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Abstract

It is known that in general, solving interval linear systems is NP-hard.
There exist several proofs of this NP-hardness, and all these proofs use
examples with intervals of different width — corresponding to different
accuracy in measuring different coefficients. For some classes of interval
linear systems with the same accuracy, feasible algorithms are known. We
show, however, that in general, solving interval linear systems is NP-hard
even when all inputs are known with the same accuracy.

Keywords: interval computations, interval linear systems, NP-hard
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1 Introduction

Interval computations are needed. In practice, we only know approximate
values of physical quantities x: e.g., we only know measurement results Z, and mea-
surements are never absolutely accurate; see, e.g., [6]. In many practical situations, the
only information that we have about the measurement accuracy is the upper bound A
on the absolute value of the measurement error Az < 7 — |Az| < A. In such situ-
ations, based on the measurement result Z, we can only conclude that the (unknown)

actual value x belongs to the interval & = [z, 7] of T—A,z+ Al

If we have such interval information x; = [L,Ez] about the quantities z; (i =
1,...,n), and we want to estimate the value of a quantity y which is related to x; by
a known relation y = f(x1,...,%n), then we can only conclude that y belongs to the
range y = {f(z1,...,2n) : T1 € ®1,...,Tn € ®»}. Computing this range is one of the
main problems of interval computations (see, e.g., [4]).

*Submitted: July 18, 2013; Revised: 777 Accepted: ?777.
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Interval computations are, in general, NP-hard. In general, the problem
of computing the endpoints y and 7 of the desired range y = [y, y] is NP-hard, even
when the function f(z1,...,z,) is polynomial (even when the function f(z1,...,xns)
is quadratic); see, e.g., [1, 3].

In particular, the problem of interval computations is NP-hard in a practically
useful case when the algorithm f(x1,...,2,) corresponds to solving a system of linear
equations. In this case:

e we know that the quantities yi,...,ym satisfy a system of linear equations

Zaij'yj:bi,i:172a"'7
j=1

e we know intervals of possible values a;; and b; for a;; and b;, and

e we want to find the interval of all possible values of, e.g., y1 corresponding to
different combinations of values of a;; € a;; and b; € b;.

Discussion. The values of some of the coefficients a;; and b; come from measure-
ments and are, thus, only known with interval uncertainty. In some cases, however, we
know that b; is not affected by y; and thus, the corresponding coefficient a;; is equal
to 0; in such cases, no measurement is needed.

For example, when we try to reconstruct the values of the actual signal z(t) at
different moments of time based on the sensor recordings Z(t) at the same moments
of time, then we know, from causality, that the value Z(¢) cannot be affected by the
future values x(s) with s > ¢. In this case, ats = 0.

It is worth mentioning that this situation is different from the case when in prin-
ciple, the dependence is possible, but the corresponding coefficient a;; is so small that
our measuring instruments are unable to detect this dependence. In this case, the
measured value a;; is 0, but, due to the measurement uncertainty, the actual value a;;
may be non-zero.

What if all the measurements have the same accuracy. The original
proof that interval computations is NP-hard used situations in which all intervals
x; have the same width, i.e., in measurement terms, when all measurements were
performed with the same accuracy; see, e.g., [1, 3].

However, in the known proofs that solving interval linear systems is NP-hard,
different intervals a;; and b; have different widths. In some cases when all the widths
are equal, it is possible to find a feasible algorithm for solving the corresponding
interval linear systems (even explicit formulas); see, e.g., [2]. It is therefore reasonable
to ask whether the problem of solving interval linear systems remains NP-hard when
all inputs are known with the same accuracy.

What we do. In this paper, we prove that the problem of solving interval linear
systems is NP-hard even if we restrict ourselves to systems in which all the inputs
are known with the same accuracy A. To be more precise, we prove that for every
accuracy A > 0, the problem is NP-hard even if we only consider systems in which all
the input intervals have the same half-width A.
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2 Results

Definition 1.

e By an interval linear system, we mean a tuple consisting of integers m and n
and intervals a;; and b;, 1 <i<n, 1 < j < m with rational bounds. A system

will also be denoted by >, a;j - y; = b;.
j=1

e We say that a tuple y = (y1,...,Ym) is a possible solution to the interval linear

system if for some ai; € a;; and b; € by, we have Y, a;; - y; = b; for all i.
=1

e By the problem of solving interval linear systems, we mean the following problem:
— giwen an interval linear system and a rational number € > 0,

— find e-approximations to the endpoints Y, and y, of the range of all the
values y1 corresponding to all possible solutions (yi,...,ym) of the given
interval linear system.

