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Abstract

Our study in this thesis is concentrated on the AFC groups (Associativity Forces Commu-
tativity) and observing the ring structure there. We are looking for abelian groups yielding

ring structures (K') where associativity forces commutativity. We call them K-AFC groups.

We consider that the only conditions put on a ring multiplication are the distributive
laws over the additive group addition. After [1], We say that an abelian group (G, +) is an
AFC-group if (i) there exists a nonassociative and noncommutative ring (G, +, ) and (ii)

all associative rings (G, +, -) are commutative.

We call a ring left-nil if its “left power sequence” contains only a finite number of nonzero
terms, We first comment on the structure of one sided-nil rings and then study the left-nil
AFC groups which are a type of a K-AFC group. We say that G is a left-nil AFC group
if G satisfies the two conditions of K-AFC' groups, where K is the class of left-nil rings.

The motivation of this study comes from the “Order Algebraic Structures”[4], where the

issue of K-AFC group naturally arose and there is a considerable interest in this topic to

investigate a relation between associativity and commutativity.

vil
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Chapter 1

Introduction to Groups, Rings, Fields

Our thesis is based on two fundamental properties of modern algebra- associativity and
commutativity. Before discussing the main content of this thesis, we explain the general
context, background and some criteria of these properties which inspire us to start this
research program. In this introductory chapter we mainly review some familiar properties
of sets, groups, rings and the operations in these structures. We study the question- how

these are related to each other.

1.1 Sets

Let S be a set. The cartesian product S x S is the set of ordered pairs of elements of S,
SxS={(z.y):z,yeS}

A binary operation ¢ : S X S — S is commutative if ¢(z,y) = ¢(y, z), for all z,y € S.
A binary operation ¢ : S x S — S is associative if gf)(gb(m, Y), z) = (/ﬁ(x, o(y, z)), for all

x,y,z € 5.

1.1.1 Example

let S ={1,2,3.cccccceiiie. } be the set of all positive integers.

Now,

¢

(x,y) = x + y is a binary operation which is both commutative and associative.
é(x,y) = (x +y)? is a binary operation which is commutative, but not associative.
(z,y

-

x,y) = x¥ is a binary operation which is neither commutative nor associative.



These operations are defined using the familiar operations of addition and multiplication

on the positive integers.

1.2 Group

A group consists of a set G and a binary operation “-” defined on G, for which the following
conditions are satisfied :

1. Associativity : (a-b)-c=a-(b-c), forall a,b,c € G.

2. Identity : There exists an element e € G such that a-e =e-a =a, for all a € G.

3. Inverse : Given a € G, there exists b € G such that a-b=0b-a = e.

1.2.1 Example

Let Z ={...—2,—1,0,1,2,...} be the set of integers. Then, (Z, +,0) is a group where “+”

“wo”

is the usual addition. However, (Z, -, 1), where is the usual multiplication, is not group,

because, multiplicative inverses can not always be found in the integers, violating property

3.

1.3 Abelian Group

An abelian group is a nonempty set A with a binary operation “+ 7 defined on A such
that the following condition holds:

(i) (Associativity) for all a,b,c € A, we have a+ (b+¢) = (a+b) + c.

(ii) (Commutativity) for all a,b,c € A, we have a +b =0+ a.

(iii) (Existence of an additive identity) there exists an element 0 € A such that 0+a = a
for all a € A.

(iv) (Existence of an additive inverse) for each a € A there exists an element —a € A
such that —a +a = 0.

Groups are not satisfying this property are said to be nonabelian or noncommutative.



1.4 Subgroup

Let G be a group. A subset H of G is a subgroup of G if :

(a) H is closed under the group operation: If a,b € H, then a-b € H.
(b) e € H.

(c)Ifa€ H, thena™* € H.

1.4.1 Theorem

Any subgroup of an abelian group is abelian.

1.5 Direct Product of Groups

In the context of abelian groups, the direct product is sometimes referred to as the direct
sum, and is denoted G & H. Direct sums play an important role in the classification of
abelian groups. According to the fundamental theorem of finite abelian groups, every finite

abelian group can be expressed as the direct sum of cyclic groups.

1.5.1 Definition

i) Let G and H be two arbitary groups, the direct product G & H is defined as follows:

GoH=1{(g9,h):geGandhe H}

That is, the set of elements of G & H is the Cartesian product of the sets G and H.

ii) The binary operation on G @ H is defined componentwise :

(91, h1) - (92, h2) = (91 - g2, h1 - h2)

The resulting algebraic object satisfies the axioms for a group. Specifically :
e Associativity: The binary operation on G & H is indeed associative.

e Identity : The direct product has an identity element, namely (eq, ey), where eg is



the identity element of G and ey is the identity element of H.

e Inverses : The inverse of an element (g,h) of G @ H is the pair (¢!, h™'), where

g~ ! is the inverse of g in G, and h~! is the inverse of h in H.

1.5.2 Example

Let R be the group of real numbers under addition. Then the direct product R & R is the

group of all two-component vectors (x,y) under the operation of vector addition :

(z1,91) + (2, 92) = (21 + T2, 41 + o).

1.5.3 Elementary properties

e The order of a direct product G & H is the product of the orders of G and H :

|G @ H| = |G||H]|.

e The order of each element (g, h) is the least common multiple of the orders of g and h

(g, 2)| = lem (|g], |hl)-

In particular, if |g| and |h| are relatively prime, then the order of (g, h) is the product of
the orders of g and h.

1.6 Cyclic group

A cyclic group is an abelian group that can be generated by a single element, in the sense

that there is an elelment a such that all elements of the group are generated by a.

Equivalently, an element a of a group G generates G precisely if G is the only subgroup of

itself that contains a [10].



1.6.1 Definition

A group G is called cyclic it G =< a >. Such an element a is called a generator of G.

1.6.2 Example

Z is a cyclic group under addition since Z =< 1 >=< —1 >.

1.6.3 Theorem

Let m and n be positive integers.

1. If ged(m,n) = 1 (i.e. m and n are relatively prime), then Z,, @ Z, is cyclic and is
isomorphic to Z,,,, and (1, 1) is a generator of Z,, ® Z,.

2. If ged(m,n) # 1, then Z,, ® Z,, is not cyclic. of every subgroup of < a > is a divisor of
n; and, for each positive divisor k£ of n, the group < a > has exactly one subgroup of order

k, namely < a™/* >.

1.7 Homomorphism

If (G, ) and (H, o) are groups, then a function f : G — H is a homomorphism if

flxxy) = f(x)o f(y), for all z,y € G.

1.7.1 Example

Consider R under addition and the group U of complex numbers z with |z| = 1 under

multiplication.

Let ¢ : R — U be the map ¢(z) = €**. Since

oz +y) = 2T = 0BV = g(a)g(y).

So, ¢ is a homomorphism.



1.8 Isomorphism

Let a function f : G — H be a homomorphism. If f is also a one-one correspondence,
then f is called an isomorphism. Two groups G and H are called isomorphic, denoted by

G = H, if there exists an isomorphism between them.

1.8.1 Example

The group of all real numbers with addition, (R, +), is isomorphic to the group of positive

real numbers with multiplication (R+,-) : (R,+) = (R™,-)

1.9 Fundamental Theorem of Finite Abelian Groups

Every finite abelian group (G) is isomorphic to a direct product of finite cyclic groups,
that is,
G=ZZpr ®Lpyr2 @ ... B Ly,

where the p;’s are primes ( r; > 1).

1.10 Finitely Generated Abelian Groups

First, let us examine a generalization of finite abelian groups. Suppose that G is a group
and let {g;} be a set of elements in G, where 7 is in some index set I (not necessarily finite).
The smallest subgroup of G containing all of the {g;}'s is the subgroup of G generated by
the {g;}'s. If this subgroup of G is all of G, then G is generated by the set {g; : i € I}.
In this case the {g¢;}'s are said to be the set of generators of G. If there is a finite set of
generators {g; : ¢ € I} of G, then G is finitely generated.

So, an abelian group G is finitely generated if there are elements x4, ..., z, € G such that

every element x € G can be written as

r =ayxy+ -+ a,r,, where a; € Z.



1.10.1 Example

1. All finite groups are finitely generated. For example, the group Z, & Z, (where p, ¢ are
primes) is generated by {(1,1)}.

2. The group Z & Z,, is an infinite group but is finitely generated by {(1,0), (0,1)}.

3. Q is not finitely generated.

1.11 Fundamental Theorem of Finitely Generated
Abelian Group

Every finitely generated abelian group G is isomorphic to a direct product of cyclic groups
in the form

Lipyrs ® Lpyrs @ oo @ Ly DLOLD ... O Z.

where the p; are primes, not necessarily distinct, and the r; are positive integers. The direct
product is unique except for a possible rearrangement of the factors. The number of factors

7 is called the Betti number of G.

