8-7))=7+1=8 =5, =54
k(4,3)=8+round((0.3).(9-8)) =8 =543 =S =EL.
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Epy (X4, X4) = Low((Sg, Ss, S5), (0.2,0.5,0.3)) =C {(0.2,s5), (0.8, 55) } = 85 = IM We

obtain the linguistic dominance degrees for criterion C; :
IM ML MC EU
o SC IM IM EU| (82)
M lsc IM IM EU
ML IM EL IM

Calculate the FCS by Definition 2.

fesy (x,) = Low((s;, S5, 5,), (1/3,1/3,1/3) =C{(1/3,5;),(2/3, Low((Sg, ,), (0.5,0.5)) }
=C{(1/3,5;),(2/3,5,)} =5y,
since

Low((S,$,),(0.5,0.5)) =5, ., k' =2+round((0.5).(6-2)) =2+2=4 = S, =Sa
k=4+round((1/3).(7-4))=4+1=5 =s =5=IM.

fcs,l\,I (x,) = Low((Ss,4,S,),(1/3,1/3,1/3)) =C {(1/3, S5),(2/3), Low((s,, S,), (1/2,1/ 2))}
=C{(1/3,55).(2/3,35)} =S5y,
since

Low((ss,8,),(0.5,0.5)) =s.., k =2+round((05).(4-2))=2+1=3 =5 =5
k=3+round((1/3).(5-3))=3+1=4 =5, =5,=SC.

fesy () = Low((Ss, S4,S,), (1/3,1/3,1/3)) = C{(1/3,s5),(2/3, Low((S4, S,), (1/ 2,1/ 2))}
=C{(1/3,55),(2/3,55)} =s, = SC.

fesy (X4) = Low((s;, S5, Sg), (1/3,1/3,1/3)) = C {(1/3), 55,2/ 3.Low((s;, S5), (0.5,0.5)}
=C{(1/3,5),(2/3,56)} =5y,
since

Low((s;,55),(0.5,0.5)) =5, , k' =5+round((0.5).(7-5)) =5+1=6 = S, =S

k=6+round((1/3).(8—6))=6+1=7 =5, =S, =ML.

We obtain FCS for criterion C;.

FCS;, ={IM/x,, SC/x,, SC/X;, ML/ X,} . (83)

1.1.b. Use the linguistic non-preference relations

SC SC VLC VLC SC EU VLC SC SC SC SC SC
v EU SC VLC EU v - EU SC VLC EU v EU SC SC EU
1M sC SC sC Z7IVLC MC SC VLC| * |EU sC sC |

EU SC VLC SC EU EU VLC SC EU SC | SC
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Calculate the linguistic dominance degrees using non-preference relations:

Ey (%, X)) =Low(S,Uyy) , 1,j=1234 asin(53).

Ey (%, %) = Low((s;,84,54),(0.2,0.5,0.3)) =C{(0.2,5,), (0.8, Low((s,), (1)}
=C{(0.2,5,),(0.8,5,)} =5, =SC.

Ev (X, %) = Low((s4, S5, 54),(0.2,0.3,0.5)) = C{(0.2,5,), (0.8Low((s, S, ), (3/8,5/8))}

= C {(02, 54), (08, 83)} = Sk(1,2) y
since

Low((s4,8),(3/8,5/8)) =5, ., k'=2+round((3/8).(4—-2))=2+1=3 =S, =53
k(,2) =3+round((0.2).(4-3)) =3+0=3 =535 =S3=VLC
Ey (%, X3) = Low((s3, S3,54),(0.3,0.5,0.2)) = C {(0.3,5,), (0.7Low((s4, S3), (2/ 7,5/ 7)) }

=C{(0.3,5;),(0.7,55)} =s3 =VLC,
since
Low((sy,3),(2/7,5/7)) =5, Kk =3+round((2/7)(4-3)=3+0=3 =5 =5

Ev (%, X4) = Low((s3,54,54),(0.2,0.5,0.3) =C {(0.5,,), (0.5Low((s,, S3), (3/5,2/5))}

since
Low((s,,S3),(3/5,2/5)) = S, k' =3+round((3/5).(4—3))=3+1=4 = S =54

El (X, %) = Low((s,,S,,5,),(0.3,0.5,0.2)) =s, = EU

Ev (X, %) = LOW((S4,54,54),(0.2,0.5,0.3) =C{(0.2,5,), (0.8, Low((s,), (1))}
=C{(0.2,5,),(0.8,5,)} =s, = SC.

Ev (Xp, %) = Low((S3, S5, 54), (0.2,0.5,0.3)) = C {(0.3,5,), (0.7Low((s5), (1)) }
=C{(0.3,5,),(0.7,83)} = 8 (2.3),

k(2,3) =3+round((0.3).(4-3)) =3+0=3 = s5,(p3 =S3=VLC _

EL (%, %,) = Low((s,,5,,5,),(0.3,0.5,0.2)) =s, = EU

Ey (X5, %) = Low((S5, S3,S,), (0.2,0.5,0.3)) = C{(0.2, 55), (0.8LOW((S3, S,), (5/8,3/8))}

= C {(02, 54), (08, 53)} = Sk(3’1),
since
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Low((s3,sz),(5/8,3/8)):sk., k' =2+round((5/8).(3-2))=2+1=3 =S, =S

I'(.(3,1) =3+round((0.2).(5-3))=3+0=3 = Sk(31) =S3 =VLC .

Ey (X3, Xo) = LOW((S4, Sg,S4),(0.2,0.5,0.3)) = C {(0.5, 5), (0.5Low((s,), (1))}
=C{(05,5),(0.5,5,)} = S(3.2)

k@3,2)=4+round((0.5).(6-4)) =4+1=5 =53, =S=IM .

Ey (X, Xs) = LOW((S4, 54, 54),(0.2,0.5,0.3)) = C {(0.2,5,), (0.8, Low((s,), (D)}
=C{(0.2,5,),(0.8,5,)} =5, =SC.

Ey (X5, X4) = Low((s4, 85, 5),(0.2,0.5,0.3)) = C {(0.2,5,), (0.8Low((s3, 5,), (5/8,3/8))}
=C{(0.2,5,),(0.8,5,)} = S(3.),

since

Low((s3,s;),(5/8,3/8)) = S, k' =1+round((5/8).(3-1))=1+1=2 = S, =S
k(3,4)=2+round((0.2).(4-2))=2+0=2 =S54 =S, =EU .

Ey (X, %) = LoW((s;,5,,5,),(0.3,0.5,0.2)) =5, = EU

EL (X4, %) = LOW((S4,55,54),(0.2,0.5,0.3) =C{(0.2,5,), (0.8LOW((,, 5,), (3/8,5/8))}
=C{(0.2,5,),(0.8,53)} = Sy (a.):

since

Low((s4,5,),(3/8,5/8)) =5, k' =2+round((3/8).(4-2))=2+1=3 = S, =S3
k(4,2) =3+round((0.2).(4-3)) =3+0=3 =S4 =S =VLC.

Ey (X4, X3) = LOW((S3, S5, 5,),(0.2,0.5,0.3)) =C{(0.7,55),(0.3,5)) } = S (4.3,
k(4,3)=1+round((0.7).3-1)) =1+1=2 =43 =S, =EU

E& (X4, X4) = Low((s,,54,54),(0.2,0.5,0.3)) =C {(0.2, S4),(0.8, Low((s,), (1))}
=C{(0.2,5,),(0.8,5,)} =s, =SC.

