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Abstract

Numerical solutions of fourth order elliptic problems with finite element methods has been
the topic of research in computational mechanics for over 50 years. Traditional approaches
to solve these problems include using C! conforming finite element methods which demand
the C! continuity of the underlying shape functions, which is computationally very expensive.
In this work, we will present the C° Interior Penalty Galerkin approximation of the fourth
order elliptic problems which relies only on continuous i.e., C° shape functions, which is
much cheaper to implement. The spatial discretization is based on quadrilateral meshes and
the underlying C° shape functions are of degree at most 2. We are using the a residual-based
a posteriori error estimator, for our a posteriori error analysis, and also we show and prove
its reliability. We then used some benchmark problems in our numerical result section

which illustrated the performance of the estimator.
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Chapter 1

Introduction

In the recent decade, discontinuous Galerkin (DG) methods have become popular and are
widely used as a powerful simulation tool for solving partial differential equations, although
the definition of discontinuous polynomial spaces developed in the 1970s [I7]. For a detailed
historical overview we refer to the survey paper [11]. The paper [2] is one of the earliest
contributions to the theory of discontinuous Galerkin finite element methods for fourth

order elliptic problems.

The fourth order elliptic boundary value problem is typically solved by nonconforming or
mixed methods as opposed to the traditional H? conforming element such as the Bogner
Fox Schmidt [5] for rectangular partitions. Even in two dimension, it is really complicated
to solve a fourth order elliptic problem by conforming finite element method which involves

C! finite elements [T}, [12].

Among the nonconforming approaches, C° Interior Penalty methods have been around for
about 15 years with the first work appearing in [13] and then Brenner and her coworkers
refined and analyzed the C° interior penalty methods in [6] and [7]. C° interior penalty
methods are simpler than C! conforming finite element methods. In fact, the lowest order
C? interior penalty methods are as simple as the classical nonconforming finite element
methods [10]. Even for complicated fourth order problems, by using only integration
by parts, symmetrization, and penalization, we can directly design the quasi-optimal C°
interior penalty method. We can find interior penalty method for fourth order problems

using discontinuous piecewise polynomial functions in [15].



Regarding a posteriori error analysis, a residual-based a posteriori error estimator is presented
here for a biharmonic problem on quadrilateral meshes. There are very few papers which
discuss the error estimator for fourth order problems [I9]. The error estimator of a
biharmonic problem for C° interior penalty discontinuous Galerkin method is discussed

in [6].

While in [6], the error analysis is on triangular meshes while our focus will be to present a
posteriori error analysis on quadrilateral meshes. This is the first such a posteriori analysis
presented for a rectangular mesh partition. Although C° methods have been introduced
for quadrilaterals in [9], the a posteriori analysis for such a mesh subdivision has not been

investigated so far. This is the novelty of our contribution.

Now the outline of the thesis is as follows:
In this Chapter, we will discuss a little about the finite element method and give some

definitions which are important to know for building all our theory throughout the thesis

paper.

In Chapter 2, we formulate the continuous weak form, which is also H? conforming and we

also introduce the Bogner-Fox-Schmit Element.

Then in Chapter 3, we derive the C° interior penalty method for our problem. We prove
the well-posedness of the problem by showing the continuity and V-ellipticity. Later, we

construct the residual based error estimator.

In Chapter 4, we use the adaptive refinement algorithm for numerical solution of some

problems on a square domain.



1.1 Definitions

Sobolev Spaces:
Let © C R"™ be a bounded domain and o = (ay, ...., ) of order |a| = a1 + ... + o, = k,

then we define
o ot g%

= Oél e
Oz Oxor

Sobolev semi-norms/norms when k is a positive integer, are defined as follows:

0]a () = (Z ||DQU||%2(Q))1/2 (1.1)
la|=k

||U||Hk(sz) = (Z ||Dav||%2(n))1/2 (1.2)
|o| <k

Define the Sobolev spaces H*(2) as follows:
H*(Q) = {v € L*(Q) : ||v]| ey < oo} (1.3)

L? inner product: Let V be a vector space of real-valued continuous functions on an

interval [a,b]. The L? inner product on V is defined by

(f.9) = [ f@gla)da

Simplicial mesh: A simplicial mesh 7 of the domain € is a finite collection of disjoint

non-degenerate simplices .7 = {T'} forming a partition of ).
a=yr (1.4)

Each T € 7 is called a mesh element.

General mesh: A general mesh 7 of the domain €2 is a finite collection of disjoint

polyhedra 7 = {T'} forming a partition of 2 as in ([1.4)).



Element diameter, meshsize: Let .7 be a (general) mesh of the domain 2. For all

T € 7, hy denotes the diameter of T, and the meshsize is defined as the real number

h = max hyp
TeT

We use the notation %, for a mesh .7 with meshsize h.

The Broken Polynomial Space:

PYT) == {v € L*(Q)|v|r € PYT),VT € T}

where P¢ is the space of polynomials of degree < k of d variables.

Discrete trace inequality: There exists a constant Cy. > 0 which depends only on

the shape regularity of Z,. Then, for all v, € PX(.7,), all T € J},, and all e € &,

1
hillonllr2e) < Cirllvnl|zecry
where &), is the set of edges in 7. Also,

” aQUh
on’ .

lo.or < Cowh|onlor . YT € G, (1.5)

where ngr is the exterior unit normal to 07

Finite Element We introduce the definition from [ [14].
Let

e K C R"™ be a bounded closed set with nonempty interior and piecewise smooth

boundary (the element domain).

e P be a Finite-dimensional vector space, dim(P)=N, of functions ¢ : K — R, which

is the space of shape functions.



e ¥ is a set {t}; of linear forms,

;PR Vje{l,2,.. N}
¢ — 5 = 1;(0)

the linear forms {1}, are called the local degrees of freedom.