1.12 Rings

Up to this point we have studied sets with a single binary operation satisfying certain ax-
ioms, but often we are interested in working with sets that have two binary operations. For
example, one of the most natural algebraic structures to study is the set of integers with
the operations of addition and multiplication. These operations are related to one another
by the distributive property. If we consider a set with two such related binary operations

satisfying certain axioms, we have an algebraic structure called a ring.

The ring structures on certain abelian groups was first defined by Ross Beaumont who



considered rings on direct sums of cyclic groups [2]. Then Beaumont and Zuckerman de-

scribed the rings on subgroups of the rationals [3].

1.12.1 Definition

A ring consists of a set R and two binary operations “+” (addition) and “-” (multiplica-
tion) on R, for which the following conditions are satisfied :

1. Additive associative : (a +b) +c=a+ (b+c), for all a,b,c € R.

2. Additive commutative : a + b= b+ a, for all a,b € R.

3. Additive identity : There exists an element 0 € R such that for all a € R,
O+a=a+0=a.

4. Additive inverse : for every a € R, there exists —a € R such that a + (—a) =
(—a)+a=0.

5. Left and right distributivity : for all a,b,c € R, it holds that a- (b+¢) =a-b+0b-c
and (b+c¢)-a=b-a+c-a.

If we are working in an abelian environmment it is ususal to use additive notation : x + y.
The reason for this is that while multiplication of various mathematical objects ( functions,
matrices, etc.) is noncommutative, addition invariably commutes. So, by using additive

notation the commutativity seems perfectly natural. This is also true for the associativity.

Since in a ring we add and multiply elements by a distributive law, we want to figure
out the connection between associativity and commutativity on multiplication. How does
they imply or force each other on a particular ring structure? Are they always independent

on all the ring structure?

In our thesis we have investigated such ring multiplications which admit a relation be-

tween these two properties.



Some restrictions involving the multiplication may be necessary at times. Suppose that
a and b are two elements in a ring R. If a is non-zero and a - b = 0, then b need not
necessarily be 0. That is an interesting part in modern algebra. In such case a and b are

called the zero-divisors.

In such stipulation, a - ¢ = b - ¢ does not imply that a = b. However, we can impose
additional conditions on the ring to ensure that this be true; namely make the ring into an
integral domain.

Even stronger consideration lead to the definition of a field.

1.13 Field

A field consists of a set F' and two binary operations “+” (addition) and “-” (multiplication),
defined on R, for which the following conditions are satisfied :

1. (F,+,-) is a ring.

2. Multiplicative commutative : For any a,b€ F,a-b=10-a.

3. Multiplicative associative : For all a,b,c € F,a-(b-¢c) = (a-b)-c.

3. Multiplicative identity : There exists 1 € F' such that a-1=1-a=a, forall a € F'.
4. Multiplicative inverse : If a € F'and a # 0, there exists b € F such that a-b = b-a = 1.

1.13.1 Example

Q, R, C are fields.

1.14 Integral Domain

An integral domain is a commutative ring R with identity 1z # Or with no zero divisors,

that is, a - b = Or implies that a = Og or b = Og.



1.15 Associative Ring

If R is multiplicatively associative then R is called an associative ring.
For all a,b,c € R, (a-b)-c=a-(b-c).

Our rings not necessarily are associative.

1.16 Ring with identity

A ring with identity is a ring R that contains a multiplicative identity element 15 such that
lp-a=a=a-1g, forall a € R.

Our rings not necessarily have the identity.

1.16.1 Example

e 7,R,Z, are rings with identity.

e The set of even integers is a ring without identity.

1.17 Ring with unity

Any element a in a ring R with identity which has an inverse u (ie. a-u=1gr =u-a) is

called a unit.

1.18 Subring

Let R be a ring. A subring is a subset S C R such that :

(a) S is closed under addition : If a,b € S, then a +b € S.

(b) The zero element of Risin S: 0 € S.

(c) S is closed under additive inverses : If a € S, then —a € S.

(d) S is closed under multiplication : If a,b € S, then ab € S.

10



1.19 Ideal

Let R be a ring. An ideal I of R is a subset I C R such that :

(a) I is closed under addition : If a,b € I, then a4+ b € I.

(b) The zero element of Risin I : 0 € I.

(c) I is closed under additive inverses : If a € I, then —a € I.

(d) Ifae Rand b€ I, then ab € I and ba € I.

In other words, I is closed under multiplication (on either side) by arbitrary ring elements.

a=0gzorb=0g.

11



Chapter 2

The Structure of a Nil Ring

The goal of this section is to look at several properties of the structure of nil rings. We will

need then the development of the subject matter in the subsequent chapters.

2.1 Left Nil Rings

2.1.1 Left-power sequence

Let R be a nonassociative ring and x € R. A left-power-sequence of x is defined as follows:

r =2

2.1.2 Left-nil ring

A ring R is called a left-nil if for every x € R, its left-power sequence contains only a finite

number of nonzero terms (which is equivalent to say that for some n,z, = 0).

2.1.3 Example

In Z @ 7Z, we define the ring multiplication,
(av b) ’ (C7 d) = (07 ac + bC)

12



where a, b, c,d € Z and extend it linearly to make Z & Z an algebra over Z.

Let (a,b),(c,d) and (e, f) be any three elements of this group, where a,b,c,d, e, f € Z.
Now, we need to verify the distributive property of the ring (Z & Z, +, -).

(a,b) - ((c,d) + (e, [)) = (a,b) - (c+ e, d+ f)

= (0, ac + ae + bc + be))

= (0,ac+ bc) + (0, ae + be)

= (a,b) - (¢,d) + (a,b) - (e, f), which satisfies the left- distributivity on (Z & Z, +, -).

Also, ((c, d) + (e, f)) (a,b) = (c+e,d+ f)-(a,b)

= (0,ca + ea+ da + fa)

= (0,ca + da) + (0,ea + fa)

= (¢,d) - (a,b) + (e, f) - (a,b), which satisfies the right- distributivity on (Z ® Z, +, -).

Now, (a,b)? = (a,b) - (a,b) = (0,a® + ba)

and, (a,b)® = (a,b) - (a,b)?

= (a,b) - (0,a* + ba)

= (0,0)

Since a left-cube of any element of this ring is (0,0). (Z ® Z, +, -) is a left-nil ring.

2.2 Right Nil Rings

2.2.1 Right-power sequence

Let R be a nonassociative ring and x € R. A right-power-sequence of x is defined analo-

gously as follows :

r =2

Lo =1 T
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2.2.2 Right-nil ring

A ring R is called a right-nil if for every x € R, its right-power sequence contains only a

finite number of nonzero terms (which is equivalent to say that for some n,z,, = 0).

2.2.3 Example

In Zy & Z4, we define the ring multiplication,
(CL, b) ’ (C7 d) = (07 2bC)

for a,c € Zs and b,d € Z, where the products ab, ba, bc etc. are elements of Z, with Z,
treated as a left and right module over Z, in a natural way.

Also, Zg @ Zy4 is a left-module over Z, :

for any r € Z4, we define r(a,b) = (ra,rb) in Zg @ Zy,

where, the product ra is defined as follows :

CD

sfor,r=10,2
sfor,r=1,3 '

Now, (a,b)? = (a,b) - (a,b) = (0, 2ba)

(a,0)® = (a,b)* - (a,b)

= (0,2ba) - (a,b)

= (0, 4ba?)

= (0,0).

Since a right-cube of any element of this group is (0,0), (Zy @ Z4, +, -) is a right-nil ring.
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2.3 Relation between left-nil and right-nil ring

2.3.1 Remark

A left-nil ring may not be a right-nil ring.

For example, In Z & Z, we define the ring multiplication,
(a,b) - (¢,d) = (0,ac + be)

where a, b, c,d € Z and extend it linearly to make Z & Z an algebra over Z.

This is a left-nil ring [ by Example 2.1.3]
Now (1,0) multiplied on the right,

(1,00 = (1,0)- (1,0) = (0, 1)

(1,00 = (1,0)*- (1,0) = (0,1) - (1,0) = (0,1)
(1,0)* = (1,0)*- (1,0) = (0,1) - (1,0) = (0, 1)
(1,0)> = (1,0)*- (1,0) = (0,1) - (1,0) = (0,1)

SO on.
Therefore, by the right-power sequence, (1,0) does not reach (0,0). Thus, the above ring

is not a right-nil ring.

2.4 Nil Rings

Let R be an associative ring and x € R. Then z is called a nilpotent element of R if there
is a positive integer n such that ™ = 0.

A ring R is called a nil ring if every element of R is nilpotent.