We obtain the linguistic dominance degrees using non-preference relations for criterion
Cu
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SC VLC VLC sSC

_|EU sc wvic EU (84)
VLC IM SC EU
EU VLC EU SC

Calculate the FCS as in (54).
fesy (%) = Low((s,, S5), (1/3,2/3)) =C {(1/3,54),(2/3,55)} =5,

k=3+round((1/3).(4-3))=3+0=3 =5, =5; =VLC.
fesy (X,) = Low((ss, S, ), (1/3,2/3)) =C {(1/3,55),(213),5,)} =5,
k=2+round((1/3).(3—2))=2+0=2 :>sk=52=EU_

=

fesy (¥3) = Low((S3, S5, S,), (1/3,1/3,1/3)) = C{(L/3,55), (2/ 3, Low((S5, S,), (1/ 2,1/ 2))}
=C{(1/3,55),(2/3,55)} =5y,
since
Low((ss,S,),(0.5,0.5)) = S k'=2+round((0.5).(3-2)) =2+1=3= S, =S3
k=3+round((1/3).(5-3))=3+1=4 =5, =5,=SC.
fesy (x,) = Low((ss, S, ), (1/3,2/3)) =C{(1/3,53),(2/3,5,)} =5,
k=2+round((1/3).3-2))=2+0=2 =5, =s,=EU .

We obtain FCS using non-preference relations for the criterion Cy.
FCS&z{VLC/Xl, EU/XZ,SC/XS,EU/X4}. (85)

Finally, we obtain IFE for the criterion C;.
IFE' ={(IM,VLC)/x, (SC,EU)/x,,(SC,SC)/ x,, (ML, EU)/ x,}, (86)
and Fuzzy Pareto Solution (FPS) for criterion Cy is X, .

Step 1.2. Computing for criterion Co.

1.2.a. Use the linguistic preference relations

IM MC ML IM IM ML MC MC M IM MC MC
VLC IM SC SC SC IM IM SC SC IM MC IM

M, = "M, = "My, =
VLC SC IM EU VLC SC IM SC VLC SC IM VLC

SC IM MC IM SC MC MC IM SC SC IM IM
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Calculate the linguistic dominance degrees:

Em (%, %) =Low(S,Uy,) . ij=1234 (87)

Upz =[Upr,. Uy ], with Upe = Wi (5) = D_{W(k) : My (i, ) =8¢}
K

t=1,...,T (88)

EZ (xl., ¥;) = Low((Ss, S5, S5), (0.2,0.5,0.3)) =C {(0.2, s5), (0.8, Low((s5,1) } = S5 = IM.

Ey (%4, %) = Low((s;, 55, 55), (0.5,0.2,0.3)) = C {(0.5,5), (0.5, Low((s5, 55 ).(2/5,3/5))}
=C{(0.5,5;),(0.5,55)} =S¢ (1.0

since

Low((Sg,S5),(2/5,3/5)) = S k' =5+round((2/5).(6-5)) =5+0=5= S. =S5
.k(J, 2) =5+round((0.5).(7-5)) =5+1=6 = s5,4, =5 =MC |
Em (X, X3) = Low((s;, Sg, S¢), (0.2,0.5,0.3)) = C {(0.2, 5,), (0.8, Low((Sg), (1))}
=C{(0.2,5,),(0.8,5)} = S¢1.3)
k@®3)=6+round((0.2).(7-6))=6+0=6 =513 =5=MC .
Em (X0 %) = LOW((S5, S5, S), (0.2,0.5,0.2) = C {(0.8,5), (0.2,55) } = S 1.4
k(1,4) =5+round((0.8).(6 -5)) =5+1=6 =, 4y =S = MC .
EZ (X, %) = Low((S3,54,5,),(0.2,0.5,0.3)) =C {(0.8,5,),(0.2,85)} = Sk(21) |
k(2,1) =3+round((0.8).(4—3)) =3+1=4= 5,55y =5, =SC
E,\Z,I (X,, X5) = Low((ss, S5, S5),(0.2,0.5,0.3)) =C {(0.2, s5),(0.8, Low((s5,1)} =5 =IM.

EZ (X, %3) = Low((S,, S5, 55),(0.2,0.5,0.3)) =C {(0.3,55),(0.7, Low((ss,S4), (5/7,2/ 7))}
=C{(0.3,5),(0.7,55)} = Sy 2.3

Low((Ss,S,),(5/7,2/7)) = S k' =4+round((5/7).(5-4)) =4+1=5
k(2,3)=5+round((0.3).(6-5))=5+0=5 =5,,3 =5%=IM.
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Em (X2, X4) = LOW((s;, 84, 5),(0.2,0.5,0.3)) = C {(0.3, 55), (0.7, Low((s,), (1))}
=C{(0.3,55),(0.7,55)} = Sy (2.4)-

K(2,4)=4+round((0.3).(5-4) =4+0=4 =S54 =5, =SC
Ex (X3, %) = LOW((S3, S5, 3), (0.2,0.5,0.3)) =C {(s5), (1)} =53 =VLC.
En (X3, %) = Low((S4,54,54),(0.2,0.5,0.3) =C{(s,), ()} =5, = SC.
Ex (X3, %) = LOW((Ss, S5, S5), (0.2,0.5,0.3) = C {(0.2,55), (0.8, Low((s5, 1)} = 55 = IM.

Ef (X3, %) = Low((S,,$,,55),(0.2,0.5,0.3) =C {(0.5,5,),(0.5)Low((s3,,)(3/5,2/5))}
=C{(0.5,5,),(0.5,5;)} = S (3.4)-

since

Low((s3,,),(3/5,2/5)) =s,., k =2+round((3/5).(3-2)) =2+1=3
k(3,4)=3+round((0.5).(4-3)) =3+1=4 =>5;(34) =5, =5C

Ex (X4, %) = Low((s4,54,54),(0.2,0.5,0.3)) =C{(s,), (1)} =5, = SC.

Em (X4, %) = LOW((S5, S5, 4), (0.2,0.5,0.3)) = C {(0.5,54), (0.5)Low((s5, S, )(2/5,3/5))}
=C{(0.5,54),(0.5,5,)} = Sk(4.2)-

since

Low((Ss,S,),(2/5,3/5)) = S, k' =4+round((2/5).(5-4))=4+0=4
k(4,2)=4+round((0.5).(6-4))=1+1=5 =S54, =S=IM.

EZ (X4, %) = Low((S5, S, S5 ), (0.2,0.5,0.3) = C {(0.7,55),(0.3,55) } = 5g = MC.

EZ (X4, X4) = Low((ss, S5, S5),(0.2,0.5,0.3)) =C {(0.2,55),(0.8, Low((s5,1) } =55 = IM.

We obtain the linguistic dominance degrees for criterion C,, :

IM MC MC MC
£2 _ sC IM IM SC | (89)
2=

VLC SC IM SC

SC SC MC IM
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Calculate the FCS

fess (%) = Low((sg), (1)) = S5 = MC .

fcs,f,I (X,) = Low((S5,8,), (1/3,2/3)) =C((1/3,5),(2/3,54)} =5y,
k=4+round((1/3).(5-4)) =4+0=4 =5, =5,=5SC

fesgy (%g) = Low((S, S5), (2/3,1/3)) =C{(2/3,5,),(1/3,55)} = 5.,
k=3+round((2/3).(4-3)) =3+1=4 =>s, =5,=SC

fesdy (X,) = Low((Sg, S4), (1/3,2/3)) = C{(1/3,55), (2/3,5,)} =5,
k=4+round((1/3).(6—-4))=4+1=5 =5, =55=IM

and the FCS FCS, ={MC/x,, SC/X,, SC/X;, IM/X,} . (90)

1.2.b. Use the linguistic non-preference relations

SC VLC SC EU SC EU VLC VLC SC SC VLC EU
v _|sc ¢ mowiely, IM SC VLC sC v, - IM SC VLC SC
275lMc sc sc Mc| ® |IM SC SC VLC| ® |sc sC SC sC
MC MC VLC SC SC VLC VLC SC MC SC SC SC

Calculate the linguistic non-dominance degrees:

E\f(xi,xj):Low(S,Uvz) , for ij=1,...4 (91)
Uy =[Ugr e Up Jwith Uy =W (5) = D_{W(K) 1V, (i, j) =5, } for each
k
t=1,...T (92)

EJ (%, %) = Low((S4,54,54),(0.2,0.5,0.3)) = C {(0.2, 5,), (0.8, Low((s,), (1))}
=C{(0.2,5,),(0.8,5,)} =s, = SC.

