University of Texas at El Paso

Digital Commons@UTEP

Open Access Theses & Dissertations

2017-01-01

Combining Interval, Probabilistic, And Other
Types Of Uncertainty In Engineering Applications

Andrew Martin Pownuk

University of Texas at El Paso, andrew@pownuk.com

Follow this and additional works at: https://digitalcommons.utep.edu/open_etd
b Part of the Mathematics Commons

Recommended Citation

Pownuk, Andrew Martin, "Combining Interval, Probabilistic, And Other Types Of Uncertainty In Engineering Applications" (2017).
Open Access Theses & Dissertations. 523.
https://digitalcommons.utep.edu/open_etd/523

This is brought to you for free and open access by Digital Commons@UTEP. It has been accepted for inclusion in Open Access Theses & Dissertations

by an authorized administrator of Digital Commons@UTEP. For more information, please contact lweber@utep.edu.


https://digitalcommons.utep.edu/?utm_source=digitalcommons.utep.edu%2Fopen_etd%2F523&utm_medium=PDF&utm_campaign=PDFCoverPages
https://digitalcommons.utep.edu/open_etd?utm_source=digitalcommons.utep.edu%2Fopen_etd%2F523&utm_medium=PDF&utm_campaign=PDFCoverPages
https://digitalcommons.utep.edu/open_etd?utm_source=digitalcommons.utep.edu%2Fopen_etd%2F523&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/174?utm_source=digitalcommons.utep.edu%2Fopen_etd%2F523&utm_medium=PDF&utm_campaign=PDFCoverPages
https://digitalcommons.utep.edu/open_etd/523?utm_source=digitalcommons.utep.edu%2Fopen_etd%2F523&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:lweber@utep.edu

COMBINING INTERVAL, PROBABILISTIC,
AND OTHER TYPES OF UNCERTAINTY

IN ENGINEERING APPLICATIONS

ANDREW POWNUK

Doctoral Program in Computational Science

APPROVED:

Vladik Kreinovich, Ph.D., Chair

Jack Chessa, Ph.D.

Aaron Velasco, Ph.D.

Piotr Wojciechowski, Ph.D.

Charles Ambler, Ph.D.
Dean of the Graduate School



(©Copyright
by
Andrew Pownuk

2017



COMBINING INTERVAL, PROBABILISTIC,
AND OTHER TYPES OF UNCERTAINTY

IN ENGINEERING APPLICATIONS

ANDREW POWNUK

DISSERTATION
Presented to the Faculty of the Graduate School of
The University of Texas at El Paso
in Partial Fulfillment
of the Requirements

for the Degree of
DOCTOR OF PHILOSOPHY

December 2017



Acknowledgements

I would like to express my deep-felt gratitude to my advisor, Dr. Vladik Kreinovich of the
Computer Science Department at The University of Texas at El Paso, for his advice, encour-
agement, enduring patience and constant support. He always providing clear explanations,
constantly driving me with energy, and always giving me his time, in spite of anything else
that was going on. I wish all students the honor and opportunity to experience his ability
to perform at that job.

I also wish to thank the other members of my committee, Dr. Jack Chessa of the
Mechanical Engineering Department, Dr. Aaron Velasco of the Department of Geological
Sciences, and Dr. Piotr Wojciechowski of the Mathematics Department, all at The Uni-
versity of Texas at El Paso. Their suggestions, comments and additional guidance were

invaluable to the completion of this work.

v



Abstract

In many practical application, we process measurement results and expert estimates. Mea-
surements and expert estimates are never absolutely accurate, their result are slightly
different from the actual (unknown) values of the corresponding quantities. It is therefore
desirable to analyze how this measurement and estimation inaccuracy affects the results of
data processing.

There exist numerous methods for estimating the accuracy of the results of data pro-
cessing under different models of measurement and estimation inaccuracies: probabilistic,
interval, and fuzzy. To be useful in engineering applications, these methods should provide
accurate estimate for the resulting uncertainty, should not take too much computation
time, should be understandable to engineers, and should be sufficiently general to cover all
kinds of uncertainty.

In this dissertation, on several case studies, we show how we can achieve these four
objectives. We show that we can get more accurate estimates, for example, by properly
taking model inaccuracy into account. We show that we can speed up computations,
e.g., by processing different types of uncertainty separately. We show that we can make
uncertainty-estimating algorithms more understandable, e.g., by explaining the need for
non-realistic Monte-Carlo simulations. We also analyze how how to make decisions under

uncertainty and how general uncertainty-estimating algorithms can be.



Table of Contents

Page
Acknowledgements . . . . . ... iv
Abstract . . . . . . v
Table of Contents . . . . . . . . . .. .. vi
Chapter
1 Imtroduction . . . . . . . . . . 1
1.1 Need for Data Processing . . . . . . . . . .. .. ... ... ... ...... 1
1.2 Need to Take Uncertainty Into Account When Processing Data . . . . . . . 2
1.3 How to Gauge the Accuracy of the Estimates z; . . . . .. ... ... ... 3
1.4 Measurement and Estimation Inaccuracies Are Usually Small . . . . . . .. 4
1.5 How to Estimate Partial Derivatives ¢; . . . . . . . . . . ... .. .. ... 5)
1.6  Existing Methods for Computing the Probabilistic Uncertainty: Lineariza-
tion Case . . .. .. 6
1.7 Existing Methods for Computing the Interval Range: Linearization Case 7
1.8 Existing Methods for Estimating Fuzzy Uncertainty: Linearization Case . . 12
1.9 Open Problems and What We Do in This Dissertation . . . . ... .. .. 14
2 How to Get More Accurate Estimates . . . . . . ... .. ... ... ... ... 16

2.1

In System Identification, Interval Estimates Can Lead to Much Better Ac-
curacy than the Traditional Statistical Ones: General Algorithm and Case
Study . . . ..
2.1.1 Formulation of the Problem . . . . . .. ... ... ... .. ....
2.1.2  System Identification under Interval Uncertainty: General Algorithm
2.1.3 System Identification under Interval Uncertainty: Simplest Case of

Linear Dependence on One Variable . . . . . . .. ... ... ....

214 Case Study . . . . . . ..

vi

17
17
21



2.2

2.3

24

2.1.5 Conclusions . . . . . . . ...
Which Value = Best Represents a Sample x4, . .., z,: Utility-Based Approach
Under Interval Uncertainty . . . . . . . . .. ... ... . ...
2.2.1  Which Value = Best Represents a Sample z1,...,z,: Case of Exact

Estimates . . . . . . ..o
2.2.2  Case of Interval Uncertainty: Formulation of the Problem . . . . . .
2.2.3  Analysis of the Problem . . . .. . ... ... ... ... ......
2.2.4 Resulting Algorithm . . . . . ... ... ... ...
How to Get More Accurate Estimates — by Properly Taking Model Inaccu-
racy into Account . . . . ... Lo
2.3.1 What If We Take Into Account Model Inaccuracy . . . . ... ...
2.3.2 How to get Better Estimates . . . . . . . . ... ... ... . ...
2.3.3 Can We Further Improve the Accuracy? . . .. .. ... ... ...
How to Gauge the Accuracy of Fuzzy Control Recommendations: A Simple
Idea . . . . . . e
2.4.1 Formulation of the Problem . . . . . . . ... ... ... .. ....

How to Speed Up Computations . . . . . . . . . . .. ... ... ... .. ...

3.1

3.2

How to Speed Up Processing of Fuzzy Data . . . . . .. .. .. ... ...
3.1.1 Cases for Which a Speedup Is Possible: A Description. . . . . . . .
3.1.2  Main Idea of This Section . . . . . ... ... ... ... .. ....
Fuzzy Data Processing Beyond Min t-Norm . . . . . . . .. .. ... ...
3.2.1 Need for Fuzzy Data Processing . . . . . . ... ... ... .....
3.2.2 Possibility of Linearization . . . . . . .. .. ... .. ... ... ..
3.2.3 Efficient Fuzzy Data Processing for the min t-Norm: Reminder . . .
3.2.4  Efficient Fuzzy Data Processing Beyond min t-Norm: the Main Re-

sult of This Section . . . . . . . . .. ... .. L

vil

31

32
33
34
36

37
37
40
47

49
49
50
52
o6
26
57
29
61
61
68
71



3.2.5  Resulting Linear Time Algorithm for Fuzzy Data Processing Beyond

min t-Norm . . . . . . . .. 76
3.2.6 Conclusions . . . . . . . . . . 78
3.3 How to Speed Up Processing of Probabilistic Data . . . . . . ... ... .. 78

3.3.1 Need to Speed Up Data Processing Under Uncertainty: Formulation

of the Problem . . . . . . .. ... ... 79
3.3.2  Analysis of the Problem and Our Idea . . . . .. ... ... .. .. 82
3.3.3 How to Approximate . . . . . . . . ... ... ... 84
3.3.4 Resulting Algorithm . . . . . ... ... oo 87
3.3.5 Numerical Example . . . . . . . ... o0 88
3.3.6  Non-Uniform Distribution of «; is Better . . . . . . . ... ... .. 89

3.4 Hypothetical Quantum-Related Negative Probabilities Can Speed Up Un-
certainty Propagation Algorithms . . . . . . .. .. ... ... 94
3.4.1 Introduction . . . . . ... 94
3.4.2  Uncertainty Propagation: Reminder and Precise Formulation of the

Problem . . . . . . .. 96
3.4.3 Existing Algorithms for Uncertainty Propagation and Their Limitations103
3.4.4 Analysis of the Problem and the Resulting Negative-Probability-
Based Fast Algorithm for Uncertainty Quantification . . . . . . .. 110
4 Towards a Better Understandability of Uncertainty-Estimating Algorithms . . . 119

4.1 Case of Interval Uncertainty: Practical Need for Algebraic (Equality-Type)
Solutions of Interval Equations and for Extended-Zero Solutions . . . . . . 120
4.1.1 Practical Need for Solving Interval Systems of Equations: What Is

Known . . . .. . . 120
4.1.2 Remaining Problem of How to Find the Set A Naturally Leads to

Algebraic (Equality-Type) Solutions to Interval System of Equations 126
4.1.3  What If the Interval System of Equations Does Not Have an Algebraic

(Equality-Type) Solution: A Justification for Enhanced-Zero Solutions128

viil



4.2

4.3

4.4

4.5

4.6

Case of Interval Uncertainty: Explaining the Need for Non-Realistic Monte-
Carlo Simulations . . . . . . . . .. .. 132
4.2.1 Problem: The Existing Monte-Carlo Method for Interval Uncertainty

is Not Realistic . . . . .. .. . ... ... 132
4.2.2  Proof That Realistic Interval Monte-Carlo Techniques Are Not Pos-

sible: Case of Independent Variables . . . ... ... ... ..... 133
4.2.3 Proof That Realistic Interval Monte-Carlo Techniques Are Not Pos-

sible: General Case . . . . . . . . . .. .. ... ... ... 135
4.2.4  Why Cauchy Distribution . . . . . ... ... ... ... ... ... 141
Case of Probabilistic Uncertainty: Why Mixture of Probability Distributions?144
4.3.1 Formulation of the Problem . . . .. ... ... ... ... ..... 144
4.3.2 Main Result of This Section . . . . . . ... ... ... ... .... 145

Case of Fuzzy Uncertainty: Every Sufficiently Complex Logic Is Multi-
Valued Already . . . . . . . . . . . . 149
4.4.1 Formulation of the Problem: Bridging the Gap Between Fuzzy Logic

and the Traditional 2-Valued Fuzzy Logic . . . ... ... ... .. 149
4.4.2  Fuzzy Logic — the Way It Is Typically Viewed as Drastically Different

from the Traditional 2-Valued Logic . . . . . . . . . ... ... ... 151
4.4.3 There Is Already Multi-Valuedness in the Traditional 2-Valued Fuzzy

Logic: Known Results . . . . . . ... ... ... . ... 152
4.4.4  Application of 2-Valued Logic to Expert Knowledge Naturally Leads

to a New Aspect of Multi-Valuedness — An Aspect Similar to Fuzzy 154
General Case: Explaining Ubiquity of Linear Models . . . . . . . . .. .. 158
4.5.1 Formulation of the Problem . . . . . .. ... ... ... ...... 158
4.5.2  Analysis of the Problem: What Are Reasonable Property of an In-

terpolation . . . . . .. ..o 160
4.5.3 Main Result of This Section . . . . . . . . . . . . . .. ... .... 162
General Case: Non-Linear Effects . . . . . . . . . . . . . ... ... ... 166

1X



4.6.1 Compaction Meter Value (CMV) — An Empirical Measure of Pave-
ment Stiffness . . . ..o oo 167

4.6.2 A Possible Theoretical Explanation of an Empirical Correlation Be-

tween CMV and Stiffness. . . . . . .. .. ... oL 168

5 Decision Making Under Uncertainty . . . . . . . . .. .. ... ... ... .... 173
5.1 Towards Decision Making under Interval Uncertainty . . . . . . .. . . .. 173
5.1.1 Formulation of the Practical Problem . . . . . . .. ... ... ... 174

5.1.2  Formulation of the Problem in Precise Terms. . . . . . . . . .. .. 174

5.1.3 Analysis of the Problem . . . . . .. ... ... ... . ....... 176

5.1.4 Explaining Why, In General, We Have f,, #0 . . . . ... ... .. 178

5.1.5  Analysis of the Problem (continued) . . . ... ... ... ..... 179

5.1.6  Solution to the Problem . . . . . . ... ... ... ... ...... 183

5.2 What Decision to Make In a Conflict Situation under Interval Uncertainty:
Efficient Algorithms for the Hurwicz Approach . . . . . . .. ... ... .. 185
5.2.1 Conflict Situations Under Interval Uncertainty: Formulation of the

Problem and What Is Known So Far . . . .. ... ... ... ... 185
5.2.2  Conflict Situation under Hurwicz-Type Interval Uncertainty: Analy-
sis of the Problem . . . . . . . . ... ... .00 191
5.2.3  Algorithm for Solving Conflict Situation under Hurwicz-Type Inter-
val Uncertainty . . . . . . . . . ... 193
524 Conclusion . . . . . . ... 195
5.3 Decision Making Under Probabilistic Uncertainty: Why Unexpectedly Pos-

itive Experiences Make Decision Makers More Optimistic . . . . . . . . .. 196
5.3.1 Formulation of the Problem . . . . . . . ... ... ... .. .... 196
5.3.2 Formulating the Problem in Precise Terms . . . . . . . ... .. .. 196
5.3.3 Towards the Desired Explanation . . . . ... ... ... ... ... 198
5.4 Decision Making under General Uncertainty . . . . . . .. ... ... ... 201
5.4.1 Formulation of the Problem . . . . .. ... ... ... ... .... 201



5.4.2  Analysis of the Problem . . . ... .. ... ... ... ....... 204

54.3 Conclusions . . . . . . . .. 211
6 Conclusions . . . . . . . . .. 215
References . . . . . . . . . 217
Curriculum Vitae . . . . . . . . . . 230

x1



Chapter 1

Introduction

1.1 Need for Data Processing

One of the main objectives of science is to predict future values of physical quantities. For

example:
e in meteorology, we need to predict future weather;

e in airplane control, we need to predict the location and the velocity of the plane under

current control, etc.

To make these predictions, we need to know how each of these future values y depends
on the current values x1, ..., z, of the related quantities, i.e., we need to know an algorithm
y = f(x1,...,x,) that relates y to x;.

Once we find this information, we can then use the results x4, ..., 7, of measuring the
quantities x; to compute an estimate y = f(Z1,...,T,) for the desired future value y. In

these terms, the prediction consists of two stages:
e first, we measure or estimate the values of the quantities x1,. .., x,;

e then, we use the results z; of measurement or estimation to compute an estimate 7

of the desired future value y as
y=[(@1,....7). (1.1.1)

This computation is an important case of data processing.



For example, to predict tomorrow’s temperature in El Paso y, we need to know today’s
temperature, wind speed and direction, and humidity in different locations inside El Paso
and near El Paso; these values x1, ..., x, are what we can use for this prediction. We can
then use an appropriate method for solving the corresponding partial differential equation
as the desired prediction algorithm y = f(zq,...,z,).

The weather example shows that the corresponding prediction algorithms can be very
complicated; thus, we need to use high-performance computers for this data processing.

Other situations when we need data processing come from the fact that we also want
to know the current state of the world, i.e., we want to know the current values of all the
quantities that describe this state. Some of these quantities — like temperature in El Paso
— we can measure directly. Other quantities, such as the temperature or the density deep
inside the Earth, are difficult or even impossible to measure directly. To find the values of
each such difficult-to-measure quantity y, a natural idea is to find related easier-to-measure
quantities xy,...,x, that are related to the desired quantity y by a known dependence
y = f(x1,...,2,), and then use the results zy,..., 7T, of measuring x; to compute an

estimate y = f(Z1,...,z,) for y.

1.2 Need to Take Uncertainty Into Account When
Processing Data

In general, data processing means applying some algorithm f(z1,...,z,) to the values of
the quantities xy, ..., x,, resulting in a value y = f(x1,...,x,).

Values x; usually come from measurements. Measurement are never absolutely accurate;
the measurement result z; is, in general, different from the actual (unknown) value z; of
the corresponding quantity: Awx; - # 0; see, e.g., [83].

Because of the this, the computed value y = f(Z1,...,7,) is, in general, different from

the ideal value y = f(z1,...,z,).



It is therefore desirable to estimate the accuracy Ay o y—vy. To estimate Ay, we need

to have some information about the measurement errors Ax;.

1.3 How to Gauge the Accuracy of the Estimates z;

In this dissertation, we consider two types of estimates: measurements and expert estimates.

For measurements, we usually know the upper bound A; on the absolute value of the
measurement error Azx; o T; — x;; see, e.g., [83]. This upper bound is usually provided by
the manufacturer of the measurement instrument. The existence of such an upper bound
comes from the very nature of measurement: if no upper bound is guaranteed, this means
that whatever result the “measuring instrument” produces, the actual value can be any
number from —oo to +o00; this would be not a measurement result, it would be a wild
guess.

Once we know the upper bound A; for which |Az;| < A;, and we know the measurement
result z;, then we know that the actual value z; is located in the interval [z; — A;, Z; + A;].

Different values x; from these intervals can lead, in general, to different values of y =

f(z1,...,2,). Our goal is then to find the range y of all possible values of y:

y=A{f(x1,...,2n) 1 21 €X1,...,Ty € X }. (1.3.1)

The problem of computing this range y is one of the main problems of interval computations;
see, e.g., [26, 59, 83].

Often, in addition to the upper bound A; on the measurement error, we also know the
probabilities of different values Az; € [—A;, Aj]; see, e.g., [31, 32, 83].

To gauge the accuracy of (fuzzy) estimates, it is reasonable to use fuzzy techniques,
techniques specifically designed to describe imprecise (“fuzzy”) expert estimates in precise
computer-understandable terms; see, e.g., [28, 62, 109]. In these techniques, the uncertainty
of each estimate is described by a membership function u;(x;) that describes, for all possible

real numbers z;, the degree to which the expert believes that this number is a possible value



of the corresponding quantity.

1.4 Measurement and Estimation Inaccuracies Are
Usually Small

In many practical situations, the measurement and estimation inaccuracies Az; are rela-
tively small, so that we can safely ignore terms which are quadratic (or of higher order)

in terms of Ax; [83]. We can use this fact to simplify the expression for the inaccuracy

def ~
Ay =y—uy.

Here, by definition of data processing, y = f(71,...,T,). Thus,

Ay=y—y=f(T1,...,Tn) — flz1,...,2,). (1.4.1)

From the definition of the measurement uncertainty Ax;, we conclude that z; = z; — Ax;.

Substituting this expression into the above formula (1.4.1) for Ay, we conclude that
Ay=y—y=f(z1,...,2Z,) — f(T1 — Axy, ..., T, — Axy). (1.4.2)

Expanding the expression f(z;—Axy,...,T,—Az,) in Taylor series in terms of small values

Ax;, and using the fact that terms quadratic in Az; can be safely ignored, we conclude

that
f(i:l — Al’l, . ,jfn — AIn> = f(jfl, c. ,Zi:n) — ZCi . Al’i, (143)
i=1
where we denoted
det Of
= ) 1.4.4
%= o (1.4.4)

Substituting the expression (1.4.3) into the formula (1.4.2) and cancelling out the terms

+f(z1,...,2,) and — f(Z1,...,T,), we conclude that
Ay = Zcz- - Az (1.4.5)
i=1

This is the main formula used to estimate the accuracy of estimating the desired quantity y.



1.5 How to Estimate Partial Derivatives c;

Case of analytical differentiation. In some cases, we have explicit expressions — or

efficient algorithms — for the partial derivatives (1.4.4).

Numerical differentiation: idea. In many practical situations, we do not have algo-
rithms for computing the derivatives ¢;. This happens, e.g., when we use proprietary soft-
ware in our computations — in this case, we cannot use neither formula for differentiation,
nor automatical differentiation tools.

In such situations, we can use the fact that we are under the linearization assumption

that thus, that for each ¢ and h; # 0, we have
f(:fl’ . ,f.i:ifl, 52 + hi7§i+17 e ;:’fn) ~ f(fl, . ,57/2;1, Zi:i, :’fl'+1, . ,Zi:n> —+ hl © Cj. (151)

If we move the term y = f(Z1,...,%;_1, T4, Tiv1, - - -, Ln) to the left-hand side of the formula

(1.5.1) and divide both sides of the resulting approximate equality by h;, we conclude that

f@, o T, T+ by D1y o, Tn) — U
h; ’

(1.5.2)

C; =~

This is a known formula for numerical differentiation.

Numerical differentiation: algorithm. We select some values h; # 0. Then, we

compute the values

f(%l, e afi—lajfi + hi,iﬂ_l, e 7571) -y

3 (1.5.3)

C; =

Numerical differentiation: computation time. The above algorithm contains n + 1

calls to the original data processing algorithm f:
e one call to compute y and

e n calls to compute n partial derivatives cq,...,c,.



As we have mentioned earlier, the data processing algorithm f itself can be very time-
consuming. The same weather prediction example shows that the number n of input
variables can also be large, in hundreds or even thousands. As a result, the computation

time needed for the numerical differentiation method can be very large.