Then (K, P,Y) is called a finite element. Now the point evaluation at a; is ¢;(6;) = 0;(a;)
and first derivative at a;, ;1 = 010;(a;). Such 1; are dual basis. We assume for each
1, there exists a unique 6; € P such that p;(6;) = 0;; Vi,j € {1,2,...,N}. The basis

{0;}1<j<n of P are called the local shape functions.



Chapter 2

H? conforming Finite Element

Method on Quadrilateral Meshes

In this Chapter, we will formulate the continuous weak formulation for our fourth order
problem. Then we will discuss its H? conformity. We will also introduce the Bogner-Fox-Schmit

Element [5].

2.1 Formulation

Let Q C R? be a bounded polygonal domain. We consider the fourth order boundary value

problem
A*u=fin Q, (2.1)
u=01in 09 , (2.2)
% =0in 002, (2.3)

where f € L?*(2) and the boundary conditions are clamped. We say u is a solution of
(2.1)-(2.3)) if it satisfies equation (2.1])-(2.3).
We define V as

V:{veHQ(Q):v:Oandg—Z:()onaQ},

where a% is the outward normal derivative.

A weak form of the biharmonic problem is to find u € V such that

a(u,v) = (f,v) YoeV (2.4)



where

a(w,v) = / D*w : D*vdx  Yw,v € H*(Q) ,

U}

2, —
b= Z 8:6,893] &BZ@:UJ

and (-, ) denotes the L? inner product on €.

Now we introduce all the notations we are going to use throughout the chapter. Let
e 7, be a quadrilateral subdivision of €2
e &), = the set of edges of the quadrilaterals in .7,
e & = the subset of &, consisting of the interior edges of
o &P = the subset of &, consisting of the edges along 9
e vp= restriction of the function v to the quadrilateral T
e hp = diameter of the quadrilateral T’
e h=max{hr: T € F}

e ¥}, =set of all vertices in .7,

|T'| =area of the quadrilateral T’
e the length of any edge e € &}, will be denoted by h,.
Next we define the jump and the average terms on the edge. Let
H*(Q, %) = {ve HY Q) : vp € HY(T),VT € %,}.
Let Qx = {>_, ¢;pj(%),¢;(y) : pj, ¢; polynomials of degree< k} and also

dim @, = dim (P})?



where P} is the space of polynomials of degree < k in 1 dimension, and

C? finite element space is

Vi, = {Uh € Hé(Q) : Uh’T € QQ(T),T € %}

® ® ®

[ * ]
T e T,

° ° °

Let e € & be shared by the two rectangles T _ € J,. We take n to be the unit normal

vector to e pointing from 7_ to T and define

"c‘m” _ 812;!? e B 8U§7LT e Von € HA. )
" n’ ” B 052\2T+ . 625221 6 Yo, € H¥(Q, ) ,
{{ }} 2 8872 - " ) Vun € H(Q, 7h) |
([} 320t 2| ) v

Let e € & be an edge of T' € .7;,. We take n to be the unit normal vector to e pointing
outside 2 and define

Oun || _ _Ounlr
on || on
82Uh . 62vh|T
on? - On?

Y, € H2(Q, %) ,

e

Y, € HS(Q, %)

e



2.2 H?- conformity of finite elements

In this section, we state and prove the criteria for a finite element space to be a H?

conforming space. We begin by introducing the following finite element space V},:
Vi, = {Uh Q= R| Uh’T € Qk(T),VT € %} ,

where Qx(T'), T € 9}, is the space of polynomials of degree < k on T,

Now, we continue with our H? conformity proof.

Theorem 1 Let V), be a finite element space and
Qu(T) C HX(T), T € F,
and,
Vi, C CH(Q).

Then,
Vi, C H2(Q)

Proof: Let v, € Vj, clearly v, € L*(Q).

We have to show that vy, admits weak derivatives wi € L*(Q), |a] = 2, i.e.,

/thO‘zd:c = (1)l / wyzdx, z € Cy°
Q

Q

Now, by Green’s theorem

vpD?zdx = /UhD2ZdZE
/. 2 |,

Ke9,
S Z /Dthzdx+ Z/ vpfaD?zds
Tez T Teg;, VT
- _ Z [—/DQthdx+/ iy Dupzds] + Z/ oD 2ds
Teg, T or TeT, oT



/D vpzdxr — Z/ nyDupzds + Z/ v D?2ds
oT oT

TeF, TeF, TeF,
/Dzvhzdaj— Z /m [Dvp)zds+ Z /Uh ngD zds,
Te, e€&p( e€8(

where
[[Uhﬂ = Uh|TJr - Uh’T_ )
[[Dl}h]] = DU}7‘|TJr — Dl)h|T7 s
across e = Ty N1y, Ty € T, 1 <i < 2. But v, € CHQ), so [un] = 0 and [Dvy,] = 0.
O
The above Theorem |1]specifies the continuity requirements of a C* conforming finite element
space i.e., we demand the continuity of the first and higher-order derivatives. To be specific

we discuss the Bogner Fox Schmit element [5] below as an example and as an important

conforming finite element space which we will need for our analysis in the next chapter.

