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Why Cannot We Have a Strongly Consistent
Family of Skew Normal (and Higher Order)
Distributions

Thongchai Dumrongpokaphan and Vladik Kreinovich

Abstract In many practical situations, the only information that we have about the
probability distribution is its first few moments. Since many statistical techniques
requires us to select a single distribution, it is therefore desirable to select, out of all
possible distributions with these moments, a single “most representative” one. When
we know the first two moments, a natural idea is to select a normal distribution.
This selection is strongly consistent in the sense that if a random variable is a sum
of several independent ones, then selecting normal distribution for all of the terms
in the sum leads to a similar normal distribution for the sum. In situations when we
know three moments, there is also a widely used selection — of the so-called skew-
normal distribution. However, this selection is not strongly consistent in the above
sense. In this paper, we show that this absence of strong consistency is not a fault of
a specific selection but a general feature of the problem: for third and higher order
moments, no strongly consistent selection is possible.

1 Formulation of the Problem

Need to select a distribution based on the first few moments. In many practical
situations, we only have a partial information about the probability distribution. For
example, often, all we know is the values of the first few moments.

Most probabilistic and statistical techniques assume that we know the exact form
of a probability distribution; see, e.g., [5]. In situations when we only have partial
information about the probability distribution, there are many probability distribu-
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tions which are consistent with our knowledge. To use the usual techniques in such
a situation, we therefore need to select, from all possible distributions, a single one.

In situations when we know the first two moments, there is a strongly consistent
way of selecting a single distribution. In situations when all we know is the first
two moments = [x-p(x)dx and My = [x?- p(x)dx, a natural idea is to select
a distribution for which the entropy (uncertainty) S = — [ p(x) - In(p(x))dx is the
largest possible; see, e.g., [3].

By applying the Lagrange multiplier techniques, one can easily check that max-
imizing entropy under the constraints [p(x)dx =1, 4 = [x-p(x)dx and M, =
[x%- p(x)dx leads to the Gaussian (normal) distribution, with probability density

1 (x—p)?
PO = s 'e"P( 207 )
where 62 = M, — u?.

This selection is strongly consistent in the following sense. Often, the random
variable of interest has several components. For example, an overall income consists
of salaries, pensions, unemployment benefits, interest on bank deposits, etc. Each of
these categories, in its turn, can be subdivided into more subcategories. If for each
of these categories, we only know the first two moments, then, in principle, we can
apply the selection:

either to the overall sum,

or separately to each term,

or we can go down to the next level of granularity and apply the selection to each
term on this granularity level, etc.

It seems reasonable to require that whichever granularity level we select, the
resulting distribution for the overall sum should be the same. This is indeed true
for normal distributions. Indeed, knowing ¢ and M5 is equivalent to knowing u and
the variance 62, and it is known that for the sum X = X; + X5 of two independent
random variables, its mean and variance are equal to the sum of the means and
variances of the two components: L = [ij + U and 62 = 612 + 022. So:

e If we apply the selection to the sum itself, we then get a normal distribution with
mean U and standard deviation ©.

e Alternatively, if we first apply the selection to each component, we conclude that
Xj is normally distributed with mean u; and standard deviation o] and X is
normally distributed with mean I, and standard deviation o5.

It is known that the sum of two independent normally distributed random variables
is also normally distributed, with the mean y = u; + pp and the variance 6> =
(712 + 0'22. Thus, in both cases, we indeed get the same probability distribution. This
strong consistency is one of the reasons why selecting a normal distribution is indeed
ubiquitous in practical applications.

Selection of a skew normal distribution is not strongly consistent. A natural next
case is when, in addition to the first two moments p and M;, we also know the
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third moment M3. Alternatively, this can be described as knowing the mean p, the
variance V = 02, and the third central moment

my S E[(X —p)?).