EJ (X, %,) = Low((s3, 55, 54),(0.2,0.5,0.3)) = C{(0.3,5,), (0.7, Low((s;,5,),(2/ 7,5/ 7)}
=C{(0.3,5,),(0.7,5,)} =S¢ (2.1

since

Low((s3,8,),(2/7,5/7)) =s,., k =2+round((2/7).(3-2)) =2+0=2,
kL,2)=2+round((0.3).(4-2)) =2+1=3 = Sy(p5) =S3 =VLC.
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EJ (%, X3) = Low((S4, S5, S3),(0.2,0.5,0.3) =C{(0.3,s,),(0.7) Low((s5)(1))}
=C{(0.3,5,),(0.7,85)} =S 1.3).

k(@3) =3+round((0.3).(4-3)) =3+0=3 =513 =S3 =VLC.
EJ (%, X4) = Low((s,,5,5,),(0.2,0.5,0.3)) = C {(0.5, 53), (0.5) Low((s,) (1)) }
=C{(0.5,5;),(0.5,5,)} =S¢ (1.4

k(,4)=2+round((0.5).3-2)) =2+1=3 =544 =S3=VLC.

EJ (X, %) = Low((s,, S5, S5), (0.2,0.5,0.3)) = C {(0.5, s5), (0.5) Low((ss, 54)(3/5,2/5))}
=C{(0.5,55),(0.5,55)} =s5 = IM,

since

Low((Ss,S,),(3/5,2/5)) = S, k' =4+round((3/5).(5-4)) =4+1=5.

E2(X,,%,) = LOW((S,, 54, 5), (0.2,0.5,0.3)) =C {(0.2,5,), (0.8, Low((s,), (1)}
=C{(0.2,5,),(0.8,5,)} =5, = SC.

EJ (X, X3) = Low((S5, S5, S3), (0.2,0.5,0.3)) = C {(0.2, s5), (0.8) Low((s,) (1)) }
=C{(0.2,55),(0.8,53)} = 5(2.9)

k(2,3)=3+round((0.2).(5-3)) =3+0=3 = S;(p3 =S3 =VLC.

E7 (X, X4) = LOW((S5,54,54),(0.2,0.5,0.3)) = C {(0.5,5,), (0.5) Low((S4, S5), (3/5,2/5))}
=C{(0.5,5,),(0.5,5,)} =s, =SC,

since

Low((s,,S3),(3/5,2/5)) = S, k' =3+round((3/5).(4—3)) =3+1=4.

E2 (X5, %) = LoW((Sg, S5,54),(0.2,0.5,0.3)) = C{(0.2, 55), (0.8) Low((S5, 5,)(5/8,3/8))}
=C{(0.2,5),(0.8,55)} = S (31-
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Since
Low((Ss,S,),(5/8,3/8)) = S k' =4+round((5/8).(5-4)) =4+1=5,

k(31 =5+round((0.2).(6-5)) =5+0=5 = 531y =S5 =IM.

E2 (X5, %) = LOW((S,,5,,5,),(0.2,0.5,0.3)) = C {(0.2,5,), (0.8, Low((s,), (1))}
=C{(0.2,5,),(0.8,5,)} =5, = SC.

E2 (X5, X3) = LOW((S;,54,5,),(0.2,0.5,0.3)) =C {(0.2,55,), (0.8, Low((s,), (1))}
=C{(0.2,5,),(0.8,5,)} =, = SC.

EJ (Xs, X4) = LOW((Sg, S3,54),(0.2,0.5,0.3)) = C{(0.2,55), (0.8) Low((s,,55)(3/8,5/8))}
=C{(0.2,5),(0.8,53)} = S (3.)-

since

Low((s,,S3),(3/8,5/8)) = S, k' =3+round((3/8).(4-3))=3+0=3,
EJ (%4, %) = LOW((S4, 54, 55), (0.2,0.5,0.3)) = C {(0.3,55), (0.7) Low((s,) (1))}
=C{(0.3,5),(0.7,5,) } = S(a1)-

k(4,)=4+round((0.3).(6-4)) =4+1=5 =54y =5=IM.
E7 (X4, %) = Low((s4, S5, 54),(0.2,0.5,0.3)) =C {(0.2,5,), (0.8) Low((s,, 53)(3/8,5/8))}
=C{(0.2,5,),(0.8,53)} = Sy (4.2)-

since

Low((s4,s3),(3/8,5/8)):sk|, k' =3+round((3/8).(5-4)) =3+0=3,
k(4,2) =3+round((0.2).(4-3)) =3+0=3 =S4 =3 =VLC.

E7 (X4, Xg) = LOW((S3, S5, 54),(0.2,0.5,0.3)) = C {(0.3,'5,), (0.7) Low((s5)(1)) }
=C{(0.3,5,),(0.7,53)} = S(4.3)-

k(4,3) =3+round((0.3).(4-3)) =3+0=3 = s5,(43 =53 =VLC.
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E2(X,, %) = LOW((S,,54.5,), (0.2,0.5,0.3)) =C {(0.2,5,), (0.8, Low((s,), (1)}
=C{(0.2,5,),(0.8,5,)} =, = SC.

We obtain the linguistic non-dominance degrees using {V12 Voo, ,V32} for criterion

C,:
SC VLC VLC VLC
EZ = IM sC VLC sC | (93)
IM SC SC SC
IM VLC VLC SC

Calculate FCS
fosg (%) = Low((Sy), (1)) =S5 =VLC

fes? (X,) = LOW((S5, S5, 55), (1/3,2/3)) = C{(1/3,55), (2/3, Low((s;, S5), (0.5,0.5))}

=C{(1/3,55),(2/3,54)} =5,
since
Low((s,,S3),(0.5,0.5)) = S k' =3+round((0.5).(4-3)) =3+1=4= S, =S4

I.<.:4+round((1/3).(5—4)):4+0:4 =S, =S, =SC.
fesg (Xg) = Low((Ss, S4),(1/3,2/3)) =C{(1/3,55),(2/3),8,)} =5
k=4+round((1/3).(5—-4))=4+0=4 :>sk=s4:SCI

fesg (X4) = LOW((S5, 4, 53), (1/3,2/3)) =C{(L/3,5),(2/3, Low((S4, S3), (0.5,0.5))}
=C{(1/3,55),(2/3,55)} =5y,

since
Low((s,,S3),(0.5,0.5)) = S k' =3+round((0.5).(4-3)) =3+1=4= S. =S4

k=4+round((1/3).5-4))=4+0=4 =5, =s,=SC.

We obtain FCS using non-preference relations for criterion C;
FCS\f={VLC/X1,SC/XZ,SC/XS,SC/X4}. (94)

Finally, we obtain IFE for criterion C,



26  Bui Cong Cuong, Vladik Kreinovich, Le Hoang Son, Nilanjan Dey

IFE? = {(MC,VLC)/ x,(SC, SC)/ %,,(SC, SC)/ %,,(IM,SC)/ %, }. (95)

and FPS for criterion Czis X; .

Step 1.3. Computing for criterion Ca.
1.3.a. Use the linguistic preference relations

IM MC ML IM M ML IM ML IM ML SC MC
v | ¢ M MC sC _(VLC MMM SC M MC M
7lyic sc M M| ® |sC MC sC sC B71IM SC IM  SC

SC MC SC IM VLC SC SC IM VLC SC IM IM

Calculate the linguistic dominance degrees

Em (%, X;) =LOW(S,Uy5) . i.j=1234 (96)

Upig =[Ugr . Uy ], with Uge =W (S0) = Y {W(K) 1 My5(i, ) =}
k

t=1,..T (97)

E3 (%, %) = Low((Ss, S5, S5), (0.2,0.5,0.3)) =C {(0.2,55),(0.8, Low((s5,1) } =55 = IM.

