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Abstract

In many practical situations, we know only the intervals which contain the actual (unknown) values
of physical quantities. If we know the intervals x for a quantity x and y for another quantity y, then, for
every arithmetic operation ©, the set of possible values of x ©® y also forms an interval; the operations
leading from x and y to this new interval are called interval arithmetic operations. For addition and
subtraction, corresponding interval operations consist of two corresponding operations with real numbers,
so there is no hope of making them faster.

The best known algorithms for interval multiplication consists of 3 real-number multiplications and
several comparisons. We describe a new algorithm for which the average time is equivalent to using only
2 multiplications of real numbers.

What is interval arithmetic. Many computer algorithms for processing real numbers have been designed
to process measurement results. Measurements are never 100% precise; therefore, when after measuring a
physical quantity we get the measurement result Z, this does not mean that the actual value of this quantity
is equal to Z: this actual value can take any value from the interval x = [ — A, Z + A], where A is an upper
bound on the measurement error (usually supplied by the manufacturer of the measuring instrument).

If for two quantities z and y, we only know the intervals x = [z,Z] and y = [y, 7] of possible values, then,
for every arithmetic operation ® (4, —,-, /), we can only only conclude that 2 ® y € x © y, where x ® y is
defined as

xCy={z0y|lzex,yey}

Thus defined arithmetic operations on the set of all intervals are called interval arithmetic.
The results of interval arithmetic operations can be easily described in terms of lower and upper endpoints
of the operand intervals:

[z,7] + [y,7] = [z + y,T + T);
Lf]_[ﬂ,y] [E—yj—g];
[z,7] - [y,7] = [min(z-y,2-7,T-y,7 - §), max(z - y,2-§,T - Y, T - §)];
[z, 7/[y,3] = [z,7] [% ] when 0 ¢ .97

(For details, see, e.g., [6, 7, 9, 10, 11].)

What is computational complexity of interval arithmetic? Formulation of the problem. When
we process intervals corresponding to data uncertainty, our goal is to perform the corresponding interval
arithmetic operations. The faster we perform them, the better, so the natural question is: what is the
algebraic complexity of these operations? In other words, how many elementary operations with real numbers
(actually, rational numbers) do we need to perform to implement one interval arithmetic operation?

For addition, the answer is easy: addition of two intervals means two additions: of lower endpoints and
of upper endpoints. Similarly, subtraction of two intervals means two subtractions of real numbers. Division
of interval reduces to multiplication, so the only non-trivial problem is: what is the algebraic complexity of
interval multiplication?

In the above formula, we use 4 multiplications and several comparisons (to find min and max). Since
multiplication requires asymptotically more time than comparison (for n-digit numbers, comparison takes n
bit operations while known multiplication algorithms requires n? or at least O(n'°82(3)); see, e.g., [5], Ch. 29



and 32), it is reasonable to take the number of multiplications as the measure of the computation time
(ignoring the number of comparisons).

Known result: often, we only need two real-number multiplications. Before we describe the new
algorithm, let us write down the known reformulation of the interval product formula. Namely, instead of
a single formula which covers all possible signs of the four real numbers z, Z, y, and 7, we can describe
separate formulas for different sign combinations: -

eifz>0andy >0,thenx-y=[z-y,T-7];
eifz>0andy <0<y, thenx-y=[T-y,T-7];
eifz>0andy <0, thenx-y=[T-y,z-7];
eifz<0<Tandy>0,thenx-y=[z y,7 7]

e ifz<0<7Tandy<0<L7, then x-y = [min(z-7,7-y), max(z - y,Z - 7)];
e ifz2<0<Tandy<0,thenx-y=[z y,Z-7];
eif7<0andy>0,thenx-y=[z-7,T-yl;
eif7<0andy <0<y, thenx-y=[z-7,z-y;

e fT<0andy <0, thenx-y=[Z -7,z-7]

We see that in 8 out of 9 cases, we need only 2 multiplications, and the only case when we really need 4
multiplications is when 0 € x and 0 € y. Let us show that in this case, 3 multiplications is enough.