1.6 Existing Methods for Computing the Probabilis-
tic Uncertainty: Linearization Case

Analysis of the problem. In the probabilistic approach, it is assumed that we know the
probability distributions of the measurement errors Az;, Usually, it is assumed that the
measurement errors Ax; are independent, and that each of them is normally distributed
with 0 mean and known standard deviation o;.

Under these assumptions, the linear combination Ay = i ¢i - Ax; is also normally

=1
distributed, with 0 mean and variance

o? = Z ¢t o? (1.6.1)
i=1

First method: numerical differentiation. In principle, we can estimate all the partial

derivatives ¢; and then apply the above formula.

Need for a faster method. As we have mentioned, the numerical differentiation method

takes too long time. It is therefore desirable to have a faster method for computing o.

Monte-Carlo method. Such a faster method is known: it is the method of Monte-Carlo

simulations. In this method, to find the desired distribution for Ay, we several times

k=1,...,N, do the following:

e we simulate n variables Axgk) according to the corresponding probability distribution

pi(Ax;) (usually, normal);



e then we simulate :ng) =7 — A:cgk) for each i;

e we apply the data processing algorithm f(xy,...,z,) to the simulated values, result-
ing in y® = f(2{", ... 2l?);

e finally, we compute Ay*) =77 — ),

One can easily check that these differences Ay*®) have the same distribution as Ay. So, we

can determine the desired probability distribution from the sample Ay™®, ... Ay,

1.7 Existing Methods for Computing the Interval
Range: Linearization Case

Analysis of the problem. The expression (1.4.5) for Ay attains its largest value when
each of the terms c¢; - Ax; attains its largest possible value.

Each of these terms is a linear function of Ax; on the interval [-A;, A;]. When ¢; > 0,
this linear function is increasing and thus, it attains its largest possible value when Az; is
the largest, i.e., when Axz; = A;. The corresponding value of the term ¢; - Ax; is ¢; - A;.

When ¢; < 0, the linear function ¢; - Ax; is decreasing and thus, it attains its largest
possible value when Az; is the smallest, i.e., when Ax; = —A;. The corresponding value
of the term ¢; - Ax; is ¢; - (—4;) = (—¢;) - A;.

In both cases, the largest possible value of each term ¢; - Az; is equal to |¢;| - A;. Thus,

the largest possible value A of the sum (1.4.5) is equal to
A=) el- A (1.7.1)
i=1

Similarly, one can show that the smallest possible value of the sum (1.4.5) is equal to
—A. Thus, the range of possible values of Ay is the interval [-A, A], and the range y of
possible values of y = y — Ay is equal to

y=[7—Ag+Al (1.7.2)



Thus, once we have the result y = f(71,...,7,) of data processing, to compute the desired
range y, it is sufficient to be able to compute the value A.

First method: numerical differentiation. In principle, we can estimate all the partial
derivatives ¢; and then apply the above formula.

In particular, for h; = A;, we get

A=ST1f@r T, T+ A T, Ba) — B (1.7.3)
i=1

Need for a faster method. As we have mentioned, the numerical differentiation method

takes too long time. It is therefore desirable to have a faster method for computing o.

Monte-Carlo method. Such a faster method is indeed known; see, e.g., [35]. This
method is based on using Cauchy distribution, with the probability density function

pal) =2 L (17.4)

T X
1—|—P

Specifically, there is a known result about this distribution: that

e when we have several independent random variables Ax; distributed according to

Cauchy distribution with parameter A;,

n
e then their linear combination »_ ¢; - Ax; is also Cauchy distributed, with parameter
i=1

i=1

This is exactly the desired formula (1.7.1). Thus, we can find A as follows:

o first, we several times simulate the inputs Amﬁk) according to the Cauchy distribution;

e then, we plug in the corresponding simulated values :Egk) =1T; — Axgk) into the data

processing algorithm f(x1,...,,), producing the values y*) = f(xgk), o ,x%k));

e then, the differences Ay®) = 77 — 4*) are also Cauchy distributed, with the desired

parameter A.



The desired value A can then be determined, e.g., by using the Maximum Likelihood

method, i.e., from the condition that

N
def (k A 1
k=1 14+
A2
Maximizing the likelihood L is equivalent to minimizing its negative logarithm o In(L).
Differentiating L with respect to A and equating the derivative to 0, we get the following
formula: N
N
> — A E = 3 (1.7.6)
=L Ay
A2
To find A from this equation, we can use, e.g., the bisection method. Thus, we arrive at

the following algorithm.

Monte-Carlo method for estimating the interval uncertainty: algorithm. We

select the number of iterations N. For each iteration £ = 1,..., N, we do the following:

e First, we simulate sz(k) based on Cauchy with parameter A;. We can do this, e.g.,
by computing Agk) = A; - tan(m - (ry — 0.5), where 7y is the result of a standard
random number generator that generates the numbers uniformly distributed on the

interval [0, 1].
e After that, we compute the difference

Ay® & y— f(z —Axgk),...,a:n—Axg“)). (1.7.7)

Now, we can find A by using bisection to solve the equation (1.7.6). Specifically, we start

with A = 0 and A = max |Ay®)|. For A = A, the left-hand side of the formula (1.7.6)

is smaller than N/2, while for A = A, this left-hand side is larger than N/2. Thus, if we
want to get A with the desired accuracy e, while A — A > ¢, we do the following:
A+A

2 b

e we compute Aq =



e we check whether

N
1 N

’; 1+ (Ay®)® 2 L7
A%

e if this inequality is true, we replace A with the new value Aq, leaving A unchanged:;

e if this inequality is not true, we replace A with the new value A4, leaving A un-

changed.

In both cases, on each iteration, the width of the interval [A,Z] becomes twice smaller.
Thus, in s steps, we decrease this width by a factor of 2°. So, in a few steps, we get the
desired value A. For example, to get the width < 0.1% of the original one, it is sufficient

to perform only 10 iterations of the bisection procedure.

Monte-Carlo method: computation time. In the Monte-Carlo approach, we need
N + 1 calls to the data processing algorithm f, where N is the number of simulations.

Good news is that, as in statistical methods in general, the needed number of simulation
N is determined only by the desired accuracy € and does not depend on the number of
inputs n. For example, to find A with relative accuracy 20% and certainty 95% (i.e., in
95% of the cases), it is sufficient to take n = 200 [35].

Thus, when the number of inputs n of the data processing algorithm f is large, the
Monte-Carlo method for estimating interval uncertainty is much faster than numerical

differentiation.

For many practical problems, we can achieve an even faster speed-up. In both
methods described in this section, we apply the original algorithm f(xq,...,z,) several
times: first, to the tuple of nominal values (7i,...,Z,) and then, to several other tuples
(1 + m1,..., T, + ny,) for some small ;. For example, in the numerical differentiation
method, we apply the algorithm f to tuples (Z1,...,Z;—1, Z;i+hi, Tit1, . . ., Tp) corresponding

toi=1,...,n.
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In many practical cases, once we have computed the value y = f(z1,...,7,), we can
then compute the values

faster than by directly applying the algorithm f to the corresponding tuple. This happens,
for example, if the algorithm for computing f(z1,...,z,) solves a system of nonlinear
equations Fj(y1,..., Yk, 1,...,2,) =0, 1 <j <k, and then returns y = y;.

In this case, once we know the values y; for which Fj(y1,...,yx, 21,...,2,) = 0, we can

find the values y; = y; + Ay, for which
Fi(yi + Ayr, oo Uk + Ayp, T+ 015, T+ 1) = 0 (1.7.10)

by linearizing this system into an easy-to-solve system of linear equations

k n
> ap - Ay + > byiom =0, (1.7.11)
j'=1 i=1
of OF}; of OF;
where a;;/ ©E 275 and bji Lef 205
8yj’ ('33:2
A similar simplification is possible when the value y corresponding to given values
x1,...,%, comes from solving a system of nonlinear differential equations
dy;
d_tj:fj(yl""’yk’ml"”’x")' (1712)

In this case, once we find the solution y;(t) to the system of differential equations

dy; - -~ ~
% =fi(vi, Uk, T1, o Tp) (1.7.13)

corresponding to the nominal values, we do not need to explicitly solve the modified system
of differential equations

dy; - -
%:fj(yla-~>yk>I1+771a---a$n+77n) (1714)
to find the corresponding solution. Instead, we can take into account that the differences
n; are small; thus, the resulting differences Ay;(t) o y;(t) — y;(t) are small. So, we can

linearize the resulting differential equations
dAy;(t)

EEUE — 3@+ Dyt Tt Ay B T )
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fj(glv"'agkw’fla"')%n) (1715)

into easier-to-solve linear equations

N n
dt jZ::lajJ" - Ayy + ; bji - s (1.7.16)
def Of; def Of;
where a;;; = Dy and bj; = e

This idea — known as local sensitivity analysis — is successfully used in many practical

applications; see, e.g., [10, 90].

Comment. In some practical situations, some of these deviations are not small. In such
situations, we can no longer use linearization, we need to use global optimization techniques

of global sensitivity; see, e.g., [10, 90].

1.8 Existing Methods for Estimating Fuzzy Uncer-
tainty: Linearization Case

Analysis of the problem. Let us assume that we have fuzzy estimates p;(Ax;) for all
the estimation errors Az;. In this case, we want to estimate, for every real number Ay,
the degree p(Ay) to which this number is a possible value of data processing inaccuracy.

The value Ay is a possible value of inaccuracy if there exist values Ax;
e which are possible as inaccuracies of input estimation, and
o for which = f(z1,...,z,).

For simplicity, let us use min(a, b) to describe “and”, and max(a, b) to describe “or”. Then,
for each combination of values Ax;, the degree to which all these values are possible is

equal to the minimum of the degrees to which each of them is possible:

min(uy (Azy), ... pn(Azy)), (1.8.1)
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and the desired degree Ay is equal to the maximum of these expressions over all possible

combinations of Ax;:
w(Ay) = maxmin(pg (Axq), ... pn(Axy,)), (1.8.2)

where the maximum is taken over all tuples for which y = f(xy,...,2,); this expression is
known as Zadeh’s extension principle.

It is know that the computation of this membership function can be simplified if instead
of each membership function p(z), we consider its a-cuts, i.e., sets “z o {z : pu(z) > a}
corresponding to different values o € [0, 1].

It should be mentioned that since p(z) is always non-negative, the above definition
(with non-strict inequality p(z) > «) does not work for a = 0: strictly speaking, all real
numbers z satisfy the corresponding inequality. Thus, for o = 0, the a-cut is defined slightly
differently: as the closure of the set {z : u(z) > 0} corresponding to strict inequality.

Usually, membership functions correspond to fuzzy numbers, i.e., all a-cuts are intervals.
Moreover, the a-cuts corresponding to Ax; are usually symmetric, i.e., have the form
“Az; = [-*A;, *A;] for appropriate values “A,;.

One can easily check, based on the formula (1.8.2), that p(A) > « if and only if there

exists a tuple (Axy,...,Ax,) for which
min(u (Azy), ... pn(Azy,)) > (1.8.3)

i.e., equivalently, for which p;(4A;) > « for all 7.

In other words, Ay belongs to the a-cut if and only if it is a possible value of the
expression (1.4.5) when Az; belongs to the corresponding a-cut [—*A;, *A;].

We already know how to compute the range of such values Ay. Thus, we arrive at the

following algorithm for computing the desired a-cut [—“A,*A].

How to estimate Ay: case of fuzzy uncertainty — resulting formula. In case of
fuzzy uncertainty, for every a € [0, 1], we are given the a-cuts [—*A;, *A;] describing the

expert’s uncertainty about the estimates z; and about the model used in data processing.
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Based on these a-cuts, we can compute the a-cuts [—*A, *A] for Ay as follows:

A=)l A, (1.8.4)
=1

Comment. In principle, there are infinitely many different values « in the interval [0, 1].
However, we should take into account that the values a correspond to experts’ degrees of
confidence, and experts cannot describe their degrees with too much accuracy.

Usually, it is sufficient to consider only eleven values a = 0.0, « = 0.1, a = 0.2, ...,
a=0.9, and a = 1.0. Thus, we need to apply the formula (1.8.4) eleven times.

This is in line with the fact that, as psychologists have found, we usually divide each
quantity into 7 plus plus minus 2 categories — this is the largest number of categories whose
meaning we can immediately grasp; see, e.g., [54, 87]. For some people, this “magical
number” is 7+ 2 = 9, for some it is 7 — 2 = 5. So, to make sure that do not miss on some
people’s subtle divisions, it is sufficient to have at least 9 different categories. From this
viewpoint, 11 categories are sufficient; usually the above eleven values are chosen since for

us, it is easier to understand decimal numbers.

1.9 Open Problems and What We Do in This Disser-
tation

What we want. In engineering applications, we want methods for estimating uncertainty

which are:
e accurate — this is most important in most engineering applications;

e fast: this is important in some engineering applications where we need real-time

computations,

e understandable to engineers — otherwise, engineers will be reluctant to use them, and
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e sufficiently general — so that they can be applied in all kinds of situations.

It is therefore desirable to try to modify the existing methods for estimating uncertainty so
that these methods will become more accurate, faster, more understandable, and /or more
general.

This dissertation contains the results of our research:

e In Chapter 2, we show how to make these methods more accurate.

e In Chapter 3, we show how to make these methods faster.

e In Chapter 4, we show how to make these methods more understandable to engineers.
e In Chapter 5, we analyze how to make these methods more general.

In Chapter 6, we analyze how to make decisions under uncertainty. The final Chapter 7

contains conclusions.
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Chapter 2

How to Get More Accurate Estimates

In most real-life situations, we have all types of uncertainty: probabilistic, interval, fuzzy,
and the model inaccuracy. There are methods for processing each of these types of uncer-
tainty.

Often, one type of uncertainty is dominant. In this case, practitioners usually ignore all
other types of uncertainty and only take this dominant uncertainty into account. In such
situations, it is desirable to analyze how accurate are the resulting estimates — and what
can we gain if we use a different type of uncertainty or, better yet, if we take several types
of uncertainty into account. In this chapter, we provide several cases of such analysis.

In Section 2.1, we show that in many practical situations — especially in problems of
system identification — interval estimates can lead to better accuracy than the traditional
statistical ones. Of course, an even higher accuracy can be obtained if we take into account
both probabilistic and interval uncertainty. This is what we show in Section 2.2 — on the
example of providing the value which best represents a given sample — and in Section 2.3,
on the example of taking model inaccuracy into account. Accuracy of fuzzy-based estimates

is analyzed in Section 2.4.
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2.1 In System Identification, Interval Estimates Can
Lead to Much Better Accuracy than the Tradi-
tional Statistical Ones: General Algorithm and

Case Study

In many real-life situations, we know the upper bound of the measurement errors, and we
also know that the measurement error is the joint result of several independent small effects.
In such cases, due to the Central Limit Theorem, the corresponding probability distribution
is close to Gaussian, so it seems reasonable to apply the standard Gaussian-based statistical
techniques to process this data — in particular, when we need to identify a system. Yes,
in doing this, we ignore the information about the bounds, but since the probability of
exceeding them is small, we do not expect this to make a big difference on the result.
Surprisingly, it turns out that in some practical situations, we get a much more accurate
estimates if we, vice versa, take into account the bounds — and ignore all the information
about the probabilities. In this section, we explain the corresponding algorithms. and
we show, on a practical example, that using this algorithm can indeed lead to a drastic
improvement in estimation accuracy.

The results of this section first appeared in [42].

2.1.1 Formulation of the Problem

System identification: a general problem. In many practical situations, we are in-
terested in a quantity y which is difficult — or even impossible — to measure directly. This

difficulty and/or impossibility may be technical: e.g.:

e while we can directly measure the distance between the two buildings by simply

walking there,

e there is no easy way to measure the distance to a nearby start by flying there.
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In other cases, the impossibility comes from the fact that we are interested in predictions
— and, of course, today we cannot measure tomorrow’s temperature.
To estimate the value of such a difficult-to-directly-measure quantity y, a natural idea

1s:

e to find easier-to-measure quantities x1,...,x, that are related to y by a known de-

pendence y = f(x1,...,2,), and then

e to use the results x; of measuring these auxiliary quantities to estimate y as y &

f(@y,...,2,).
For example:

e We can find the distance to a nearby star by measuring the direction to this star in
two seasons, when the Earth is at different sides of the Sun, and the angle is thus

slightly different.

e To predict tomorrow’s temperature, we can measure the temperature and wind speed
and direction at different locations today, and use the general equations for atmo-

spheric dynamics to estimate tomorrow’s temperature.

In some cases, we already know the dependence y = f(xy,...,2,). In many other
situations, we know the general form of this dependence, but there are some parameters

that we need to determine experimentally. In other words, we know that

y=flar,...,am,x1,...,2,) (2.1.1)

for some parameters aq,...,a,, that need to be experimentally determined.

For example, we may know that the dependence of y on x; is linear, i.e., y = a-x1 + b,
but we do not know the exact values of the corresponding parameters a and b.

In general, the problem of finding the parameters a; is known as the problem of system

identification.
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What information we use for system identification. To identify a system, i.e., to
find the values of the parameters a;, we can use the results y, and 7y, of measuring the

quantities y and z; in several different situations k =1,..., K.

How do we identify the system: need to take measurement uncertainty into
account. Most information comes from measurements, but measurements are not 100%
accurate: in general, the measurement result = is somewhat different from the actual (un-
known) value x of the corresponding quantity: Az © # 0; see, e.g., [83].

As a result, while we know that for every k, the corresponding (unknown) exact values

yr and xy; are related by the dependence (2.1.1):

yk’:f(a’la"'7am7$kla---7xkn)7 (212)

a similar relation between the approximate values . ~ y; and Ty; ~ x; is only approxi-

marte:

Y ~ f(al, vy Oy, 51@17 . ,5;6”)
It is therefore important to take this uncertainty into account when estimating the values

of the parameters aq, ..., a,,.

How can we describe the uncertainty? In all the cases, we should know the bound A
on the absolute value of the measurement error: |Az| < A; see, e.g., [83]. This means that
only values Az from the interval [—A, A] are possible.

If this is the only information we have then, based on the measurement result z, the
only information that we have about the unknown actual value x is that this value belongs
to the interval [z — A,z + AJ]. There are many techniques for processing data under such
interval uncertainty; this is known as interval computations; see, e.g., [26, 59].

Ideally, it is also desirable to know how frequent are different values Az within this
interval. In other words, it is desirable to know the probabilities of different values Az €
[—A, Al

A usual way to get these probabilities is to take into account that in many measure-

ment situations, the measurement uncertainty Ax comes from many different independent
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sources. It is known that for large N, the distribution of the sum of N independent ran-
dom variables becomes close to the normal (Gaussian) distribution — and tends to it when
N — oo. This result — known as the Central Limit Theorem (see, e.g., [98]) — explain
the ubiquity of normal distributions. It is therefore reasonable to assume that the actual

distribution is Gaussian — and this is what most practitioners do in such situations [83].

Two approximations, two options. A seemingly minor problem with the Gaussian
distribution is that it is, strictly speaking, not located on any interval: for this distribution,
the probability of measurement error Az to be in any interval — no matter how far away
from A — is non-zero.

From this viewpoint, the assumption that the distribution is Gaussian is an approxi-
mation. It seems like a very good approximation, since for normal distribution with means

0 and standard deviation o:

e the probability to be outside the 3¢ interval [—3c,30] is very small, approximately

0.1%, and

e the probability for it to be outside the 60 interval is about 1078, practically negligible.

Yes, when we use Gaussian distributions, we ignore the information about the bounds,
but, at first glance, since the difference is small, this should not affect the measurement
results.

At first glance, the opposite case — when we keep the bounds but ignore all the informa-
tion about probabilities, maybe add imprecise (fuzzy) expert information about possible

values of Ax (see, e.g., [28, 62, 109]) — should be much worse.

What we found. Our results show, somewhat surprisingly, that the opposite is true:
that if ignore the probabilistic information and use only interval (or fuzzy) information,
we get much more accurate estimates for the parameters a; than in the usual statistical
methodology.

This may not be fully surprising, since there are theoretical results showing that asymp-

totically, interval bounds can be better; see, e.g., [105]. However, the drastic improvement
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in accuracy was somewhat unexpected.

The structure of the section. First, we describe the algorithm that we used, both the
general algorithm and the specific algorithm corresponding to the linear case. After that,

we show the results of applying this algorithm.

2.1.2 System Identification under Interval Uncertainty: General

Algorithm

Formulation of the problem in the interval case. For each pattern k =1,..., K, we
know the measurement results y, and Ty;, and we know the accuracies A, and Ay, of the

corresponding measurements. Thus, we know that:
e the actual (unknown) value y, belongs to the interval
W, Uil = U — Dk, Ui + Agl;
and

e the actual (unknown) value z; belongs to the interval

[Zhis Thi) = [Thi — Dgiy T + D).
We need to find the values ay, . .., a,, for which, for every k, for some values xy; € [z}, T,
the quantity f(ai,...,am,Tk1, .- ., Tr,) belongs to the interval [Qk’ Ui

Specifically, for each j from 1 to m, we would like to find the range [Qj, a;] of all possible

values of the corresponding parameter a,.

What happens in the statistical case. In the statistical case, we use the Least Squares
method [98] and find the values ay, ..., a,, that minimize the sum of the squares of all the

discrepancies:

K
Z(ﬂk—f(al,...,am,fkl,...,f;m)f% min .

el al,..,Gm
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Possibility of linearization. Let us denote Aa; def aj —a;, where a; are the least-squares

estimates. In these terms, we have a; = a; — Aa; and xy; = Zp; — Az, Thus, the

corresponding value y; has the form
Ye = fla1, o Qpy Tty ooy Tp) = (2.1.3)
f(Zil - A(ll, c. ,Zim — A(lm,gkl — Al’kl, C 73/:Im — Al’jm)

The measurement errors Axy; are usually relatively small. As a result, the difference
between the least-squared values a; and the actual (unknown) values a; is also small. Thus,
we can expand the expression (2.1.3) in Taylor series and keep only linear terms in this

expansion. This results in:

v =Yi— Y bi-Aaj— Y by Axy, (4)
Jj=1 i=1
where we denoted
def ~ ~ ~ ~
Yk = f(ala"'7am7xk17--'7xkn)a (215)
of O
b < a_f , (2.1.6)
a] |a‘1:al’~~-7am:Em,fklzikl,...,ajkm:§kn
and
0
by 2L (2.1.7)
axki |a1=@1,...,0m=0m ,Lp1 =Tk yThn=Tkn

We want to make sure that for some Axy; € [—Ay;, Ay, the value (2.1.4) belongs
to the interval [y ,7,]. Thus, we want to make sure that for each k, the range Y., Y]
of all possible values of the expression (2.1.4) when Axzy; € [—Ag;, Ag;] has a non-empty
intersection with the interval [y, ,7y].