2.4.1 Lemma

Every nil ring is both left- and right-nil.
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2.4.2 Example

Z®Z D Zis a nil ring.

Proof : As an abelian group Z @& Z @ 7Z is isomorphic to the group of all 3 x 3 upper
0 a b

triangular matrices with 0's on the diagonal of the form | 0 0 ¢ | where a,b,c € Z.

0 00

So, we endow Z @ Z @ 7 with the matrix multiplication. It becomes an associative ring.

0 a b

Now, assume that X = | 0 0 ¢

00 0
0 a b 0 a b 0 0 ac
X?=X-X=]00¢c¢|-{]00c|=]000
000 0 00 00 0

X3 =X X?=X?.X ;[ Matrix multiplication is associative ]

0 a b 0 0 ac 0 0O
=10 0 ¢|-10O0 O =10 0 0
0 00 00 O 0 00

So, the group Z & Z & Z admits a left-nil and right-nil structure.
Therefore, Z & 7Z & Z is both left- and right-nil ring. Moreover, it is a nilpotent ring in the

sense that a product of every three elelments is 0.
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2.5 Associative Nil Rings

2.5.1 Theorem

In an associative ring, if xy is nilpotent so is yx.

Proof : If (zy)" = 0 then

(yg:)"“=y(xy)"a:=y-0-x20-a::0.

2.5.2 Remark

Every associative left or right nil is a nil ring. Proof : Let us consider, R to be an
associative left-nil ring.

Let x € R and z;, be the k™ term of the left sequence, and let z;, = 0. But in an associative

k

ring z;, = 2%, so 2% = 0, and R is nil.

2.5.3 Remark

A nil ring with identity is never nil or nilpotent, because the identity is not nilpotent.

2.6 Relation between nil ring and subring

Let R be a commutative ring and N be the set of all nilpotent elements of R. Then N is
a subring of R.

Proof : Let R be a commutative and associative ring and let,
N = {n € R|n* = 0 for some k € Z"}.

N is non empty since 0 € N.
Also suppose that a and b are any two elements in N. In order to show that IV is a subring

of R, we must show that ab € N and a — b € N.
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Consider ab. We know that a? = 0 and b? = 0 for some positive integers p and ¢q. Then, by

using associativity and commutativity of R,

(ab)P? = aP1P1 = (a?)?(b7)P = 0P07 = 0.

Therefore, (ab)?? = 0, and ab € N.

Now consider a — b. This can be written as a + (—b). Since R is associative and com-

mutative, we can use the binomial theorem on (a + (—b))?*? to form

(a+ (=b)He = % (p . q) QI (p)F = % = (p . q) (a7r o).

k=0 k=0

Thus, whenever k < ¢,p + q — k > p. This gives us a?*7% % = 0. Moreover, when ¢ < k <
p + ¢, the exponent of b is at least ¢. In this case, b* = 0.

Hence, for each term in the binomial expansion , a?*%% = 0 or, b¥ = 0 for every k.

Then every term reduces to 0, and so (a — b)P** =0, and a — b € N.

Therefore, the nilpotent elements of a ring R form a subring of R.

2.6.1 Remark

If R is noncommutative, then the set of all nilpotent elements of R may not be a subring
of R.
For example, let R = M5(R), the 2 X 2 matrix ring over R and N is the set of all nilpotent

elements of R.

0 1 00
Let a = and b = where a,b € N.
0 0 10
0
Now, a — b= is not nilpotent and hence not in N.
-1 0

Therefore, N is not a subring of R.

18



2.7 Nilpotent Ideal

An Ideal I of R is called a nilpotent ideal if I™ = 0 for some positive integers n and I

denotes the ideal of R consisting of all n-tuple products 7, - - - 7,, of elements in I.

2.7.1 Remark

Every zero ideal is a nilpotent ideal and every nilpotent ideal is necessarily a nil ideal but

the converse need not be true in general.

2.7.2 Remark

If R is noncommutative, then the set of all nilpotent elements of R may not be a ideal of

R. Since by Remark 2.3.7, may not even be a subring.
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Chapter 3

AFC Groups

In this chapter, we study “AFC groups” which are abelian groups which admit a ring
structure such that associativity is forcing commutativity. This chapter is based on [1].
The purpose of this chapter is mainly to observe several structures of AFC groups, which
play a fundamental part in the classification of all K-AFC' groups. It will allow us to
construct a class of K-AFC groups which is called left-nil AFC groups.

3.1 Definition

Let K be the class of rings and G a group. We say that G is a K-AFC group (associativity

is forcing commutativity) if

(i) there exists a nonassociative and noncommutative ring (G, +,-) € K and

(ii) all associative rings (G, +,-) € K are commutative.
In case R is the class of all rings, the R-AFC groups will be simply called AFC groups.

The following proposition is useful in any cases and follows immediately from the definition.

3.1.1 Proposition

If K; € Ky and for a group G the condition (i) fails in Ks, then it also fails in K;. In
particular, If Ko = R, then G is not a K-AFC' group for any class K.
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3.2 Associative and Noncommutative ring multipli-

cation on some groups

3.2.1 Lemma

Let G = A @® B, and suppose that there is an associative and noncommutative multipli-

“won

cation on A. Then there is also an associative and noncommutative multiplication on G.

Proof : Let us define the product “*” on G by
(CLl, bl) * ((1,2, bg) = (CLl + g, 0) where ap, ag, bl; b2 €A

This ring is noncommutative since (aq, by) * (az, b2) = (a1 - ag,0)

and (ag, by) * (a1,b1) = (az - a1,0), and there exist ay,as € A such that a; - ag # as - a5.
Let (a,b), (c,d), (m,n) be any three elements in G = A® B where a,c,m € Aand b,d,n € B
Now, (a,b) * ((¢,d) * (m,n)) = (a,b) - (c-m,0)

= (a-c-m,0).

On the other hand, ((a,b) * (¢,d)) * (m,n) = (a- ¢,0) - (m,n)

=(a-c-m,0).

So,(a,b) * ((c,d) * (m,n)) = ((a,b) * (c,d)) * (m,n).

Therefore, this is an associative and noncommutative ring on G.

This completes the proof.

3.2.2 Theorem

For every n > 1, Z,, & 7Z admits an associative and noncommutative multiplication.

Proof : Let us consider the operation,
(170) ) (170) = (O, 0);

(170) ) (Ov 1) = (an);
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(07 1) : (170) = (LO);
(07 1) ’ (O’ 1) = (O’ 1);

and extend it naturally to the ring multiplication.

The ring is noncommutative, since
(17()) ) (Oa 1) = (070) and

(0,1) - (1,0) = (1,0).

Let (a,b), (¢,d) and (e, f) be any three elements on Z,, & Z.

Now,

(a,b) - ((,d) - (e, ) = (a<1 0) +b(0,1)) - ((¢(1,0) +d(0,1)) - (e(1,0) + £(0,1)))

= (a(1,0) + b(0,1)) - (ce(1,0) - (1,0) + cf(1,0) - (0,1) 4+ de(0,1) - (1,0) + df (0,1) - (0,1))
= (a(1,0) + b(0,1)) - (ce(0,0) + ¢f(0,0) + de(1,0) + df (0, 1))

= (a(1,0) + b(0,1)) - (de(1,0) + df(0,1))

= ade(1,0) - (1,0) + adf (1,0) - (0,1) + bde(0, 1) - (1,0) + bdf(0,1) - (0,1)

= ade(0,0) 4 adf (0,0) + bde(1,0) + bdf (0, 1)
— (bde, bdf).

On the other hand,

((a, ) - ( = ((a(1,0) 4+ b(0,1)) - (¢(1,0) + d(0,1))) - (e(1,0) + f(0,1))

= (ac(l ) (1, 0) —|—ad(1 0) - (0,1) 4 be(0,1) - (1,0) + bd(0,1) - (0,1)) - (e(1,0) + f(0,1))
(ac(() 0) + ad(0,0) + be(1,0) + bd(0,1)) - (e(1,0) + £(0,1))

be(1,0) +bd(0, 1)) - (e(1,0) + (0, 1))

= bee(1,0) - (1,0) + bef(1,0) - (0,1) + bde(0,1) - (1,0) + bdf (0,1) - (0,1)

= bee(0,0) + bef(0,0) + bde(1,0) + bdf (0, 1)

= (bde, bdf).

Hence, (a,b) - ((¢,d) - (e, f)) = ((a,b) - (¢, d)) - (e, ).

This is an associative and noncommutative ring multiplication.
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3.3 Non-AFC groups

3.3.1 Theorem (Exterior direct sum of groups A ® B, AB # {0})

If the group G is an additive group of a ring with an associative multiplication and A and
B are ideals of G for which AB # {0}, then the exterior direct sum of groups A® B admits

an associative noncommutative multiplication and thus it is not AFC.

a b
Proof : Consider M = { ,a € A,b € B}. Then M and A @ B are isomor-
0 0

phic as groups. If M has an associative and noncommutative multiplication ring, then so
has G.

