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Abstract

A technique for the implementation of devices designed using transformation optics (TO)
is presented using metamaterial elements arranged using spatially variant lattices. A description
of transformation optics, including the design of arbitrarily shaped devices by solving Laplace’s
equation numerically, is discussed. Analysis of a variety of metamaterial unit cells using
frequency sweeps of the unit cells with the resulting permittivity and permeability values.
Metamaterial unit cells are also analyzed by the scaling of all the features of the metamaterial
elements in the unit cell and calculating the permittivity and permeability. Finite- difference time
domain (FDTD) and finite-difference frequency domain (FDFD) methods are described including
the simulation of anisotropic structures using FDFD. An arbitrary electromagnetic cloak is given
as an example device and is designed using the methods presented within to demonstrate the

toolchain.
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Chapter 1: Introduction

11 PURPOSE

Transformation electromagnetics, which is also commonly known as transformation optics (TO),
is a technique which allows electromagnetic fields to be sculpted using coordinate transformations that
determine how the electric and magnetic fields will bend within a device [1-3]. TO uses the invariance
of Maxwell’s equations to coordinate transformations to encapsulate all the effects of the coordinate
transformations into the material properties of the device itself. TO provides a graphical representation
of the behavior of the fields and calculates the material properties that must be used for the fields to
behave in the prescribed manner. This level of control over the electromagnetic fields allows devices
such as cloaks [4-9], lenses [10, 11], bends [12], beam splitters [2, 13, 14], concentrators [8, 15, 16],
and many others [2] to be designed. Figure 1.1 shows the coordinate axes for the famous
electromagnetic cloak described by Pendry [1] on the left and the response of the cloak to a wave
incident from the left simulated using the anisotropic finite-difference frequency-domain (AFDFD)
presented in Ref. [17].

Electromagnetic Cloak (TE Mode)

-0.5 :
£ 0
>..
0.5 =]
-0.5 0 0.5
X (m)

Figure 1.1: Electromagnetic cloak designed by analytical coordinate transformation [1, 17]

The vast majority of devices designed to date using TO have been derived using analytical
expressions [2, 18]. These expressions cannot describe the flow of energy through an arbitrary
geometry. This research describes a technique to numerically design an arbitrary device using
coordinate transformations defined by boundary conditions. A numerically generated coordinate

transformation is performed by solving Laplace’s equation using the finite-difference method. A
1



boundary value problem is constructed in which the boundaries of the device in the original coordinate
system are replaced by the boundaries in the transformed coordinate system. This technique allows for
the coordinates in the transformed system to be calculated [19]. Determining the Jacobian matrix of the
resultant coordinate transformation, the anisotropic tensors required to realize the coordinate
transformation are solved using the equations of transformation optics [1, 2, 20]. Figure 1.2 displays
two devices using transformation optics defined for arbitrary coordinate transformations [19]. The
figure on the left is that of an arbitrary electromagnetic bend and that on the right that of an

electromagnetic cloak. Both devices were simulated using AFDFD [17]

Figure 1.2: AFDFD simulation of devices using arbitrarily generated coordinate transformations [19]

The material tensors which are constructed are generally fully anisotropic tensors [21]. In order
to realize such materials it is necessary to determine a coordinate system in which the tensors can be
represented as diagonal matrices. The orientation of the coordinate system in which the off-diagonal
tensor elements vanish is known as the principal axes of the material [22, 23]. The principal axes of the
tensors are determined by solving an eigenvalue problem [22, 24, 25] at every point in the grid. The
eigenvalues are the permittivity or permeability in the direction of the eigenvector for that value. The
eigenvectors are known as the principal axes of the anisotropic material.

In addition to the materials determined by transformation optics being generally anisotropic, the
permittivity and permeability values which are necessary are not achievable using naturally occurring
materials [4, 26]. In order to manufacture a device designed using TO, materials must be used which

have the same electromagnetic response as that of the material tensors derived from TO. As the values



required for permittivity and permeability vary beyond the limits of materials which are naturally
occurring, engineered materials must be considered. The most promising class of materials to provide
the desired response are resonant metamaterials [27, 28]. These materials have a very wide range of
response, but only in the neighborhood of the resonant frequency. Another concern with this category of
metamaterial is that they exhibit high loss near the resonant frequency. Figure 1.3 shows a common
metamaterial unit cell known as an electric LC (ELC) metamaterial [29] where L represents inductance
and C represents capacitance. This metamaterial unit cell was simulated using Ansys HFSS
electromagnetic simulation software [30]. The dimensions of the unit cell used for the simulation were
w=0.25 mm, g=0.25 mm, 1=1.0 mm, d=3.0 mm, t=0.203 mm, and copper thickness 0.017 mm. The unit
cell was cubic with a lattice spacing of a=3.333 mm. The effective permittivity and permeability are
plotted in Figure 1.4 as a function of frequency.

[
>

Y

1€ 2] »|

Figure 1.3: An electric LC metamaterial unit cell [29].



0 10 20 30 0 10 20 30
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Figure 1.4: Frequency sweep of ELC metamaterial. The left-hand figure displays the permittivity of the
unit cell as a function of frequency and the figure on the right shows the permeability as a function of
frequency.

A metamaterial mapping is performed by doing a parameter sweep of the scaling of the
metamaterial cells at a fixed frequency leading to a parameter space in which the permittivity and
permeability values of the unit cells are determined by the physical features of the unit cells. Figure 1.5
displays an ELC metamaterial unit cell which has been scaled by 0.5, 1.0, and 2.0 for the left, center,
and right figures respectively. The permittivity sweep of this cell over scale is shown in Figure 1.6 for

both the real and imaginary parts of the permittivity.
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Figure 1.5: Scaling of ELC metamaterial. The leftmost figure is an ELC unit cell with a scaling of 0.5,
the center unit cell has unity scaling, and the rightmost unit cell has a scaling of 2.

30

20}

0 r’
10 - :
0.5 1 15 2

Scale

Figure 1.6: Permittivity of ELC metamaterial shown in Figure 1.3 for a parameter sweep of scale the
unit cell.

The metamaterials are arranged within the device according to the scaling and orientation which
provide the best- fit to the constitutive parameter at that position within the device. A spatially variant
lattice, as shown in Figure 1.7, is constructed for each of the material parameters to ensure that the
metamaterial cells are positioned and oriented correctly for the electromagnetic response required for the

device.



1.5

0.5

Figure 1.7: Spatially variant lattice used to determine the position of a metamaterial unit cell.

The overall design process is summarized in Figure 1.8. The spatial variation shown in Step 1 is
generated by calculating a coordinate transformation based on solving Laplace’s equation for an
arbitrary boundary value problem. Step 2 is implemented using the equations of TO with the
numerically generated coordinate transformation from Step 1. The material tensors derived in Step 2 are
assigned to metamaterials based on the response necessary. The proper scaling for the metamaterial is
chosen by using a best-fit method to match the effective material properties throughout the device. The
metamaterial elements are then placed throughout the device by using a spatially variant lattice to ensure

that the arrangement of elements are smooth, continuous, and defect free.

i = 7

'E;‘ H = jock VxH= ,r&..n:ﬁ

. A
& | | wTw

Figure 1.8: Block diagram of TO design process using metamaterials and spatially variant lattices to
realize the material parameters of the device.

| Step 1 ) Step 2: | Step 3: (" Step 4:
Define Spatial Transform Calculate Effective Material Properties Map Properties to Engi d M Generate Overall Lattice
| \
o e {VxE=—jout Vki= - joiiH a ﬁ‘\_ H&E /E a, =
E ' s < S

1.2 OVERVIEW

Chapter 2 provides the fundamentals of electromagnetics to understand the following chapters.
A detailed description of Maxwell’s equations in anisotropic materials is discussed. The constitutive

relations are discussed in detail and the wave equation is derived. Coordinate transformations, in



particular the transformation of vectors, tensors, and linear operators are explained. The theory of
transformation electromagnetics is derived by presenting the form invariance of Maxwell’s equations
and concluding with the equations for calculating the materials necessary to perform the transformation.
Finally, a discussion of the retrieval of the electromagnetic material properties of a metamaterial are
calculated using the scattering parameters for a metamaterial unit cell.

Chapter 3 provides a detailed description of the Finite-Difference Time Domain (FDTD)
Method. The method is rigorously derived and the formulation, as applicable to the scope of this
research, is provided.

Chapter 4 presents the Finite-Difference Frequency Domain (FDFD) simulation algorithm for
solving Maxwell’s equations with anisotropic materials. A complete derivation is given of the algorithm
and a method of implementing Total-Field/Scattered-Field boundaries is given which is simple and
intuitive. An improvement to the AFDFD approach of Ref. [17] is presented where the impermeability
tensor is created in order to replace the use of the matrix inverse with multiplication of a matrix which is
inverted prior to the creation of the wave equation. The two methods are compared and the performance
of each is discussed.

Chapter 5 provides a method of designing arbitrary transformation electromagnetic devices by
using finite-differences to solve Laplace’s equation for a boundary value problem where the boundaries
of the original coordinate system are assigned to those of the transformed system. A method of isolating
the calculation on Laplace’s equation to only the region of consideration is explained to increase
computational speed. Creation of the Jacobian matrix for the coordinate transformation is discussed.
The calculation of the material tensors derived using transformation optics is presented. Finally, several
examples are presented to benchmark and demonstrate the algorithm.

Chapter 6 introduces a method of synthesizing spatially variant lattices. The ability to spatially
vary the orientation, period, and fill fraction of a unit cell is discussed. Optimization of this algorithm
are also presented which dramatically reduce the computational time required to synthesize a spatially

variant lattice.



Chapter 7 presents an in-depth discussion of the device which is simulated to validate the
entirety of the tool chain offered in this research. The full toolchain is demonstrated in the
implementation of this device. Performance of the device is also discussed and compared between the
discrete metamaterial simulation and the effective media model.

Chapter 8 presents the summary of this research effort. Future work and other possible devices

are also discussed.



Chapter 2: Background Material

2.1  MAXWELL’S EQUATIONS

Maxwell’s equations describe the physical behavior of electromagnetic phenomenon [31]

V-D=p, (2.1)
V-B=0 (2.2)
vxE=_ B 2.3)
ot
vxH=3+P (2.4)
ot
The quantities in Egs. (2.1)-(2.4) are the electric flux density, D (C/mz) , the charge density per unit
volume, p, (C/m*), magnetic flux density B (W/m?), the electric field intensity, E (V/m), the
magnetic field intensity, H (A/m), and the current density, J (A/m?).

The time-varying description of electromagnetic fields can be predicted using Maxwell’s
equation combined with the constitutive relations which describe the effect of materials on
electromagnetic fields. The frequency domain representations of Maxwell’s equation are

V-D=p, (2.5)
V-B=0 (2.6)
VxE =—jwB (2.7)
VxH=J+ joD. (2.8)

Maxwell’s equations for systems with materials which have a negligible conductivity can omit

the current density and charge density terms. Maxwell’s equations for charge free space are

V-D=0 (2.9)
V-B=0 (2.10)
VxE =—jwB (2.11)
VxH = jwD. (2.12)

2.1.1 Constitutive Relations

The constitutive relations relate the electric displacement field D to the electric field intensity E

and the magnetic induction field B to the magnetic field intensity H as shown below

—

D(t)=&]¢ (t)]*E(t) (2.13)
B(t)= [ & (t)[*H(t) (2.14)

9



(2.15)

J(0)=[cO]*EQ).

Where the square brackets denote tensor quantities and the asterisk denotes convolution.
The permittivity of free space ¢, and the permeability of free space u, are both constants which

are derived from the speed of light in vacuum as
1 _ 299,792,458 (m/s) (2.16)
(2.17)

C, =
i \ Ho&o

o =47 %107 (H/m).

With both C, and y, defined exactly [32] the value of &, can be calculated from Eq. (2.16) to be
(2.18)

&, =8.854187817...x10"* (F/m).
As the relative permittivity ¢, , the permeability x4, , and the conductivity o can be nonlinear,

anisotropic, and dispersive it is much easier to work with the frequency domain representation of Egs.

(2.13) and (2.14) to reduce complexity by replacing convolution in the time domain with multiplication

in the frequency domain giving
D(@)=¢| ¢ (»)]|E(w) (2.19)
B(0) =t 14 () H (o) (220)
j(a)):[a(a))]é(a)) (2.21)

The quantitiesD, B, E and H are vector quantities which can be expressed in Cartesian
(2.22)

coordinates as
D=Dx+D,y+D,z

and similarly for the other terms. The terms X, ¥, and Z are the unit vectors of the coordinate system.

Permittivity
The permittivity of a material is the measure of the ability of an electric field to polarize a material.

In general, the permittivity is a tensor quantity expressed in Cartesian coordinates as [33]
(2.23)

Rewriting Eg. (2.19) as a system of equations using Eqgs. (2.22) and (2.23) leads to

10



x = €0 (8xx Ex + gxyEy + € Ez)

D
D go(gyXE +e,E +e,E )

X yz 1

y

DZ=6‘O(8 E,+te,E +e E)

X —X 7 1

(2.24)

Equation (2.24) shows that the direction of the fields D,, D, , and D, may be different than that of the

applied field E if the material permittivity is anisotropic.

Permeability

The permeability of a material is the measure of the ability of a magnetic field to magnetize a

material. The permeability tensor in Cartesian coordinates is [33]

Hx /uxy Hy,
[ )=\ 1y 1y Hy,
Hyx ﬂzy Hy

Similar to Eq.(2.24), Eq. (2.20) can be written as
Bx =ty ('uxxHx +/uxyHy +:uszz)
By =/uO (/unyx +:uyyHy +/uysz)

Bz :zuo(:uszx +:uzyHy +:uzsz)

2.1.2 Wave Equation

(2.25)

(2.26)

Perhaps the most profound result of Maxwell’s equations is that they predict electromagnetic

waves and in fact were used to conclude that light radiates as electromagnetic waves [34]. Rewriting EQs.

(2.11) and (2.12) including the constitutive relations Egs. (2.19) and (2.20) leads to

VxE =-jou,[1,]H
VxH = jos,[& ]E.

Solving Eq. (2.27) for H yields

which when simplified becomes

11

(2.27)
(2.28)

(2.29)

(2.30)



2

Vx([ﬂr]—l(VxE))—f—z[gr]E=0. (2.31)

Using the relationsw =271, 4, =¢,/ f ,and k, =27/ 4, equation (2.31) becomes
vx([u]"(VE))-K:[&]E=0. (2.32)
The equation (2.32) is the wave equation for the electric field in anisotropic media [35], which is also

known as the Helmholtz equation [36].
2.2 COORDINATE TRANSFORMATIONS

2.2.1 Coordinate Transformation

A coordinate transformation is a mapping from one coordinate system to another [37, 38].
Consider the two coordinate systems shown in Figure 2.1. In order to map the coordinate system shown

on the left side of the figure to that on the right, a mapping must be used such as

F=T(F) (2.33)
which maps the coordinate system defined as
F=xX+yy+22Z (2.34)
to the coordinate system
r=xX+yy+127". (2.35)

Figure 2.1: An example of two coordinate systems[38]

This mapping is specific to the coordinate systems being transformed. As an example, to map a

Cartesian coordinate system to a cylindrical coordinate system, the following equations are used

12



N
¢= tanl(%) . (2.36)

1=1

The coordinate transformation for cylindrical coordinates to Cartesian coordinates is given by
X = pCOS¢
y=psing . (2.37)
z1=12

Another example is the coordinate transformation from Cartesian coordinates to spherical

coordinates which is defined as
X =rsinfcos¢
y=rsingsing . (2.38)
Z=rcosé

The transformation from spherical coordinates to Cartesian coordinates is given by

r=yx’+y*+2°

0=cost| ——2 |,
X2 +y? 472

—tan-L(Y

¢ =tan K)

(2.39)

2.2.2 Jacobian Matrix

In order transform a vector quantity, function, or tensor from one coordinate system to another, a

quantity known as the Jacobian matrix must be used [39]. The Jacobian matrix is
hog oy hox

h ox, h,ox, hox

hyox, hyox, hyox;| h' ox
hoog hox, hox | hox
hy; ox; hy Ox;  hy OX;

% hox b ow

(2.40)

[A]=

for i, j=1,2,3 where X/ are the coordinates in the transformed system, X; are the coordinates in the

original system, h/are the scale factors in the transformed system, and h ; are the scale factors in the

original system.
13



The scale factors h/ and h ; are defined by the specific orthogonal coordinate system [36] and

are given as [40]

h = f{?ﬁ}. (2.41)

k=1
These terms are necessary for any expressions requiring line, surface, or volume differential
elements. For the Cartesian coordinate system, the coordinates are X; = {X, Y, Z} scale factors are
h = {1,1,1} and the squared differential arc length is
ds?® = dx® +dy® + dz°. (2.42)
For the polar cylindrical system of coordinates, X, = {p,¢, z} , the coordinate transformation to
Cartesian coordinates is
X = pCOoS¢
y=sing (2.43)

=1
and the scale factors are h, = {1, p,1} giving a squared differential arc length of

ds*> =dp® + p°dg® +dz°. (2.44)