Let us thus find the expression for the range [Y,,Y]. One can easily see that when
Az € [—Agi, Agi], the value of the product by; - Axy; ranges from —|bg;| - Agi t0 [bgi| - A
Thus, the smallest possible value Y, and the largest possible value Y, of the expression

(4) are equal to:

Xk :Yk—ij 'A(lj —Z|bkz| 'Aki7 (218)
j=1 i=1
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and
j=1 i=1
One can easily check that the two intervals [y, , 7] and [Y, Y] intersect if and only if:

e the lower endpoint of the first interval does not exceed the upper endpoint of the

second interval, and

e the lower endpoint of the second interval does not exceed the upper endpoint of the

first interval,

ie., if Y, < Y,and Y, <7,.

These equalities are linear in terms of the unknowns. So, the corresponding problem of
finding the smallest and largest possible values of a; becomes a particular case of optimizing
a linear function under linear inequalities. For this class of problems — known as linear
programming problems — there are known efficient algorithms; see, e.g., [49].

Thus, we arrive at the following algorithm.

Resulting algorithm. We are given:
e the expression f(as,...,am,x1,...,2,) with unknown parameters a;, and
e K measurement patterns.
For each pattern k, we know:
e the measurement results vy, and 7, and
e the accuracies Ay and Ay; of the corresponding measurements.

Based on these inputs, we first use the Least Squares method to find the estimates

ai,...,0,. Then, we compute the values Y, = Uk — D, U = Yk + Ay, and the values

(2.1.5), (2.1.6), and (2.1.7).
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After that, for each jy, we find the desired value a; as the solution to the following

linear programming problem: minimize a;, under the constraints that for all k£, we have

j=1 i=1

and

Yk — Zb] . Aaj — Z |bk1| . A]m S yk
7j=1

i=1

The value @;, can be found if we maximize a;, under the same 2K constraints.

How to use these formulas to estimate y? What if we now need to predict the value

y corresponding to given values x1,..., 2,7 In this case,
y:f(alv”'aam7xl7"’7xn) —
flay — Aay, ... 4 — Aap,x1,...,2,) =

M
J— Y Bj-Aagj,
j=1

where we denoted

y=f(ay,...,am,21,..., o)
and
def af
B, & 2L
J oa;
J ‘G'l:alw-,am:amyml7~~~:33n

In this case:

e the smallest possible value y of y can be found by minimizing the linear combination

m
y — Y. B, - Aa; under the above constraints; and
j=1

e the largest possible value i of y can be found by maximizing the same linear combi-

m
nation y — > B; - Aa; under the above constraints.
=1

What if we underestimated the measurement inaccuracy? When we applied this

algorithm to several specific situations, in some cases, to our surprise, it turned out that
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the constraints were inconsistent. This means that we underestimated the measurement
inaccuracy.

Since measuring y is the most difficult part, most probably we underestimated the
accuracies of measuring y. If we denote the ignored part of the y-measuring error by ¢, this
means that, instead of the original bounds Ay on |Ayy|, we should have bounds Ay +¢. In

this case:
e instead of the original values y, = yr — Ay and ), = yi, + Ay,
e we should have new bounds y, — Ay — ¢ and y; + Ax + €.

It is reasonable to look for the smallest possible values € > 0 for which the constrains
will become consistent. Thus, we arrive at the following linear programming problem:

minimize € > 0 under the constraints

gk_Ak_gSYk_ij‘Aaj‘i‘Z‘bki"Aki

=1 i=1
and

Yk—ij~Aaj—Z’bki’-AkiS?jk—i-Ak—i-E.

j=1 i=1
2.1.3 System Identification under Interval Uncertainty: Simplest

Case of Linear Dependence on One Variable

Description of the simplest case. Let us consider the simplest case when there is only

one variable z (i.e., n = 1), and the dependence on this variable is linear, i.e.,
y=a-x+b.
In this case:

e we have K measurement results 7, with accuracy Ay, resulting in intervals [z, Ty,

and similarly,

25



e we have intervals [y 7] of possible values of y;.

Based on this information, we need to find the set of all possible values of the pairs (a, b).

In particular, we need to find the ranges of possible values of a and b.

Why we need to consider this case separately. Linear programming is feasible, but
its algorithms are intended for a general case and thus, for the case when we have few
unknowns, usually run for too long. In such situations, it is often possible to find faster

techniques.

Finding bounds on a: analysis of the problem. Let us first consider the cases when
a > 0. (The case when a < 0 can be handled similarly — or the same by replacing a with
—a and zy, with —xy.)

In this case, the set of possible values of a - x; + b when ), € [z}, T)| has the form
la -z, +b,a- T+ bl

We want to make sure that this interval intersects with [Qk,yk], i.e., that for every k, we
have

a-z,+b<7y, andgk <a-7,+0b.
Thus, once we know a, we have the following lower bounds and upper bounds for b:

yk—a-fkgbandbgyk—a-gk.

Such a value b exists if and only if every lower bound for b is smaller than or equal to every

upper bound for b, i.e., if and only if, for every k and ¢, we have

Y, —a Tk SYp— a2y,

i.e., equivalently,

Yo=Y, = a-(z,—Tk)
e When the difference x,—7}, is positive, we divide the above inequality by this difference

and get an upper bound on a:

Ye— Yy

a < =
Ly — Tk
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e When this difference is negative, after division, we get a lower bound on a:

yf_gk
Ty — Tk

a > .

Thus, the range [a,a] for a goes from the largest of the lower bounds to the smallest of the
upper bounds. So, we arrive at the following formulas.

Resulting range for a. The resulting range for a is [a, @], where:

Range for b: analysis of the problem. For a > 0, we need to satisfy, for each k, the

inequalities
a-z,+b<7y, andgk <a-7p+0b.

Equivalently, we get
a -z, <y,—bandy, —b<a- 7.

By dividing these inequalities by a coefficient at a, we have the following bounds for a:

e for all k£ for which z; > 0, we get an upper bound

Yy 1
a< e —
Ly, Ly,

e for all k£ for which z;, < 0, we get a lower bound

@—i-b<a'
Ly, Ly, -

e for all £ for which 7 > 0, we get a lower bound



e for all £ for which = > 0, we get an upper bound
1
b1,

a < =

Tk Tk
Thus, we get lower bounds A, + B, - b < a and upper bounds a < C, + D, - b. These
inequalities are consistent if every lower bound is smaller than or equal than every upper
bound, i.e., when A, + B, -b < C,+ D, - b, or, equivalently, when (D, — B,) - b > A, — C,.

So, similarly to the a-case, we arrive at the following formulas:

Resulting range for b. The range for b is equal to [b, b], where

Ap — Cq
b= max ;
p,q: D¢>By Dq — Bp

7 Ap — C’q
b = max P ——
p,q: Dg<Bp Dq — Bp

What if we underestimated the measurement inaccuracy. In this case, instead of
the original bounds Y, and v, we get the new bounds Y, —¢ and 7y, + €. Thus, instead of
the original difference 7, — x;, we get a new difference (7, — gk) — ¢. The lower and upper
bounds for a are thus as follows:

e When the difference z, > 7, we get

Yp—Y 2
a < =+ 4 — - ¢
Ly — Tk Ly — Tk

e When this difference is negative, after division, we get a lower bound on a:

Yp—Y 2
a > =+ 4 —_E
Ly — Tk Ly — Tk

Thus, we get lower bounds A, + B, - ¢ < a and upper bounds a < C, + D, - €. These
inequalities are consistent if every lower bound is smaller than or equal than every upper
bound, i.e., when A, + B, -¢ < C,+ D, - ¢, or, equivalently, when (D, — B,) - > A, — C,.
So, similarly to the a- an b-cases, we arrive at the following formulas.

The desired lower bound for ¢ for b is equal to the largest of the lower bounds, i.e., to

B A, - C,
g = max —_.
p,q: Dg>Bp Dq — Bp

28



2.1.4 Case Study

Description of the case study. One of the important engineering problems is the
problem of storing energy. For example, solar power and wind turbines provide access to
large amounts of renewable energy, but this energy is not always available — the sun goes
down, the wind dies — and storing it is difficult. Similarly, electric cars are clean, but the
need to store energy forces us to spend a lot of weight on the batteries.

Therefore, it is desirable to develop batteries with high energy density. One of the most
promising directions is using molten salt batteries, including liquid metal batteries. These
batteries offer high energy density and high power density.

To properly design these batteries, we need to analyze how the heat of fusion —i.e., the
energy needed to melt the material — depends on the melting temperature. It is known

that this dependence is linear.

Results. On Fig. 2.1, we show the results of our analysis.

It turns out that the bounds on y coming from our method are an order of magnitude
smaller that the 20-bounds coming from the traditional statistical analysis; see [86] for
details. The paper [86] also contains the description of the set of all possible pairs (a,b),

i.e., all pairs which are consistent with all the measurement results.

A similar improvement was observed in other applications as well. A similar
— albeit not so drastic — improvement was observed in other applications ranging from

catalysis and to mechanics; see, e.g., [3, 22, 41, 42, 44, 69].

2.1.5 Conclusions

Traditional engineering techniques for estimating uncertainty of the results of data pro-
cessing are based on the assumption that the measurement errors are normally distributed.
In practice, the distribution of measurement errors is indeed often close to normal, so, in
principle, we can use the traditional techniques to gauge the corresponding uncertainty.

In many practical situations, however, we also have an additional information about
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measurement uncertainty: namely, we also know the upper bounds A on the corresponding
measurement errors. As a result, once we know the measurement result z, we can compute
the interval [x — A, T + A] which is guaranteed to contain the actual (unknown) value of
the measured quantity. Once we know these intervals, we can use interval computations
techniques to estimate the accuracy of the result of data processing. For example, for linear
models, we can use linear programming techniques to compute the corresponding bounds.

Which of the two approaches lead to more accurate estimate:

e the traditional approach, in which we ignore the upper bounds and only consider the
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probability distributions, or

e the interval approach, in which we only take into account the upper bounds and

ignore the probabilistic information?

Previous theoretical analysis (see, e.g., [105]) shows that, in general, asymptotically, when
the number of measurements n increases, the interval estimates become more accurate than
the probabilistic ones.

In this section, we show, on the example of system identification, that for several reason-
able practical situations, interval techniques indeed lead to much more accurate estimates
than the statistical ones — even when we have only 7 measurement results. Thus, our
recommendation is that in situations when we also know upper bounds, and we have a
reasonable number of measurement results, it is beneficial to use interval techniques — since
they lead to more accurate estimates.

For linear models with two parameters, we also provide a new interval-based algorithm
for finding the ranges of these parameters, an algorithm which is much faster than the

general linear programming techniques.

2.2 Which Value r Best Represents a Sample
x1,...,x,: Utility-Based Approach Under Interval
Uncertainty

In many practical situations, we have several estimates x1,...,x, of the same quantity
z. In such situations, it is desirable to combine this information into a single estimate .
Often, the estimates x; come with interval uncertainty, i.e., instead of the exact values x;,
we only know the intervals [x;, Z;] containing these values. In this section, we formalize the
problem of finding the combined estimate x as the problem of maximizing the corresponding

utility, and we provide an efficient (quadratic-time) algorithm for computing the resulting
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estimate.

Results described in this section first appeared in [80].

2.2.1 Which Value r Best Represents a Sample z¢,...,z,: Case

of Exact Estimates

Need to combine several estimates. In many practical situations, we have several
estimates x1,...,x, of the same quantity x. In such situations, it is often desirable to

combine this information into a single estimate z; see, e.g., [83].

Probabilistic case. If we know the probability distribution of the corresponding estima-
tion errors x; — x, then we can use known statistical techniques to find z, e.g., we can use

the Maximum Likelihood Method; see, e.g., [98].

Need to go beyond the probabilistic case. In many cases, however, we do not have
any information about the corresponding probability distribution [83]. How can we then

find z7

Utility-based approach. According to the general decision theory, decisions of a rational
person are equivalent to maximizing his/her wutility value u; see, e.g., [19, 47, 60, 85]. Let
us thus find the estimate x for which the utility u(7) is the largest.

Our objective is to use a single value 7 instead of all n values x;. For each i, the disutility
d = —u comes from the fact that if the actual estimate is z; and we use a different value
T # x; instead, we are not doing an optimal thing. For example, if the optimal speed at
which the car needs the least amount of fuel is z;, and we instead run it at a speed T # x;,
we thus waste some fuel.

For each i, the disutility d comes from the fact that the difference x — x; is different
from 0; there is no disutility if we use the actual value, so d = d(z — x;) for an appropriate
function d(y), where d(0) = 0 and d(y) > 0 for y # 0.

The estimates are usually reasonably accurate, so the difference x; — x is small, and

we can expand the function d(y) in Taylor series and keep only the first few terms in this
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expansion:

dy)=do+di-y+do-y°+...
From d(0) = 0 we conclude that dy = 0. From d(y) > 0 for y # 0 we conclude that d; =0
(else we would have d(y) < 0 for some small ) and dy > 0, s0 d(y) = dy-y* = do - (T — x;).

The overall disutility d(z) of using Z instead of each of the values z1,...,z, can be

computed as the sum of the corresponding disutilities
n n
d@) = dF—z)* =dy- Y (T — )"
i=1 i=1
Maximizing utility u(7) o —d(7) is equivalent to minimizing disutility.
The resulting combined value. Since dy > 0, minimizing the disutility function is

equivalent to minimizing the re-scaled disutility function

D@ Gl =y o

Differentiating this expression with respect to  and equating the derivative to 0, we get

This is the well-known sample mean.

2.2.2 Case of Interval Uncertainty: Formulation of the Problem

Formulation of the practical problem. In many practical situations, instead of the
exact estimates x;, we only know the intervals [z;, 7;] that contain the unknown values x;.

How do we select the value z in this case?

Towards precise formulation of the problem. For different values x; from the corre-

sponding intervals [z;, T;], we get, in general, different values of utility

U(f,ﬂfl,...,l'n) = —D(f,xl,...,xn),
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n

where D(Z,x1,...,2,) = > (T — z;)%. Thus, all we know is that the actual (unknown)
i=1
value of the utility belongs to the interval [U(7),U(z)] = [-D(Z), —D(7)], where

D(z) =min D(Z, 21, ..., x,),

D(7) = max D(T, x4, ..., 1,),

and min and max are taken over all possible combinations of values x; € [z;, T;].
In such situations of interval uncertainty, decision making theory recommends using

Hurwicz optimism-pessimism criterion [25, 33, 47], i.e., maximize the value

o

U@ Ea U@ +(1-a) U@,

where the parameter o € [0, 1] describes the decision maker’s degree of optimism. For

U = —D, this is equivalent to minimizing the expression

D(@) = -U(@) =a-D@@) + (1-a) D(@).

What we do in this section. In this section, we describe an efficient algorithm for

computing the value Z that minimizes the resulting objective function D(Z).

2.2.3 Analysis of the Problem

Let us simplify the expressions for D(Z), D(z), and D(Z). Each term (Z — z;)? in

the sum D(Z,z1,...,x,) depends only on its own variable x;. Thus, with respect to x;:
e the sum is the smallest when each of these terms is the smallest, and
e the sum is the largest when each term is the largest.

One can easily see that when z; is in the [z;,7;], the maximum of a term (T — z;)? is

always attained at one of the interval’s endpoints:
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o~ def T; + T
e at x; =z, whenz > x;, = =

and
e at x; = T, when ¥ < ;.

Thus,

D@ = @-m)'+ y (@-x)

2 is attained:

Similarly, the minimum of the term (z — ;)
e for z; = T when 7 € [z;,7;] (in this case, the minimum is 0);
e for z; = z; when T < z;; and

e for x; = 7; when T > Z;.

Thus,
D(z) = F-m)+ > (F—z)
Z’f>il

nT<x;

So, for D(Z) = a - D(Z) + (1 — a) - D(%), we get

D(@) =a- Z(z—@)ua. Z(f—gi)Z—l—

LT >T; 1T<z;
=) Y @-Z)+1-a) Y @—z) (2.2.1)
LT<T; LT>T;

Towards an algorithm. The presence or absence of different values in the above expres-
sion depends on the relation of  with respect to the values x,, 7;, and z;. Thus, if we sort
these 3n values into a sequence s; < so < ... < s3,, then on each interval [s;, s;41], the
function D(Z) is simply a quadratic function of .

A quadratic function attains its minimum on an interval either at one of its midpoints,
or at a point when the derivative is equal to 0 (if this point is inside the given interval).

Differentiating the above expression for D(Z), equating the derivative to 0, dividing both
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sides by 0, and moving terms proportional not containing = to the right-hand side, we
conclude that
(a-#{i:x<z;orz>7}+1—a)-T=
a- Z T+ - Z z,+(1—a)- Z i+ (1—a)- Z z;.
SEST i<z, iF<T; BT>T
Since s; is a listing of all thresholds values z;, 7;, and z;, then for # € (s;,s;4+1), the
inequality z < z; is equivalent to s,y < x;. Similarly, the inequality z > z; is equivalent

to s; > 7;. In general, for values T € (s;, s;+1), the above equation gets the form

(a-#{i:z<z;orz>T;}+1—a)-T=

a- Zfri-&' Z z,+(1—a)- Z i+ (1—a)- Zgl

1:8; >7T; 185 415T; i:sj+1§5i iZSjZfi

From this equation, we can easily find the desired expression for the value x at which the
derivative is 0.

Thus, we arrive at the following algorithm.

2.2.4 Resulting Algorithm

) . _ . . ., o~ x; +;
First, for each interval [z;, T;], we compute its midpoint T; = = 5 . Then, we sort the 3n
values z;, Z;, and 7; into an increasing sequence $; < so < ... < s3,. To cover the whole

real line, to these values, we add sy = —oo and s3,11 = +00.

We compute the value of the objective function (2.2.1) on each of the endpoints

S1,...,83,. Then, for each interval (s;,s;41), we compute the value
o X mto Y nt(-a)- ¥ wA(l-0) ¥ g
— 1:8; >T; 1:8;4+15T; i:8j+1§fi i:SjZEZ'
Tr =

a-#i:T<z,orT>T +1—«
If the resulting value 7 is within the interval (s;, sj41), we compute the value of the objective
function (2.2.1) corresponding to this .
After that, out of all the values  for which we have computed the value of the objective

function (2.2.1), we return the value Z for which objective function D(Z) was the smallest.
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What is the computational complexity of this algorithm. Sorting 3n = O(n) values
z;, T;, and 7; takes time O(n - In(n)).

Computing each value D(7) of the objective function requires O(n) computational steps.
We compute D(Z) for 3n endpoints and for < 3n + 1 values at which the derivative is 0 at
each of the intervals (s;, sj11) — for the total of O(n) values.

Thus, overall, we need O(n - In(n)) + O(n) - O(n) = O(n?) computation steps. Hence,

our algorithm runs in quadratic time.

2.3 How to Get More Accurate Estimates — by Prop-
erly Taking Model Inaccuracy into Account

In engineering design, it is important to guarantee that the values of certain quantities such
as stress level, noise level, vibration level, etc., stay below a certain threshold in all possible
situations, i.e., for all possible combinations of the corresponding internal and external
parameters. Usually, the number of possible combinations is so large that it is not possible
to physically test the system for all these combinations. Instead, we form a computer
model of the system, and test this model. In this testing, we need to take into account that
the computer models are usually approximate. In this section, we show that the existing
techniques for taking model uncertainty into account overestimate the uncertainty of the
results. We also show how we can get more accurate estimates.

Results described in this section first appeared in [36, 37].

2.3.1 What If We Take Into Account Model Inaccuracy

Models are rarely exact. Engineering systems are usually complex. As a result, it is
rarely possible to find explicit expressions for y as a function of the parameters x1,...,z,.
Usually, we have some approximate computations. For example, if y is obtained by solving

a system of partial differential equations, we use, e.g., the Finite Element method to find

37



the approximate solution and thus, the approximate value of the quantity y.

How model inaccuracy is usually described. In most practical situations, at best, we
know the upper bound ¢ on the accuracy of the computational model. In such cases, for
each tuple of parameters z,...,x,, once we apply the computational model and get the
value F(z1,...,2,), the actual (unknown) value f(xi,...,x,) of the quantity y satisfies
the inequality

|F(x1, ..., xn) — fz1,...,20)] < e. (2.3.1)

How this model inaccuracy affects the above checking algorithms: analysis of

the problem. Let us start with the formula (1.7.3). This formula assumes that we know
def

the exact values of y = f(71,...,%,) and y; = f(Zy1,...,Ti—1, i+, Tiv1, .- ., Tp). Instead,
we know the values
Y PG, E) (2.3.2)
and
}/idéfF(gla-“7§i—17§z’+Ai>gi+la'--75n) (2.3.3)

which are e-close to the values y and y;. We can apply the formula (1.7.3) to these approx-

imate values, and get the upper and lower bounds:
V=§+> [Yi—gl; Y=§-) [Vi-7l. (2.3.4)
=1 i=1

Here, )?—?j‘ < e and |Y; — v < e, hence ‘(Y;—?)—(yi—ﬂ)’ < 2¢ and

|

Yi—Y ‘ — |y — v ‘ < 2e. By adding up all these inequalities, we conclude that
7-Y|<(@n+1)-cand |y-Y|<(2n+1)-e. (2.3.5)

Thus, the only information that we have about the desired upper bound ¥ is that y < B,

where

BEY+@2n+1)-e. (2.3.6)
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Hence, we arrive at the following method.

Resulting method. We know:

e an algorithm F(zy,...,x,) that, given the values of the parameters 1, ..., x,, com-

putes the value of the quantity y with a known accuracy &;

e for each parameter z;, we know its nominal value x; and the largest possible deviation

A; from this nominal value.

