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Abstract

According to the traditional formulas of chemical kinetics, the rate is
proportional to the product of concentrations of reagents. This formula
leads to a reasonable description of interactions both in chemistry and in
other disciplines (e.g., in ecology). However, in many cases, these formulas
are only approximate. Several semi-empirical formulas have been designed
to more accurately describe the interaction rate. The problem is that most
of these formulas are purely empirical, they lack a convincing theoretical
explanation. In this paper, we show that a group-theoretic approach —
taking into account natural symmetries of the systems — leads to the
desired theoretical explanation for these empirical formulas.

1 Formulation of the Problem

Traditional formulas of chemical kinetics. According to the traditional
chemical kinetics formulas, the reaction rate is proportional to the product of
the concentrations of all the inputs. In particular, for a reaction A + B — X,
the rate is proportional to the product of the concentrations a and b of the
da db

substances A and B: pri g(a,b) and i (a,b), where g(a,b) = —k-a-b.

Chemical kinetics formulas are used to describe interactions beyond
chemistry. Similar formulas are used to describe interactions in other areas as
well. For example, in the standard Lotka-Volterra model of predator-prey inter-

actions, the presence of predators P causes the decrease of the prey population

dN
N which is proportional to N - P: yTi k- N - P; see, e.g., [8].

Need to go beyond traditional formulas of chemical kinetics. In the
first approximation, chemical formulas accurately describe interaction in chem-
istry and in other disciplines. However, more accurate measurements revealed



that the actual reaction rate is somewhat different from the results obtains by
the traditional formulas. For example, Michaelis and Menten shows that for
co-a-b
14+c¢-b
stants ¢g and ¢,. A similar formula describes the decrease of nutrient b as a
function of the bacterial biomass a [5] and the decrease of prey b as a function
of the predactor concentation a [4].

This formula is also, in turn, only approximate; a more accurate description

co-a-b

l+c,-a+cy-b

enzyme kinetics, the reaction rate is equal to g(a,b) = , for some con-

is provided by a more complex formula g(a,b) = for some

constants ¢, ¢q, and cp; see, e.g., [1, 2, 3, 7].

Problem. The problem with these formulas is that most of them are purely
empirical, they lack a convincing theoretical explanation and thus, we are not
sure whether (and why) they are indeed good approximations.

What we plan to do. In this paper, we use group-theoretic approach —
strongly and successfully advocated by Douglas J. Klein — to provide a theoret-
ical explanation for the above empirical formulas.

2 Group-Theoretic Approach to the Problem:
Main Idea

Different scales: general description. For many physical giantities, there
are many different ways to describe their values. For example, temperature
can be measures in degrees Fahrenheit, in degrees Celsius, or in degrees Kelvin;
length can be measured in centimeters or in inches; time can be measured in
seconds or in years; earthquakes can be measured by their energy or by a Richter
scale (which is, in effect, a logarithm of this energy), etc.

Numerical values x and 2’ of the same quantity in different scales be obtained
from each other by an appropriate re-scaling ' = f(x). For example, if we
know the temperature to in Celsius, then we can compute the temperature ¢tz
in Fahrenheit as tp = f(t¢), where f(z) =32+ 1.8 - 2.

In general, if we have a scale x and a reasonable re-scaling transformation
f(z), then the values 2’ = f(z) also form a reasonable scale for measuring the
same quantity.

Reasonable re-scalings form a group. If a transition f(x) from the scale
x to a new scale 2’ = f(z) is reasonable, then it seems natural that the inverse
transformation from z’ to x should also be reasonable. In other words, the class
T of all reasonable transformations should contain, with each function f(x), its
inverse function f~!(x).

Similarly, if we start with a reasonable scale x, apply a reasonable trans-
formation 2’ = f(z), and then apply another reasonable transformation z” =



g(z") = g(f(z)), then the transformation h(x) = f(g(x)) should also be rea-
sonable. In other words, the class T of all reasonable transformations should
contain, for every two transformations f(x) and g(z), their composition h = fog

which is defined as (f o g)(x) e f(g(x)).

It is well known that the composition operation is associative, that the iden-
tity mapping i(x) = = has the property foi =io f = f for all f, and that
(fog)™ =g 'of~! In mathematical terms, this means that the class T of
all reasonable transformations forms a group under composition.

Which groups are possible as groups of reasonable rescalings: physics-
motivated requirements. In most cases, linear transformations are reason-
able — they correspond to changing the measuring unit and the starting point.
Thus, we are interested in groups which contain all linear transformations.