2.2.3 Tensors

A tensor quantity is defined by its rank and how it undergoes a coordinate transformation. The
rank of a tensor determines how many terms are required to define that tensor. For three dimensional
space a rank n tensor has 3" terms [36]. A tensors of rank 1 is a vector and is transformed according to
[41]

3
T'= 2 AT, =AyT,
1= (2.45)
fori, j=1,2,3. In Eq. (2.45) a notation referred to as Einstein summation notation [42] is used in which
all repeated indices are summed over. Rank 2 tensors are generally expressed as 3x3 matrices, which

are transformed as

Tij = AikAjITkI (2.46)
fori, j,k,1=1,2,3. Expressed in matrix form, equation (2.46) can be written
T =ATA'. (2.47)

14



In general, a rank n tensor can be transformed by
Ti,'j,k,... = AilAijkn---Tlmn.,, . (2.48)
Finally, another concept which is used frequently is that of tensor density [43-45] or
pseudotensors [36]. A tensor density is a tensor which transforms as in Eq. (2.48), but which is changed
by an inversion transformation [46]. These tensors are classified according to a term referred to as
weight. Ordinary tensors which transform according to Eq. (2.48) are of weight 0. The transformation

of Eq. (2.48) can be further generalized to tensor densities of weight w using [43, 47]

Ti,’j,k,... = |det(A)|7W AiIAijkn"'TImn... ' (249)

2.3 TRANSFORMATION ELECTROMAGNETICS

2.3.1 Form Invariance of Maxwell’s Equations

From Eqgs. (2.27) and (2.28), Maxwell’s curl equations are

Vsz—ja),uO[,ur]H (2.50)
VxH = jos, [gr] E. (2.51)

According to [20] and the transformation of vectors in Eq. (2.45), the electric field intensity
transforms from the original coordinate system x. to the transformed coordinate system x' by
hog moxg x|

h ox hox  hdx

E
E =X hoo hox g (2.52)
E

E h, ox, h,dx, h,ox, EXZ
% h ox hyoxg hyoxg|Ls
h, ox, hy 0x; h; 0, |

E=[A] E' (2.53)
and similarly for the magnetic field intensity
H=[A] H" (2.54)
The material tensors [, ] and [z, | transform as weight +1 tensor densities [48] using the

transformation equation Eq. (2.49)
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[e.] =[det(A)]"[A][z ][AT
[1,] =det(A)“[A][][AT.
Solving Egs. (2.55) and (2.56) for [&,] and [x,] gives

o] =cet(A)[AT (2] (1] )|
[ ] =det () [A] (s ([T ) .
Substituting Egs. (2.53), (2.54), (2.57), and (2.58) into Egs. (2.50) and (2.51) leads to
V(AT €=~ ja det(A)* [T [ ([AT ) AT
V[A] A’ = joos, det(A) {[A]_l [e.] (AT )_l}[A]T £

which can be further simplified to

WA i
[AJ(V[AT -, =
T(A)H = joe,[&, ] E'.

The curl operator can be transformed as

!

A(Vx) AT
det(A)

Replacing the curl transformation in Egs. (2.61) and (2.62) with Eq. (2.63) yields
V'xE'=—jop, (1] H'

V'xH' = jos, [5r]’ E'.

(2.55)

(2.56)

(2.57)

(2.58)

(2.59)

(2.60)

(2.61)

(2.62)

(2.63)

(2.64)
(2.65)

Comparing Egs. (2.64) and (2.65) with Egs. (2.50) and (2.51) shows that Maxwell’s equations maintain

the same form regardless of the coordinate system.

2.3.2 Derivation of Transformation Media

From the results derived in the previous section the materials necessary to implement the effects

of a coordinate transformation on the electromagnetic fields within a device can be calculated using [1, 2]
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NN (2.66)
L L[et(][)A] -

These tensors are in general anisotropic and rotated from their principal axes to yield tensors with

Hermitian symmetry [49].
24 METAMATERIAL PARAMETER RETRIEVAL
2.4.1 Scattering Parameters

Scattering parameters are a method of classifying an electromagnetic device or network [50] at
its ports without any knowledge of the internal components of the device or network. Figure 2.2 shows

a two port device.

Port 1 Port 2

Figure 2.2: Block diagram for a two-port network. The superscript + signifies an incident voltage wave
and the superscript — signifies a reflected wave.

For a two-port device as shown in Figure 2.2 the following equation can be written

[VHS S}H 058
Vv, Sy Sy A . '

The terms in the scattering matrix are defined according to [50]

V.~
= (2.69)
J vy =0 for k=]

Scattering matrices are also used to characterize the response of a structure to radiated
electromagnetic waves as well. Consider the dielectric slab shown in Figure 2.3. The reflection
coefficient of the slab at the left most interface is [51]

r=1""h (2.70)
n+1,
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where the wave impedance of the slab is given by

n= /M (2.71)
gogr

1o = |22 ~1207 . (2.72)

and the free space wave impedance is

/

Figure 2.3: Dielectric slab of thickness d, relative permittivity &, , relative permeability . An incident

electromagnetic wave with wave vector k; undergo reflections and transmission which are characterized
by scattering parameters.

The transmission coefficient of the slab is [51]

t=exp( jkond). (2.73)
The scattering parameters for the dielectric slab are
(1-t*)r
Sll = 1_ r2t2 (274)
(1-r*)t
S, = T (2.75)
S, =5y (2.76)
Sy =3y (2.77)

Expressing the wave impedance and transmission coefficient in terms of the scattering parameters leads

to [51, 52]
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L |(2+s,) -8

n=x= (2.78)
(l_ S11)2 - S221
. S
t:exp(Jkond):ﬁ. (279)
H n+l

The choice of sign is important to ensure that the wave impedance [51, 52] and that the index of

refraction [52] correspond to a passive medium. The conditions determining the signs are given by

n'>0 (2.80)
n">0 (2.81)

where n' is the real part of the wave impedance and n” is the imaginary part of the refractive index.

Solving for n from Eq. (2.79) leads to

n= ﬁ{[ Im [In (Ca )} + szJ —j [Re[ln (g% )ﬂ} . (2.82)

0
Due to the nature of inverting a complex exponential the expression given in Eq. (2.82) has a
periodicity given by integer multiples of 27z . The ambiguity of this periodic function necessitates
solving for the correct branch. The wave propagating through a media is periodic therefore the phase at
any time is somewhat arbitrary. The periodicity of this phase leads to there being multiple possible
solutions to the material properties corresponding to the multiple branches given by (2.82) [51, 52]. The

permittivity and permeability defined in terms of refractive index and wave impedance are
& =— (2.83)

Mo =Nn. (2.84)
For a passive material, the imaginary part of both the permittivity and permeability must be

greater than zero. Writing the imaginary part of these terms [51, 52]

: #(um(n)Re(n)_Re(n)um(n)) (2.85)

w' =Re(n)Im(n)+Im(n)Re(7). (2.86)

r

The condition for which both Egs. (2.85) and (2.86) are greater than zero is given by
IRe(n)Im(77)| < Im(n)Re(7). (2.87)
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Chapter 3: The Finite-Difference Time-Domain Method

3.1 INTRODUCTION

The Finite Difference Time Domain (FDTD) method is a powerful simulation tool which solves
Maxwell’s equations in time domain form. Common applications of FDTD are metamaterial
characterization [53], antenna design [54, 55], lens design [56-58], and plasma physics simulations [59-
61]. FDTD allows for transient wave propagation to be modeled therefore it is very useful for modeling

devices which exhibit a wideband response.
3.2 FORMULATION

3.2.1 Maxwell’s Equations

Maxwell’s equations in time domain for a charge free space are

V-D=0 (3.1)
V-B=0 (3.2)
VxE = B (3.3)
ot
vxh =P (3.4)
ot
The constitutive relations are given by
D=[¢]E (3.5)
B= [] H (3.6)
where [e]=¢,|¢,] is the permittivity tensor and [ ] =z, [, ] is the permeability tensor. Although the

FDTD method can be used for generally anisotropic media, for the purposes of this dissertation only

materials exhibiting diagonal anisotropy must be considered.

3.2.2 Normalization of Electric Field Intensity

In order to reduce the effect of truncation and rounding error [62] due to the difference in
magnitude between the electric field intensity E and magnetic field intensity H one of the values must
be normalized to be of the same order of magnitude as the other. As the decision as to which field

should be normalized is arbitrary, the electric field intensity vector is normalized in this dissertation.
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The value used to normalize E is the wave impedance of free space 7, which relates E and H

according to

I my

o —H- (3.7)

The normalized electric field intensity can be expressed as

E-E. (3.8)
o
The electric flux density vector D is also normalized according to Ref. [63] as
D=c,D (3.9)
leading to the relationship
D=¢E. (3.10)

A further consideration is made for the magnetic flux density B and magnetic field intensity H
in order to place Eq. (3.6) in a form similar to (3.10) such that

—

B=uH. (3.11)

Substituting Egs. (3.8) and (3.9) into Egs. (3.3) and (3.4) leads to
1 0B

VxE=-=—2Z 3.12
c, ot (3.12)

vxH =P (3.13)
c, ot

where the curl term in Eq. (3.12) is altered in order to implement Eq. (3.11)
Expanding the normalized curl expressions (3.12) and (3.13) into their vector components leads

to

%, —%=—i@ (3.14)
oy oz c, ot
0E, OE, 1B, (3.15)
ox 0z c, ot
OE, OE, 1B,

X oy ¢, ot

(3.16)

for Eqg. (3.3) and
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oH, oH, 14D,

—I— = (3.17)
oy oz c, ot
oD
oH, oH,_ 1, (3.18)
ox oz c, ot
oH D
y_OH,__10D, (3.19)
ox oy c, ot
for Eq. (3.4). The constitutive relations can be expanded into components according to
D, =¢,E, (3.20)
D, =¢,E, (3.21)
D, =¢,E, (3.22)
and
H, = H, (3.23)
H, =u,H, (3.24)
H,=u,H,. (3.25)

3.2.3 Perfectly Matched Layers

To simulate many devices, it is essential that the electromagnetic energy reaching the boundary
of the computational grid be prevented from scattering back into the computational domain. A common
approach to this problem is to use the Uniaxial Perfectly Matched Layer (UPML) [64-66]. To
implement the UPML, a layer of material with loss is placed at the boundaries where the wave is desired
to be absorbed. The material must be such that the impedance is matched to eliminate reflections while
still providing loss [67]. This is done by introducing the concept of complex permittivity and
permeability according to

g =¢+]g (3.26)
o=ty (3.27)

While the loss introduced into the boundary region with complex material parameters effectively
absorbs the wave, it does so at a single frequency, angle of incidence, and polarization [67]. By using
anisotropic materials the absorption can be extended to encompass all polarizations, angles of incidence,

and frequencies. In order to account for waves traveling in any direction the PML tensors are defined as
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[s]

s, 0
[SX]: 0 s,
0 O
Sy
[sy]= 0 s}
0 O
s, 0
[s,]=] 0 s,
0 O

5%
SX

S.S

[SX][SV:I[SZ]Z 0 —

Sy

0 0

where the elements of Eq. (3.31) are given as

where At is the time step interval to be defined later and L, is the PML depth in the idirection.
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(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)



3.2.4 Incorporation of PML into Maxwell’s Equations

Maxwell’s equations must be written using their frequency domain representation to more easily

implement the PML from the previous section. Maxwell’s equations and the constitutive relations in

frequency domain are given by

D(w)=[&]E(w)
B

(a)) - [,ur] H (a))

where the current density term J is implemented using the relation

where o is the conductivity tensor given by

For a diagonally anisotropic conductivity tensor this becomes

o, 0 0
[0] =/ 0 Oy 0
0 0 o

7z

Normalizing the current density vector J with the normalized electric field intensity E leads to

J=n,[c]E.

Writing Maxwell’s curl equations (3.38) and (3.39) for each component yields
JE, () 6|§y (o)

:_J_wﬁgx(a,)

oy oz C, S,
OE, (0) _0E, (o) __Joss, B, (o)
oz OX C S
aEy (a))_aéx(a)) :—j—wﬁBz (o)
OX oy C, S,
oH,(w) oH, (o) - jos,s, «
- = E — D
ay 82 7700'xx X (Cl)) + CO SX X ((0)
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(3.38)

(3.39)
(3.40)

(3.41)

(3.42)

(3.43)

(3.44)

(3.45)

(3.46)

(3.47)

(3.48)

(3.49)



oH,(») oH, ()
oz ox
oH,(®) oH (0) -

ox oy c, S

Substituting Egs. (3.32) - (3.34) into Egs. (3.46) - (3.51) gives

~ E . 1] -1 4 !
OE, (@) 9 y(a)):_J_a’ 14+ -2 (1+ 2y ](1+ Z ]Bx(a))
oy oz C, Jog, Jog, Jog,
~ ~ . ' ' -1 '
GE(0) (o) __jof,, o (1+ Oy J (1+ 9, ]By(a))
oz OX C, Joeg, Jowe, Joeg,
E ~ . ' ’ ’ -1
0 y(a))_aEX(a)):_J_a) 140 (1+ 9 J[l—i_ 9, ] B, (w)
OX oy C, Joe, Joe, Joeg,
oH - - AN / ) .
oH, (@) _ y(w):nOJXXEX(w)+J£[1+Lj (l+ ' j[1+ s JDX(a))
oy oz C, Jos, Joe, Jowe,
. ' ' -1 ’
Hlo) He(0)_, o e (0)+3214-T | 14-2) (129 |6 (o)
oz X v C, joe, joe, joe, )

OX oy

My(0) Mo) o (a))+ja)(1+ 5 ][H it J[“ o, } 5. ().

Jog,

3.2.5 Conversion to Time Domain

In order to solve Maxwell’s equations with PML included in the time domain the equations

(3.50)

(3.51)

(3.52)
(3.53)
(3.54)
(3.55)
(3.56)
(3.57)
(3.58)
(3.59)
(3.60)
(3.61)

(3.62)

(3.63)

(3.52) - (3.63) must be converted to time domain expressions using the inverse Fourier transform. In

order to illustrate this process Eqg. (3.61) will be used. The conversion of the remaining equations is

similar.

Starting with Eq. (3.61) below
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0H,(w) oH, ()

oy

. ' -1 / '
v\ £, (0)+32] 1+ -2 1+ 1+-2 |B, (o
0z o0 (@) C, joe, joe, jos, (@)

the curl operator can be written as

Rewriting Eq. (3.64) with (3.65) and rearranging terms gives

(1+ JCH =1,
joe,

Multiplying all terms in (3.66) leads to

.= o, +0, ~ 0,0, ~
c,Cl+ ja)go CoCr =1,04Ey (@) + jawD, () + - (@)+ ngé D, (@)
Using the following properties of the Fourier transform
Flo()}=6(e)
Flag(t)}=aG (o)
oo e
F{[' 9(r)dr|=-—6(o)
—» JCD
Eq. (3.67) becomes
¢ C" (t CoO, _[ cr r)dr = WoO'XXEx(t) 8Daxt(t)+0 +0, ~X(t)+02(27y J’_‘w Nx(r)dz’

o, (@ )+ja)[1+ oy J(u %, jf)x(a)).

Joeg, Jog,

Rewriting Egs. (3.58) - (3.63) and Egs. (3.52) - (3.57) in the time domain yields
oB,(t) o, +o;

+

J- B, (7)dz =—c,C (t) CO&J‘t Cs (r)dr
&

ot o
6Bét(t)+a :chz B, (t)+%rm B, (r)dr =—c,CE (t)—cl—o-;J-thyE(T)dr
AL z<t>+“§;J;Bz<r>dr:—coc5<t>—ﬂf;cf<f>df
a[N)axt(t)+6’g+00; ~x(t)+agga "B, (r)dr+mo,E, (1) =c,Cl (1) + CGI C.
P, 25, (0 B[ 6, (r)armen €, (0= (0+ 224
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r)dr

r)dr

(3.64)

(3.65)

(3.66)

(3.67)

(3.68)
(3.69)

(3.70)

(3.71)

. (3.72)

(3.73)

(3.74)

(3.75)

(3.76)

(3.77)



aDazt(t) . "i;"Q 5, (t)+";_:jv [ B, (r)dr+no,E, (1) =cCh (t)+% [ cli(r)de (378)
D, (t)=¢,E,(t) (3.79)
D, (t)=¢,E,(t) (3.80)
D, (t)=¢,E, (t) (3.81)
B, (t)= s, H, (1) (3.82)
B, (t)=,H,(t) (3.83)
B, (t)=,H, (t). (3.84)

3.2.6 Approximation of Maxwell’s Equations with PML

To solve Maxwell’s equations with the PML added numerically the equations must be
discretized and approximations must be made for the derivatives and integrals in the expressions. The
fields are arranged using a formulation known as the Yee grid [68]. The Yee grid allows the divergence
equations in Maxwell’s Equations to be satisfied as well as satisfying physical boundary conditions [68,
69]. The Yee grid shown in Figure 3.1 uses staggered positions for the electric and field components

which provides a graphical and intuitive interpretation of Maxwell’s curl equations [69].