2.2.1 Bogner-Fox-Schmit Element

In this section, we will introduce a C! type finite element called Bogner-Fox-Schmit Rectangle.
Let T denote a rectangle with vertices a;, 1 < ¢ < 4, then a polynomial in Q4 is uniquely

determined by the following set of degrees of freedom:

2= {1i(05); Ymi (0), 1234 (6;), 0.1 (65), ¥i.2(05) 101 12(6;), Yo, (6;),

m; is midpoint of edge i;1 < i <4} (2.5)
where:

e Point evaluations at vertices, midpoints and center:

¢i(9j) = 63’(‘”)7 Wm(ej) = Qj(ml-), & ¢1234(‘9j) = ej(a1234)-

e First order derivatives, and normal derivatives:

wzk - 8k ( ) wam ( ) Gnej(ml), fOI' k= 1,2

10



m4 m2
@ [ o—
a1234
@5 @?
a m a
1 1 >

Figure 2.1: Bogner-Fox-Schmit Element [9].

e Second order mixed derivatives:
%,12(@) = 3129]'(@@')-

and a;, m; and aq934 are as described in the Figure [2.1]

The resulting finite element is the Bogner-Fox-Schmit Rectangle. On each rectangle, the
Q4 polynomials are determined by 25 nodal degrees of freedom.

Here the dots * @ indicates point evaluation, the arrows “ﬂ ” indicate the first and
second order mixed derivatives evaluated at the vertices of the rectangle and T ” indicate
the outward normal derivatives. It is well known that this element is unisolvent.

This element is computationally expensive to implement due to the high degrees of freedom
per cell. Instead, we would like to use a method which is easy to implement and doesn’t
involve a large degrees of freedom per cell. In [9], a new finite element method C® Interior
Penalty Method was introduced that has the desirable properties of being computationally

cheaper and easy to implement. Our next chapter will be devoted to studying this method.

11



Chapter 3

C! Interior Penalty Method: Fourth
Order Problem

In this Chapter, we will formulate C° interior penalty methods for a fourth order problem.
Then we will discuss its continuity and coercivity. We will also introduce a residual based

error estimator and discuss its reliability.

3.1 Derivation of C’ IP
Let C° finite element space is
Vi, = {Uh € Hé(Q) : 'Uh|T € Qk(T),T € c%l} ,

let v € H*(T) and multiply (2.1)) by v, then by using the integration by parts on the left
hand side

/(A2u)vd:z: = 86Auvds - / V(Au)Vudz
' . 8Anu ; O*u v 0%u v (3.1)
— — —ds — —_—— D*u : D?
o BT amarar™ T ] g™ T /T w: Divdz

2, . 2, — 2 8y 0%
where D?*u : D*v = Zi,j:l Basdi; By

Summing up over all T € 7, and by using the boundary conditions, we have for Yv €

02, T),

12



/N de_Z/aA“vds—Z/e;;gtgz Z/WH ”ds+ Z/D%L D?vdz

eEsy, TeT,
_ 2 2

Z/anQH Hd —l—Z/Du D*vdx.

ecéy, TeT,

(3.2)

So, with the right side we have

oo

ds + Z /DQu D%dm—/fvdx

TeT,

(a+c)(b—d) (b+d)(a—c)
2 + 2

/ Dup : D2opda + / {{ %2;‘2’1 }} "%H ds — /Q Fonds,

TeI, eESy,

Now by using ab — cd = we have

where uy, vy, € V},.

Then we add the term ) I.A a;f; H [[%ﬂ ds in both sides, since [[%ﬂ = 0. Finally

we add the penalty term.
So, the C? interior penalty method for (2.4]) is to find u;, € V}, such that

Ap(up,vn) = (f,on)  Yon, € Vi, (3.3)
where
0%y, oy, 9%vy, Juy, s
=3 foo-onsee 2 [{ S [Grfloe 2 [{5[52)
+; / 8uh (%h ]ds |
(3.4)

where 0 > 1 is a constant called penalty parameter.

13



Now we define |.|,

v} = an(v,v) + Z / ds Yve H*(Q,%,), (3.5)

eESLy,

where the bilinear form ay(+,-) is defined by

ap(w, v) Z /DQw D*vdx  Yv,w € H*(Q, F,). (3.6)

TeI,

By using the Poincaré inequality for H} () and HZ(2) as described in [16] [18], for instance

[ulZ2() < CIVulLzq) Vu e Hy(Q), (3.7)

”U”%%Q) + ||VUH%2(Q) < C“AU"%%Q) Vu € HS(Q) 5 (3.8)

wee see that |.|, is a norm.

Now |.|q, is the seminorm corresponding to a(-,-), i.e.

w2 = an(v,v) /Dzv D?*vdx = Z |v|§{2(T) :

TeI, TeT,

|U|ah = |U|H2(Q) Vv € H2(Q)

3.1.1 Continuity of Aj(up,vp)

Theorem 2 There exists a constant Cy,q which depends only on the shape reqularity of 7,
such that

Vup, vy, € Vi | Ap(un, vn)| < Chnal|unl|n]|vnl|n- (3.9)

v [ {5 [

Proof: From (3.4) we know

W o) = 3 /D up: D Uhdx—l-Z/{{?;:;}} "aw

TeI,

4 Z / 8uh 8vh ]ds

eESy

= ¢ 4+ CfC+Ey,
(3.10)

14



where

Z /D2uh D?u,dz |

TeI,
62uh 8vh"
e Z/{{W}Ha—n
ecsy, L d
z/ ekl
on? on o
ecéy J

_ _/ ('9uh (%h }ds.

Now by using the Cauchy-Schwarz inequality we get

€ =1> /D%h D*vydz| < /|D2u 2
T€7

TeT, Te%
< Jlunll, Jon ],

Then by using the trace inequality and standard inverse estimate

(15 )} e o= (35

< (Ctr > lunlieen

TeT,

82uh
on?

