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A classification of representable t-norm operators
for picture fuzzy sets

Bui Cong Cuong
Institute of Mathematics
Hanoi, Vietnam
Email: bccuong @gmail.com

Abstract—T-norms and t-conorms are basic operators of fuzzy
logics. The classifications of these operators are significant prob-
lems. Some results of the classifications of fuzzy logics operators
for fuzzy sets are given in [3,4]. In 2013, we defined the picture
fuzzy sets [5,6] and in 2015 some representable t-norms operators
and t-conorms operators were defined and firstly were presented
in [7,8]. In this paper, we will investigate the classification of
representable picture t-norms and picture t-conorms operators
for picture fuzzy sets.

I. INTRODUCTION

Since Zadeh have motivated the fuzzy sets (FSs) in 1965 []],
many theories treating imprecition and uncertainly have been
introduced. Some of these are extentions of fuzzy set theory
([31, (4] - [, [(12]). In the 1980s, Atanassov proposed an
generalization of fuzzy sets, fuzzy logic - intuitionistic fuzzy
sets, intuitionistic fuzzy logic [10]. While the theory of fuzzy
sets based approximate reasoning is well-established, there is
still a demand for the expressiveness of the formalism. In 2013,
a new concept - “picture fuzzy sets” - a direct generalization of
Zadeh’ fuzzy sets and Atanassov’ intuitionistic fuzzy sets were
introduced. Then new operators of picture fuzzy sets were
presented with many properties were given in [5,6]. In [7],
we have introduced picture fuzzy logic connectives and some
properties of picture fuzzy sets. In this paper, we will study
some classifications of representable picture fuzzy t-norms and
picture fuzzy t-conorms on picture fuzzy sets.

Definition 1.1. [11]. An intuitionistic fuzzy set (IFS) A on

the universe X is an object of the form

A= {(z,pa(@),va(z))r € X},

where 114 (z) € [0, 1] is called the “degree of membership of
in A”, vs(x) € [0,1] is called the “degree of non-membership
of z in A”, and pa(z) and v4(z) satisfy

S
S

pa(r) +va(r) <1,vzx € X.

In this paper, let IF'S(X) denote the set of all intuitionistic
fuzzy sets on X.

A generalization of fuzzy sets and intuitionistic fuzzy sets
is the following notion of picture fuzzy sets.
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Definition 1.2. [5,6]. A picture fuzzy set A on the universe
X is an object of the form

A= {(x»/lA(ff)ﬂlA(ff)a VA(x))kU € X}7

where pa(x) € [0,1] is called the “degree of positive
membership of z in A”, na(z) € [0,1] is called the “degree
of neutral membership of x in A”, and va(xz) € [0,1] is
called the “degree of negative membership of x in A”, and

pa(x),na(x), va(z) satisfy
pa(z) +na(z) +va(z) <1,Vz € X.

Then, Yz € X,1 — (na(z) + na(z) + va(z)) is called the
“degree of refusal membership of = in A”.

Basically, picture fuzzy sets based models may be adequate
in situations when decision makers face their opinions in-
volving their decision making as follows: yes, abstain, no,
and refusal. The voting results are divided into four groups
accompanied with the number of voters that are “voters for”,
“abstain”, “vote against”, and “refusal of the voting”.

In this paper, following the research in [5,6], we investigate
basic picture fuzzy logic connectives: negation, conjunction,
disjuction. A definition and some properties of picture fuzzy
negators, picture fuzzy t-norms, picture fuzzy t-conorms are
represented in Section 2. Section 3 is drawn for some prop-
erties of picture t-norms and picture t-conorms. In Section 4,
some subclasses of representable picture t-norms for a classifi-
cation are presented. A similar classification for representable
picture t-conorms is given in Section 5. The paper closes
with Section 6, where we set out concluding fuzzy inference
processes in picture fuzzy systems with consideration of
potential solutions, open research questions for research.

Let PF'S(X) denote the set of all the picture fuzzy sets on
the universe X.

Now, we consider the set D* defined by

D* ={x = (21,29, 23)|x € [0, 1]3,:131 + o+ a3 <1}

From now on, we will assume that if x € D*, then z1, 2
and x3 denote, respectively, the first, the second and the third
component of z, i.e., v = (z1, z2, T3).

Consider the order relation <; on D*, defined by <,y &
(w1 < 1) A (w3 = 92)) V (21 = 1) A (3 > o)) V (1 =



y1) A (23 = y3) A (z2 < y2)), for all x € D*.

We define the first, second and third projection mapping
pr1 and pro and prs on D*, defined as pri(x) = z; and
pra(z) = 2 and prs(z) = z3, for all x € D*.