Based on this information, we need to find an enclosure for the range of all the values values

f(z1,...,x,) for all possible combinations of values x; from the corresponding intervals
[T — A, T + Al
We can perform this computation as follows:

1) first, we apply the algorithm F' to compute the value

Y = F(&,...,7); (2.3.7)

2) then, for each i from 1 to n, we apply the algorithm F' to compute the value

Y;:F(:fla"'a%ifla%i+Ai7§i+17"'7fjn); (238>

3) after that, we compute the interval [17 — A, Y + A], where

=1

Y-V ( L @ntl) e (2.3.9)

Comment 1. Please note that, in contrast to the case of the exact model, if, e.g., the upper
bound Y + A is larger than a given threshold ¢, this does not necessarily mean that the
corresponding specification y < t is not satisfied: maybe it is satisfied, but we cannot check

that since we only know approximate values of y.
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Comment 2. Similar bounds can be found for the estimates based on the Cauchy distribu-

tion.

Comment 3. The above estimate B is not the best that we can get, but it has been proven
that computing the best estimate would require un-realistic exponential time [30, 38| —i.e.,
time which grows as 2° with the size s of the input; thus, when we only consider feasible

algorithms, overestimation is inevitable.

Comment 4. Similar to the methods described in Chapter 1, instead of directly applying
the algorithm F' to the modified tuples, we can, wherever appropriate, to use the above-

mentioned local sensitivity analysis technique.

Problem. When n is large, then, even for reasonably small inaccuracy e, the value (2n +
1) - ¢ is large.
In this section, we show how we can get better estimates for the difference between the

desired bounds y and y and the computed bounds Y and Y.

2.3.2 How to get Better Estimates

Main idea. As we have mentioned earlier, usually, we know the partial differential equa-
tions that describe the engineering system. Model inaccuracy comes from the fact that we
do not have an analytical solution to this system of equations, so we have to use numerical
(approximate) methods.

Usual numerical methods for solving systems of partial differential equations involve
discretization of space — e.g., the use of Finite Element Methods.

Strictly speaking, the resulting inaccuracy is deterministic. However, in most cases, for
all practical purposes, this inaccuracy can be viewed as random: when we select a different
combination of parameters, we get an unrelated value of discretization-based inaccuracy.

In other words, we can view the differences

F(zy,...,x,) — f(x1, ..., 2) (2.3.10)
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corresponding to different tuples (zy,...,x,) as independent random variables. In partic-

ular, this means that the differences Y — y and Y; — y; are independent random variables.

Technical details. What is a probability distribution for these random variables?

All we know about each of these variables is that its values are located somewhere in the
interval [—¢,e]. We do not have any reason to assume that some values from this interval
are more probable than others, so it is reasonable to assume that all the values are equally
probable, i.e., that we have a uniform distribution on this interval.

For this uniform distribution, the mean is 0, and the standard deviation is 0 = —.

V3

Auxiliary idea: how to get a better estimate for 3. In our main algorithm, we apply
the computational model F' to n+ 1 different tuples. What we suggest it to apply it to one

more tuple (making it n + 2 tuples), namely, computing an approximation
MEF@ = Ay, T — A) (2.3.11)

to the value
def

m = f(1—Aq,..., T, — A,). (2.3.12)
In the linearized case, one can easily check that
ﬂ+iy¢+m:(n+2)~§, (2.3.13)
i=1
ie.,

_ 1 IO
. Z- . 2.3.14
i= <y+;y +m> ( )

Thus, we can use the following formula to come up with a new estimate ?new for ¥:

~ 1 ~ n
Yiew = % Y; . 2.3.15
— < +) +n0 ( )

i=1

For the differences Ayyey o Yoew — v, Ay o y—1, Ay; o Y; — y;, and Am © - m, we

have the following formula:

1 n
Al = —— - [ AT Ay; + Am | . 2.3.16
7 — <y+; yi + m> ( )
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The left-hand side is the arithmetic average of n 4+ 2 independent identically distributed
2

€
random variables, with mean 0 and variance o? = 3 Hence (see, e.g., [98]), the mean
of this average Ay, is the average of the means, i.e., 0, and the variance is equal to
2 2
2 € £ 2
3-(n+2) 3 (A7

Thus, this average Y., is a more accurate estimation of the quantity y than Y.

Let us use this better estimate for y when estimating the range of y. Since the
average Vyew iS a more accurate estimation of the quantity y than }7, let us use this average
instead of 7 when estimating Y and Y. In other words, instead of the estimate (2.3.9), let
us use a new estimate [?new — Apews ?new + Ajew), where

n

Anevv = Z

i=1

Y;Z - i;new ‘ . (2317)

Let us estimate the accuracy of this new approximation.

The formula (1.7.3) can be described in the following equivalent form:

§=§+Zsi-(yi—z7)=(1—Zsi)-g+zsi-yi, (2.3.18)
: =1 =1

where s; € {—1,1} are the signs of the differences y; — .

Similarly, we get

Y new = <1 - i si> Voew + i si- Y. (2.3.19)
=1 =1

Thus, e.g., for the difference Ay dof Y ew — ¥, we have

Aynew = (1 - zn: Si) : Agnew + zn: Si * Ayz (2320)

i=1 =1
Here, the differences Ay,eww and Ay; are independent random variables. According to the
Central Limit Theorem (see, e.g., [98]), for large n, the distribution of a linear combination
of many independent random variables is close to Gaussian. The mean of the resulting

distribution is the linear combination of the means, thus equal to 0.
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The variance of a linear combination »_ k; - n; of independent random variables n; with

7
variances o2 is equal to Y k? - 2. Thus, in our case, the variance o2 of the difference Ay
5

is equal to

=1

:<1—23i>’ D) Z_ (2.3.21)

]_—ZSZ'

=1

Here, since |s;| < 1, we have <n+1, so (2.3.21) implies that

e [(n+1)>
T /2 . 2.3.22
3 (n+2 —|—n) (2:3.22)
1)? 1)?
Here, (n+1) S(n+ ) =mn+ 1, hence
n+2 n+1
0% < % (2n+1). (2.3.23)

For a normal distribution, with almost complete certainty, all the values are concen-
trated within k¢ standard deviations away from the mean: within 20 with confidence 0.95,
within 30 with degree of confidence 0.999, within 60 with degree of confidence 1 — 1075,

Thus, we can safely conclude that

T < Voew + ko0 < Voow + ko - % Vo1 (2.3.24)

Here, inaccuracy grows as v/2n + 1, which is much better than in the traditional approach,
where it grows proportionally to 2n + 1 — and we achieve this drastic reduction of the over-
estimation, basically by using one more run of the program F' in addition to the previously
used n + 1 runs.

Similar estimates can be made for the lower bound y. So, we arrive at the following

method.

Resulting method. We know:

e an algorithm F(zy,...,x,) that, given the values of the parameters z1, ..., z,, com-

putes the value of the quantity y with a known accuracy ¢;
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e for each parameter z;, we know its nominal value x; and the largest possible deviation

A; from this nominal value.

Based on this information, we need to estimate the range of y = f(z1,...,,) when z; are
from the corresponding intervals [z; — A, 7; + A].

We can estimate this range as follows:

1) first, we apply the algorithm F' to compute the value

Y = F(&h,...,7); (2.3.25)

2) then, for each i from 1 to n, we apply the algorithm F' to compute the value

Yi=F(@1, ..., T 1, T + Dy Tig1y - o, Tp); (2.3.26)
3) then, we compute
M=F(@Z; —Aq,...,T, — A,); (2.3.27)
4) we compute
?“ewzn}ri (?+§1@+M); (2.3.28)

5) finally, we compute [Ynew — Apew, Yoew + Knew], where

Roew =Y NG % (2.3.29)
=1

where ky depends on the level of confidence that we can achieve.

Y;_}A/;ew

Comment. For the Cauchy method, similarly, after computing Y = F(zy,...,7,) and

YR = F(7, + nik), e Xy nT(zk)), we can compute the improved estimate View for Y as
1 N
Yoew=~——- Y y® 2.3.30
. ( 3] 23:0)
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and estimate the parameter A based on the more accurate differences AYn(fV)V =Yy® — ?new.

Experimental testing. We tested our approach on the example of the seismic inverse
problem in geophysics, where we need to reconstruct the velocity of sound at different
spatial locations and at different depths based on the times that it takes for a seismic
signal to get from the set-up explosion to different seismic stations. In this reconstruction,
we used (a somewhat improved version of) the finite element technique that was originated
by John Hole [24]; the resulting techniques are described in [4, 34, 68].

According to Hole’s algorithm, we divide the 3-D volume of interest (in which we want
to find the corresponding velocities) into a rectangular 3-D grid of N small cubic cells. We
assume that the velocity is constant within each cube; the value of velocity in the j-th
cube is denoted by v;. Each observation j means that we know the time ¢; that it took
the seismic wave to go from the site of the corresponding explosion to the location of the
observing sensor.

This algorithm is iterative. We start with the first-approximation model of the Earth,

namely, with geology-motivated approximate values vl-(l). At each iteration k, we start with
(k (k+1)

; ) and produce the next approximation v, as follows.

(k)

)

the values v

First, based on the latest approximation v, ’, we simulate how the seismic waves propa-

gate from the explosion site to the sensor locations. In the cube that contains the explosion
site, the seismic signal propagates in all directions. When the signal’s trajectory approaches

the border between the two cubes ¢ and ¢, the direction of the seismic wave changes in
: (k)
sin(6;) v,

Sin(@i/) N Ui(/k)’

wave’s trajectory in the i-th cube and the vector orthogonal to the plane separating the

accordance with the Snell’s law where 6; is the angle between the seismic

two cubes. Snell’s law enables us to find the trajectory’s direction in the next cube i’. Once
)
where the sum is taken over all the cubes through which this trajectory passes, and ¢;; is

the way reaches the location of the sensor, we can estimate the travel time as tg-k) =5

the length of the part of the trajectory that lies in the i-th cube.
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Each predicted value ték)

is, in general, different from the observed value ¢;. To com-
pensate for this difference, the velocity model vgk) is corrected: namely, the inverse value

of 1 . .
52(]@) o o replaced with an updated value
v

(k+1) (k) 1 tj — "
S =8 4+ — - —], 2.2.31

R 2231

where the sum is taken over all trajectories that pass through the i-th cube, n; is the overall
number of such trajectories, and L; = ) ¢}; is the overall length of the j-th trajectory.

Iterations stop when the process converges; for example, it is reasonable to stop the
process when the velocity models obtained on two consecutive iterations becomes close:

2
> (vﬁk“) - vE“) <e (2.2.32)
for some small value € > 0. The quality of the resulting solution can be gauged by how well

)

the predicted travel times tgk match the observations; usually, by the root mean square

(rms) approximation error % : Z (tﬁk) - ti>2.

In this problem, there are two szources of uncertainty. The first is the uncertainty with
which we can measure each travel time ¢;. The travel time is the difference between the time
when the signal arrives at the sensor location and the time of the artificially set explosion.
The explosion time is known with a very high accuracy, but the arrival time is not. In
the ideal situation, when the only seismic signal comes from the our explosion, we could
exactly pinpoint the arrival time as the time when the sensor starts detecting a signal. In
real life, there is always a background noise, so we can only determine the arrival time with
some accuracy.

The second source of uncertainty comes from the fact that our discrete model is only
an approximate description of the continuous real Earth.

In [4, 34, 68], we used the formula (1.7.3) and the Cauchy-based techniques to estimate
how the measurement uncertainty affects the results of data processing. To test the method

described in this section, we used the above formulas to compute the new value ¥pey-.
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These new values indeed lead to a better fit with data than the original values y: in our
16 experiments, we only in one case, the rms approximation error decreased, on average,
by 15%. It should also be mentioned that only in one case the rms approximation error
increased (and not much, only by 7%); in all other 15 cases, the rms approximation error

decreased.

2.3.3 Can We Further Improve the Accuracy?

How to improve the accuracy: a straightforward approach. As we have mentioned,
the inaccuracy F # f is caused by the fact that we are using a Finite Element method
with a finite size elements. In the traditional Finite Element method, when we assume that
the values of each quantity within each element are constant, this inaccuracy comes from
the fact that we ignore the difference between the values of the corresponding parameters
within each element. For elements of linear size h, this inaccuracy Ay is proportional to
y' - h, where 1/ is the spatial derivative of y. In other words, the inaccuracy is proportional
to the linear size h.

A straightforward way to improve the accuracy is to decrease h. For example, if we
reduce h to g, then we decrease the resulting model inaccuracy ¢ to %

This decrease requires more computations. The number of computations is, crudely
speaking, proportional to the number of nodes. Since the elements fill the original area,
and each element has volume h?, the number of such elements is proportional to h=3.

So, if we go from the original value h to the smaller value A’, then we increase the

number of computations by a factor of

aef  h3
K = .
(h')3

(2.3.33)

h
This leads to decreasing the inaccuracy by a factor of m which is equal to v K.
For example, in this straightforward approach, if we want to decrease the accuracy in
half (\3/K = 2), we will have to increase the number of computation steps by a factor of

K =8.
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An alternative approach: description. An alternative approach is as follows. We

select K small vectors <A§k), e Aﬁf)), 1 < k < K, which add up to 0. For example, we

K-1
can arbitrarily select the first K — 1 vectors and take AxEK) =— > Agk).
k=1

Then, every time we need to estimate the value f(zq,...,x,), instead of computing
F(z,...,x,), we compute the average
Fi(z x)_i-iF(I TN O +A(’“)) (2.3.34)
K(T1, ..., 2, 7 2 1 1y Tn ) 3.

Why this approach decreases inaccuracy. We know that F(z1+ Az, ..., z,+Az,) =
flz1+Axy, ..., x,+Ax,)+0y, where, in the small vicinity of the original tuple (x1, ..., z,),
the expression f(z; + Axy,...,x, + Ax,) is linear, and the differences dy are independent
random variables with zero mean.

Thus, we have

=

1

FK(xl,...,xn):E-

K
> f <x1 + AW+ Aﬁ?) + % Y oy (2.3.35)

k=1 k=1

Due to linearity and the fact that i Agk) = 0, the first average in (2.3.35) is equal to
f(z1,...,2,). The second average isk Tcile average of K independent identically distributed
random variables, and we have already recalled that this averaging decreases the inaccuracy
by a factor of VK.

Thus, in this alternative approach, we increase the amount of computations by a factor

of K, and as a result, we decrease the inaccuracy by a factor of vV K.

The new approach is better than the straightforward one. In general, v K > VK.
Thus, with the same increase in computation time, the new method provides a better

improvement in accuracy than the straightforward approach.

Comment. The above computations only refer to the traditional Finite Element approach,

when we approximate each quantity within each element by a constant. In many real-life
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situations, it is useful to approximate each quantity within each element not by a constant,
but rather by a polynomial of a given order (see, e.g., [100]): by a linear function, by a
quadratic function, etc. In this case, for each element size h, we have smaller approximation
error but larger amount of computations. It is desirable to extend the above analysis to

such techniques as well.

2.4 How to Gauge the Accuracy of Fuzzy Control
Recommendations: A Simple Idea

Fuzzy control is based on approximate expert information, so its recommendations are also
approximate. However, the traditional fuzzy control algorithms do not tell us how accurate
are these recommendations. In contrast, for the probabilistic uncertainty, there is a natural
measure of accuracy: namely, the standard deviation. In this paper, we show how to extend
this idea from the probabilistic to fuzzy uncertainty and thus, to come up with a reasonable
way to gauge the accuracy of fuzzy control recommendations.

Results of this section first appeared in [51].

2.4.1 Formulation of the Problem

Need to gauge accuracy of fuzzy recommendations. Fuzzy logic (see, e.g., [28, 62,
109]) has been successfully applied to many different application areas.

For example, in control — one of the main applications of fuzzy techniques — fuzzy
techniques enable us to generate the control value appropriate for a given situation.

A natural question is: with what accuracy do we need to implement this recommen-
dation? In many applications, this is an important question: it is often much easier to
implement the control value approximately, by using a simple approximate actuator, but
maybe a more accurate actuator is needed? To answer this question, we must have a

natural way to gauge the accuracy of the corresponding recommendations.
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Such gauging is possible for probabilistic uncertainty. In a similar case of proba-
bilistic uncertainty, there is such a natural way to gauge the accuracy; see, e.g., [98].
Namely, probabilistic uncertainty means that instead of the exact value z, we only know
a probability distribution — which can be described, e.g., by the probability density p(z).
In this situation, if we need to select a single value x, a natural idea is to select, e.g., the
mean value X = [z - p(x) dz.
A natural measure of accuracy of this means is the mean square deviation from the

mean, known as the standard deviation:

What we do in this section. In this section, we provide a similar way to gauge the
accuracy of fuzzy recommendations, i.e., a recommendations in which, instead of using a

probability density function p(x), we start with a membership function p(z).

2.4.2 Main Idea

How we elicit fuzzy degrees: a brief reminder. To explain our idea, let us recall how
fuzzy degrees p(z) corresponding to different values x are elicited in the first place.

At first glance, the situation may look straightforward: for each possible value x of
the corresponding quantity, we ask the expert to mark, on a scale from 0 to 1, his/her
degree of confidence that z satisfies the given property. For example, if we are eliciting
the membership function describing smallness, we ask the expert to specify the degree to
which the value z is small.

In some cases, this is all we need. However, in many other cases, we get a non-normalized
membership function, for which the largest value p(x) is smaller than 1. Most fuzzy
techniques assume that the membership function is normalized. So, after the elicitation,

we sometimes need to perform an additional step to get an easy-to-process membership
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function: namely, we normalize the original values p(z) by dividing them by the largest of

the values p(y). Thus, we get the function

Sometimes, the original fuzzy degrees come from subjective probabilities. Some-
times, the experts have some subjective probabilities assigned to different values z. In this
case, when asked to indicate their degree of certainty, they may list the values of the
corresponding probability density function p(z).

This function is rarely normalized. After normalizing it, we get the membership function

pu(x) = ) (2.4.1)

Let us use this idea to gauge the accuracy of fuzzy recommendations. For-
mula (2.4.1) assigns, to each probability density function p(z), an appropriate membership
function u(x). Vice versa, one can easily see if we know that the membership function pu(z)
was obtained by normalizing some probability density function p(z), then we can uniquely
reconstruct this probability density function p(z): namely, since pu(z) = ¢ p(x) for some
normalizing constant ¢, we thus have p(z) = C - u(z), for another constant C' = % So, all
we need to find the probability density function is to find the coefficient C'.

This coefficient can be easily found from the condition that the overall probability be
1, i.e, that [ p(z)dz = 1. Substituting p(z) = C'- p(z) into this formula, we conclude that

C- [pu(z)dr =1, thus C' = and therefore,

o
[ ly) dy

p(z) = C - plz) = % (2.4.2)

Our idea is then to use the probabilistic formulas corresponding to this artificial distribu-

tion.
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This makes sense. Does this make sense? The probabilistic measure of accuracy is based
on the assumption that we use the mean, but don’t we use something else in fuzzy?

Actually, not really. The mean of the distribution (2.4.2) is

_/ )4 Ju(@)de

This is exactly the centroid defuzzification — one of the main ways to transform the mem-
bership function into a single numerical control recommendation.
Since the above idea makes sense, let us use it to gauge the accuracy of the fuzzy control

recommendation.

Resulting recommendation. For a given membership function u(x), in addition to the
result X of its centroid defuzzification, we should also generate, as a measure of the accuracy

of this recommendation, the value o which is defined by the following formula

[(x = %) pla)do _

02:/(x—§)2-p(x)d:c:

[ p(z) dz
fx2~u(x)dx_ [z pu(x)de 2
Famde (T ) 249

2.4.3 But What Should We Do in the Interval-Valued Fuzzy

Case?

But what do we do for type-2 fuzzy logic? For the above case of type-1 fuzzy logic,
this is just a simple recommendation.

But what do we do if we use a more adequate way to describe uncertainty — namely,
type-2 fuzzy logic? In this section, we consider the simplest case of type-2 fuzzy logic —
the interval-valued fuzzy logic (see, e.g., [52, 53]), where for each possible value x of the
corresponding quantity, we only know the interval [u(z), fi(x)] of possible value of degree

of confidence p(x)?

Challenge. In this case, we have a challenge:
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e just like to defizzification, we need to find the range of possible values of X corre-

sponding to different functions p(x) from the given interval [52, 53],

e similarly, we need to find the range of possible values of o2 when each value u(x)

belongs to the corresponding interval.

Analysis of the problem. According to calculus, when the maximum of a function f(z)
on the interval [z,Z] is attained at some point zy € [z,Z], then we have one of the three

possible cases:

d,
e we can have 2y € (z,%), in which case d—f = 0 at this point z;
z

d,
e we can have zg = 2z, in this case, we must have d—f < 0 at this point (otherwise,
z

the function would increase even further when z increases, and so there would no

maximum at z), or

. ) d
e we can have zy = Z, in which case d—f > 0.
z

Similarly, when the minimum of a function f(z) on the interval [z, Z] is attained at some

point zg € [z,Z], then we have one of the three possible cases:

d
e we can have 2y € (z,%), in which case —f = 0 at this point zy;

dz

d
e we can have zy = 2z, in this case, we must have d—f > 0 at this point, or
z

. . d
e we can have zg = Z, in which case d_f <0.
z

Let us apply this general idea to the dependence of the expression (2.4.3) on each value
p(a).
Here, taking into account that for [ p(z)dz ~ Y pu(z;) - Az;, we get

o plx)dz) _ Oz pw)de)
ou(@) T T ey A

o p)d)
o) LA
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Now, by using the usual rules for differentiating the ratio, for the composition, and for the

square, we conclude that:

= Az - S(a),

where we denoted

adﬁf a? _f@"?-,u(x)da:_ <. a _fZU',u(ZE)da:
S(a) = Ju(@)de ([ p(x) dz)? 2 (fu(a:) & (o) dx)2>. (2.4.4)

We are only interested in the sign of the derivative, so we can as well consider the sign of
d(c?)
O(u(a))
def

Similar, the sign of the expression S(a) is the same as the sign of the expression s(a) =

the expression S(a) instead of the sign of the desired derivative

S(a) - | p(y) dy which has a simpler form
s(a) =a* - ((X)*+0?) —2-X-(a—X).