While non-linear transformations are physically possible, not all mathemat-
ical transformations are physically reasonable. For example, from the physi-
cal viewpoint, the transformations should be smooth (differentiable): indeed,
smoothness is an important physical characteristics, and it should not depend
on our choice of a scale.

A limit f(x) of reasonable transformations f;,(x) should also be a reasonable
transformation. Indeed, by definition of the limit, for any given accuracy, there
exists an n for which f(z) is (within this accuracy) indistinguishable from f,,(z).
From the physical viewpoint, if a transformation f(z) cannot be distinguished
from a reasonable one, no matter how accurately we measure, this means that
the limit transformation f(z) is also reasonable. In mathematical terms, this
means that the set T of all reasonable transformations should be closed (under
some reasonable topology).

Finally, from the physical viewpoint, not all smooth mathematical functions
describe physically reasonable transformations. Thus, it is reasonable to require
that the the class T differ from the class of all possible smooth functions from
real numbers to real numbers.

Summarizing: we are looking for closed groups T' of smooth functions which
contain all linear transformations and which differ from the group of all smooth
functions.

Which groups are possible as groups of reasonable rescalings: result.
The complete description of all such groups T is known (see, e.g., [6]): each
transformation f(x) from each such group is fractionally linear, i.e., has the

cp+c-x
form f(z) = =" for some contants c;.
l+c-x

From a general description to our specific problem. Let us apply the
above general ideas to our problem.

In chemical reactions and in other types of interaction, it is reasonable to
measure a concentration of a by the effect it has on some fixed b. For example,



on scales, weight is measured by the pressure that a body with this weight makes
on the given weighting scales.

In the interaction case, this means that while we can measure a directly, we
can also measure it by the effect g(a,b) that a has on a fixed value b. Thus,
we have two reasonable scales a and g(a,b). Therefore, the transformation
a — g(a,b) between these two scales should be a reasonable transformation.
We already know that reasonable transformations are fractionally linear; so, we
conclude that for each b, the function g(a, b) is a fractionally-linear function of a.
Similarly, we can conclude that for each a, the function g(a,b) is a fractionally-
linear function of b.

In our case, we have two additional specific requirements:

e by the physical meaning of interaction between a and b, both substances
need to be present for the interaction to occur; thus, if a =0 or b = 0, we
get g(a,b) = 0;

e usually, if we increase both concentrations, the reaction rate should also
correspondingly increase, i.e., we should have g(a,b) — +o0 if a = 400
and b — +oo.

Let us now describe all functions g(a, b) which satisfy these requirements.

3 Main Result

Proposition. Let g(a,b) be a function of two real variables which satisfies the
following properties:

o for every b, the expression g(a,b) is a fractionally linear function of a;
e for every a, the expression g(a,b) is a fractionally linear function of b;
e ifa=0 orb=0, then g(a,b) =0; and
e g(x,b) > o0 if a— o0 and b — co.

Then, the function g(a,b) has the form

co-a-b
— 0 - 1
g(a,b) Itc,-ate-b (1)

for some constants ¢y, cq, and cp.
Comment. 1t is easy to check that the above function satisfies all four con-

ditions of the Proposition. Thus, this result indeed provide a group-theoretic
justification of the above empirical formula for the reaction rate.



Proof.
1°. For every a, the expression g(a,b) is a fractionally linear function of b, i.e.,

co(a) +cr(a)-b

9@ ==

(2)

for appropriate functions ¢;(a).

2°. The condition that g(a,b) = 0 for b = 0 implies that ¢o(a) = 0, i.e., that

c1(a) - b

g(a,b) = m- (3)

3°. Similarly, for b = 1 and for b = 2, the expression g(a,b) is a fractionally-
linear function of a, i.e.,

g(a7 1) = gl(a)

for some linear functions N;(a) and D;(a).

and g(a,2) = (4)

4°. The condition that ¢(0,1) = ¢(0,2) = 0 means that each linear function
N;(a) is simply proportional to a, i.e., has the form N;(a) = n; - a for some real
number n;.