For each x,y € D*, we define

. min(z,y), ifzx<jyory<;z
inf(xz,y) =

(z,9) (xy Ay1, 1 =21 Ayr — 23V Y3, 23 V y3), else
‘ _f max(z,y), ifr<iyory<ia
sup(z, y) = (1 Vy1,0,23 Ays), else.

Then, (D*,<;) is a complete lattice [3]. Indeed, for each
nonempty A C D*, we have

inf A = (inf pry A, inf pro A, inf pr3 A), where

infpriA =inf{z; € [0,1] |3z = (z1,y2,23) € A},

infprgA = Sup{(E3 € [07 1] | Jo= (!IIl,(EQ,.’I}g) € A}7

inf{xs : (inf pri A, x2,inf prsA) € A}
inf proA = 1 —infpriA —infprsA, and
if(inf pri A, z,inf prs A) ¢ A, Vz
sup A = (sup pri A, sup praA, sup pryA), where

suppriA = sup{z; € [0,1]| 3z = (z1, 72, 23) € A},
supprsA = inf{zs € [0,1]| 3= = (21,22, 23) € A},
sup{zs : (suppri A, zo,supprsA) € A},
0, if(suppriA,z,supprsA) ¢ A,Vz.

We denote the units of D* by 1p- = (1,0,0) and Op~ =
(0,0,1), respectively.

Note that, if for x,y € D* that neither x<;y nor y<;jx,
then = and y are incomparable w.r.t. <;, denoted as z||<, y.

Using this lattice, we easily see that with every picture fuzzy
set A = {(z,pa(x),na(z),va(z))|z € X} corresponds an
D*-fuzzy set [10], i.e., a mapping A : X — D* : =z —
(na(x),na(x), va(z)).

II. PICTURE FUZZY T-NORMS AND PICTURE FUZZY
T-CONORMS

sup pro A =

Picture fuzzy negators form an extension of fuzzy negators
[3] and intuitionistic fuzzy negators [14], and are defined as
follows.

Definition 2.1. A picture fuzzy negator is any nonincreasing
D* — D* mapping N satisfying N(Op+~) = 1p-, and
N(1p+) =0p«. If N(N(z)) = «, for all z € D*, then N is
called an involutive negator.

The mapping Ny defined by No(z) = (23,0, 21), for all
x € D*, be a picture fuzzy negator.

From now on, if x € D*, then x4 =1 — 21 — 29 — 3.

The mapping Ng defined by Ng(z) = (z3, 24, 1), for all
x € D*, will be called the standard negator.

Many properties of the involutive picture fuzzy negators
were given in [8].

Now we define picture fuzzy t-norms and picture fuzzy t-
conorms and will give some classes of conjuction operators
and some classes of disjunction operators for picture fuzzy
sets. Picture fuzzy t-norms are direct extension of fuzzy t-
norms (see [3, 16, 17]) and of intuitionistic fuzzy t-norms
[14].

Let for each x, we denote
I(z) ={y € D" 1y = (21,92, 23),0 Sy < 1 — (21 + x3)}
Definition 2.2. A picture fuzzy t-norm is an (D*)* — D*
mapping T satisfying the folowing conditions:
* T(z,y) =T(y,z),Ve,y € D* (commutativity),

* T(x,T(y,2)) = T(T(z,y),
tivity),

z),VYx,y,z € D* (associa-

* T(x,y)<1T(z,z),Vz,y,z € D*,y<;z (monotonicity),
and
* T(1p=,z) € I(z),Yx € D* (boundary condition).
Definition 2.3. A picture fuzzy t-conorm is an (D*)? — D*
mapping S satisfying the folowing conditions:
* S(z,y) = S(y,z),Vx,y € D* (commutativity),
* 5(x,5(y,2)) = S(S(x,y),
tivity),
* 5(x,
and
* S(OD*7I) € I(ib),
From now on, we denote z A y := min(z,y),x Vy :=
max(x,y) for all z,y € [0,1].

Example 2.4. Some picture fuzzy t-norms, for all z,y €
D*.

z),Va,y,z € D* (associa-
y)<1S(x, 2),Va,y, z € D*, y<;z (monotonicity),

Vx € D* (boundary condition).

* Tm = inf{z,y} =
{ z /\ Y1, 1 — (w1 Ayr) — (23 Vyz), w3 Vys), <,y
TNy, otherwise.
* Tin(z,y) = (1 Ay1,22 A Y2, 23 V y3).
* T (2, y) = (w1 Ayr, Tay2, 23 V y3).
* T(x,y) = (191, T2y2, T3 V Y3).