Definition 2. Let A > 0 be a rational number. We say that an interval linear
system > aij - y; = b; is uniformly A-accurate if each interval a;; or b; is either
=1

§=
identically 0 or has half-width A.

Proposition 1. For every A > 0, the problem of solving uniformly A-accurate
interval linear systems is NP-hard.

Comment. It turns that out that not just computing the range of solutions is NP-
hard, even checking whether a given system has solutions at all is NP-hard.

Proposition 2. For every A > 0, it is NP-hard to check whether a uniformly
A-accurate interval linear system has a possible solution.

Comment. Proposition 2 is similar to Theorem 22.5 from [3], according to which
it is NP-hard to check, given a matrix a;;, whether all matrices a;; with

a;j € [?]:ZJ — 1,51‘]‘ + 1]

are regular. This similarly can be enhanced, since from Theorem 22.5, we can extract
the following corollary: for every rational A > 0, it is NP-hard to check, given a matrix
a;;, where all matrices a;; with a;; € [ai; — A, a;; + A] are regular.

3 Proof of Propositions 1 and 2

1°. By definition (see, e.g., [3, 5]), a problem Py is NP-hard is every problem from the
class NP can be reduced to this problem FPy. Thus, to prove that a given problem Py
is NP-hard, it is sufficient to prove that a known NP-hard problem Pi can be reduced
to Py: in this way, every problem from the class NP can be reduced to Py, and P, can
be reduced to Py, so every problem from the class NP can be reduced to P,.

As such a problem Py, we take the following subset sum problem (see, e.g., [3, 5]):
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e given positive integers s1,..., Sn,

e find the values ¢; € {—1,1} for which }_ &;-s; =0.
i=1
2°. To prove Proposition 1, we will reduce each instance (si,...,8n) of the sub-
set sum problem to the following interval linear system with m = n + 1 unknowns
Yty s Yn, Ynt1t
e for each ¢ from 1 to n, we add two interval linear equations

[Av SA] “Yi + [_Av A] “Ynt1 =0; (1)
[_A7 A} “Yi + [_3A7 _A] *Ynt1 = 0; (2)
e we also add two additional equations

1,1 +2A] - yny1 = [-A A 3)
STIM - si — A M -5+ Al -y =0, (4)
1=1

where we denoted M % 3A - n.

One can easily check that in this system, all inputs are indeed known with the same
accuracy A.
Let us prove the following two implications:

e if the original instance of the subset sum has a solution, then the range y, of
possible values of y1 is equal to [—A, AJ;

e on the other hand, if the original instance of the subset problem does not have
a solution, then the y, = [0, 0].
Thus, if we can compute the endpoints of the interval y,; with accuracy ¢ < A/2, we

will be able to tell whether a given instance of the subset problem has a solution; thus,
we will have the desired reduction.

3°. To prove the above implications, let us first analyze the system (1)—(4).

Equation (1) means that a; - y; = b; - yn+1 for some a; € [A,3A] and b; € [—A, Al
Thus, y; = 75 * Yn+1, where the coefficient r; def bi/a; takes a value from the interval
A, A]/[A,3A] = [-1,1]. So, |ri| < 1.

Equation (2) means that aj - y; = b} - ynt+1 for some aj € [-A, A] and b} € [A, 3A].
Here, |a;] < A and |bj] > A. Substituting y; = r; - ynt1, with |r| < 1, into this
equation, we conclude that

(@i 7i)  Ynt1 =b; - Yny1. (5)

3.1°. We either have yn+1 = 0 or yn+1 # 0.

If yn+1 = 0, then from y; = r; - yn41, we conclude that y; = 0 for all 7. In this
case, we have a tuple consisting of all zeros. One can check that this tuple is a possible
solution of the system (1)—(4).