5°. Substituting the expression (3) into the formulas (4), we get

c1(a) Ni(a)

1 + 02(0,) - Dl(a); (5)

2ci(a)  Na(a)
1+2c3(a)  Dsyfa)

Multiplying each equation by the denominator of its left-hand side, we get

N1 (a) N1 (a)
: + ; 7
\@ " Dua) g
Na(a) | Na(a)
: : (8)
Dy(a) ~ Dy(a)
If we subtract, from the second equation (8), the first one (7) multiplied by 2,
we get
Ng(a) Nl(a)) (Ng(a) 2N1(a)>
2co(a) - — + — =0. 9
) (i~ ier) * (D) ~ prts ¥
Multiplying both sides of this equation by Dj(a) - Da(a), we get

c1(a) = ca(a)

>

2¢1(a) = 2¢z(a)

2¢2(a)-(N2(a)-D1(a)—Ni(a)-D2(a))+(N2(a)-Di(a)—2Ni(a)-D2(a)) = 0. (10)



We can now take into account that N;(a) = n; - a; thus, all the terms in (10) are
proportional to a. So, we can divide both sides of the formula (10) by a and get

2¢q(a) - (ng - Di(a) —ny - Da(a)) + (na - D1(a) — 2ny - Da(a)) = 0. (11)
Thus, we conclude that

2711 . Dg(a) —ny- DQ(CL)

2. (n2 . Dl(a) —ny - Dg(a)). (12)

ca(a) =

Both the numerator and the denominator of this formula are linear combinations
of linear functons and are, thus, linear themselves. Therefore, the function c3(a)
is fractionally linear, i.e., has the form

ca(a) =

20+ Co1- @

13
1+cos-a (13)

for appropriate coefficients co;.

D
7°. Similarly, if we multiply both sides of the equation (7) by 2 1(a) and both

D Nl(a)
sides of the equation (8) by NzEZ;’ we get
Dy(a) = 2c2(a
2.N1(a) ~c1(a) = 2¢z(a) + 2, (14)
Da(a) = 2c2(a
2'N2(a) -c1(a) = 2ca(a) + 1. (15)

Substracting the second equation (15) from the first one (14), we conclude that

cei(a) - Dl(a) _DQ(G,) _
e (e~ Nega) = (16)

N
Multiplying both sides by Nj(a) - Na(a), we conclude that
2-c1(a) - (D1(a) - Na(a) — Dz(a) - Ni(a)) = Ni(a) - N2(a). (17)

Taking into account that N;(a) = n; - a and dividing both sides of (17) by a, we
conclude that

2-ci(a) - (D1(a) -ng — Da(a) -ny) =ny -ng - a, (18)

hence nyms - a

2-(Di(a) -ngy — Daa) - ny)’
Both numerator and denominator are linear functions (and the numerator has
no free term), so the function ¢ (a) is also fractionally linear and has the form

c1(a) = (19)

C11 - Qa

= — 20
1+012-a ( )

c1(a)



for appropriate coefficients cy;.

8°. Substituting expressions (20) for ¢i(a) and (13) for c3(a) into the formula
(3), we conclude that

Ci1 Q- b
l4+cio-a
olab) = —LFeza (21)
14 02
14+co-a
9°. When a,b — oo, then for co; # 0, we would have g(a,b) — w
021/022

Thus, the requirement that g(a,b) — oo implies that co; = 0. Hence, the
formula (21) takes a simpler form

011'0,'b
1+ci0-a

gla.b) = —C12 0 (22)
1+022'a

10°. By adding the fractions in the denominator of the formula (22) and per-
forming the division of the resulting fractions, we conclude that

(611~a~b)~(1—|—022-a)

,b) = . 23
g(a ) (1+012-a)~(1+622~a+020'b) ( )
In particular, for b = 1, we get
ca) - (1 :
ola.1) = ) U r e a) (24)

(1—|—612'a)'((1—|—Cgo)—|—622'a)'

11°. The expression (24) must be fractionally linear; thus, two linear forms in
the numerator and in the denominator must cancel each other — by being either
equal or proportional (differing by a multiplicative constant).

The expression c11 - a does not have a free term, while both factors in the
denominator do. Thus, the only expression in the numerator which can cancel
with some expression in the denominator is the expression 1 + ¢ - a.

There are two possibilities, let us consider them one by one.

11.1°. If the expression 1 + co5 - a cancels with the first factor 1 + ¢ - a, then
Ca22 = C12, and after canceling, we get

ci1-a-b
1—|—622'a—|—620'b7

g(a,b) = (25)

i.e., the desired expression (1).



11.2°. If the expression 1+ cos-a cancels with the second factor (1+cag)+ca2-a,
this means that cgo = 0. In this case, the formula (23) takes the form

011'&'b

b = -
g(a7 ) ].—|—012~G,7

(26)

which is also a particular case of the desired expression (1).

In both cases, the have the desired expression (1). The proposition is proven.
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