In all cases, 3 real-number multiplications are sufficient: Heindl’s fast algorithm [8]. In the case
when 0 € x and 0 € y, we have 4 non-negative numbers: |z| = —z, |y| = —y, T, and §. Let us show that
for all four possible combinations of orders between |z| and Z, and between |y| and 7, only 3 multiplications
will be needed. Indeed: B

If 0 < |z| <7 and 0 < |y| < 7, then, multiplying these two inequalities, we conclude that |z| - |y| < T - 7.
Hence, z-y <7 -7, and max(z - Y, T y) =T -g. So, to compute the upper endpoint of the interval x -y, we
only need 1 multiplication. Together with 2 multiplications to compute the lower endpoint, we get a total
of 3 multiplications.

If 0 <7 < |z| and 0 <7 < |y, then, multiplying these tow inequalities, we conclude that T -y < |z| - |y|.
Hence, 7 -3 < z -y, and max(z -y,Z-%) = z-y. So, to compute the upper endpoint of the interval x -y, we
only need 1 multiplication. Together with 2 multiplications to compute the lower endpoint, we get a total
of 3 multiplications.

If0 < |z| <% and 0 <7 < |y|, then, multiplying these tow inequalities, we conclude that |z| -7 < T - |y|.
Hence, z -y > -y, and min(gTy,f -y) =T -y. So, to compute the lower endpoint of the interval x -y, we
only need 1 multiplication. Together with 2 multiplications to compute the upper endpoint, we get a total
of 3 multiplications.

If 0 <7 < |z| and 0 < |y| <7, then, multiplying these tow inequalities, we conclude that T - |y| < |z| -7
Hence, T-y > z -7, and min(z - 3,7 - y) =z -7. So, to compute the lower endpoint of the interval x -y, we
only need 1 multiplication. Together with 2 multiplications to compute the upper endpoint, we get a total
of 3 multiplications.

In all four cases, 3 real-number multiplications is enough.

Formulation of the problem. A natural question is: can we compute interval multiplication still faster?
If we cannot perform interval multiplication faster in all cases, maybe we can perform it faster on average?
This is the question to which we answer in this paper. Namely, we describe a new algorithm for which the
average time is equivalent to using only 2 multiplications of real numbers.

The idea behind our new algorithm. According to the formula for interval multiplication, each of the
endpoints is equal to the product of two original endpoints; so, if we knew which original endpoints we have
to multiply, then two real-number multiplications would be sufficient. The reason why we have to consider
three real-number multiplications is that we do not know which original endpoints to multiply: e.g., when
0< —z=|z] <7 and 0 < —y = |y| <7, to compute the lower endpomt of the interval x -y, we must
compute the smallest min(z -7, - y) of the two products z -7 and 7 -y. If we could determine which of these
two products is smaller without actually computing both of them, we would have saved time.



We would therefore like to check the sign of the inequality z -7 7 T - y, i.e., the sign of the difference
D=z-y-%-y.
From the mathematical viewpoint, the difference D is the determinant of the matrix

(7))

In computational geometry, there are known fast algorithms which check the sign of the determinant faster
than known algorithms for computing it (see, e.g., [1, 2, 3, 4, 12]). These algorithms are not directly
applicable in our case, because they cut down on the algebraic complexity (number of algebraic operations
— real-number multiplications and additions) in the limit when the size of the matrix increases, while we
are interested in cutting down the bit complexity for the simplest case of a 2 x 2 matrix. However, these
algorithms inspired us to produce a similar algorithm for our case as well.

New algorithm: discussion. We will describe an auxiliary algorithm which, given an arbitrary four n-
digit real numbers a, b, ¢, and d, checks whether a-b < ¢-d, and whose average running time is bounded by
a constant which is independent on n.

If we use this auxiliary algorithm to check which of the two products is larger, then, on average, we will
get a new algorithm for interval multiplication, for which the average time is asymptotically equivalent to
using only 2 multiplications of real numbers.

Comparing the product of real numbers is equivalent to comparing their absolute values; therefore,
without losing generality, we can assume that all four real numbers are non-negative.

For simplicity, we will describe our new algorithm for the case when all the bounds are within the interval
[0,1] and are represented as fixed-point real numbers (the asymptotic average complexity does not depend
on this behavior). In this case, each number z is represented as a sequence of n bits z = 0.z1z> ... z,. For
each n, by average complexity, we mean an arithmetic average over all possible combinations of binary digits
(there are 2™ possibilities for each of the numbers, so totally, we have 24" possibilities).