Figure 3.1: The Yee grid shown in three dimensions [68, 69]

With the field components arranged according to the Yee grid, Maxwell’s equations with the

PML terms are able to be discretized and approximated. Consider Eg. (3.73) as shown below.

B ! '
9 gt(t) . + 220 ' B (r)dr=—c,CE (1) - %[ CE(r)dr, (3.85)
&o &
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Each term which must be approximated is denoted by a different color. The term which is colored red

can be approximated using finite-differences to be

i,j.k
0B, (t) ~_X t+JAt/2 B
o At

It is important to note in Eq. (3.86) that the value of B, must be known at the half time step intervals

i,k

XIt—At/2 ) (386)

before and after time t in order for the derivative to be defined at time t. Using the fact that B, and
therefore H , are defined at half time step intervals, the approximation for the term colored orange in Eq.

(3.85) can be approximated at time t by interpolating the term at times t + At/2 and t — At/ 2 according

to
= (3.87)
The integral equation in the green colored term of Eq. (3.85) can be approximated using a
summation to be
ool ot Uz'|i'j’k a"i'j'k bguz €A
—Zzyjf B,(r)drz——1— > B[ (3.88)
go * 80 T=At/2

There exists a problem with Eg. (3.88) in that the summation contains a term which extends beyond the
time being evaluated. In order to rectify this discrepancy, the term existing at time t =t + At/ 2is

removed from the summation and is interpolated to time t yielding

S gk ijk ijk ijk
r B /
O‘ny J: B, (z’)dr ~ 0z| Zo-y‘ |t+At/2 |t a2 At tf ’ B |' KAt (3.89)
& & 2 TZAL2

The term At/2multiplying the interpolated B, term is relevant because the term is integrated over a

half time step. Simplifying (3.89) leads to

ik ik i,k ijk
ol o, At| B +B i
JZ(:Y J:t Bx (T)dTE | ‘ [ Xlt+At/2 |t At/2 + Z B | Jk:l (390)
&y * 50 4 T=At/2
The blue term in Eq. (3.85) is approximated using
¢,CE (t)=c,CE[ ™. (3.91)

i,j.k
The curl term C;|

is approximated using first order finite-differences to be
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~ i, j+1,k ~ i j.k ~ i, j,k+1 ~ i, j.k
e _E, E E E

Ay t _ y|t o y|t ) (392)

t z

CE

Approximating the term colored magenta in Eq. (3.85) leads to

i,k

%, j CE dr_&Zcf At (3.93)
&y T=0 T
which can be simplified to
, i, Jk
S (' CF(r)dr=t U' ZCE'” (3.94)
&y -

Rewriting Eq. (3.85) using the approximations in Eq. (3.86), (3.87), (3.90), (3.91), and (3.94)

leads to
ijk ijk
X|t+At/2 B X|t—At/2 "

At

A ik i,j.k ij.k

+ Z| ‘ At| B |t+At/2 |t A2 Z B |'Jk . (3.95)
80 T=At/2
K o |IJk K
¢ Crl. " ZCE o

The approximate value of Eq. (3.79) is

ij.k

ijk |i,j,k =~

X t 8XX X (3' 96)

t

The remaining equations are derived similarly.

3.2.7 Deriving the Update Equations

To solve Maxwell’s equations using the Finite-Difference Time-Domain method, the value of

the fields at the future time step must be determined. Consider Eq. (3.95) as written below
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ik ik A rlivik ik ik
| | o B L+ B

xleratz — Pxleat/z + Y t+At/2 Xlt-At/2
At & 2
Pk ik i,j.k i,j.k
Aoy At B[ B[ ik
+ : t+AL/2 Xlt-At/2 + Z B | (3.97)
&y T=AL/2
CE i,jk C o | ZCE ijk
where the future time step is colored red. In order to isolate the term B |' JAT/Z in Eq. (3.97) the expression

must be expanded by multiplying out and rearranging all terms. This leads to

, |1k Sk Sk ik
1 Gy z z y At i,j.k
A_t+ 2 + 452 X|t+At/2 N
0 0
i ik i k(K
L e [ (3.98)
At 2¢, 4g} Hlt-atr2 '
BLNAS /'j'k Ijk
t—At/2 e o At ik C o ik
Y s S 2
T=At/2 &y '
Solving for B |t ., IN Eq. (3.98) yields
ij.k Ijk ijk Ijk i,i,k ij.k ij.k ijk ij.k
BJyoaz = Mea " Byl ap ¥ M| Cy X FMaa| " Heady™ + Maa ™ Vol (3.99)
where
, ik TN Siik [k
i 1 © +0 At
ool = - SR 1 (3.100)
At 2¢g, 4g,
i,k Sk Sdk bk
ijk 1 1 O'| O'Z| Z| At
Bx1| = i,jk 2 - 2 (3101)
- At & 4e,
k C
Mg = ——2— (3.102)
on|
1 c, o bk At
K
Bx3|IJ - ik L X (3103)
Bx0| o
ik bk
ik 1 o At
bl = —— ) (3.104)
on| &
ijk : gli-ik
CEx| = ZCX (3105)
T=0
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ik t-At/2 ik
IBX|t—At/2 = z B | (3-106)

T=At/2

The update equations for the other field components are found similarly.

3.2.8 Summary of Update Equations

Bx
B ijk i,jk B ik i, Jk J':k ij.k i,jk ik ijk
X|t+At/2 BX1| |t At/2 BX2| BX3| CEX|t BX4| BX|t—At/2
i,jk ik Sk ik
|i,j,k 1 " o ‘ O-z| z| y‘ At
BX0 . 2
At 2¢, 4g;
S [iik Sl 0k Jhik ik
|| N k 1 1 O-y‘ z| z| y‘ At
Mg,y K| A - 2
My At 2¢g, 4e, (3.107)
ik
ik _ G ik _ 1 ooy At
Bx2| - i1k Bx3| - i,jk <
Bx0| on| 0
Pk |k
ik 1 O'z| Gy‘ At L ! CE ik
me4| - i,j.k 2 CExL —Z X |r
me0| 2 T=0
~ ik~ ik = ikl = ik
|IJk tiUZBer CE'Jk Zlt _Ezt EYL B yL
X |[t—At/2 1= Ay AZ
By
ijk -m ‘i,i,k ‘i,j,k +m " Jik CE" h k ‘i,j,k | ‘i,j,k m ‘i,j,k ‘i,j,k
Yieat2 —  BYL Ylt-atr2 By2 By3 Cey By4 BY lt_atr2
i,j,k i,j,k i,j,k i,j,k
ik 1 o' +o o[ ol At
ByO‘ =—% +
At 2¢, 4gt
i,j.k i,j.k plivik ik
i ik 1 1 o D A
Byl i,jk
g ; O‘ At 2¢, 4t
y
- (3.108)
(i
ijk C, ik 1 (o O'y‘ At
mByZ‘ - ik mByB‘ - ik A
mByO‘ mByO‘ 0
ik ik
ik 1 0;| a;| At | ik o cE iLj.k
mBy4‘ o i,j.K &2 CEyL - Z y ‘T
mByO‘ 0 T=0
~ ikl o~ ik = qitLik o~ ik
ik R epix B BT BB
o= 2 B Gl -
Y t—At/Z AZ AX
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B.

B i,j.k Ijk ij.k i, jk ,J',k i,k ij.k ij.k ij.k
oz = Meaa|  Bal s + Mo 7 C X +Mgya| ™ legs, 10 T
AU ' ik ik ' ik
Lk 1 Gx y‘ ><| y At
Meo| Tt 2 4¢?
&o €o
S1ihdnk , ik fidk Tk
|| jk 1 1 Gx| y‘ ><| y At
Mey ik N - 2
BZO| At 2¢, 4e, (3100
i,j,k
|l ik Co Lk _ 1 G o | At
Mg, » STk Bz3| - ik
[ e
Bz0 Bz0 0
ijk ,qidk
i.j.k 1 o ‘ At RS cE[
mBz4| - ij.k 6‘2 CEz|t - Z z |r
BzO| 0 T=0
~ i+l ]k ~ i),k ~ |, j+Lk ~ i,k
| |ijk ZB|IJ|< CE'Jk_ Yt B Y‘t _*h — xk
Bz lt-at/2 AX A
TSAU2 y
Dx
SRLE ik x|k (NN SPSTIAS ik ijk ik ik =~ fiik
Kleeat DXI‘ D, t DXZ‘ Cy trat/2 DX3‘ CHX‘t—At/Z + mDX4‘ Dx‘t—At +Mpys B, t
S ik ik Slik ik
vk 1 0oy +o0, y Z‘ At
on‘ =—t 2
At 2¢g, 4
P AN ik Sk ik
‘i,j,k 1 1 oy Z‘ oy O'Z‘ At (3110)
Dx1 k| Ar - 2
on‘ At 2¢, 4g,
iik
ijk Co ik 1 Co O':( At
sz‘ - ik mes‘ - ijK c
on‘ on‘ 0
Sk ik
ik _ 1 oy z‘ At ik = [k
me4‘ - K 2 Mpys = o Oxx E, \
meo‘ €
) t-At/2 ijk i,j-1k ijk i,jk-1
ik _ TR bk 5 [k H[b ke Taliaye ™ Mlaliaue Yiearz " Yleate
ICHX‘t - ZCX T IDX‘{—AK/Z - Z D, T o tat/2 A - A
T=0 T=At/2 Yy z
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ik o~ ik ik ik ijk | ik ijk | ik E iLjk
Dyl‘ Yt + mDyz Y ltati2 DY3‘ CHV‘t—mlz + mDy“‘ Dy‘t—m + mDy5 i
ik ijk ik ik
ik 1 oy +ol oy ol At
DyO‘ =—+ 2
At 2¢, 4e,
ik i ik Sk ik (3111)
ik 1 1 O'x‘ +o-z‘ o-x‘ o-z‘ At
mDVl‘ K Xt_ 2 - 457
mDyo‘ o o
ik
i jk _ co ijk _ 1 C0 O'y At
Dy2 - 3 mDyS‘ - 3
| [ 5
Dy0 Dy0
ik ik
i,jk 1 6;‘ 6;‘ At ik ik
Dy‘*‘ = ik 22 Mpys =17 Uw‘ EY[
mDyo‘ 0
- ) - Az - ik ikl ik etk
| ik ,Z“CH"'J’k | ik D ik H|bE HX‘HAt/Z X‘HA[/Z _ Z‘um/z Z‘um/z
CHyle T vl DY l-atrz vir Y lteatz — Az AX
T=0 T=At/2
D,
~ ik ijk x|k ik Ak ik i jk i,jk i,k ~ i)k
2]y At - szl‘ Dz t + szZ‘ cz 1 AL/2 + mDZ3‘ ICHZ “,A;/z + sz4‘ IDZ‘I,AI + szS Ez i
ik ik ik ik
k1 o +oy e A
szO‘ =—+ 2
At 2¢, 4g,
ik S ik Jliik ik (3112)
‘i‘j,k 1 1 o +o e At
Dz1 - K| As 2
Mogo| At 2¢, 4g,
ik
ik Co ik 1 COO'Z" At
Mo " =——5p Mo " =———5¢ -
Dzo‘ DZO‘ 0
Sk fidk
i,j.k 1 Oy oy At i,j.k é i, j.k
sz4‘ - ik 2 Mpzs =17 O_zz‘ 2y
DZO‘ €
ik i-Ljk i,jk i j-1k
Wik _ g ok ik RS ik Lk Vleeauz ~ 7y oz = Hy
ICHZ‘Y ' :zcz Dz‘ ,/ — ] ! — t+AL/2 t+AU2 t+At/2 t+At/2
t t-At/2
— T ey t+At/2 AX Ay
Ex
~ ik |i,j,k ~ [i,].k
Xt at Exl Xltrat
ijk 1 (3.113)
EX1| - ijk
xx|
Ey
~ ik |i,j,k ~ 1,k
Ylt+at Eyl Yltrat
ivik 1 (3.114)
Eyl| a i,k
&
vy
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E.

~ |k |i,j,k ~ |k
Zlpat  EAL Ztyat
ij, k 1
Ezl| i,j.k
zz|
Hx
H |le |i,j,k B |i,j,k
Xlt+At M Xlt+At
i,j, k 1
Hxl| ij.k
xx|
Hy
ik ijk ijk
-m |
Yltrat Hyl Ylesat
ik 1
mHy1| ij.k
1|
H;
H |i,j,k |I NE k |I ik
Z [t+ At Hzl Zlt+At
i, k 1
Hzl|

i,jk
zz|

3.2.9 Total-Field/Scattered-Field Source

In order to implement a plane wave source in which the effect of a scattered wave may be

(3.115)

(3.116)

(3.117)

(3.118)

characterized with FDTD a method known as Total-Field Scattered-Field (TF/SF) is used [63, 70].

TF/SF allows for the computational domain to be divided into two regions: the total-field region and the

scattered field region. This has the effect of allowing for the propagation of a one-way source

originating on the TF/SF boundary and traveling away from the boundary as shown in Figure 3.2. This

figure shows the construction of a periodic unit cell within an FDTD grid on the left and the effect of the

TF/SF boundary on propagating waves on the right.
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Figure 3.2: Total-Field/Scattered-Field Implementation. The figure on the left shows a typical periodic
unit cell with PML on the £z boundaries, a reflection plane, a transmission plane, periodic boundary
conditions on the £x and +y boundaries, and a TF/SF boundary. The figure on the right shows the

effect of the TF/SF boundary on propagating waves as shown in Ref. [63].

Consider the finite-difference approximation of Maxwell’s curl equations at the TF/SF boundary

which is the x-y plane between positions k. —1 and K,

CE

t

H
X

H
y

H
z

t+At/2

ivjyksrc_l

i JiKere _

trAt2

i, J Kere

t+At/2

i JiKere _

o kel o~ kel o~ (hKge o~ [l iiKge—L
Zlt B EZ t Yt B Ey|t
Ay Az
£ Likge o fhikge=l o~ i+ jikge—1 £ i, jkge—1
Xt Xt Zlt Zlt
Az AX
i+L kgl ~ ko=l o~ (L jtLkge-l o~ (i jikge-1
Yt B Ey|t Xt B EX t
AX Ay
- N 13 Ksre B Jkse L
zltratz Nz lrat Vieaz " Vleauz
Ay Az
ijk i kg1 ijk i-1,j .k
H, |t+JAt7; — Hx|t+JAtj; _ H, |t+JAtjr; -H, |t+AtJ/2Src
Az AX
ke i-1, ]k ik i Ly,
Yit+At/2 Yit+at/2 X lt+At/2 X lt+At/2
AX Ay

(3.119)

(3.120)

(3.121)

(3.122)

(3.123)

(3.124)

The field quantities in Egs. (3.119) and (3.120) colored red exist on the total-field side of the

boundary while all other terms exist solely on the scattered-field side. Similarly, Egs. (3.122) and
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(3.123) contain terms, colored blue, from the scattered-field side of the TF/SF boundary while the
remaining terms are on the total-field side of the boundary.

To ensure that all terms in Egs. (3.119) and (3.120) reflect the correct side of the TF/SF

i ’ J vksrc =
and EX°
t y

.v .vksrc
1 : must be subtracted

boundary that the calculation occurs on, two source terms E*°

from the total-field terms. This correction leads to

~ ikl i kgL ~ fiikee  =gpe |k ~ ikl
E i jiKge =1 AN _Ezt (Eyt _Ey t )_Ey|t
o - - (3.125)
t Ay Az
~ | jvksrc _ Esrc 1] ksrc _ = irjvksrc_l ~ i+1,j,ksrc—l ~ i,j,ksrc—l
E i kg1 Xt Xt Xlt [ _EZt
o = - . (3.126)
t Az AX
These equations can be further simplified to
=~ ivj+1vksrc_l = ivjvksrc_l = ivjvksrc = ivjxksrc_l
- _E E | _ | .
Cf IYJ'kS'C?l = z t z t _ y t y t +i E;fc i ksre (3.127)
t Ay Az Az t
=~ ivjvksrc = ivjrksrc’:l- = i+l,j,k5m*1 = ivjvksrc’]- s
. —E E —-E i ksre
i, JKere—1 X X z z 1 -
cyE| = ! —h t ——E" (3.128)
t Az AX Az .