We know that matrix multiplication is associative, So M is an associative ring.

But since A and B are ideals in G and for some a € A,b € B,ab # 0, then M is noncom-

mutative, because,

a 0 0 b 0 ab 0 b a 0 00
= and, =
0 0 0 0 0 0 00 00 0 0
a 0 0 b 0 b a 0
Therefore, #*
00 00 00 00

which completes the proof.

3.3.2 Theorem (A" ® M, M is an A-module, AM is nontrivial)

If A is an associative ring and M is an A-module such that AM is nontrivial, then the

group AT @ M admits an associative, noncommutative multiplication and thus is not AFC.

Proof : We define the ring structure on AT & M by putting a coordinatewise addition,
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while the multiplication is given by
(a,b) - (x,y) = (ax,ay) for a,z € A and b,y € M.

Let us consider (¢, d), (e, f) and (g, h) be any three elements on A* & M,
NOW7 (Ca d) ’ ((6, f) ’ (ga h)) = (Ca d) ’ (ega eh)

= (c(eg), c(eh)).
On the other hand, ((c,d) - (e, f)) - (g,h) = (ce,cf) - (g, h)

= ((ce)g, (ce)h).

Since A is associative, c(eg) = (ce)g and since M is the A-module, c¢(eh) = (ce)h,

(C7 d) ' ((67 f) ) (ga h)) = ((C7 d) ' (6, f)) ) (ga h)

So, AT & M is an associative ring.
Since AM # {0}, there are a € A and m € M such that am # 0.
But then (a,0) - (0,m) = (0,am) # (0,0) while (0,m) - (a,0) = (0,0).

So, the ring is noncommutative and A*™ @ M is not AFC.

3.3.3 Corollary (Z ® G)

For any group G, Z & G is not AFC.

Proof : If G is trivial, then the direct sum is isomorphic to Z. So it is not AFC. Otherwise
G is a Z-module such that ZG # {0}, so the claim holds by Theorem 3.3.2.

3.3.4 Lemma (Zy & Z,» where m,n € N)

For any prime p and natural numbers m and n, the group Z,m ® Z,» admits an associative,

noncommutative multiplication, and thus is not AFC.

Proof : Suppose that m > n and let A denote the usual ring Z,» and let M be the
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group Zy». Then M becomes an A-module as an A-submodule of the Z,»-module over

Zym. Clearly AM # {0}, so the claim holds by Theorem 3.3.2.
We can now put together our results concerning the cyclic groups.

3.3.5 Theorem (Cyclic groups and subgroups of Q)

Cyclic groups and all subgroups of Q are not AFC.

Proof : Let us consider, R be a cyclic ring, g be a generator of R*(additive group of

R) and x,y € R. Then there exist a,b € Z with z = ag and y = bg. Since

zy = (ag)(bg) = (ab)g® = (ba)g® = (bg)(ag) = yx

it follows that R is clearly commutative. Therefore, part (i) of the Definition 3.1 is never

satisfied.

For the subgroups of Q, by [3] Corollary 3, all multiplications are commutative, so these

groups are not AFC.

3.3.6 Theorem (Ascending chain of cyclic groups)

Let {A,} be an ascending chain of cyclic groups. Then A = |J A, is not AFC.

Proof : We show that all multiplications on A are commutative. Suppose on the con-

[13 2

trary that there is a noncommutative multiplication on A, and let for some a,b € A,

a-b#b-a. Then for some i, a,b € A;.
Suppose that g generates A;. Then for some m and n, a = mg and b = ng.
So by distributivity,

a-b=mg-ng=mng*=ng-mg==-a

which is contradiction. So A is not AFC.
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3.3.7 Theorem (Direct product of cyclic groups)

If G is a direct product of cyclic groups, then G is not AFC.

Proof : If G is cyclic, then it is not AFC by Theorem 3.3.5. Otherwise G contains Z
or Zym ® Zyn as a direct summand, and is not AFC' by Corollary 3.3.3 or Lemma 3.3.4 and
Lemma 3.2.1.

3.3.8 Corollary (Finitely generated group)

No finitely generated group is AFC.

Proof : By the Fundamental Theorem of Finitely Generated Abelian Groups, every such
group is a direct sum of cyclic groups, so it is not AFC by Theorem 3.3.7.

3.3.9 Corollary (Finite group)

No finite group is AFC.

Proof : We know that every finite group is obviuosly finitely generated. So by Corol-
lary 3.3.8, this completes the proof.

3.4 Non-AFC groups of a vector space over a field

3.4.1 Theorem

Let V' be a nonzero vector space over a field then the group V is not AFC.

Proof : Let K be the base field of F. Suppose first that dimg V' > 1 and take two

linearly independent elements e and f of a basis. Let us define a multiplication on V' using
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this basis by putting
ezze’e-f:f’f-e:faz()’

and setting all the remaining products of the basis elements equal to 0.

The ring is noncommutative, since e - f = f and f - e = f2. Moreover,

Let z,y and z are any three elemtns in V' such that x = ae+bf, y = ce+df and z = me+nf
where a,b,c,d,m,n € K.

Now, (z-y) -z = ((ae+bf) - (ce +df)) - (me + nf)

= (ace® + ade - f + bef - e+ bdf?) - (me + nf)

= (ace + adf + 0+ 0) - (me +nf)

= (ace + adf) - (me +nf)

= acme® + acne - f + admf - e + adn f?

=acme +acnf +04+0

= acme + acnf.

On the other hand, z - (y - 2) = (ae + bf) - ((ce + df) - (me + nf))
= (ae + bf) - (cme* + cne - f +dmf - e+ dnf?)
= (ae +bf) - (cme +cenf +040)

(ae +bf) - (cme + enf)

= acme? + acne - f 4+ bemf - e + benf?

=acme +acnf +04+0

= acme + acnf .

Hence, (z-y)-z=z-(y- 2).

This is an associative, noncommutative multiplication on V. Therefore the condition (ii)
of the Definition 3.1 is not satisfied, so V' is not AFC.

If, on the other hand, dimg V' =1 then V =K so it is either Z, (p-prime) or Q. But then
by Theorem 3.3.5, V' is not AFC.
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Chapter 4

Left-Nil AFC Groups

In this chapter we are going to study the “left-nil AFC groups”. We consider “rings”
in which the only conditions imposed on multiplication are the distributive laws over the
addition. All groups considered here are abelian. By order of an elelment we always
mean its order in the additive group. We assume neither associativity of multiplication
nor existence of the unity. By a “nonassociative” ring we understand a ring which fails the

associativity condition and similarity for a “noncommutative” ring.

4.1 Definition

Let K be the class of all left-nil rings and G a group. We say that G is a left-nil AFC group if

(i) there exists a nonassociative and noncommutative ring (G, +,-) € K and

(ii) all associative rings (G, +,-) € K are commutative.

4.2 Additive group of an integral domain with unity

4.2.1 Theorem

If R is the additive group of an integral domain with unity, then R ® R is a left-nil AFC

group.
Proof : Define a ring multiplication on R @ R :

(a,b) - (¢,d) = (0,ac + bc) where a,b,c,d € R
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and extend it linearly to make R @ R an algebra over R by [11].

Let (a,b), (c,d) and (e, f) be any three elements of this group, where a,b,c,d, e, f € R.
Now, we need to verify the distributive property of the ring (R ® R, +,-).

(a,b) - ((c,d) + (e, f)) = (a,b) - (c+ e, d+ f)

= (0, ac + ae + bc + be))

= (0,ac+ bc) + (0, ae + be)

= (a,b) - (¢,d) + (a,b) - (e, f), which satisfies the left- distributivity on (R @® R, +,-).

Also, ((¢,d) + (e, f)) - (a,b) = (c+e,d+ f) - (a,b)

= (0,ca + ea +da+ fa)

= (0,ca + da) + (0,ea + fa)

= (¢,d) - (a,b) + (e, f) - (a,b), which satisfies the right- distributivity on (R @ R, +,-).

Now, (a,b)? = (a,b) - (a,b) = (0,a® + ba)

and, (a,b)® = (a,b) - (a,b)?

= (a,b) - (0,a* + ba)

= (0,0)

Since a left-cube of any element of this ring is (0,0). (R@ R, +,-) is a left-nil ring.

To prove that the group R @ R is an AFC group, we need to verify that R & R satis-
fies the two conditions of the Definition 4.1.
The ring is noncommutative since (1,0) - (0,1) = (0,0) and (0,1) - (1,0) = (0, 1).