If we know the roots x < T of this quadratic expression, we can conclude that this quadratic

expression s(a) is:
e positive when a < z and
e negative when a > 7.
Here, the value a = X is between z and 7, since for this value a, we have
(%) = —o? < 0.
Thus, in accordance with the above fact from calculus:

e when a < x or a > T, then to find the upper bound for o2, we must take p(a) = f(a)

and to find the lower bound, we must take u(a) = p(a);

e when r < a < @, then, vice versa, we need to take y(a) = p(a) to find the upper

bound for 0 and we must take p(a) = fi(a) to find the lower bound.
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This mathematical conclusion makes perfect sense: to get the largest standard deviation,
we must concentrate the distribution as much as possible on values outside the mean, and
to get the smallest possible standard deviation, we concentrate it as much as possible on
values close to the mean.

Thus, we arrive at the following algorithm.

Resulting algorithm. For all possible values x < T, we use the formula (2.4.3) to compute

the values o%(1~) and o*(u™) for the following two functions x4~ (z) and u*(x):
o 1 () = fi(x) when x < z or x > T, and p*(x) = p(r) when z < x < T;
o u (v) = p(z) when z < z or x > 7, and ™ (v) = fi(z) when z < z < 7.
Then:

e as the upper bound for 02, we take the maximum of the values o%(T) corresponding

to different pairs z < 7, and

e as the lower bound for o2, we take the minimum of the values o(u~) corresponding

to different pairs z < 7.
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Chapter 3

How to Speed Up Computations

In this chapter, we describe cases for which we can speed up computations. We start,
in Section 3.1, with the case of fuzzy uncertainty under min t-norm, for which, as we
mentioned in Chapter 1, data processing means using Zadeh’s extension principle, or,
equivalently, interval computations on a-cuts. In this case, processing different types of
uncertainty separately can drastically speed up computations. For the important case of
t-norms different from min, a similar speedup is described in Section 3.2. In Section 3.3,
we describe a speedup for the case of probabilistic uncertainty. Finally, in Section 3.4, we

speculate on the possibility of use quantum computing to further speed up data processing.

3.1 How to Speed Up Processing of Fuzzy Data

In many practical situations, we make predictions based on the measured and/or estimated
values of different physical quantities. The accuracy of these predictions depends on the
accuracy of the corresponding measurements and expert estimates. Often, for each quan-
tity, there are several different sources of inaccuracy. Usually, to estimate the prediction
accuracy, we first combine, for each input, inaccuracies from different sources into a single
expression, and then use these expressions to estimate the prediction accuracy. In this sec-
tion, on the example of fuzzy uncertainty, we show that it is often more computationally
efficient to process different types of uncertainty separately, i.e., to estimate inaccuracies in
the prediction result caused by different types of uncertainty, and only then combine these
inaccuracies into a single estimate.

The results described in this section first appeared in [101].
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3.1.1 Cases for Which a Speedup Is Possible: A Description

In this section, we describe the cases of fuzzy uncertainty for which the computations can

be made faster.

Simplest case: when all fuzzy numbers are of the same type. Sometimes, all
membership functions are “of the same type”, i.e., they all have the form p(z) = uo(k - 2)
for some fixed symmetric function po(2).

For example, frequently, we consider symmetric triangular functions; all these functions
can be obtained from the standard triangular function pg(z) = max(1 — |z|,0) by using an

appropriate constant k > 0.

In this case, we can speed up computations. Let us show that in this simple case,
we can drastically reduce the computation time that is needed to compute the desired
a-cuts “A.

Indeed, let [—*Ag, *Ag] denote an a-ut corresponding to the membership function pig(z).
This means that the inequality uo(z) > « is equivalent to |z| < *Ag. Then, for the mem-
bership function p(z) = po(k - ), the inequality u(z) > a describing its a-cut is equivalent
to po(k - 2) > «, ie., to to k- |z| < *Ag and thus, |z| < % - *Ag. Hence, the half-widths of

the corresponding a-cuts are equal to

on = % LA, (3.1.1)

This equality holds for all «, in particular, for a = 0, when we get

1
OA = T OA,. (3.1.2)

By dividing (3.1.1) by (3.1.2), we conclude that

A
N fla), (3.1.3)
where we denoted
def “Ag
fla) = A, (3.1.4)
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For example, for a triangular membership function, we have
fla)=1-a. (3.1.5)

Thus, if we know the type of the membership function (and hence, the corresponding

function f(«)), and we know the 0O-cut, then we can reconstruct all a-cuts as
A = f(a) A, (3.1.6)

i.e., by simply multiplying the O-cuts by an appropriate factor f(«).
So, if all the membership functions y;(Az;) and p,,(Am) are of the same type, then, for
every o, we have *A; = f(a)-°A;. Substituting these expressions into the formula (3.1.1),

we conclude that
A= el - fla) A= fla) Y el - 0A, (3.1.7)
i=1 i=1
i.e., that
A = f(a)-°A. (3.1.8)

Thus, if all the membership functions are of the same type p(2), there is no need to
apply the formula (3.1.7) eleven times: it is sufficient to compute it only once, e.g., for
a = 0. To find all other values ®A, we can then simply multiply the resulting value °A by
the factors f(«) corresponding to the type po(z).

A more general case. A more general case is when we have a list of T" different types
of uncertainty — i.e., types of membership functions — and each approximation error Az;

consists of < T components of the corresponding type. In other words, for each i, we have

T
Azy =" Axyy, (3.1.9)
t=1

where Ax;, are uncertainties of the ¢-th type, and we know the corresponding membership
functions p; ¢ (Ax; ).

For example, type t = 1 may correspond to intervals (which are, of course, a particular
case of fuzzy uncertainty), type ¢ = 2 may correspond to triangular membership functions,

ete.
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How this case is processed now.

e First, we use the known membership functions pu;(Az;;) to find the memberships

functions p;(Ax;) that correspond to the sums (3.1.9).

e Then, we use these membership functions to compute the desired membership func-

tion p(Ay).

On the second stage, we apply the formula (1.8.4) eleven times.

3.1.2 Main Idea of This Section

Main idea. As we have mentioned, at present, to find the membership function for Ay,
we use the formula (1.4.5), in which each of the terms Az; is computed by using the
formula (3.1.9).

A natural alternative idea is:
e to substitute the expressions (3.1.9) into the formula (1.4.5), and then

e to regroup the resulting terms by combining all the components of the same type t.

Technical details. Substituting the expressions (3.1.9) into the formula (1.8.4), we con-

clude that .
Ay=> ¢ (Z Axi,t) . (3.1.10)
i=1 t=1

Now, grouping together all the terms corresponding to each type ¢, we conclude that

T
Ay =Y Ay, (3.1.11)
t=1
where
Ay =) e Ay (3.1.12)

=1

This representation suggests the following new algorithm.
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New algorithm: idea. For each ¢, since we are combining membership functions of
the same type, computing these membership functions requires a single application of the
formula (1.8.4), to compute the value °A; corresponding to o = 0. The values corresponding
to other values a, we simply multiply this value °A; by the coefficients f;(a) corresponding
to membership functions of type t.

Then, we add the resulting membership functions — by adding the corresponding a-cuts.

Let us describe the resulting algorithm in detail.

New algorithm: in detail. We start with the values °A;; for which the corresponding
symmetric intervals [—OAM,OAM] describe the 0-cuts of the corresponding membership
functions p; ¢(Ax; ).

Based on these 0-cuts, we compute, for each type t, the values

A =D el CAy. (3.1.13)
i=1
Then, for a =0, « = 0.1, ..., and for a« = 1.0, we compute the values
aAt = ft(Oé) : OAt, (3114)

where the function f;(«) is known for each type t. Finally, we add up a-cuts corresponding

to different types ¢, to come up with the expression

T
A=A, (3.1.15)
t=1

Comment. We can combine the steps (3.1.14) and (3.1.15) into a single step, in which we

use the following formula:

T
A=) fila)- A, (3.1.16)

This new algorithm is much faster. The original algorithm computed the for-

mula (1.8.4) eleven times. The new algorithm uses the corresponding formula (3.1.13)
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(the analogue of the formula (1.8.4)) T times, i.e., as many times as there are types. All
the other computations are much faster, since they do not grow with the input size n.
Thus, if the number T of different types is smaller than eleven, the new methods is
much faster.
For example, if we have T" = 2 different types, e.g., intervals and triangular membership

11
functions, then we get a 5= 5.5 times speedup.

Conclusion. We can therefore conclude that sometimes, it is beneficial to process different
types of uncertainty separately — namely, it is beneficial when we have ten or fewer different
types of uncertainty. The fewer types of uncertainty we have, the faster the resulting

algorithm.

3.2 Fuzzy Data Processing Beyond Min t-Norm

Usual algorithms for fuzzy data processing — based on the usual form of Zadeh’s extension
principle — implicitly assume that we use the min “and”-operation (t-norm). It is known,
however, that in many practical situations, other t-norms more adequately describe human
reasoning. It is therefore desirable to extend the usual algorithms to situations when we
use t-norms different from min. Such an extension is provided in this section.

Results presented in this section first appeared in [82].

3.2.1 Need for Fuzzy Data Processing

Need for data processing. In many real-life situations, we are interested in the value of
a quantity y which are difficult (or even impossible) to measure directly. For example, we
may be interested in the distance to a faraway star, in the amount of oil in a given well, or
in tomorrow’s weather.

Since we cannot measure the quantity y directly, the way to estimate this value is to

measure related easier-to-measure quantities 1, ..., x,, and then to use the known relation
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y = f(x1,...,x,) between the desired quantity y and the quantities x; to estimate y; see,
e.g, [83].

For example, since we cannot directly measure the distance to a faraway star, we can
measure the directions x; to this star in two different seasons, when the Earth is on the
opposite sides of its Solar orbit, and then use trigonometry to find the desired distance.
Since we cannot directly measure the amount y of oil in the well, we can measure the results
of artificially set seismic waves propagating through the corresponding region, and then use
the known equations of seismic wave propagation to compute y. Since we cannot directly
measure tomorrow’s temperature y, to estimate y, we measure temperature, moisture,
wind speed, and other meteorological characteristics in the vicinity of our area, and use
the known equations of aerodynamics and thermal physics to predict tomorrow’s weather.

The computation of y = f(x1,...,x,) based on the results of measuring x; is known as
data processing.

In some cases, the data processing algorithm f(z1,...,x,) consists of direct application
of a formula, but in most cases, we have a rather complex algorithm — such as solving a

system of partial differential equations.

Need for fuzzy data processing. In some cases, instead of the measurement results
x1,...,T,, we have expert estimates for the corresponding quantities. Experts can rarely
describe their estimates by exact numbers, they usually describe their estimates by using
imprecise (“fuzzy”) words from natural language. For example, an expert can say that the
temperature is warm, or that the temperature is around 20.

To process such imprecise natural-language estimates, L. Zadeh designed the technique

13

of fuzzy logic; see, e.g., [28, 62, 109]. In this technique, each imprecise word like “warm”
is described by assigning, to each possible value of the temperature x, the degree to which
the expert believes that this particular temperature is warm.

This degree can be obtained, e.g., by asking an expert to mark, on a scale from 0 to

10, where 0 means no warm and 10 means warn, how much x degrees means warm. Then,

if for some temperature x, the expert marks, say, 7 on a scale from 0 to 10, we assign the
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degree p(z) = 7/10.
The function that assigns, to each possible value of a quantity x, the degree u(z) to
which the quantity satisfies the expert’s estimate, is known as the membership function.
If for each of the inputs zy,...,x,, we only have expert estimates, then what can we
say about y = f(x1,...,2,)? Computing appropriate estimates for y is known as fuzzy

data processing.

To perform fuzzy data processing, we need to deal with propositional connec-
tives such as “and” and “or”. In fuzzy data processing, we know that y = f(z1,...,z,),
and we have fuzzy information about each of the inputs z;. Based on this information, we
need to estimate the corresponding degrees of confidence in different values .

A value y is possible if for some tuple (x1,...,z,) for which y = f(z1,...,2,), x1 is a
possible value of the first variable, and x5 is a possible value of the second variable, ...,
and x, is a possible value of the n-th variable. So, to describe the degree to which each
value y is possible, we need to be able to describe our degrees of confidence in statements

containing propositional connectives such as “and” and “or”.

Dealing with “and”- and “or” in fuzzy logic is not as easy as in the 2-valued
case. In the traditional 2-valued logic, when each statement is either true or false, dealing
with “and” and “or” connectives is straightforward: if we know the truth values of two
statements A and B, then these truth values uniquely determine the truth values of the
propositional combinations A& B and AV B.

In contrast, when we deal with degrees of confidence, the situation is not as straight-
forward. For example, for a fair coin, we have no reason to be more confident that it will
fall head or tail. Thus, it makes sense to assume that the expert’s degrees of confidence
a = d(A) and b = d(B) in statement A="“coin falls head” and B="“coin falls tail” are the
same: a = b.

Since a coin cannot at the same time fall head and tail, the expert’s degree of belief

that both A and B happen is clearly 0: d(A& B) = 0. On the other hand, if we take
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A" = B’ = A, then clearly A’ & B’ is equivalent to A and thus, d(A’ & B’) = d(A) > 0. This
is a simple example where for two different pairs of statements, we have the same values of

d(A) and d(B) but different values of d(A& B):
e in the first case, d(A) = d(B) = a and A(A& B) = 0, while
e in the second case, d(A’) = d(B’) = a, but d(A'& B’) = a > 0.

This simple example shows that, in general, the expert’s degree of confidence in a propo-
sitional combination like A& B or A V B is not uniquely determined by his/her degrees
of confidence in the statements A and B. Thus, ideally, in addition to eliciting, from the
experts, the degrees of confidence in all basic statements Ay, ..., A,, we should also elicit
from them degrees of confidence in all possible propositional combinations. For example,
for each subset

IC{1,...,n},

we should elicit, from the expert, his/her degree of confidence in a statement & ;e A;.

The problem is that there are 2" such statement (and even more if we consider different
propositional combinations). Even of a small size knowledge base, with n = 30 statements,
we thus need to ask the expert about 230 ~ 10 different propositional combinations — this

is clearly not practically possible.

Need for “and”- and “or”-operations. Since we cannot elicit the degrees of confidence
for all propositional combinations from an expert, it is therefore desirable to estimate the
degree of confidence in a propositional combination like A& B or AV B from the expert’s
degrees of confidence a = d(A) and b = d(B) in the original statements A and B — knowing
very well that these are estimates, not exactly the original expert’s degrees of confidence
in the composite statements.

The corresponding estimate for d(A & B) will be denoted by fg(a,b). It is known as an
“and”-operation, or, alternatively, as a t-norm. Similarly, the estimate for d(AV B) will be

denoted by fy(a,b). This estimate is called an “or”-operation, or a t-conorm.
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There are reasonable conditions that these operations should satisfy. For example, since
“A and B” means the same as “B and A”, it makes sense to require that the estimates for
A& B and B & A are the same, i.e., that fg(a,b) = fg(b,a) for all a and b. Similarly, we
should have fy(a,b) = fy(b,a) for all a and b. The fact that A& (B & C') means the same
as (A& B) & C implies that the corresponding estimates should be the same, i.e., that we
should have fg(a, fi.(b,c)) = fe(fe(a,b),c) for all a, b, and c¢. There are also reasonable
monotonicity requirements.

There are many different “and”- and “or”-operations that satisfy all these requirements.
For example, for “and”, we have the min-operation fg (a,b) = min(a,b). We also have an al-
gebraic product operation fg (a,b) = a-b. In addition, we can consider general Archimedean

operations
fela,b) = f7H(f(a) - £ (b)),

for some strictly increasing continuous function f(z).
Similarly, for “or”, we have the max-operation f,ee(a,b) = max(a,b), we have algebraic

sum

fvla,b)=a+b—a-b=1—(1—a)-(1—0),

and we have general Archimedean operations

fula,b) = f7H(f(a) + f(b) — f(a) - f(D)).

Which “and” and “or”-operations should we select? Our objective is to describe
the expert’s knowledge. So, it is reasonable to select “and”- and “or”-operations which
most adequately describe the reasoning of this particular expert (or this particular group
of experts).

Such a selection was first made by Stanford researchers who designed the world’s first
expert system MYCIN - for curing rare blood diseases; see, e.g., [8]. It is interesting to

mention that when the researchers found the “and”- and “or”-operations that best describe
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the reasoning of medical experts, they thought that they have found general laws of human
reasoning. However, when they tried the same operations on another area of knowledge —
geophysics — it turned out that different “and’- and “or’-operations are needed.

In hindsight, this difference make perfect sense: in medicine, one has to be very cautious,
to avoid harming a patient. You do not start a surgery unless you are absolutely sure that
the diagnosis is right. If a doctor is not absolutely sure, he or she recommends additional
tests. In contrast, in geophysics, if you have a reasonable degree of confidence that there is
oil in a given location, you dig a well — and you do not wait for a 100% certainty: a failed
well is an acceptable risk.

What this experience taught us is that in different situations, different “and”- and

“or”-operations are more adequate.

Let us apply “and”- and “or”-operation to fuzzy data processing. Let us go back
to fuzzy data processing. To find the degree to which y is a possible value, we need to
consider all possible tuples (z1,...,x,) for which y = f(z1,...,x,). The value y is possible
if one of these tuples is possible, i.e., either the first tuple is possible or the second tuple is
possible, etc.

Once we know the degree d(z) to which each tuple x = (z1,...,x,) is possible, the
degree to which y is possible can then be obtained by applying “or”-operation fy(a,b) to

all these degrees:
d(y) = fu{d(z1, ... xn) : flor,. .. 20) )
Usually, there are infinitely many such tuples = for which f(z) = y. For most “or”-
operations, e.g., for
fela,b)=a+b—a-b=1—(1—a)-(1—-0),
if we combine infinitely many terms, we get the same meaningless value 1. In effect, the

only widely used operation for which this is not happening is f,(a,b) = max(a,b). Thus,

it is makes sense to require that

d(y) = max{d(xy,...,x,) : f(z1,...,2,) = y}.
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To fully describe this degree, we thus need to describe the degree d(x, ..., x,) to which
atuple x = (xy,...,x,) is possible. A tuple (x1,...,z,) is possible if z; is a possible values
of the first variable, and x5 is a possible of the second variable, etc.

We know the expert’s degree of confidence that x; is a possible value of the first variable:
this described by the corresponding membership function g4 (zp). Similarly, the expert’s
degree of confidence that z is a possible value of the second variable is equal to pa(z2),
etc. Thus, to get the degree to which the tuple (xy,...,z,) is possible, we need to use an

appropriate “and”-operation fg(a,b) to combine these degrees p;(z;):

d(@y; . wn) = fe(p (), - pn(2n)-

Substituting this expression into the above formula for u(y) = d(y), we arrive at the

following formula.

General form of Zadeh’s extension principle. If we know the the quantity y is related
to the quantities xy,...,x, by a relation y = f(z1,...,x,), and we know the membership
functions p;(x;) that describe each inputs z;, then the resulting membership function for y

takes the form

u(y) = max{ fe(pi(w1), .o pn(@n)) = f(21, ..o, 20) =y}

This formula was originally proposed by Zadeh himself and is thus known as Zadeh’s

extension principle.

Algorithms for fuzzy data processing: what is already known and what we do in
this section. Usually, Zadeh’s extension principle is applied to the situations in which we
use the min “and”-operation fg(a,b) = min(a,b). In this case, Zadeh’s extension principle

takes a simplified form

pu(y) = max{min(ui(21), ..., pn(0)) = fl21,. .. 20) =y}

For this case, there are efficient algorithms for computing u(y). (We will mention these

algorithms in the nest section.)
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The problem is that, as it is well known, in many practical situations, other “and”-
operations more adequately describe expert reasoning [28, 62]. It is therefore desirable to
generalize the existing efficient algorithms for fuzzy data processing from the case of min

to the general case of an arbitrary “and”-operation. This is what we do in this section.

3.2.2 Possibility of Linearization

In most practical cases, measurement and estimation errors are relatively small.
Before we get deeper into algorithms, let us notice that in the above text, we consider the

generic data processing functions f(z1,...,z,).

In the general case, this is what we have to do. However, in most practical situations, the
expert uncertainty is relatively small — just like measurement errors are usually relatively
small, small in the sense that the squares of the measurement or estimation errors are much
smaller than the errors themselves; see, e.g., [83].

Indeed, if we have a measurement or an expert estimate with accuracy 10% (i.e., 0.1),
then the square of this inaccuracy is 0.01, which is much smaller than the original mea-
surement or estimation error. If we measure or estimate with an even higher accuracy,
e.g., 5% or 1%, then the quadratic term is even much more small than the measurement

or estimation error.

Possibility of linearization. In such situations, instead of considering general func-
tions f(z1,...,x,), we can expand the corresponding data processing function in Taylor
series around the estimates 7y, ..., T,, and keep only linear terms in this expansion — thus,

ignoring the quadratic terms. As a result, the original expression

flzr,... xn) = f(T1 + Axq, ..., T + Axy),

def ~ . . . . .
where we denoted Az; = x; — 7;, is replace by its linear approximation:

f(ﬂfla---,ﬂﬁn):f(§1+A371,---75n+A1?n)%CO—FZCi'Aﬂ?i;

=1
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~ - 9, o ~ .
where ¢ o f(@,...,2,) and ¢ o 8f . Substituting Az; = x; — x; into the above

formula, we get a linear dependence

n
floy, .. xy) :a0+ZCi'$i,
i=1

def n ~
where ag = ¢y — > ¢; - T;.
i=1

Zadeh’s extension principle in case of linearization. For linear functions, the general

Zadeh’s extension principle takes the form

f(y) = max {f&(m(ﬂcl), ey n(Tn)) T ag + Zc Sy = y} :

In particular, the min-based extension principle takes the form

p(y) = max {min(,ul(xl), eyl (T0)) s ap + Zci ST = y} :

In the linearized case, we can reduce a general problem to several sums of two
variables. From the computational viewpoint, linearization has an additional advantage:
it enables us to reduce a general problem, with many inputs, to a sequence of problems
with only two inputs. To be more precise, we can reduce it to the problem of computing
the sum of two variables.

Indeed, our goal is to compute the membership degrees corresponding to the sum
Y=ag+C -T1+C-Ta+...+Ch"Ty.