New algorithm: description. Our auxiliary algorithm for checking whether a-b < ¢-d consists of several
stages. The first stage is performed unconditionally; if on k-th stage, we have not yet found out whether
a-b < c-d, we perform stage # (k + 1), etc, until we reach stage # n. If on n-th stage, we still have not yet
found out the answer, we then compute both products a - b and ¢ - b and compare them.

On k-th stage, we compute the products Ly, = a(® -b®*) and R, = ¢(*).d®) (where z(*) denotes 0.z . .. xy).
Then:

o if Ly 4+ ¢, < Ry, (where we denoted e, = 2~ (*~1) 4+ 2-2F) then we conclude that a-b < ¢ - d;
e if Ry + ¢ < Ry, then we conclude that ¢-d < a - b;
e in all remaining cases, we move to the next stage.

For each k, to compute Lj and Ry, we use the fact that () = z(* 1D 4 gz, . 2% and therefore, Lj, =
a(k) B b(k) = a(kil) B b(kil) + 271‘: B (ak - b(k) + bk B a(k)) = Lk—l + 271‘7 B (ak B b(k) =+ bk B a(k)) ThuS, When we
already know Lj_1, computing Lj means three additions of 2k-digit numbers, i.e., O(k) steps.

This algorithm is correct. Indeed, by definition of z(¥), we can conclude that z*) < z < 2(*) 4 2k,
Therefore, for non-negative numbers a and b, we conclude that

a®) b0 < b < (@® 4 27k) . (B0 £ 2Ry = o) 5 42—k . (q() (k)Y 92k

From a(® < 1 and b*) < 1, we can now conclude that a-b < a® %) +&, = Ly +¢p. So, Ly, < a-b < Lp+e;
similarly, Ry < ¢-d < Ry + . Thus, e.g., from Ly + e < Ry, we can indeed conclude that a-b < c¢-d.

Computing asymptotic average bit complexity: main idea of the proof. The average bit complexity
can be expressed as A = > py - A, where py, is the probability that we need k stages, and Ay is the average
number of bit operations for the situation when we need k stages.

Each stage requires O(k) < C} - k bit operations. Thus, if the algorithm stops on k-th stage, we will need
atotal of < Cp-(14+2+...+k) < Cy - k? bit operations. So, 4, < C; - k2.

Let us now estimate the probability py that we will need k stages. We need k stages if we did not get an
answer on the previous stage, i.e., if [a(*=1) . p(k=1) —c(k=1) . g(k=1)| < ¢, ;. When the number a = 0.a; ... a,
takes all 2" possible values with equal probability, then, for each k, the value a*V = 0.a;...a;_1 also
takes all 25~ possible values with equal probability. So, the probability that we will not get an answer on



(k — 1)-st step is equal to the probability that for randomly chosen values a*~1), p(k—1) ¢(k=1) "and dtk—1),
the above inequality holds.

When k£ — oo, the distribution of a*~1) tends to a uniform distribution on the interval [0,1]. Thus,
for large k, the probability of the above inequality is getting close to the probability that for uniformly
distributed four numbers a, b, ¢, and d, we have |a-b — ¢ - d| < €r_;. This probability is equal to the
4-volume of the area; for £, — 0, one can compute the corresponding integrals and show that this volume
is asymptotically equal to Cs - &, for some constant Cy > 0, i.e., equivalently, to ~ Cs - 27F. Thus, the
probability pr that we need k stages is < Cy - 27*.

From p; < Cy-27% and Ay < C; - k?, we conclude that A = Y p;, - A, < (Cy - Ca) - I, where
Th =Y, 2-k . k2. Clearly, X, is smaller than the corresponding infinite sum X, and it is known that
this infinite sum is finite. Thus, we have a bound on A (namely, C; - Cs - ¥,) which does not depend on 7.
The result is proven.

Warning. The fact that the new algorithm is theoretically faster does not necessarily mean that it is
practically faster: on some computers, comparing two numbers takes the same time as multiplying them.
However, we hope that this new algorithm will be helpful in designing computer hardware which supports
interval arithmetic.
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