Ex (%, %) = Low((S5, 7, 57),(0.2,0.5,0.3)) = C {(0.5,57), (0.5, Low((s, Sg), (3/5,2/5))}
=C{(0.5,5;),(0.5,5;)} =s; = ML,

since

Low((s;,Sg),(3/5,2/5)) = S, k' =6+round((3/5).(7-6)) =6+1=7 = S, =S

Ep (%, X3) = Low((s;,S5,5,),(0.2,0.5,0.3)) = C{(0.2,5,),(0.8, Low((S5,5,)(5/8,3/8))}
=C{(0.2,5;),(0.8,55)} =Sy .3,

since

Low((Ss,S,),(5/8,3/5)) = S, k =4+round((5/8).5-4))=4+1=5= S, =S5,

k@ 3)=5+round((0.2).(7-5)) =5+0=5 =543 =5=IM
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Em (X, X4) = Low((s5, S7,57),(0.2,0.5,0.3)) =C {(0.5,s;), (0.5, Low((s;, S5), (3/5,2/5))}
= C {(05, 37), (05, SG)} = Sk(l,4)’

since
Low((s;,S5),(3/5,2/5)) = S, k' =5+round((3/5).(7-5)) =5+1=6 = S, = Se»

k(L 4)=6+round((0.5).(7-6))=6+1=7 =S4 =S, =ML |

Em (X2, %) = Low((s;, 85,5,),(0.2,0.5,0.3)) =C {(0.2,s,), (0.8, Low((s,, S3)(3/8,5/8))}
=C{(0.2,5,),(0.8,55)} = S (2.

since
Low((s,,S3),(3/8,5/8)) = S k' =3+round((3/8).(4-3)) =3+0=3= S, =S3
k(2,2) =3+round((0.2).(4-3)) =3+0=3 = Sy(p1) =3 =VLC

E3) (X5, %) = Low((Ss, S5, S5), (0.2,0.5,0.3)) =C {(0.2,s5),(0.8, Low((s5,1) } = 55 = IM.

E|§/| (X2, X3) = Low((Ss, S5, S5),(0.2,0.5,0.3)) =C {(0-2' 55, (0.8, Low((S5,55).(3/8, 5/8))}
=C{(0.2,5),(0.8,55)} = 5(2.3)

since

Low((sg,S5), (3/8,5/8)) = S, k' =5+round((3/8).(6-5)) =5+0=5= S, =S5

k(2,3) =5+round((0.2).(6-5)) =5+0=5 =553 =S5=1IM .

Em (X2, %4) = Low((s;, S5, 55), (0.2,0.5,0.3)) = C {(0.5, 5, (0.5, Low((s5, 5,)(3/5,2/5))}
=C{(0.5,55),(0.5,55)} =s5 = IM,
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since

Low((Ss,S,),(3/5,2/5)) = S, k' =4+round((3/5).5-4))=4+1=5= S, =S5

ES) (Xs, %) = LOW((S3,54, 55), (0.2,0.5,0.3)) = C {(0.3,55), (0.7, Low((S4, 5)(5/ 7,2/ 7))}
=C{(0.3,55),(0.7,5,) } = S (31,

since

Low((s,,S3),(5/7,2/7)) = S, k =3+round((5/7).(4—-3)) =3+1=4= S, =S4,

k(31 =4+round((0.3).(5-4))=4+0=4 = 5,33 =54 =5C.
E,‘f’,, (X3, Xy) = Low((S4,54,54),(0.2,0.5,0.3)) =C {(0.2, s4),(0.8, Low((s4,1)} =s, =SC.

Eny (X3, X3) = LOW((Ss, S5, 5), (0.2,0.5,0.3)) =C {(0.2, 55), (0.8, Low((Ss,1) } = 55 = IM.

EZ, (%, %) = LOW((Ss.5;,54),(0.2,05,0.3)) =C {(0.2,55), (0.8, Low((s,) )}
=C{(0.2,55),(0.8,5,)} = Sx(3.4):

k(3,4)=4+round((0.2).(5-4)) =4+0=4 =534 =5, =SC.
E,?,I (X4, %) = Low((s4,S3,53),(0.2,0.5,0.3)) =C {(0.2, s,), (0.8, Low((sS)(l))}
=C{(0.2,55),(0.8,53)} = S (41).

k(4,1) =3+round((0.2).(4—3)) =3+0=3 = S(41) =S3 :VLC.l

Ed (X4, %) = Low((Sg,S4.5,),(0.2,0.5,0.3)) =C {(0.2,55),(0.8, Low((s,)(1))}
=C{(0.2,5),(0.8,5,)} =S (4.2

k(4,2) =4+round((0.2).(6-4))=4+0=4 = 5,4, =5, =SC.

Em (X4, Xg) = LOw((s4, 54, 55),(0.2,0.5,0.3)) = C{(0.3, 55), (0.7, Low((s,)(1)) }
=C{(0.3,55),(0.7,5,) } = S(a.3)
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k(4,3) =4+round((0.3).(5-4)) =4+0=4 =543 =5, =SC.
Eny (X4, X4) = Low((ss, S5, S5), (0.2,0.5,0.3)) = C{(0.2,s5), (0.8, Low((s5,1) } = s5 = IM.

We obtain the linguistic dominance degrees

IM ML IM ML
_|vLC IM M IM . (98)

3
M7l sc sC IM SC
VLC IM SC IM

Calculate FCS by Definition 2.

fessy () = Low((s;,S5),(2/3,1/3)) =C {(2/3,5,),(1/3,55)} =5
k=5+round((2/3).(7-5))=5+1=6 =5, =5,=MC _

fessy (o) = Low((ss, s;),(2/3,1/3)) =C {(213,55),(1/3,53)} =5y,
k=3+round((2/3).(5-2))=3+1=4 =5s,=5,=SC .

fos, (%3) = Low((s,), 1)) = s, = SC.

fosy (%) = Low((ss, S4,83), (1/3,1/3,1/3)) =C {(1/3,s5),(2/3, Low((s,, S3),(0.5,0.5))} =

=C{(1/3,55),(2/3,54)} =,
since
Low((s,,S3),(0.5,0.5)) = S k' =3+round((0.5).(4-3)) =3+1=4= S, = Sa»

k=4+round((1/3).5-4))=4+0=4 =5, =5,=SC.
Weobtain  FCSy ={MC/%,SC/%,,SC/X5,SC/%,}. (99)

1.3.b. Use the linguistic non-preference relations

SC SC VLC SC SC VLC SC VLC SC VLC SC VLC
v _|SC SC sc sC|  ~_|IM SC VLC VLC v _|M sc scovic
1M VLC SC SC| ® |IM IM SC SC| ®7|sc SC SC IM
IM SC SC SC MC VLC VLC SC SC SC sC SC

Calculate the linguistic non-dominance degrees:
Ey (%, %;) =Low(S,Uy3) , ij=1..4. (100)
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Uys =[Usr ] ien —W (5,) = S {W(K) Vs iy 1) =5}
k

t=1,.., T. (101)
E3 (%, %) = Low((Sy, 54,54, (0.2,0.5,0.3)) = C {(0.2,5,), (0.8, Low((s,), (1)}
—C{(0.2,5,),(0.8,5,)} =5, = SC.

EJ (%, X,) = Low((s,, S5, 55),(0.2,0.5,0.3)) = C{(0.2, 5,), (0.8) Low((s5)(1)) }
=C{(0.2,5,),(0.8,53)} = S (1.2)-

K(L2) =3+round((0.2).(4-3)) =3+0=3 =8,y =S; =VLC.
E (%, X5) = Low((S3,5,,5,),(0.2,0.5,0.3)) = C {(0.5,,), (0.5) Low((s, 53)(3/5,2/5))}
=C{(0.5,s,),(0.5,5,)} =s, =SC,

since

Low((s,,S3),(3/5,2/5)) = S, k' =3+round((3/5).(4—3)) =3+1=4= S, =S4

E (%, X,) = LOW((;, 53, 55),(0.2,0.5,0.3)) = C {(0.2, 5,), (0.8) Low((s5) (1))}
=C{(0.2,5,),(0.8,53)} = 8¢ (1.0)-

K(L4) =3+round((0.2).(4-3)) =3+0=3 =84 =S; =VLC.

