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Abstract

Several different metrics have been proposed to describe distance be-
tween intervals and, more generally, between compact sets. In this paper,
we show that from the viewpoint of interval computations, the most ad-
equate distance is the Hausdorff distance d (A, A’) — the smallest value
€ > 0 for which every element a € A is e-close to some element a’ € A’,
and every element a’ € A’ is e-close to some element a € A.

1 Formulation of the Problem

Uncertainty-motivates sets as extensions of points. One of the main
objectives of interval computations is to deal with uncertainty. Because of un-
certainty, instead of the exact value a of a physical quantity, we only know a
set A (usually, an interval) of possible values. In the cases of several variables,
instead of a tuple a = (a1,...,a,) consisting of their exact values, we only
know a set A of possible tuples. In general, instead of the exact state a of the
corresponding system, we only know a set A of possible states.

The case of complete knowledge can be viewed as a “degenerate” case, when
the corresponding set A consists of a single element a: A = {a}.

Need to define distance between sets. In many practical situations, on the
set X of all possible states, we have a physically meaningful distance d(a, b). For
example, on the set of real numbers, a natural distance is usually d(a, b) = |a—b].

It is desirable to extend this distance from elements (i.e., degenerate sets)
to a more general case of distance between sets.

There are many ways to define the distance between sets. In general,
there are many ways to extend a function to its original domain to a larger
domain. In particular, there are many ways to extend distance from a given set
X (i.e., from the class of all 1-element subsets of the set X) to a larger class of
subsets of X.



One way is to define Hausdorff distance dg (A, A’) (see, e.g., [1]), the infimum
of all the values € > 0 for which:

e the set A is contained in the e-neighborhood {z : d(z, A’) < e} of the
set A’, and

o the set A’ is contained in the e-neighborhood {z : d(z,A) < €} of the
set A,

where the distance d(x, S) between an element x and the set S is defined as

def .
= inf .
d(z,S) inf d(z, s)
The Hausdorff distance is usually defined for compact sets A and A’ (see,
e.g., [1]). For such sets,

e for every a € A, there is a point a’ € A’ for which d(a,d’) < dy(A, A'),
and

e for every a’ € A, there exists a point a € A for which d(a,a’) < du (4, A').

However, other definitions are also possible. For example, since an interval
[z,Z] can be naturally represented by a point (x,Z) on a plane, many paper
papers define the distance between intervals as the Euclidean distance between
the corresponding 2-D points (see, e.g., [2]), i.e., as

Which definition is most adequate from the viewpoint of interval com-
putation? Which definition is more adequate depends on the problems that we
intend to solve. In this paper, we analyze which definitions are most appropriate
from the viewpoint of interval computations.

One of the main objective of interval computations is:

e given a function f: X — IR and a set A C X,

e to compute the range f(A) ef {f(z) : x € A} of the function f(x) on the

set A.

The functions f(x) are usually continuous, and the set A is usually compact;
a typical example is a box (multi-D interval) in an n-dimensional space. For
a continuous function f(x), its range on a compact set is also a compact set.
It is also known that every real-valued continuous function on a compact set
is uniformly continuous, i.e., for every € > 0 there exists a § > 0 for which
d(a,a’) < 6 implies that |f(a) — f(a')| < e.

The corresponding sets A are also usually connected. It is known that the
range of a continuous function on a connected set is always connected and



is, thus, an interval. In such situations, computing the range simply means
computing the two endpoints of this interval:

def

F(A) = inf f(A) and F(A) = sup f(A).

Towards a precise formalization of this idea. Let us summarize the above
situation. For an exact point a, we compute a single value f(a). We know that
to compute this value f(a) with accuracy € > 0, we need to determine a with
accuracy 0 > 0.

For a compact set A, we need to compute two values f(A) and f(A). It is
therefore reasonable to define the distance d(A, A’) between the sets in such a
way that to determine each of these two values f(A) and f(A) with accuracy
e, we need to define the set A with accuracy § — in the sense of this yet-to-be-
defined distance.

Let us describe this idea in precise terms.

2 Definition and the Main Result

Definition. Let € > 0 and § > 0 be real numbers. We say that a continuous
function f: X — IR from a metric space X to real numbers is (g, d)-continuous
if for every two points x and &' for which d(x,z") < 8, we have | f(x)—f(2')] < e.

The following proposition shows that the Hausdorff metric dg (A, B) is — in the
sense of the above idea — the most natural one for interval computations.

