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Abstract

This thesis is devoted to generalize previous results on Gleason measures to complex Glea-
son measures, and to develop a functional calculus for complex measures in relation to the
Nemytsky operator. Furthermore we present the interpretation of our results in the field of

quantum mechanics, some concrete examples and further extensions of several theorems.
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Chapter 1

Introduction

1.1 Mathematical Foundations of Quantum Mechanics

By the end of the 19th century, Physics had advanced in such a way that scientists were
able to confront complex problems throughout vast different fields, achieve establishment of
the thermodynamics theory among others, and the community agreed on the conservation
laws of momentum and energy. All of the different concepts and theories were so deep that
it was widely accepted that all of the physical world could be generally explained using such
ideas and the only task that was left for physicists was to improve the precision of methods
and measurements. A few years after, in the early 1900’s, serious doubts questioning
the validity of classical theories started to arise, undermining the view that physics was
complete. Deficiencies in Maxwell’s theories were noticed among different experiments and
failure to explain under specific conditions some physical phenomena and theories that
when taken to the limit generated paradoxes. These imperfections were to remain and new
ideas had to be developed.

It was until the decade of the 1920 when the work of Schrédinger, Heisenberg, Dirac
and others developed a new set of ideas; Quantum Mechanics, that dealt with the inade-
quacies of the previous theories remarkably well, to the point that Quantum Mechanics is
still taught the same way this prodigious men formulated it. Nevertheless a complicated
task remained; to bring the bizarre context in which the postulates of Quantum Mechan-
ics flourished into rigorous mathematical formulations. The first physicist to address this
concern, was John Von Neumann he was drawn to the task by a seminar on foundations of

Quantum Mechanics conducted by Hilbert in 1926. The work published by Von Neumann



and his broad view in his “Mathematical Foundations of Quantum Mechanics” ([8]) book
stand out as the first to provide a completely rigorous analysis of Quantum Mechanics.
Roughly speaking, his use of abstract mathematical concepts like Hilbert spaces and op-
erators to describe physical observables as eigenvalues of such operators greatly influenced

both Quantum Mechanics and Functional Analysis.

1.2 Hidden Variables

One of the prominent mathematicians that inquired in the relatively new field of the Mathe-
matical Foundations of Quantum Mechanics was an American mathematician from Harvard
University Mathematics Department, George Mackey. Conducting investigations on appli-
cation problems in Quantum Mechanics, Mackey proposed the following problem: Describe
the set of all states on the quantum logic L(H) of linear operators on a separable real or
complex Hilbert space H. It is well known that Quantum Mechanics only permits to cal-
culate probabilities, and at the time is was a question of debate whether the reason behind
such bizarre behavior was because of the state of knowledge being incomplete due to “hidden
variables” of which nothing was known or because the nature obeys Quantum Mechanics.
Von Neumann showed that it is not the incompleteness of knowledge but rather something
intrinsic to nature itself. A proof of Mackey’s conjecture would complete his assertion and
argue against the existence of hidden variables. Although Richard Kadison managed to
proof the conjecture falsely for two-dimensional Hilbert spaces, one of Mackey’s doctoral
students, Andrew M. Gleason proved it for higher dimensions, his statement is now known

as Gleason’s Theorem.

1.3 Gleason’s Theorem

Definition 1.1. Recall that a state, also called measure, on L(H ) is a mapping m : L(H) —
[0, 1] such that:



m(H) =1,

m <UM> :Zm(Mi),

where (J;°, M; is the union of mutually orthogonal subspaces {M; : t € T} of L(H).

Furthermore if z is a unit vector in H, then we define m, : L(H) — [0, 1] via:

mg (M) = ||Pye||*, M € L(H)

where Py is the orthoprojector from H onto M, m, is a state on L(H) for any H. Moreover,

given a positive Hermitian operator 7" on H, with tr(7") = 1, then:

me(M) = tr (TPy), M € L(H) (1.3.1)

defines a state on L(H).
It is not difficult to see that class of the states on the quantum logic L(H) defined by
(1.3.1) is a broad class, however, in the case of H beign a two-dimensional space, as stated

before, it can be shown that (1.3.1) does not determine all states.

Example 1.2. This example was taken from ([5]) to illustrate the latter. Let Hs be a

two-dimensional, real or complex Hilbert space. If:

m(M) = 0 if M = {0} (1.3.2)
0,orlifdim(M)=1

where in the latter case we suppose m(M) + m(M*) = 1, then m is a two-valued state on
L(H,). Now fix a one-dimensional subspace M,. If we define a state m via (1.3.2) such
that the one-dimensional subspaces M, M+ # M, attains the value 0 or 1 in m, and for

m(M,) = 1/2, then, those states are not expressible via (1.3.1).



Gleason’s theorem, named after the mathematician who published it in 1957, was the

answer to Mackey’s question:

Theorem 1.3. (Gleason’s Theorem) Let H a separable, real or complex Hilbert space,
dim(H) # 2, then for any state m on L(H) there exists a unique positive Hermitian trace

operator T on H with tr(T) = 1, such that:

m(M) = tr(TPy), M € L(H) (1.3.3)

Proof. The proof of Gleason’s theorem will not be provided due to its complexity and

lengthiness, nevertheless a complete and detailed proof may be found in ([5] p.131). O

The proof of Mackey’s conjecture by Gleason ultimately strengthen the statement made
by Von Neumann before and ruled out the existence of the so-called hidden variables in
the realm of Quantum Mechanics. More extensively Gleason’s theorem allowed mathemati-
cians and physicists to treat events that take place in the quantum context as a lattice,
namely L(H), of subspaces of a real or complex Hilbert space and assign them “prob-
abilities” i.e. states or measures. In short, obstacles of Quantum Measure theory were
reinforced by Gleason’s theorem. The fact that probability measures were determined by
the logical structure of quantum events was thought, by part of the scientific community,
to exhibit that stochastic processes are to be encountered at the core of the physical laws

that determine the structure of the universe.

1.4 Gleason Measures

Clearly, as presented in the previous section, Gleason’s theorem has been profoundly studied
for its close relationship with the Foundations of Quantum Mechanics, and it is the main
subject of interest of this thesis to investigate the so-called Gleason measures, in particular
complex Gleason measures, that came as a direct consequence of the theorem previously

stated. Gleason measures are defined as follows:



Definition 1.4. Any finite (signed) measure m on L(H) which can be expressed via (1.3.3)

is said to be a Gleason measure.

One of the main ideas of this thesis is the vectorial character of the complex Gleason
measures. Such property gives a natural mathematical interpretation of the concept. Many
quantities considered in Physics have a vectorial character as well; the momentum and the
angular momentum of a particle exemplify this, and in Quantum Mechanics, this kind of
quantities are represented by what we call a vector operator. All this relations have trig-
gered the desire of generalizing previous results on Gleason Measures to complex Gleason

measures.

Example 1.5. With the purpose of introducing this concept, consider the following ex-
ample included in ([10]) that introduces the momentum of a particle. In order to perform
a measurement of a particle’s momentum in two dimensions, we need to measure the two
components of the momentum; p, , p, relative to an (arbitrarily chosen) orthogonal coor-
dinate system. Accordingly, in Quantum Mechanics, the momentum is represented by two
observables (self-adjoint operators), P, and P,, and we may think of these two operators

as the “components” of one vector operator:

P= (PR,

relative to the coordinate system chosen previously. This means that if a linear change
of coordinates is made, the components of P change according to the same rule as the
components of a vector; but the momentum itself should be independent of the coordinate

system chosen (otherwise it would not have a physical meaning).

To stress this independence of the coordinate system, we shall follow a different point
of view. Notice that in order to measure a vector quantity like p, it is necessary to be able
to measure the scalar product (p,v) with any given direction v.

According to the Quantum Mechanics formalism we would have an observable (self-

adjoint operator) P, for each v. Furthermore the correspondence v — P, should be linear.



As a consequence, we make the following formal definition: Let H be a Hilbert space (to
be thought as the state space of the quantum system) and V' a real Hilbert space (the
space of values of the vectorial quantity that we want to measure); a vectorial operator is

an element of L(V, L(H)).

1.5 The Nemytsky Operator

To further complement this thesis the Nemystky operator, which is a class of nonlinear
operators on L” spaces with good continuity and boundedness properties (see [6]), will be
required. They take their name from the mathematician Viktor Vladimirovich Nemytsky

and are defined as follows.

Definition 1.6. Let {2 be a domain (an open and connected set) in n-dimensional Eu-
clidean space. A function f : 2 x R™ — R is said to satisfy the Caratheodory’s conditions

if:
1. f(z,u) is a continuous function of u for almost all z € 2

2. f(x,u) is a measurable function of x for all u € R™

Given a function f satisfying the Caratheodory’s condition and a function u : 2 — R"

define a new function F'(u) : {2 — R by:

the function F' is called the Nemytsky operator.
The Nemytsky operator, in short, is a variable-coefficient composition operator of the
form ¢ (z) — g (z, ¢ (z)) that has been studied and used in the context of many nonlinear

problems involving integrals, as well as partial and ordinary differential equations.



1.6 Structure of the Thesis

The following work concentrates in analyzing several properties of complex Gleason mea-
sures from previous works to new conclusions and possible further investigations. It focuses
on developing a functional calculus that permits working with complex Gleason measures
through the Nemytsky Operator. It also presents some examples and applications of the
latter in Quantum Mechanics; trying to give physical interpretation of the mathematical
concepts that arises. Furthermore a modest discussion on the Foundations of Quantum Me-
chanics is provided so that the reader understands the mathematical and physical context
of the information presented. The structure of the work is as follows. Chapter 2 contains
definitions and properties related to measurability of vector-valued functions. In Chapter
3 we introduce vector-valued measures and present some of its properties. Selected topics
from Operator Theory are given in Chapter 4 in order to complement this thesis. A brief
introduction to Hilbert Space Theory is presented in Chapter 5. Chaper 6 gives a first
glance of complex Gleason measures and related topics. The construction of an integral
with respect to a complex Gleason measure is provided in Chapter 7. Some results of
Measure theory are rewritten for Gleason measures in Chapter 8. Chapter 9 talks about
the Nemytsky operator. Next, the results of this work, that is, Theorem 9.6, in addition
to applications to Quantum Mechanics are presented in Chapter 10. Finally, extensions of

previous theorems are presented in Chapter 11.



Chapter 2

Measurability

In this chapter, with the intention of preparing the grounds for a better understanding
of the work covered and developed in this thesis, the definitions and properties related to
vector-valued measures and functions including measurability and convergence of the latter
are given (for details see [11]). The definitions are arranged, so that, every new concept

builds up from the previous definition provided .

2.1 Measurable Functions

Definition 2.1. A c-algebra of subsets of S is a set ¥ € P(S) which is closed under
complements and countable unions, i.e., ¥ € P(S) is a o-algebra if and only if:

a) The empty set is in X, ie., ) €

a) For every element A € ¥, the complement X \ A = A €

b) If (Aj)jen C X, such that A, N A; =0 for j # 4, then | J2, A, €

Some examples of o-algebras include the power set of any set .S, i.e. the set of all subsets
of S, including the empty set ) and S itself, also the least possible o-algebra of a set S is
given by ¥ = {0, S} (for more details on o-algebras consult [21]). In the remaining of the

chapter we assume S is a set and X a o-algebra of subsets of S.

Definition 2.2. A measure on S is a function px : S — R satisfying the following properties:

a)u(0) =0
b) If (A;)jen C X is a disjoint countable family in ¥ then:



1 (U Ai> = Z w(A;) (o — additivity)

In this case S is said to be measurable and the triplet (S, X, i) is called a measure space.
Also if A € ¥ then we call A measurable. A measure p on a set S is finite if ©(S) < co. A
measure g on a set S is o-finite if and only if S is the countable union of measurable sets

with finite measure, i.e., S = J;,(S;) so that u(S;) < oc.

Definition 2.3. A vector space X over a field F' is said to be an inner product space (or
Euclidian, or pre-Hilbert, or unitary space) if there is a D-valued function (-,-) on X x X
satisfying each of the following conditions for all u,v,w € X and a € F"

a) (u,u) >0, and (u,u) = 0 if and only if z = 0;

b) (u+ v, w) = (u, w) + (v, w);

¢) {ou,v) = a(u,v);

d) (u,v) = (v, u)",

where the asterisk, (*) denotes the conjugation for F' = C and the identity for F' = R.
Such function (-,-) is called an inner product. Furthermore, common convention is that
if ¥ = C or F' = R then the inner product space X is called a complex or real space,
respectively. One of the simplest examples of inner product spaces is the real numbers with
the inner product defined as usual multiplication, that is, (u,v) = wv for u,v € R. Such
concept may extended to R™ which will be an inner product space with the dot product as

the inner product, that is:

U1 U1

n
. . . T _
< i B i >.=u v:E UV; = U1V + -+ + UpUy

1=1
Up  Up
where uT is the transpose of w.
Even though the definition of a norm is provided next, it may also be defined, using the

inner product, as ||u|| = (u,u>%



Definition 2.4. Given a vector space X over a subfield F' of the complex numbers, a norm
on X is a function |- || : X — R with the following properties:

a) ||z|]| >0, and ||z|| =0 iff z = 0, for all z € X

b) [lazl| = |af |lz], « € F, = € X;

¢) lz+yll < |zl + |lyll, z,y € X  (triangle inequality).