Correcting for the total-field terms in Egs. (3.122) and (3.123) by adding the source terms

kg1 i kg1 ] .. .
HY ™ and H | ™ to the scattered-field terms. This is written as
t+At/2 Yo lt+at/2
i'j'ksrc i!jvksrc_l src IYJYksmil
i, ] Kere |ivj_lvksrc y -
i — t+At/2 Ylt+At/2 y
Ho Dk HZ|’[+A’[/2 H, t+At2 t+At/2 (3.129)
X - .
t+At/2 Ay Az
ii ii _ i, j,Kge—1
N ||vJvksrc _ ||vlvksrc 1 src | Ksre H i, Ky H i1, K
H [T Ksre . XIt+At/2 Xlt+At/2 X s At/2 2lisat2 — "V zlieats2 (3 130)
Y ltratrz AZ AX . .
Simplification leads to
o irjvksrc ivj’lxksrc i,j,ksm _ i'jyksmil 1 o
H I!J'ksrc z - z y y src 'vJvksrc{L
! — t+At/2 teAti2 t+At/2 tAt2 H ; (3.131)
t+At/2 Ay AZ AZ t+At/2
. |ivjvksrc _ |ivjvksrc_l |ivjvksrc _ |i_1vjvksrc l .
ke Plxdiauo xlerat/z  zlat2 Zleratiz H sre dksro =1 (3.132)
y - X )
t+At/2 AZ AX AZ t+At/2

The expressions given in Egs. (3.127), (3.128), (3.131), and (3.132) are simply the curl equations

with the modification of the source term at the TF/SF interface. For the source terms to be consistent
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and exist at the proper place and times they must be defined correctly. For an electric field source with

polarization vector

—

P(F)=PX+PRJ (3.133)

the source terms can be written as
£ =P g(t) (3.134)
e[ =P, g(t) (3.135)

where ¢ (t) is the waveform being injected into the simulation. Since the electric and magnetic fields

exist at one-half time steps from one another and at different positions within the Yee grid, the magnetic

field source term must be modified to account for this difference. Defining the term
AN
st = A2 | AL (3.136)
2c, 2

where n.  is the refractive index at the TF/SF boundary, the magnetic field source terms are given as

i dikgre =1 r.inc

et p, [ gt ot) (3.137)
Heinc

i Jikgre =1 r.inc

Uetp /ﬂr -g(t+6t) (3.138)

with ¢ ;. and g ;. being the permittivity and permeability, respectively, at the TF/SF interface.

r,inc

inc

src
X

SI’C
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Chapter 4: Simulation of Anisotropic Devices Using Finite-Difference Frequency-
Domain

41  FORMULATION

Finite-difference frequency-domain (FDFD) is an easy method to implement, yet extremely
powerful tool for the simulation of electromagnetic devices [71]. FDFD can be extended to simulate
anisotropic devices such as those presented in Chapter 5 as described below and in Ref. [17].
4.1.1 Maxwell’s Equations

Beginning with Maxwell’s curl equations in the frequency domain in a charge-free space

VxE=-jwB (4.1)
VxH = joD (4.2)
and the constitutive relations
D=[¢]E (4.3)
B=[u|H (4.4)
where the permittivity tensor is
gxx gxy 8xz
[e]=ele]=5]5x &, &y (4.5)
gzx gzy gzz
and the permeability tensor is
/uxx :uxy /uxz
[ﬂ] = /Uo [/ur] = IUO zuyx /uyy /uyz (46)
/uzx luzy /uzz

a rigorous method for the simulation of three-dimensional anisotropic devices will be developed. In
order to minimize truncation error [72] the magnetic field intensity and electric field intensity should be
roughly the same order of magnitude. Normalizing the magnetic field such that

H =—ji,H (4.7)
where 7], is the free space wave impedance given by 77, = \/m ~ 377 €. Using the relation

k, = @/ c,and rewriting Egs. (4.1) and (4.2) with the inclusion of Egs. (4.3) and (4.4) along with the

normalized magnetic field intensity Eq. (4.7) gives
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VxE =k, [,]H (4.8)
VxH =k [£]E. (4.9)
To further simplify Eqgs. (4.8) and (4.9) the grid coordinates are normalized with respect to k,

giving

(4.10)
(4.11)
(4.12)

k0
kO
kO

N <t X
Il
N < X

Rewriting Egs. (4.8) and (4.9) with the normalized grid coordinates of Egs. (4.10) - (4.12) leads
to
IE (4.13)
VxH =k [£ ]E (4.14)
where the partial derivatives in the curl operator are with respect the normalized grid coordinates.

4.1.2 Uniaxial Perfectly Matched Layers

To limit the domain of an electromagnetic simulation, some form of absorbing boundary
condition must be used. A very powerful, yet easy to implement, approach is to use the UPML [17, 65,
66, 71]. The UPML is an absorbing boundary which incorporates loss in the boundary region while
minimizing reflection. The UPML is also independent of the angle of incidence and polarization of the
energy incident on the UPML region [64]. In order to implement the UPML, Maxwell’s equations (4.8)

and (4.9) are modified using the tensor

S S
g g
SX
S, S
[s]=| 0 == 0 (4.15)
S
y
S.S
0 o0 >
L SZ_

where
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sx(x):sxo(x)[l—j OO-;(X)] Sxo(x):1+smax' X
' (LX (4.16)

L
Sy(y):Syo(Y)[l_ jnoo_;(y)] Syo (¥) =1+ S (l—l}
(4.17)

SZ(Z)zSZO(Z)[l_ JUOO';(Z):I SzO(Z)=1+Smax.(Lij
(4.18)
o.(z)=o, sinz(”—zJ
z max 2LZ

Several terms in Egs. (4.16) - (4.18) can be adjusted to control the performance of the PML.

Ranges for these values which are standard are [71]

1<p<5 (4.19)
0<s,, <5 (4.20)
Oha =1. (4.21)

The terms Ly, Ly, and L; are the lengths of the PML regions in the x, y, and z regions
respectively. The PML tensor is incorporated into Maxwell’s equations by multiplying with the material

tensors to give [17]

S,S S.S S S
y©z x°y
My My == My,
SX SZ
’ur ’ur lur y
XX Xy Xz S s S s S S
’ — ! [ ! — y-z XYz Xy (4 22)
L] =] ety | =\ =y -
X y z
JZ T
SYSZ Ssz SXSV
Hax :uzy Hy
s, s, S, |
SySZ S, S, SXSy
gxx 8xy 8xz
S, S S,
g' g' g’ y
1l _ ):X )l(y )I(Z _ SySZ SXSZ SXSy 4 23
[gr]_ Ey &y by |T| € €y &y, ( )
' ' i Sx Sy Sz
gzx gzy gzz Ss .S
S. S
y©z Xy
gzx gzy — gzz
L SX y SZ |




leading to writing Maxwell’s equations in the form
(4.24)

(4.25)

<
X
Ty M
Il
X
T

<
X
m

4.1.3 Finite-Difference Approximations
Figure 4.1 shows the three-dimensional arrangements of the electric and magnetic field

components within a single cell using the Yee grid which was described in Section 3.2.6.

5]

Figure 4.1: Three dimensional Yee grid showing the placement of the field components within a cell of
the computational grid as well as the tensor component locations [17].

Expanding Eq. (4.24) into each of its vector components leads to

oE, OE, o - .
5 _E=luxxHx+luxyHy+luszz (4.26)
aaEZX _8;(2 :,u;XH~X+,u;,yH~y+/1;ZI:IZ (4.27)
%_%zyz’xﬁx+ygyﬁy+u;ﬁz. (4.28)
Likewise, Eq. (4.25) can be expanded as
GI:lz —8|:|y =¢ E +¢ E +e& E (4.29)
oy oz eSS
a:;* - aaH;(Z =&, B, +e B +é&E, (4.30)
al:ly—aqu—g’E +& E, +¢ E. . (4.31)

7~

O ay_zxx zy —y
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With Eqgs. (4.24) and (4.25) fully expanded, the equations (4.26) - (4.31) can be approximated

using a centered finite-difference approximation [62]. Referring to Figure 4.1, equation (4.26) is defined
at the position of H''*in the Yee grid cell. In order to approximate Eq. (4.26) rigorously, the values of

X

I-~|y and H, must be determined at the position where the expression is evaluated, which in the case of

Eq. (4.26) is the location of H!'"*. Similarly, all of the other field values must be evaluated at the

positions where the equation being approximated exists. In order to address the discrepancies of having

field components staggered throughout the grid the values are interpolated to the position at which the

equation is to be evaluated.

Implementing the interpolation approach described above Eqgs. (4.26) - (4.28) become

i, j+Lk i ik ijk+l ik r i1k o ik ro i1 j+1k 1o i +Lk
EZ _Ez _ Ey Ey :ﬂl l:li,j,k_'_/uxyHy +/uxyHy +quyHy +,UXyHy
Ay AZ o 4 432
' H'i,j,k ' H~i—l,j,k ' H'i,j,k+l ' l_'ii—l,j,k+l ( ' )
+/"XZ Z +ll'lXZ Y4 +/’lXZ Z +/"XZ Z
4
i Kk+l ik i+1,j .k ik rg ik Ji.i-1k Ji+Ljk i+ j-1k
E)I(J * —E:(J _E;*lj _E;J _lu, Hi’j’k+quHX +:u;/xHx +:u;/xHx +:u;xHx
AZ AX vy 4
Py ik Ji.i-1k ik i i-Lk+1
+/’lysz +/’l;’ZHZ +N;ZHZ " +Il’l;ZH
4
(4.33)
i+1,jk _ ik i, j+1k i,jk roy ik Py k-1 roLY Lk ropLy i+ j k-1
Ey Ey _ Ex +Ex :/U’ l:li,j,k +:uszx +:uszx +:uszx +:uszx
AX Ay ot 4
r g0k r g0 0+Lk r g0k r g0 k-1
_’_'uzyHy +/uzyHy +'uzyHy +'uzyHy
4
(4.34)
and equations (4.29) - (4.31) become
Jiik  pJii-1k Jigk _giik- 1 ik r i j-Lk 1 itk ¢ it j-1k
H*—H] ~ H, H, _ Ei]j]k+gxyEy +e B e B+ e B
Ay AZ X 4
o Elik g Elik o ik | o pisLikL (4.35)
XZ 4 XZ /4 XZ /4 XZ 4
4
Jijk Ti.jk-1 Tk Ji-Lj.k i i,j,k ' i,j+Lk ' i-1,j,k ' i-1, j+1,k
H M -H T HY -H) _ EivJkargVXEX +e, BT e BT ey E,
AZ AX ey 4 (4.36)
1ok 1okl r i, j+Lk r i, j+Lk-1 )
A I = e oF - =&
4
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Jik _ 1 gi-lik Fi.jk Ji,j-Lk 1 =ik 1=, gkl 1 =i-1,jk r =il k+l
H H,™ HM-H en B +el EVV el B el E

y = X e X =€£ZE;'j’k+ X X X =X 4zx X X =X
X
y i,j.k i,j,k+1 i,j-1k lk1(437)
e, 1 i, gkt r i, j, 1 i, j-1k+
N L S oW =N ) = oF W =
4

4.1.4 Derivation of Matrix Operators

The finite differences in Eqgs. (4.32) - (4.37) can be written as matrix operators to perform the

derivative approximation point by point throughout the grid. For a computational grid with size Ny x
Ny x N the magnetic field intensity components I:I)i('j'k, I:Iiy'j'k, I:|iz'j'k can be rearranged into column

vectors ﬁx, Fly, ﬁz such that [71]

i oll ] ~1ol
H 22 H}f 2
X
111 ~§0£
~ J7272 ~ 272
h, = H, hy = Hy
1.1 1 1
G N, LNy =2 N, =2 G Ny—5 Ny LN, -2
L' "x i
- - LY -, (4.38)
11
~>2,0
H 22
z
~%%,o
R, = H;
1 1
7 N5 Ny 5N, -
L'z i

and the electric field intensity components E)i('j’k, E;'j'k, E;'j’k can be rearranged into column vectors

exl ey! ez aS
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i 1 ] i 0.0 ]
=00 ,
2 2
E: E,
3 1
20,0 1,0
2 2
e, = Ex ey = Ey
1
ENX—E,Ny—l,NZ—l ENX—l N,-=N,-1
- X B LY -4, (4.39)
1
EO'O'E
Z
1,0%
ez = EZ
1
O
L=z _

With the rearrangement of the field components into Egs. (4.38) and (4.39), the finite difference
approximations can be written as matrices to calculate the derivative at each point in the grid. Consider

a partial differential approximation in the one dimension as

&l JE-Ea (4.40)
OX |1 AX
2
The expression shown in Eq. (4.40) can be expanded into a system of equations given as
[0E,. | [E,-F
OX AX
aEz.s E3 — Ez
OX AX
% ~ aEs.s — E, - Es . (4.41)
OX |1 OX AX
i 8E4.5 E5 — E4
OX AX
6E5_5 Ee — Es
| OX | AX

The system of equations given by Eqg. (4.41), a matrix equation can be formed such as
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=
OX
8E2I5 __1 1 ME 7

OX 1 1
ﬁ ~ OB :i -1 1
OX|_t OX AX

2 % -1 1
OX L —1]] & |
OE, .

L Ox |

iy

N

(4.42)

w

N

m m m m m

(S}

For any finite-difference expression it is necessary to address the boundaries of the domain being
evaluated. In the system of equations shown in Eq. (4.41) the values of E, and E, do not exist within
the computational domain. Boundary conditions determine how these values are treated in the finite
difference approximations. The most common boundary conditions are Dirichlet and Neumann
boundary conditions. Dirichlet boundaries are boundaries in which the unknown quantities outside of
the grid are set to a constant quantity, typically zero, while Neumann boundary conditions are
boundaries in which the derivatives of the quantities outside of the grid are set to a constant value [36,
73].

Fora 2x2x2 grid in the finite-difference of E with respect to X with Dirichlet boundary
conditions is
11 E™ ]

-1 0 >
-1 1 EX*

-1 0 E>2

-1 1 El,l,z

_1 0 E2,1,2
-1 1 EL22

1
D'E =— , 4.43
E=7 (4.43)

L -1] Ez,z,z_

the derivative of E with respect to y is
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e 1
DYE = 5 | (4.44)

L 1| p222

and the derivative of E with respectto z is

1 1 EZ,l,l
—l 1 El,Z,l

1 -1 1 || E*?**
AZ -1 E?
_1 E2,l,2

D°E = (4.45)

-1 E122

L 1| g222
The matrices that calculate the derivatives of the H field are the negative Hermitian transpose of
those of the electric field derivatives [71] as given by
D'=-(D2)" D=—(D%)" DI=-(D%)". (4.46)
The permittivity and permeability tensors are rearranged such that they multiply point-by-point
throughout the grid with the magnetic field column vector or electric field column vector. This point-
by-point multiplication is performed by expanding each tensor component into a column vector and the
placing that vector along the diagonal of a sparse matrix of size NN, N, xN,N N, [17, 71].
n, =diag [ﬂxxs;lsysZ] n,, = diag [,uxysxsglsZ] n,, = diag [ﬂszxSyS{l
m, =diag| 1,8,'s,s, | m, =diag| u,s,s.'s, | n, =diag| x,5,5,s,"] (4.47)
n,, = diag [,uzxs;lsysz] n,, =diag [,uxysxsglsz] n,, =diag [yxzsxsysz‘l]
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—dlag[gXX Js,s, | e, =diag[g,s,s)'s, | g, =diag|g,s,5,8," ]
» = diag [gyx X S,S ] £ :dlag[g S s;lsZ] g, =diag [gyzsxs S, (4.48)
£, :dlag[gzxsX 5,5, &, =diag|g,s,s)'s, | e, =diag|e,55,s,"]
The interpolation operations in Egs. (4.32) - (4.37) can be made into matrix operations in similar

way to the derivative operators. Consider the term

1, j+1,k H~ i-1,j+1,k 1, j+1,k H i,j+1,k

luxl1JkH|—1jk+‘uX|ij|Jk+lu)/(;/— " (449)

4

+ iy

Evaluating Eq. (4.49) point-by-point on a 2x2x 2 grid leads to

i(lu,onHon lu;111H111 ,U'OMHOM-F,U'lMHlM)
1 ,1,1,1~1,11 1211 211 1,21 121 12,2117 221
Z(,uxy H™ + iy H + 4y H + My H )
1 10,2117 0,21 1,211,241 10,3117 0,31 M1,31,.31,31
Z(:uxy Hy +/uxy H +:ux H +/uxy Hy )
%(ﬂg,z,lﬁi,zl_huxan221+luxy31H131+luX231H231)
(4.50)
1 10,1,2,.7 01,2 n1,2 112 10,2,2170,2,2 1,2,2131,2,2
Z(uxyHy U P PP A )
%(IIJ)’(]);lZHllZ+ﬂ!212H212+ul122H122+1u1222H222)
1 r 1,2,21.71,
Z(lux(y)zzl_lozz_I_lu)(;zzH;zz_l_,uxoszHosz_i_,uxyszl_'lsz)
%(ﬂg,z,zﬁ;zz+,ux222H222+ﬂxy32H132+NX232H232)
Writing Eq. (4.50) using the column vector components given in Eqs. (4.38) and (4.39) gives
i i ;$11H111 ]
121113 211
H
Xy
111l r121H121
Xy
12,2117 2.2.1
-1 1 1 Y7 H
Ry R+”Xy vy~ lez 11,2 (4.51)
4 1y H,
1111 '
X512H212
1,2,2171,2,2
H
- 1 lj 'uxzzz 2,2,2
L&xy H
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Dirichlet boundary conditions are for the values which are outside of the grid. The expression given in
Eqg. (4.51) can be expanded into two interpolation matrices R} and R} which perform interpolation in

the negative x and positive y direction respectively. These interpolation matrices are given as

1
11
0
1 11
R, == (4.52)
2 01
1
0
L 1_
S -
1 1
1 0
R =1 10 (4.53)
) 1 1
1 1
1
L 1_

The interpolation matrices for the negative going terms are the Hermitian conjugates of Egs. (4.52) and

(4.53) given by

R =(R)". (4.54)
4.1.5 Matrix Form of Maxwell’s Equations

Evaluation of Egs. (4.32) - (4.37) is done point by point throughout the entire grid. This can be
done using matrices to express these equations as a system of linear equations. Writing Egs. (4.32) -

(4.37) in matrix form leads to

Dle, -De, =p.h, +RRRjp h +RRph, (4.55)

Dée, —Die, =R,R;p,h, +p) b, + R Rip! h, (4.56)

Dle, -Die, =R, Rimh, +R.R{py b +ph (4.57)
hix hiA ’ -D+a! Dt

D,h,-D;h, =¢,e +RiR g e +R R € e, (4.58)

D’h,-Djh, =RiR&, e, +¢, e, +R/R; & e,. (4.59)
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D'h, -D"A, =R!R;e, A, +RIR e, A +e,h, (4.60)

xEadly yZzy'ly

The lower case terms h and € are column vectors representing the normalized magnetic field
intensity and electric field intensity respectively. They are formed by taking the field components at
each point in the grid and placing them into a vector [71]. The finite difference calculations are
encapsulated in the matrix derivative operators D%, DS, D% and the corresponding matrices for the
magnetic field derivatives. Due to the staggered arrangement of field components on the Yee grid each
matrix operator is different. The superscript of the matrix derivative operator designates the type of
field (E or H) that the derivative is operating on, while the subscript designates which variable the
derivative is with respect to. The interpolation of fields and material parameters in Egs. (4.32) - (4.37) is
performed by the R™ and R™ matrices in Eqgs. (4.55) - (4.59).

