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How to Make Plausibility-Based Forecasting
More Accurate

Kongliang Zhu, Nantiworn Thianpaen, and Vladik Kreinovich

Abstract In recent papers, a new plausibility-based forecasting method was pro-
posed. While this method has been empirically successful, one of its steps — select-
ing a uniform probability distribution for the plausibility level — is heuristic. It is
therefore desirable to check whether this selection is optimal or whether a modified
selection would like to a more accurate forecast. In this paper, we show that the uni-
form distribution does not always lead to (asymptotically) optimal estimates, and
we show how to modify the uniform-distribution step so that the resulting estimates
become asymptotically optimal.

1 Plausbility-Based Forecasting: Description, Successes, and
Formulation of the Problem

Need for prediction. One of the main objectives of science is, given the available
data xy,...,x,, to predict future values of different quantities y.
The usual approach to solving this problem consists of two stages:

e first, we find a model that describes the observed data; and
e then, we use this model to predict the future value of each of the quantities y.

In some cases, it is sufficient to have a deterministic model, that describes the depen-
dence of each observed value on the known values describing the i-th observation
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and on the (unknown) parameters p of the model: x; = f;(p). In this case, we can
predict the value y as y = f(p) for an appropriate function f(p).

For example, in Newtonian’s model of the Solar system, once we know the initial
locations, initial velocities, and masses of all the celestial bodies (which, in this case,
are the parameters p), we can predict the position and velocity of each body at any
future moment of time.

In this deterministic case, we can use the known observed values to estimate the
parameters p of the corresponding probabilistic model, and then we can use these
parameters to predict the desired future values. This is how, e.g., solar eclipses can
be predicted for centuries ahead.

Need for statistical prediction. In most practical problems, however, a fully de-
terministic prediction is not possible, since, in addition to the parameters p, both
the observed values x; and the future value y are affected by other parameters be-
yond our control, parameters that can be viewed as random. Thus, instead of a de-
terministic model, we have a general probabilistic model x; = f(p,z1,...,zm) and
y=f(p,z1,--.,2m), where z; are random variables.

Usually, we do not know the exact probability distribution for the variables z;,
but we know a finite-parametric family of distributions that contains the actual (un-
known) distribution. For example, we may know that the distribution is Gaussian,
or that it is uniform. Let ¢ denote the parameter(s) that describe this distribution.

In this case, both x; and y are random variables whose distribution depends on all
the parameters 0 = (p,q): x; ~ fig and y ~ fo.

In this case, to identify the model:

we first estimate the parameters 8 based on the observations xi,...,x,, and then
we use the distribution fg corresponding to these parameter values to predict the
values y — or, to be more precise, to predict the probability of different values
of y.

Need for a confidence interval. Since in the statistical case, we cannot predict the
exact value of y, it is desirable to predict the range of possible values of y.

For many distributions — e.g., for a (ubiquitous) normal distribution — it is, in
principle, possible to have arbitrarily small and arbitrarily large values, just the prob-
ability of these values is very small. In such situations, there is no guaranteed range
of values of y.

However, we can still try to estimate a confidence interval, i.e., for a given small
value o > 0, an interval [Xa,ya] that contains the actual value y with confidence 1 —
o In other words, we would like to find an interval for which Prob(y € [y ,¥,]) > .

In the idealized situation, when we know the probabilities of different values of
y —i.e., in precise terms, when we know the corresponding cumulative distribution

a

function (cdf) F(y) def Prob(Y < y) —then we know that ¥ < F~! (E) with proba-
a

bility &/2 and that Y > F~! (1 - 5) with probability /2. Thus, with probability

a
I — o, wehavey € [y ,¥q], wherey = F~! (5) and
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In general, a statistical estimate based on a finite sample is only approximate.
Thus, based on a finite sample, we can predict the value of the parameters 6 only
approximately — and therefore, we only have an approximate estimate of the prob-
abilities of different values of y. So, instead of the actual cdf F(y), we only know
the bounds on the cdf: F(y) < F(y) < F(y). We want to select the interval Vo Yal
in such a way that the probability of being outside this interval is guaranteed not to
exceed Q.