With this in mind, a distance from a vector x to a vector y is defined to be ||z — y]|.
Then, with respect to this distance, X is a metric space. Moreover a sequence {z,} of
vectors in X converges in norm to a vector z € X if and only if lim,, . ||z, — z|| = 0 (in
this case x is unique). A sequence {z,} in X is Cauchy if and only if for every e > 0, there
is an integer ng such that for all n, m > ng, ||z, — ;|| < €. Furthermore, a normed vector
space is complete if and only if every Cauchy sequence in X converges to some vector in
X. A complete normed vector space is called a Banach space and also a complete inner
product space is called a Hilbert space.

In the remaining of the thesis unless otherwise stated, definitions assume that (S, X, p)
is a complete o-finite measure space and X is a real Banach space with norm ||-||. Continu-
ing the discussion, the chapter now focuses on the measurability of vector valued functions.
Such concept is parallel to measurability of real-valued functions with obvious modifica-

tions.

Definition 2.5. The characteristic function xp(x) of any subset M of a set S is defined
by:

1 ifeeM
0 if v ¢ M.

Broadly speaking the latter concept indicates membership of an element in a subset M

Xum(r) =

of S. This concept helps define step functions and take a step forward in the construction

of measurable vector valued functions.

Definition 2.6. A function ¢ : S — X is a step function if there exists a finite family

{M,} C ¥ of pairwise disjoint sets (i.e. every two different sets in the family are disjoint)

10



of finite measure and a finite family {e,} C X so that:

Y = Z EnX Mp»

where y )y, indicates the characteristic function of the set M,,.

Note that the family of all the step functions ¢ : S — X is a real vector space.
Furthermore, a powerful tool that will be used in this chapter and throughout the thesis
is convergence of functions, even though the work behind this concept is vast, pointwise
convergence is the approach that will be used. The reader may assume that this thesis
refers to pointwise convergence of functions, when convergence is indicated, unless otherwise

stated.

Definition 2.7. Let {f,} be a sequence of functions, f,, : S — X for every n. The sequence

{fn} converges pointwise to f, written as:

lim f, = f pointwise
n—oo

if and only if:

lim fo(x) = f(z)

n—oo

for every x in the domain, i.e., lim, . || fn(z) — f(z)]| = 0.

Moreover when studying sequences of measurable functions defined on a measure space,
just as the ones discussed in this thesis, it is natural to bring up almost everywhere con-
vergence, more specifically pointwise convergence almost everywhere. To define almost
everywhere convergence, define an equivalence class on the set of functions f : S — X, by
f ~giff f =g a.e. thatis, the functions f and g are equal everywhere except maybe in a
set with p-measure equal to zero, i.e. u({z : f(z) # g(x)}) = 0. By the same token, given

a sequence of functions { f,}, f, — f p-a.e iff lim, . f.(z) = f(z) except maybe for a set

11



with p-measure equal to zero, i.e. pu(z : lim, .o fu(z) # f(x)}) = 0. Next, even though
measurability of functions can be defined in several ways, for example, using pre-images
of open sets, this research maintains the sequential definition related to step functions as

standard throughout the thesis.

Definition 2.8. A function f: S — X is X-measurable if there is a sequence {¢y} of step

functions so that ¢, — f in X p-a.e. as k — oo.

Recalling the definition of a step function, it is obvious that every step function is X-
measurable. The following Lemma 2.9 and Proposition 2.10 are well known results from

measure theory and their proof will be omitted.

Lemma 2.9. Let {S,},., € ¥ be a countable partition of S and let f : S — X be a
function. Then, the function f is X-measurable if and only if for each n > 1, the restriction

f S, — X is X-measurable.

Proposition 2.10. Let {f,} be a sequence of X-measurable functions f, : S — X con-

verging p-a.e. to a function f:S — X. Then the function [ is X-measurable.

This concludes the chapter.

12



Chapter 3

Vector-Valued Measures

The notion of measurable functions and convergence are left behind to focus on the formal
definition of vector-valued measures and some related properties. We begin this chapter
with the definition of a set function. A set function is simply defined as a function whose

input is a set and output is a value.
Definition 3.1. A set function m : X — X 1is called a vector-valued measure if:

1. m (@) =0.

2. For each countable, pairwise disjoint family {4} C X:

Q8]

where the series is commutatively convergent (i.e. any rearrangement of the series

converges to the same value).

Definition 3.2. The wvariation |m| of the vector-valued measure m is the set function

|m| : ¥ — [0, oo] defined for each A € ¥ as:

Im| (A) = sup {Z ||m(Aj)ll} :

where the supremum is taken over all the finite partitions {A;} C ¥ of A.

Given the concept of variation of a measure, it is natural to inquire on some properties of
this resulting function, next some of the most important characteristics of the variation of

a measure are presented.

13



Lemma 3.3. The variation |m| of a vector-valued measure m is a measure.

Proof. Let {A;} be a partition of A € Y. Let t; be real numbers such that ¢; < |m|(4;).
Then each A; has a partition {A4;;} such that:

J
Since {A;;}(i,7 = 1,2,3,...) is a partition of A, it follows that:
D ot <Y Im(Ag)|l < Iml (4)
i irj

Taking the supremum of the left side of the latter inequality, over all admissible choices of

{t;}, we see that:

Sl (A) < m] (A) (3.0.1)

To prove the opposite inequality, let {£;} be any partition of A. Then for any fixed 1,
{E; N A;} is a partition of E;, and for any fixed j, {E; N A,} is a partition of A;. Hence:

S imiz) - |

> m(E;NA;)

< ZZ [lm (E: 0 Ay)|

=D Im(En A < Iml (4)

since the latter holds for every partition {£;} of A, we have:

ml (4) < 3 ol (4 (302)

In all, by (3.0.1) and (3.0.2) |m| is countably additive. O

14



Note that |m|(A) > |m(A)|, but that in general |m|(A) is not equal to |m(A)|.

Lemma 3.4. Given two vector-valued measures mq, mo : 3 — X

|my 4+ ma| < |mq| + |mol.

Proof. The proof of this assertion follows from the previous proof and the fact that |m/| (A4) >
m(A)]. O

Definition 3.5. Two vector-valued measures mq,mo : ¥ — X are mutually singular,
denoted my L my, if the measures |m;| and |ms| are mutually singular. That is to say, if
there is a partition S = AU B, A, B € %, such that |m;|(A) = 0 and |mg|(B) = 0. In
particular, a vector measure m : ¥ — X and the measure p are mutually singular if the

measures |m| and p are mutually singular.

Remark 3.6. The following statements are equivalent:

1. |m|(A) =0 for some A € .

2. m(A)y=0forall A/ C A, A" €.
The following result is obtained as a consequence of the latter remark.

Lemma 3.7. Two vector-valued measures my and mq are mutually singular if and only if

there exists a partition S = AU B, A, B € X, such that:

my(A") = 0forall A CA A ex,

mo(B') = 0 forall B CB, B €Y.

Lemma 3.8. If two vector-valued measures my, my : 3 — X are mutually singular:

[my 4+ ma| = [my| + |mal.
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Proof. This proof follows closely the proof of Lemma 17 in ([9]). It is known from Lemma

3.4 that given two vector-valued measures my, mq : 3 — X
Imy + ma| < |my| 4 |[my|
S0, it is just left to show that if m; L mo:
Imy + ma| > |ma| 4 |mal.

Now by definition of mutual singularity, a partition S = AU B, with A, B € Y, such
that |mq| (B) = 0 and |ms| (A) = 0, it follows that given E € X

[ma| (E) = [ma| (AN E)

and:

[ma| (E) = |mo| (BN E).

Now fix € > 0 and consider a partition {C;},_; of (AN E) such that:
€
> (G = (ANE) — 5
ieJ
and a partition {D;},_, of (B N E) such that:
Z||m2 M > mal (BN E) - <.

() (ur)

since:
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is a partition of F, and:

fma -+ mal (B) = S [ma(C)| + 3 ma(D))]
ieJ jeL
> [my| (AN E) + lmo| (BN E) — c.

In conclusion:

[my +ma| (E) 2 [ma] (E) + [ma| (E),
this inequality completes the proof of the Lemma. H

Definition 3.9. Given two vector-valued measures mq,my : ¥ — X, we say that m, is

absolutely continuous with respect to mo, denoted my; < ma, if |m;| < |msl|, which means:

If Ae X and |mg|(A) =0, then |my|(A) = 0 as well. In particular, a vector measure
m : ¥ — X is absolutely continuous with respect to the measure p if |m| < p.
Remark 3.10. According to Remark 3.6, m; < mg if and only if A € ¥ and my (A’) =0
for all A C A, A’ € ¥, implies that m; (4) =0 for all A’ C A, A’ € %.

Theorem 3.11. (Lebesque decomposition, [11], p. 189) Let m : ¥ — X be a vector-valued
measure of o-finite variation. Then, there exist unique vector-valued measures my, mso :

¥ — X of o-finite variation so that:

m = "y +m2;

m; << p, mg L.

The o-finiteness of |m| is necessary for the validity of Theorem 3.11 even in the case of

signed measures, while the measure space (S,%, 1) does not need to be o-finite.

Proof. For a complete detailed proof see [11], page 189. O
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Before stating the next result, the Bochner integral mentioned in the following theorem
(Theorem 3.12) is defined in much the same sense and is completely analogous to the
Lebesgue Integral. First a step function, is given in terms of the sum of the characteristic
functions of disjoint members of a sigma-algebra and elements of a Banach space, then
integrability is defined and lastly this notion is extended to a broader family of functions.
Note also that given a Bochner integrable function f : S — X, the “indefinite integral” fdu
indicates a vector valued measure defined on each A € ¥ as the Bochner integral [, fdp.

If the reader would like to further inquire on the Bochner integral refer to [22].

Theorem 3.12. (Radon-Nikodym, [15]) For a vector valued measure m : ¥ — X, the

following statements are equivalent:
1. There exists a unique function f:S — X, Bochner integrable, such that m = fdpu.

2. The vector valued measure m satisfies the following conditions:

(a) m < p.
(b) |m| is a finite measure, that is to say |m| : X — [0,00).

(c) For each A € ¥ with 0 < pu(A) < oo, there exists E C A, E € ¥ and a compact
set K C X not containing zero, so that u(E) > 0 and for all E' C E, E' € 3,

the set m (E") is contained in the cone generated by K.

Remark 3.13. When the space X is finite dimensional, condition 2.c) in Theorem 3.12 is

satisfied by any vector valued measure m : ¥ — X. Indeed, we can select:
K={zeX:|z|| =1}.
Then, the cone generated by K, defined as:

{Mx:ze K, X>0},
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becomes X, so condition 2.c) holds. Thus, Theorem 3.12 reduces to the familiar Radon-
Nikodym theorem in this case. For a detailed analysis of the conditions involved in Theorem

3.12, see Chapter 5 in [16].

19



Chapter 4

Some Topics in Operator Theory

The definition of Gleason Measures is once again presented in this chapter, in particular
the definition of a complex Gleason Measure. Also, important theorems that aid this thesis
are presented and proven, the reader may find abstract concepts within this chapter, and,
even though it is not the intention of this work to deepen in such material, a precise and
short definition is presented. It is left to the reader to inquire about the details. The first
part of this chapter deals with some simple definitions from Operator theory that will help

strengthen concepts that will be introduced in subsequent chapters.

4.1 Operator Theory

This section provides a brief introduction to operators so that the reader familiarizes with
the concepts that will be used in later chapters, the main objective is to provide a good and
simple explanation on specific types of operators as well as some properties of them. To
begin, let U and V' be two vector spaces, any mapping from U into V' is called an operator
or a transformation. Furthermore, one of the types of operators that is of great significance
to this thesis is the class of linear operators, due to its major role in the Mathematical

Foundations of Quantum Mechanics.

Definition 4.1. Let X and Y be vector spaces over the same field F'. A mapping L : X —
Y is called a linear operator (linear transformation) if for all a,b € F and u,v € X we
have:

L(au + bv) = aL(u) + bL(v)
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It is customary to denote the image L(u) of w under a linear transformation simply
by Lu. Another class of operators that is relevant to this work, is the class of continuous

operators..

Definition 4.2. An operator (transformation) 7" : X — Y where X and Y are normed
spaces is said to be continuous at ug € X if for any € > 0 there is 6 > 0 (depending on ¢)
such that:

I T(u) = T(uo)lly <€ for [Ju—uollx <0

The operator (transformation) L is said to be continuous if it is continuous at all points

ug € X.

Definition 4.3. A bounded operator, is a linear transformation L : X — Y, where X and
Y are vector spaces endowed with the norms ||-||  and ||-||y- respectively, with the property

that there exists some M > 0 such that for all v € X we have:

[Lolly < M lv]lx

The smallest M such that the inequality holds is called the operator norm || L|| of L.

As an example, any linear transformation of a finite-dimensional Euclidean space into
another Euclidean space is bounded.

Recall that a Hilbert space H is a real or complex inner product space that is complete
with respect to the distance function induced by the inner product, that is, an inner product
space that is also a complete metric space. A clear and important example of a Hilbert space
is an Euclidean space which is complete in the norm. In particular the Euclidean space,
consisting of three-dimensional vectors, denoted by R?, equipped with the dot product is a
Hilbert space. Then a linear operator L defined in a Hilbert space is a linear transformation

of a linear subspace (a linear subspace is simply a vector space M that is a subset of a vector
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space H) D(A) of H into H; D(A) is called the domain of A and its image under A:

R(A) ={Au:u € D4}

is the range of A. If B is another linear operator defined on a subspace D(B) D D(A)
and it coincides with A on D(A), that is, Bu = Au for all u € D(A), then B is called an

extension of A (or A a restriction of B), and write A C B.