In this case, we can no longer use the Maximum Entropy approach to select a
single distribution. Indeed, if we try to formally maximize the entropy under the four
constrains corresponding to the condition [ p(x)dx =1 and to the three moments,
then the Lagrange multiplier method leads to the function

p(x) =exp(ag+a;-x+ay-x*+az-x°)

which does not satisfy the requirement [ p(x)dx = 1:

e when a3 > 0, then p(x) — o0 as x — +oo, 50 [ p(x)dx = oo; and
e when a3 < 0, then p(x) — o0 asx — —oo, so also [*_p(x)dx = oo.

There is a widely used selection, called a skew normal distribution (see, e.g.,
[2, 4, 6]), when we choose a distribution with the probability density function

b () o073,

where:

1 2
o O(x) def \/T? -exp (—2) is the pdf of the standard Gaussian distribution, with

mean 0 and standard deviation 1, and
e @(x) is the corresponding cumulative distribution function

"X
qs(x)z/ o(t)dr.
For this distribution,

. [,lT]er'(S'\/i,Where(sdd d

Vi+a?
s 287
e O =" - 1—7 ,and
d—m 5 (8-2/n)

® M3 = 0" .
2 (1-282/7)3/2
The skew normal distribution has many applications, but it is not strongly con-
sistent in the above sense: in general, the sum of two independent skew normal
variables is not skew normal, and thus, the result of applying the selection depends

on the level of granularity to which this selection is applied.

Natural question. Since the usual selection corresponding to three moments is not
strongly consistent, a natural question is:
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e is this a fault of this particular selection — and an alternative strongly consistent
selection is possible,

e or is this a feature of the problem — and for the case of three moments, a strongly
consistent selection is not possible?

In this paper, we show that under the reasonable assumption of scale-invariance, for
three and more moments, a strongly consistent selection is not possible — and thus,
the absence of string consistency is a feature of the problem and not a limitation of
the current selection of skew normal distributions.

2 Analysis of the Problem and the Main Result

Let us formulate the selection problem in precise terms. We want to assign, to
each triple (u,V,m3) consisting of the mean, the variance, and the central third
moment /3, a probability distribution p (x, i, V,m3).

Let us list the natural properties of this assignment.

First property: continuity. Moments are rarely known exactly, we usually know
them with some accuracy. It is thus reasonable to require that if the moments
change slightly, then the corresponding distribution should not change much. In
other words, it is reasonable to require that the function p (x, it,V,m3) is a continu-
ous function of u, V, and ms.

Comment. As we can see from our proof, to prove the impossibility, it is sufficient
to impose an even weaker requirement: that the dependence of p(x, i,V,m3) on i,
V, and m3 is measurable.

Second property: strong consistency. We require that if X; and X, are independent
random variables for which:

e X is distributed according to the distribution p (x, 1, Vi, m3;), and
e X, is distributed according to the distribution p (x, tp, V2, m33),

then the sum X = X; + X, is distributed according to the distribution

p(x, 1 + to, Vi +Va,mzy +m3p).

Final property: scale-invariance. Numerical values of different quantities depend
on the choice of a measuring unit. For example, an income can be described in Baht
or — to make comparison with people from other countries easier — in dollars. If we
change the measuring unit to a new one which is A times smaller, then the actual
incomes will not change, but the numerical values will change: all numerical values
will be multiplied by A: x — x' = A - x.
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If we perform the selection in the original units, then we select a distribution with

the probability density function p(x, it,V,ms3). If we simply re-scale x to X’ = A - x,
/

1
then for x’, we get a new distribution p’(x') = 7P %,M,V, ms ).

We should get the exact same distribution if we make a selection after the re-
scaling to the new units. After this re-scaling:

e the first moment is multiplied by A: t — A - 4,
e the variance is multiplied by A>: V — A2 -V, and
e the central third moment is multiplied by A3: m3 — A3 - mj.