3.2°. If yn41 # 0, then, dividing both sides of the equation (5) by yn+1, we conclude
that
a;-r; = bl (6)
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Since b; > A, we cannot have a; = 0. If we had |r;| < 1, then we would have
|a; - r;] < |ai] < A, which contradicts to the fact that for b} = aj - r;, we have |bj| > A.
Since |r;| < 1 and it is not possible to have |r;| < 1, we conclude that |r;| = 1, i.e.,
that y; = 7 + yny1 for some r; € {—1,1}. Thus, all possible solutions (y1,...,Yn+1)
with yn+1 # 0 have the form y; = £yn1.

4°. From the equation (3), it follows that |yn+1| < A. Since y1 = r1-Yn41 for 1y = £1,
we conclude that |y1| < A for all possible solutions (y1, ..., Yn+1).

5°. The equation (4) means for some «; for which |a;| < A, we have

n

D (M -si4ai) -y =0,

=1

ie.,
M'ZSi.yi :—Zai-yi.
i=1 i=1
Substituting y; = r; - yn+1 into the formula (6) and dividing both sides by yn+1 # 0,

we conclude that . .
M'Zﬁ'Si:—ZOti-Ti. (7)
i=1 i=1

Since |a;| < A and r; = +1, we have

n
E (67N &}
=1

n
< Z|ai| <n-A.
=1

Thus, from (7), we get

M - <n-A. (8)

n
E T+ Si
=1

Dividing both sides of this inequality by M = 3A - n, we conclude that

n

E T Si

i=1

9)

<1
-3

The values s; are integers, the values r; = 1 are also integers, so the sum i i Sq
is also an integer. The fact that the absolute value of this integer does not exi::eled 1/3
means that this integer is equal to 0, i.e., that Xn: ri-8; = 0.

Thus, if the system (1)—(4) has a non—zerloﬂpossible solution, then the original
instance of the subset problem has a solution.

6°. From the previous statement, we can conclude that if the original instance has no
solutions, then the only possible solution to the system (1)—(4) is an all-zeros solution.
In this case, the range y, is equal to [0, 0].

7°. If the original instance has a solution &; € {—1,1} for which Y &; - s; = 0, then,
£

-1
for each value y1 € [—A, A], we can take y; = e -1 for all i« < n and yn41 = LY
£ €1

1
One can easily check that these values form a possible solution of the system (1)—(4);
indeed:
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The equation (1) is satisfied since for these values y;, we have
Ayi+ (A &) Ynt1 =0,

with A € [A,3A] and —A - &; € [-A, A].

e The equation (2) is satisfied since we have
(A-gi)-yi+ (=A) - yny1 =0,

with A -g; € [-A,A] and —A € [-3A,-A].

e Equation (3) is satisfied since

1 Ynt1 = Yn+1,

where 1 € [1,1+ 2A] and yn11 € [-A, Al
e Finally, the equation (4) is satisfied since we have

n

Z(MS’L) “Yi 207

i=1
with M -s; € [M -s; — A, M - s; + Al

On the other hand, we know that for all possible solutions, we have |y1| < A. Thus, in
this case, the desired range y, of possible values of y; coincides with the the interval
[7Aa A} .

The reduction is proven, and so is Proposition 1.

8°. To prove Proposition 2, we will reduce each instance (s1,...,sn) of the sub-
set sum problem to the following interval linear system with m = n + 1 unknowns

Yty 3 Yn, Ynt1t

e for each ¢ from 1 to n, we add two interval linear equations
[—A,A] -y = [A,3A]; (11)

e we also add an additional equation

Z[M~S,'—A,M'Si+A]'yi:[_A7A17 (12)
i=1

where we denoted M < 3A . (n+1).

One can easily check that in this system, all inputs are indeed known with the same
accuracy A.
Let us prove the following two implications:

e if the original instance of the subset sum has a solution, then the system (1)—(4)
has a possible solution;

e on the other hand, if the original instance of the subset problem does not have
a solution, then the system (1)—(4) does not have a possible solution.
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9°. To prove the above implications, let us analyze the system (10)—(12).
9.1°. Equation (10) implies that y; € [-A, A]/[A,3A] = [-1,1]. So, |y| < 1.

9.2°. Equation (11) means that a; - y; = b; for some a; € [-A,A] and b; € [A,3A].
Here, |a;| < A and b; > A. Since b; > A, we cannot have a; = 0.