The product of the interpolation matrices and tensor component matrices can be rewritten using

block matrices as

W o omh ] [ om, RRu, RRj,

[w/]=|ny wy, wy, [=|RRp,  n,  RRp, (4.61)
ny, ny ny | |[RRp, RRjp,
g, &y sZZ_ i g, R/R g R/R ¢,

[e/]=|¢) €, €, |=|RR¢, &, RRz, (4.62)
€ a’z'y s'z'z_ R R &, R*RyaZy g,

Using the above block matrix notation Maxwell’s curl equations can be written as given in Ref. [17]

—

C€=[p/]h (4.63)
C'h=[e]e (4.64)
where
0 -D; Dj 0 -D} Dj
C'=| D; 0 -Dj C'=| D 0 -D" (4.65)
e e h h
-D} D; 0 -D; D, 0
and
e, F]x
€=|e, h=lh, (4.66)
€, h
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4.1.6 Matrix Wave Equation
Solving Eq. (4.63) for f:\ leads to
h=[p]" (4.67)
Substituting Eq. (4.67) into Eq. (4.64) gives
C'[n] Ce=[e]e (4.68)

This expression is the matrix wave equation in terms of the electric field intensity [17]. Factoring &
from Eq. (4.68) gives the expression
AE=0 (4.69)

e

where

A =C' W] ¢ - [2!] @70

r

Similarly, the wave equation in terms of the magnetic field can be derived as

AR=0 (4.72)

with

A, =C[er] C"—[n’] (4.72)
The wave equations above provide only a trivial solution when solved for either the electric field
intensity or the magnetic field intensity. However, a source term b can be incorporated to into either Eq.

(4.69) or Eq. (4.71) to yield meaningful system of linear equations of the form
Ax=b (4.73)

which can be solved as x = A™b using traditional matrix algebra techniques for sparse matrices such as

LU decomposition [74] or the conjugate gradient method [75].

4.2 TOTAL-FIELD/SCATTERED-FIELD FORMULATION

In order to create the source term in Eq. (4.73), the Total-Field/Scattered-Field (TF/SF),
mentioned previously in Chapter 3, is used [71]. In this method, the problem space is divided into two
regions: the Total-Field region which consists of both the source field and the scattered waves, and the
Scattered-Field region which contains only the scattered energy. To implement this source the source,
fields are defined at every point on the Yee grid and reshaped into column vectors as
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111 [ 111 B 111
e

ex,src y,src ez,src
11,2 11,2 11,2
el gll elt
_ X,SIC _ y,src _ zZ,8rC
ex,src - . ey,src - . ez,src - . (474)
N,.N,.N, N,.N,.N, N.Ny.N,
_ex,src a _ey,src ] _ez,src

These column vectors are then placed into a single column vector given by

D

X,Src

o))
|
9]

(4.75)

src y,sre | *

e

In order to separate the TF region and SF region a mask function Q(x,y) is introduced which
identifies the scattered field region. It is created by placing 1’s on the grid in the positions where the SF
exists and placing 0’s in the positions where the TF exists. The resulting array is placed along the center
diagonal of a sparse matrix [71] as

Q=diag[Q(x,y)]. (4.76)

In order to simulate anisotropic devices a separate Q matrix is necessary for each component of

the source and the three resulting diagonal sparse matrices as placed into a block matrix [17]

Q. 0 0
Q=0 Q, © (4.77)
0 0 Q
Defining two terms
€ = Q& (4.78)
e =(1-Q)&,, (4.79)

it is necessary to modify the matrix wave equation (4.69) in order to remove source terms from the SF

region and to add the source terms to the TF region. The terms A_€,. must be subtracted from the SF
region, therefore the equation QA €, is subtracted from Eq. (4.69). Also, the terms A_ € must be

added to the TF region, therefore the equation (I —Q)AeéSF is added to Eq. (4.69). The result of these

corrections to the matrix wave equation to correct for the effect of the TF/SF implementation is given by
[71]
AE-QAE+(1-Q)AE: =0 (4.80)

e

o1



Rewriting Eq. (4.80) in the form Ax=b, the source term b is
b=QAE:—(1-Q)AzE (4.81)
Substituting Eqgs. (4.78) and (4.79) into Eq. (4.81) allows b to be expressed in terms of only A, Q, and
€ [71]
b=QA,(1-Q)&, - (1-Q)A,Q8,, (4.82)
Simplifying Eq. (4.82) leads to
b=(QA,-A.Q)E,.. (4.83)

4.3  IMPROVED ANISOTROPIC FINITE-DIFFERENCE FREQUENCY-DOMAIN

Electromagnetic simulation of TO devices can be performed using the AFDFD method, which is

described in detail in Ref. [17]. The key matrix equation to be solved in the conventional AFDFD is

(C'[n ] €[z, ])e=0. (4.84)
where C" and C° are the curl operator matrices for the magnetic field intensity and electric field
intensity respectively, [p, ] is the permeability tensor, and [&, ] is the permittivity tensor as described in

detail in Ref. [17]. When simulating devices with magnetically anisotropic materials, calculating the

matrix inverse of the permeability tensor is very slow and numerically inefficient. To mitigate this, Eq.
(4.84) is instead solved using the impermeability matrix [y].

(C'[w]c*-[¢])e=0 (4.85)

[w]=[n] (4.86)

To calculate [\y] most efficiently, the elements are calculated when they are still functions stored in

arrays and not yet diagonal matrices. In this context, we have
v (i, 5.K) wy (i,

L (130 J=| v (iik) v,
Vi

ik
i,k
i, j, K
(4.87)
i,k
i, j,K

jk

Hyy
;uzy

N
N
N N N o~~~

(
) vy
) vy (
) (i
)y (
)ty (
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The elements of [y/(i, i, k)] are derived from the tensor [,ur (i, J, k)] by calculating the matrix inverse

symbolically.

gy = Myl Mo by = My Myl = Hyg fy
Hyy oy = My by Moy = Hig by oty = Ho by,
by = Hyy b Moo bl = Moy Moty = Hog Moy
Fh Hhyy Moy = iy Hyy Moy = Hig iy Hay = Hoog Moy oy + By i Hoy + L L oy

[w(i ik)]=

(4.88)

For brevity, the dependence on the array indices i, J, and k have been dropped from these equations.
All of these calculations are performed point-by-point on arrays instead of with matrices. After the
elements of [c//(i, i, k)] are calculated, they are reshaped into diagonal matrices and assembled into the
overall impermeability matrix as follows.

W \ley Yy,
wl=|v, v, w, (4.89)
W ‘I’zy vV,

where vy, = diag{:,//mn (i, j,k)} :

Using the impermeability tensor rather than the permeability tensor to solve the wave equation in
Eq. (4.85) decreased the time required to solve a two dimensional AFDFD simulation greatly. Figure
4.2 shows the performance of AFDFD on a 96 GB computer using the permeability tensor and the
impermeability tensor. The memory efficiency of the methods, while not shown in the figure, is also a
great benefit of the impermeability tensor formulation. The simulation of an anisotropic slab with a grid
resolution (4, / dx) of greater than 22 was not possible using the permeability tensor method because
the machine ran out of memory constructing the wave equation. Most device reach convergence at a
grid resolution of about 30-40 cells per free-space wavelength. In order to determine the efficiency at 40
cells the curve for the permeability tensor formulation was extrapolated using a polynomial curve fit. At
a grid resolution of 40 the benchmark using the permeability tensor would take over 500 times as long to

and the impermeability tensor.
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Figure 4.2: Simulation time for AFDFD using the impermeability tensor versus the permeability tensor
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Chapter 5: Design of Arbitrary Transformation Optics Devices

51 INTRODUCTION

Transformation optics is a design methodology that allows electromagnetic fields to be
controlled through spatial transforms [1]. The most well-known example is the cylindrical
electromagnetic cloak described in Ref. [18]. Their device used a closed-form expression for the spatial
transform, but closed-form expressions are highly limited in the range of geometries they can describe.
In order to design an arbitrarily shaped device using TO, a fully numerical method is necessary to
perform the coordinate transformation and to calculate the resulting material properties for the device.
This chapter presents a fully numerical technique based on the finite-difference method to generate and
simulate arbitrary TO devices. The arbitrary spatial transforms are generated numerically by solving
Laplace’s equation [76, 77]. The devices are confirmed through simulation using an improved
anisotropic finite-difference frequency-domain (AFDFD) method [17] that more efficiently simulates
waves in arbitrary anisotropic media. Several examples are given to demonstrate the simplicity and
versatility of our approach. This is the first known description of a complete numerical toolchain for TO
that is based on the finite-difference method.

Historically, methods such as quasi-conformal mapping [78] and the solution of various partial
differential equations such as Laplace’s equation [76, 77], Poisson’s equation [79], and the Helmholtz
equation [80] have been used to generate the TO material parameters numerically. The approach
presented in Ref. [78] can create arbitrary dielectric waveguides using TO, but does not allow for
devices such as cloaks and lenses to be designed. The techniques described in Refs. [76, 77, 79, 80] use
a commercial finite element software such as COMSOL to simulate a wide assortment of devices using
TO, but it is difficult or impossible to use the calculated materials in a different electromagnetic solver.
In contrast, the approach discussed in this article is designed specifically to be used with custom
electromagnetic methods such as the AFDFD method described in Ref. [17] and will be incorporated
into a toolchain which will generate devices using the geometry generation technique discussed in Ref.

[81] to synthesize spatially variant lattices of metamaterial unit cells.
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5.2 NUMERICAL GRID GENERATION USING LAPLACE’S EQUATION

The following subsections detail how to generate grids for spatial transforms numerically by
solving Laplace’s equation using finite-differences. The discussion begins by describing the generic
solution to Laplace’s equation using finite-differences. Techniques are presented to enforce the
boundary conditions and to isolate the solution to specific portions of a grid. The discussion ends by
showing how to use this tool to generate the grids associated with the spatial transforms used in TO, but

for arbitrarily shaped objects.

5.2.1 Finite-Difference Approximation of Laplace’s Equation

Laplace’s equation for the generic function U (x, Y, z) is given by
VAU (xy,2)=0. (5.1)

It can be expanded into Cartesian coordinates according to

o° o 0
(y‘FW-FEJU(X,yyZ):O (52)

By setting the second-order derivatives to zero, Laplace’s equation essentially dictates that the
function U (x, Y, z) must vary linearly as a function of position. To numerically solve Eq. (5.2) using

the finite-difference method, the function U (x, Y, z) Is stored at discrete points on a grid as illustrated in

Figure 5.1. This figure shows a small 3D grid and an analogous 2D grid which stores the discretized

function Ui .

U
U = U2,33 u
U U : 0 3,3,3 U U U
U 1,3 2,3 3,3
: u @ - &
U
U =3 U1, U
U U : 0 3,3,2
U U12 U22 U32
U Q- @ 4
Ul, 1
U U1, y
U . U 3,3,1
. U T 7 U U U
— U 1,1 2,1 3,1
' & & &

Figure 5.1: (Left) Three-dimensional grid for U (x,y,z). (Right) Two-dimensional grid for U (X,y,z).
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This allows the second-order derivatives in Eq. (5.2) to be approximated with central finite-differences
as follows.
Ui+1,j,k _2Ui,j,k +Ui—l,j,k n Ui,j+1,k _2Ui,j,k +Ui,j—l,k n Ui,j,k+l _2Ui,j,k +Ui,j,k—1 ~
AX? Ay? AZ°

0. (5.3)

Equation (5.3) can be interpreted as enforcing Laplace’s equation on the discrete function Uik at
point (i,j,k). To enforce Laplace’s equations across the entire grid, Eq. (5.3) is written once for every
point on the grid. This large set of equations can be written in matrix form as

Lu=0. (5.4)

In Eq. (5.4), the term u contains all of the unknown values of Uik throughout the entire grid
reshaped into a one-dimensional column vector. The square matrix L operates on u to calculate its
scalar Laplacian V. It is a banded matrix where the rows of L are populated using Eq. (5.3), but an
easier and more powerful approach for constructing L and incorporating boundary conditions is

described in the next subsection. The term O is a column vector the same size as u but contains all zeros.

5.2.2 Matrix Operator Approach

Given a discrete function U;jk stored in a column vector u, it is always possible to construct a square
matrix L that performs any linear operation on u including derivatives [82, 83], discrete Fourier
transforms [84, 85], convolutions [85], and more. Linearity makes it possible to breakdown complex

linear operations into combinations of simpler linear operations. From Eq. (5.2), it is possible to express
the Laplacian operation L as the sum of three derivative operations D?, Di ,and D? to get Eq. (5.5).

L =D; +D? +D? (5.5)
The terms D?, Di ,and D? are square banded matrices the same size as L that calculate second-
order derivatives of the function u across the entire grid. These are simpler to construct than L and
easier to verify if they are correct, so it is often advantageous to construct these first and then calculate L
from them using Eq. (5.5).
As an example, the matrix Laplacian L will be constructed for the two-dimensional 3x3 point grid
shown in Figure 5.1. First, suppose we wish to calculate the second-order derivative of Uik in the x

direction. The finite-difference approximation for this can be written as
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oU,. U, —2U, +U_
GXZ’J > Ax’2J - (56)

This equation is written once for every point on the grid and the large set of equations is collected

into a single matrix equation. The matrix equation is expressed as a square matrix operating on the

column vector u. The square matrix derived from this process is the matrix derivative operator D? as

expressed in Eq. (5.7).

_U2,1 _2U1,1 | —2 1 ]

U,,-2U,, +U,, 1 -2 1

[N
=

N
=

—2U,, +U,, 1 -2 0
U,,-2U,, 0o -2 1
Diu=— U,,-2U,,+U,, |=— 1 -2 1
-2U,,+U,, 1 -2 0
U2,3 - 2U1,3 0 -2 1
Uss—2U,,+Uy, 1 =2 1
~2U,,+U,, | i 1 -2]

w
i

[N
N

(5.7)

[ w
w N

N
w

cC CcCCccccccc

w
w

A problem arises when writing Eq. (5.6) at both the left and right sides of the grid where values of
Uik are needed from outside of the grid. The manner in which this is handled is called a numerical
boundary condition [62, 86]. To arrive at Eq. (5.7), it was assumed that all values of Uik were zero
outside of the grid. This is called the Dirichlet boundary condition [36, 87]. Second, the finite-

difference approximation for the second-order derivative of Uik in the y direction can be written as
2
0V Uiu=, 4V, (55)
oy’ Ay’

This equation is also written once for every point on the grid and the large set of equations is

collected into a single matrix equation expressed as a square matrix operating on the column vector u.
The square matrix derived from this process is the matrix derivative operator D§ as expressed in Eq.

(5.9).
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2U,, - ]

12
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=

2,2

N
i

_U, ~
U,,-2U,, _2 1
U,,-2U;, ) 1
U,-2U,+U, 1 ) 1
U ,

U )

w
-

-
N

s—=2U,,+U,, [=— 1 -2 1
s—2U,, +U,, 1 -2 1
-2U,,+U,, 1 —2
~2U,,+U,, 1 —2
~2U,,+U,, | i ]

(5.9)

L w
w N

N
w

cC CcCCccccoc-cc

w
w

Dirichlet boundary conditions were used again here at the top and bottom boundaries of the grid. Third,

the Laplacian matrix L for two dimensions is calculated by summing the above two derivative matrices.