(9uh

@l -1y [

eES},

< (Cur) ' lunlnllonl-

Now, similarly we get

82vh
on?

@l-1y [

eESy,

ke B

< (Ceo)"*|unlnlvaln-

15

P (=
)

/|D2U 2

(3.11)

S 1”"(9%

5]

(3.12)

> nl|

e€S8y,

(3.13)

1/2
H%ﬁ(e))

1/2

I—l



By Cauchy-Schwarz inequality from our last term

ei-15 2 [T
(Z—u ) (S o) o

ec€éy e€éy

< Jun|nlvn]n-

Finally by collecting all from (3.11)), (3.12)), (3.13)) and (3.14)) we get

| A (up,vp)| < | €] + €| + |€5] + |€4| < Chnallunl|nl|vnlln- (3.15)

0

3.1.2 Coercivity of Ap(up,vp)

Theorem 3 There exists a constant C, > 0 and o* > 0 which depends only on the shape

reqularity of F, such that if o > o*, then
Yup, vy € Vy, Ah(uh, uh) > O(,HuhHi (316)

Proof: Yu, € V}, from (3.4]) we know

w(unun) = 3 /D2uh DQuhd:c+2Z/{{auh }} [[%ﬂ] _/ 8uh

TeS, ecéy

0? 9, 0
- i [ (e [ 2l
T€7h eeéah eeé”h

(3.17)

Now following (3.12)) we get

16



'Z/ {{ (% }} "au" ol = (Zh ”{{ o }}|<>>/ (Zhu "%in“ <>>/

B ou
< (Ctr)1/2 Z |un| 2 () Z he 1/2|| "a_nh” [l20)-

TeI, ecéy

(3.18)

Now,

_ ou
w(unsun) > Y unlieey — 2C) " > funlmaay Y he V2| "a—;” |lz2e)

TeI, TeI, ecéy,
+ 3 Gl e
eEsy,
Then we use the following inequality, let 3 be a positive real number and o > 32 then for
all z,y e R
a? = 2Bry + oy > _ﬁ2($ +97).
140

By applying this inequality with 8 = 2(Cy,)"%, 2 = |up|g2(r), y = _1/2“ Hauh H lz2(e)

Zeeé’h lfe 453 1 auh 2
Ay (un ) > (O lunlery + - 51 || | o)

1+ Zeefh he TeI, ecéy,

- OUHUh"iZz'

3.2 Enriching operator

In this section, we will introduce a linear operator Ej.
E,: Vi, — f/h

where Vj, C H3(Q) is the Bogner-Fox-Schmit element space associated with .7,. The linear

operator Ej, connects our C? finite element space Vj, to C! finite element space V.

17



The enriching operator E}, is constructed by averaging,
(Epvn)p = vi(p) Vp € Vi, vp € Vi (3.19)
We specify the degrees of freedom N in Bogner-Fox-Schmit element

N(Eyuvp) = !’IFN\ > N(vr) , (3.20)

TeIN

where Ty is the set of rectangles that share the degree of freedom N and |Ty| is the number
of elements of Ty.

The linear operator £}, satisfies:

ov
o <o Mg wwen, e

eES), e

which is proved in [9].

3.3 Interpolation operator

The standard Lagrange nodal interpolation operator 7, : H3(Q) — V}, has the following
properties

¢ — Th |y < Chiy WH?(T) for 0 <1 <2, (3.22)

| J5ato=mo s < Chrlofin, (3.23)

3.4 A reliable a posterior: error estimator

We will develop a reliable residual-based a posteriori error estimator ny, for (3.3]). This was
introduced for triangular meshes in [6].

The error estimator 7, is defined by

o=+ Y m 4> n,)

TET, ecéy, ecé}

18



Here, n, consists of three parts nr,n.1 and 7.2. The first part is the residual 77 over the

rectangles T' € 7, :
nr = hi|f — N%us| 2
= h2T||f”L2(T)7 since uy, € (7). (3.24)

The second part is the residual 7. ; associated with the jump of the first-order normal

derivative of uy, across the edges e € &, :

Nex = \;L_en [Dun /O] 2(c)- (3.25)

The third part is the residual 7.2 associated with the jump of the second-order normal

derivatives of uy, across the edges e € & :

= Vhel[0%un /00?2 (3.26)

So, our error estimator 7, is then defined by

= (> M+ Y mi+ > n,)?

Te, ecéy, eeéa}f
= (D W7l ey + > o*h 0un/0n)Zaiy + D hel[0un/On*][22)) . (3.27)
TET ecéy, ee(g}’i

The following theorem shows that the error estimator 7y, is reliable, i.e. provides an upper

bound.

3.4.1 Reliability of error estimator

Theorem 4 Let u € H2(QY) be the solution of (2.4) and uj, € V}, be the solution of (3.3)).
There exists a positive constant C depending only on the shape reqularity of 7, such that

lu — unln < Cnp. (3.28)
Proof: By using (3.5) we get,

u—u
lu — un? = an(u — up, u +Z / h ds. (3.29)

e€éy
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Since,
[0(u — up)/On] = Ou/On — du; /On — du/On + du, /On = —[Duy,/On].
We have then

> o = w) /o)l = D= s loun /ol < Dok (3:30)

ecéy, ecéy, ecéy

Now we know that

ap(u — up,uw — up) = Z /TDQ(U —up) : D*(u — up)dx

TeT,

= > D —w)lfe)
TeT,

= Z ||D2(u — Epup + Epup, — uh)||%2(T) ,
TeT,

where Ej, is our enriching operator (3.2). Then by using the triangle inequality we have

> 1D (u—Eyun+ Eyun—up)| 2y < | D*(u—Eyup)| 2y + 1D (Enn—un) | p2r)- (3.31)
TeT,

From the second term of the right side of (3.31]), and by using the (3.21]) we get

| D*(Epup, — )72y < C Y m2s (3.32)

eESy,

Now we need to estimate the first term on the right hand side of (3.31)).