Definition 4.4. Following F. Riesz and Sz. Nagy ([14], section 116), we shall say that an

unbounded operator T" and a bounded operator B are permutable (or commute) if

BT CTB.

in other words, T'B is an extension of BT i.e. D(TB) C D(BT) and TBu = BTu for
all u € D(BT) where D(T'B) and D(BT) are the domain of the operators T'B and BT

respectively.
The following theorem is included so that the adjoint of an operator can be defined.

Theorem 4.5. (Theorem 2.5, Chapter II, [13]) Let A be an operator on H, with domain
D(A). Denote by D(A*) the set of all vectors v € H which are such that for each v there

18 one and only one vector v*which satisfies the equation:

(Au,v) = (u,v")

for all w € D(A). The mapping:

A*(v) =v*, v e D(A"),

is a linear operator, called the adjoint (also called Hermitian) of A, and it exists, i.e.

D(A*) £ 0 if and only if D(A) is dense in H.
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Proof. Consult [13] p.187. O

Also, a linear operator A defined in a Hilbert space is symmetric if (Au,v) = (u, Av)
for all u,v € D(A). A symmetric operator A is called self-adjoint if A = A* ie., A*C A
and A C A*. An example of a symmetric operator is the so-called Schrodinger operator,
more specifically such operator is linear and Hermitian (for details see [7]). Furthermore
given the concept of a symmetric operator, an equivalent condition for a linear operator A

to be bounded is: there exists some M > 0 such that for all u € D(A) we have:

(Au,u) < M (u,u)

Definition 4.6. A linear operator L : X — Y is normal if || Lv||y, = ||L*v||, for any v € X.
More specifically a normal operator on a complex Hilbert space H is a continuous linear
operator N : H — H that commutes with its hermitian adjoint N* (N* : H — H such
that (Nz,y) = (z, N*y) for all x and y in H) that is:

NN* = N*N

Some common examples of normal operators includes, hermitian, unitary, and positive
operators.

One of the most important types of operators is the orthogonal projection operator,
due to its essential role in Spectral Theory, which will be discussed later, and of course in
Quantum Mechanics, which is the physical context in which the results of this work may
be applied. As the name implies, projection operators defined on a Hilbert space are just
a generalization of the familiar concept of orthogonal projections of vectors in R? onto a
subspace in R?, in particular a line or even a plane. Next, not only the definition of an

orthogonal projector is provided, but it is done by means of a very important theorem.

Theorem 4.7. (Theorem 3.1, Chapter III, [13]) Let M be a closed linear subspace of a
Hilbert space H. Denote by M~ the linear space (actually closed linear subspace) of all
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vectors orthogonal to M :

M*+={h:{(h,g) =0, g€ M}

Then each vector x € H can be written uniquely as a sum:

r=a'+2", 2 eM 2"eM (4.1.1)

and the mapping:
Py(z):H—> M, z€H (4.1.2)

is a linear operator defined on the entire H, called the projector (or orthogonal projection

operator) onto M.

Before proceeding with the proof of the theorem, the following Lemma 4.8 is presented

since it takes part in the proof of Theorem 4.7.

Lemma 4.8. (Lemma 2.1, Chapter III, [13]) If M is a closed linear subspace of a Hilbert
space H and if x is a vector in H, there is a vector x' € M such that ©" = v — 2’ is

orthogonal to M.

Proof. Denote d the distance between x and M, i.e.:
d= inf ||z —
inf Jlz =y

If d = 0, there must be a sequence yi,ys,... € M such that ||z — y,|| — 0 when n — oc;
since M is closed, we have in this case x € M and the lemma is proven by taking 2’ = x
and " = 0.

Assume that d > 0, and let y, yo,... € M be the sequence for which:

d= lim ||z — y,||
n—oo
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It is easy to check by using the algebraic properties of the inner product that:

2

1 , 1 - 1 1
3 1= ol e =l = 2 = 5 G+ 50)| + |5 =)
If we let m,n — oo above and note that:
1 2
= 5 (Ym + yn) > d’

because 3 (Ym + yn) € M, we get ||y — yu| — 0. Thus, y1,ys, ... is a Cauchy sequence,

which has a limit 2’ € M, since M is closed. Moreover, we have
lz — 2| = Im ||z — yn|| =d
n—oo

In order to show that z” L M, it is sufficient to prove that (z”, z) = 0 for all normalized

z € M. By means of the identity
(7,38 —{z,8"Vz) =10

we get

2 2 2
12" = ll=" = (z,2") 2II” + [z, ") 2",

and since ||z” — (z,2") z|| > d because (z,2") z € M, we have
& = |a"|* = |l2" = (z,2") 2" + |z, 2" = & + | {z,2")]°,

ie., |(z,2")| = 0. QE.D. O

Proof. (of Theorem 4.7) The possibility of decomposition (4.1.1) for each x € H is guar-
anteed by Lemma 4.8. In order to prove the uniqueness of this decomposition, assume
that

/ " / " 1
r=z1+x7, T1€EM z{eM
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Then we have

% — ) = —(z" — 7).

Since, on the other hand, 2/ — 2} € M, 2" — 2/ € M*, and therefore 2’/ — 2, La" — x7,
we get

<l’/—l’/1,l’/ _$1> = —([L’/ _$17$// _‘T/1/> =0

which implies 2 — 2{ = 0 and 2”7 — 2/ = 0. Thus, the uniqueness of =’ and z” for each
x € H is established, and consequently (4.1.2) defines a mapping of H into M.

To prove that this mapping is a linear operator, note that if

y = y’+y”, y/ & M, y// = MJ_

we have

ar + by = (azx’ + by/) + (az” + by"),

where, due to the linearity of M and M+,

ar’ +by' € M and ax’ +by" € M+,

Since the decomposition (4.1.1) of any vector in H is unique, we get

(az + by)" = Py(ax + by) = ax’ + by’ = aPy(z) + bPy(y),

which proves the linearity of Py,;. Q.E.D. O

Lastly, if M is a closed linear subspace of a Hilbert space H and P, is the projector
on M, then 2/ = Py is called the projection of the vector x € H onto the subspace M.

This finalizes the chapter.
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Chapter 5

Hilbert Space Theory

This chapter is dedicated to some results in Hilbert spaces. Such results hold great value
within the present work since the mathematics done in this thesis are directly or indirectly
related to Hilbert spaces. Now, one of the concepts that lies at the core of many theorems
presented here, is the set theoretic concept of separability; in order to introduce such
concept, some definitions are presented.

Recall that an orthogonal system of vectors is a set of vectors in which any two vectors
are orthogonal, i.e., given a vector space X, {z,}22; C X, with x; Lx; ((x;,z;) = 0) for all
i,7 € N, then {z,} is called an orthogonal system, furthermore if each vector in the system
is normalized, that is, ||z;|| = 1 for all ¢ € N, then {x,} is called an orthonormal system.

Other definitions will be presented before characterizing separability for Hilbert spaces.

Definition 5.1. Given a vector space V over a field F, the span of a set S of vectors is
defined to be the intersection W of all subspaces of V' containing S. Alternatively the span

S may be defined as the set of all finite linear combinations of elements in S:

W = span(S) = {Z)\Zuz neNu €S\ € F}

i=1

In this case W is referred to as the subspace spanned by S, conversely S is called a spanning
set of W or simply said S spans W. Also the closed linear span of S, denoted by [S] is the

intersection of all closed linear subspaces of V' which contain S:

[S] ={u €V :Ve>0,Tv € span(S);||u —v| < €}
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Definition 5.2. An orthonormal system S in a inner product space X is called an or-
thonormal basis (or a complete orthonormal basis) in the inner product space X if the

closed linear subspace [S] spanned by S is identical to the entire inner product space X,

ie., [S]=X.
With this definition separability can be stated specifically for Hilbert spaces.

Theorem 5.3. A Hilbert space H (that is a complete Euclidean space) is separable if and

only if there is a countable orthonormal basis in H.

This definition may also be stated as follows: The Euclidian space £ is called sepa-
rable if there is a countable everywhere dense subset of vectors of £. Common examples
of separable Hilbert spaces include, the real line. The following theorem encompasses the
importance of the previous concepts given, the Theorem provides “a simple recipe for com-

puting projections in practically important cases” ([13] p.198)

Theorem 5.4. (Theorem 3.2, Chapter III, [13]) If M is a separable closed linear subspace
of a (not necessarily separable) Hilber space H, and if {e;};_, is an orthonormal basis in

M, then:
Eyu= Z (e;,u)e;, u€ H,

i

where E)y is the projector on M.

Proof. Refer to [13] page 198. O

The previous theorem concludes the section, this chapter now focuses on presenting

applications to Quantum Mechanics.

5.1 Some Applications of Measure Theory and Hilbert
Spaces

In the present section, the counter part of some concepts that were covered in Measure,

Hilbert and Operator theory are presented in the context of Quantum Mechanis, more
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specifically, Wave Mechanics. The beginning of modern Quantum Mechanics, in which the
famous physicist Schrodinger was a major exponent, was marked by the paper in which
he proposed the formalism of Wave Mechanics (see [13]). In his paper it can be observed
that when discussing the physical interpretation of the so-called Schrodinger equation it is

known that for each interval I:

amzlwwm%x

is the probability of finding a system in the state ¢(z,t) within I at a given time ¢.

Let (£2,B, 1) be a measure space, with the previous definition of probability it is nat-
ural to investigate square integrable functions i.e. an extended complex-valued function
f(z), = € Q, defined almost everywhere on (2 such that f(x) is measurable and |f(a7)|2 is

integrable on 2, that is:

LV@WW@)

exist and is finite ([13]). We consider the space L) (€2, i) of all complex-valued functions
which are square integrable on 2 with the equivalence relation given by almost every-
where equality; moreover denote the family of all equivalence classes with the usual symbol
L2(Q, ). Furthermore L%(€2, 1) becomes a vector space and a Hilbert space with the inner

product of f,g € L*(Q, i) defined by:

U|@=Aﬁ@mmww

where f*(x) denotes the complex conjugate.

With these concepts we shall introduce the structure used in Quantum Mechanics, more
specifically in wave mechanics, to describe a system of n particles in which each particle is
distinct. To start, we assume that the n particles in our system move in three dimensions,
and we will denote ry the position vector of the k' particle. We can expand ry in terms

of three orthonormal vectors p,, py, P., in a reference system of coordinates in the real
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Euclidean space R? as follows:

Iy = TpPs + YkPy + 2P, k=1,2,3,...,n

In wave mechanics it is postulated that the state of a system of n particles is given by
the function (ry,... ,r,; t) at any given time ¢, defined on the configuration space R3"
of coordinate vectors ry, ... ,r,. Furthermore we shall assume that ¢ (ry,... ,r,; t) is once
continuously differentiable in ¢, and square integrable with respect to the measure space
(R3™, B3, 1i3") (where B3 denotes the family of Borel sets in R®") i.e., ¥(ry,... 1, t) €

L5)(R*"), and normalized to verify:

/ lih(ry, ... 1 )P dry .. dr, =1
R3n

In general, if a given function ¥ (ry,... ,r,; t) represents a state of the system in question,
then ¢(ry,... ,ry,; t) is called a wave function of the corresponding system.
Note that the wave function ¢ (ry,... ,r,; t) by itself does not have any physical mean-

ing, rather we have that the measure given by:

P(B) :/ l(ry, ... rn; ) dry ... dr,, BeB»"
B

is interpreted as a probability measure P,(B) represents for every Borel set B, the proba-
bility of having the outcome of a measurement at time t of the positions ry,... ,r, of the
n particles of a system’s state is given by ¥(ry,... ,r,; t) within B.

In the context defined above it turns out that if a state is described by the wave function
¥(ry,...,ry; t) at some given time ¢, then the function defined by i (ry, ... ,ry; t), with
the assumption that |c| = 1 and ¥(ry,... ,r,; t) = ci(ry, ... ,r,; t) almost everywhere
with respect to the Lebesgue measure on R3", describes the same state. Furthermore, this
implies that each function in the equivalence class ¥(¢) € L?(R3"), in which ¥(ry, ... ,r,; t)
is contained, would be described by the same wave function ¥ (ry,... ,r,; t). Finally, this

previous result allows us to systematically formulate one of the basic assumptions of wave

30



mechanics in a convenient way:

Postulate 1: The state of a system of n different particles is described at any time ¢
by a normalized vector () from the Hilbert space L*(R3"). The time-dependent vector
function ci)(t), |c| = 1, represents the same state as ¥(t). (see Chapter II, section 5, pg,
120 in [13))

5.2 Some Examples of Projectors in Hilbert Spaces

This thesis takes a few pages to inquire in the behaviour of projectors acting on a Hilbert

space, this is done by presenting examples, that were taken from exercises in [7].

Exercise 5.5. By definition, a projector P; is less than or equal to another projector P;

if P,P; = P;; one then uses the notation P; < P;. Show that if P, < P,

’;, one necessarily

has (u | P | u) < (u| P; | u) for any | u), and conversely. Show that the inequality thus
defined actually satisfies the characteristic axioms of an inequality, namely that i) P; < P;

and P; < P, imply P, = P;; ii) P, < P; and P; < Py, imply P, < P,.