For the lower bound y , all we know about the probability F (y ) of being smaller
than this bound is that this probability is bounded, from above, by the known value

— — o
F(y,): F(y,) < F(y,)- Thus, to guarantee that this probability does not exceed Ex

— o
we must select a bound y  for which F (Xa) =7 In other words, we should take

=@ (%)

Similarly, the probability 1 — F(¥,,) of being larger than the upper bound y,, is
bounded, from above, by the known value 1 — F(y,): 1 — F(¥4) < F(¥,). Thus, to
o

guarantee that this probability does not exceed 3 we must select a bound y,, for

o
which 1 — F(3,) = 5 In other words, we should take

et (1-2)

Plausibility-based forecasting: a brief reminder. In [1, 3, 4], a new forecasting
method was proposed. In this method, we start by forming a likelihood function,
i.e., a function that describes, for each possible value 0, the probability (density)
of observing the values x = (x1,...,x,). If we assume that the probability density
function corresponding to each observation x; has the form f; ¢ (x;), then, under the
natural assumption that the observations xi,...,x, are independent, we conclude
that:

L.(6) = _Iife,-(xi)-

The likelihood function is normally used to find the maximum likelihood estimate
for the parameters 0, i.e., the estimate 6 for which L, (6) = meaxLx(G).

In the plausibility-based approach to forecasting, instead of simply computing
this value 6, we use the likelihood function to define the plausibility function as

__Ld(6) _ L(9)
pl,(6) = supL,(0") B Ly (é) .
6/
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Based on this plausibility function, we define, for each real number w € [0,1], a
plausibility region
L(w)={6:pl(0) > 0}

We then represent a probability distribution for y as y = g(6,z) for an auxiliary
variable z whose distribution does not depend on 0. Usually, as z, we select a random
variable which is uniformly distributed on the interval [0, 1]. Such a representation
is possible for each random variable with a probability density function fy(y) and
corresponding cumulative distribution function Fg(y): namely, we can simply take
¢(0,2) = F, !(z), where F~! denotes an inverse function, i.e., a function for which
Fy ' (Fg(x)) = x for all x.

Based on the plausibility regions, we then compute the belief and plausibility of
each set A of possible values of 6 as follows:

Bel(A) = Prob(g(I;(®),2) C A)

nd
' PI(A) = Prob(g(Ix(®),z) NA # 0),

where both @ and z are uniformly distributed on the interval [0, 1]. After that, we
compute the lower and upper bounds on the cdf F(y) for y as

E(y) = Bel((—,)])

and

F(y) = PI((=e°,]).

Then, for any given small value ¢ > 0, we predict that y is, with confidence

- a
1 — o > 0, contained in the interval [y ,y,|, where y = (F )~ (5) and y, =
a
7 (1-2).
B (1-2

Remaining problem. While the new approach has led to interesting applications,
the motivations for this approach are not very clear. To be more precise:

e itis clear why, to simulate z, we use a uniform distribution on the interval [0,1] —
because we represent the corresponding probabilistic model for y as y = g(6,z)
for exactly this distribution for z;

e what is less clear is why we select a uniform distribution for ®.

Yes, this w-distribution sounds like a reasonable idea: we know that @ is located on
the interval [0, 1], we do not know which values @ are more probable and which are
less probable, so we select a uniform distribution. However, since we are not just
making reasonable estimates, we are making predictions with confidence, it is de-
sirable to come up with a more convincing justification for selecting the probability
distribution for @: namely, a justification that would explain why we believe that the
predicted value y belongs to the above-constructed confidence interval.
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Maybe we can get a justification, or maybe we can conclude that the above inter-
val is only an approximation — and by selecting a different probability distribution
for @, we can make the resulting forecasting more accurate.

This is the problem that we will be analyzing in this paper.

2 On a Simple Example, Let Us Compare Plausibility-Based
Forecasting With Known Methods

Let us consider the simplest possible situation. To analyze this problem, let us
consider the simplest case:

e when we have only one parameter § = 0,

e when the predicted value y simply coincides with the value of this parameter, i.e.,
when the probabilistic model y = g(0,z) has the form g(6,z) = 6, and

e when the likelihood L,(8) is continuous and strictly decreasing as we move away
from the maximum likelihood estimate é; in other words, we assume that:

— for 0 < 6 the likelihood function strictly increases, while
— for 6 > 0 the likelihood function strictly decreases.

Comment. While the first two conditions are really restrictive, the third condition
— monotonicity — is not very restrictive, it is true in the overwhelming majority of
practical situations.

Let us analyze this simplest possible situation. Since in our case, y = 0, the de-
sired bounds on the predicted value y are simply bounds on the value 0 of the cor-
responding parameter, bounds that contain 6 with a given confidence «. In other
words, what we want is a traditional confidence interval for 6.

In the above simplest possible situation, we can explicitly express the result-
ing confidence interval in terms of the likelihood function. According to the
plausibility-based forecasting method, we select

F(y) = Bel((—o0,y]) = Prob({8 : pL,(8) > @} C (—o,)]).