*
~

(
( (
(557?/) = (21y1, T2Y2, T3 + Y3 — T3Y3).
i Ay if zy Vy =1
( ({Olle\/y1<1 ’
To ANyo if zo Vys =1
{Olfxg\/y2<1 ’{

*
S

x3Vysif x3Ay3 =0 )
lif z3 Ays#0 ’

* T(x,y) = (0V(z14+y1—1),0V(z2+y2—1), IN(x3+Yy3)).

* T(z,y) = (0V(z1+y1—1),0V(z2+y2—1), 23 +ys —
$3y3)~

* T(x,y) = (%(zl +y1 —1+z111) VO, %(mg +ys— 1+

Tay2) V 0,23 + Y3 — 23Y3).
* T(2,y) = (v1y1,0 V (22 +y2 — 1), 23 + Y3 — 13Y3).
* T(z,y) =0V (21 +y1 — 1), 22y2, T3 + Y3 — T3Y3).
Example 2.5. Some picture fuzzy t-conorms, for all z,y €
D*:
* Ssu (2,y) = sup{z,y} =
(1 Vy1,0,23 Nys), ifz||<,y
zVy, otherwise.
Smax(x y)
(2,y) =
* S(xy) =
* S(x,y) =

*

(1 Vy1, 22 Ay2, T3 A Y3).
(w1 V y1, T2y, T3 A y3)-
(w1 V Y1, 22Y2, T3Y3).
(w1 +y1 — T1Y1, T2Y2, T3Y3)-

*
CQ



I’Q/\yg if%g\/ygil

* S(x,y)=(3«“1Vy17{01fx2v;/2<1 @3 A
Y3)-

* 5(30711/):(1/\(331+y1)70\/($2+y2—1)70\/<$3+
ys —1)).

* S(x,y) =(x14+y1 —x1y1,0V (22 +y2 — 1),0V (x5 +
ys —1)).

* S(z,y) = (21 +y1 — 211, 5 (T2 + Y2 — 1+ 2292) V
0,3(z3 +ys — 1+ x3y3) V 0).

*S(m,y) = (21 +y1 —21y1,0V (22 + Y2 — 1), 23y3).

¥ S(x,y) = (21 +y1 — 21y1, 292,00V (23 + y3 — 1)).

In 2004, G.Deschrijver, C.Cornelis and E.E.Kerre [12]
introduced the notion of intuitionistic fuzzy t-norms and t-
conorms and investigated under which conditions a similar
representation theorem could be obtained.

For further usage, we define L* = {z € D*|zy = 0}.

Now, we can consider the set L* defined by

L* = {u= (ur,uz)lu € [0,1]* uy +uz < 1},

Consider the order relation v < v on L*, defined by
u<ve ((ugr <wvi)A(ug > vs)), forall w € L*.

We define the first, and second projection mapping pr; and
prs on L*, defined as prq(u) = uy and prs(u) = us, for all
u e L.

We denote the units of L* by 1« = (1,0) and 0z» = (0, 1).

Definition 2.6. [12]. An intuitionistic fuzzy t-norm is a
commutative, associative, increasing (L*)? — L* mapping
T satisfying T'(11~,u) = u, for all w € L*.

Definition 2.7.[12]. An intuitionistic fuzzy t-conorm is a
commutative, associative, increasing (L*)? — L* mapping
S satisfying S(v,0r+) = v, for all v € L*.

Definition 2.8. An intuitionistic fuzzy t-norm 7T is called t-
representable iff there exist t-norm ¢;, and a t-conorm sz on
[0,1] satisfying, for all u,v € L*,

T(u,v) = (t1(u1,v1), s3(us, v3)).

Definition 2.9. An intuitionistic fuzzy t-conorm S is called
t-representable iff there exist t-norm ¢;, and a t-conorm s3 on
[0,1] satisfying, for all u,v € L*,

S(u,v) = (s3(u1,v1),t1(u3,v3)).

Definition 2.10. A picture fuzzy t-norm 7T is called repre-
sentable iff there exist two t-norms tq, 5 and a t-conorm s3
on [0,1] satisfying, for all z,y € D*,

T(x,y) = (t1(w1,y1), t2 (w2, y2), 53(x3,¥3)).

Definition 2.11. A picture fuzzy t-conorm S is called
representable iff there exist two t-norms ¢4, t5 and a t-conorm
s3 on [0,1] satisfying, for all z,y € D*,

S(x,y) = (s3(@1,y1), t2(z2,92), t1 (73, y3))-

The following propositions should give the new classes
of picture t-norms from the intuionistic fuzzy t-noms. They
present one way to construct the new picture fuzzy t-norms
and t-representable picture fuzzy t-norms.