E3 (X, %) = Low((S;, 55, 55),(0.2,0.5,0.3)) = C {(0.5, 55), (0.5) Low((s5, 5,)(3/5,2/5))}
=C{(0.5,55),(0.5,55)} =55 = IM,

since

Low((ss,84),(3/5,2/5)) =5, k =4+round((3/5).(5-4)) =4 +1=5.

EJ (Xp, %) = Low((S4, 54, 54),(0.2,0.5,0.3) =C {(0.2,5,), (0.8, Low((s,), (1))}
=C{(0.2,5,),(0.8,54)} =5, =SC.
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Ey (X2, Xg) = LOW((S4, 55,54),(0.2,0.5,0.3) =C{(0.5,5,),(0.5,53) } = Sy (2.3).
k(2,3) =3+round((0.5).(4-3)) =3+1=4, = S,(53 =5, =SC.
EJ (Xp, %4) = Low((Sy, 53, 53), (0.2,0.5,0.3)) = C {(0.2,5,), (0.8)Low((s;) (D)}
=C1{(0.2,54),(0.8,53)} =S (2.)-

k(2,4) =3+round((0.2).(4-3)) =3+0=3 = S,(54) =53 =VLC.
EJ (X, %) = Low((Ss, Ss,54), (0.2,0.5,0.3)) = C {(0.2, 55), (0.8) Low((s5, 5,)(5/8,3/8))}
=C{(0.2,55),(0.8,55)} = S¢(31)-

since

Low((Ss,S,),(5/8,3/8)) = S k' =4+round((5/8).(5-4)) =4+1=5,

k(31 =5+round((0.2).(5-5))=5+0=5 = s,(35=55=1IM.

EJ (X, X,) = Low((S3, S5, 54), (0.2,0.5,0.3)) = C{(0.2,55), (0.8, Low((ss, S,), (5/8,3/8))}
=C {(0-2, s4),(0.8, 55)} =Sk@3,2)

since

Low((Ss,S,),(5/8,3/8)) = S k' =4+round((5/8).(5-4)) =4+1=5,
k(3,2)=4+round((0.8).(5-4)) =4+1=5 =s5,;3, =5=IM.

ES (Xg,X3) = Low((S4,54,5,),(0.2,0.5,0.3)) =C {(0.2,5,), (0.8, Low((s,), (1))}
=C{(0.2,5,),(0.8,5,)} =, = SC.

EJ (X, X4) = LOW((S4, S4, S5), (0.2,0.5,0.3)) = C {(0.3, 55), (0.8) Low((s,) (1)) }
=C{(0.2,55),(0.8,5,)} = Sy 3.4

k(3,4)=4+round((0.2).(5-4)) =4+0=4 =534 =5, =SC.
EJ (X4, %) = Low((Ss, Sg,54),(0.2,0.5,0.3)) =C {(0.5,55),(0.5)Low((s5,54)(2/5,3/5))}
=C{(0.5,54),(0.5,5,)} = Sk(41)-
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since
Low((Ss,S,),(2/5,3/5)) = S k' =4+round((2/5).(5-4)) =4+0=4,

k(4,1) =4+round((0.5).(6-4)) =4+1=5 =45 =S5 =IM.
EJ (X4, X,) = LOW((S,S3,54),(0.2,0.5,0.3)) =C {(0.2,s,),(0.8) Low((s4,55)(3/8,5/8))}
=C{(0.2,5,),(0.8,53)} = Sy (4.9)-

since

Low((s4,s3),(3/8,5/8)):sk|, k' =3+round((3/8).(5-4)) =3+0=3,
k(4,2) =3+round((0.2).(4-3)) =3+0=3 = Sy(4 =S3 =VLC.

E3 (X, %) = LOW((S;,53,5,),(0.2,0.5,0.3)) = C {(0.2,5,), (0.8) Low((s,, 55)(3/8,5/8))}
=C{(0.2,5,),(0.8,53)} = S(4.3)-

since

Low((s,,S3),(3/8,5/8)) = S, k' =3+round((3/8).(5-4)) =3+0=3,
k(4,2) =3+round((0.2).(4-3))=3+0=3 = Sk(4.2) =S3 =VLC.

E2 (X4, %) = LoW((S4,54,5,),(0.2,0.5,0.3)) =C {(0.2,54),(0.8, Low((s,), (1))}
=C{(0.2,5,),(0.8,54)} =5, =SC.

We obtain the linguistic non-dominance degree

SC VLC SC VLC

£ - IM SC VLC VLC _ (102)
IM SC SC SC
IM VLC VLC SC

Calculate FCS by Definition 2.
fesy (%) = Low((s,, S5), (1/3,2/3)) =C {(1/3,5,),(2/3,33)} =5,

k =3+round((1/3).(4-3)) =3+0=3 =5, =5, =SC = fcsJ (%)= SC.
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fesg (o) = Low((ss, 4, 53), (1/3,2/3)) =C{(L/3,s5),(2/3, Low((S4, S3), (0.5,0.5))}
=C{(1/3,55),(2/3,55)} =5,

since

Low((s,,S3),(0.5,0.5)) = S k' =3+round((0.5).(4-3)) =3+1=4= S. =S4

k=4+round((1/3).5-4))=4+0=4 =5, =s,=SC.
fesd (xs) = Low((Ss, S4), (2/3,1/3)) =C{(2/3,55), (1/3), 54)} = 5,
k=4+round((2/3).6-4))=4+1=5 =5, =5=IM= fcs;(x)=IM.

fesy (%,) = Low((ss, S3),(1/3,2/3)) =C{(1/3,55),(2/3,53)} =y,
k =3+round((1/3).56-4))=3+0=3 =5, =5,=VLC = fcs] (x,) =VLC.

We obtain FCS] ={VLC/x,SC/x,,IM /%, VLC/x,} (103)

Finally, we obtain IFE for criterion Cs3
IFE® = {(MC,VLC)/x,,(SC,SC)/x,,(SC, IM)/ x,,(SC,VLC)/ X, }
(104)
and the FPS for criterion C3 is X, .
Step2. Use {(FCS:\A ) FCS\I/), | =1,2,3} and the criteria’s important weights

L= {0.35, 0.4, 0.25}, calculate the aggregated fuzzy collective solutions (aFCS) as in

Definition 3.
aFCS ={afcs(x,)/ x,,...,afcs(x,)/ X, }, (105)

where afcsy (%) =Low(S,Uy, 5), i=l,...n (106)
where Uy s = Uy g sty |0 51T, Upg = D {8 2 fesy (%) =5} 107)

Calculate afcs,, (x,). Because fcsy, (X) =S, fcs?, (%) = Sg, fesy; (%) = Sg,
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afcsy, (%) = Low((ss, S5), (0.65,0.35) = C{(0.65,s;), (0.35,55)} =5,
k=5+round((0.65).(6-5)) =5+1=6 =5, =S5 =MC = afcsy, (x) = MC.