To simplify this problem, let us recall how this expression would be computed on a com-

puter.
e First, we will compute y; dof c1 - 1, then the first intermediate sum s; = ag + y;.

e After that, we will compute the second product y, = ¢ - x9, and the second interme-

diate sum sy = 1 + ¥s.
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e Then, we compute the third product y3 = c3 - x3, and the third intermediate sum

S3 = S2 + Y3.

e At the end, we compute y, = ¢, -z, and y = s,,_1 + Yn.

let us follow the same pattern when computing the membership function u(y). First,
let us find the membership functions v;(y;) corresponding to y; = ¢; - z;. For each y;, there
is only one value z; for which y; = ¢; - ; — namely, the value z; = y;/c; — so in Zadeh’s
formula, there is no need to apply “or” or “and”, we just have v;(y;) = pi(vi/c;).

Similarly, for s; = ag + y1, we have ni(s1) = v1(s1 — ag) = pi((s1 — ao)/c1). Now, we

can do the following:

e first, based on the membership functions 7;(s1) and v5(y;), we find the membership

function 7,(sy) corresponding to the sum sy = 57 + o,

e then, based on the membership functions 7s(s2) and v53(ys), we find the membership

function 73(s3) corresponding to the sum s3 = so + ys,
o etc.

e until, based on the membership functions 7, _1(s,_1) and v,(y,), we find the desired

membership function p(y) corresponding to the sum y = s,_1 + Y.

On each step, we need to several times apply Zadeh’s extension principle to the sum of two
variables.

For the sum of two variables, these formulas have the following simplified form.

Zadeh’s extension principle: case of the sum of two variables. For a general “and”-
operation fg(a,b), when we know the membership functions (1) and po(zy) describing

two quantities x; and x5, then, once we have selected 1, the value x5 for which 1 +x =y
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can be easily described as x93 = y — 1. Thus, the membership function pu(y) for the sum

Yy = x1 + x5 takes the form

ny) = max Je(pa (1), pa(y — 21)).

In particular, for fg(a,b) = min(a,b), we have

p(y) = maxmin(u (1), p2(y — 21)).

1
In the following text, this is what we will consider: algorithms for computing these two

formulas.

3.2.3 Efficient Fuzzy Data Processing for the min t-Norm: Re-

minder

Our objective is to come up with efficient algorithm for fuzzy data processing for a general
“and”-operation.
To come up with such an algorithm, let us recall how fuzzy data processing is performed

in the case of the min t-norm.

What is the input for the algorithm. To describe each of the two input membership
functions p(z1) and pa(x2), we need to describe their values at certain number of points
vp < v < ...<vy_1, where N is the total number of these points. Usually, these points
are equally spaced, i.e., v; = vg + 7 - A for some A > 0. Thus, the inputs consist of 2N
values p;(v;) corresponding to ¢ = 1,2 and to j =0,1,..., N — 1.
First — naive — algorithm for fuzzy data processing. When the values of each of
the two variables z; and z5 go from vy to vy_1 = vg + (N — 1) - A, their sum y = x; + 23
takes values wy dof 209, wy = wo + A = 2vp + A, ..., all the way to wyn_1) = 20n_1 =
200+ 2- (N —-1)-A.

Each value w;, can be represented as the sum v; 4+ v,_; of possible values of x; and x5

when 0 <i< N—1land 0<k—i< N —1,i.e., when

max(k+1— N,0) <i <min(k, N —1).
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Thus, we have

p(wy) = max(min(gpq (v;), po(vk—;)) : max(k +1— N,0) <i < min(k, N — 1)}.

What is the computational complexity of this naive algorithm. The computational
complexity of an algorithm is usually gauged by its number of computational steps — which
is roughly proportional to the overall computation time.

In the above case, for each k, we have up to N different values i:
e exactly N for k=N —1,

e N—1lfork=N-2and k=N,

e N—2valuesifork=N—-3and k=N +1,

e ctc.

For each k and i, we need one min operation, to compute the minimum

min (g (v), fia (V—:))-

Then, we need to find the maximum of all these numbers. So, we need N steps to compute
the value wy_1, N —1 steps to compute the values wy_o and wy, etc. Overall, we therefore

need

N=2-(N-1)+2-(N=2)+...42-1=N+2-(N-1D)+(N=-2)+...+1) =

N-(N-1)

N+2.
+ 2

=N+N-(N-1)=N?
computational steps.

It is possible to compute u(y) faster, by using a-cuts. It is known that for the
case of the min t-norm, it is possible to compute u(y) faster. This possibility comes from
considering a-cuts

x; () o {z; : pi(x;) > at.
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Indeed, according to Zadeh’s formula, p(y) > «a if and only if there exists values x; and x5
for which x; + x5 = y and min(u(x1), pa(z2)) > a, i.e., equivalently, for which u(z1) > «
and po(z2) > a.

Thus, the a-cut for y is equal to the set of all possible values y = z; + x2 when

belongs to the a-cut for x; and x5 belongs to the a-cut for x,:
y(o) = {z1 + 35 : 11 € x1(a) &3 € X3(a) }.

In many practical situations, each of the membership functions pu;(x;) increases up to
a certain value, then decreases. In such situations, each a-cut is an interval: x;(a) =
[z;(),ZT;(a)]. If we know that x; belongs to the interval [z, («), T;(«)] and that 25 belongs

1

to the interval [z,(a), To(«)], then possible values of y = x; + x5 form the interval

(@), g(@)] = [21(a) + 25(a), 1 (a) + Ta()].

(It is worth mentioning that this formula is a particular case of interval arithmetic; see,
e.g., [26, 59].)

Thus, instead of N? elementary operations, we only need to perform twice as many
operations as there are possible levels a. When we use 2N values p;(z;), we can have no
more than 2N different values «, so the computation time is O(N) < N?.

This is the reason why a-cuts — and interval computations — are mostly used in fuzzy

data processing.

3.2.4 Efficient Fuzzy Data Processing Beyond min t-Norm: the
Main Result of This Section

Now that we recalled how fuzzy data processing can be efficiently computed for the min
t-norm, let us find out how we can efficiently compute it for the case of a general t-norm.
Reminder: we know the membership functions p(z1) and ps(z2), we want to estimate the

values

wly) = max fe(p (1), 2y — 21))-
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Naive algorithm. Similar to the case of the min t-norm, the naive (straightforward)
application of this formula leads to an algorithm that requires N? steps: the only difference
is that now, we use fg instead of min.

Let us show that for t-norms different from min, it is also possible to compute pu(y)

faster.

Reducing to the case of a product t-norm. It is know that Archimedean t-norms,
i.e., t-norms of the type f~1(f(a) - f(b)) for monotonic f(x), are universal approzimators,
in the sense that for every t-norm and for every € > 0, there exists an Archimedean t-norm
whose value is e-close to the given one for all possible a and b; see, e.g., [61].

Thus, from the practical viewpoint, we can safely assume that the given t-norm is

Archimedean. For the Archimedean t-norm, the above formula takes the form

ply) = max [ (f (i (1)) - f(paly = 21)))-

The inverse function f~! is monotonic, thus, the largest values of f~1(z) is attained when

z is the largest. So, we have

where we denoted

v(y) = max fQua(wy)) - fpaly — 1))

So, if we denote vy (z1) o fpa(zy)) and vo(z2) o f(pa(z2)), we arrive at the following

problem: given functions v (x1) and v(xs), compute the function

v(y) = mx?x(’/l(ifl) ‘(Y — 1))

This is exactly the original problem for the product t-norm. Thus, fuzzy data processing
problem for a general t-norm can indeed be reduced to the problem of fuzzy data processing

for the product t-norm.
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Let us simplify our problem. Multiplication can be simplified if we take logarithm of
both sides; then it is reduced to addition. This is why logarithms were invented in the first
place — and this is why they were successfully used in the slide rule, the main computational
tool for the 19 century and for first half of the 20 century — to make multiplication faster.

The values v;(x;) are smaller than 1, so their logarithms are negative. To make formulas

. - . . def
easier, let us use positive numbers, i.e., let us consider the values ¢;(x;) = —In(v(x1)),

lo(xq) o In(ve(z2)), and £(y) o In(v(y)). Since we changed signs, max becomes min,

so we get the following formula:

l(y) = Igiln(fl(l"l) + Loy — x1)).

We have thus reduced our problem to a known problem in convex analysis. The
above formula is well-known in convex analysis [88]. It is known as the infimal covolution,

or an epi-sum, and usually denoted by

£:£1 D£2

There are efficient algorithms for solving this convex analysis problem. At least
for situations when the functions ¢;(z;) are convex (and continuous), there is an efficient
algorithm for computing the infimal convolution. This algorithm is based on the use of

Legendre-Fechnel transform

0*(s) = sup(s -z — £(x)).

T

Specifically, it turns out that the Legendre transform of the infimal convolution is equal to

the sum of the Legendre transforms:
(¢, 006)" =07 + 43,

and that to reconstruct a function form its Legendre transform, it is sufficient to apply the

Legendre transform once again:

0= (07",
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Thus, we can compute the infimal convolution as follows:
0 0O0 = (0] + 03)".
Similarly, we can compute the infimal composition of several functions
GO O, =min{ly(y1) + ...+ Lu(yn) :y1 + ... + yn =y},

as

GO 06, =0+...+0)".

There exists a fast (linear-time O(N)) algorithm for computing the Legendre transform;
see, e.g., [48]. So, by using this algorithm, we can compute the results of fuzzy data
processing in linear time.

Let us summarize the resulting algorithm.

3.2.5 Resulting Linear Time Algorithm for Fuzzy Data Process-
ing Beyond min t-Norm
What is given and what we want to compute: reminder. We are given:
e a function f(zq,...,2,);
e n membership functions pq(z1), ..., p(z,); and
e an “and”-operation fg(a,b).

We want to compute a new membership function

ply) = max{fe(pn (1), pn(n)) = f(21,. - 20) =y}

Algorithm.
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First, we represent the given “and”-operation in the Acrhiemdean form fg(a,b) =

f7Y(f(a) - f(b)) for an appropriate monotonic function f(z).

In the following text, we will assume that we have algorithms for computing both

the function f(x) and the inverse function f~(x).

Then, for each i, we find the value z; for which p;(x;) attains its largest possible

value.

For normalized membership functions, this value is p;(z;) = 1.

of

8_ s and

We then compute the values ¢y = f(71,...,7,) and ¢; =

agp :CO—ZQ ZEZ
i=1
In the following text, we will then use a linear approrimation
f(xlw"vxn) = GO+ZC7; * L.
i=1
After that, we compute the membership functions
vi(s1) = ur((s1 — ao)/c1)

and v;(y;) = pi(yi/c;) for i > 2.

In terms of the variables sy = ag + ¢ - x1 and y; = ¢; - x;, the desired quantity y

has the formy =s1+ya+ ...+ Yn.

We compute the minus logarithms of the resulting functions:
Gi(ys) = — In(vi(yi))-

For each i, we then use the Fast Legendre Transform algorithm from [48] to compute
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e Then, we add all these Legendre transforms and apply the Fast Legendre Transform

once again to compute the function
C=(0+...+0)".
e This function ¢(y) is equal to ¢(y) = — In(v(y)), so we can reconstruct v(y) as
v(y) = exp(—L(y)).

e Finally, we can compute the desired membership function u(u) as

3.2.6 Conclusions

To process fuzzy data, we need to use Zadeh’s extension principle. In principle, this prin-
ciple can be used for any t-norm. However, usually, it is only used for the min t-norm,
since only for this t-norm, an efficient (linear-time) algorithm for fuzzy data processing was
known.

Restricting oneselves to min t-norm is not always a good idea, since it is known that in
many practical situations, other t-norms are more adequate in describing expert’s reasoning.
In this section, we show that similar efficient linear-time algorithms can be designed for an
arbitrary t-norm. Thus, it become possible to use a t-norm that most adequately describes
expert reasoning in this particular domain — and still keep fuzzy data processing algorithm

efficient.

3.3 How to Speed Up Processing of Probabilistic Data

In many real-life situations, uncertainty can be naturally described as a combination of
several components, components which are described by probabilistic, fuzzy, interval, etc.

granules. In such situations, to process this uncertainty, it is often beneficial to take this
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granularity into account by processing these granules separately and then combining the
results.

In this section, on the example of probabilistic uncertainty, we show that granular
computing can help even in situations when there is no such natural decomposition into
granules: namely, we can often speed up processing of uncertainty if we first (artificially)
decompose the original uncertainty into appropriate granules.

Results described in this section first appeared in [81].

3.3.1 Need to Speed Up Data Processing Under Uncertainty:

Formulation of the Problem

Need for data processing. One of the main reasons for data processing is that we are
interested in a quantity y which is difficult (or even impossible) to measure or estimate
directly. For example, y can be a future value of a quantity of interest.

To estimate this value y, we:

e find easier-to-measure and/or or easier-to-estimate quantities x,...,x, which are

related to y by a known dependence y = f(z1,...,z,),
e measure or estimate x;’s, and

e use the known relation y = f(z1,...,x,) to predict y.

Need to take uncertainty into account. Due to measurement uncertainty, the mea-
surement results z; are, in general, different from the actual values z; of the corresponding
quantities. This is even more true to the results of expert estimates.

Therefore, the value y = f(7,...,7,) that we obtain by processing the measure-
ment /estimation results is, in general, different from the desired value y = f(x1,...,z,).

It is therefore important to estimate the resulting uncertainty Ay & Y — y; see, e.g., [83].
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Measurement or estimation errors are usually relatively small. Measurement and
estimation errors are usually assumed to be relatively small, so that terms quadratic in
measurement errors can be safely ignored [83].

If we expand the expression
Ay = f(fhafn) — f(fl — Axl,...,fn — ACL’n)

in Taylor series and ignore terms which are quadratic (or higher order) in terms of Az;,

then we get
Ay = Z ¢ - Ay,
i=1

def af

where ¢; = R
Z;

This simplified expression enables us to estimate the uncertainty in the result y of data

processing based on the known information about the uncertainties Az;.

How to describe uncertainty. For measurements, we usually have a large number of
situations when we performed the measurement with our measuring instrument and we
also measured the same quantity with some more accurate measuring instrument — so that
we have a good record of past values of measurement errors. For example, we may record
the temperature outside by a reasonably cheap not-very-accurate thermometer, and we
can find the measurement errors by comparing these measurement results with accurate
measurements performed at a nearby meteorological station.

Based on such a record, we can estimate the probability of different values of the mea-
surement error. Thus, it is reasonable to assume that for each i, we know the distribution
of the measurement error Ax; et Ti— X;.

Measurement errors corresponding to different variables are usually independent.

In this section, we consider an ideal case when we know:
e the exact dependence y = f(x1,...,2,),

e the probability distribution of each of the variables Ax;, and
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e the values ¢;.

Thus, we know the probability distribution of each of the terms ¢; = ¢; - Ax;. So, we arrive

at the following problem:

e we know the probability distributions of each of n independent random variables

tlv"'at’na

n
e we are interested in the probability distribution of their sum ¢t = > ¢;.
i=1

How this problem is solved now. The usual way to represent a probability distribution
is by its probability density function (pdf) p(z). The pdf of the sum t = ¢; + t5 of two

independent random variables with pdfs p;(¢1) and ps(t2) is equal to

o(t) = / o) - palt — 1) di.

A straightforward way of computing each value p(t) is by replacing the integral with a
sum. If we use N different points, then we need N computations to compute the sum
corresponding to each of the N points, thus we need the total of N? computation steps;
see, e.g., [98].

A faster computation can be done if we use characteristic functions x;(w) o Elexp(i -

w - t;)], where E denotes the expected value. Then, from ¢t = t; + t5, we conclude that
exp(i-w-t) =exp(i-w-t) -exp(i-w-ty)
and thus, since t; and t, are independent, that
Elexp(i-w-t)] = Elexp(i-w-t1)] - Elexp(i-w - t2)],

i.e., x(w) =x1(w) - x2(w). Here:

e computing each characteristic function x;(w) by Fast Fourier Transform requires O(N-

In(N)) computational steps,
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e computing point-by-point multiplication requires N steps, and

e the inverse Fourier Transform to reconstruct p(t) from its characteristic function also

takes O(N - In(N)) steps.

So overall, we need O(N - In(NN)) steps, which is smaller than N?2.

Can we do it faster? For large N, the time N needed for point-wise multiplication is

still huge, so it is reasonable to look for the ways to make it faster.

3.3.2 Analysis of the Problem and Our Idea

Processing can be faster if both distributions are normal. If both ¢; are normally
distributed, then we do not need to perform these computations: we know that the sum
of two normal distributions with mean p; and variances V; is also normal, with mean
= 1 + pe and variance V = Vj 4 V5.

In this case, we need two computational steps instead of O(N).

Other cases when we can speed up data processing. Same holds for any infinitely

divisible distribution, with characteristic function
X(w) =exp(i-p-w—A-|w).
For example:
e For a = 2, we get normal distribution.

e For o = 1, we get Cauchy distribution, with the probability density function

p(x):ﬂ-A.1+($—M)2
A2

for an appropriate A > 0.

Indeed, in this case, once we know the distributions for ¢; and t5, then, based on the

corresponding characteristic functions xi(w) = exp(i- 1 - w — A; - [w|¥) and y2(w) =
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exp(i- g - w — As - |w|¥), we can conclude that the characteristic function x(w) for the sum

t1 + t has the form

X(w) = x1(w) - x2(w) =exp(i-p-w—A-|w|?),

where pt = pq +po and A = Ay + A,. So, in this case too, we need two computational steps

instead of O(N):
e one step to add the means u;, and

e another step to add the values A;.

Our idea. Our idea is to select several values aq,...,a, —e.g., a3 =1 and as = 2 — and

approximate each random variable t; by a sum

talztzl‘i“i‘tz]‘i“'_t@k

)

of infinitely divisible random variables ¢;; corresponding to the selected values of ¢;.

The characteristic function x;;(w) for each variable ¢;; has the form

Xij(w) = exp(i- i - w — Ajj - [w]|*).
k
t;r is equal to the product

Thus, the characteristic function y,;(w) of the sum t,; =
=1

J

k k
Xai(w) = HXz'j(w) = €Xp <i T W — ZAZ']' : \W‘aj> )
j=1 j=1

def k
where j; = > .
=1
From x1(w) & Xq1(w) and x2(w) & xa2(w), we conclude that the characteristic function

X(w) = x1(w) - x2(w) for the sum ¢ = t; + to is approximately equal to the product of the

approximating characteristic functions:

k
X(©) % Xa(@) € Xa2(w) - Xaz(w) = exp (i pw = Ay IWI“") ,
j=1
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where p1 = py + po and A; = Ay + Ay,
In this case, to find the approximating distribution for the sum ¢, we need to perform

k + 1 arithmetic operations instead of N:
e one addition to compute p and

e k additions to compute k values Ay, ..., A;.

Comment. A similar idea can be applied to the case of fuzzy uncertainty; see Section 3.1

for details.

3.3.3 How to Approximate

Natural idea: use Least Squares. We want to approximate the actual distribution
pi(t) for each of the variables ¢; by an approximate approximate distribution p,;(t). A
reasonable idea is to use the Least Squares approximation, i.e., to find a distribution p, ;(t)

for which the value [(p;(t) — pai(t))? dt is the smallest possible.

Let us reformulate this idea in terms of the characteristic functions. The problem
with the above idea is that while for a = 1 and o = 2, we have explicit expressions for the
corresponding probability density function p,;(t), we do not have such an expression for
any other a. Instead, we have an explicit expression for the characteristic function x(w).
It is therefore desirable to reformulate the above idea in terms of characteristic functions.

We want to approximate the characteristic function yx;(w) by an expression y,i(w) of
the type exp [ — > ¢; - fj(w) | for some fixed functions f;(w); in our case, fo(w) = —i-w
J
and fj(w) = |w|* for j > 1.

This can be done, since, due to Parceval theorem, the least squares (L?) difference

[0 = pustoy?a
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between the corresponding pdfs p;(t) and p,;(t) is proportional to the least squares differ-

ence between the characteristic functions:

1
o

Jo® = pstP e = 5+ [ () = xasl) do

So, minimizing the value [(p;(t) — pa.:(t))? dt is equivalent to minimizing

1 / () — Xas())? dov.

How to approximate: computational challenge and its solution. The problem with
the above formulation is that the Least Squares method is very efficient is we are looking
for the coefficients of a linear dependence. However, in our case, the dependence of the
expression X, ;(w) on the parameters y; and A;; is non-linear, which makes computations
complicated.

How can we simplify computations? We can borrow the idea from the case of normal
distributions: in this case, we start with the maximum likelihood methods, in which we
maximize the probability, and take negative logarithms of the pdfs — which results in the
known Least Squares method [98]. In our more general case too, if we take the negative

logarithm of the characteristic function, we get a linear function of the unknowns:
k
—In(Xai(w)) = =i i w+ > Ay |w]|™.
j=1

To use this idea, let us reformulate the objective function

/(Xi(w) — Xai(w))? dw

in terms of the difference between the negative logarithms. We are interested in situations
in which the approximation is good, i.e., in which the difference ¢;(w) & Xai(w) — xi(w) is

small. Then, x,;(w) = x;(w) + €;(w), hence

— In(xas(®@)) = = (@) + @) = —In (xxw) - (1 + 2 )) =
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(W) — In (1 + ;8) .

Since ¢;(w) is small, we can ignore terms which are quadratic and higher order in ¢;(w) and

In (1 + 5i(w>> ~ Sl

Xi(w)

get

Thus, in this approximation,

(= In(xi(@))) = (= In(xai(w))) = = 5

hence
gi(w) = Xai(w) = xi(w) = xi(w) - (= In(Xa,i(w))) — (= In(x;(w))),

so the minimized integral takes the form
I= [ 06 = i) do = [ 33) - (- I0() = (= Inas ) o

or, equivalently, the form
I= [ (5) = i) do
where we denoted

filw) & —xi(w) - n(xi(w))

and

fai(@) = =xi(@) - In(xas(w))-
In our case

k
Jai(w) = =1+ pi-w-xi(w) + ZAU Xi(w) - w7
j=1

In other words, we need to find the coefficients ¢, by applying the Least Squares method

to the approximate equality

—In(yi(w)) - xi(w) & —i- g w - x(w) + ZAij (W) - Jw].