Proposition 2.12. Assume that 7 (u,v) is a t-representable
intuitionistic fuzzy t-norm 7 (u,v) = (t1(u1, v1), s3(us,vs)),
for all v = (uj,uz),v = (v1,v3) € L*, where t;
is a t-norm on [0,1], s3 is a t-conorm on [0,1]. Then
T(x,y) = (t1(x1,91),0,s5(x3,ys3)), for all z,y € D* is a
picture fuzzy t-norm.

Proposition  2.13.  Assume that S(u,v) is a t
representable intuitionistic fuzzy t-conorm S(u,v) =
(s3(u1,v1),t1(us,v3)), for all u = (u1,u3),v = (v1,v3) €
L*, where t1 is a t-norm on [0,1], s3 is a t-conorm on [0,1].
Then S(z,y) = (s3(z1,91),0,t1(x3,y3)), for all z,y € D*
is a picture fuzzy t-conorm.

Proposition 2.14. Assume that 7 (u,v) is a t-representable
intuitionistic fuzzy t-norm 7 (u,v) = (¢1(u1,v1), s3(us, vs3)),
for all u = (uy,us),v = (v1,v3) € L*, where ¢; is a t-norm
on [0,1], s3 is a t-conorm on [0,1]. Assume that ¢5 is a t-norm
on [0,1] satisfying, for all x,y € D*,

0 < ti(xy,y1) +ta(z2,92) + s3(x3,y3) < 1,

then T(x,y) = (tl(l‘l,yl),tg(l‘g,y2)753(l‘3,y3)), for all
x,y € D* is a representable picture fuzzy t-norm.

Proposition  2.15. Assume that S(u,v) is a t-
representable intuitionistic fuzzy t-conorm S(u,v) =
(s3(u1,v1),t1(us,v3)), for all w = (u1,us),v = (v1,v3) €
L*, where t; is a t-norm on [0,1], s3 is a t-conorm on
[0,1]. Assume that to is a t-norm on [0,1] satisfying, for all
z,y € D*,

0 <ty (z1,91) + t2 (x2,y2) + 53 (x3,93) < 1,

then S(.’E, y) = (53(1;17 y1)7 t2($27 92)7 t](fﬂg, yS))’ for all
x,y € D* is a representable picture fuzzy t-conorm.

III. SOME PROPERTIES OF PICTURE FUZZY T-NORMS AND
PICTURE FUZZY T-CONORMS

Now we give some properties of picture fuzzy t-norms and
picture fuzzy t-conorms.

Definition 3.1. A picture fuzzy t-norm is
Achimerdean iff: Vo € D*\ {Op~, 1p~},T (z,z) <1 x.

Definition 3.2. A picture fuzzy t-norm is called nilpotent
iff: 3z, y € D*\{0p~},T (z,y) = O0p-.

Definition 3.3. A picture fuzzy t-norm is called strict iff:
Ve,y € D*\{0p~},T (x,y) # Op-~.

Definition 3.4. A picture fuzzy t-conorm is
Achimerdean iff: Vo € D*\ {Op~,1p«},S (z,2) >1 z.

Definition 3.5. A picture fuzzy t-conorm is called nilpotent
iff: 3,y € D*\ {1p«},S(z,y) = 1p~.

Definition 3.6. A picture fuzzy t-conorm is called strict iff:
Va:,y € D*\{lD*},S(l‘,y) 7é 1p-.

Proposition 3.1. Let T* = {nilpotent picture t-norms} and
T** = {strict picture t-norms}. Then

called

called

T NT** = (.
Proposition 3.2. Let S* = {nilpotent picture t-conorms}
and S** = {strict picture t-conorms}. Then
S*NS* =0.



Proposition 3.3. Let T be a representable picture fuzzy t-
norm:

T(ﬂ?,y) =

where t1,to, s3 are Archimedean [8], then 7" is Archimedean.
Proposition 3.4. Let S be a representable picture fuzzy t-
conorm:

S (x,y) = (s3 (x1,51) , t2 (x2,2) . t1 (x3,93)) , Y,y € D*,

where t1,ts, s3 are Archimedean [8], then S is Archimedean.

(tl (xlvyl) atQ (J"27y2) » 83 (m3ay3)) 7V$7y S D*7

IV. A CLASSIFICATION OF REPRESENTABLE PICTURE
T-NORMS

We have some the subclasses of representable picture fuzzy
t-norms as follows:
1. Strict-strict-strict subclass of t-norms, denoted by Agg,:
Definition 4.1. A picture fuzzy t-norm 7T is called strict-
strict-strict iff:

T(]},y) =

where t1,%o are strict t-norms and sz is a strict t-conorm on
[0,1].
Example 4.1.