Since we assumed that the likelihood function L,(8) is increasing for 6 < @ and
decreasing for 6 > 6, the plausibility function pl,(0) — which is obtained by Ly(0)
by dividing by a constant — also has the same property:

o the function pl,(0) is increasing for 6 < Q ,and
e the function pl,(0) is decreasing for 8 > 6.

In this case, the set {0 : pl,.(0) > @} is simply an interval [8~, 6], whose endpoints
can be described as follows:

o the lower endpoint 6~ is the value to the left of @ for which pl.(0) = w, and
e the upper endpoint 87 is the value to the right of 6 for which pl.(0) = o.
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In these terms, the condition that the set {0 : pl,(8) > @} = [0~,0"] is contained
in (—eo,y| simply means that 01 < y.

Since 6 > 6, we thus have y > 0 as well. The plausibility function is strictly
decreasing for 6 > 6, the inequality 81 < y is equivalent to pl(6*) > pl(y). By
the construction of the value 87, we know that pl(61) = ®. Thus, the condition
{0 :p1,(0) > @} C (—oo,y] is simply equivalent to @ > pl,.(y). Hence,

E(y) =Prob(® > pl,(y)).

When o is uniformly distributed on the interval [0, 1], then, for all z, the probability
Prob(® > z) that ® is in the interval [z,1], is simply equal to the width of bthis
interval, i.e., to 1 — z. In particular, for z = pl,(y), we have F(y) = 1 —pl.(y). In

these terms, in the plausibility-based forecasting method, as the upper bound 6 of
_ — a
the confidence interval, we select the value 0, for which 1 —pl,(84) =1— 2 ie.,

for which

plx(ea) =

Similarly, the condition that the set {6 : pl,(0) > @} = [0, 67| has a non-empty
intersection with (—eo,y] simply means that 6~ < y.

Since 0~ < é, this inequality is always true for y > 6. So, for y > é, we have
F(y) = 1. For y < 6, the inequality 8~ < y is equivalent to pl(6~) < pl(y). By
the construction of the value 67, we know that pl(6~) = w. Thus, the condition
{0 :p1,(0) > @} N (—oo,y] # 0 is simply equivalent to @ < pl,(y). Hence,

N.\ Q

F(y) = Prob(® < pl,(y)).

When o is uniformly distributed on the interval [0, 1], then, for all z, the probability
Prob(® < z) is simply equal to z. In particular, for z = pl,(y), we have F (y) = pl,(y).
In these terms, in the plausibility-based forecasting method, as the lower bound 0,
of the confidence interval, we select the value 6, for which

Thus, the confidence interval obtained by using the plausibility method is the
interval [0, 0] between the two values 0, < 6 < 8 for which

o

p1x<ro) = plx(Qa) = 5

The confidence interval [@,,, 0] consists of all the values 8 for which

(04
In terms of the likelihood function L,(8), this means that, as the confident inter-
val, we select the set of all the values 6 for which
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Li(6) _ «o
L(6) — 2
i.e., equivalently, for which
In (L(6)) > In (L (6)) = (In(2) + | In(@)}). (1)

Let us compare the resulting confident interval with the traditional likelihood-
based confidence interval. In traditional statistics, one of the methods to estimate
the confidence interval based on the likelihood function — based on Wilks’s theorem
—is to select the set of all possible values 6 for which

In(L4(6)) = In (L (8)) = 521 @

see, e.g., [2], where %12,1—a is the threshold for which, for the y?-distribution - i.e.,
for the square of the standard normally distributed random variable, with 0 means
and standard deviation 1, we have Prob(x? < x?,_,) =1—a.

The corresponding confidence interval (2) is somewhat different from the inter-
val (1) obtained by using plausibility-based forecasting. It is known that Wilks’s
theorem provides an asymptotically accurate description of the confidence region
when the number of observations n increases.

It is desirable to modify the plausibility-based forecasting method to make it
asymptotically optimal. It is desirable to modify the plausibility-based forecasting
method to make its results asymptotically optimal.

3 How to Best Modify the Current Plausibility-Based
Forecasting Method: Analysis of the Problem

Problem: reminder. In the previous section, we have shown that the use of a
(heuristically selected) unform distribution for the variable @, while empirically
efficient, does not always lead us to asymptotically optimal estimates. Let us there-
fore try to find an alternative distribution for @ for which, in the above case, the
resulting confidence interval will be asymptotically optimal.