So, in the new units, we get a probability distribution p(x',A -, A% -V, A3 - m3). A
natural requirement is that the resulting selection should be the same, i.e., that we
should have

1 /
Ip (;7“7‘/7”13) :P(x',l-‘u,lz-v,l3~m3)

forall x, A, u, V, and mj.

Comment. One can easily check that the both the above selection corresponding to
skew normal distributions is scale-invariant (and that for the case of two moments,
the standard normal-distribution selection is also scale-invariant).

Now, we can formulate the problem in precise terms.
Definition 1.

o We say that a tuple ([, V,m3) is possible if there exists a probability distribution
with mean [, variance V, and central third moment m3.

e By a 3-selection, we mean a measurable mapping that maps each possible tuple
(1, V,m3) into a probability distribution p(x, 1,V,m3).

o We say that a 3-selection is strongly consistent if for every two possible tuples,
if Xy ~ p(x, 1, Vi,ms1), Xo ~ p(x, Ua,Va,ms;), and Xy and X, are independent,
then X1 +Xp ~ p(x, ) + o, Vi + Vo, mz; +mzp).

e We say that a 3-selection is scale-invariant if for every possible tuple (1L, V,m3),
for every A > 0, and for all X', we have

1 /
Ip (X,H,V,m3> :p(x’,)L~/.L,12~V,A3~m3)

Proposition 1. No 3-selection is strongly consistent and scale-invariant.

Comment. A similar result can be formulated — and similarly proven — for the case

when we also know higher order moments. In this case, instead of the original mo-
N 4N

ments, we can consider cumulants K,: terms at

in the Taylor expansion of

the corresponding generating function In(E[exp(i-7-X)]). For n =1, n =2, and
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n =3, we get exactly the mean, the variance, and the central third moment. In gen-
eral, cumulants are additive: if X = X; + X, and X; and X, are independent, then
K, (X) = 16,(X1) + 5,(X2).

Discussion. Since we cannot make a strongly consistent selection, what should we
do? One possible idea is to use the fact that, in addition to the sum, min and max are
also natural operations in many applications. For example, in econometrics, if there
are several ways to invest money with the same level of risk, then an investor selects
the one that leads to the largest interest rate.

From this viewpoint, once we have normally distributed random variables, it is
also reasonable to consider minima and maxima of normal variables. Interestingly,
in some cases, these minima and maxima are distributed according to the skew nor-
mal distribution. This may be an additional argument in favor of using these distri-
butions.

Proof. It is known that when we deal with the sum of independent random variables
X = X1+ Xo, then, instead of the original probability density functions, it is more
convenient to consider characteristic functions

20 (0) E Elexp(i-0-X1)], 2x,(0) € Elexp(i-0- X)),

and
xx(©) & Elexp(i- 0 - X)].

Indeed, for these characteristic functions, we have

XX(O)) =xx (CO) 'sz(w)'

Comment. To avoid possible confusion, it is worth noticing that this frequency o is
unrelated to the parameter @ of the skew normal distribution.

Thus, instead of considering the original probability density functions

p(x,u,V,m3),

let us consider the corresponding characteristic functions

x(w,y,V,mg)dif/exp(barx)~p(x,u,V,m3)dx.

Since the original dependence p(x,,V,m3) is measurable, its Fourier transform
x (@, 1, V,m3) is measurable as well.

In terms of the characteristic functions, the string consistency requirement takes
a simpler form

X(@, 1y + t2, Vi +Va,m31 +m3p) = x (0, uy,Vi,msy) - x (o, ho,V,msz).
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This requirement becomes even simpler if we take logarithm of both sides. Then, for

the auxiliary functions ¢(@, u,V,m3) def In(x(w,u,V,m3)), we get an even simpler
form of the requirement:

Lo, i + 2, Vi +V2,m31 +m32) = £(@, 1y, Vi,m31) + (@, ho,V,m32).