Proof. Let &}, & be subspaces related to P; and P respectively. Suppose first that P; = P;
then clearly (u | P | u) = (u | P; | w). Now if P, < P; i.e. P,P; = P, then

(] Pilu)=(ul PP u) <(ul|Pj|u)
Conversely if (u | P; | u) = (u | Pj | u) then P, = P;. If (u | P; | w) < (u| P; | u); note that:
|u) = Filu)+ (I = F)|u) and |u)=F;|u)+ (I —PF))|u)
also:

[u) = (BN By) [ u) + (B~ P) | w) + (BP)) | u)+ (I~ PYI ~ Fy) | u)
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SO:

Byl u) = Bi(Pi\ By) [ uw) + PP~ Py) [ u) + P(BF) | w) + B(I N B)(I N Pj) [ u)

but:
Ve
B
B

(Pj ~ P;) | u) =0 since (P; \ P) | u) lies entirely in &j;

(PN Pj) |u) = (P, Pj) | u) since (P, \ P;) | u) lies entirely in &j;

(PP)) | u) = (P;F;) | u) since (P, P;) | u) lies entirely in &;;
P,(I~P,)(I~P;)|u)=0since (I \F;)(I~ P;)|u) lies entirely in the complement of
Thus

) P u) = (u| P~ Py )+ u | PPy ) < (u| Py | u)

Now if & = & then (u | P, \ P; |u) =0and (u | P; | u) = (u | P, N\ Pj | u)+(u | P,P; | u) =
(u| PPl u) < (ul] Pjlu);

if & C & then since (u | P |u) = (u| Pj|u) + (u| P~ Pj|u) thus (u | P; | u) <
(u| P; | u) which is a contradiction;

finally if & C & then (u | P, P; |u) =0and (u| P, | u) < (u| P; | u).

Thus &; C &, i.e., P; = P;P;; and by definition P; < P;.

For the second part of the problem, suppose P; < P; and P; < F; then P; = P;P; and
P; = P, P, thus since P;F; = F,P; we obtain P; = F;; finally if P, < P; and P; < P; hence
P, = P,P; = P,P;P, = P,P, and then P, < P 0

Exercise 5.6. P, P, ..., P, being projectors, show that their sum is likewise a projector

if and only if:

M»

=1

for any vector | u) of a Hilbert space.

Proof. Suppose that P = P, + P, + --- 4+ P is also a projector, then P;, P;are orthogonal
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projectors, that is:

PPj=0 ie. &N& =0 foralli#j

Let H be a Hilbert space and P be the sum of the orthogonal projectors upon &p now;
|u) =P [u)+ (I ~\P)|u

where (I \ P) is the projector upon &{;.p) the complement of &p hence;
k
(w| Prluy+ (u|Pylu)y+-+ (u|Peu)y=> (u| Pi|u)
i=1

=(u|Plu) <(u|Plu)+u|[(I~NP)|u)=(u]|u)

Conversely suppose that:

N

D (| Prluy < (ulu).

=1
Let:
k
|uy=Pi|u)+ Py |u)y+--+ P luy— Y PBP|u)
1,7 =1
that is:
k k k
D wlPluy<(uluy=> (u|Plu)= > (u| PP|u)
i=1 i=1 ij=1
that is:
k
> (u| PPjluy<0
ij=1

since (u | PP |u) > 0 for all 0 < 4,5 < k then (u | P,P; | u) = 0 thus P,P; = 0 for all
1 # j, hence P is a projector. O
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Chapter 6

(leason Measures

As previously stated in the introduction, Gleason measures were defined as a direct conse-
quence of the so-called Gleason’s theorem. In this chapter, we now move on to present one

of the central topics of this thesis; complex Gleason measures.

6.1 Complex Gleason Measures

Let H be a Hilbert space, A C L(H) a C*-algebra of bounded normal operators in H and
P the set of orthogonal projectors in H. (A C*-algebra is a Banach %-algebra .4 with the
property ||[AA*|| = ||A*A| for all A € A).

Definition 6.1. A complex Gleason Measure is a function p : P — C which is o-additive
on orthogonal families of projections in P, i.e. if (S,), oy is a countable orthogonal family

of subspaces of H with a closed liner span S then:

u(S) = ulSn)

neN
Note that complex Gleason measures are defined in the space of orthogonal projectors;
this is equivalent to defining complex Gleason measures from the subspaces S C H to the
complex, since the orthogonal projections ultimately act on a Hilbert space into a specific

given subspace, that is p : S — C such that S is a subspace of the Hilbert space H.

Definition 6.2. [[23] chapter VII, definition 2.E.1] Let (X, M) be a measurable space (i.e.:
M is a o-algebra of subsets of X). A spectral measure E is a mapping E : M — P such
that:
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1. E(U) is an orthogonal projector for every U € M.
2. B(X) =1, E(§) =0

3. If U = U, ,en Un and the sets (U,) are disjoint, then E(U) =",y E(U,) (where the

series is convergent in the strong operator topology).

4. U, DUy D ... DU, D ... and (e Un = 0, then E(U,) — 0 in the strong
operator topology, i.e.: E(U,)x — 0 for all z € H.

5. If U = U; NUs, then E(U) = E(Uy) - E(Us). In particular if U; and U, are disjoint,
then E(U;) and E(Us,) are orthogonal.

The usual techniques applied for complex-valued measures can be used to demonstrate
many basic properties of spectral measures. Note that Property 3 of Definition 6.2 is obvious
given Property 4. Moreover, it is easy to show that given U C W then E(U) < E(W).
Lastly modularity is an interesting fact that spectral measures share with their complex
counterparts, we first observe that E(UU W)+ E(UNW) = E(U)+ E(W) from this and
from the observation that F(U)E(U U W) = E(U) we conclude Property 5.

Definition 6.3. Let 1 : P — R be a Gleason measure. p is said to be concentrated on
a subspace Sy if S C Sy (Sg- is the orthogonal complement, i.e. the set of all vectors of
So which are orthogonal to any other vector of H) implies that u(S) = 0. In terms, of
projections, we can express the same idea by saying that p is concentrated on a projector
P,y if for any projector P € P(H) PyP = 0 implies that x(P) = 0. We note this by pu C Sy
or p C Py. Furthermore, if the set {P € P : u(P) = 0} has a greatest element, P,, then
I — Py is called the strong support of . Evidently, pu(P) = 0 if and only if P(I — Py) =0
(see [19]).

Even though absolute continuity and mutual singularity were already presented; defini-
tions 3.5 and 3.9 respectively, the notions of such concepts are introduced next for Gleason

measures specifically.
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Definition 6.4. Let A\,a : P — R be two Gleason measures. The measure A is said to be
absolutely continuous with respect to a and we write A < «, if a(P) = 0 implies A(P) = 0.
Two Gleason measures A and « are said to be mutually singular (written A\ L «), if there
exists an orthogonal decomposition I = Py + @)y with Py, () orthogonal projections such

that,POQ():QOPO:Oand)\CPO,,uCQO.

This chapter will now take a short deviation from Gleason measures to introduce an
important class of bounded operators in order to define the so-called trace class operators,

such operators will be used throughout this thesis.

Definition 6.5. For 1 < p < oo, we denote by L, the class of bounded operators T'
which satisfy the following condition: for each orthonormal system {p;, k € K} in H,
> ke [{Tpr, i) [P < o0

As an important and curious detail, the class L, yields a two sided ideal in £(H), thus

it is contained in the ideal of compact operators (for details see[17]).

Remark 6.6. In order to define the trace of an operator A, we need the series:

Tr(T) = ) (Teor, 0x)

keK

to be absolutely convergent. So it is natural to define the trace for operators in L;. We
call the operators in Lq, operators of trace class. Then if A is a trace class operator and B

is bounded, it is easy to show that AB is also of trace class. Moreover, we have that:
[ Tr(AB)| < || B|[Tr(|A]).

where || B|| denotes the norm of the bounded operator B. Also recall that a frame function
of weight w in H is a real-valued function f defined on the unit sphere of H such that if

{¢n} is an orthonormal basis of H then:

Zf(%pn) = w.
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We denote f,, the frame function associated to u ([2]).

As a direct result of Gleason’s theorem 1.3.3, it is known that a real Gleason’s measure
w verifying |u(S)| < K, S € S, (where S is the collection of subspaces in H) is represented

by a self-adjoint operator ([18]). An analogous result holds for a complex Gleason measure:

Proposition 6.7. (Gleason’s theorem for vector valued measures) Let H be a separable

Hilbert space, and i : S — X a vector-valued measure. Assume that:
ju(Py)| < K VY € H

with P, the orthogonal projection on the one-dimensional subspace S = (x), or equivalently,
that the frame function f, corresponding to u, is bounded. Then, there exists a normal

operator of trace class p € Ly such that:
w(P)=Tr(pP) VP € P

Proof. Without loss of generality, by decomposing the vector-valued measure into its com-
ponents, one may assume that each component of u is a real measure. Observe that a
bounded frame function f, on the unit sphere S is regular, ie., f(z) = (Tx,z) with T
a self-adjoint operator on R?: if |f(z)| < M, f + M is a positive frame function. From
Lemma 2.8 in [2], f + M is continuous and then f is regular. Considering this result, in
a similar way to [2], section 4.1, we obtain that u is represented by p in £(H). Since for
every orthonormal system {e,,n € N}, > (pe,,e,) < oo, and for every rearrangement

{ka,kEN} Of{en,TLEN}:

> ook, 0x) =Y _ {pen, €n)

k n

we get that:

Z | {pen, en) | < 00.

n
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In this case p € Ly ([17]), and in particular it is compact. It follows that u is represented

by an operator p in L. O

From now on, a complex measure p is bounded if the corresponding frame function is

bounded, or equivalently, if it is bounded on the one-dimensional subspaces of H.

Remark 6.8. Let B and C' be two positive, self-adjoint operators and let A = B +:C, then

A is a normal operator. Moreover if B, C' € L, then A € L;.

Proof. Let A= B+ iC and A* = (B +iC)* = B* —iC*. Now

AA* = (B +iC) (B* — iC*) = BB* + CC*

and

A*A = (B*—iC*) (B +iC) = B'B + C*C

since both B and C' are self-adjoint operators we obtain

BB*+CC*=B*"B+C*C
thus AA* = A*A, i.e., A is a normal operator. O

Furthermore the binomial form of a complex bounded measure p can be written as
1= A+ iv where \, v are two positive bounded measures, in this case A and v would be
represented by B and C, two positive hermitian operators of trace class, respectively. If we
let A = B+ iC be an operator, then by the previous proposition A represents the measure
1 and by the previous remark , we get a normal operator A € L; that is bounded by a
positive measure. For p a real measure this result provides a decomposition in positive and

negative parts.

Theorem 6.9. Consider p € Ly, normal and p = |p|u the polar decomposition of p. Then
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|p| defines a positive measure and

[Tr(pP)| < Tr(jp|P) P €P.

Proof. Tr(pP) and Tr(|p|P) are well defined since p € Ly [S]. p = u|p| = |p|u with |p| > 0
and u* = u~!. Let a be the positive square root of |p|. Consider {¢;} an orthonormal basis

of H and P € P then
|Tr(pP)| = |Tr(ua®P?)| = |Tr(PauaP)| <

> | (uaPe;, aPe;) | <> ||aPe;||* = Tr(|p|P).
(]
Remark 6.10. From theorem 6.9, a bounded complex Gleason measure p is bounded by a
positive measure. In this case, if p is real the following decomposition is obtained
p=pt—pu

with p = —“”’Jy—“ and p~ = “”"g_“.

Now let us consider a complex Gleason measure p = 1 +iuo. Without loss of generality
we may assume both pq and ps to be positive measures. Now by Gleason’s theorem we

have

p(P) =Tr(AP),

and

pa(P) = Tr(BP),
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for density operators A and B. Therefore, using the linearity of trace operators we obtain
w(P)=Tr((A+1iB)P).
Clearly the operator A + ¢B is normal if AB = BA. To see this observe
(A+iB)(A* —iB*) = (A* —iB*)(A+1iB).
Since the density operator is self-adjoint we have
(A+iB)(A—iB)=(A—1iB)(A+1B).

This gives
i(BA— AB) =i(AB — BA).

Hence

AB = BA.

6.2 Some Examples of the Trace of an Operator

This section concentrates on analyzing the behaviour of the trace of operators acting on a

Hilbert Space, this is done by presenting examples, taken from proposed exercises in [7].

Exercise 6.11. Let | u) and | v) be two vector of finite norm. Show that:
Tr(fu)(ul) = (ulu)

Tr(lw{vl])=(v]u

Proof. Let {|i)} be an orthonormal basis for the Hilbert space of the system. As a first
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step it will be shown first that the trace of an operator A is given by:

Tr(A) =) (i| Ali)
For simplicity assume the vector space is finite-dimensional. Now if A is a linear operator
on a vector space V/, and if {|¢)} is a basis for V, then the matrix elements A;; of the matrix

given by A with respect to this basis are defined by it’s action on this basis as follows:
Aliy =7 Ajlj) (6.2.1)
J

The trace of the linear operator with respect to this basis is then defined as the sum of its

diagonal entries:

i) = ZAM (6.2.2)

Now, it is known that the trace is a basis-independent value, so we can simply refer to the
trace of the linear operator; it’s just the trace with respect to any chosen basis. Suppose
that V is equipped with an inner product, just as in the case of a Hilbert space and let
{|#)} be an orthonormal basis for V', then it is possible to take the inner product of both
sides of (6.2.1) with respect to an element |k) of the basis to obtain:

(k1AL =) (k| Auld)=Aulk]j) =) Audy = A
j j

In other words (k| A | j) gives precisely the matrix elements Ay; of the matrix related to

A in the given basis. In particular the diagonal entries are given by (i | A | 7). Thus:

Tr(A) =Y (i| Ali).