Let v € HZ(Q)
(D*(u — Epuy), D*v)q = (D*u, D*v)q — (D*Ejuy, D*v)q

= (f,v)a— > _ (D*(Byun — un +up), D*v)r

TeT,
= (f, ’U)Q — Z (D2uh, DQU)T + Z (D2(uh — Ehuh), D2U>T.
TeES, TeS,

(3.33)
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Then

> (D*up, D*v)p = Y (D*wy, D*v — DTy + D*Tw)r

TeET, TeI, (334)
= Y (D*up, D*v — D*Iw)r + Y (D*up, Do)
TES, TeEI,

where 11, is the standard Lagrange interpolation operator and say, v, = II,v. Now from

(3.3) and (3.4)) we have

> A e e e
-G ED-

(3.35)
Now by using in we get
2 2 0%uy, ouy,
(D*(u — Eyun), D*v)a = (f,v)a — Y (f,on)r + Z({{ 52 }}; "%” )e
TeES, ecéy,
i) ()
8uh 8vh 2 2
=2 G G D - X @t v —u
+ Z (D2 uh — Ehuh), D2’U)T
e (3.36)

g S )
Ay )

o E E 52 S oo

TeI,

+ Z D uh - Ehuh),D2v)T.

TeI,
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Now by using integration by parts

N (Dun, D0 —vn))r = 3 (A%up,0 — vp)p — Z(%:;, a(va‘n“h))e + Z(%,v — o).

TeES, TeS, e€sp ec&p
82uh (v — vh)
- Z on2’ Je:
eef’b
(3.37)
So,
82uh (U — Uh)
2 2
Z (D*up, D*(v — vy)) Z/ 8n2 o H ds
Te 3 38)
—z/ (5} a“hﬂds )
8n2 8n '
666"
Then we use (3.38)) in ((3.36)).
Then by Cauchy Schwarz inequality and (3.22)) we get
(frv=o) < D Ifl2aylo = vnl 2
TeI,
<O W) flraolm
TeI,
1/2
<o ) b 839
TeT,

First by using Cauchy Schwarz inequality, trace inequality and we get
1/2
(‘92 8 o? 0
S G e= (S (G ) (S [12])
1/ 1/2
< C( Z |vh|%I2(T)) (Z 773,1)

TeEI, ecéy
1/2
< Clole ( > n> . (3.40)
e€z§’h
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Then by using trace inequality and (3.23)) we get

e; /8uh 8vh (2/ /8vh >2<

(S w) (5 [

1/2
< Clolm2o) ( Z 778,1) :

> [ )

e€éy,

ecsy,
(3.41)
Now by using (3.34) - (3.41), from (3.33) we get
(DQ(U — Ehuh), DQ'U)Q = ah((u — Ehuh), U)
(3.42)
< Clvlg2(@)mn-
By the definition of norm operator and duality, we can write
a(lu — Epup,v
”D2(U_Ehuh)”L2(T) = |u— Enupla, = |U—Ehuh|H2(Q) = sup ( — ) (3.43)
vEHZ(Q)/{0} |U|H2(Q)
So by combining ([3.42) and - we get
||D2(u — Ehuh)”LZ(T) S C’I]h (344)
Finally by using (3.29)), (3.30)), (3.31)), (3.32) and ({3.44]) we get
lu = unln < Crp.
O
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Chapter 4

Numerical Results

In this Chapter, we will implement the theory for numerical simulations of some biharmonic
problems. In all our tests, we have [—1,1]? as the domain. The codes are implemented

using the C++ software library deal.II [4] 3].

4.1 Adaptive refinement strategy

We used the adaptive refinement strategy in our test problems to get a better result with
less computations. In this section, we will discuss about the adaptive algorithm and the
technique we are applying in our codes. This algorithm is discussed in detail in [20].

The implemented adaptive algorithm is,
SOLVE = ESTIMATE = MARK = REFINE

Let 7 be the initial mesh and {.7;}; be the sequence of meshes after using the adaptive
refinement.
Solve:

In first step, we compute a finite element approximation u; of w. For this we use the

deal.II and UMFPACK package.
Estimate:

In this step, we consider the residual type a posteriori error estimator that we introduced

in Chapter 3 as follows:
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= ( Z T+ Z 773,1 + Z 773,2)1/2-

TeI, eESy eeg’}i

Mark:
In this step, we mark the element which needs more refinement based on the value of our
local estimator. We are using the Dérfler marking strategy for refinement. Let 6 € (0,1);

and S; be the set of elements T' € 7},, Sy be the set of edges of e € &, satisfying:
enh < ﬁh 5

where

= nr+ > 2y +12))>.

TeS, GESQ

Let S =81 US,, where S is our set of all the marked elements and edges.

Refine: We already have our marked element, so we will refine those marked elements in
this step. Since in our case, we have quadrilateral meshes, for refining first we choose the
midpoint of the edges and then by connecting the midpoints, we get the desired refinements.
We assume the shape regularity in our refinement. Since, it is impossible to avoid the
occurrence of hanging nodes in our refinement, we impose a restriction to the hanging
nodes that we will have one irregular mesh in our refinement. We are defining one irregular
mesh as follows: If L(T') is the level of the mesh refinement, we need to achieve T' € 7
from 7, then
|U(Th) = L(T2)| <1

where T7 and T, are any two neighboring cells.
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log(len—1/en|)
[DOF,/DOF, _1])

The order of convergence we used in all our problems were computed by Toa
through the inbuilt deal.II function reduction_rate and here DOF), is the total dofs at n

refinement cycle. Also, in all our problems we used o = 5.