* Ty (x,y) =

(t1 (x1,y1) , t2 (22, 92) , 53 (¢3,93)) , Va,y € D*,

(x1y1, T2Y2, T3 + Y3 — T3Y3),

_ z1y oy
¥ Tz(l‘,y) - (>\1+(11 )\1)(1I11+y1 z1y1)’ A2+(1— /\2)(29022+y27912y2)’
(z§ +y§ —25Y5) ), M1, A2, a € [1, +00),

2. Nilpotent-nilpotent-nilpotent subclass of t-norms, denoted
by Apnn:

Definition 4.2. A picture fuzzy t-norm 7 is called nilpotent-
nilpotent-nilpotent iff:

T(Ivy) =

where t;,t are nilpotent t-norms and s3 is a nilpotent t-
conorm on [0,1].

(tl (xhyl) , 2 (I27y2) » S3 (13793)) ,VI,y € D*v

Example 4.2.
* Tg(l’,y) = (0\/(1’1‘#1}1*1),0V(I2+y2*1), 1/\(1’34’1/3)),
* T4(1‘,y) = (((1‘1 + Y1 — 1)(1 + /\1) - )\15€1y1) V0, ((1‘2 +
yg—l)(l—l—)\z) )\21‘23}2)\/0 1/\($3+y3) ) A, Ag €
[0,4+00),a > 1,
1
* Ts(z,y) = ((OV (2f +yi — 1)) 0V (25 +y5 - 1),
IA(z§+9y5)¢),a,b,c>1,
* To(x,y) = (5 (21+y1—1+(a— z131)V0), (3 (z2+y2—

14 (b—1)xay2) V0), 1/\(963+y3) ),a,b € (0,1];¢ > 1,

*Tr(z,y) = (@ +yp — 14 (a— 1)55111/1) v 0), ((z2 +
Yo —1)(1+X) = Azay2) VO, 1A (2§ +45) %), a € (0,1],A >
0,b>1,

*Ty(w,y) = (1 +y1 = D1+ A) - /\x11y1) VO, (£(z +

Yo — 14+ (a—1)xay2) VO), 1A (24 +95)?),a € (0,1],b >
1L,A>0,
*To(z,y) =

(l(i(asl + 1 — 11+ (a — 1)zyy1) V 0),0 V
(25 4+ 95 —1)8, 1A (254 y5)¢),a € (0,

1]7bacz 17

1
* Tho(z,y) :(OV(x‘Hy?;l)a,(%(xﬁyr1+(b7
Dxay2) VO), 1A (2§ +y5)¢),be (0,1],a,¢ > 1.
*Tu(x y = (1 I +y1 —1)1(1+>\) —)\xlyl)\/0,0\/
(23 +yg —1)a, 1A (28 +95)7%),A>0,a,b> 1,

A
* Tig(w,y) = (OV (2f +yf = D)o, (w2 + 92 = D1+ A) =
Azoy2) VO, 1A (2% +48)7),A > 0,a,b > 1.

3. Nilpotent-nilpotent-strict subclass of t-norms, denoted by
Anns:

Definition 4.3. A picture fuzzy t-norm 7 is called nilpotent-
nilpotent-strict iff:

T(l‘,y) =

where t1,to are nilpotent t-norms and s3 is a strict t-conorm
on [0,1].
Examples 4.3.

(tl ($1>y1) at2 (33273/2) , 53 (xSayS)) >V$7y € D*a

* T13(£U,y) = (0V(!E1 + vy —1),0\/(:ch+y2—1),x3+y3—
T3Y3)-

* Tya(w,y) = (5(x1 +y1 — 1 41—331311) VO, 3(za+y2— 1+
T2y2) V0, (2§ +y§ — 2§y5)*),a > 1,

*Tis(z,y) = ((x1 4y — 1)1+ M) —Almlyl)\/O ((x2 +

Yyo—1)(14+X2) = Aoz2y2) VO, (2§ + y§ — 25y5)* ), A1, A2 €

[0, +00),a > 1,
1

* Tie(x,y) = (ngx(f‘Fy(ll_ 1) (@495 —1)b VO,
(xic’) + y§ - xgyg)z),a,b,c > 1a

* Ti7(w,y) = 1(%(% + 1 — 1+ (a = Dziyr) V 0,0V
() +y8 — )b, (25 + y§ — 2595) <), a € (0, 1];b,c > 1,