Calculate afcs,, (x,). Because

fesy (%) =y, fosy (%) =84, fesy (%) =4,
afcsy, (x,) = Low((s,), (1) =s, = SC.
Calculate afcs,, (X;). Because

fesy, (X3) =Sy, fesgy (Xg) =S5, fesy (%) =Sy,
afcsy, (x3) = Low((s,),(@) =s, =SC.
Calculate afcs,, (x,). Because

fesy (%) =7, fosy (%) =S5, fosy (%) =,

afcsy, (x,) = Low((s,,Ss,S,), (0.35,0.4,0.25) =

=C{(0.35,s;),(0.65, Low((ss,s,), (0.4/0.65,0.25/0.65))} = C {(0.35,s;), (0.65,5;)} =5,
since
Low((Ss,S,),(0.4/0.65,0.25/0.65)) = S, k' =4+round((0.4/0.65).(5-4))=4+1=5= S, =S5

k =5+round((0.35).(7—5)) =5+1=6 =5, =Sz = MC = afcsy, (x,) = MC.Fina
Ily, we obtain

aFCs,, ={MC/x,, SC/x,, SC/x,, MC/ x,}. (108)

Calculate
aFCSs, ={afcs, (x)/X,....afcs, (X,)/ X}, (109)
where afcs, (%) = Low(S,U,, 4), i=1,2,3,4 (110)

where UVﬁzl:uVﬁr’”"uVﬂ_L]’ t=1, ..T,
Usg =2 B fesh (6) =5} - (112)
Calculate afcs, (x,). Because  fcsy, (%) = Ss, fesg (%) =S, fesy (%) =Ss,
afcs, (%) = Low((s;), (1)) =s; =VLC.
Calculate afcs, (X,). Because fesy (x,) =S4, fesf (%,) =S, fesd (X,) = s,
afcsy, (x,) = Low((s,,s,),(0.65,0.35) =s,,
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k=2+round((0.65).(4-2))=2+1=3 =5, =53 =VLC = afcs, (x,) =VLC.
Calculate afcs, (X;). Because fcsxl/ (X3) =34, fC55 (X3) =3y, fCSj (X3) =Ss,
afcs,, (X;) = Low((Ss, s,),(0.25,0.75) = C{(0.25,s5),(0.75,5,) } 5, ,
k=4+round((0.25).(5-4))=4+0=4 =5, =s,=SC = afcs, (x3) =SC.
Calculate afcs, (Xx,). Because fesy (X)) =Sy, 87 (X,) =S, fesd (X,) = Ss,
afcs, (x,) = Low((s,, S5, S,),(0.35,0.4,0.25) =
=C {(0.35, S,),(0.65, Low((s;, S,),(0.4/0.65, 0.25/0.65))} =C {(0.35, s,),(0.65, 33)} =Sy,
since
Low((s;,s,),(0.4/0.65,0.25/0.65)) = S k' =2+round((0.4/0.65).(3-2))=2+1=3= S, =Sz,
k =3+round((0.35).(4-3))=3+0=3 =5, =s;=VLC = afcs, (x,) =VLC.
We obtain aFCS, ={VLC/x,VLC/X,, SC/x,,VLC/x,}. (112)
Finally, we obtain Aggregated Intuitionistic Fuzzy Evaluation (alFE)

alFE ={(MC,VLC)/x,(SC,VLC)/x,,(SC,SC)/ x,,(MC,VLC)/ x,}.
(113)

The Aggregated Fuzzy Pareto Solution (aFPS) are {Xl, X4} .

7.2. Computing with the aggregation procedure 2

Step 1.

For each criterion C', 1=1,2,3 calculate the linguistic dominance degrees as in (51, 53)
we obtain:

IM ML MC EU] IM ML MC MC [IM ML IM ML]
E]M _ sC IM IM EU 2 _ SC IM IM SC £3 _ VLC IM IM IM
SC IM IM EU| MT|wvic M M sc| ™M |sC sC IM sC
ML IM EL IM | SC SC MC IM [VLC IM SC M |
and
SC VLC VLC SCT SC VLC VLC VLC [SC ML IM ML]
g |EU SC VLG EU|, o IM SC VLC SC | 3 |[VLC SC IM IM
V7IVLC IM sC EU IM SC sSC SC| Y |sC sSC sC sC
EU VLC EU SC| IM SC VLC SC [VLC IM SC sC |
Step 2.

2.al. Using these relations of linguistic relative dominance degrees {Eﬁﬂ EZ L ES } and

the important weights ﬂ:{0.35,0.4,0.25}, calculate the totally social opinion

relation:
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Qu =[ a6, %) |, i=1....4,j=1,...4. (114)
where Oy (X, Xj) = Low(S,UqM), U, :[un ..... uqu, (115)
where U =W (s,) =D {4 1 Epy (i, 1) =5 =17 (116)

O (X%, %) = Low((ss, Ss, S5), (0.35,0.4,0.25)) = Low((S5), (1)) =S5 = IM.
Om (%1, Xp) = Low((s7, Sg, S7), (0.35,0.4,0.25)) = Low((s7,0.6), (S, 0.4)) = Sy(1.2)

k(,2)=6+round((0.6).(7-6)) =6+1=7 =54, =5;=ML=0y (%,X)=ML

O (X4, Xg) = LOW((Sg, Sg. S5),(0.2,0.5,0.3)) =C {(0.7,54),(0.3,55) } = Sk(1.3)
k(@3)=5+round((0.7).(6-5)) =5+1=6 = (13 =55 = MC.

O (%, %) = LOW((S,, 5., S7), (0.35,0.4,0.25)) = C{(0.25,s;), (0.75, Low((Sg, ,), (40/ 75,35/ 75))}

e C {(025, 87), (075, 84)} . Sk(1,4) ’
since

Low((Sg,S,),(40/75,25/75)) = S, k' =2+round((40/75).(6-2))=2+2=4= S, = Sa»

k@,4) =4+round((0.25).(7-4))=4+1=5 =S4 =S5=IM.
Om (X2, %) = Low((s4, 8, S3),(0.35,0.4,0.25)) = C {(0.75,5,),(0.25, S3) | = Sy (21,

k(2,1) =3+round((0.75).(4-3)) =3+1=4 = s,p3) =5, =SC.
O (X2, %) = Low((Ss, Ss, S5), (0.35,0.4,0.25)) = Low((Ss), (1)) =S5 = IM.
Om (X5, X3) = Low((S5, Ss, S5), (0.35,0.4,0.25)) = Low((Ss), (1)) = S5 = IM.
O (X2, Xa) = LOW((S;, S4, S5, (0.35,0.4,0.25)) = C {(0.25, 55), (0.75, Low((s,, S, ), (40/ 75,35/ 75)) }
=C{(0.25,55),(0.75,83) | = S (2.4
since
Low((s,,S,),(40/75,25/75)) = S, k' =2+round((40/75).(4-2)) =2+1=3= S, =Ss,
k(2,4) =3+round((0.25).(5-3))=3+1=4 =S54 =5, =SC.
O (X3, %) = LOW((S4, 83, 54),(0.35,0.4,0.25)) = C {(0.6,5,),(0.4,53) } = Sy 31y,
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k(3,1) =3+round((0.6).(4-3))=3+1=4 =535 =54 =SC.
O (X3, X5) = LOW((S5, 54, 54), (0.35,0.4,0.25)) = C {(0.35,5), (0.65,5,) } = Sk(3.2)

K(3,2) = 4+round((0.35).(5-4)) =4+0=4 =85 =5, =SC.
O (X3, X3) = Low((Ss, S5, S5),(0.35,0.4,0.25)) = Low((s;), (1)) = S5 = IM.
O (X3, %4) = LOW((S,,84,S4),(0.35,0.4,0.25)) = C{(0.65,5,),(0.35,5,) } = S (3.4

k(3,4)=2+round((0.65).(4-2)) =2+1=3 = S,(34) =S3 =VLC.
Oy (X4, %) = Low((S;,S4,53),(0.35,0.4,0.25)) = C {(0.25,5,), (0.75, Low((s,, S3), (40/ 75,35/ 75)) }
=C{(0.25,5,),(0.75,5,) } = Sy (a1,

since
Low((s,,S3),(40/75,25/75)) = S, k' =3+round((40/75).(4-3)) =3+1=4= S, =S4

k(4,1) =4+round((0.25).(7—-4)) =4+1=5 = Sk(a) =S5 = IM.
O (X4, X,) = Low((Ss5, 84, S5),(0.35,0.4,0.25)) =C {(0.6, s5), (0.4, 54)} = S(4,2)

k(4,2) =4+round((0.6).(5-4)) =4+1=5 =S4, =S =IM.