Proposition. Let € > 0 and 6 > 0 be real numbers. For every two compact
subsets A and A’ of a metric space X, the following two conditions are equivalent
to each other:

o for every (g,0)-continuous function f : X — IR, we have

|f(A) = f(A")| < e and |F(A) - f(A)| <&
e dy(A,A") <.

Comment. So, for the Hausdorff distance:
e if d(a,a’) < 6 implies that the values f(a) and f(a’) are e-close,

e then whenever dy (A, A’) < §, both endpoints of the ranges f(A4) and
f(A") are also e-close.

The Proposition also says that the Hausdorff metric is uniquely determined by
this property.



Proof.

1°. Let us first prove that if dy(A, A") < 0 and f(z) is an (g, §)-continuous
function, then indeed |f(A) — f(A)| <e and |f(A4) — f(4")| <e.

1.1°. Let us first prove that the lower endpoints f(A) and f(A’) are e-close.

Indeed, since f(zx) is a continuous function on a compact set A, its infimum is
attained, i.e., there exists a point a,, € A for which

flam) = f(A).

Since dg (A, A”) < 4§, there exists a point a’ € A’ for which d(am,,a’) < J. Since
the function f(z) is (g,d)-continuous, this implies that |f(a,,) — f(a’)] < e
Thus,
f(d) < flam) +¢ = f(A) +e.
By definition,
f(A) =inf{f(d"):a’ € A’}.

By definition of the infimum, this implies that

f(A)) < f(a').

Since we have proven that f(a’) < f(A) + &, this implies that

f(4)
FA) < f(A) +e

We can repeat the same argument starting with the fact that f(x) is a
continuous function on a compact set A’, this would imply that

f(A) < f(A) +e.
These two inequalities indeed imply that ’ f(A) — f(A )| <e
1.2°. Similarly, we can prove that the upper endpoints f(A) and f(A’) are also
e-close.

Indeed, since f(x) is a continuous function on a compact set A, its supremum
is attained, i.e., there exists a point aj; € A for which f(apr;) = f(A). Since
di (A, A") < 6, there exists a point a’ € A’ for which d(aps,a’) < §. Since the
function f(z) is (e, d)-continuous, this implies that |f(ar) — f(a')] < e. Thus,

f(@) > flan) —e = f(A) —e.

By definition,

f(A) =sup{f(a):d € A"}
By definition of the supremum, this implies that

F(A)) = f(a').



(A) — &, this implies that
> f(4) -«

Since we have proven that f(a’)
B

We can repeat the same argument starting with the fact that f(z) is a
continuous function on a compact set A’, this would imply that

F(A) = f(A) —e.
These two inequalities indeed imply that | f(A) — f(A")| <e.

>f
A

2°. Let us now assume that we have two sets A and A’ for which, for ev-
ery (¢,6)-continuous function f : X — IR, we have |f(A) — f(A")] < € and
|f(A) — f(A")| < e. Let us then the prove that dp (A4, A’) <4, i.e., that:

e for every point a € A, we have d(a, A’) < 4, and

e for every point a’ € A’, we have d(a’, A) <.

Without losing generality, it is sufficient to prove the first statement. Let a
be any point from the set A. Let us then take

F@) 5 d(a,2).
Due to the triangle inequality, for every two points x,z’ € X, we have
|d(a,z) — d(a,z")| < d(z,z").

Multiplying both sides of this inequality by the ratio %, we conclude that

|f(z) = f(2)] < < - d(a,2).

SO

This implies that the function f(x) is continuous.

When d(z,z’) < 6, the above inequality implies that |f(z) — f(2')| < ¢, so
the function f(x) is indeed (g, d)-continuous. Thus, our assumption implies that
the values f(A) and f(A’) are e-close.

5
The above function f(z) = gd(a, x) is always non-negative, and it is equal to

0 when 2 = a. Since a € A, we thus conclude that f(A) = inf{f(z):z € A} =0.
From the fact that the values f(A) and f(A’) are e-close, we can therefore

conclude that
f(A) =inf{f(z):x € A"} <e.

By definition of f(x), we have

d(a, "),

. g .
ST =5

i.e., by definition of the distance between an element a and a set A,
€

. / li
Jnf f(a7) = 5 -d(a, 4).



Thus, the condition that

inf f(z)=

/
. <
Jnf, d(a,A") <e

STIRO)

implies that d(a, A") < 4.

The proposition is proven.
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