)

Now, let {|i})} be an orthonormal basis for the Hilbert space H of the system. For a
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given state |u) define Py by:

Pylv) =(u|v)|u) or

Py = |u) (ul
now:
Tr(Py) = Tr(|u) (u]) = Z (t| Py | i)
=Z<i|<U|i>|U>
=3l (]
= (u|u)
A similar result holds if we let P, |k) = (v | k) |u) then Tr(|u) (v]) = (v | u). O

Exercise 6.12. Let H be a positve definite, Hermitian operator. Show that for any |u)
and |v):

((u | H | o) < {u| H |u) (o] H|v)

and that equality (u | H | v) = 0 implies H |u) = 0. Show also that Tr(H) > 0 and that

equality implies H = 0.
Proof. Set H |a) = H(|u) + A|v)) where A € C. Now (« | H | a) > 0 since H is positive
definite. Furthermore:

(| H|a)=(u| H|u)+X(|H|v)+ A (0| H[w) + | H]|v)>0
This is true for all kets |u) and |v), and all complex numbers A. Since the inequality is
obviously true if |v) = 0, consider the case |v) # 0 and let:

—(v[H]u

A THTo)
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and then: )
[(v | H | u)|

<U|H|u>—mz

and rearranging the terms:
[ | H | w)* < (u| H|u)(v| H|v).
Now clearly if (u | H | v) =0 then H |u) = 0. Moreover:

Tr(H) =) (i|H|4)

where {|i)} is an orthonormal basis for the Hilbert space of the system. It is known that
(i H]7) >0
for all |7) since H is positive definite, thus Tr(H) > 0. If Tr(H) = 0 then clearly H |i) =0

and H = 0. O

Exercise 6.13. Show that if H and K are two positive definite observables, Tr(HK) > 0
and that equality implies HK = 0.

Proof. Let M be the positive definite square root of H and N be the positive definite square
root of K, then:
Tr(HK) =Tr(MMNN)

by cycling property of the trace, then:
Tr(MMNN)=Tr(NMMN)=Tr(MN)"MN) >0

since (M N, MN) > 0. Now if Tr(HK) = 0 hence (MN,MN) = 0 thus (MN)* = 0 and
finally HK = 0. 0
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The following problem closes this section and the chapter.

Exercise 6.14. A being a linear operator, show A A is positive definite Hermitian operator
and that its trace is equal to the sum of the squares of the modulii of the matrix elements
representing A in an arbitrarily chosen representation. Deduce that Tr(ATA) > 0 and that
Tr(ATA) =0 implies A = 0.

Proof. Tt is known that (A, B) = Tr(ATB). Let {|i)}be an orthonormal basis of the
representation {Q}. Let Ag and A}, be the matrix representation of A and A" respectively,

in the representation of any observable (), now

Tr (AGAq) = (AbAg), Z Z (43),, (Ag);: = Z Z A

7

thus

r(A*A) = ZZA

clearly then Tr(ATA) > 0. Furthermore, given Tr(AtA) = 0 then A?j =0 forall 1 <
i,7 <mn hence A =0, also Tr(ATA) = (A4, A) = 0 immediately implies A = 0. O
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Chapter 7

Integrals with Respect to a Complex

(Gleason Measure

Since one of the main objectives is to develop a functional calculus that permits working
with complex Gleason measures, it is natural to follow the steps followed by Lebesgue in
his journey of creating a new functional calculus related to Lebesgue measures. Moreover,
considering this historic approach, the notion of integral of an operator with respect to a
Gleason measure is required. To motivate this notion, following [20] section 3, consider a

self-adjoint operator that is a finite linear combination of projectors:

i=1

where P, € P and P,P; =0 if i # j.
In analogy with standard Measure Theory, call these operators simple operators. Then

it is natural to define the integral of a simple operator with respect to p by:
/Ad,u = Au(P). (7.0.1)
=1

We shall extend this notion of integral to the class of self-adjoint bounded operators.
To do that refer to the spectral theorem, which broadly states the conditions under which
an operator can be diagonalized (that is represented as a diagonal matrix in some basis,

specifically in an orthonormal basis) in the following formulation:

Definition 7.1. A mapping E from B(R) i.e. the Borel sets of R into the set P of all
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projector of a Hilbert space H is a spectral measure if:
1. ER) =1
2. E(U,_, M,) =5, E(M,) whenever M, N My =0 for n # k, M,, € B(R)

Furthermore, if M and N are disjoint subsets of B(R), then E(M) and E(N) are mutually
orthogoanl projectors. Given this it is clear that if M C N, M, N € B(R), then E(M) <
E(N), and E(N ~ M) = E(N) — E(M). Moreover, for all M and N in B(R) we have
E(M) < E(N) (i.e. E(M)E(N) = E(N)E(M)), E(M N N) = E(M)- E(N), and E(M U
N)+E(MNN)=E(M)+ E(N). In addition recall that for all vectors z and y in H the
mapping fi., (M) = (E(M)z,y), M € B(R), is a real-valued (or complex-valued) countably

additive signed measure on B(R).

Theorem 7.2. To each (possibly unbounded) self-adjoint operator A in a Hilbert space H

corresponds a unique spectral measure E = E 4 (defined on the Borel sets of R) such that:

A:/ Adp

for X € RY, in the sense that

Az = lim AdE(MN)x

and the domain D(A) of A consists of all the vectors x for which
D(A) = {a: €H: / NA(EN)z, ) < oo}

2. For each Borel set U C R, E(U) commutes with any bounded operator that commutes
with A, and:

E(U)A = /U \dE
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3. For any real Borel measurable function f(\):

F(4) = / " FONdE

with
D(f(A))={z € H: /_ |F)HE(dN)z, ) < oo}

4. The spectral measure E is supported in the spectrum o(A) of A, i.e., for every Borel

setUCR, E(U)=EUnNag(A)).

Proof. Due to its lengthiness, the proof for the latter theorem will not be included but the
reader may refer to [13]| (Section 6, page 250). O

In the case of a simple operator, the spectral measure F 4 is given by:

Ea(U)= )_ P
N EeU
Consider the measure po E'4 on the Borel sets of R, then if A is a simple operator according

to (7.0.1):
/Ad,u:/ Ad(po Ey) (7.0.2)

So for any self-adjoint operator A define [ Adu using equation (7.0.2). In a similar way,
using more general versions of the spectral theorem, it is possible to define the integral

[ A dp when A is a normal operator.

Remark 7.3. Following F. Riesz and Sz. Nagy ([14], section 130), if A and B are two
permutable self-adjoint operators, it follows that A and B are permutable if E4(U) and
Eg(V) are permutable for any measurable sets U,V C R, with E4, Eg the spectral measures
associated to A, B. In that case there exists a spectral measure E4 p defined for the Borel
subsets of R?, such that:

Eap(UxV)=E4s(U)EB(V)
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for all “measurable rectangles”. Furthermore:

A= / / A dE s (M, Ae)
R2

B://Awmﬂ%&)
R2

Proposition 7.4. If A and B are permutable self-adjoint operators:

/m+mw:/Aw+/Bw (7.0.3)

Proof. Let E4 p be the spectral measure on R? associated to the pair (A, B). Then:

JeasByan= [ [Ons 20 o Ban)nn) -

_ / / M (10 Eap) (s ) + / / A d(0 Ex 5)(M, )

= [ dto B0 + [ dadlpo B)a) = [ Adu+ [ By

U

Remark 7.5. This property does not hold if A and B are not permutable, as can be seen
from the following example: We consider the Hilbert space H = R?, and denote by Sy
the 1-dimensional subspace generated by the vector (cos#,sinf). Given a function f :

[0,7/2) — [0, 1] we can define a Gleason measure p in H by:

f0) if 0<0<m/2
1—-fO0-3%) if n/2<0<7

2

1(Se) =

and p(0) = 0, u(H) = 1. If we take A to be the projection onto Sy and B to be the

projection onto Sy /4, it can be easily seen that (7.0.3) does not hold for general f.
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Remark 7.6. Let (X, M) be a measurable space. If E: M — P(H) is a spectral measure,

A:/)\dE
b

and:

it follows that:

(Az,y) = /)\dE[x,y] (7.0.4)

where:

forall z,y € H, A € R.

Proposition 7.7. Let : S — R be a Gleason measure, and assume that | is represented

by the trace-class operator p, i.e:
u(S) =Tr(pPs) VS € S

Then for any (not necessarily bounded) p-integrable self-adjoint operator A in H we have

that:

/Ad,u = Tr(pA)

Proof. Let (e;);e; be an orthogonal basis of H such that e; € D(A) Vi € I (this can be done
since D(A) is dense in H ). Then O

Tr(pA) = Z (pAe;, e;) = Z (Ae;, pe;) .

el i€l

From (7.0.4), we have that:
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<A€i>,0€i> :/)\dEA[ehpei]

where F 4 is the spectral measure associated with A. Hence:

Tr(pA) = /Ad <ZEA[61-,,06¢]> .

el

On the other hand:

<Z EA[€i>P€z‘]> (U) = Balewpei](U) = Y (BaU)es, pes) =

= Z (pEa(U)es, e5) = Tr(pEa(U)) = p(Ea(U)).

It follows that:

Tr(pA) :/)\d(,uoEA) :/Ad,u

In order to justify these formal computations, we may assume first that A is a positive

operator, and then for the general case, we use the decomposition A = AT — A~.

Remark 7.8. Tt follows that when the Gleason measure p is represented by a trace class
operator, the linearity property (7.0.3) holds for any operators A, B (even if they are not

permutable).
Proof. This is a direct consequence of the properties of the trace. H

Lemma 7.9. Let pu be a finite non-negative Gleason measure and A a bounded self-adjoint
operator. Then if:
m=m(A) = inf (Az, z)

llzll=1

M = M(A) = sup (Az,x)

llzfl=1
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are the lower and upper bounds of A, thus the following result is obtained:

mAlD) < [ Adu < M(A)(D).

In particular:
[ ad] <

Proof. Let E4 the spectral measure associated with A. Then E, is concentrated in the

/Ad,u:/mM)\d(,uoEA)

and hence: 0

interval [m, M|. It follows that:

w(Ea([m, M]))m < / Ad(j10 Ba) < p(Ea(lm, M) M

m

since po F 4 is a non negative Lebesgue-Stieltjes measure. We observe that:

p(Ea([m, M])) = (1)

and the result follows.

Definition 7.10. Let u be a (non negative) Gleason measure and A a self-adjoint operator.

We say that A = 0 a.e. with respect to u if u(Ker(A)t) = 0.
Lemma 7.11. If A =0 a.e. with respect to u, then [ Adu =0

Proof. Let E 4 the spectral measure associated with A, then
Ker(A) = {x € H: Az =0} = E4({0})

Hence

Ker(A)" = Ex({z € R: 2 # 0})
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It follows that:

/Ad,u:/_ooAd(,uoEA):/ Ad(po Eq) =0

0o {z#£0}
since o E4({z # 0}) = 0. O

The generalization of all these results for complex Gleason measure can be done as
follows. Consider operators A; and As, then all the above results can be written for both
A; and A;. Furthermore, without loss of generality, assume that both A; and A, are
positive. Next consider the operator A = A; 4+ ¢A,. Then all the above results can be

written for A.

52



Chapter 8

Some Results on Complex Gleason

Measures

This chapter contains some of the major theorems of Measure Theory, such as the so-called
Lebesgue Decomposition and Radon-Nykodym Theorem, rewritten in the context of the

previously mentioned Gleason measures in particular complex Gleason measures.

8.1 Lebesgue Decomposition with respect to a Repre-

sentable Measure

In this section, we present a different approach for obtaining a Lebesgue decomposition for
complex Gleason measures, that applies when the measure p is a representable measure.

Following [20, Sec. 5| we get:

Theorem 8.1. Let pu, A be two Gleason measures defined on a Hilbert space H and assume
that 1 is represented by a positive trace class operator pi. Then, there exist two Gleason

measures A\, and \s such that
A(P) = Aa(P) + As(P) (8.1.1)

for any projector that commutes with the projector Pr onto the range R(p1) of p1, Ao L A,
Ao K pand g is mutually singular with respect to . Moreover, if X\ is also a representable

measure, this decomposition holds for any P € P(H).
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Proof. Define the required measures by:
Aa(P) = A(PRP)

A(P) = (I = Pa)P)

Since P commutes with Pg, PrP is a projector. Moreover PrP and (I — Pg)P are or-
thogonal, so that (8.1.1) holds. If a subspace S can be written as an orthogonal direct

sum:

S=an

neN
then if Ps is the projector onto S, and Ps,  the projector onto S,, then PrPs may be

represented by the orthogonal decomposition:

PrPs = ZPRPSn

neN

hence:

Aa(S) = A(PrPs) = Z M PrPs,) = Z)\a(sn)'

neN neN
It is clear from the definition of A\, and A, that A\, C Pr, whereas A\, C Pﬁ. It follows from
Definition 6.4, that A\, L As. The proof utilizes the claim that if x(P) = 0, then PrP = 0,
hence )\, < u:
Proof. (of claim) If PpP # 0 then, there exists x € R(P) such that Prz # 0, hence
pPrrx = prx # 0, since H = R(p1) @ Ker(p1). From (piz,z) = ||,0}/2z||2, with ,0}/2
the positive square root of pp, it is deduced then that (p;z,x) # 0. Therefore, u(P) =
Tr(p1P) # 0. O

It remains to show that A, is singular with respect to p. But is clear from the defi-
nitions that A\, C I — Pg, whereas u C Pg, and since Pr and [ — Py give an orthogonal

decomposition of the identity, this shows that p L As. O
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In the case in which X is also a representable measure, represented by a trace class
operator py, we can define:

Aa(P) =Tr(p2PrP)
As(P) =Tr(p2(I — Pr)P)

and since the trace is a linear operator, in that case (8.1.1) holds for any projector P. This
result can be generalized for complex case. Observe that any complex Gleason measure can
be written as A = A1 422, where A\ and A, are real Gleason measures. Thus A\, = Ay, +iAq,

and Ay = A, +1),. So the above theorem holds for a complex Gleason measure as well.