Let, u = (0,1), v = (1,1), w = (1,0) to be any three elements of (R ® R, +, ).
Now, u - (v-w) = (0,1) - ((1,1) - (1,0))

=(0,1)-(0,2)

— (0,0).

On the other hand, (u-v)-w = ((0,1) - (1,1)) - (1,0)
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=(0,1)-(1,0)

=(0,1).

Hence, u - (v-w) # (u-v) - w

This is a nonassociative and noncommutative ring. So, part (i) of the Definition 4.1 is
satisfied.

For the second condition of the left-nil AFC group, we need to prove that every associative
multiplication is commutative.

So suppose that R @ R is an associative nil-ring and put = = (1,0) and y = (0, 1).

Let, 22 = cx + dy for some ¢,d € R.

Using associativity,

=z-22=22 2

=z (cx+dy) = (cx +dy) -z

= cr? +dx -y = cx® + dy - x ; | Using distributivity |
=dv-y=dy- -z

=dz-y—y-z)=0.

There are two cases based on d :

Case 1 : d # 0,

Since R is an integral domain, then, z -y —y -z =0
= x -y =1y -z, so the ring is commutative.

Case 2 : d =0,

then 22 = cx. We show that 22 = y* = (0,0).

If 22 # (0,0) then for some k > 2, 2% = (0,0). Suppose this k € N is minimal.

We have, 2772 . 2% = 22 . cx
= xF = cx*1; [ Using associativity |
= 0 = cak?

= ¢ = 0; [ Since 27! # 0 by the choice of k and the fact that R is an integral domain |
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Hence, 22 = 0. Similarly y? = 0.

Now let, x - y = ax + by, for some a,b € R.

=z (r-y)=x-(ax+ by)

= 2% -y = az® + bx - y; [ Using associativity and distributivity |

= 0=0+bx-y;

=br-y=0.

There are two cases based on b :

Case (i) : b # 0, then x - y = 0 which is a contradiction.

Case (ii) : b=0.

We show that a must be 0. Suppose, on the contrary that a # 0. Then x -y = ax
And since 2% = y* = (0,0),

(-y) y=(az) y

= a(z - y)

= a(ax)

= a*z # (0,0).

Also, - (y-y) =z (y?)

=z-(0,0)

= (0,0).

So, (x-y) -y # x - (y-y). This contradicts associativity of R & R, so a = 0.

Hence, z -y = 0. Similarly y - x = 0. So the ring is commutative.

Therefore, in all cases the ring is commutative and thus associativity forced commuta-
tivity in R @ R in the class left-nil rings.
This completes the proof.

4.2.2 Corollary

In particular, Q ® Q, R® R, Z, ® Z,, are left-nil-AFC' groups.
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4.2.3 Corollary

7 ® Ly, is a left-nil-AFC group.

Proof : Define the multiplication on Z @ Z, by
(m,a) - (n,b) = (0, mn + na)

where m,n € Z,, a,b € Z and 1 denotes the element from Z, which is the homomorphic
image of n with
n+——ninZ, 2 Z/ >

It is the remainder from division of n by p.
Let (a,b),(c,d) and (e, f) be any three elements of this group, where a,c,e € Z and
b,d, f € Z,.
Now, we need to verify the distributive property of the ring (Z & Z,, +, -).
(a,b) - ((c,d) + (e, [)) = (a,b) - (c+ e, d+ [)

0,ac+ ae + c+ eb))

= (

= (0,ac + ae + ¢b + eb)

= (0,ac + ¢b) + (0, ae + eb)
= (a,

b) - (¢,d) + (a,b) - (e, f), which satisfies the left- distributivity on (Z & Z,, +, -).

Also, ((c,d) + (e, f)) - (a,b) = (c+e,d+ f) - (a,b)
= (0,ca+ea+a(d+ f))
= (0,ca +ea+ad+af)
= (0,ca +ad) + (0,ea + af)
= (¢, d) - (a,b) + (e, f) - (a,b), which satisfies the right- distributivity on (Z & Z,, +, -).

Now, (a,b)? = (a,b) - (a,b) = (0, a® + ab)
and, (a,b)® = (a,b) - (a,b)?
= (a,b) - (0,a2 +ab) = (0,0)
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Since a left-cube of any element of this ring is (0,0). (Z & Z,, +, -) is a left-nil ring.

To prove that the group Z @& Z, is an AFC group, we need to verify that Z & Z, sat-
isfies the two conditions of the Definition 4.1.

We obtain a noncommutative ring since (1,0) - (0,1) = (0,0) and (0,1) - (1,0) = (0, 1).

Let, u = (0,1), v = (1,1), w = (1,0) to be any three elements of (Z & Z,, +, -)

Now, u- (v-w) = (0,1) - ((1,1) - (1,0))

— (0,1)-(0,2)

= (0,0).

On the other hand, (u-v)-w = ((0,1)-(1,1)) - (1,0)

— (0,1)-(1,0)

=(0,1).

Hence, u - (v-w) # (u-v) - w.

This is a nonassociative and noncommutative ring. So, part (i) of the Definition 4.1 is
satisfied.

For the second condition of the left-nil AFC group, we need to prove that every associative
multiplication is commutative.

So suppose that Z @ Z, is an associative and nil-ring and put z = (1,0) and y = (0, 1).
Let, 22 = cx + dy for some ¢ € Z and d is an integer from 0 to p — 1.

Using associativity,

sz -rP=1z

=z (cx+dy) = (cx +dy) -z

= cx? +dz -y = cx? + dy - x; | Using distributivity |

=dr-y=dy-x

=dx-y—y-z)=0.

There are two cases based on d :
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Case 1 : d # 0,
Since Z and Z, are integral domains, then, z -y —y-2 =0

= x -y =1y -, so the ring is commutative.

Case 2 : d =0,
then z? = cz. We show that 2% = y? = (0,0).
If 22 # (0,0) then for some k > 2, 2¥ = (0,0). Suppose this k € N is minimal.

We have, 2%72 . 22 = 22 . cx

= xF = cx*1; [ Using associativity |
= 0= caF!
= ¢ = 0; [ Since "' # 0 by the choice of k and the fact that Z and Z, are integral

domains |

Hence, 22 = 0. Similarly y? = 0.

Now let, x -y = ax + by, for some a € Z and b € Z,.

=z (r-y)=x-(ax + by)

= 22 -y = az® + bx - y ; [ Using associativity and distributivity |
=0=0+0bxr-y

=br-y=0.

There are two cases based on b :

Case (i) : b # 0, then z - y = 0 which is a contradiction.

Case (ii) : b=0.

We show that a must be 0. Suppose, on the contrary that a # 0. Then z - y = ax.
And since 2% = y* = (0,0),

(-y) y=(azx)-y

= a(z-y)

= a(ax)

= a’z # (0,0).
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Also, z- (y-y) =z (y*)

=z -(0,0)

= (0,0).

So, (z-y) -y # 2 (y-y). This contradicts associativity of Z & Z,, so a = 0.

Hence, x - y = 0. Similarly y - z = 0. So the ring is commutative.

Therefore, in all cases the ring is commutative and thus associativity forced commutativity
in Z @ Z, in the class left-nil rings.

This completes the proof.

4.3 Cyclic groups and subgroups of Q

4.3.1 Theorem

Cyclic groups and subgroups of Q are not left-nil AFC group.

Proof : By Proposition 3.1.1, we know that if K; C K5 and for a group G the condition
(i) of AFC group fails in Ko, then it fails in Kj.

Let us consider Ky = AF'C' group and Ky = left-nil AFC group. So, K; C K.

Now, by Theorem 3.3.5, we know that cyclic groups and subgroups of Q are not AFC
group. Because, all multiplications are commutative for these group.

Therefore, part(i) of the definition is never satisfied.

Since condition (i) fails in K for cyclic groups and subgroups of Q, then it fails in Kj.

Therefore, cyclic groups and subgroups of Q are not left-nil AFC group.

4.3.2 Corollary

Let A, be an ascending chain of cyclic groups. Then A = UA,, is not left-nil AFC group.

Proof : By Proposition 3.1.1, we know that if K; C Ky and for a group G the condi-
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tion (i) of AFC group fails in Ky, then it fails in K;.

Let us consider Ko = AFC group and Ky = left-nil AFC group. So, K; C K.

Now, by Theorem 3.3.6, we know that UA, are not AFC group where A, be an ascending
chain of cyclic groups. Because, all multiplications are commutative for this group.
Therefore, part(i) of the definition is never satisfied.

Since condition (i) fails in Ky for UA,, then it fails in Kj.

Therefore, A is not left-nil AFC group.

4.4  Vector Space over a field

4.4.1 Theorem

Let V' be a vector space with dimension > 3 over a field then the group V' is not a left-nil

AFC group.