* Thg(z,y) = (2 (x14+y1—1+(a— Da1y) Vo, 3 (xaty2—1+
(5—1)5’322/2)\/0 (373‘1‘?/3_5533/3) ),a,b € (0,1];¢ > 1,

* Thg(x,y) = (£ ($1+y1—1+(a—1)3}1y1)\/0 ((xo+y2 —
1)(1—|—b)—bx2y2)\/0 (x§ +y§ — 1’33/3) ),a € (0,16 >
0;¢ > 1,

* Toof,y) = OV (a§ + 95— 1)a, &(ws+ 95— 1+ (b -
zaya) VO, (2§ + y§ — :vdyd) <),be (0,1;a,¢>1,

* Tor(z,y) = (((x1 +y1 — 1)(1 + a) — az1y1) VO, %(332 +
Yo — 1+ (b= 1)xays) V0, (§ + 5 — 2595)7),a > 05 €
(Ov 1];02 1,

* Too(z,y) = (((z1 + 31 — 1)1+ A) — Azyr) V 0,0 v
(28 +y2 —1)a, (ah + 18 — aBy?)¥), A > 0,a,b > 1,

* Tos(w,y) = (0V (2§ +yf — 1)% (2 +y2— 1)1+ A) -

Az2y2) V 0, (x3+y3—x3y3) ),A>0,a,b>1.

4. Strict-nilpotent-strict subclass of t-norms, denoted by Ag,,:
Definition 4.4. A picture fuzzy t-norm 7T is called strict-
nilpotent-strict iff:

T(x,y) =

where t; is a strict t-norm, to is a nilpotent t-norm and s3 is
a strict t-conorm on [0,1].
Examples 4.4.

* Tou(z,y) =

(t1 (w1,91) . t2 (22, y2) , 83 (x3,¥3)) , Yo,y € D*,

(1y1,0V (22 +y2 — 1), 23 + y3 — T3Y3).



* T25(x,y) = ()\1+(1_)\1);C(1xzil+y1_mlyl),(SxQ + Y2 — 1)(1 +
A2) = Aawayz) V 0, (25 +y5 —25y5)« ), A = LAy =
0,a > 1,

1

* Tos(7,y) = (oo 0V (@8 + 98 — 1),

(28 + 9§ — 28y8)v), A > 10,0 > 1,
* T27(at, y) = ()\1+(1 Al)z(lwyiarm I1y1)’ (332 +y—1+ (
Daay2) VO, (2§ + 5 — :Jc3y3) ), A1,0>1,a € (0,1].
5. Nilpotent-strict-strict subclass of t-norms, denoted by A, s5:

Definition 4.5. A picture fuzzy t-norm 7T is called nilpotent-
strict-strict iff:

T(‘Tvy) =

where t; is a nilpotent t-norm, to is a strict t-norm and sg3 is
a strict t-conorm on [0,1].
Examples 4.5.

(tl (331>y1) 7t2 ($2>y2) ;83 ($3a93)) >V337?J € D*v

* Tog(z,y) = (0V (x1 +y1 — 1), X2y2, T3 + Y3 — T3Y3),
* Tog(x,y) = (2(x1+y1 — 1 + (a— 1)9012/1) V0,
T2Y2

(AN (22+v5—7273)° (@b 4+ — b)), a € (0,1);

’ 1

*Tao(x,y) = (0V (27 +yf — 1), ,\+(1_)\)(w;2y_iy2_x2y2)7
1

(2§ +y5 — 2595)7),a,b,A > 1,
* Toi(z,y) = (21 + v — DI+ A1) = Mzays,

T gy (78 T U5 — 23y8)7),a, X > 1,

AL € (0,1
Proposition 4.1. There does not exist any representable picture
fuzzy t-norm of the form:

T(ZZ?,y) =

where t1 or 9 is a strict t-norm, and s3 is a nilpotent t-conorm
on [0,1].

Proposition 4.2. If T belongs to one of four subclasses Ay,
Annss Dans, Anss then T is a strict t-norm.

Proposition 4.3. If T belongs to the subclass A, then T'
is a nilpotent t-norm.

(tl (xlyyl) at2 (332792)a33 (5537293)) ,VZ',y € D*7

V. A CLASSIFICATION OF REPRESENTABLE PICTURE
T-CONORMS

We have some subclasses of representable picture fuzzy t-
conorms as follows:
1. Strict-strict-strict subclass of t-conorms, denoted by Vggs:
Definition 5.1. A picture fuzzy t-conorm S is called strict-
strict-strict iff:

S(a:,y) =

where t1,ty are strict fuzzy t-norms and ss is a strict fuzzy
t-conorm on [0,1].
Example 5.1.