2 2
L=D2+D? (5.10)

5.2.3 Enforcing Physical Boundary Conditions

At this point, our matrix equation has the form Lu = 0. If this was solved for u only a trivial
solution would be obtained. The matrix equation can be written in a solvable form Lu = b when the
physical boundary conditions are incorporated. To do this, at least some values of Uik on the grid must
be known. Each known point is incorporated into the matrix equation by: (1) replacing the entire row in
the matrix equation corresponding to that point with all 0’s, (2) placing a 1 in the diagonal position in L,
and (3) placing the known value of Uj;k into that same row of b.

All of this can be accomplished in a more straightforward manner as follows. First, a force matrix F
is constructed. This is a diagonal matrix with 1’s placed in the positions along diagonal that correspond

to points with known vales of Ui;k. Second, a force function U ;  is constructed that contains all of

the known values placed at the correct points on the grid. The force function is reshaped into a one-

dimensional column vector u. called the force vector. It may seem tedious or more complicated to

construct these functions and matrices, but they need to be constructed anyway to describe arbitrary

devices. Given the force matrix F and the force vector u., the matrix equation incorporating these

physical boundary conditions is
L'u=b (5.11)

where
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L'=F+(1-F)L (5.12)
b=Fu,. (5.13)
The term | is the identity matrix. A solution to Eq. (5.11) is calculated as u=L""b. An example for
a 13x13 point grid is provided in Figure 5.2. At left is the empty grid highlighting the known points, or
physical boundary conditions. At right is the function Ui after solving Laplace’s equations with these
boundary conditions. From this, we see that Laplace’s equation provides a way to fill in all the other

values of a function so that they vary linearly between the physical boundary conditions.
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osfo?)
Laplace's equation is solved to fill in
the values away from the boundaries.

Map of known values (boundary values).

Figure 5.2. Two-dimensional grid to illustrate solution of Laplace’s equation.

5.2.4 Enclosed Problems

It sometimes occurs that the physical boundary conditions completely enclose a portion of the
grid and the solution to Laplace’s equation is only needed within this enclosed region. It is most
numerically efficient to only solve Laplace’s equation within the enclosed region and not outside. This
situation arises when designing devices by TO since the transform is typically contained within the
volume of the device. A simple case of this concept is illustrated in Figure 5.3 where an arbitrary region
of the grid is enclosed by the physical boundary conditions. The solution to Laplace’s equation fills in

the values inside the enclosed region, but no solution is obtained outside of the enclosed region.
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Figure 5.3. (Left) Physical boundary conditions enclose a portion of the grid. (Right) Solution to
Laplace’s equations obtained only in the enclosed portion of the grid.
The procedure to reduce Laplace’s equation is simple. All of the points on the grid are identified
where a solution to Laplace’s equation is needed. The rows and columns corresponding to all other

points are dropped from the matrix equation. The reduced matrix equation can be written as
L"u" — b" . (5.14)

The concept of reducing the matrix equation is illustrated in Figure 5.4. To the remaining equations,
the eliminated points have values of zero. However, this has no numerical effect because the unknown
values are completely enclosed by the known points (i.e. physical boundary conditions) and not the
eliminated points. After obtaining a solution to u” = L"'b”, the values from u” must be inserted into
the correct positions in the full-size column vector u. Values outside of the enclosed region can be set

to anything because they are not of interest. Values of zero are a convenient choice.

IEETENNNENN)
l#lHlli:liilli

Figure 5.4. (Left) Matrix equation L'u=b for entire grid. (Middle) Reduced Laplace’s equation.
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5.2.5 Numerical Grid Generation

Numerical grid generation is used in fields such as oceanography [88], computational fluid dynamics
[89-91], and conformal mapping in electromagnetics [78]. The approach allows complex geometries to
be handled by mapping an arbitrary grid to a Cartesian grid. The most common approach is based on

solving Laplace’s equation [90, 92] for the transformed coordinates because it generates coordinates that
vary linearly. Given the boundary conditions for an arbitrary coordinate transformation from {x, Y, z} to

{X',y',7'}, Laplace’s equation can be used to solve for the transformed coordinates using the following

equations.

2 2 2

VX = aaz +§2 +; X'=0 (5.15)
X y z

, (o8 o o),

Viy' = 82X+82y+822 y'=0 (5.16)
2 2 2

V7' = 562 +§2 +; 7'=0 (5.17)
X y z

Occasionally, the backward coordinate transformation is advantageous. Examples of such cases will
be discussed later. In the case where the backward coordinate transformation is favored, Laplace’s

equation can be solved for the backward transformation according to

2 2 2
sz:(aa2 '+8(2 ’+aaz ,]x=0 (5.18)

X 0%y oz

0?2  0° &
vzy:(azx’+62y’+azz’jy:0 (5.19)

2 2 2
sz:(; ’+6(Z ’+882 ’)z=0. (5.20)

X' oYy 9%z

The solutions of Eg. (5.15) - (5.20) yields only the trivial solution until the boundary conditions are

enforced. Consider the two arbitrary boundaries shown in Figure 5.5. The boundary conditions along

the outer boundary I';and the inner boundary I', are given by

U (XY ) g =Y (6 ) | ) (5.21)

U (X,’ y’) |F’2(x,y):U (X’ y) |F2(X!y)
(5.22)
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X X'

Figure 5.5. Boundary conditions for the coordinate transformation in equations (5.21) and (5.22). (Left)
original coordinate system. (Right) Transformed coordinate system.

The force matrix and force vector are used to incorporate the boundary conditions into Egs.

(5.21) and (5.22), The force matrix F contains 1’s along the diagonal in the positions that correspond to

the boundaries of the device which have known coordinate values. The force vector u. isacolumn

vector containing the values of U (X, y) at the boundaries. Given these two terms, the matrix equation

can be put into a solvable form consistent with Egs. (5.11)-(5.13). The matrix equation is further
reduced to the form of Eq. (5.14) by dropping all rows and columns for points outside of the enclosed
region being solved. This final equation can be solved using any standard algorithm such as an
optimized LU decomposition algorithm for sparse linear systems [74] or an iterative solver such as the
conjugate gradient method [75].

As the boundary problem shown in Figure 5.5 is only defined on the x-y plane, the z coordinate is

not necessary and can be omitted from the Laplace’s equations leaving just the following two equations

to solve
2 2
VX = [%+%j X'=0 (5.23)
, [oF &%),

Equations (5.23) and (5.24) are approximated with finite-differences and put into matrix form. The

boundary conditions are applied using the force matrix F and two force vectoru, . and u, .. The force
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vectors u, - and u, . contain the x coordinates and y coordinates respectively defined by the boundary

conditions. The boundary conditions are applied using the b} and b} vectors which have been reduced

according to the method presented in the previous section. The matrix equation is then reduced by
eliminating the rows and columns corresponding to points outside of the outer boundary. This gives two

matrix equations to be solved within the region being transformed

L"x"=b] (5.25)
L"y"=b?. (5.26)
These are solved according to
x"=A""b’ (5.27)
y!r — A”_lb'; ' (528)

Figure 5.6 displays the result of solving the boundary value problem for the coordinate
transformation from {x, y} —{x',y'}.

X x'

Figure 5.6. Coordinate transformation boundary value problem shown in Figure 5.5. The figure on the
left is the original Cartesian coordinate system within the transformation boundaries. The figure on the
right is the transformed coordinate system determined using the boundaries shown in Figure 5.5 and
defined in Eqgs. (5.21) and (5.22).

53 CALCULATING THE PERMITTIVITY AND PERMEABILITY FUNCTIONS
The permittivity function [¢; | and permeability function [z, | of the final device are calculated via

TO from the background permittivity tensor [, ], background permeability tensor [z, |, and the spatial

transforms discussed above. This reduces to calculating the following two equations at each point the

grid [1]
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_Ale]A

L iy (5.29)
Al ]A
[r]——det e (5.30)

These equations come from a forward coordinate transform so they involve the Jacobian matrix A

defined by

x|
Axx Axy sz aX, 8y, az,
A=|A, A, A,|=|Y X XY (5.31)
oXx oy oz
AZX AZ AZZ
' o o o
| OX oy oz |

The elements of the Jacobian matrix can be computed numerically using finite-differences [17, 71] and

stored as arrays as follows.

!’ !

X' Xigjk —Xiajk

A (i k) = = = SR (5.32)
Ay (i, j,k):%;x"wz—ji” (5.33)
sz(i,j,k)=%;% (5.34)
Ayx(i,j,k)=%;% (5.35)
Ayy(i,j,k)=?;,;%;w (5.36)
A, (i, j,k):z—il;y;’”%zy;'j“ (5.37)
Azx(i,j,k):g—i;% (5.38)
Ay (i, j,k)=(2—zy';4““2—ji-“ (5.39)
Azz(i,j,k):%;% (5.40)

For two-dimensional devices like this that are uniform in the z-direction, it is only necessary to
Ay, A, andA . Theelements A, A, A,, and A,

XX ! Xy ! xz! yz! X!

calculate four elements of the Jacobian, A

are arrays of all zeros and A, is an array of all ones.
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Figure 5.7. Elements composing the Jacobian matrix for the coordinate transformation shown in Figure

5.6.

Iterating through the grid point-by-point, the Jacobian matrix at each grid position is assembled

according to Eqg. (5.31) with the derivatives evaluated at each point. Depending on how the coordinate

transformations were determined, it is sometimes necessary to calculate the Jacobian for the backward

coordinate transformation according to

AL AL A

Xy Xz
A=A, A, A=
AL AL A

7y 2z

[ ox

ox'

x
Y.
Y
Y,
a

!

2

ox |
o7
Y|
oz’
0z
o' |

(5.41)

The calculated derivatives are each stored in an array the same size as the grid as shown in Figure 5.7.

The forward Jacobian matrix can be found from the backward Jacobian matrix by calculating the

inverse [46, 93, 94]. The permittivity tensor is calculated at the point i,j,k within the grid using Eq.

(5.29) with the Jacobian matrix appropriate to the coordinate transformation. The permittivity tensor

can be written where each element is stored as an array.
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& & &
[er (i3 k) ]=| e, (i, 3.k) &, (i, 5.k) &, (i, ].k)]. (5.42)
gl gl (i, ] e (1, ]

Likewise, the permeability tensor can be written as

o (L 5K) oy (1,5.K) a2, (1, 5.K)
Lo (i3 k) ] =] s (10 K) gy, (1 3.K) i (105.K) | (5.43)
w1 5.K) ey (i 0k) e (00 .K)

54 BENCHMARK AND EXAMPLES

5.4.1 Cylindrical Electromagnetic Cloak

To benchmark our approach, we duplicated the famous cylindrical electromagnetic cloak presented

in Ref. [18]. This was based on the closed form coordinate transformation given by
r'= R1+r—RZ_Rl
2
0 =0 ' (5.44)
7'=12

where the cloak has an inner radius R, and outer radius R,. Figure 5.8 shows the outlines of the

boundaries of the coordinate transformation given by Eq. (5.44).

3 ]—-,2
N
2
1
< o
=
1
-2
-3
-2 0 2
X' (k)

Figure 5.8. Coordinate transformation boundary conditions for a cylindrical cloak.

In order to calculate the coordinate transformation numerically, the following boundary

conditions were applied
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0, (xX,y)=T,(xY) (5.45)
I;(x,y")=0. (5.46)
{

!

Given Eq. (5.46), the transformation from {x Y, z} XLy, z} experienced a strong singularity in

the cloaked region. This was overcome by calculating the backward rather than the forward coordinate
transformation. The material tensors were calculated by following the approach described previously.
The resulting permittivity tensor is shown in Figure 5.9. For a cylindrical cloak in free space, the
permeability tensor is identical to the permittivity tensor. All tensor components which are not
visualized are equal to one for the elements along the diagonal and zeros for the off-diagonal elements.
The values determined for this cloak are based on a grid resolution of 4,/120. As the grid resolution is
made smaller, the values of the materials required would approach infinity or zero due the cloaked

region being a singularity.

FXX EX ?XZ
206.4 Y 108.25
0.0082 2108.25
SVX SW Syz
108.25 206.4
~108.25 0.0082
e e £
ZX zy zz
1121
0.011

Figure 5.9. Permittivity tensor for cylindrical electromagnetic cloak.

The device was simulated using the improved AFDFD. Dirichlet boundary conditions were used for
the y-axis boundaries while a UPML was used for the x-axis boundaries. The result is shown in Figure

5.10.
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Figure 5.10. AFDFD simulation of cylindrical electromagnetic cloak.
5.4.2 Flat Lens

Figure 5.11 shows the boundary conditions necessary to design a flat lens using TO as described in

Ref. [2]. By solving Laplace’s equation for the boundaries
|
r,->T,
r,->TI,
r,-»r,

(5.47)

the coordinate transformation was computed numerically.

5 r 5 £’2
< 0 r Iy < of | |
> >

-5 Iy -5 T4

2 0 2 2 0 2
x(ko) X' (?LD)

Figure 5.11. Coordinate transformation for flat transformation optics lens. The figure on the left is the
original coordinate space while that on the right is the transformed space.
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With the coordinates in the new system known, the Jacobian matrix was calculated using Eqg.

(5.31) and the material tensors determined using Eqgs. (5.29) and (5.30). The resulting permittivity is

shown in Figure 5.12. The permeability is identical to the permittivity in this situation because the

original space is vacuum.

g g
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& X
y 3204 vy
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33.273

-3.878

XZ

€
yz
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i

152

Figure 5.12. Permittivity tensors for flat transformation optics lens. The permeability tensor is identical
for a bend based in free space. All tensor components which are not visualized are zero throughout the

grid. The material values for this lens are for a grid resolution of A,/120
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Using AFDFD, the material tensors were placed within a grid surrounded by a UPML and a

cylindrical source was used. Aside from diffraction around the edges, the electric field in

Figure 5.13. AFDFD simulation of flat TO lens.

5.4.3 Arbitrary Cloak

This section will demonstrate the method implemented above with the arbitrary metamaterial cloak

shown in Figure 5.14. The pickaxe shape bounded by T is being cloaked by the region bounded by T7,.

In order to cloak the object, a coordinate system in which the axes wrap around the object without
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penetrating the object itself must be implemented within the region between the two boundaries. In
order to avoid singular Jacobian matrices in the cloaked region, the backward coordinate transformation
was implemented rather than the forward transformation. The boundary conditions, which were derived

from those described in Ref. [76], are given as follows.

(X, y)=T,(xY) (5.48)
I (x,y)=0 (5.49)

y' (%)

2 410 1 2

X' (A

o

Figure 5.14. Outline of arbitrary electromagnetic cloak and object to be cloaked.

Following the procedure described in the previous sections of this chapter the material tensors
were calculated. The resulting permittivity tensor is shown in Figure 5.15 with the permeability tensor

being the same.
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Figure 5.15. Permittivity tensor for arbitrary electromagnetic cloak. The permeability tensor is identical
for a cloak based in free space. All tensor components which are not visualized are equal to one for the
elements along the diagonal and zeros for the off-diagonal elements.
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Using AFDFD, the TO cloak was simulated for a transverse magnetic (TM) polarized wave as
shown in Figure 5.16. A TM polarized wave is one in which the magnetic field is polarized parallel to
the plane of incidence which is the plane consisting of the incident, transmitted, and reflected wave
vectors [95]. The plane of incidence is defined as the plane containing the incident, reflected, and
transmitted wave vectors [96]. The material tensors for the cloak were placed between a UPML on the
x-axis boundaries and Dirichlet boundary conditions, which were described in Chapter 4, on the y-axis
boundaries. As can be seen, very little power is scattered and the phase of the wave is very well

preserved.

73



Figure 5.16. AFDFD simulation of arbitrary electromagnetic cloak.
5.4.4 Transformation Optics Bend

Creating a bend using numerical TO involves solving Laplace’s equation for the boundary value
problem shown in Figure 5.17. Rather than transform from {x, y} to {x',y'}, the backward

transformation was chosen because mapping the arbitrarily distorted boundaries shown on the right in
Figure 5.17 to the boundaries of the original system could be done with simple analytical expressions.

Solving Laplace’s equation with the boundary values
Ir—-r,
I, ->T,
I, —>T,
r,->r,

(5.50)

provides the coordinates of the backward coordinate transformation.
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Figure 5.17. Coordinate transformation for transformation optics bend. The figure on the left is the
original coordinate space while that on the right is the transformed space.

Using the procedure described above, the material tensors were calculated as shown in Figure

5.18 and placed in a grid surrounded by a UPML. This was simulated using AFDFD and the result is

shown in Figure 5.19. The UPML regions are visible as areas where the wave is absorbed on all of the
boundaries of the simulation domain.
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Figure 5.18. Permittivity tensors for arbitrary electromagnetic bend. The permeability tensor is
identical for a bend based in free space. All tensor components which are not visualized are zero
throughout the grid.
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Figure 5.19. AFDFD simulation of TO electromagnetic bend.
5.5  CONCLUSIONS

A simple technique for generating and simulating TO devices with arbitrary geometry was
described in this chapter. Laplace’s equation was used to generate the coordinates of the spatial
transforms. The method described uses a finite-difference approach so it is simple and straightforward
to implement. Other approaches in the literature used commercial software such as COMSOL, making
it difficult or impossible to import and export complex data. The technique described in this chapter can
implemented independent of a commercial solver and in virtually any programming environment. This
allows much greater flexibility in manipulating the data and importing the generated materials into
custom electromagnetic solvers such as finite-difference time-domain, finite-difference frequency-
domain, beam propagation method, and more. Further, an improvement to the standard AFDFD method
was outlined that greatly improves the speed and efficiency for simulating TO devices. The new
approach utilized the impermeability tensor instead of the permeability tensor in the matrix wave
equation.