Proof : Let K be the base field of F.

Suppose first that dimg V' > 3 and take three linearly independent elements e, f and g of
a basis on V.

Now, we can extend {e, f,g} to a basis B of V' over K. Let us define a multiplication on V/

using the basis by putting,

cd=ef=fe=f'=fg=g f=ge=g"=0,
e-g=f
and setting all the remaining products of the basis elements equal to 0.
The ring is noncommutative, since g-e = 0 and e - g = f. Moreover,
let x = ae + Bf + vg be any element in V' where o, 8,7 € V.
Now, 2?2 =z -2 = (ae + Bf +vg) - (ae + Bf + v9)
= (a®¢® +afe- f+ave g+ PBaf-e+ B+ pyf-g+yag-e+yBg- f+7°9%)
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—(04+04+ayf+0+0+0+0+0+0)
= avf

=2 22 = (ae+ Bf +79) - 22

= (ae+Bf +79) - avf
=a*ye- [+ Bayf?+ar’g- f
=0+0+0

= 0.

Since a left-cube of any element of this ring is 0. So, V' is a left-nil ring.

Let u, v and w be any three elements in V' such that u = ae 4+ bf + cg, v =le + mf + ng
and w = pe + qf + rg where, a,b,c,l,m,n,p,q,r € V.

Now, (u-v) - w = ((ae+bf+cg)-(le—|—mf+ng)) “(pe+qf +rg)

= (ale* +ame- f+ane-g+0blf-e+bmf2+bnf-g+clg-e+cmg- f+cng?)- (pe+qf +7rg)
=0+0+anf+0+04+04+0+0+0)- (pe+qf +rg)

=anf - (pe+qf +ryg)

=anpf - e+ angf?+anrf - g

=0+0+0

= 0.

On the other hand, u - (v - w) = (ae + bf + cg) - ((le + mf + ng) - (pe + qf + rg))

= (ae+0bf +cq)- (Ipe*+lge- f +lre-g+mpf-e+mqf?>+mrf-g+npg-e+nqg- f+nrg?)
= (ae+bf+cg)-(0+0+Irf+0+0+0+0+0+0)

= (ae +bf +cg) - Irf

=alre- f+blrf>+clrg- f

=0+0+0

= 0.

Hence, (u-v)-w=u-(v-w).

This is an associative and noncommutative multiplication on V. Therefore, the condition

(ii) of the Definition 4.1 is not satisfied, so V' is not a left-nil AFC' group.
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4.4.2 Theorem

Let V' be a vector space with dimension 2 over a field of characteristic 0, then the group V'

is a left-nil AFC' group.

Proof : Let K be the base field of F.
Suppose first that dimg V' = 2 and take two linearly independent elements e and f of a

basis on V. Let us define a ring multiplication on V' using the basis by putting,
=e- f=f=0

fre=f
and setting all the remaining products of the basis elements equal to 0.
The ring is noncommutative, since e - f = 0 and f - e = f. Moreover,
let x = ae + Bf be any element in V' where o, 5 € V.
?*=x-z=(ae+ Bf) (ae+ Bf)
= (a?e®* + afe- f+ Baf e+ [%f?)
=0+0+Baf+0+0+0+0+0+0)
= pof

=12 2% = (ae+ Bf) - 2?

= (ae+Bf) paf =a’Be- f + af?
040

= 0.

Since a left-cube of any element of this ring is 0. So, V' is a left-nil ring.

To prove that V is a left nil AFC group, we need to verify that V' satisfies the two condi-
tions of the Definition 4.1.

Let,a=f,b=e+ f,c=eonV

a-(bc)=f-((e+f)-e)
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On the other hand, (a-b)-c= (f-(e+ f)) -e

=(fretf-])-e

— (f+0)-¢

=f-e

= f.

Hence, a-(b-c) # (a-b) - c.

This is a nonassociative and noncommutative ring. So, part(i) of the Definition 4.1 is sat-

isfied.

For the second condition of the left-nil AFC group, we need to prove that every asso-
ciative multiplication is commutative.

Suppose that V admits an associative nil-ring structure and let x,y be the basis of V' over
K.

Let, 22 = cx + dy for some ¢, d € K.

Using associativity,

sz-P=2%z

=z (cx+dy) =(cx +dy) -z

= cx® +dz -y = cx? + dy - x; | Using distributivity |

=>dr-y=dy- -x

=dz-y—y-x)=0.

There are two cases based on d :

Case 1 :d#0,
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Since V' is a vector space over a field of characteristic zero, then, x -y —y-x =0

= x -y =y -x. So the ring is commutative.

Case 2 : d =0,
then 22 = cx. We show that 22 = y* = (0,0).
If 22 # (0,0) then for some k > 2, 2* = (0,0). Suppose this k € N is minimal.

k-2

We have, 272 .22 =2 cx

k—1 [

= 2F =cx Using associativity |

= 0= cab!
= ¢ = 0; [ Since 2*~! # 0 by the choice of k and the fact that V is a vector space over a
field of characteristic zero |

Hence, 22 = 0. Similarly y? = 0.

Now let, = - y = azx + by, for some a,b € K.

=z (v -y)=a-(ax + by)

= 2% -y = azx® + bz - y; [ Using associativity and distributivity |
=0=0+0bx-y;

=br-y=0.

There are two cases based on b :

Case (i) : b # 0, then x - y = 0 which is a contradiction.

Case (ii) : b=0.

We show that a must be 0. Suppose, on the contrary that a # 0. Then x -y = ax.
And since 2% = y* = (0,0),

(x-y) y=(ax)-y

= a(z-y)

= a(ax)

Also, z- (y-y) = - (v?)
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=z -(0,0)

= (0,0).

So, (x-y) -y # x-(y-y). This contradicts associativity of V', so a = 0.

Hence, x - y = 0. Similarly y - x = 0. So the ring is commutative.

Therefore, in all cases the ring is commutative and thus associativity forced commutativity
on V over K in the class left-nil-algebras.

This completes the proof.

4.5 Zy L, (where a or 3> 1)

4.5.1 Theorem

Lo ® Ziys (where o or > 1), is not a left-nil-AFC group.

Proof : (without loss of generality, let us consider § > 1), We want to show that there
exists a ring on the group G' = Z,« @ Z,s with an associative and noncommutative multi-

plication. Then, part (ii) of the definition of AFC group would not be satisfied.

Let, R = {0,p°~, 2pf~ ... pi*ti=e ... , (p* — 1)pPel.
Then R C Z,s is a subgroup and R = Zy.. We show the theorem for R ® Z,s.
Define the multiplication on R ® Z,s by

(rya) - (s,b) = (0, aspﬁfl)

where r,s € R and a,b € Z,s.

Let (a,b),(c,d) and (e, f) be any three elements of this group, where a,c,e € R and
b,d, f € Zys.

Now, we need to verify the distributive property of the ring (R @ Z,s,+, -).

(a,b) - ((c,d) + (e, f)) = (a,b) - (c+ e, d+ f)

= (0,b(c +e)p”)
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— (0,bep’ + bep)
= (0,bep” ™) + (0, bep” ™)
= (a,b) - (¢,d) + (a,b) - (e, f), which satisfies the left- distributivity on (R @ Z,s,+-).

Also, ((c, d) + (e, f)) (a,b) = (c+e,d+ f)-(a,b)
= (0,(d+ flap”)
= (0,dap” ! + fap”~)
= (0, dap”") + (0, fap”™')
= (¢,d) - (a,b) + (e, f) - (a,b), which satisfies the right- distributivity on (R ® Z,s,+,-).

Now, (a,b)? = (a,b) - (a,b) = (0, bap®~1)
and, (a,b)® = (a,b) - (a,b)?

= (a,b) - (0, bap®1)

= (0,0)

Since a left-cube of any element of this group is (0,0), (R ® Z,s,+, -) is a left-nil ring.
We need to verify the associative property of this ring (R @ Z,s, +, -).
Now, (a,b) - ((c,d) - (e, f))
= (a,b) - (0, dep®~1)
= (0,0).
On the other hand, ((a,b) - (c,d)) - (e, f)
= (0,bep”1) - (e, f)
= (0, beep”'p”™)
= (0, beep®#~2)
=(0,0) ; [ In Z,s, beep*®~2 = 0 since p°|p*~2 if 8 > 1]
So. (a,b) - ((e:d) - (e, £)) = ((a,8) (¢, ) - (e, )
Therefore, R ® Z,s is an associative and noncommutative ring and thus Zy. @ Z,s is not a

left-nil AFC group.
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4.5.2 Corollary

Lipe ® Zys @ H is not a left-nil-AFC group where ov or 8 > 1 and H is any finite group.