Qum (X4, X3) = Low((Sg, Sg,S4), (0.35,0.4,0.25)) =C {(0.35, Sg), (0.65, Low((Sg,S,),(40/65, 25/65))}
=C{(0.35,55),(0.65,55) } = S (4.3

Low((sg,S4),(40/65,25/65)) = S, k =4+round((40/75).(6-4))=4+1=5= S, = Ss,
k(4,3) =5+round((0.35).(8-5)) =5+1=6 = S, (4 3y = S5 = MC.

O (X4, X4) = Low((Ss, S5, S5), (0.35,0.4,0.25)) = Low((S5), (1)) =S5 = IM.

We obtain the totally social opinion relation

IM ML MC IM

SC IM IM SC | (117)
SC IM IM VLC

IM IM MC IM

Qu =

2.a2. Using these relations of linguistic non-dominance degrees {E&, E\f, E\f} and the

important weights 3 ={0.35,0.4,0.25}, calculate the totally social opinion relation
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Q =[a,06.x)]i=1...4,j=1..4. (118)
where o (%, Xj) =Low(S,Ug ), U, :[un ..... uql] (119)
where g =W (s,) =" {4 1By (i, ) =}, t=1,..T. (120)

Ay (%, %) = Low((S,, S4,54),(0.35,0.4,0.25)) = Low((s,), (1)) =s, = SC.

Oy (X, X,) = Low((s3, S3,83),(0.35,0.4,0.25)) = Low((s;), (1)) =s; =VLC.

Oy (X1, X3) = Low((S3,S3,,),(0.35,0.4,0.25)) = C {(0.25,5,), (0.75,53) } = Sy 1.3)
k(2,3) =3+round((0.25).(4-3)) =3+0=3 = 513 =S3 =VLC.

oy (%, X4) = Low((s,,S3,S3),(0.35,0.4,0.25)) = C{(0,35,s4), (0.65,5, )} =S (1.4):

Oy (X, %) = Low((s,, S5, S5), (0.35,0.4,0.25)) = C {(0.75,55), (0.25,5,) } = Sk(2.)
k(2,1) =2+round((0.75).(5-2)) =2+2=4, = Sy(p1) =5, =SC.

Oy (X9, X5) = Low((S4,S4,S4), (0.35,0.4,0.25)) = Low((s,), (1)) =s, = SC.

Qv (X, Xg) = Low((S3, S5, S3),(0.35,0.4,0.25)) = Low((s;), (1)) =s; =VLC.

Oy (X, X4) = LOW((S,,S4,53),(0.35,0.4,0.25)) =C {(0.4,5,), (0.6, Low((s3, S, ), (25/60,35/60)) }
=C{(0.25,5;),(0.6,5;) } =S¢ (2.4

since

Low((ss,$,),(25/60,35/60)) =5, ., k =2+round((25/60).(3-2)) =2+0=2=5_=S,,
k(2,4)=2+round((0.25).(5-2))=2+1=3 =S54 =S3 =VLC.

Oy (%, %) = LOw((S3, S5, S5), (0.35,0.4,0.25)) = C {(0.65, 55), (0.35, 5) } = Sy 3.1y,

k(3,1) =3+round((0.65)(5-3)) =3+1=4,= $,37) =S, =SC.

Oy (X3, %) = LOW((S5, 54, 54), (0.35,0.4,0.25)) = C{(0.35,s5),(0.65,5,) } =S (3.2

k(3,2) =4+round((0.35).(5-4))=4+0=4 =53, =5, =SC.

Gy (X3, X3) = LOW((S,, S;,5,), (0.35,0.4,0.25)) = Low((s,), (1)) = s, = SC.
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Oy (X, X4) = LOW((S;, 84, 84),(0.35,0.4,0.25)) = C {(0.65,5,),(0.35,5,) } = S(3.),
k(3,4)=2+round((0.65).(4—-2)) =2+1=3, = S34) =53 =VLC.

Oy (X4, %) = Low((S,, S5, S5), (0.35,0.4,0.25)) = C {(0.65,55),(0.35,5,) } = Sk(a)
k(4,1) =2+round((0.65).(5-2))=2+2=4, = Sk(a1) =S4 = SC.

Oy (X4, X,) = Low((s3, S5, S3), (0.35,0.4,0.25)) = Low((s3), (1)) =s; =VLC.

Oy (X4, %g) = LOW((S,, S5, S3), (0.35,0.4,0.25)) = C {(0.65,5;), (0.35,5,) } = Sk(4.3)»
k(4,3) = 2+round((0.65).(3-2)) =2+1=3, = 8,44 =S5 =VLC.

Oy (X4, X4) = Low((S4,S4,S4), (0.35,0.4,0.25)) = Low((s,), (1)) =s, = SC.

We obtain the totally social opinion relation using intuitionistic linguistic non-
preference relations:

SC SsC SC ©SC

VLC SC SC SC

= . 121
R SC §SC sC VLC (121)

VLC SC VLC SC

2.b. Using Q,,, Q, ,calculate the fuzzy collective solution , calculate
FCSq,, = { fesom (%) 7%, fesqm (X2) 7%, fesam (X5) 1 Xg, fesqm (X4)/ x4},

(122)

fesom (%) = Low((s;, 86, S5), (1/3,1/3,1/3)) =C{(1/3,s;),(2/3, Low((ss, S5), (0.5,0.5)) }
=C{(1/3,5,),(2/3,56)} = k(),

since

Low((Sg, S5), (0.5,0.5)) =C((0.5,s5),(0.5,55)} = S k' =5+round((0.5).(6-5)) =5+1=#6,
k@) =6+round((1/3).(7-6))=6+0=6 = s,(;) =55 =MC.

fesom (X2) = Low((Ss,S4), (1/3,2/3)) =C((1/3,55),(2/3,54)} = S¢ (2.

k(2) =4+round((1/3).(5-4))=4+0=4, = s, =5,=SC.

fesom (Xg) = Low((Ss, S4,83), (1/3,1/3,1/3)) = C{(1/3, s5), (2/3, Low((sy, S3), (0.5,0.5))}
=C{(1/3,55),(2/3,54)} =5, k=4+round((1/3).(5-4))=4+0=4,s, =s,=SC.
fchM (X4) = Low((sg,S5),(1/3,2/3)) =C{(1/3,55),(2/3,55)} =,
k=5+round((1/3).(6-5)) =5+0=5 =5, =s;=IM.
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and  FCS,, ={MC/x,SC/x,,SC/X;, IM/x,}.

Calculate the

FCSq, ={fchV (%) /%, fesqy (X2) 1%, fesqy (X3) / X5, fesqy (X4)/ x4},

fesgy (o) = Low((s4,S3),(2/3,1/3)) =C((2/3,54),(1/3,835)} = Sy ().
k(2) =3+round((2/3).(4-3)) =3+1=4, = Sy =5, =SC.

fosqy (%) = LOW((Sy, S3), (2/3,1/3)) = C{(2/3,5,), (1/3,5)} = Sy 3,

k(3)=3+round((2/3).(4-3)) =3+1=4 =55 =5,=SC.

fosqy (X4) = Low((s,, 8;), (1/3,2/3)) = C{(L/3,5,), (2/3,53)} = Sy ay.
k(4) =3+round((1/3).(4-3)) =3+0=3 =8, =5; =VLC.

We obtain

Finally, we obtain Intuitionistic Fuzzy Evaluation:

FCSqy ={VLC/%, SC/%,, SC/x,, VLC/x,}.

IFE, = {(MC,VLC)/x,(SC,SC)/X,,(SC,SC)/ %, (IM,VLC)/ X, }.