Which distribution for @ we should select: analysis of the problem. In the gen-
eral case, we still have F(y) = Prob(® < p.(y)). We want to make sure that for the

o
Wilks’s bound, this probability is equal to 7

For the Wilks’s bound, by exponentiating both sides of the formula (2), we con-

clude that
L:(0)

1
px(y) = LX (é) = eXp <_2 'Xlz,lot) ;
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thus, we conclude that

Prob <w§exp <;75121a>> = %. (3)

By definition of 7 ,_,. if we take a variable n which is normally distributed with 0
mean and standard deviation 1, then we have:

Prob (n2 < XIZ,I—(X) =1-a.
Thus, for the opposite event, we have
Prob (n* > 471 o) = (1-(1-@)) = a.

The inequality n*> > X12 1_¢ Occurs in two equally probable situations:

e when n is positive and n > , /)(12 |_q and
e when nisnegativeandn < —,/x?, .

Thus, the probability of each of these two situations is equal to E; in particular, we

Prob (n < /Xf,l_a) - % 4)

Let us transform the desired inequality (3) to this form. The inequality

L,
o < exp 5 Xil-a

have:

is equivalent to
1
ln(w) < 75 'Xlz,lfow

hence to
—2111((1)) > Xlz,l—(xa
v —2In(@) > \/ xlz,l—ow
and

V" 2() < —\ /11y

Thus, the desired inequality (3) is equivalent to

Prob (—y/~2In(@) < /2, o) = 5.

In view of the formula (4), this equality is attained if we have n = —y/—2In(®). In
this case, —2In(w) = n2, hence
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and thus,
n2
= -—— . 5
exp ( 3 ) (5)
So, we arrive at the following conclusion.

Conclusion. Instead of a uniformly distributed random variable @, we need to use
a variable (5), where n is a random variable distributed according to the standard
normal distribution — with 0 means and standard deviation 1.

What is the probability density function of this distribution? In general, if we
have a random variable with a probability density function px (x), then for any func-
tion f(x), for the random variable ¥ = f(X), we can determine its probability den-
sity function py (y) from the condition that for y = f(x), we have

Prob(f(x) <Y < f(x+dx)) =Prob(x < X < x+dx) = px(x) - dx.
Here, f(x) =y band
flxtdx) = f(x)+ f'(x) - dx = y+ f'(x) - dx,
hence
Prob(f(x) <Y < f(x+dx)) = Prob(y <Y <y+ f'(x)-dx) = py (y) - |f (x)| - d.

Equating these two expressions, we conclude that for y = f(x), we have

~ px(x)
PrO)= 1Pl
In our case,
(1) = —=-ex (—2)
pX X)= m p 2
and )
oo =esp (-5 ).
hence )
f(x)=—exp (—g) x
Thus,
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2 2
From y = exp (_xz) , we conclude that % = —In(y), thus, |x| = \/2-|In(y)|. So,

the probability distribution function for y = @ has the form

| 1
plw) = V21 /2 [In(0)]  2-y7-/In(0)]

This distribution is indeed close to uniform. The value In(®) is changing very
slowly, so, in effect, the resulting probability density function is close to a constant,
and thus, the corresponding probability distribution is close to the uniform one.

4 Resulting Recommendations

As a result of the above analysis, we arrive at the following modification of the
plausibility-based forecasting algorithm.

In this modification, first, we define the likelihood function L,(0) and then find
its largest possible value L, (é) = mglex(B).

Then, we define the plausibility function as
Li(6) _ L.(6)

plL.(8) = Slel/pLx(el) = L. (é)

Based on this plausibility function, we define, for each real number ® € [0,1], a
plausibility region
Ii(w) ={6:pl,(8) > 0}.

We then represent a probability distribution for y as y = g(,z) for an auxiliary
variable z which is uniformly distributed on the interval [0, 1].

Based on the plausibility regions, we then compute the belief and plausibility of
each set A of possible values of 6 as follows:

Bel(A) = Prob(g(I:(®),z) C A)

and
PI(4) = Prob(g(Li(®),2) NA #0),

where both z is uniformly distributed on the interval [0,1], and @ is distributed in
accordance with the probability density

1
PlO) = Uz @)

The corresponding random variable can be simulated as
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nZ
@ = exp (—2> s

where 7 is a standard normally distributed random variable, with 0 mean and stan-
dard deviation 1.
After that, we compute the lower and upper bounds on the cdf F(y) for y as

E(y) = Bel((—e°,y])

and
F(y) = PI((—e,]).
Then, for any given small value o > 0, we predict that y is, with confidence
1 — o > 0, contained in the interval [y ,y,], where y = (F)~! (g) and y, =

£ (1-2).
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