4.2 First Example
The exact solution in this test, u = z%y*(1 — z)*(1 — y)*.

f = 242" — 4823 + 288x2y* — 288x%y + 7222 — 288xy? + 288xy — 48z + 24y*

— 48y3 + 72y? — 48y + 8 in Q
u:Oand@:O in 0f).
on

Here in the beginning, we solve on a sequence of uniform mesh. We also compute the error
and the error estimator for each solution. Then we use the adaptive refinement strategy

over the mesh and compute the solution.

Table 4.1: Error and error estimator with uniform refinement(6 = 1).

cycle | DOF fu—unle | lu—=wnla, | NG | Ju—wnln | mn order of
convergence

0 2.500e+-01 | 7.55769e-4 | 5.3891e-2 | 1.80116e-2 7.19026e-2 | 1.19855

1 7.100e+01 | 4.26237e-4 | 3.66107e-2 | 1.10516e-2 4.76623e-2 | 6.64661e-1 | 3.704e-01
2 2.380e+02 | 1.46996e-4 | 2.07531e-2 | 6.58638e-3 2.73395e-2 | 1.8458e-1 | 4.693e-01
3 8.600e+-02 | 4.3798e-05 | 1.04896e-2 | 2.46298e-3 1.29526e-2 | 4.95272e-2 | 5.311e-01
4 3.256e+03 | 1.23105e-05 | 5.2146e-3 | 9.05627e-4 6.12022e-3 | 1.33755e-2 | 5.250e-01
5 1.266e+04 | 3.28333e-06 | 2.5937e-3 | 3.27156e-4 2.92086e-3 | 3.73712e-3 | 5.144e-01
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Table 4.2: Error and error estimator when 6 = 0.5.

cycle | DOF fu—unle | lu—=wnla, | ZIEG220050 | e —unln | e order of
convergence

0 2.5e+01 7.55769e-4 | 5.3891e-2 1.80116e-2 7.19026e-2 | 1.19855

1 5.7e+01 5.50414e-4 | 4.32259¢-2 | 1.39326e-2 5.71586e-2 | 8.80823e-1 | 2.676e-01
2 8.100e+01 | 2.67979e-4 | 2.8262¢-2 6.91224e-3 3.51742e-2 | 3.22948e-1 | 1.209¢+00
3 1.810e+02 | 1.74019e-4 | 2.86074e-2 | 1.38693e-2 4.24767e-2 | 1.85635e-1 | -1.511e-02
4 2.820e+02 | 9.78429¢-05 | 0.0167289 | 0.00573779 0.0224667 | 0.0971769 | 1.210e+00
5 5.490e+-02 | 6.83163e-05 | 1.40996e-2 | 5.04965e-3 1.91493e-2 | 5.4851e-2 | 2.567e-01
6 9.230e+4-02 | 3.18476e-05 | 1.06616e-2 | 4.38191e-3 1.50435e-2 | 3.03312e-2 | 5.380e-01
7 1.697e+03 | 2.12895e-05 | 6.9985¢-3 1.45563e-3 8.45413e-3 | 1.74069e-2 | 6.912¢-01
8 3.013e+4-03 | 1.26316e-05 | 0.00588924 | 2.60342e-3 8.49266e-3 | 1.01303e-2 | 3.006e-01

Figure 4.1: Adaptive Meshes: cycle 0,1 and 2 when 6 = 0.5.
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Remark: From Table we see that after cycle 0 of refinement, there is a symmetry with
respect to the calculations of the cell and edge errors. However, this is not reflected in
the numerical realization of the marking step within the software deal.Il. For example, if
we change 6 to 0.25, we notice that only top right element gets mark in spite of the error

indicators being same as for § = 0.5. The tables below presents the symmetric values of

the indicators when 6 = 0.5 (for Figure and 6 = 0.25.

Table 4.3: Error indicators when § = 0.5.

cycle | cell number | cell error indicator | edge error indicator
0 0.59493 0.0043457

0 1 0.59493 0.0043457
2 0.59493 0.0043457
3 0.59493 0.0043457

Table 4.4: Error indicators when 6 = (0.25.

cycle | cell number | cell error indicator | edge error indicator
0 0.59493 0.0043457

0 1 0.59493 0.0043457
2 0.59493 0.0043457
3 0.59493 0.0043457

Figure 4.2: Adaptive Meshes: cycle 0,1 and 2 when 6 = 0.25.
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Figure 4.3: Adaptive Meshes: cycle 3,4 and 5 when 6 = 0.5.
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Figure 4.4: Adaptive Meshes: cycle 6,7 and 8 when 6 = 0.5.
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"solution.gpl" ——

0.004
0.0035
0.003
0.0025
0.002
0.0015
0.001
0.0005
0

Figure 4.5: Computed solution.
4.3 Second Example

The exact solution in this test, u = (sin(mx))?(sin(my))>.

f = 87*(8sin(rx)?sin(7y)* — 3sin(rx)? — 3sin(7y)* + 1) in
u:Oand%:O in 092.
on

Here in the beginning, we solve on a sequence of uniform mesh. We also compute the error
and the error estimator for each solution. Then we use the adaptive refinement strategy

over the mesh and compute the solution.
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Table 4.5: Error and error estimator with uniform refinement(f = 1).
cycle | DOF lu —uplre | Ju— upla, h%”[a(ua;;h)} 122 | |lu—wnln | mn order of
convergence