From IFEQ we choose the FPS of the problem. The Fuzzy Pareto Solution of the

problem is {Xl}

7.3. Computing with the Aggregation procedure 3
Step 1.1. Computing for expert e1

Use
IM  MC
SC IM
Mu =
VLC MC
EL IM

with the weights S = (0.35,0.4,0.25), calculate

lj:1125314

ML EU
SC VLC|,
IM EU

ML

IM

2

IM
VLC
VLC

SC

ML
SC
IM
MC

IM
SC
EU
IM

IM MC ML IM
SC IM MC SC
TIVLC SC IM M
SC MC SC IM

Fl\: (Xi’xj) = LOW(S,U:\(A), i

using (70, 71), we obtain the relative dominance degrees according to e;



Fuzzy Pareto Solution in multi-criteria group decision making

IM MC ML SC
SC IM SC SC
vLCc IM IM VLC
IM IM MC IM

. - 1
and using (72, 73) calculate the fuzzy evaluation FE;,

FE, ={MC/x,SC/x,, SC/x;, IM/X,}.

Use
SC SC VLC VLC SC VLC SC EU SC SC VLC SC
v EU SC VLC EU - SC SC IM VLC V- SC SC SC SC
“7IIM SC sC SC| 2 |MC SC SC MC| ® |IM VLC SC sC
EU SC VLC SC MC MC VLC SC IM SC SC SC

with the weights £ =(0.35,0.4,0.25). Calculate F,(X, X;)= Low(S,U),

J=1,2,3,4.
Using (74, 75), we obtain the relative non-dominance degree according to e;

SC SC VLC VLC

VLC SC SC VLC

YIM sc sc M |
SC SC VLC SC

and using (76) calculate the fuzzy evaluation FE\l,
FE; ={VLC/x,VLC/X,, IM/x;,SC/x,} .

Finally, we obtain IFE according to e;

{(MC,VLC)/%,,(SC,VLC)/%,,(SC,IM)/x,,(IM,SC)/x,,

and the FPS according to e1 is x; .

Step 1.2. Computing for expert e,

Use
IM ML MC EU IM ML MC MC IM ML IM ML
SC IM MC EU SC IM IM SC VLC IM IM IM
M, = "My, = "My, =
SC SC IM EU VLC SC IM SC SC MC SC SC
ML IM EL IM SC MC MC IM VLC SC SC IM

using (70, 71), we obtain the relative dominance degrees according to e

41
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IM ML MC SC
, |SC IM IM sC
FZ= ’

SC IM IM VLC
IM IM MC IM

and the fuzzy evaluation FEZ, is

FEy ={MC/x, SC/x,,SC/x;, IM/x,}.

Use

SC EU VLC SC SC EU VLC VLC SC VLC SC VLC
Vo = EU SC VLC EU W - IM SC VLC SC|,, [IM SC VLC VLC]|,
Z7IVLC MC SC VILC| 27|IM sC sSC VLC| 2 |IM IM SC sC

EU EU VLC SC SC VLC VLC SC MC VLC VLC SC

Using (74, 75), we obtain the relative hon-dominance degree according to e;

SC EU VLC VLC
SC SC VLC VLC
SC IM SC VLC
SC VLC VLC SC

R =

and the fuzzy evaluation FE?
FE; ={VLC/x,VLC/X,, SC/%;,VLC/X,}.
Finally, we obtain IFE according to e,
{(MC,VLC)/x,(SC,VLC)/x,,(SC,SC)/ x,(IM,VLC)/ x,}

and using (76), the FPS according to ez is x.

Step 1.3. Computing for expert e3

Use
IM MC MC EU IM IM MC MC IM ML SC MC
SC IM SC EU , SC IM MC IM , SC IM MC IM
M, = My, = Mg, =
sC MC IM EU VLC SC IM VLC IM SC IM SC
ML IM EL IM SC SC IM IM VLC SC IM IM

using (70, 71), we obtain the relative dominance degrees according to ez
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IM MC MC IM
SC IM IM SC
M lsc IM IM VLC

IM SC MC IM

and the fuzzy evaluation FEJ,

FEy, ={MC/x, SC/X,, SC/X;, IM/X,}.

Use
SC SC SC SsC SC SC VLC EU SC VLC SC VLC
EU SC SC EU IM SC VLC SC IM SC SC VLC|,
Vy = "y, = "Wy =
EU SC SC | SC sSC SC sC SC SC SC IM
EU SC | SC MC SC SC SC SC SC SC sC

Using (74, 75), we obtain the relative hon-dominance degree according to es

SC SC SC VLC
SC SC SC VIC|

“lvLc sc sc vLc
SC SC VLC SC

RS

and the fuzzy evaluation FE] is FEZ = {SC/x,, SC/x,,VLC/x,, SC/x,}.
Finally, we obtain IFE according to es

{(MC,SC)/xl,(SC,SC)/xz,(SC,VLC)/X3,(IM,SC)/X4} ,
and the FPS according to e3 is {Xl, X3} .

Step 2. Use the fuzzy evaluation {(FEk ,FE\'/‘ ),k =12, 3} and the weights {w(k):

exeE}, calculate the aggregated fuzzy evaluation (aFE).
aFE,, ={MC/x,SC/x,,SC/x;,IM/x,},

aFE, ={VLC/x,VLC/x,,SC/x;,SC/X,} .
We obtain the aggregated intuitionistic fuzzy evaluation (alFE).
alFE = {(MC,VLC)/x,,(SC,VLC)/X,,(SC,SC)/ X;,(IM,SC) /X, } .

Finally, the aFPS of the problem is X .
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8. Conclusions

This paper focuses on multi criteria group decision making problem under linguistic
assessments. The linguistic preference relations model forms a useful tool in representing
decision makers’ choices. Some aggregation operators and computing processes using
Fuzzy Collective Solution were given in Sections 3 and 4. Then, we proposed a new
approach based on the new concept of Fuzzy Pareto Solution for the group decision
making based on intuitionistic linguistic preference relations. Some aggregation
procedures for the FPS and a computing example were also proposed. In the future, we
will further investigate various aggregation procedures in the situations with type-2
intuitionistic fuzzy preference information.

APPENDIX
IM MC ML EU IM ML MC EU] [IM MC MC EU]
SC IM SC VLC SC IM MC EU SC IM SC EU
Mi=lyic mc ™ eu| M27sc sc M eul M T|sc Mc M EU
EL IM ML IM ML IM EL IM | ML IM  EL IM |
[IM MC ML IM] IM ML MC MC IM IM MC MC]
VLC IM SC SC SC IM IM SC SC IM MC IM
My, = VLC SC IM EU "Mz VLC SC IM SC ‘M = VLC SC IM VLC
|SC IM MC IM | SC MC MC IM | |SC SC IM M |
IM MC ML IM IM ML IM ML IM ML SC MC
SC IM MC SC VLC IM IM IM SC IM MC IM
Me=luc sc m | ™27 sc mc sc sc| ™M*T| M sc M sc
[ SC MC SC M| VLC SC SC IM VLC SC IM IM |
SC SC VLC VLC SC EU VLC SC SC SC SC sC
v - EU SC VLC EU W EU SC VLC EU _|EU sC sC EU
“71IM SC SC SC| ®|VLC MC SC VLC| *7|EU sC sC |
EU SC VLC SC EU EU VLC SC EU SC | SC
SC VLC SC EU] SC EU VLC VLC] SC SC VLC EU
V.- SC SC IM VLC W IM SC VLC SC - IM SC VLC SC
“7IMC SC SC MC| 2 |IM SC SC VLC| ®7|sc sC sC sC
MC MC VLC SC | |SC VLC VLC SC | MC SC SC SC
SC SC VLC SC] SC VLC SC VLC] SC VLC SC VLC
Vi, SC SC SsC sC v IM SC VLC VLC VL = IM SC SC VLC
IM VLC SC SC| 2 |IM IM sc sc| ® |sC sC SC IM
IM SC SC SC| |[MC VLC VLC SC | SC SC SC sC
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