If we had |y;| < 1, then we would have |a; - yi| < |a;| < A, which contradicts to
the fact that for b; = a; - y;, we have b; > A. Since |y;| < 1 and it is not possible to
have |y;| < 1, we conclude that |y;| = 1, i.e., that y; € {—1,1}.

Thus, all possible solutions (yi,...,yn) of the system (10)-(12) have the form
Yi = +1.
9.3°. The equation (12) means for some «; and g for which |a;| < A, we have

n

Z(M'5i+ai) S Yi = Qo,

i=1

ie.,
M-Zsi'yi:a()*zai'yi- (13)
i=1 i=1
Since |a;| < A and y; = 1, we have
n
Qo — Zai s Yi
i=1

Thus, from (13), we get

< lail < (n+1)- A
1=0

M- <(n+1)-A. (14)

n
i=1

Dividing both sides of this inequality by M = 3A - (n + 1), we conclude that

n
E Yi - Si
i=1

< % (14)

The values s; are integers, the values y; = £1 are also integers, so the sum Y y; - s;
i=1
is also an integer. The fact that the absolute value of this integer does not exceed 1/3

n
means that this integer is equal to 0, i.e., that > y; - s; = 0.
i=1

10°. Thus, if the system (1)—(4) has a possible solution, then the original instance of
the subset problem has a solution.

11°. To complete the proof of Proposition 2, let us show that if the original instance
of the subset sum problem has a solution &;, then the system (10)-(12) also has a
solution y; = €;. Indeed:

e Equation (10) is satisfied for every 4, since we have
(Aéz)yl :A,

where A - g; € [-A,A] and A € [-A, A
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e Equation (11) is satisfied, since we have
Ayz:(Ag’L)v
with A € [A;3A] and A -g; € [-A,A]

e Finally, the equation (12) is satisfied, since we have

n

Z(MS’L) “Yi :07

i=1
with M -s; € [M-s; — A, M -s; + Al and 0 € [-A, A].

The reduction is proven, and so is Proposition 2.

Comment. In the above reductions, the number of equations is, in general larger
than the number of unknowns; however, we can easily make these two numbers equal if
we add extra unknowns that do not affect equations at all. Thus, the problem remains
NP-hard even if we limit ourselves to square systems.

Acknowledgments. This work was supported in part by the National Science
Foundation grants HRD-0734825 and HRD-1242122 (Cyber-ShARE Center of Excel-
lence) and DUE-0926721, by Grants 1 T36 GM078000-01 and 1R43TR000173-01 from
the National Institutes of Health, and by a grant N62909-12-1-7039 from the Office of
Naval Research.

The authors are thankful to all the participants of the Joint World Congress
of the International Fuzzy Systems Association and the Annual Conference of the
North American Fuzzy Information Processing Society IFSA/NAFIPS’2013 (Edmon-
ton, Canada, June 24-28, 2013), especially to R. Baker Kearfott and Nathalie Revol,
for valuable discussions.

References

[1] Gaganov, A. A.: Computational complexity of the range of the polynomial in
several variables, Cybernetics, 1985, pp. 418-421.

[2] Kelsey, R.: Box Math and KSM: Extending ShermanMorrison to functions of in-
terval matrices, Proceedings of the Joint World Congress of the International Fuzzy
Systems Association and the Annual Conference of the North American Fuzzy In-
formation Processing Society IFSA/NAFIPS’2013, Edmonton, Canada, June 24—
28, 2013, pp. 338-343.

[3] Kreinovich, V., Lakeyev, A., Rohn, J., Kahl, P.: Computational Complezity and
Feasibility of Data Processing and Interval Computations, Kluwer, Dordrecht, 1997.

[4] Moore, R. E., Kearfott, R. B., Cloud, M. J.: Introduction to Interval Analysis,
SIAM Press, Philadelphia, Pennsylvania, 2009.

[5] Papadimitriou, C. H.: Computational Complezity, Addison Wesley, San Diego,
1994.

[6] Rabinovich, S.: Measurement Errors and Uncertainties: Theory and Practice,
Springer Verlag, New York, 2005.



	Solving Interval Linear Systems Is NP-Hard Even When All Inputs Are Known With the Same Accuracy
	Recommended Citation

	tmp.1380556905.pdf.TZDfY