86



3.3.4 Resulting Algorithm

Problem: reminder. We know the probability distributions for t; = ¢; - Ax; and t, =

co - Axy, We want to find the probability distribution for

t:t1+t2201~Al’1+02'Ax2.

Motivations: reminder. By repeating this procedure several times, we get:

2
e the probability distribution for ¢; - Azy + o - Axg = > ¢; - Axy,

=1

3
e then the distribution for (¢; - Axy + ¢o - Azg) + 3 - Axg = > ¢; - Axy,
-1

7

e then the distribution for
3 4
(Z ¢ Axi> +cy - Axy = ch- - Az,
i=1 i=1

ete.,

e until we get the desired probability distribution for the measurement error
n
Ay = Z ¢ - Ax;.
i=1

Preliminary step. We select the values ay < ... < aj. For example, we can have these
—1
values uniformly distributed on the interval [1,2], by taking a; =1 + ‘Z:—l For example:

e for k =2, we get a; =1 and ap = 2,
o for k=3, we get a; =1, ap = 1.5, and a3 = 2.

Comment. A (slightly) better selection of the values «; is described in Subsection 3.2.6.

First step: computing characteristic functions. First, we apply Fourier transform to

the given probability distributions p;(¢), and get the corresponding characteristic functions

Xi(w).
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Second step: approximating characteristic functions. For each of the two charac-
teristic functions, to find the parameters p;, A;1,. .., A, we use the Least Squares method

to solve the following system of approximate equations:
def e
—In(xi(w)) - Xi(@) & Xai (@) = =i s w - xa(w) + Y Ay - xa(w) - ]
j=1

for values w = wy,ws, ..., wy.

Comment. If the resulting approximation error [(x;(w) — Xai(w))? dw is too large, we can

increase k — and thus, get a better approximation.

Final step: describing the desired probability distribution for t = ¢; +t;. As a
good approximation for the characteristic function x(w) of the probability distribution for

the sum t = t; + to, we can take the expression

k
Xo(w) = exp (i W — ZAj . |w|aj> :
j=1

where pt = iy + pip and A; = Ay + Ay for j=1,... k.

3.3.5 Numerical Example

We tested our method on several examples, let us provide one such example.
Let us assume that ¢; is normally distributed with 0 mean and standard deviation 1.

For this distribution, the characteristic function takes the form
Loy
X1(w) = exp 5 Y )

1
As ty, let us take the Laplace distribution, with probability density ps(t) = 5 -exp(—|t|)
1

T
To approximate both distributions, we used k = 3, with oy = 1, ay = 1.5, and a3 = 2.

and the characteristic function yq(w)

In this case, the first distribution is represented exactly, with

1
p1 =0, Ay =A;=0, and A;3= 5
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To find the optimal approximation for the characteristic function of the Laplace distri-
bution, we used the values w uniformly distributed on the interval [—5,5]. As a result, we

get the following approximation:
po =0, Ay = —0.162, Ay =1.237, and Asz = —0.398.
Thus, for the characteristic function of the sum t = t; + ¢ we get
w=0, A =-0.162, Ay =1.237, and Az = 0.102.

By applying the inverse Fourier transform to this distribution, we get an approximate prob-
ability density function p,(t) for the sum. The comparison between the actual probability

distribution p(t) and the approximate pdf p,(t) is given on Fig. 3.1. The corresponding

mean square error \/f(p(t) — pa(t))2dt is equal to 0.01.

3.3.6 Non-Uniform Distribution of «; is Better

Idea. If we select two values o too close to each other, there will be too much correlation
between them, so adding the function corresponding to the second value does not add much
information to what we know from a function corresponding to the first value.

We are approximating a general function (logarithm of a characteristic function) as a
linear combination of functions |t|*. If two values a; and a;41 are close, then the function
|t|*+1 can be well approximated by a term linear in [¢|% thus, the term proportional to
|t|*+1 is not needed.

It therefore makes sense to select the values a; in such as way that for each j, the part

of [t|*+* that cannot be approximated by terms proportional to [¢|* should be the largest

possible.

Let us reformulate this idea in precise terms. For every two functions f(t) and g(t),
the part of g(¢) which cannot be represented by terms a - f(t) (proportional to f(t)) can be

described as follows. It is reasonable to describe the difference between the two functions
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Figure 3.1: How good is the proposed approximation

f(t) and g(t) by the least squares (L?) metric [(f(t) — g(t))?dt. In these terms, the value
of a function itself itself can be described as its distance from 0, ie., as [(f(¢))*dt.

When we approximate a function g(t) by a term a- f(t), then the remainder g(t) —a- f(¢)
has the value [(g(t) —a- f(¢))?dt. The best approximation occurs when this value is the
smallest, i.e., when it is equal to min [(g(t) = a - f(t))*dt. Out of the original value
[ (g(t))? dt, we have unrepresented the part equal to main [(g(t) —a- f(t))*dt. Thus, the
relative size of what cannot be represented by terms a - f(t) can be defined as a ratio
win [(g(0) — a- J(0)*ds

RU(8),000) = =0

Let us simplify the resulting expression. This expression can be simplified if we find

the explicit expression for a for which the value [(g(t) —a- f(t))? dt is the smallest possible.
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Differentiating the minimized expression with respect to a and equating the derivative to

0, we conclude that

- [t~ a-5(0)- sty =0,

" / (F(1))? dt = / £(0) - g(t) dt

[ glt)di
[F@)2de

For this a, the value [(g(t) —a- f(t))*dt takes the form

/(g(t)—a-f(t))2dt:/( dt — 2a - /f t)dt + a® - /(f(t))dt.

Substituting the above expression for a into this formula, we conclude that

Jto—a- s = [awy?a- Q(ff <(;)<£>>2dt f?i (tSC/)Zdt =

i.e., that

and

i.e., that

fto —a-swpa= [yt J}@(tf)g s

Thus, the desired ratio takes the form

R(F0) oty 2 OO TV ([0 )y

J(g(t))? dt (JU@)2dt) - (f(g(t))> dt)

Thus, we arrive at the following optimization problem.

Resulting optimization problem. To make sure that the above remainders are as large

opt

as possible, it makes sense to find the values a{** < ... < o' that maximize the smallest

of the remainders between the functions f(t) = |t|% and g(t) = |t|*+:

min R <|t|“§pt, |t|0‘§')it1> = max min R(|t|%, [¢|%+1).
j J

1<...<oy

Solving the optimization problem. Let us consider an interval [—T,T] for some T.

Since the function is symmetric, it is sufficient to consider the values from [0, T7.
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For f(t) = t* and g(t) = t°, the integral in the numerator of the ratio is equal to
T T ; T s To+B+1
t)-g(t)dt = - tP dt = 1P dt = ———.
| 10 swa= | / -

Similarly, the integrals in the denominator take the form

T T T2a+l
/nﬁ@ﬁ:/tmﬁ:
0 0 200+1

T T T2ﬁ+1
L/f@ﬁ_/twﬁ_ ,
0 0 20+1

T2(a+p+1)

(a+pB+1)2
T2a+1 T2,6’+1 :

20+1 28+1

One can see that the powers of T' cancel each other, and we get

(2a+1)-(26+1)

and

SO

R=1-

R=1- ,
(a+pB4+1)2
o 0.5
or, equivalently, if we denote r o f+ , we get
a+0.5
def r
R=R(r)=1-4-——.
(r) (1+7)
The derivative of the function R(r) is equal to
dR (1+7r)?—2-(1+7) (1+7r)-1+r—2)
_— —4 . = —4 . =
dr (147)* (1+7)4
(I4+7r)-(r—1) r—1
4. =4- :
(14 r)* (14 1r)3

So this derivative is positive for all » > 1. Thus, the function R(r) is monotonically

increasing, and looking for the values a?pt for which min R([¢t|%, [t|**+) is the largest is
j

; 0.5
equivalent to looking for the values a;-’pt for which the smallest min % of the ratios
J Qy .
; 0.5
r= Q1+ 00 attains the largest possible value:
Oéj + 05
_a® 405 ajy1 + 0.5

In —o5—— = Iax min .
i +0.5 ar<...<ap  j aj—|—0.5
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£\ G=1)/(e-1)
One can check that this happens when «; + 0.5 = 1.5 - (5) . Indeed, in this

. 1/(k—1) ‘
case, min &1 +0.5 = (§) . We cannot have it larger: if we had min &1 +0.5
J a; + 0.5 3 J a; + 0.5
5\ " 405 5\
= , then we would have Q1 99 > | = for all j. Here,
3 a; +0.5 3
as+0.5 az3+0.5 a + 0.5
0.5 = 0.5) - . e —
Tt (a1 +08) - 05 % ¥ 05 -1 + 0.5

5\ /(1)
The first factor a; + 0.5 is > 1.5, each of the other k — 1 terms is greater than <§> ,

so for their product, we get

5N\ /(D) k-1 5
ak+0.5>1.5-<(§> ) =155 =25,

while we assumed that all the values a; are from the interval [1, 2], and so, we should have

o +0.5 < 2.5.

Resulting optimal values of «;. Thus, the optimal way is to not to take the values

uniformly distributed on the interval [1, 2], but rather take the values

5\ G-/ (=1)
a? =15 <§> —0.5

— 1 >
for which the logarithms ln(a?pt+0.5) S ‘In (—) = In(1.5) are uniformly distributed.

Comment. It is worth mentioning that there is intriguing connection between these values
a; and music: for example, the twelves notes on a usual Western octave correspond to the

frequencies:

L fla
o fo=f 2112

b f3:f1'22/127"'7
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o fio=f1-2"/12 and

o fiz3=/f1-2,

for which the logarithms In(f;) are uniformly distributed. Similar formulas exist for five-

note and other octaves typical for some Oriental musical traditions.

3.4 Hypothetical Quantum-Related Negative Proba-
bilities Can Speed Up Uncertainty Propagation
Algorithms

One of the main features of quantum physics is that, as basic objects describing uncer-
tainty, instead of (non-negative) probabilities and probability density functions, we have
complex-valued probability amplitudes and wave functions. In particular, in quantum com-
puting, negative amplitudes are actively used. In the current quantum theories, the actual
probabilities are always non-negative. However, there have been some speculations about
the possibility of actually negative probabilities. In this section, we show that such hypo-
thetical negative probabilities can lead to a drastic speed up of uncertainty propagation
algorithms.

Results described in this section first appeared in [75].

3.4.1 Introduction

From non-negative to more general description of uncertainty. In the traditional
(non-quantum) physics, the main way to describe uncertainty — when we have several
alternatives and we do not know which one is true — is by assigning probabilities p; to
different alternatives 7.

The physical meaning of each probability p; is that it represents the frequency with

which the i-th alternative appears in similar situations. As a result of this physical meaning,
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probabilities are always non-negative.
In the continuous case, when the number of alternatives is infinite, each possible alter-

native has 0 probability. However, we can talk:

e about probabilities of values being in a certain interval and, correspondingly,

e about the probability density p(x) — probability per unit length or per unit volume.

The corresponding probability density function is a limit of the ratio of two non-negative

values:
e probability and
e volume,

and is, thus, also always non-negative.

One of the main features of quantum physics is that in quantum physics, probabilities
are no longer the basic objects for describing uncertainty; see, e.g., [18]. To describe a
general uncertainty, we now need to describe the complex-valued probability amplitudes 1);

corresponding to different alternatives ¢. In the continuous case:

e instead of a probability density function p(x),

e we have a complex-valued wave function 1 (x).

Non-positive and non-zero values of the probability amplitude and of the wave function
are important: e.g., negative values of the amplitudes are actively used in many quantum

computing algorithms; see, e.g., [64].

Can there be negative probabilities? In the current quantum theories, the actual

probabilities are always non-negative. For example:

e the probability p; of observing the i-th alternative is equal to a non-negative number
pi = |77Z)i|27

and

95



e the probability density function is equal to a non-negative expression
p(x) =¥ ().

However, there have been some speculations about the possibility of actually negative
probabilities, speculations actively explored by Nobel-rank physicists such as Dirac and
Feynman; see, e.g., [14] and [17]. Because of the high caliber of these scientists, it makes

sense to take these speculations very seriously.

What we do in this section. In this section, we show that such hypothetical negative

probabilities can lead to a drastic speed up of uncertainty propagation algorithms.

3.4.2 Uncertainty Propagation: Reminder and Precise Formula-

tion of the Problem

Need for data processing. In many practical situations, we are interested in the value of
a physical quantity y which is difficult or even impossible to measure directly. For example,

we may be interested:
e in tomorrow’s temperature, or
e in a distance to a faraway star, or
e in the amount of oil in a given oil field.
Since we cannot measure the quantity y directly, a natural idea is:

e to measure easier-to-measure related quantities
T1yeooy Ty,

and then
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e to use the known relation
y=f(z1,...,2,)
between these quantities to estimate y as
y=[(@1,....7),
where z; denotes the result of measuring the quantity x;.
For example:

e To predict tomorrow’s temperature y:

— we measure temperature, humidity, and wind velocity at different locations, and
— we use the known partial differential equations describing atmosphere to estimate
Y.
e To measure a distance to a faraway star:
— we measure the direction to this star in two different seasons, when the Earth is
on different sides of the Sun, and then
— we use trigonometry to find y based on the difference between the two measured
directions.
In all these cases, the algorithm f transforming our measurement results into the desired
estimate 7 is an example of data processing.

Need for uncertainty propagation. Measurements are never absolutely accurate. The
measurement result z; is, in general, somewhat different from the actual (unknown) value

of the corresponding quantity x;. As a result, even when the relation

ny(arl,...,xn)

is exact, the result y of data processing is, in general, somewhat different from the the

actual values y = f(x1,...,2,):
y=f@, ... a) Fy=flar,... 2).
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It is therefore necessary to estimate
e how accurate is our estimation v, i.e.,

e how big is the estimation error

The value of Ay depends on how accurate were the original measurements, i.e., how

large were the corresponding measurement errors

def ~

Because of this, estimation of Ay is usually known as the propagation of uncertainty with
which we know x; through the data processing algorithm.

Uncertainty propagation: an equivalent formulation. By definition of the measure-
ment error, we have

Thus, for the desired estimation error Ay, we get the following formula:
Ay :g—y: f(flaafn) —f(fl —Al‘l,,%n —Al'n)

Our goal is to transform the available information about Ax; into the information about

the desired estimation error Ay.

What do we know about Az;: ideal case. Ideally, for each i, we should know:
e which values of Axz; are possible, and
e how frequently can we expect each of these possible values.

In other words, in the ideal case, for every i, we should know the probability distribution

of the corresponding measurement error.

Ideal case: how to estimate Ay? In some situations, we have analytical expressions for

estimating Ay.
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In other situations, since we know the exact probability distributions corresponding
to all 4, we can use Monte-Carlo simulations to estimate Ay. Namely, several times ¢ =

1,2,..., L, we:
e simulate the values Aa:f) according to the known distribution of Az;, and

e cstimate

Ay =g — f@ — A", T, — AalD).

Since the values sz(z) have the exact same distribution as Az;, the computed values Ay

are a sample from the same distribution as Ay. Thus, from this sample
Ay(1)7 A ?Ay(L)7

we can find all necessary characteristics of the corresponding Ay-probability distribution.

What if we only have partial information about the probability distributions?
In practice, we rarely full full information about the probabilities of different values of the
measurement errors Ax;, we only have partial information about these probabilities; see,
e.g., [83]. In such situations, it is necessary to transform this partial information into the

information about Ay.

What partial information do we have? What type of information can we know about
Ax;? To answer this question, let us take into account that the ultimate goal of all these

estimations is to make a decision:

e when we estimate tomorrow’s temperature, we make a decision of what to wear, or,

in agriculture, a decision on whether to start planting the field;

e when we estimate the amount of oil, we make a decision whether to start drilling right
now or to wait until the oil prices will go up since at present, the expected amount

of oil is too large enough to justify the drilling expenses.
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According to decision theory results (see, e.g., [19, 47, 60, 85]), a rational decision maker
always selects an alternative that maximizes the expected value of some objective function
u(z) — known as wtility. From this viewpoint, it is desirable to select characteristics of
the probability distribution that help us estimate this expected value — and thus, help us
estimate the corresponding utility.

For each quantity x;, depending on the measurement error Axz;, we have different values

of the utility u(Ax;). For example:

o [f we overestimate the temperature and start planting the field too early, we may lose

some crops and thus, lose potential profit.

o If we start drilling when the actual amount of oil is too low — or, vie versa, do not

start drilling when there is actually enough of oil — we also potentially lose money.

The measurement errors Ax; are usually reasonably small. So, we can expand the
expression for the utility u(Ax;) in Taylor series and keep only the first few terms in this
expansion:

u(Az;) ~ u(0) +up - Az +uy - (Axy)? + ..+ ug - (Axy)”,
where the coefficients u; are uniquely determined by the corresponding utility function
u(Ax;). By taking the expected value E[-] of both sides of the above equality, we conclude
that
Elu(Az;)] ~ u(0) +up - E[Az] + ug - E[(Az)?] + ... + wg - E[(Az;)").

Thus, to compute the expected utility, it is sufficient to know the first few moments
E[Ax)], E[(Az)Y, ..., E[(Az)¥]

of the corresponding distribution.
From this viewpoint, a reasonable way to describe a probability distribution is via its

first few moments. This is what we will consider in this section.

From the computational viewpoint, it is convenient to use cumulants, not mo-

ments themselves. From the computational viewpoint, in computational statistics, it is
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often more convenient to use not the moments themselves but their combinations called
cumulants; see, e.g., [98]. A general mathematical definition of the k-th order cumulant x;,
of a random variable Az; is that it is a coefficient in the Taylor expansion of the logarthm

of the characteristic function

def

Xi(w) = Elexp(i-w - Az)]

(where i o v/—1) in terms of w:

In(Elexp(i-w - Ax;)]) = Z Kik - ( ]:) .

It is known that the k-th order cumulant can be described in terms of the moments up to

order k; for example:
e r;1 is simply the expected value, i.e., the first moment;
® K;p IS minus variance;
e ;3 and k4 are related to skewness and excess, etc.

The convenient thing about cumulants (as opposed to moments) is that when we add

two independent random variables, their cumulants also add:

e the expected value of the sum of two independence random variables is equal to the
sum of their expected values (actually, for this case, we do not even need indepen-

dence, in other cases we do);

e the variance of the sum of two independent random variables is equal to the sum of

their variance, etc.

In addition to this important property, k-th order cumulants have many of the same

properties of the k-th order moments. For example:

e if we multiply a random variable by a constant c,
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e then both its k-th order moment and its k-th order cumulant will multiply by c*.

Usually, we know the cumulants only approximately. Based on the above explana-
tions, a convenient way to describe each measurement uncertainty Ax; is by describing the
corresponding cumulants ;.

The value of these cumulants also come from measurements. As a result, we usually
know them only approximately, i.e., have an approximate value k;. and the upper bound

A on the corresponding inaccuracy:
|Kik — Rik| < Qg

In this case, the only information that we have about the actual (unknown) values k; is
that each of these values belongs to the corresponding interval

[Kig> Fik]

where

def ~
K = Rik — A

and

_ def ~
Rik = kit + Dk

Thus, we arrive at the following formulation of the uncertainty propagation problem.

Uncertainty propagation: formulation of the problem. We know:

e an algorithm

flxy, ... xy),

e the measurement results

Liy--- 5Ty

and
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e for each ¢ from 1 to n, we know intervals
[Big, Rik] = [Rik — Daky Fire + D]

that contain the actual (unknown) cumulants k;;, of the measurement errors

Based on this information, we need to compute the range

[ﬁka Ek]

of possible values of the cumulants kj corresponding to

Ay:f(ffl,,fn)—f(xl,,xn):f(fl,,En)—f(fl—Axl,,fn—A$n)

3.4.3 Existing Algorithms for Uncertainty Propagation and

Their Limitations

Usually, measurement errors are relatively small. As we have mentioned, in most
practical cases, the measurement error is relatively small. So, we can safely ignore terms

which are quadratic (or of higher order) in terms of the measurement errors. For example:
e if we measure something with 10% accuracy,
e then the quadratic terms are of order 1%, which is definitely much less than 1%.

Thus, to estimate Ay, we can expand the expression for Ay in Taylor series and keep

only linear terms in this expansion. Here, by definition of the measurement error, we have
€Tr; = iz — AZEZ',

thus
Ay:f<~%la7§fn>_f<-ﬂfl_A$1,,?Cln—AlEn)
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Expanding the right-hand side in Taylor series and keeping only linear terms in this expan-

sion, we conclude that
n
Ay = Z C; - Axl-,
i=1

at a point (Z1,...,Z,):

where ¢; is the value of the i-th partial derivative 5
X

oG F)
z—axz 1,...’ n)j-

Let us derive explicit formulas for x, and ;. Let us assume that we know the

coeflicients c¢;.
Due to the above-mentioned properties of cumulants, if k; is the k-th cumulant of Ax;,

then the k-th cumulant of the product ¢; - Ax; is equal to

(Ci)k * Kik-
In its turn, the k-th order cumulant x; for the sum Ay of these products is equal to the

sum of the corresponding cumulants:

We can represent each (unknown) cumulant s, as the difference

Kik = Kit, — AR,

where
def ~
ARik = Rik — Kik

is bounded by the known value A;;:

|Ari| < A
Substituting the above expression for x;;, into the formula for kj, we conclude that

R = "‘%k — A/ﬁk,
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where we denoted
n

~ def ~
R =) ()R

=1

and
n

Aky, dof Z(Cz)k - AKjg.

i=1

The value kj, is well defined. The value Ak, depends on the approximation errors Ax;.

To find the set of possible values kj, we thus need to find the range of possible values of
AKp.

This value is the sum of n independent terms, independent in the sense that each of

them depends only on its own variable Ak;. So, the sum attains its largest values when

each of the terms

(Ci>k . Aliik
is the largest.

e When (¢;)* > 0, the expression (c;)* - Aky, is an increasing function of Akyy, so it
attains its largest possible value when Ax;; attains its largest possible value A;.. The

resulting largest value of this term is

e When (¢;)* < 0, the expression (c;)* - Ak, is a decreasing function of Ak, so it
attains its largest possible value when Ak;, attains its smallest possible value —A;y.

The resulting largest value of this term is

Both cases can be combined into a single expression |(c;)*| - Ay if we take into account

that:

e when (¢;)* > 0, then |(¢;)*| = (¢;)¥, and
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e when (¢;)* < 0, then |(¢;)*| = —(c;)*.