Several examples were presented to benchmark the approach and demonstrate its versatility.
The devices included the classical cylindrical cloak, an arbitrarily shaped cloak, a flat lens, and an
arbitrarily shaped bend. Devices with arbitrary shapes were verified through simulation using the

improved AFDFD. The simulation results showed excellent performance of the devices.
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Chapter 6: Synthesis of Spatially Variant Lattices

6.1 PURPOSE

In order to create devices which affect the electromagnetic field in a meaningful way, it is
necessary to introduce an inhomogeneous structure. It is also desired that any variations in the
underlying structure do not perturb the field in a way which would introduce unwanted scattering or

degradation of performance [81]. Consider the lattice shown in Figure 6.1a [97].

A

Figure 6.1: (a) Uniform lattice of periodic unit cells, (b) lattice bent 90° using conventional means, (c)
lattice bent using spatially variant lattice synthesis tool [97].
If this lattice were to be bent 90° using traditional techniques the result would be as shown in

Figure 6.1b. In order to preserve the size and shape of the unit cells as smooth and continuous as
possible a method of spatially varying lattices has been developed [81, 97, 98]. This methodology has
been used to design self-collimating photonic crystals [98-100], multi-mode waveguide bends in
spatially variant band gap material [101], and to control the near-field of transmission lines embedded
in a spatially variant anisotropic metamaterial (SVAM) [102]. The lattice of Figure 6.1a when spatially

varied using the approach of Ref. [81] is shown in Figure 6.1c.

6.2 GRATING VECTORS

The dielectric function of a grating with grating vector

K=KX+K,y+K,Z (6.1)

78



having a magnitude

2
K] == (6.2)

is given by [97]

& (F)=¢ay +Agcos(K ~F) (6.3)
where the &,,, is the average permittivity, Ag is the dielectric contrast and T is the position vector
given by

F=xX+yy+2zZ (6.4)
in which the terms %, ¢, and Z in Egs. (6.1) and (6.4) are the unit vectors. For a grating vector which is
a function of position Eq. (6.3) fails to create the proper grating [81, 97, 101]. An alternative to the
dielectric function given in Eq. (6.3) is

& (F) =&,y +Accos(D(T)) (6.5)

where the term @ () is the grating phase given by
Vo (r)=K(T). (6.6)
In order to determine @(F) from Eq. (6.6) finite-difference are used as described in 4.3.

Writing Eq. (6.6) as

K
oy |2(F)=| K, () (6.7)
K

a block matrix equation can be formed using the finite difference matrix operators described in Chapter

4 written as

(6.8)

Equation (6.8) is an overdetermined system of equations since there are more equations than
unknowns. As such, a best-fit method such as the method of least-squares must be used to approximate

a solution [103]. Writing Eq. (6.8) in the form Ax =b with
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A=|D, (6.9)
DZ
X=® (6.10)
and
kX
b=k, (6.11)
a modified system of equations utilizing least squares is given by
A"Ax=A"b (6.12)
Rewriting the terms in (6.12) as
A =A"A (6.13)
b'=A"b (6.14)
gives
A'x=b' (6.15)
which can be solved using
x=(A)"b’ (6.16)

6.3 SPATIALLY VARYING PARAMETERS

In order to spatially vary a geometry, the grating vector is used to define the spatial variations
throughout the computational grid. Expressing the grating vector in two dimensions using the form

given in [97]

K(F)= AZ(’;){“Xcos[e(r)]H;ly sin[0(r) ]} (6.17)

In Eq. (6.17) several terms can be used to define the spatial variation throughout the lattice. The lattice
period A(f) adjusts the spacing between unit cells and the orientation in the X—Y plane is given by

9(?). Another term which can be used to control the spatial variation of the grid is the fill fraction.

The fill fraction is assigned according to [81] as

g(F)={(91 gr(F)Sy((F) (6.18)



where
y(F)=cos(xf) (6.19)

with f being the fill fraction of the lattice. Figure 6.2 displays a summary of the spatial variation

parameters and their effect on the grating phase and resulting dielectric function.
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Figure 6.2: Summary of spatial variation parameters for a spatially variant grating [97].
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6.4 SPATIAL HARMONICS

A unit cell with lattice periods A,, A, and A, comprising a lattice of periodic cells can be

written using a Fourier series expansion as given by [81]
M
F)=>a, exp(ij -F) (6.20)
m=1

where a,, is the complex amplitude of the m™ harmonic, T is the position vector, and

K, = 27P ¢ . 274 v+ 27 5 (6.21)
A A A

X y z
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is the grating vector of the m™ harmonic.
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{a) 5=5 Spatial Harmaonkes {b) 5=5=5 Spatial Harmonics

Figure 6.3: Spatial harmonics for 2D and 3D unit cell arranged in an infinitely periodic lattice [81].

The unit cell show in Figure 6.3a is a two dimensional unit cell decomposed into 5x5spatial
harmonics. Likewise, the unit cell shown in Figure 6.3b is a three dimensional cell decomposed into
5x5x5 spatial harmonics.

In order to adequately reconstruct the unit cell a sufficient number of spatial harmonics must be
used. In particular, unit cells with very sharp features require more harmonics in order to resolve the
features of the structure. Figure 6.4 shows the effect of increasing spatial harmonics on the resolution of
a triangular unit cell. In addition to resolving the edges and vertices more clearly, the increased number

of spatial harmonics also reduces the blur at the edges of the unit cell.
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Figure 6.4: Effect of number of spatial harmonics in the reconstruction of a unit cell [104]

Another concept important for the reconstruction of fine featured unit cells is Gibb’s phenomenon.
Gibb’s phenomenon is a concept from Fourier analysis which describes the reconstruction of a signal
containing discontinuities. As the signal is an infinite summation of sinusoidal basis functions, a
discontinuity requires an infinite number of Fourier components in order to resolve. A finite number of
Fourier terms yields spikes at the edges of the discontinuity as shown in Figure 6.5 which in Fourier space

leads to spikes at sharp edges of a unit cell when reconstructed.

X

Figure 6.5: Illustration of Gibbs Phenomenon for a continuous time signal. The application to Fourier
space is similar [105].

6.5 CONSTRUCTION OF LATTICE

With the spatial harmonics determined for the unit cell, an overall lattice can be constructed. Using
the grating phase concept introduced in Eg. (6.6) the lattice can be built by calculating the Fourier series

with the spatially variant parameters given by Egs. (6.17) and (6.18). The dielectric function for the
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overall grating is the Fourier series reconstruction for each of the spatial harmonics modified by the spatial
variance parameters.

Creating a loop over each spatial harmonic, the modified grating vectors are formed by assigning
the spatial harmonic uniformly throughout the grid, adding the angle of the orientation spatial variance

parameter &(F) to the angle of the and dividing by the period spatial variance parameter A(F). Figure

6.6 shows a graphical representation of this process.
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Figure 6.6: Graphical representation of method for determining spatially variant lattice grating vectors.

To construct the lattice, the grating phase must be calculated for each grating vector and
reconstructed to form an overall lattice permittivity function given by

8pq (XZ’ y2) = apq eXpI: j®2,pq (XZ! yz ):I (622)
8ana|og (XZ’ y2) = ganalog (XZ’ y2)+ Rel:gpq (XZ’ y2 )] ' (623)
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6.6 OPTIMIZATION OF THE ALGORITHM

6.6.1 Truncation of Spatial Harmonics by Magnitude

Fundamentally, the majority of energy in a signal which has been decomposed into its Fourier
coefficient is contained within a minority of the infinite combination of harmonics. Limiting the
reconstruction of a lattice to only those Fourier components which are above a threshold greatly reduces
the time involved to synthesize a spatially variant lattice. Figure 6.7 shows an example of the real parts
of the spatial harmonics for a unit cell. As can be seen on the left side of the figure, the majority of the
spatial harmonics have negligible amplitude. Assigning a threshold in order to limit the number of
harmonics used for the lattice construction leads to the result shown on the right. The overall number of

spatial harmonics is dramatically reduced using this method and the time required to construct the lattice

Figure 6.7: The left plot of this figure displays the real part of the spatial harmonics for a unit cell. On
the right a threshold was set to eliminate all harmonics which exceeded this threshold.

is reduced considerably.

6.6.2 Reduction by Collinear Spatial Harmonics

The spatial harmonics calculated for a unit cell contain amplitude and orientation information for
all of the planar gratings composing the truncated Fourier series for that unit cell as shown in the left plot
of Figure 6.8. Considering Eq. (6.20), the grating vector and the amplitude of each spatial harmonic must
be used to assemble the unit cell using the Fourier series. Likewise, the grating phase and amplitude terms
in EqQ. (6.22) must be used to assemble the entire lattice. As the grating phase computation given by Egs.
(6.6) - (6.16) consider only the grating vector, the number of computationally expensive linear algebra
operations and interpolations to the high resolution grid necessary can be reduced to only the minimal set

of grating vectors by eliminating the collinear terms while retaining the amplitude information. With the
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grating phase known, the lattice construction can use the phase calculated and simply apply the amplitude

calculation for each of the reduced terms.
Reduce collinear
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Figure 6.8: Spatial harmonics of a unit cell reduced to the minimum number of unique orientations by
eliminating all collinear components.
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Chapter 7: Demonstration of Transformation Optics and Spatially VVariant Lattice
Toolchain

7.1 COORDINATE TRANSFORMATION

The device chosen to be explored with this tool chain is the arbitrary electromagnetic cloak shown in
Figure 7.1. To achieve cloaking a coordinate transformation must be employed which bends the
coordinate axes around the object being cloaked. According to [19, 76, 77] this coordinate transformation
can be achieved by stretching the center of the cloak to the boundary of the object being cloaked. The

outer boundary of cloak remains the same in both coordinate systems.
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X (A)

Figure 7.1: Boundaries of arbitrary electromagnetic cloak.

Due to the existence of singularities of the Jacobian matrix within the cloaked region, the reverse
coordinate transformation of that described above was used. The boundary conditions to implement this
reverse coordinate transformation are given by
L (xy)=T,(xY) (7.1)
I,=0 (7.2)
Following method described in Chapter 5 the coordinates x and y can be determined by solving

Laplace’s equation with the boundaries I'; and I',. The forcing matrix F which consists of 1’s at those

points where the boundaries exist and 0’s elsewhere is defined for the boundary conditions (7.1) and
(7.2). The two forcing vectors u, and u, contain the x and y coordinate, respectively, of each position
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on the grid where the boundary is defined and are reshaped into column vectors. Using the second order

centered finite-difference matrix operators given in Eq. (5.7) Laplace’s equation can be written as shown
in Eg. (5.10). Implementing Egs. (5.11) - (5.13) using F, u,, and u, leads to

L'x=Db, (7.3)

L'y =b, (7.4)
where L' is given in Eqg. (5.12) and

b, =Fu, (7.5)

b, =Fu, (7.6)

Restricting the solution of Laplace’s equation to the cloaking region, the modified form of Egs. (7.3)
and (7.4) are
L"X" =D (7.7)
L"y" =bf (7.8)
Solving for x” and y” in Egs. (7.7) and (7.8) leads to a column vector which was reshaped and
used to replace the x and y coordinates in the original Cartesian grid. The resulting coordinate
transformation is shown in Figure 7.2. Rather than the coordinate axes being directed around the
cloaked object, the axes focus toward the center of the grid. This is due to the reverse coordinate

transformation being used rather than the forward coordinate transformation.

Figure 7.2: Coordinate axes for the reverse electromagnetic cloak coordinate transformation.
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7.1.2 Jacobian Matrix

To calculate the Jacobian matrix for the coordinate transformation a numerical method for
calculating the partial derivatives must be used. Referring to Egs. (5.31) - (5.40), the partial derivatives
can be expressed as finite-difference calculations. Using the matrix derivative operators D, and D, as
described in Chapter 4, the partial derivatives required to calculate the Jacobian matrix can be

determined and placed into arrays which contain the derivative values as shown in Figure 7.3.

Ox10x' OxI10y’ ox10z'
”

0 “‘ 0 0
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0zl Ox' ] ozl oy’ 1 0zloz' ;
g & Ll

Figure 7.3: Derivatives of x and y coordinates calculated using Laplace’s equation.

7.2 MATERIAL PARAMETERS
Using the Jacobian matrix, the permittivity and permeability tensors necessary for the
electromagnetic cloak can be calculated using the equations of transformation optics [1, 2, 19, 20]

according to

, _A[gr]AT

[1]= det A (7.9)
, _A[,ur]AT

] ==t a (7.10)

where [¢,] and [, ] are the permittivity and permeability tensors of the physical space in the original

coordinate system, A is the Jacobian matrix of the coordinate transformation, and A" is the transpose of
the Jacobian matrix. Iterating throughout the entire grid point by point, the Jacobian matrix is formed at
each position in the grid using the derivative arrays shown in Figure 7.3. For the electromagnetic cloak
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described in this chapter, the coordinate transformation was the opposite of that which is required for
proper electromagnetic cloaking. As such, the inverse of the Jacobian matrix is necessary to compute
the necessary material tensors. Using the matrix inverse of the Jacobian matrix at each point in the grid,
the permittivity and permeability tensors are found according to Egs. (7.9) and (7.10). Figure 7.4 shows
the permittivity tensor of the cloak. Each element of the tensor is an array the size of the grid. From the

Egs. (7.9) and (7.10), the permeability for a device in free space is equal to the permittivity.
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Figure 7.4: Arrays of permittivity tensor elements for the arbitrary electromagnetic cloak shown in
Figure 7.1. The permeability will be identical to the permittivity.

7.3 DECOMPOSITION OF MATERIALS TO PRINCIPAL AXES

Based on the symmetry of the permittivity and permeability tensors [106] a coordinate system
can be found in which the tensor is diagonal [106]. The diagonalized tensor is found by solving the
eigenvalue problem

[&.]P =[5 ] P (7.11)
where P, is the eigenvector for the eigenvalue [gd ]i . The orientations of the eigenvectors of Eq. (7.11)
are known as the principal axes of the tensor [41].

For the permittivity and permeability tensors determined using Eq. (7.9) and (7.10) the tensor

components and principal axes are shown in Figure 7.6. The permittivity value ¢_ in the ¢direction

90



becomes infinitely large approaching the center due to the existence of a singularity within the cloaked
region. A convergence study was performed for the cloak to determine the optimal grid resolution such
that the reflectance and transmittance of the device do not vary appreciably as a function of grid

resolution. The cloak with parameters shown in Figure 7.6 was simulated using AFDFD with a grid

resolution of A,/100. The results of this simulation are shown in Figure 7.7.
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Figure 7.5: Convergence sweep of electromagnetic cloak. A value of N, = AX/ 4, above 100 is seen
to be well converged.

Figure 7.6: Principal axes and diagonalized permittivity tensor values along principal axes. The
permittivity values ¢, in the direction of ¢approach infinity near the center of the cloaking region.
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Figure 7.7: Result of AFDFD simulation of the cloak with the material tensors shown in Figure 7.6.
This simulation was performed with a grid resolution of 4,/100.

In order to design a physically realizable cloak, the values of the material parameters must be
within the range of currently available metamaterial unit cells. The material parameters determined for
this device require a six terms in order to fully implement it. By choosing a fixed electric field
polarization the material terms can be reduced to a set of values with only two material values which
vary with position as described in [18]. Consider an electric field vector in cylindrical coordinates

polarized in the z direction as given in Eq. (7.12) and a magnetic field vector as given in Eq. (7.13)

E(r,¢)=E,(r,¢)Z (7.12)
H(r,¢)=H,(r,¢)f+H,(r.¢)é (7.13)
Taking the curl of Eqgs.(7.12) and (7.13) leads to
vxE=1%Er (7.14)
rog or
VxH =[%§(rH¢)—%6;dz (7.15)

S f= jo[u]H = ja)(,urHrf+,u¢H¢¢;) (7.16)
Solving for the components of H from Eq. (7.16) yields
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1 o©E

== — (7.17)
Jour 0¢
H¢:—_1 & (7.18)
Jou, or
Likewise, Maxwell’s curl equation for the magnetic field can be written
10 10H, |, . = : R
[Fa{nu)—?8¢}z=—m44E:nqngﬂ (7.19)

Substituting Egs. (7.17) and (7.18) into Eq. (7.19) leads to

1oy, L &1 100 1 BN ik (7.20)
ror Jowu, or | rog\ jour o

which can be simplified to yield the wave equation in terms of E as
11 6( 8Ej 1 10°E
vl L e wall iy
or) ue, r°og

o’E =0 (7.21)

L€, ¥ or

Using the justification in [18] a set of parameters satisfying Eq. (7.21) can be found.