It is known (see, e.g., [1]) that the only measurable functions with this additivity
property are linear functions, so

é(a)7[,L,V,I713) =U -El(a)) -‘rV'éz((D) +m3 Z3((1))

for some functions ¢; (), ¢>(®), and ¢3(w).

Let us now use the scale invariance requirement. When we re-scale a random
variable X, i.e., replace its numerical values x to new numerical values X' = A - x,
then, for the new random variable X' = ® - X, we have

Xx(©) = Elexp(i-©-X")] = E[exp(i- 0 (A-X))] = E[exp(i- (@- 1) - X)] = xx (A - 0).

Thus re-scaled characteristic function X (A - @,u,V,ms3) should be equal to the
characteristic function obtained when we use re-scaled values of the moments
x(m,l-u,lz-V,k3-m3):

X(A' ! (D,,LL,V,I’H3) - X((D,l ':uv)Lz "V713 'm3)'
Their logarithms should also be equal, so:
(A-@,u,V,m3) =@, A-u,A%-V,A> m3).

Substituting the above linear expression for the function ¢(®,u,V,m3) into this
equality, we conclude that

ply(A-0)+V-Ly(0-@)+m3-l3(A-0)=A-p-L(0)+A>-V-L(0)+A° -m3-l3(0).

This equality must hold for all possible triples (i, V,m3). Thus, the coefficient at p,
V', and m3 on both sides must coincide.

e By equating coefficients at 1, we conclude that /;(A - @) = A - ¢ (®). In partic-
ular, for @ = 1, we conclude that ¢;(1) = A - ¢;(1), i.e., that ¢;(®) = ¢; - @ for
some constant cj.

e By equating coefficients at V, we conclude that /(2 - ®) = A% - £ (®). In partic-
ular, for @ = 1, we conclude that £,(1) = A2 £,(1), i.e., that £, (®) = ¢3 - @ for
some constant c¢3.

e By equating coefficients at m3, we conclude that /3(A - @) = A3 - £3( ). In par-
ticular, for @ = 1, we conclude that /3(1) = A - £3(1), i.e., that £3(®) = ¢3 - @°
for some constant c3.

Thus, we get £(@, i, V,m3) =c1-f-®+c2-V-@*+c3-m3- . Since, by defini-
tion, ¢(w, i, V,m3) is the logarithm of the characteristic function, we thus conclude
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that the characteristic function has the form
_ 2 3
x(0,u,V.nz) =exp(ci-L-®+c V-0 +c3-m3- ).

In principle, once we know the characteristic function, we can reconstruct the prob-
ability density function by applying the inverse Fourier transform. The problem here
is that, as one can easily check by numerical computations, the Fourier transform of
the above expression is, in general, not an everywhere non-negative function — and
thus, cannot serve as a probability density function.

This proves that a strongly consistent selection of a probability distribution is
indeed impossible.

Comment. If we only consider two moments, then the above proof leads to the char-
acteristic function y (@, u,V) = exp(cy - - @ +c3 -V - @?) that describes the Gaus-
sian distribution. This, we have, in effect proven the following auxiliary result:

Definition 2.

o We say that a tuple (11, V) is possible if there exists a probability distribution with
mean U and variance V.

e By a 2-selection, we mean a measurable mapping that maps each possible tuple
(1, V) into a probability distribution p (x, L, V).

o We say that a 2-selection is strongly consistent if for every two possible tuples, if
X) ~ p(x,u1,V1), Xo ~ p(x,2,V2), and X, and X are independent, then X| +
Xo ~ p(x, 1y + Ua, Vi +Va).

o We say that a 2-selection is scale-invariant if for every possible tuple (1L,V), for
every A > 0, and for all X', we have

1 xl ’ 2
IP I“u’V :p(xaz".uvl V)

Proposition 2. Every strongly consistent and scale-invariant 2-selection assigns, to
each possible tuple (11, V), a Gaussian distribution with mean | and variance V.
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