8.2 A version of the Radon-Nikodym Theorem for Com-
plex Gleason measures

This section will proceed in a similar way as in [20], but first will present some results from

[20]. Let A be a normal operator, u a positive Gleason measure and define:

M(8) = [ A= [ Adu

where Ajg is the operator APg, then A\, is a Gleason measure on the set of A-invariant
subspaces (with the identification of S with Ps we may think it as the set of projectors

such that PsA C APs). In fact, if S = €, . Sn, then

Ps=) P,
neN
and using Proposition 7.4 we see that

/SAd,u:Z

neN

/Ad,u
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since APs, and APs, commute, since S;, S; are A-invariant subspaces.
In the special case that p is a Gleason measure represented by a trace-class operator,
we consider A4 to be defined for all closed subspaces of H, since as observed before, in that

case the linearity property (7.0.3) holds without restrictions.
Lemma 8.2. A4 is absolutely continuous with respect to p.
Proof. Let S be a closed subspace such that p(S) = 0. Then it will be shown that APs =0
a.e. with respect to y; in fact if z € S+ then APgx = 0. It follows that
S+ C Ker(APs)
and then
Ker(APs)* C S

Since u(S) = 0, it follows that u(Ker(APg)*t) = 0. This means that APy = 0 a.e. with
respect to y, then [, Adp = 0. O

Now suppose that two Gleason measures A,  are given, such that A is absolutely con-
tinuous with respect to p. It is natural to ask if A = A4 for some self-adjoint operator A.

Now we recall the following results in [20].

Lemma 8.3. Assume that A and p are Gleason measures represented by the trace-class

operators p1 and py respectively, then X < p if and only if Ker(ps) C Ker(py)
Proof. Refer to [20] for the complete proof. Il

Theorem 8.4. (Radon-Nykodym theorem for complex Gleason measures) Let A\, u be two

positive representable Gleason measures, and pi1, p2 be their respective density operators,

(see [7],[8]) so that
A(S) = Tr(p1Ps)

u(S) = Tr(p2Ps)
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with p1, ps positive operators.

Assume that A < p. Then there exists a (non necessarily bounded) self-adjoint operator

A such that
NT) = / APrdy
for any closed subspace T of H.
Remark 8.5. Since p is by hypothesis a Gleason measure represented by a trace-class op-
erator, A4 is defined for any closed subspace.

Proof. For a complete proof of Theorem 8.4 look at [20]. O

Remark 8.6. Under the assumptions of the lemma, A and p are positive Gleason measures.
A similar result holds if A is assumed to be a complex Gleason measure (let A\ = ¥ +iv where
1 and v are positive representable Gleason measures), represented by a normal operator
po. In that case, let B and C' be self-adjoint operators such that (T") = [ BPrdu and
v(T) = [ CPrdu following the same proof the following is obtained:

ANT)=9(T)+iv(T) = /BPTd,u +z’/CPTd,u = /(B +iC)Prdu

Moreover if A = B+iC, the result is that A is a normal operator (see [24], XI11.9.10 for the

notion of normal unbounded operator). The following example is directly taken from [10]

Remark 8.7. Gleason theorem can be seen as a version of the Radon-Nikodym theorem. In

fact, consider the Gleason measure A given by:
A(S) = dim(S)

It is clear that A is a non-negative Gleason measure (though it may take the value +00).

Then if A =" \;Ps, is a simple self-adjoint operator,

/ AdA =) M\dim(S;) = Tr(A).
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This identity holds also for any operator A of trace class (i.e., A- integrable). If pu is
another Gleason measure, it is clear that p is absolutely continuous with respect to A since

1({0}) = 0. Gleason theorem says that there exists a self-adjoint operator p such that

u(S) = / pPs dA

for any closed subspace S. The condition that H should be separable means that A
should be a o-finite Gleason measure (hypothesis of the usual Radon-Nikodym theorem).
Furthermore as done previously this result can be extended to a vector-valued measure
and, in particular, to a complex Gleason measure. For this particular case it would be
enough to represent the complex Gleason measure in binomial form with two non-negative
real Gleason measures and continue in a similar fashion as in Remark 6.6 for each measure,

then this would yield that the operator p is normal.

A Gleason’s measure on a family of commuting orthogonal projections behaves as an

ordinary measure on o-algebras, in the sense that it is possible to define a variation.
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Chapter 9

The Nemytsky Operator

This chapter intends to introduce the Nemytsky Operator, one of the central concepts
of the results that this thesis intends to render. As mentioned in the introduction the so-

called Nemytsky operator is a variable-coefficient composition operator of the form ¢ () —

g(x, ¢ (2)).

9.1 Vector-Valued Nemytsky Operator

This section focuses on presenting some results and definitions from [10]. We take (S, X, u)
to be a complete o-finite measure space. In this chapter X and Y indicate real Banach

spaces with norms ||-||, and [|-[|y-, respectively.

Definition 9.1. A function g : S x X — Y is called a vector-valued N -function if it

satisfies the conditions:

1. For each u € X, the function x — ¢ (z,u) is Y-measurable.
2. There is a p-null set A such that for each x € S\ A, the function u — g (z,u) is

continuous.

It is therefore clear that, BP (X) is the space of X-measurable functions f : S — X for
which the function z — || f (2)[|y € L”.
In the scalar case, conditions 1. and 2. in Definition 9.1 are referred to as the

Caratheodory’s conditions (see [25], p. 20 and references therein). For example:

9@ 0) =3 ai (@) fu—bi(@)lx + T () (9.1.1)
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is a vector valued N-function when a; € B* (Y), b; € B! (X) and T € L (X,Y), the space
of linear and continuous operators from X into Y. We call the N-function given by (9.1.1)
a vector-valued piecewise linear N -function, by analogy with the case of scalar piece-wise
linear N-functions (see [9], Definition 18).

Let:
m: 3 — X : vector valued measure satisfying

My =

conditions 2a., 2b. and 2c. in Theorem 3.12

The map A : B'(X) — My defined as A(f) = fdu is an isomorphism of real vector

spaces. Moreover we have the following result:

Proposition 9.2. ([11], p. 174, Proposition 10) For f € B! (X):

|fdul = || f]| du,

where || f|| denotes the scalar function x — ||f (z)||y. As a consequence, My, with the

variation norm |m|| = |m| (S), is a Banach space and A becomes an isometric isomorphism.

Proposition 9.3. Given an N-function g : S x X — Y and given an X-measurable

function f: S — X, the function x — g (z, f (x)) from S into Y is Y -measurable.

Proof. The following proof is taken from [10]. By definition of X-measurability, there exists
a sequence {¢g} of step functions such that ¢ — f in X p-ae. as k — oo. It will be
proven first that the function © — g(z, pi(z)) is Y-measurable for each & > 1. In other
words, it will be shown that given any step function ¢ =" e, X, €, € X, the function

x — g(z,o(x)) is Y-measurable. According to the definition of the function ¢:

g(z,0) if zeS\U, M,
g(z,e,) if x € M,

g(z, () =

Since ¢ is an N-function, the function z — g(x, ¢(x)) is then Y-measurable on each of the

sets S\ U,, M, and M,, for n > 1. Lemma 2.9 implies that g(z, ¢(z)) is X-measurable, so
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g(x,on(x)) is X-measurable for each £ > 1. Since ¢, — f in X p-a.e. as k — oo, there is
a p-null set A such that for each = € S\ A, pr(x) — f(x) in X. Moreover, there exists a
p-null set B so that for each x € S\ B, the function v — g(x,u) from X to Y is continuous.
So, for x € S\ (AU B), the sequence {g(z, pr(x))} converges to g(x, f(z)) in Y. Finally,
Proposition 2.10 implies that * — g(z, f(z)) is a Y-measurable function, completing the

proof. O

Definition 9.4. Given a vector-valued N-function g, the Nemytsky operator Ny (f) is

defined for an X-measurable function f as:

Ny(f) (z) =g (=, f (z)). (9.1.2)

It is clear that Proposition 9.3 implies that the Nemytsky operator N, maps X-measurable

functions to Y-measurable functions.

Remark 9.5. Tt is known ([26], p. 155, [25], p. 20), that (9.1.2) defines in the scalar case
a continuous and bounded operator from L' into itself if and only if there exist a function

a € L' and a number b > 0 such that:

lg (z,u)| < a(x)+blul, (9.1.3)

p-a.e. in S. A similar proof of this result can be established for the vector valued case, if

we write (9.1.3) in the form:

lg (z,u)lly < a(z)+bflully, (9.1.4)

p-a.e. in S, with @ € L' and b > 0. Thus, for a vector-valued N-function ¢ satisfying
(9.1.4), the Nemytsky operator N, is a bounded and continuous operator from B* (X) into
BY(Y).
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Proposition 9.6. If g is a vector valued N-function satisfying (9.1.4), there exists a unique
operator N, : Mx — My so that the diagram:

B'(X) X% BY(v)

Al LA
My My

12

is commutative. That is to say:

on B! (X).
Proof. As in the scalar case, (see [9], Proposition 15), propose:

Ny (fdu) =g (- f () dp. (9.1.5)

The Radon-Nikodym theorem determines the function f in (9.1.5) p-almost everywhere.
However, if h = f p-a.e., there is a p-null set A so that i (z) = f (z) for x € S\ A. Then,
for any F € X

N, (fdu) (E) = /E g (- f () dn
= [ g RO du =T, (hd) (B).
(S\ANE

This observation and the properties of the Nemytsky operator Ny, imply that the operator

N, is well defined. Moreover:

Ao Ng(f) = g(f()du
= N, (fdu) =N,oA(f),

for every f € B (X). Finally, the operator N, is unique, for if there is another operator,
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say Ng : Mx — My, that also makes the diagram commutative, then the following is

obtained:

Ny (fdp) = NyoA(f)
= AoN,(f)=N,0A(f)

= Ng (fdlu“)a

for every f € B (X), or Ng = N, on Mx. This completes the proof of the proposition. [J

With all these results, now define the map g — N, as a functional calculus. Denote N

the family of vector valued N-functions g : S x X — X satisfying the condition
lg (z,u)llx <a(z)+bllullx, (9.1.6)
p-a.e. in S, with a € L' and b > 0. Also define:
N={N,:geN}.

Proposition 9.7.

1. The spaces N and N are real vector spaces and the map g — N, from N into N is

linear.

2. B'(X) C N, in the sense that every function ¢ € B! (X)) defines an N-function g (z)
that satisfies (9.1.6). Moreover, given g € B! (X):

N (fdp) = gdp.
3. The space N is closed under the composition operation:

(gl o 92) (I>u) =0 ($792 (I>u))
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and:

Ngwgz = Ngl e Ngz' (9'1'7)
Proof. Clearly the spaces N' and N are real vector spaces. Moreover, if a, 3 € R and
91,92 € N

Nagi+pg, (fdp) = [ag (-, () +Bga (-, f ()] du
= aNg, (fdp) + BN, (fdu).

It is clear that the Bochner integrable functions define N-functions in /. Moreover, given
g € B'(X) and f € B'(X):
Ny (f)=yg

and:

Ny (fdu) = gdp,

according to Proposition 9.6.

To see that the space N is closed under the composition operation o, observe that there
exist p-null sets A; and A, so that for each x € S\ A;, the map u — g¢; (x,u) is continuous
from X into itself, for i« = 1,2. Thus, if z € S\ (4;J A2), the map u — g1 (z, g2 (z,u))
is continuous as well. Now fix v € X. Then, the function x — g¢; (z,u) from S into X
is X-measurable, so Proposition 9.3 implies that the function z — ¢y (x, g2 (z,u)) is also

X-measurable. Furthermore:

191 (2, g2 (7, )l < a1 (z) + 0192 (2, u)l| x

IN

a1 (x) + by (a2 (z) + b2 ||lul| 5 )

= a1 (z) + brag (x) + biby [Jul y .
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So, g1 © go € N. Finally, prove (9.1.7):

Nog, (fdu) = g1 (92, f(+))) dp
= Ngl [Ngz (-fdu):|
= (Ngl o NgQ) (fdu).

This completes the proof of the proposition. O

9.2 The Operator Ng for Vector-Valued Piecewise Lin-
ear N-functions

The results in [10] on how to extend to vector-valued measures the Nemytsky operator N,
associated to the piece-wise linear N-function g defined by (9.1.1) are presented in this

section.

Lemma 9.8. If mi,my : ¥ — X are vector-valued measures and my L p,mo L u, then

my+mo L .

Proof. Refer to [10] section 5. The proof is as follows: According to Remark 3.6 and Lemma
3.7, there exists partitions S=XUY =V UW, XY, VW € X, so that:

pY) = p(W)=0

mi(X’) = 0, forall Y CY, YV €X
me(V') = 0, forall V'CV, V' eX.