0 2.5e+1 2.15994e-1 | 1.31342e+1 | 5.79096 1.89252e+1 | 4.299e+-2

1 7.1le+1 1.08184e-1 | 8.15743 3.18353 1.1341e+1 | 2.380e+2 | 4.563e-01
2 2.35e+2 2.49479e-2 | 3.66784 9.17189%-1 4.58503 6.488e+1 | 6.678e-01
3 8.57e+2 6.54796e-3 | 1.8497 4.03704e-1 2.2534 1.675e+1 | 5.291e-01
4 3.253e+3 | 1.67022e-3 | 9.23527e-1 | 1.36535e-1 1.06006 4.37136 5.207e-01
5 1.2650e+4 | 4.20289¢e-4 | 4.60958e-1 | 4.62886e-2 5.07246e-1 | 1.16156 5.117e-01
6 4.9876e+4 | 1.05546e-4 | 2.30242e-1 | 1.56236e-2 2.45866e-1 | 3.159e-1 | 5.060e-01

Table 4.6: Error and error estimator when 6 = 0.9.
cycle | DOF lw —unlze | |u—unfa, | 7= [W] 1%: | Ju—wnln | mn order of
convergence

0 2.5e+1 2.159e-1 1.313e+1 | 5.7909 1.8925e+1 | 4.299e+-2

1 7.1le+1 1.081e-1 8.15743 3.18353 1.1341e+1 | 2.380e+2 | 4.563e-01
2 2.15e+2 2.4746e-2 | 3.78145 9.6247e-1 4.74392 6.6528e+1 | 6.939e-01
3 6.61le+2 6.4083e-3 | 2.50836 1.64082 4.14917 1.8552e+1 | 3.655e-01
4 1.941e+3 2.5264e-3 | 1.26763 5.2268e-1 1.79032 0.39464 6.336e-01
5 6.061e+3 8.136e-4 6.5816e-1 | 1.6848e-1 8.2665e-1 | 1.63371 5.756e-01
6 1.8749e+4 | 2.168e-4 3.4467e-1 | 8.0122e-2 4.24797e-1 | 5.0834e-1 | 5.728e-01
7 5.900le+4 | 6.028e-05 | 1.7621e-1 | 2.6047e-2 2.0226e-1 | 1.6418e-1 | 5.852e-01
8 1.99261e+5 | 1.762e-05 | 9.883e-2 2.802e-2 1.2686e-1 | 5.684e-2 4.751e-01
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Figure 4.6: Adaptive Meshes: cycle 0,1 and 2 when 6 = 0.9.
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Figure 4.7: Adaptive Meshes: cycle 3,4 and 5 when 6 = 0.9.

Figure 4.8: Adaptive Meshes: cycle 6,7 and 8 when 6 = 0.9.
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"solution.gpl" ——
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Figure 4.9: Computed solution.
4.4 Third Example

The exact solution in this test, u = (1 — cos(27z))(1 — cos(27y)).

f = —167*(cos(2mx) + cos(2my) — 4 cos(27x) cos(27y)) in Q
u:Oand%zo in 0€).
on

Here in the beginning, we solve on a sequence of uniform mesh. We also compute the error
and the error estimator for each solution. Then we use the adaptive refinement strategy

over the mesh and compute the solution.
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Table 4.7: Error and error estimator with uniform refinement(6 = 1).
cycle | DOF lu—unlze | Ju—unle, | ZIES22120 | Ju—unln | m order of
convergence
0 2.5e+1 8.63%-1 5.253e+1 | 2.316e+1 7.570e+1 1.719e+3
1 7.1le+1 4.327e-1 3.262e+1 | 1.273e+1 4.53638e+1 | 9.523e+2 | 4.563e-01
2 2.35e+2 9.979e-2 1.467e+1 | 3.66875 1.834e+1 2.595e+2 | 6.678e-01
3 8.57e+2 2.619e-2 7.3988 1.61481 9.01361 6.702e+1 | 5.291e-01
4 3.253e+3 | 6.6809e-3 | 3.69411 5.461e-1 4.24025 1.748e+1 | 5.207e-01
5 1.2650e+4 | 1.68116e-3 | 1.84383 1.851e-1 2.02899 4.64625 | 5.117e-01
6 4.9876e+4 | 4.2218e-4 | 9.2097e-1 | 6.2494e-2 9.83464e-1 | 1.26381 | 5.060e-01
Table 4.8: Error and error estimator when 6 = 0.9.
cycle | DOF v —unlee | v —unla, | 7 [W]“; luw —wunln | 7n order of
convergence
0 2.5e+1 8.63%-1 5.253e+1 | 2.316e+1 7.5700e+1 | 1.719e+3
1 7.le+1 4.327e-1 3.262e+1 | 1.273e+1 4.536e+1 | 9.523e+2 | 4.563e-01
2 2.15e+2 9.898e-2 1.512e+1 | 3.84988 1.897e+1 | 2.661e+2 | 6.939e-01
3 6.61le+2 2.56335e-2 | 1.0033e+1 | 6.56327 1.6596e+1 | 7.421e+1 | 3.655¢-01
4 1.941e+3 1.01058e-2 | 5.07053 2.09075 7.16129 2.157e+1 | 6.336e-01
5 6.061e+3 3.25476e-3 | 2.63267 6.739%-1 3.30662 6.53482 | 5.756e-01
6 1.8749e+4 | 8.675e-4 1.3787 3.204e-1 1.69919 2.03338 | 5.728e-01
7 5.9001le+4 | 2.4115e-4 7.0484e-1 | 1.04191e-1 8.0904e-1 | 6.5672e-1 | 5.852e-01
8 1.99261e+5 | 7.04851e-05 | 3.95348e-1 | 1.121e-1 5.074e-1 2.273e-1 | 4.751e-01
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Figure 4.10: Adaptive Meshes: cycle 0,1 and 2 when 6 = 0.9.
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Figure 4.11: Adaptive Meshes: cycle 3,4 and 5 when 6 = 0.9.