Proof : By Theorem 4.5.1, we know that Z,. @ Z,s is not a left-nil AFC' group. Be-

cause, there is an associative and noncommutative ring multiplication on Zja & Z,s.

Then, by Lemma 3.2.1, we know that if G = A @ B and there is an associative and

13 2

noncommutative multiplication on A, then there is also an associative and noncom-
mutative multiplication on G.

Since Zpe @ Z,s has an associative and noncommutative multiplication, then so does
Lo @ L © H.

Therefore, Zye @© Z,s & H is not a left-nil-AFC group.

4.6 Z,®7Z,®Zys ( where §>1,p+# q)

4.6.1 Theorem

Zp ® Ly ® Zys ( where > 1,p # q) is not a left-nil-AFC group.

Proof : We need to show that there exists a ring on the group G = Z, ® Z, ® Zs
with an associative and noncommutative multiplication . Then, part (ii) of the definition
of AFC group would not be satisfied.

Now, the group Z, ® Z, ® Zs is isomorphic to Z, ® Z,,s (where 3 > 1). By the isomor-

pq®

phism, if Z, ® Z,,s has an associative and noncommutative multiplication, then so does

Ly ® Ly ® ZLys.
Let R =1{0,¢",2¢°,....(p — 1)¢"}.
Then R C Z,,s is a subgroup and R = Z,. We show the theorem for R @ Z,s.
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Define the multiplication on R @ Z,,s by

(r,a) - (s,0) = (0, aspg”™")

Let (a,b),(c,d) and (e, f) be any three elements of this group, where a,c,e € R and
bod, f € Z
Now, we need to verify the distributive property of the ring (R @ Z,s, +, ).
(a,b) - ((c,d) + (e, [)) = (a,b) - (c+ e, d+ [)
= (0,b(c + e)pg”")
= (0,bepg® 1 + bepgP 1)
= (0,bepg”*) + (0, bepg”™)
= (a,b) - (¢,d) + (a,b) - (e, f), which satisfies the left- distributivity on (R ® Z,s,+, ).

Also, ((c,d) + (e, f)) - (a,b) = (c+e,d+ f) - (a,b)
= (0, (d+ f)apg”)
= (0,dapg”' + fapg®!)
= (0, dapg”~*) + (0, fapg”~*)
= (¢, d) - (a,b) + (e, f) - (a,b), which satisfies the right- distributivity on (R @® Z,,s, +, -).

Now, (a,b)* = (a,b) - (a, b)

= (0, bapg”")

and, (a,b)® = (a,b) - (a,b)?

= (a,b) - (0,bapg”™)

=(0,0)

Since a left-cube of any element of this group is (0,0), (R @ Z,s,+,-) is a left-nil ring.
We need to verify the associative property of this ring (R ® Z,s,+, ).

Now, (a,b) - ((¢,d) - (e, f))

= (a,) - (0,depg”)

= (0,0).
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On the other hand, ((a, b) - (c, d)) (e, f)

= (0,bepg”™ ") - (e, f)
= (0,bcepg”'pg” )
= (0, beep?q**~2)
= (0,0) ; [ In Z,s, beep?q**=2 = 0 since p°|p*¢** =2 if B > 1]

So, (a,b) - ((¢.d) - (e, f)) = ((a,) - (¢, ) - (e, f).
Therefore, R ® Z,,s is an associative and noncommutative ring and thus Z, ® Z, ® Zs is

not a left-nil-AFC group.

4.7 Classification of finitely generated AFC groups

For the further steps in the classification of left-nil finitely generated groups we need the

following theorem :

4.7.1 Theorem (Additive group of the form A® A® A)

If A is an additive group of an associative ring, then the group of the form A ® A ® A is
not a left-nil AFC group.

Proof : Suppose that G = AP AP A and K = the group of 3 x 3 upper triangular

matrices over the ring A, with 0’s on the diagonal.

0 a b
=10 0 ¢ | wherea,b,ce A.

000

Then, G and K are isomorphic as groups. So, K has an associative and noncommuta-

tive multiplication ring structure iff G has.

45



Let,

Oab-
X=10 0 ¢ | wherea,b,c€ A,
000_
—Ode_
Y=10 0 f | whered,e, f € A and
_00 0_
_Oxy_
Z=10 0 z | where xz,y,z € A.
_OOO_
Then,
0 a b 0 a b 0 0 ac
XP=X-X=|00z¢c¢|-]00c|=]00 0
000 0 00 00 0
0 a b 0 0 ac 000
X°=X-X*=100c¢|-|00 0]|=[000
000 00 0 0 0 0

So, the group G = A® A P A admits a left-nil structure.

We know that the matrix multiplication is associative, X - (Y - Z) = (X -Y) - Z.

011 011
Now,let A=|10 0 1 |andB=1]0 0 0| onG.
0 0O 00O

Then
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011 011 000

A-B=]001]|-{000]|=]000
0 00 0 00 000
011 01 1 0 0 1
and B-A=[000]|-l001|=]1000
0 00 000 000

So, A-B+#B- A

G admits a left-nil associative and noncommutative structure.

This completes the proof.

4.7.2 Theorem (Additive group of the form A® A @ 7Z)

If A is an additive group of an associative ring, then the group of the form A® A @ Z is
not a left-nil AFC group.

Proof : Suppose that G = A D A D Z.

We define the ring multiplication on G as follows:

(ay,b1,c1) - (az, by, c2) = (0, a1¢2,0)

where ai,as,b1,b0 € A and ¢1,c9 € Z and aycy € 7

Now, let (x,y, z) be any element in A ® A & Z.

(#,9,2)* = (z,y,2) - (2,,2) = (0,22,0)

(2,y,2)° = (z,y,2) - (2,9, 2)* = (2,9, 2) - (0,22,0)

= (0,0,0).

Since a left-cube of any element of this group is (0,0,0), (A® AP Z,+,-) is a left-nil ring.

Let us consider, a = (z,y, 2),b = (e, f,g),c = (m,n, p) to be any three elements in G where

47



z,y,e, f,mnéeAand z,9,p € Z.

a- (b C) = (.CE,y,Z) ’ ((67]0,9) ’ (manap))

= (z,y,2) - (0,ep,0)

= (0,0,0).

On the other hand, (a-b) - ¢ = ((z,y,2) - (e, f,9)) - (m,n,p)
= (0,33'9,0) ' (manap)

= (0,0,0).

So,a-(b-c)=(a-b)-c.

Again, let w = (1,1,1) and v = (1,1,0) be two elements in G.
Now, u-v = (1,1,1) - (1,1,0) = (0,0,0) and v -u = (1,1,0) - (1,1,1) = (0,1, 0).

So, u - v F# v-u.

Therefore, G has an associative and noncommutative ring multiplication.

This completes the proof.

4.7.3 Corollary

Z,®7Z,®Z® H is not a left-nil AFC group. (H is any finite group).

Proof : By Theorem 4.7.2, we know that Z, ® Z, © Z admits an associative and non-

cmmutative multiplication.

Then, by Lemma 3.2.1, we know that if G = A@® B and there is an associative and noncom-
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mutative multiplication

multiplication on G.

on A, then there is also an associative and noncommutative

Since Z, ® Z, ® Z has an associative and noncommutative multiplication, then so has

Z,5Z,®Z® H

Therefore, Z,, ® Z, ® Z & H is not a left-nil AFC" group.
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4.7.4 Theorem (Additive group of the form Z ® A & B)

If A and B are two additive groups of associative rings, then the group of the form Z® A® B
is not a left-nil AFC group.

Proof : Suppose that G =Z & A @ B. We define the ring multiplication on G as follows :

(ahthl) : (a2762702) = (0,@102,0)

where aj,as € Z, by,by € A, ¢1,c0 € B and aicy € Z.

Let (z,y,2) be any element in Z & A & B.

(2,y,2)* = (z,y,2) - (2,9, 2) = (0,22,0)

(2,y,2)* = (,9,2) - (2,9,2)* = (2,9, 2) - (0,22,0)

= (0,0,0).

Since a left-cube of any element of this group is (0,0,0), (Z® A® B, +, ) is a left-nil ring.
Let us consider a = (x,y,2), b = (e, f,g), c = (m,n,p) to be any three elements in G. We
need to verify the associative property of this ring (Z @& A® B, +,-).

a-(b-c)=(x,y,2)- ((e, f,9) - (m,n,p)) = (x,9,2) - (0,ep,0)

=(0,0,0).

On the other hand, (a-b)-c = ((z,y,2) - (e, f,g)) - (m,n,p)

= (0,2g,0) - (m,n,p)

= (0,0,0).

So, a-(b-c) = (a-b)-c. Thus the ring is associative.