* 51 (w,y) = (1 +y1 — 1311/1@22/2,9332/3)
T2Yy2

* Sy, y) = (a7 + i — 55191)"5 NI (w2 +yz—a2y2)’

Z3y:
A2+(1—A2)(3féd+ys—rsys))’>\1’>\2’a € [1 +OO)

2. Nilpotent-nilpotent-nilpotent subclass of t-conorms, denoted
by Vpnn:

(33 ('rlvyl) 7t2 ($27y2) atl (‘r37y3)) 7vx7y S D*a

Definition 5.2. A picture fuzzy t-conorm S is called
nilpotent-nilpotent-nilpotent iff:

S(I7y) - (53

where t1,to are nilpotent fuzzy t-norms and s3 is a nilpotent
fuzzy t-conorm on [0,1].
Example 5.2.

* S3(x,y) = AN (z14+y1), 0V (z2+y2—1),0V(z3+ys—1)),

1
*Su(zy) = (LA (2f +yf)a, (w2 +y2 — D)1+ A1) —
A122y2) VO, (73 +y3 —1)(14+A2) — Aaz3y3) VO), A1, Aa €

[0,400),a > 1,

(x1,y1)  t2 (w2,92) , t1 (x3,93)) ,Va,y € D™,

1
* S5(z,y) = (LA (2 ), (0V (b + 45 — 1),
0V (x5 +ys—1)¢),a,bc>1,
1
* Se(a,y) = (LA(2f + i), (5(z2+y2—1+(b=1)22y2)V
0), %(CCB +y3 =1+ (c—1)a3y3) V0)),a > 15b,c € (0,1],
1
* Sp(a,y) = (LA (25 + i) e, (5(z2+y2—1+ (b= 1)zay2) v
) (x3+y3—1)(1-1-)\)—)\3:3343)\/0)7a > 1ab € (07 1]7>\ >
0,
* 58(95 y) = (IA(2f +y1)
0, ( (x3+ys—14+(b— l)xgyg)\/O)),a >1,b € (0,
1
* So(,y) = (Nt +y1) @, (j (w2t =14 (- Dwaye)V
0),0V (z§+y5—1)¢c), be(() 1],a,¢>1,
1
* Sio(z,y) = (LA (2f “‘91) OV (b +y5 —1)b, (L(xs+
ys — 1+ (¢ — Dagys) V0)),c € (0,1],a,b > 1.
*Su(e,y) = (LA (@ +yf)e, (w2 + 92 — DL+ X) -
Azay2) V0,0V (2§ 4+ y5 —1)%),A > 0,a,b > 1,
* Sia(z,y) = (LA (2 +yf) =0V (@) + 5 — )P, (3 +
ys — 1)(1+ X)) — Axsys) VO),A > 0,a,b> 1.
3. Strict-nilpotent-nilpotent subclass of t-conorms, denoted by
vsnn:
Definition 5.3. A picture fuzzy t-conorm S is called strict-
nilpotent-nilpotent iff:

S(Z‘,y) :(

where t1, to are nilpotent fuzzy t-norms and s3 is a strict fuzzy
t-conorm on [0,1].

,./\ ,-/\

s (T24y2—1) (14+A) = Az2y2)V
1,A>0,

S3 (xhyl) at2 (‘T27y2) ;tl (x?ﬂy?))) aV%y € D*7

Example 5.3.
* Sis(z,y) = (1 + 11 — 191,00V (@2 +y2 — 1),0 V (23 +
Y3 — 1))7
1
* S, y) = (2§ +yf —2iyi)*, 3(v2 +y2 — 1+ 2292) V

1
’2
0,3(z3+ys — 1+ a3y3) V0),a>1,

* S15(z,y) = (21 + 9 —ziyf) e, (2 +y2— (1 + A1) —
AMx2y2) VO, (73 +ys —1)(1+A2) = Aaz3ys) VO), A1, A2 €
[0, +00),a > 1,

1

* Sig(z,y) = ((2f + 9§ —2§99)7, 0V (2§ +y§ —1)a, 0V
(955 +93 - 1)§> a,b,c>1,

* Sir(z,y) = (@9 +y§ —afyf)e, t(za +yo — 1+ (b -

1 b
Daoya) V0,0V (2§ +y5—1)e),b e (0,1];a,¢ > 1,



* Sig(w,y) = (25 +yf — 297, f (@2 +ys — 1+ (b —
D2y2) V 0, %(xd +y3 — 14 (c — 1)azyz) vV 0),b,c €
(0,1)a>1

* Sio(z,y) = (@ +yf —afyd)s, F@wa +y2 — 1+ (b —
Dxay2) VO, (w3 +ys —1)(1+c¢) —cx3y3) V0),a > 1,b €
(Oa 1]§CZ 0,