Figure 4.12: Adaptive Meshes: cycle 6,7 and 8 when 6 = 0.9.
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Figure 4.13: Computed solution.
4.5 Fourth Example

The exact solution in this test, u = sin(7x) sin(7y).

f = 4r* sin(7x) sin(7y) in
u:Oand%zo in 0€).
on

Here in the beginning, we solve on a sequence of uniform mesh. We also compute the error
and the error estimator for each solution. Then we use the adaptive refinement strategy

over the mesh and compute the solution.
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Table 4.9: Error and error estimator with uniform refinement(f = 1).
cycle | DOF luw—wunlzz | lu—unla, | I [W]”%z luw —up|n | nn order of
convergence
0 2.5e+1 4.796e-2 3.24431 1.25228 4.4966 9.801e+1
1 7.1le+1 2.599e-2 2.1523 7.288e-1 2.88115 0.417e+1 | 3.931e-01
2 2.35e+2 8.09572e-3 | 1.11155 3.225e-1 1.43411 1.458e+1 | 5.521e-01
3 8.51e+2 2.274e-3 5.01le-1 1.319e-1 6.8311e-1 | 3.87275 5.451e-01
4 3.235e+3 | 6.0866e-4 2.729e-1 4.532e-2 3.182e-1 | 1.0353 5.264e-01
5 1.2610e+4 | 1.57845e-4 | 1.358e-1 1.514e-2 1.5098e-1 | 2.817e-1 | 5.128e-01
6 4.9792e+4 | 4.02311e-05 | 6.777e-2 5.0697e-3 7.284e-2 | 7.868e-2 | 5.063e-01
Table 4.10: Error and error estimator when § = 0.7.
cycle | dof lu—unlee | lu—unla, | = [%] 1%: | lu—wnln | mn order of
convergence
0 2.5e+1 4.796e-2 3.24431 1.25228 4.4966 9.801e+1
1 7.1le+1 2.599e-2 2.1523 7.288e-1 2.88115 5.417e+1 | 3.931e-01
2 1.48e+-2 9.755e-2 1.66157 1.03733 2.6989 1.867e+1 | 3.523e-01
3 2.79e+2 5.101e-3 8.63957e-1 | 2.6126e-1 1.12522 7.27367 1.032e+00
4 6.61e+2 2.0775e-3 7.9018e-1 | 5.467e-1 1.33692 3.3365 1.035e-01
5 1.633e+3 | 1.2063e-3 4.0901e-1 | 1.5066e-1 5.59686e-1 | 1.43803 7.281e-01
6 3.301e+3 | 4.01704e-4 | 3.1335e-1 | 2.0929e-1 0.22649e-1 | 5.8565e-1 | 3.786e-01
7 8.849e+3 | 2.62227e-4 | 1.8651e-1 | 7.58423e-2 2.6236e-1 | 2.8701e-1 | 5.261e-01
8 2.1457e+4 | 8.28842¢-05 | 1.0705e-1 | 4.007e-2 1.4713e-1 | 1.2285e-1 | 6.268e-01
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Figure 4.14: Adaptive Meshes: cycle 0,1 and 2 when 6 = 0.7.

Figure 4.15: Adaptive Meshes: cycle 3,4 and 5 when 6 = 0.7.

Figure 4.16: Adaptive Meshes: cycle 6,7 and 8 when 6 = 0.7.
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Figure 4.17: Computed solution.

In the above test examples, we observed the reliability of the estimator upto a certain
threshold of DOFS = 10°, except for the last example where the threshold is 10*. Beyond
this threshold, the discretization error dominates the estimator. This is possibly because

hr becomes very small.
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Chapter 5

Conclusion and Future Work

5.1 Conclusion

In this thesis, we introduced and discussed a linear biharmonic boundary value problem.
Then, we developed Interior Penalty Discontinuous Galerkin (IPDG) or C interior penalty
method for our fourth order problem. Rigorous analysis on H? conformity, continuity
and V-ellipticity is obtained. A reliable residual based a posteriori error estimator is
obtained and for our computations, we considered an adaptive mesh refinement. Finally,

we demonstrated our analysis by numerical calculations for some selected functions.

5.2 Future Work

As we have already mentioned, in this thesis, we did our analysis of the linear fourth order
problem. We will continue to develop C° interior penalty method and error analysis of a
nonlinear fourth order problem.

In my thesis work, we spent some time on numerical calculations with the following problem.

Let the Q be the L-shaped domain (—1,1)? ([0,1) x (=1, 0]) with the exact singular solution

u(r,0) = (r?cos? 0 — 1)3(r?sin? 6 — 1)?r1+2)g(9) (5.1)
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2 3m

5 and

where z = 0.5444837367 is a non characteristic root of sin?(zw) = 2%sin*(2w),w =

g(0) = [ ! N sin((z — Nw) — j_ . sin((z + 1)w)

Z — z

X [cos((z — 1)0 — cos((z + 1)0]

z — z+

_ [ ! sin(z — 1)6) - ! sin((z + 1)9)

X [cos((z — 1w — cos((z + 1)w]

This is a benchmark problem that has a singularity and we would like to apply the adaptive
algorithm to this problem.
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