Suppose that u = (1,1,1) and v = (1, 1,0) be two elements in G.
w-v=1(1,1,1)-(1,1,0) = (0,0,0) and v - u = (1,1,0) - (1,1,1) = (0, 1, 0).
So, u - v F# v-u.

Since G has an associative and noncommutative ring multiplication, Z & A ¢ B is not a
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left-nil AFC group.

4.7.5 Theorem (Z®Z & Z,)

7 ® 7 ® Ly is not a left-nil-AFC group.

Proof : We want to show that there exists a ring on the group G = Z ® Z & Z, with
an associative and noncommutative multiplication. Then, part (ii) of the definition of the
AFC group would not be satisfied.

By [5] (Example-2. P-283), the first two coordinates of any product with z on Z $ Z & Z,

must be zero. So we define the following multiplication on Z & Z & Z, by
(a7 b? C) : (d7 6’ f) - (07 07%)

where a,b,d,e € Z and ¢, f € Z,. Here, ae denotes the element from 7Z, which is the

homomorphic image of ae with
ae —> ae in Z, =7/ <>

Let (a,b,c¢), (d,e, f) and (m, n,r) be any three elements of this group, where a, b, d, e, m,n €
Z and c, f,r € Zy.
Now, we need to verify the distributive property of the ring (Z & Z & Z,, +, -).
(a,b,¢) - ((d,e, f) + (m,n, 7)) = (a,b,¢) - (d+m,e+n, f+r)
= (0,0,ae + an))
= (0,0,ae) + (0,0,an)
= (a,b,c) - (d,e, f) + (a,b,c) - (m,n,r), which satisfies the left- distributivity on (Z & Z &
Lp,+,-).

Also, ((d, e, f)+ (m,n,r)) (a,b,c) =(d+m,e+n,f+r)-(a,b,c)
= (0,0, db + mb)
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= (0,0, db) + (0,0, mb)
= (d,e, f)-(a,b,¢)+ (m,n,7) - (a,b, c), which satisfies the right- distributivity on (Z & Z &
ZIH +7 )

Now, (a,b,c)? = (a,b,c) - (a,b,c) = (0,0, ab)

and, (a,b,c)® = (a,b,c) - (a,b,c)?

= (a,b,c) - (0,0,ab)

= (0,0,0)

Since a left-cube of any element of this ring is (0,0,0). (Z& Z & Z,, +,-) is a left-nil ring.

We need to verify the associative property of this ring (Z ® Z & Z,, +, -).
Now, (a,b,c) - ((d, e, f)- (m,n,r))
= (a,b,¢)-(0,0,dn) = (0,0,0).

On the other hand, ((a,b,¢c) - (d,e, f)) - (m,n,7)
= (0,0,@e) - (m,n,7)) = (0,0,0).
So, (a,b,c)- ((d,e,f m,n,r ) ( a,b,c)-(d, e,f))~(m,n,7’). Thus the ring is associative.

Suppose that u = (1,0,0) and v = (0, 1,0) to be any two elements in (Z  Z & Z,, +, -).
u-v=1(1,0,0)-(0,1,0) = (0,0,1) and v - u = (0,1,0) - (1,0,0) = (0,0, 0)

So, u-v Fv-u.

Therefore, Z & Z © Z, has an associative and noncommutative ring multiplication.

This completes the proof.

4.8 Finite left-nil AFC groups

We can now classify all finite left-nil groups by the following theorem :
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4.8.1 Theorem

A finite group G is left-nil AFC group iff G = Z, ® Z,, for some p.

Proof :

Let G be a finite left-nil AFC group. By the Fundamental Theorem of Finite Abelian
Groups, G is isomorphic to the direct sum of a finite number of Z,, with various prime
numbers p and natural r’s.

There are two cases based on the repetition of p :

i) p never repeats,

ii) p repeats.

Case i : If p = p; never repeats, then the finite group Zp;l &) Zp;2 b Zpgg Do ® Zyrn
is cyclic. By Theorem 4.3.1, we know that cyclic groups are not left-nil AFC group.
So, G is not a left-nil AFC group.

Case ii : If p repeats, then there are three cases based on the number of summands as
follows:
a) G is isomorphic to Z, & Z,;
b) G is isomorphic to Zye @ Z,s ® H, where H # {0} and at least one o, § > 1;
c¢) G is isomorphic to Z, & Z, & H, for some finite group H # {0}.

These three cases can be described as follows :
case a : It G = 7Z, ® Z,, then by Theorem 4.2.1, G is a left-nil AFC group.
case b : If G = Zpo ®Z,s ® H where H # {0} and at least one «, 3 > 1, then by Corollary
4.5.2, G is not a left-nil AFC group.
case c : If G = Z,® Z, d H, for some finite group H # {0}, then there are three cases
based on H.

case ¢; : If H contains a summand Z,, then by Theorem 4.7.1, G is not a left-nil AFC
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group.
case ¢y : If H contains a summand Z,» and o > 1, then by Corollary 4.5.2, G is not a
left-nil AFC' group.
case cg : If H contains a summand Zg., then by Theorem 4.6.1, G is not a left-nil AFC
group.
Therefore, the only left-nil AFC group is Z,, ® 7Z,.
This completes the proof.

4.9 Finitely generated left-nil AFC groups

4.9.1 Theorem

A finitely generated abelian group G is left-nil AFC group it G = Z ® Z or, Z & Z, or,
2y, ® Zy, for some p.

Proof : Suppose that G is a finitely generated left-nil AFC group. By the Fundamental
Theorem of Finitely Generated Abelian Groups, G is isomorphic to the direct sum of a
finite number of cyclic groups.
So, there are two cases based on the number of summands as follows :
i) G is finite,
ii) G is infinite.

Case i : If GG is finite, then by Theorem 4.8.1, G is left-nil AFC group it G = Z,, ® Z,,

for some p.

Case ii : If G is infinite, then we have the following cases :
a) G is isomorphic to Z ® Z ;
b) G is isomorphic to Z & Z & H, for some group H # {0} ;
c¢) G is isomorphic to Z @ Zy;
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d) G is isomorphic to Z @ Zya, where a > 1;
e) G is isomorphic to Z @ Zy« & H, where a > 1 and some group H # {0}.

These five cases can be described as follows :
case a : If G 2 Z @ Z, then by Theorem 4.2.1, G is a left-nil AFC' group.
case b : If G 2 Z & Z ® H where H # {0}, then there are two cases based on H.

case by : If H contains a summand Z, then by Theorem 4.7.1, G is not a left-nil AFC
group.

case by : If H contains a summand Z,, then by Theorem 4.7.5, G is not a left-nil AFC
group.
case c : If G =2 Z @ Z,, then by Corollary 4.2.3, G is a left-nil AFC group.
cased : If G =2 Z @ Zyo where o > 1, then by Theorem 4.5.1, G is not a left-nil AFC
group.
case e : If G = Z®Zy & H where H # {0} and o > 1, then there are two cases based on
H.

case ¢; : If H contains a summand Zp.,a > 1, then by Theorem 4.7.2, G is not a
left-nil AFC' group.

case e : If H contains a summand Zgs, 3 > 1, then by Theorem 4.7.4, G is not a

left-nil AFC' group.

Therefore, the only left-nil AFC group is Z ® Z or, Z @ 7, or, Z, ® Z,, for some p.
This completes the proof.
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4.10 Conclusion

We proved that R® R is a left-nil AFC group, where R is the additive group of an integral
domain with unity. Similarly a vector space with dimension 2 over a field at characteristic

zero is a left-nil AFC group, while the property fails in higher dimension.

We completely classified finitely-generated left-nil AFC groups which cover finite abelian
and infinite abelian groups. Namely, a finite group G is a left-nil AFC group iff G = Z,®Z,,
for some p and a finitely generated abelian group G is left-nil AFC group it G £ Z & Z
or, Z @ Ly, o > 1 or Z, ® 7Z,, for some p.

Now, in above groups it is clear that associativity forcing commutativity in the left-nil

ring structure.
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Chapter 5

Concluding Remarks

5.1 Significance of the Result

In various areas of algebra it is of interest, whether associativity forces commutativity. As
part of our work we investigated a concrete correlation between these properties and defined
a special class of ring structure. We provided a comprehensive and complete classification
of left-nil AFC groups. The results add knowledge in the interplay between group and ring

structures.

5.2 Future works

Encouraged by a possibility to classify finitely-generated left-nil AFC groups, we wish
to study the topic further by relaxing the finitely-generated assumption. Although the
subject of AFC groups is very vast, the stipulation that the resulting rings should be left-
nil provides a significant restriction and brings hope of further classifications and interesting
examples. Focusing on major classes of abelian groups such as torsion groups, torsion-free
groups of a given rank|5],[6],[7] or torsion free periodic rings[8],[9] will provide background

for the future work.
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