1

* Sw(ry) = (@t 4ol — afyf)a, (ab + b — )b

0, (x3+y3—1+(c—1)x3y3)v0)CE(O 1];a,b > 1,
—afyf)= 7(($2+y2*1)( g

* So1(z,y) = ((Il +y7
bxaya) V 0, ($3 +y3 — 1+ (c—1)z3y3) VO0),a >
0;ce (0,1,

* Saa(x,y) = (2§ +yf — 25y?) =, (x2 +y2 — (L +A) —

1

ATaya) V0,0V (§ +y5 = 1)7), A > 0,a,b > 1,
* Soa(,y) = (& +yf — 2fy?)=,0V (ah + yh — 1)1,
(w3 +ys — (1 +A) — Azzys) VO),A > 0,a,b > 1.
4. Strict-nilpotent-strict subclass of t-conorms, denoted by
VSTI,S:
Definition 5.4. A picture fuzzy t-conorm S is called strict-
nilpotent-strict iff:

S(a:,y) =

where ¢ is a strict fuzzy t-norm, t5 is a nilpotent fuzzy t-norm
and s3 is a strict fuzzy t-conorm on [0,1].

(33 (‘rlvyl) 7t2 ($27y2) atl (‘r37y3)) 7vx7y S D*a

Example 5.4.
* Soa(z,y) = (21 +y1 — 11y1,0 \/ (2 +y2 — 1), 73y3),
* Sos(z,y) = (28 + 4§ — 25y8) 7, (T2 +y2— 1)1+ M) —
)\1$2y2) Vo, A2+(1— >\2)(13+1/3 —3Y3) )’/\1 2 0;A,a 21,
1
* Soo(w,y) = (29 +y§ — 2§y$) 7,0V (b + 95 — 1)3,
Y .
A1+(1— /\1)($3+y3—$3y3)) Az Lab>1,
* Sor(z,y) = (@ +yf *$1yl)“7 ;(5132 +y2 — 14 (b—
].)il'ng) VO, M= )\1)(‘;‘2_’_1!3 131!3)) a7)\1 > ].,b € (0, 1]

5. Strict-strict-nilpotent subclass of t-conorms, denoted by
vssn:

Definition 5.5. A picture fuzzy t-conorm S is called strict-
strict-nilpotent iff:

S(m?y) =

where ¢, is a nilpotent t-norm, to are strict fuzzy t-norms, and
s3 is a strict fuzzy t-conorm on [0,1].

(s3(z1,91) t2 (22, y2) , t1 (x3,¥3)) ,Va,y € D*,

Example 5.5.
* Sog(w,y) = (1 +y1 — $1y173«"2y2,0 V(s +ys — 1)),
* 529(x,y) = ((lez +y1 xlyl) gy )\)&?ﬁw 7292)°

%(333+y3—1+(b—1)x3y3)\/0) ,A>1;b€(0,1],
* Sgo(l',y) = ((‘r(ll +yi — xlyl) P 31— /\)(3:2+y2—'c2y2)

1
0V (25 +95—1)%).a,b,A > 1,
a a a,,a 1 T

* Ss1(z,y) = (2§ + 9t — ziy])e, )\+(1_,\)(3¢2§if_y2_m2y2)a

((z2 +y2 = 1)(1 +b) = bwaya) V0),a,A > 1

Proposition 5.1. There does not exists representable picture
fuzzy t-conorm S iff:

S(‘T7y) =

b>0.

(s3(x1,91),t2 (22, y2) , t1 (x3,¥3)) , Yo,y € D*,

where ¢; or to is a strict t -norm and s3 is a nilpotent fuzzy
t-conorm on [0,1].

Proposition 5.2. If S belongs to one of four subclasses Vs,
Vsnns Vsns, Vssn then S is a strict t-conorm.

Proposition 5.3. If S belongs to the subclass V., then S
is a nilpotent t-conorm.

VI. CONCLUSION

In this paper picture fuzzy theory have been continuously
constructed with proposing the concepts which be extended
from fuzzy cases: picture fuzzy negators N and the represen-
tation theory on them, picture fuzzy t-norms 7, picture fuzzy
t-conorms S. In the our paper [7, 8] some new properties
of an involutive fuzzy negator and some corresponding De
Morgan picture fuzzy triples have been presented. In this paper
some classifications of reprentable picture t-norms operators
and picture t-conorms operators are defined. Future new con-
cepts should be devoted to the picture fuzzy soft sets. The
compositional rule of inference in picture fuzzy logic setting
should be presented in the next papers.
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