We consider now the partition S = (X NV) U (Y UW). For this partition:

p(Y UW) < p(Y) +p(W) =0
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FixRCXNV, ReX:
(my +mg)(R) = my(R) +ma(R) =0,

proving that the measures m; + moy and p are mutually singular. This completes the proof
of the lemma O

The following result identifies the Lebesgue Decomposition of N, (m).

Proposition 9.9. If m € Mx and m = fdu + my is the Lebesgue Decomposition of m,

i=1

Emmzﬁﬂmm+<2hﬁmm+Tw%

with (i) | + 7 ) L, (fd).

i=1
Proof. The following proof is contained in [10] section 5, refer to such for more details.
Since mgsLu, Lemma 3.7 implies that the measures mg and (f — b;)dp are also mutually

singular. In turn Lemma 3.8 implies that we may write:

Ny (m) =Y ai|fdp+bidp| + (Z az’) Ims| +T(f(-))dp + T o ms
i=1 =1

Since |mgland p are mutually singular, Remark 3.6 and Lemma 3.7 imply that there is a

partition S = AU B, A, B € X, such that:

Ims| (A") = Oforall A CA A€l
wB') = O0forall BPC B, BeX.
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then:

(55

So, the measures (.., a;) |ms| and u are also mutually singular. It remains to see that

(A') = / <z ) alm,|

=0

the measures T o my, and p are mutually singular as well.

Since |m,| Ly, there is a partition S = AU B, A, B € 3, such that |m,|(A) = 0
and p(B) = 0. Then [T'(m)| < ||T|| |m|, implies that |T'(m)| (B) = 0 and Lemma 9.8
implies that (3.7, a;) |ms| +T omg and p are mutually singular. Finally since N, (fdu) =
g(-, f(-))dp is absolutely continuous with respect to p, we conclude that (3.7 | a;) |ms| +
T omg and N, (fdu) are mutually singular. O
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Chapter 10

Results

This chapter focuses on some of the results that were derived from all the previous chapters.

10.1 Main Results

This section first recalls some results from [10] section 6, and then presents the main result

of this thesis; Theorem 10.6.

Lemma 10.1. Let G : [0,T] x S x X—X be a function satisfying the conditions:

L |G (t,z,u)||x < a(z)+b|luly, for some a € L' and b > 0, for p-a.e. = € S,

0<t<Tandue X.
2. The function x — G (t,z,u) is X-measurable for each 0 <t <T and u € X.

3. There exists C > 0 such that |G (t,x,u1) — G (t,z,u2)||y < C|lur —uglly, for 0 <

t<T, u,us € X and for p-a.e. x € S.

4. There exists C > 0 such that |G (t1,z,u) — G (t2,z,u)|xy < C|lully[t1 —ta|, for
0<t,to<T,ue X and for p-a.e. x € S.

Then, the following properties hold:

a) For each 0 <t <T, the function Gy : S x X—X defined as Gy (x,u) = G (t,z,u) is an
N -function.

b) For each 0 <t <T, the Nemystky operator Ng, maps B' (X) to itself.

68



¢) The function f(t,x) — Ng, (f (t,-)) (z) maps C[0,T; B' (X)] continuously into itself.

Proof. The following proof was extracted from [10] and closely follows the proof of Lemma
21 in [9]. The proof of a) is a direct application of conditions 2 and 3, while, in particular,
the proof of b) follows from condition 1 and directly from Remark 9.5. In regards to the
proof of ¢) observe that by substituting L' for B! (X) and modifying the norm to the
corresponding space the proof of Lemma 21 in [9] holds and proceeds in a similar manner

to obtain the desired result. O

If the function G : [0,7] x S x X—X satisfies the hypotheses of Lemma 10.1 and m €
C'[0,T; Mx], define:

A(m) (t) = N, (m (1)). (10.1.1)

It follows from Lemma 10.1 that the operator A is continuous from C [0, T; M x] into itself.

The next result is a well known extension of the Banach fixed point theorem.

Proposition 10.2. Let (M, d) be a complete metric space and consider a map f: M — M.
If there exists k € {1,2,...} such that the composite map f* is a contraction, then the map

f has a unique fized point.

Theorem 10.3. If we assume that the operator A is given by (10.1.1) and the function G

satisfies the conditions stated in Lemma 10.1, the initial value problem:

dm =
a +A(m) (t) 0for0<t<T | (10.1.2)

m(O) = My
will have one and only one solution in C'[0,T; Mx] for each my € Mx.

Proof. We cite the proof included in [10], this is only a sketch of the proof since it follows
closely the proof of Theorem 23 in [9]. We observe that the initial value problem (10.1.2)

has the same solutions in C' [0, T; M x| as the integral equation:

69



m(t) = mo + /0 A(m) (s)ds. (10.1.3)

To prove that (10.1.3) has one and only one solution in C' [0, T; M| it suffices to show
that the operator 7 defined on C'[0,T; Mx] as:

T (m) :m0+/0 A(m)(s)ds

has a unique fixed point. According to Proposition 10.2, the operator 7 has a unique fixed
point if 7®) is a contraction in C [0, T; M x| for some k € {1,2,...}. The operator 7" will
be a contraction in C'[0,7; Mx]| for some k € {1,2,...} if:

GET®

1T (1) = TO(ma)|| < —

lmy — ma||, (10.1.4)

for my,me € C[0,T; Mx] and k € {1,2,...}. Estimate 10.1.4 can be proved by induction,
completing the proof of Theorem 10.3. O

Following a formalization of the argument made in Proposition 9.2 is provided.
Theorem 10.4. ([11], p. 174, Proposition 10) We observe that C[0,T; M) is isometrically

isomorphic to C[0,T; BY| endowed with the norm:

IfII = sup [If ()l -
0<t<T

Indeed:
| (fdp) () s, = I1f )l g1 5

for each 0 <t <T.
Proof. Tt follows from the arguments given in Chapter 9 section 9.1. ]

Next the definition of a positive operator valued-measure is given before moving on to

presenting our main result. We recall that (S, %, ) is a complete o-finite measure space
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and X is a real Banach space with norm ||-|.

Definition 10.5. A positive-operator valued measure (POVM) is a mapping F whose
values are bounded non-negative self-adjoint operators on a Hilbert space H, that is, F' :

Y — B(H), such that:
1. F(0) =0, F(S) = Iy; and
2. F(UZ, M;) =2, F(M;) whenever M;(\M; =0 for i # j.

In short such F'is a non-negative countably additive measure on the o-algebra X. Next,

we present our main result.

Theorem 10.6. A Complexr Gleason measure can be used as an operator measure for the

Nemytsky operator.

Proof. Even though the proof follows from Theorem 10.3 and Theorem 8.4 a detailed
proof is provided. Recall that a measure can be used as an operator measure for the
Nemytsky operator if given the Nemytsky operator with conditions as in Theorem 10.1
one can construct a complex Gleason Measure that will work as a positive-operator valued
measure. Consider the initial value problem given in Theorem 10.3:

dm L A(m)(t) = 0for0<t<T
&+ A(m) (t) or0<t< (10.1.5)

m(0) = mg

It is known from theorem 10.3 that the initial value problem 10.1.5 has a unique solution,
m € C1[0,T; Mx] (where C [0, T; Mx] is the set of vector-valued measures continuous in
the interval [0, T satisfying properties stated in Theorem 3.12). Following Theorem 8.4 let

m be a representable complex Gleason measure and let p; be its density operator, so that:

m(S) = Tr(pPs)
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with p; positive. Let Ps = {P;; P, is a projector such that P,.A C AP;}, we define ny :Ps —
C by:

nAS%:/APwm.

Then by previous results in section 6, n4 is a complex Gleason measure in the space of
A-invariant subspaces; now the complex Gleason measure may be written as m = p + iv,
where p, v are positive Gleason measures and obtain n4(S) = Aa(S)+ioa(S) = [ APsdu+
i [ APsdv where A4, 04 define Gleason measures, respectively, by virtue of the results at
the beginning of section 6. Note also that by Lemma 6.1, n_4 is absolutely continuous with

respect to m. Furthermore by virtue of Theorem 8.4 define n : P¢ — C by:

n(T) =ny(T) = /APTdm

for any closed subspace T" of H. Thus n is a measure, and in particular a complex Gleason

measure. To conclude, defining an operator F' on C|0,7T; M,] by:

mez/AHmn

and since m is a non-negative countably additive measure on the families of projections in

Pg, by Definition 10.5, then F' is a positive-operator valued measure. O

10.2 Applications to Quantum Mechanics and Examples

The following examples were entirely taken from [10].
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10.2.1 Example 1. A complex Gleason measure in Quantum Me-

chanics

Now consider a self-adjoint bounded linear operator A (i.e. observable) with eigenvalues
{AilAix1 > A} and corresponding eigenspaces {S;}. The eigenspaces {S;} are orthogonal
for ¢ 7é j, ple 'l/?l € Si> 'l/;j S SjI

0= (Bl ALs) = (95 1 4195 =5 (Bl 65) = Ay (0 )

= (= A0) (i | 45)

therefore <121 | zﬂj> = 0, and we conclude that {S;} are orthogonal, for more details refer
to one of the previous sections; Chapter 3, section 5.1 (also consult [1],[7],[8],[13])

The Quantum Mechanics notation is used in this section: < v;|¢); > denotes the inner
product and < ¢;|A|Y; >=< ;| Ap; >=< A;|1p; > (A is Hermitian). It is clear that when
the operator A is written in the middle of the inner product it is automatically assumed
to be self-adjoint (For more details on the Quantum Mechanics notation see for example
[11,171,[8],[13])

Moreover we can restrict ourselves to the Hilbert space H given by the direct sum of

{S;}. Let us assume a particle in a superposition of pure states v¢; € S;, ||¢;]| = 1:

¢:Zci (5

where > |¢;|? = 1 and |¢;|* = ¢f¢; is called the probability amplitude of the state ¢;. In
other words the probability of the state ;. It is possible to define a complex Gleason

measure in the following way:

py(Py) == Py

where P; is a projector on a subspace S;. p, clearly defines a complex Gleason measure
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since it is additive on any given family of orthogonal projectors {P;}, P,P; = 0 for i # j:

Hp <Z Pi) = Z,Uw(Pi)

and has values in the complex plane. We can use the complex Gleason measure to recover
¢; in the following way:

/Pidﬂw = uy(Bi) = P = i,

where the complex number ¢; denotes the particle’s amount in a particular state ;.

10.2.2 Example 2. Connection of complex and real Gleason mea-

sures

Following the previous example in section 10.2.1, the connection between the complex Glea-
son measure giving us ¢;, and the real Gleason measure giving |¢;|* through the Nemytsky
operator will be shown. Let A, ¢; be defined as in section 10.2.1 and consider a finite

superposition of pure states 1;:

p=> i, Y laf>=1,
=1 =1
and denote S; as:
S; = span(1;)

and P; the projector on the linear subspace S;. Using the Quantum Mechanics notation,

the projector P; will be described as:

B == 1y
Py =<1y > .
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To be consistent with notation introduced in section 9.1, we will take:

Y=R

and the measurable space will be the set S of all the orthogonal subspaces S; with sigma

algebra generated by S;. Consider the function f defined as:

f:5—=C
f(S;) = Py

We can then write p,, from section 10.2.1 as:
py(Si) = (Af)(Si) = f(S:) - A(S;) = By - dim(S;) = Py

where 1, € M, and A is the measure given in section 8.2, that gives the dimension of S;.

We will define the following N-function g as:

9(Si, y) = (PY)" - .

Then g satisfies the N-function properties given in definition 9.1. For fixed y € C the

function:

S s g(S, y) = (Z(Hw)*)y 5= Us

is measurable. And for each S = [JS; the function

y—g(S, y) = <Z(Pz-w)*)y , §= US

i

1S continuous.
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The Nemytsky operator NN, is acting on f in the following way:

(Ngf)(sz‘) = g(S;, f(S:)) = 9(Ss, Pv) = (P)* (P)

Now we can define a real Gleason measure on S as:

fip(Si) = (ANGf)(Si) = (Piv)*(Pw) - A(S;) = (Bp)" (i) - dim(S;) = (Pyp)*(Pya))

and we obtain:

g (Si) = (Af)(Si) = Py = ¢
iy (S;) = (ANGF)(S:) = (P)*(Pap) = |eif?
|2

where |c;|* denotes the probability of the particle with wave function given by ¢ being at

the state ;.