For a cylindrical cloak, the material parameters are given as

.- _( b jzr—a
: = H, —b—a —r

E =M, _r-a (7.22)

r
: r

:ﬂ =

¢ {4 r—a

According to [18], the following set of material parameters will satisfy the wave equation for the electric

b 2
g =] —
)

field polarized in the z direction.

a
= (E) (7.23)
r
Hy =1
Comparing Egs. (7.22) and (7.23) one can see that
£, =&,
He = MMy (7.24)
Hy = HyH,
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Following a similar approach, another set of parameters can be found similar to those in (7.24).

&, = &M,
He = ey (7.25)
Hy = HyHy
which for a cylindrical cloak are
5% (5

E=l—||—
b—a r

=1 (7.26)

2
r r
#¢_(r—aj

Applying the relations in Eq. (7.25) to the diagonalized material parameters shown in Figure 7.6
leads to the parameters shown in Figure 7.8. Of note is the range of values shown for the x;, parameter.

For a grid with infinitely small cells, the material values approach infinity. A realistic upper limit must

be found in order to physically realize this device.
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Figure 7.8: Simplified material parameters for metamaterial cloak.
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A study was performed on the effect limiting the upper bounds of values in the permittivity and
permeability tensors. By limiting the maximum value of the material values to 5, a cloak with
performance comparable to the cloak without limitations was able to be simulated. Rotating the tensors

using the reduced elements shown in Figure 7.8 according to [107]
[6.]=R[&,]R™ (7.27)

where R is the rotation matrix composed of the principal axes as given by

a b ¢

X X X

R=la, b, ¢ (7.28)

y 7Y
a b c

A z z

leads to a cloak which when simulated using AFDFD is shown in Figure 7.9.

Figure 7.9: Cloak constructed using reduced permittivity and permeability values as shown in Figure
7.8 simulated using AFDFD with a grid resolution of 4, /80

7.4 METAMATERIAL MAPPING

Using the constrained tensor elements described in the previous section and shown in Figure 7.8,
metamaterials engineered to the proper material value at each point in the grid are selected to construct
the device. After a study of several metamaterial unit cells, it was determined that the magnetic-electric
LC (MELC) structure presented in [108] provided the widest range of values applicable to this device.

This structure, shown in Figure 7.10, provides a wide range of material values for two structures
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oriented in a mirrored arrangement as shown on the right side of Figure 7.10. The effective material
parameters for the MELC structure with both scalel and scale2 equal to 1 is shown in Figure 7.11 as a

function of frequency.

)

Tl

Figure 7.10: MELC unit cell with the dimensions d =3.0 mm, w=0.25 mm, g =0.25 mm,
I =0.6 mm, ¢=0.25 mm. The spacing between structures is p =0.25 mm and the conductor thickness
ist=0.25mm.
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Figure 7.11: Effective material parameter sweeps for the MELC structure shown in Figure 7.10.

In order to fully characterize the MELC metamaterial element a parameter sweep was performed
by scaling the x and z dimensions of both of the mirrored elements from 0.01 times the nominal
dimensions to 1.0 times the nominal values in 0.01 increments using Ansys HFSS [30]. The sweeps
resulted in a two dimensional map of the permittivity and permeability values retrieved for the
metamaterial cell as a function of scalel and scale2. The real part of this parameter sweep is shown in

Figure 7.12 while the imaginary part of the sweep is shown in Figure 7.13.
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Figure 7.12: Real part of the material parameters from the scaling sweep for the MELC metamaterial

unit cell.
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Figure 7.13: Imaginary part of the material parameters from the scaling sweep for the MELC
metamaterial unit cell.

The scaling for each position within the device is determined by first calculating the absolute
difference between the permittivity or permeability value at that position and the material values for the
metamaterial which will be implemented for that material as given in Egs. (7.29) and (7.30).

Ag, (i, j)z & (i, j)—gr'nap
Aty (31 1) =41, (1, 5) = b

(7.29)
(7.30)

The differences are added together and the scales corresponding to the minimum are stored for each

position in the device.
Consider the map of the material parameters of the device evaluated at the point (0.016,0.048)

as shown in Figure 7.14. The value of ¢, at this position is 0.9817 and that of ., is 1.983. Applying
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Egs. (7.29) and (7.30) leads to the difference terms shown in Figure 7.15. The sum of these difference
terms is shown on the left in Figure 7.16 and on the right this term is plotted logarithmically to

graphically show the minimum scales of scalel = 0.59 and scale2 = 0.84. These scale values correspond

to a value of 0.986 for ¢, and 1.983 for 4, .

[X.¥]: [0.01604 0.04789] [X.¥]): [0.01604 0.04789)
Index: 0.95817 Index: 1.983
[R.G,E]: [0.8647 0.949 0.07451] [R.G,BE]: [0.07451 0.502 0.8353]

Figure 7.14: Plot of the device material parameters with a cursor at the position (0.016, 0.048) .
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Figure 7.15: Difference terms for the material values for the position (0.016,0.048) in the device.
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Figure 7.16: Combined material differences shown on the left. On the right the combined differences
are plotted on a logarithmic scale and the minimum scale values are shown with a data cursor.

Mapping the material parameters to each point in the grid the scale factors for the MELC
structures were determined. Figure 7.17 shows the final mapping used for the electromagnetic cloak.
The terms labeled “Fit 1, and “Fite,” are the material parameter values for the scales which were
determined to be the closest match to those necessary for the cloak. Figure 7.18 shows the AFDFD
simulation for using only the real part of the material parameters. Comparing this simulation to the
reduced parameter model of the electromagnetic cloak presented in [18] shown in Figure 7.19

demonstrates that the reduced material model for the arbitrary electromagnetic cloak with the fit

material values is a very good approximation.
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Figure 7.18: AFDFD simulation of electromagnetic cloak with only the real part of the material
parameters used.
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Figure 7.19: Reduced material model for electromagnetic cloak described in [18].

7.5 SPATIALLY VARIANT METHOD FOR NON-UNIFORM AND CIRCULATING GRIDS

With the metamaterial scaling and orientations determined, the placement of the elements was
implemented. Using the spatially variant lattice synthesis tool described in Chapter 6 as well as in Refs.
[81, 97, 99, 101] the metamaterial elements were smoothly and continuously placed according the unit
cell period and orientation derived previously. The traditional spatially variant algorithm decomposes
the unit cells into spatial harmonics which are then spatially varied and reconstructed. The metamaterial
element used for this research would require thousands of spatial harmonics to resolve the very fine
features of the unit cell, due to the existence of Gibb’s phenomenon as discussed previously in Chapter
6. Rather than use this approach, an alternative method of distributing the metamaterial elements was
formulated. This approach used three grating vectors composed of the principal axes of the
transformation media tensors to create a spatially variant lattice. The spatially variant lattice formed by
using the traditional spatially variant algorithm presented in Chapter 6 led to a lattice with a considerable
amount of divergence due to the circulating nature of the principal axes. Designing a circulating grid

with non-uniform grid spacing, as shown in Figure 7.20, minimized the divergence of the unit cells.
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Figure 7.20: Implementation of the Spatially Variant algorithm on a non-uniform grid.

To construct the spatially variant lattice, the principal axes of the material tensors, shown in

Figure 7.8, were used to construct the spatially varying grating vectors. These grating vectors were used

to calculate the grating phase according to

Vo (r)=K(T) (7.31)
which, referring to Chapter 6, can be written using finite-difference operators to be
> @ . 7.32

for a two-dimensional device. However, on a non-uniform grid the finite-difference operators D, and

D, must be calculated differently than previously described for a uniform Cartesian grid because the
Ax and Ay values are constant for the Cartesian derivative operator and varying for the non-uniform
grid.
Considering the cutaway section shown in Figure 7.21, for each point in the grid a curve-fitting
approximation is made such that
@ (x,y)~ax+by+c. (7.33)

Taking the first derivative of Eq. (7.33) with respect to x leads to
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oD, (x,Y)

-a 7.34
™ (7.34)
and the first derivative with respect to y yields
oD, (X,
M -b. (7.35)
oy

Referring to Figure 7.21, At each grid position a system of equations is constructed using Eq.
(7.33) evaluated for the position being evaluated and the points on the grid adjacent to the point being
evaluated. This system of equation is written as a matrix equation given by

@, x y 1
D, % vy, 1

b (7.36)
: : .
(OR X, Yy, 1

The positions on the grid that do not have neighboring points existing on the grid, such as the
point labeled @, in Figure 7.21, require boundary conditions to be applied. In the case of this
implementation Neumann boundaries [73] are applied in order to maintain a smooth and continuous
boundary.

DO, xax+by+c

x] }:] I ‘D]
: 1 “ D
X, W )
s [, || @
/ XN 1 (DJ
c
X, vy | D,

oD
gz ~a=a0, +a,0,+a,®, +a,D,

oo,
xb=[40 + 0, + L0, + L0,

-
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Figure 7.21: Expanded view of a section of the non-uniform grid shown in Figure 7.20.
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Rewriting Eq. (7.36) using the Moore-Penrose pseudoinverse [109] leads to

-1

x Yy 1 @,
X 1 ()

2 yﬁ l=|b (7.37)
X, Yy, 1 (OR

Comparing Eq. (7.37) with Egs. (7.34) and (7.35) the following relations can be made

oD (X,
b (xy) ;X Y) cacad tad,+.tad, (7.39)

X

D. (X,
0 (x.y) ;yx Y) b= .+ B, 4.t fD, (7.39)

where the components «; and g, are the components of the first and second rows respectively of the
pseudoinverse matrix. The finite-difference matrices are constructed by placing the values of «; and S,

in the i" row in the columns belonging to the positions ®; and @,.

With the finite-differences calculated, the spatially variant tool was implemented as described in
Chapter 6. Two spatially variant planar gratings were calculated as shown in Figure 7.22 using the
principal axes of the material tensors as the grating vectors for each planar grating. The tow planar

gratings were added together to calculate the spatially variant lattice shown in Figure 7.23. From this

F~
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7N

Figure 7.22: Grating vectors derived using spatially variant planar gratings with principal axes as the
grating vectors.

lattice, the metamaterial element positions were determined.
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Figure 7.23: Sum of the planar gratings shown in Figure 7.22.

7.6 HYBRIDIZATION OF TRANSFORMATION OPTICS AND SPATIALLY VARIANT LATTICES

With the construction of the spatially variant planar lattice as described in the previous section,
the metamaterial elements which were required to implement the transformation optics media could be
placed within the device. By applying a threshold function to the spatially variant lattice shown in
Figure 7.23 a binary lattice was created. The threshold function provided a value of 1 for every position
with a value greater than the threshold of 1.0 and O for each position less than the threshold value. The

resulting binary lattice is shown in Figure 7.24.

Figure 7.24: Intersection of planar gratings shown in Figure 7.23 determined using a threshold of 1.0.

To determine the position, orientation, and scaling of the metamaterial elements in the device,
the values of 1 in the binary lattice were iterated through. For each position the cells adjacent to the

position being evaluated were checked to determine if their values were also 1. This process continued

106



until a grouping of cells was obtained with no adjacent cells containing a value of 1 as shown in Figure
7.25. The center of this group of cells was determined and the position of the center was designated as
the position where the center of a metamaterial element would be placed. The orientation of the
metamaterial element was determined by interpolating the angle of principal axes at the position where
the element will be placed. Likewise, the scaling for the metamaterial element is calculated by
interpolating the scales resulting from the material mapping to the position where the metamaterial

element will be positioned.

Figure 7.25: Cut out of grating intersection grid showing cell grouping.

Using the center positions, orientation, and scale values, the metamaterial unit cells were
distributed throughout the device. The geometry for the metamaterial elements were stored in Standard
Tessellation Language (STL) format for each half of the mirrored MELC unit cell. An STL file stores
the information about the object as a series of faces and vertices. The faces and vertices for both
elements were loaded into MATLAB and positioned appropriately for a nominal unit cell configuration.
For each position identified on the spatially variant lattice, each of the mirrored halves of the
metamaterial element was scaled per the scaling at the position where the elements were placed. Next, a
rotation matrix was formed using the orientation at the location and the vertices were rotated using a
rotational transformation. Finally, the vertices were translated to the position and the resulting faces and

vertices were stored in a global array containing the faces and vertices of each element in the device.
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Once all the positions of intersection in the spatially variant lattice had been evaluated this global array
was written to an STL file. The final device with all the elements positioned properly is shown in Figure

7.26.

Figure 7.26: Final cloak designed using transformation optics hybridized with spatially variant
metamaterials.

To illustrate the benefit of using a spatially variant lattice on a non-uniform and circulating grid,
the device designed above was implemented using a Cartesian grid. First, a uniform lattice of points
spaced with the lattice spacing of the nominal MELC unit cell (3.333 mm) was created as shown in

Figure 7.27. This uniform lattice was masked with the outline of the cloaking device shown in Figure

7.1. The resulting lattice is shown in Figure 7.28.

.....................................

Figure 7.27: Uniform lattice with lattice spacing of MELC element described in Section 7.4.
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Figure 7.28: Cartesian lattice of metamaterial positions for transformation optics cloak boundaries
shown in Figure 7.1.

Using the algorithm described previously in this chapter, the position, orientation, and scaling
were determined using the Cartesian lattice in Figure 7.28. The metamaterial elements were placed
using the method described for the spatially variant lattice previously and the resulting device is shown
in Figure 7.29. The Cartesian cloak has several deficiencies when compared to the device designed
using the spatially variant lattice. Firstly, the boundaries are abrupt due to the device being fixed to a
Cartesian grid. The spatially variant device conforms to the boundaries of the cloak, whereas the
Cartesian cloak has very sharp features because of the rectangular grid on which the materials are
placed. Another drawback of the Cartesian device is that the effective material properties of the
metamaterial elements are dilute when they undergo a rotation. This is because the Cartesian grid does
not compensate for the rotation of the unit cell, but only the material elements. The rotation of the
metamaterial unit cells is used in the construction of the grating vectors for the spatially variant lattice,
therefore the overall device designed using the spatially variant lattice does not exhibit the dilution of

the material properties. Finally, the Cartesian lattice cannot accommodate a spatially variant lattice
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spacing. Like the rotation of the unit cells mentioned previously, the lattice spacing is a component of

the grating vectors used to construct the spatially variant lattice.

ryYry
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Figure 7.29: Transformation optics cloak with metamaterial elements arranged according to the
Cartesian lattice shown in Figure 7.28.

7.7 METAMATERIAL DEVICE SIMULATION

To verify the effectiveness of the metamaterial cloak shown in Figure 7.26 a means of simulating
of the entire structure is necessary. FDTD chosen because the memory required for this method scales
for large grids better than other methods such as Finite Element Method (FEM) and FDFD [110].
VORPAL VSim particle simulation software from Tech-X [111] was used to perform the simulation of
the discrete element cloak shown in Figure 7.26. The STL file created for the device was imported into
VSim with uniaxial perfectly matched layer boundary conditions on all sides. The result of the
simulation shown in Figure 7.30 does not perform as cleanly as the effective media cloak due to the
losses inherent in the metamaterial unit cells. Comparing the cloak designed in this work with that
presented in Ref. [18] the limitations of currently existing metamaterial elements is evident. With
advances in metamaterial research the devices which can be realized will become more effective and a

greater variety of devices will be able to be designed.
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Figure 7.30: FDTD simulation of cloak shown in Figure 7.26 performed using VSim from Tech-X
Corp.
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Figure 7.31: Discrete element experimental result of cloak designed in Ref. [18]
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Chapter 8: Conclusion

The ability to spatially vary metamaterials to implement transformation electromagnetic devices
will allow devices to be designed that are currently not realizable. A technique to generate
transformation optics devices numerically using a simple finite-difference method was presented. By
generating transformation media using a fully numerical approach, it is possible to design devices with
arbitrary geometries defined only by the device boundaries. Additionally, the tools to simulate the
effective media models using the Finite Difference Time Domain and the Anisotropic Finite Difference
Frequency Domain methods is presented. An improvement to the AFDFD method was presented which
reduces the amount of memory required to execute the simulation while also greatly reducing the time
necessary to simulate a device. A discussion of metamaterial characterization was also presented. The
process of simulating the material as well as extracting the material parameters from the scattering
parameters. By scaling the metamaterials, the resonant frequency will shift and allow for a wide range
of response at a single frequency.

A method of determining the scaling for each metamaterial element corresponding to the
material parameter to be represented was presented. Spatially variant lattices were discussed as a
method of placing the discrete metamaterial elements within the grid. A process of determining
spatially variant planar gratings on a circulating non-uniform grid was used discussed. This technique
allows devices to be constructed using grid sizes which vary throughout the grid. Identifying the
intersections of the planar gratings created determines the positions that the metamaterial elements will
be assigned within the device. The orientation and scale of the elements is calculated by interpolating
the values found by the mapping operation and principal axes to the position identified by the
intersection of the gratings. The final device designed using this method is then simulated in a full-wave
solver such as FDTD.

The comparison between the effective media model and the discrete element device was made
and a discussion of the results was presented. While the method presented in this research will produce

a device based on the material parameters determined through transformation optics, the effectiveness of
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such a device is limited by the metamaterials which are available to implement it. As metamaterials are

designed with more bandwidth and lower loss, the devices which will be possible will expand.
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