10.2.3 Example 3. The electron’s spin

This example is included in order to emphasize the importance of complex and real Gleason
measures. Following the two previous examples, consider the observable A associated
with a electron’s spin that is given by the spin quantum number m; (for details see [7]).
Now, such operator A has a discrete spectrum, i.e. the set of eigenvalues is discrete and
specifically, is given by two values namely Ay and A\, with eigenvectors (which physicists call
eigenstates) given by 1, 1, respectively, these represent the two only possible states/values
of an electron’s spin. Moreover, we let ¥y to represent an eigenvector in which the particle
has a spin directed upwards and v; an eigenvector with spin directed downwards. Now,
given that a particle can be in a state of spin up or down, consider the particle in a

superposition of states with a wave function described by:

=iy + ey
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where |c1]2+|c2|? = 1 and |¢; |2 = cjey (respectively |co|?) is called the probability amplitude
of the state ¢ (respectively 15). Furthermore let a particle be in a state of amount 12i/13

in spin up and an amount of 5/13 in spin down. Tts wave function is then given by:
12 5
Y= E’“/JT + E%-

Now, if we let S; (respectively S|) be the eigenspace corresponding to the eigenvalue A\t

respectively \}), and define pu,, fi, as in example 2 (section 10.2.2), we then get:
{ ¥y My

12

ps(S1) = (Af)(Sp) = Prp = e1 = 751

12 12 144
fs(51) = AN = (P (Pro) = P = s = (—137) (131) = g5 =085

and similarly:

pol83) = (AF)(SL) = P = e2 = 1=

- 25

where P (respectively P|) is a projector on the subspace St (respectively S)), then the
probability that the particle described by the wave function v is at the pure state 4
(respectively 14) is 0.85 (respectively 0.15). To conclude this example note that the possible
values of the spin depend solely on the type of particle given, in this case for simplicity we

presented an electron to easily see the relation with Gleason measures.
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10.2.4 Example 4. The positive-operator valued measure

To further exemplify the role of a positive-operator valued measure in quantum mechanics,
we present the following simple example. Let H be a Hilbert space, recall that a POVM
is a mapping that takes an element of the o-algebra of subsets of H and maps it to a
positive operator. Furthermore to every operator of this type, given a state there is a
measure associated to the operator via the scalar product. For example let us consider
the problem of measuring the orbital angular-momentum direction of an electron. The
outcomes of such experiment are determined by the quantum number m; with possible
values —I,....,0, ..... + [, where [ is the orbital quantum number. We can now define a
positive-operator valued measure considering {2 to be the Borel sigma algebra of the set

{-{,...,0,... + 1}, then the POVM is a map

E:Q— B(H)

defined by:

E{iY) =P, EW) =0, E(Ji) =D P, —I1<i<+

for each integer number ¢, where P; is the positive-operator associated to the orbital angular-
momentum direction measurement. Let p be the density operator, associated with a given

state and define:

1p(¥) =Tr(E(Y)p) V¢ €

Then p, defines a measure and in particular a probability measure. Moreover, if we take
{=1+2} € Q then p,({—0 + 2}) would be the probability that when measuring p the
outcome —[ + 2 would be obtained. Such relation clarifies the necessity of the empty set
being mapped to 0, the whole space to 1 and lastly the operators being positive and add

up to one.

78



10.2.5 Example 5. The Nemytsky pperator using vector-valued

measures

To further exemplify vector-valued measures and their relation with the Nemystky operator,
consider the following example in [10] (Example 3). As an illustration, Let A be the operator
as considered in Theorem 10.3. With this purpose, construct first a function G that satisfies

the hypothesis of Lemma 10.1. Fix a function H : X — X satisfying the two conditions:
1. There exists C; > 0 such that |H (u)||y < C |Ju||y for all u € X.

2. H is a Lipschitz function; that is to say, there exists Cy > 0 such that || H (u;) — H(u2)||x <

Coy ||u1 — UQ”X for all Uy, Ug € X.

Then, given a € L' we define G : [0,T] x S x X — X as G(t,z,u) = H(a(x) + tu). Tt
is then claimed that G satisfies conditions 1-4 in Lemma 10.1. In fact, ||G(t,z,u)||y =
|H (a(z) + tu)] x < Cylla(z) +tul| X < Cy (Jla(z)]lx + T |Jull ), so condition 1. is satis-
fied. Iftisfixed 0 <t < T, u € X, the function = — H(a(z)+tu) is X-measurable, because
it is the composition, in the necessary order, of the ¥-measurable function x — a(x) and
the continuous function r — H(r 4 tu). So condition 2. holds.

Then the following may be written:

”G(t> xz, ul) - G(t> xz, UZ)HX

[1H (a(z) + tur) — H(a(z) + tug)|| x

IN

Cotllur —ugllx < CoT [Jug — ual|x -

Therefore, condition 3 is satisfied.

Finally, fixing t1,t with 0 < t1,t, < T,z € S, u € X, hence:

||G(t1>$> u) - G(t2> xz, u)”X =

[1H (a(z) + tiu) — H(a(z) +tau)llx - < Colullx [ty = taf -
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Thus, condition 4 is satisfied as well.

According to Lemma 10.1, for each 0 < ¢ < T, the function G; : S X X — X defined as
Gi(z,u) = H(a(x) + tu) is an N-function.

If A\ € C[0,T;M,], theorem 10.4 implies that A(t) = f(¢,-)du for a unique f €
C[0,T; BY]. So, it is possible to define the operator:

A C0,T; M) = C[0,T; My)

as:

A (t) = Ne, (A1) = H(a(-) +1f(t,-))dp.
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Chapter 11

Some Extensions

This chapter is motivated by the previous results obtained. The intention of this chapter
is to use the extension of the conditions necessary for the Nemystky operator i.e continuity
and measurability, to rewrite theorems and propositions for this new generalized conditions.
Taking Remark 9.5 as inspiration, the next Theorem 11.2 is presented, which is a result
obtained by Krasnoselskii and Vainberg on the continuity and mesurability of a generalized
Nemystky operator.

Let g be a vector valued N-function as defined in Chapter 9 and Ny(f)(x) = g(z, f(x))
be the Nemytsky operator. Recall from Proposition 9.3 and Definition 9.4 that the Nemyt-
sky operator NV, as defined for an N-function g : S x X — Y maps X-measurable functions

to Y-measurable functions. Define:
F'={f:S— X: fisY — measurable}

in particular if g : S x X — X is an N-function then A, maps F° into F°.

Definition 11.1. N, is an operator from L? into L7 (p,q > 0) if Ny(f)(x) € L? for every
felr.

Theorem 11.2. Let N, be the Nemystky operator as defined in section 9.1, and let p,q €
[1,00). Then the following assertions hold for the Nemytsky operator Ny(f)(x) = g(z, f(x)):

1. If Ny maps all of LP into L%, then it is a continuous and bounded operator from LP

into L%, and there is a function a(x) € L? and a constant b > 0 such that
lg(z, W)lly < a(x) +blluly, welf, r=r/ (11.0.1)
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2. If the latter inequality i.e., 11.0.1 is satisfied, then N, maps all of L? into L9, and is

therefore a continuous and bounded operator from LP into L9.

Proof. The proof is omitted due to its lengthiness. The reader should consutl[26], page 155
for a detailed proof. O

A more restrictive form of the above theorem is included next in theorem 11.3.
Theorem 11.3. Let p € [1,00) and let a(x) € L9, with

1 1
=1
p q

Suppose g satisfies the conditions stated in Definition 9.5, and for some constant b > 0 we
have

—1
lg(z, W)lly < al@)+bllulliy™, lully € L7,
then Ny maps all of LP into LY, and is a continuous and bounded operator from LP into LA.

Proof. This is obvious since, solving for ¢ on the equality:

1 1
4 =1
p q
yields:
P
p—1

and substituting back on r = r/q we obtain » = p — 1. The rest follows directly from

11.2. 0

Recall now that BP (X) is the space of X-measurable functions f : S — X for which

the function z — || f (x)||, € L?

Proposition 11.4. For a N-function satisfying (11.0.1) the Nemytsky operator N is
bounded and continuous operator from BP(X) to BY(Y)

82



Proof. The first assertion, that N, is bounded and continuous is guaranteed by Theorem
11.2. Furthermore the function u : S — X is X-measurable by definition of the Nemytsky
operator, and again by Theorem 11.2 we know N, is an operator from L to L%, that is,
|lu(x)||x € LP, it is obvious then that v € BP(X). On the other hand, by the same token
g(z,u) € BYY). O

Let NP be the family of vector valued N-functions g : S x X — X satisfying the
condition

lg(z,u)|lx <alz)+blluly, uweLP, r=r/
p-a.e. in S, with a € L? and b > 0.

Proposition 11.5. The space NP is closed under the composition operation

(910 92) (2,u) = g1 (2, g2 (2, u))

Proof. This proof follows that of Propostion 9.7 part (3) with obvious modifications. To
see that the space N? is closed under the composition operation o, we observe that there
exist p-null sets A; and A, so that for each x € S\ A;, the map u — g¢; (x,u) is continuous
from X into itself, for i = 1,2. Thus, if x € S\ (A;JA42), the map u — ¢1 (2, g2 (z,u))
is continuous as well by definition of N-function. We now fix u € X. Then, the function
x — g; (r,u) from S into X is X-measurable, so Proposition 9.3 implies that the function

x — g1 (x, 92 (x,u)) is also X-measurable. Furthermore,

g1 (2, g2 (z,u))llxy < a1 (x)+b1lg2 (z,u)ly

IN

ay () + by (a5 (z) + b5 [|ully)

= ay (x) + biab (z) + by |Jul’y -
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where ¢(x) = ay (z) + byal (x) € L? and we define d = b;b}, to obtain:
g1 (, g (2, )l < e(z) + d]ully (11.0.2)

So, giogs €EN. O

Recall that the map A : B (X) — Mx defined as A (f) = fdu is an isomorphism of
real vector spaces. Unfortunately the map I : B? (X) — M is not an isomorphism, this
is easy to note, since if so that would imply that B*(X) and B?(X) are isomorphic which
is clearly not the case. Considering the previous issue, a different approach is taken. Next

a well-known theorem is presented in order to continue the discussion.

Theorem 11.6. Let ZP be the space of all continuous linear functionals on LP and f, g :
S — X be two vector-valued measurable functions on S. Suppose 1 < p < oo and %—I—% =1,
then

ZP = BI(X)

i.e., for every bounded linear functional I on BP(X) there is a unique h € B? so that:
15) = [ S@)ha)dn
S

for all f € BP. Moreover ||l|| »» = || f|l 5a-

Clearly, the linear functional [ leads naturally to a signed measure v, furthermore the

given continuity of [, v is absolutely continuous with respect to pu. Furthermore let:
M, ={v: ¥ — R* signed measure : v < u}

With this previous notions we take motivation on [9] to develop the following results.

Proposition 11.7. Let g : S x X — X be a nonnegative N-function. Then, there exists a
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unique operator N, : M, — M, such that:
Lo Ny(f) = Ngol(f) (11.0.3)

for all f € B?

Proof. Recall that, according to Proposition 9.3 and Definition 9.4 A, maps F into £ ,that
is, it maps X-measurable functions to X-measurable functions, and then the nonnegative
measurable function g(z, f(z)) has a p-integral for every f € BP. Given v € M, with

v = fhdu, i.e. the measure given in Theorem 11.6 by:

v =1(f) = / F(@)h(x)du

define the operator N, as:

Now) = [ ofe. f@)ha)an (11.0.4)

Since Theorem 11.6 assures the uniqueness of f up to p-a.e. it is needed to show that N,

is well defined. If f = j everywhere except for a null set O € ¥, and F € X

/E o(z, §(2))h(z)dp = /E e O TV = / o(z, f(2))h(z)dy

E

So N,(v) = N (fhdp) = N ,(jhdu). The definition given by 11.0.4 implies that 11.0.3
holds. Suppose now that 7" : M, — M, is another operator satisfying

Lo Ng(f) =T o l(f)

then
T(fhdp) =T ol(f) =LoNy(f) = Ngol(f) =Ny(fhdu)

hence T = N,. This completes the proof of the proposition. ]
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With this notion, define now
Nt ={N,: g€ N}

Proposition 11.8. The operator defined previously in 11.0.4 satisfies several properties:

1. The spaces N'? and N7 are real vector spaces and the map g — N, from A/? into NP

is linear.

2. B1(X) C N, in the sense that every function g € B?(X) defines an N-function g (z)
that satisfies (11.0.2). Moreover, given g € B? (X),

N (fhdp) = ghdp.

Proof. Clearly the spaces N7 and N7 are real vector spaces. Moreover, if o, 3 € R and

g1,92 € NP,

Nagi+pg, (fhdp) = [agi (- f () +Bga (-, f ()] h(-)dp
= aﬁgl (fhd:u) + 5N92 (fhd:u) :

It is clear that the Bochner integrable functions define N-functions in A’?. Moreover, given

g€ B?(X) and f € B? (X),

and

according to Proposition 11.7. O

Remark 11.9. The operator defined previously in 11.0.4 satisfies several properties:
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. From Propositon 11.7, it can be concluded that N, (u) = g(z, 1)hdu

Ny = [ sl Db(a)dy

since [ maps the measure p to the identically one function.

. If g; and g are two nonnegative N-functions, their sum ¢; + g is also an N-function.

Furthermore the operator AV, is additive in g. That is
NQI"‘QQ :th ‘l'Ngz

i.e.

|

ate(V) = Js(or + g2)(x, f(@))h(x)du
= Jslor(@, f(2)) + ga(, £ (2))] h(x)dp
= Jooi(z, f(@)h(z)dp+ [gg2(z, f(z))h(x)dp
- N (V) + Ny, (v)

. Given a Y-measurable function o : S — [0, 00] and a nonnegative N-function g, the

multiplicative product ag is also an N-function and

Note that the product aN,(fhdu) is the measure defined on E € ¥ by:
[ atelgte, st
E

. The product of two nonnegative N-functions, given two nonnegative N-functions g,
and g is:

N gigs = g1z, f(2)) g2, f(2))h(z)dp.

. Given two N-functions g1,¢g2 : S x X — X, the function gs(x, g (z,u)) is also an
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N-function. Furthermore

N g ew) © N gy @) = N ga(w.gn ().

11.1 Conclusions

This thesis was able to generalize previous results on Gleason measures to complex Glea-
son measures, and develop a functional calculus for complex measures in relation to the
Nemytsky operator. Furthermore the interpretation of our results in the field of quantum
mechanics was given including some concrete examples and further extensions of several

theorems.
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