Thus, the largest possible value of Ak is equal to
def &
i=1
Similarly, we can show that the smallest possible value of Axy is equal to —A. Thus, we
arrive at the following formulas for computing the desired range [k, K]

Explicit formulas for k., and %. Here, K, = kK — Ay and Ry, = ki + A, where

n

i=1

and

Ap = |(e)"] - A
=1

A resulting straightforward algorithm. The above formulas can be explicitly used to
estimate the corresponding quantities. The only remaining question is how to estimate the

corresponding values ¢; of the partial derivatives.

e When f(x1,...,x,) is an explicit expression, we can simply differentiate the function

f and get the values of the corresponding derivatives.

e In more complex cases, e.g., when the algorithm f(z1,...,z,) is given as a proprietary

black box, we can compute all the values ¢; by using numerical differentiation:

. f@1 o @i, T+ 3, T, - T) — Y
) &
for some small ¢;.
Main limitation of the straightforward algorithm: it takes too long.
When f(z1,...,2,) is a simple expression, the above straightforward algorithm is very

efficient.
However, in many cases — e.g., with weather prediction or oil exploration — the corre-

sponding algorithm f(z1,...,z,) is very complex and time-consuming,
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e requiring hours of computation on a high performance computer,
e while processing thousands of data values x;.

In such situations, the above algorithm requires n+ 1 calls to the program that implements

the algorithm f(xy,...,z,):

e one time to compute

y=f(z1,...,%n),

and then

e n times to compute n values
f(l‘l, e, L1, 5 + iy Lit1y--- ,l’n)
needed to compute the corresponding partial derivatives ¢;.

When each call to f takes hours, and we need to make thousands of such class, the resulting
computation time is in years.

This makes the whole exercise mostly useless: when it takes hours to predict the weather,
no one will wait more than a year to check how accurate is this prediction. It is therefore

necessary to have faster methods for uncertainty propagation.

Much faster methods exist for moments (and cumulants) of even order k. For

all k, the computation of the value

n

R = Z(Cz‘)k * Kk

i=1
can be done much faster, by using the following Monte-Carlo simulations.

Several times ¢ =1,2,..., L, we:

e simulate the values Axl(-e) according to some distribution of Ax; with the given value

Rik, and
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e cstimate

Ay =G — f@ — A, T, — AxD).

One can show that in this case, the k-th cumulant of the resulting distribution for Ay is

equal to exactly the desired value

n

R — Z(Cz>k . %zk

=1

Thus, by computing the sample moments of the sample
Ay(1)7 A 7Ay(L)7

we can find the desired k-th order cumulant.

For example, for kK = 2, when the cumulant is the variance, we can simply use normal
distributions with a given variance.

The main advantage of the Monte-Carlo method is that its accuracy depends only on
the number of iterations: its uncertainty decreases with L as 1/ VL; see, e.g., [98]. Thus,

for example:
e to get the moment with accuracy 20% (= 1/5),

e it is sufficient to run approximately 25 simulations, i.e., approximately 25 calls to the
algorithm f; this is much much faster than thousands of iterations needed to perform

the straightforward algorithm.

k

For even k, the value (¢;)" is always non-negative, so

[(e)] = (e)",

and the formula for Ay get a simplified form

n

=1
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This is exactly the same form as for kK, so we can use the same Monte-Carlo algorithm to
estimate A — the only difference is that now, we need to use distributions of Ax; with the
k-th cumulant equal to Ay.

Specifically, several times ¢ =1,2,..., L, we:

e simulate the values Axge) according to some distribution of Ax; with the value A

of the k-th cumulant, and

e cstimate

Ay =g — f@ — A", T, — AxlD).

One can show that in this case, the k-th cumulant of the resulting distribution for Ay is

equal to exactly the desired value

n

Ay = Z(Cz)k WAVS

=1

Thus, by computing the sample moments of the sample
Ay(1)7 R 7Ay(L)7

we can find the desired bound Ay on the k-th order cumulant.

Odd order moments (such as skewness) remain a computational problem. For
odd k, we can still use the same Monte-Carlo method to compute the value k.
However, we can no longer use this method to compute the bound A, on the k-th

cumulant, since for odd k, we no longer have the equality

[(e)*] = (co)".

What we plan to do. We will show that the use of (hypothetical) negative probabilities
enables us to attain the same speed up for the case of odd k as we discussed above for the

case of even orders.
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3.4.4 Analysis of the Problem and the Resulting Negative-
Probability-Based Fast Algorithm for Uncertainty Quan-
tification

Why the Monte-Carlo method works for variances? The possibility to use normal

distributions to analyze the propagation of variances
V =o?
comes from the fact that if we have n independent random variables Az; with variances

7

then their linear combination
n
i=1

is also normally distributed, with variance

n

V=) (a)V;

i=1
— and this is exactly how we want to relate the variance (2-nd order cumulant) of Ay with
the variances V; of the inputs.
Suppose that we did not know that the normal distribution has this property. How
would we then be able to find a distribution p;(z) that satisfies this property? Let us

consider the simplest case of this property, when

In this case, the desired property has the following form:

e if n independent random variables Azq, ..., Az, have exactly the same distribution,

with variance 1,
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e then their linear combination

=1

has the same distribution, but re-scaled, with variance
V= Z(Ci)Q-
i=1

Let p;(z) denote the desired probability distribution, and let
X1(w) = Elexp(i- w - Azy)]

be the corresponding characteristic function. Then, for the product ¢; - Az;, the character-
istic function has the form

Elexp(i-w - (¢; - Axy)).

By re-arranging multiplications, we can represent this same expression as
Elexp(i- (w-¢) - Axq],

ie., as xi(¢ - w).
For the sum of several independent random variables, the characteristic function is equal
to the product of characteristic functions (see, e.g., [98]); thus, the characteristic function

of the sum
Z C; - Al’z
i=1
has the form
xi(c1-w) .o xa(en - w).

We require that this sum be distributed the same way as Ax;, but with a larger variance.
When we multiply a variable by ¢, its variable increases by a factor of ¢?. Thus, to get the

distribution with variance

V= Z(Ci)27
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we need to multiply the variable Az; by a factor of

For a variable multiplied by this factor, the characteristic function has the form

x1(c-w).

By equating the two characteristic functions, we get the following functional equation:

xi(cr-w)-oooxalen - w) =x1

In particular, for n = 2, we conclude that

xi(erw) - xi(e-w) = x1 ( (c1)?+ (c)? - w) .

This expression can be somewhat simplified if we take logarithms of both sides. Then

products turn to sums, and for the new function

def

l(w) = In(xi(w)),

we get the equation
Uer-w)+ler-w) = £ (V@ + (@) w).

This equation can be further simplified if we consider an auxiliary function

for which

Substituting the expression for ¢(z) in terms of F'(x) into the above formula, we conclude
that
F((c1)*-w®) + F((c2)” - w?) = F(((e2)” + (e2)”) - 7).

One can easily check that for every two non-negative numbers a and b, we can take
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w=1, ¢, =+/a, and ¢; = VD,
and thus turn the above formula into
F(a)+ F(b) = F(a+b).

It is well known (see, e.g., [1]) that every measurable solution to this functional equation

has the form
for some constant K. Thus,
Here,

hence
x1(w) = exp({(w)) = exp(K - w?).

Based on the characteristic function, we can reconstruct the original probability density

function p;(z). Indeed, from the purely mathematical viewpoint, the characteristic function
X(w) = Elexp(i-w - Axy)] = /exp(i cw - Axq) - p1(Axy) d(Axy)

is nothing else but the Fourier transform of the probability density function p;(Ax;). We
can therefore always reconstruct the original probability density function by applying the
inverse Fourier transform to the characteristic function.
For
x1(w) = exp(K - w?),

the inverse Fourier transform leads to the usual formula of the normal distribution, with

K = —o2.
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Can we apply the same idea to odd k7?7 Our idea us to use Monte-Carlo methods for

odd k, to speed up the computation of the value
Ap = |(e)"] - A
i=1

What probability distribution p;(x) can we use to do it?

Similar to the above, let us consider the simplest case when

In this case, the desired property of the probability distribution takes the following form:
e if n independent random variables
Axq,...,Ax,
have exactly the same distribution p;(z), with k-th cumulant equal to 1,

e then their linear combination

i=1
has the same distribution, but re-scaled, with the k-th order cumulant equal to
Sl
i=1
Let p;(z) denote the desired probability distribution, and let
X1(w) = Elexp(i-w - Azy)]

be the corresponding characteristic function. Then, as we have shown earlier, for the

product ¢; - Ax;, the characteristic function has the form y;(c¢; - w). For the sum
n
Z C; - Axiv
i=1
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the characteristic function has the form

xi(c1-w) ..o xa(en - w).

We require that this sum be distributed the same way as Ax;, but with a larger k-th

order cumulant. As we have mentioned:
e when we multiply a variable by c,
e its k-th order cumulant increases by a factor of c*.

Thus, to get the distribution with the value

D leil,

=1

we need to multiply the variable Ax; by a factor of

For a variable multiplied by this factor, the characteristic function has the form

x1(c-w).

By equating the two characteristic functions, we get the following functional equation:

xi(c1-w) . .ooxalen - w) =x1

In particular, for n = 2, we conclude that

xi(er-w) - xales-w) = x1 (x’“/!cl\’“ + !Cz|’“'w) :

This expression can be somewhat simplified if we take logarithms of both sides. Then

products turn to sums, and for the new function

def

l(w) = In(x1(w)),
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we get the equation

E(cl-w)+£(02-w):€<f/m-w>.

This equation can be further simplified if we consider an auxiliary function

for which

Substituting the expression for ¢(z) in terms of F'(x) into the above formula, we conclude
that
Fler]* - &) + F(|eaf - w") = F((ler* + |eal") - ).

One can easily check that for every two non-negative numbers a and b, we can take
w=1,¢ = a,and ¢, = Vb

and thus get
F(a)+ F(b) = F(a+b).

As we have already shown, this leads to

for some constant K. Thus,
Here,

hence
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Case of k£ =1 leads to a known efficient method. For k = 1, the above characteristic

function has the form

exp(—K - w]).

By applying the inverse Fourier transform to this expression, we get the Cauchy distri-

bution, with probability density

1 1
pl(l’): K 1.2'
1+ﬁ

Monte-Carlo methods based on the Cauchy distribution indeed lead to efficient estimation

of first order uncertainty — e.g., bounds on mean; see, e.g., [35].

What about larger odd values k7 Alas, for £ > 3, we have a problem:

e when we apply the inverse Fourier transform to the characteristic function
exp(—| K] - |wl®),
e the resulting function p;(Ax;) takes negative values for some z, and thus, cannot
serve as a usual probability density function; see, e.g., [91].

However:

e if negative probabilities are physically possible,

e then we can indeed use the same idea to speed up computation of Ay for odd values

k> 3.

If negative probabilities are physically possible, then we can speed up uncer-
tainty propagation — namely, computation of A,. If negative probabilities are indeed

physically possible, then we can use the following algorithm to speed up the computation

of Ak
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Let us assume that we are able to simulate a “random” variable 1 whose (sometimes

negative) probability density function p;(z) is the inverse Fourier transform of the function

X1(w) = exp(—|w|*).

We will use the corresponding “random” number generator for each variable x; and for
each iteration ¢ = 1,2,..., L. The corresponding value will be denoted by 77@@.
The value 771(2) will corresponds to the value of the k-th cumulant equal to 1. To simulate

a random variable corresponding to parameter A;;, we use
i
(D) .

Thus, we arrive at the following algorithm:

Several times £ =1,2,..., L, we:

e simulate the values Axge) as

(D)%,
and

e cstimate

Ay =G — f@ - A0, T, — AxD).

One can show that in this case, the resulting distribution for Ay has the same distribution

as 1 multiplied by the k-th root of the desired value

n

i=1

Thus, by computing the corresponding characteristic of the sample

Ay(l) 7 Ay(L),

P

we can find the desired bound A, on the k-th order cumulant.
So, we can indeed use fast Monte-Carlo methods to estimate both values k;, and A, —

and thus, to speed up uncertainty propagation.
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Chapter 4

Towards a Better Understandability
of Uncertainty-Estimating

Algorithms

In this chapter, we explain how to make uncertainty-estimating algorithms easier to un-
derstand. We start with the case of interval uncertainty. For this case, in Section 4.1,
we provide an intuitive explanation for different types of solutions, and in Section 4.2, we
provide an intuitive explanation for seemingly counter-intuitive methods for solving the
corresponding problem. In Section 4.3, we consider the case of probabilistic uncertainty.
For this case, we explain why it is reasonable to consider mixtures of probability distribu-
tions. In Section 4.4, we consider the case of fuzzy uncertainty; we explain why seemingly
non-traditional fuzzy ideas are, in effect, very similar to the ideas from traditional logic.
After analyzing specific types of uncertainty, in Sections 4.5 and 4.6, we consider the
general case. Specifically, in Section 4.5, we explain the ubiquity of linear dependencies,

and in Section 4.6, we explain the consequences of deviation from linearity.
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4.1 Case of Interval Uncertainty: Practical Need for
Algebraic (Equality-Type) Solutions of Interval
Equations and for Extended-Zero Solutions

One of the main problems in interval computations is solving systems of equations under
interval uncertainty. Usually, interval computation packages consider united, tolerance, and
control solutions. In this section, we explain the practical need for algebraic (equality-type)
solutions, when we look for solutions for which both sides are equal. In situations when
such a solution is not possible, we provide a justification for extended-zero solutions, in
which we ignore intervals of the type [—a, a].

Results presented in this section first appeared in [15].

4.1.1 Practical Need for Solving Interval Systems of Equations:
What Is Known

Need for data processing. In many practical situations, we are interested in the values
of quantities yi, ..., 4, which are difficult — or even impossible — to measure directly. For
example, we can be interested in a distance to a faraway star or in tomorrow’s temperature
at a certain location.

Since we cannot measure these quantities directly, to estimate these quantities we must:

e find easier-to-measure quantities x4, ..., x,, which are related to y; by known formulas

Yi = fi(xh s 7xn)7
e measure these quantities x;, and

e use the results z; of measuring the quantities z; to compute the estimates for y;:
Ui = f(T1,...,Tp).
Computation of these estimates is called indirect measurement or data processing.
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Need for data processing under uncertainty. Measurements are never 100% accurate.
Hence, the measurement result z; is, in general, different from the actual (unknown) value
x; of the corresponding quantity; in other words, the measurement errors Ax; def T —
are, in general, different from 0.

Because of the non-zero measurement errors, the estimates y; are, in general, different

from the desired values y;. It is therefore desirable to know how accurate are the resulting

estimates.

Need for interval uncertainty and interval computations. The manufacturer of the
measuring instrument usually provides us with an upper bound A; on the measurement
error: |Axz;| < Aj; see, e.g., [83]. If no such upper bound is known, i.e., if the reading
of the instrument can be as far away from the actual value as possible, then this is not a
measuring instrument, this is a wild-guess-generator.

Sometimes, we also know the probabilities of different values Ax; within this interval;
see, e.g., [83, 98]. However, in many practical situations, the upper bound is the only
information that we have [83]. In this case, after we know the result z; of measuring z;,
the only information that we have about the actual (unknown) value x; is that this value
belongs to the interval [z, T;], where o z; — A, and 7; o T+ Aj.

In this case, the only thing that we can say about each value y; = fi(x1,...,z,) is that

this value belongs to the range

{filz1,...,xy) 21 € [2,T1],..., T € [T,,T0n]}

Computation of this range is one of the main problems of interval computations; see, e.g.,

26, 59].

Sometimes, we do not know the exact dependence. The above text described an
ideal case, when we know the exact dependence y; = fi(z1,...,2,) between the desired
quantities y; and the easier-to-measure quantities x;. In practice, often, we do not know

the exact dependence. Instead, we know that the dependence belongs to a finite-parametric
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family of dependencies, i.e., that

yi:fi<x17"'7xn7al7"‘aak)

for some parameters aq, . .., a.

For example, we may know that y; is a linear function of the quantities z;, i.e., that
Yi = ¢ + i cij - x; for some coefficients ¢; and ¢;;.

The pjrzéence of these parameters complicates the corresponding data processing prob-

lem. Depending on what we know about the parameters, we have different situations.

Simplest situation, when we know the exact values of all the parameters. The
simplest situation is when we know the exact values of these parameters. In this case, the
dependence of y; on z; is known, and we have the same problem of computing the range

as before.

Specific case: control solution. Sometimes, not only we know the values a, of these
parameters, but we can also control these values, by setting them to any values within
certain intervals [a,,@,]. By setting the appropriate values of the parameters, we can

change the values y;. This possibility naturally leads to the following problem:

e we would like the values y; to be within some given ranges [y ,7;]; for example, we

would like the temperature to be within a comfort zone;

e in this case, it is desirable to find the range of possible values of x; for which, by
applying appropriate controls a; € [a,,ay], we can place the values y; within these
intervals.

In the degenerate case, when all the intervals for y; and a, are just points, this means solving

the system of equations y = f(x,a), where we denoted y of Y1y Ym), T of (

Tlyeen s Tp),
and a & (aq,...,ax). From this viewpoint, the above problem can be viewed as an interval
generalization of the problem of solving a system of equations, or, informally, as a problem

of solving the corresponding interval system of equations.
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The set X of all appropriate values = = (x1,...,x,) can be formally described as
X ={x: for some a € [a,,arl, fi(x1,..., T, a1,...,a;) € [y,,7;] for all i}.

This set is known as the control solution to the corresponding interval system of equa-

tions [26, 97).

Situation when we need to find the parameters from the data. Sometimes, we
know that the values a; are the same for all the cases, but we do not know these values.
These values must then be determined based on measurements: we measure z; and y;
several times, and we find the values of the parameters a, that match all the measurement
results.

Let us number all membership cycles by values ¢ = 1,...,C. After each cycle of

measurements, we conclude that:

e the actual (unknown) value of xg-c) is in the interval [ggc),fg.c)} and

—(C)] .

e the actual value of yi(c) is in the interval [g(c) Y,

We want to find the set A of all the values a for which © = f(2(9 a) for some 29 and
y©:

A={azvedr € [0 77137 € [ 57 (f (@, 0) =y},
This set A is known as the united solution to the interval system of equations [26, 97].

Comment. To avoid confusion, it is worth mentioning that our notations are somewhat
different from the notations used in [26, 97].

The main reason for this difference is that the main focus of this section is on the
motivations for different types of solutions. As a result, we use the notations related
to the meaning of the corresponding variables. In general, in our description, y denotes
the desired (difficult-to-measure) quantities, = denote easier-to-measure quantities, and a
denote parameters of the dependence between these quantities.

Within this general situation, we can have different problems.
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e In some cases, we have some information about the parameters a, and we need to

know the values x — this is the case of the control solution.

e In other practical situations, we have some information about the quantities x, and

we need to know the values a — this is the case, e.g., for the united solution.

As a result, when we use our meaning-of-variables notations, sometimes x’s are the un-
knowns, and sometimes a’s are the unknowns.

Alternatively, if we were interested in actually solving the corresponding problems, it
would be more appropriate to use different notations, in which, e.g., the unknown is always
denoted by x and the known values are denoted by a — irrespective of the physical meaning
of the corresponding variables. In these notations, the united solution would take a different
form

X = {o:veda? € [0, a1 37 € [y, 517 (f(w,a) =y}

(2

What can we do once we have found the range of possible values of a. Once we
have found the set A of possible values of a, we can first find the range of possible values

of y; based on the measurement results, i.e., find the range
{filzr, .. op,a) 2y € [2;,75] and a € A}

This is a particular case of the main problem of interval computations.
If we want to make sure that each value y; lies within the given bounds [gi, 7], then we
must find the set X of possible values of x for which f;(z,a) is within these bounds for all

possible values a € A, i.e., the set
X ={z:Vae AVi(fi(z,a) € [y, v}

This set is known as the tolerance solution to the interval system of equations [26, 97].

Sometimes, we know that the values ¢ may change. In the previous text, we

consider the situations when the values a, are either fixed forever, or can be changed by us.
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In practice, these values may change in an unpredictable way — e.g., if these parameters
represent some physical processes that influence y;’s. We therefore do not know the exact
values of these parameters, but what we do know is some a priori bounds on these values.

We may know bounds [a,, @,] on each parameter, in which case the set A of all possible

combinations a = (ay, ..., a) is simply a box:
A=la, @] x ... % |a, k.

We may also have more general sets A — e.g., ellipsoids.
In this case, we can still solve the same two problems whose solutions we described

above; namely:

e we can solve the main problem of interval computations — the problem of computing

the range — and find the set Y of possible values of y;

e we can also solve the corresponding tolerance problem and find the set of values x

that guarantee that each y; is within the desired interval.

Is this all there is? There are also more complex problems (see, e.g., [97]), but, in a
nutshell, most practical problems are either range estimation, or finding control, united, or
tolerance solution. These are the problems solved by most interval computation packages
26, 59].

Is there anything else? In this section, we show that there is an important class of
practical problems that does not fit into one of the above categories. To solve these practical
problems, we need to use a different notion of a solution to interval systems of equations:
the notion of an algebraic (equality-type) solution, the notion that has been previously
proposed and theoretically analyzed [11, 12, 46, 63, 84, 95, 96, 97] but is not usually

included in interval computations packages.
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4.1.2 Remaining Problem of How to Find the Set A Naturally
Leads to Algebraic (Equality-Type) Solutions to Interval
System of Equations

Finding the set A: formulation of the problem. In the previous text, we assumed
that when the values of the parameter a can change, we know the set A of possible values

of the corresponding parameter vector. But how do we find this set?

What information we can use to find the set A. All the information about the real
world comes from measurements — either directly from measurements, or by processing
measurement results. The only relation between the parameters a and measurable quanti-
ties is the formula y = f(x,a). Thus, to find the set A of possible values of a, we need to
use measurements of x and y.

We can measure both z and y many times. As a result, we get:

e the set X of possible values of the vector x and

e the set Y of possible values of the vector .

Both sets can be boxes, or they can be more general sets.
Based on these two sets X and Y, we need to find the set A.
In this problem, it is reasonable to assume that x and a are independent in some

reasonable sense. Let us formulate this requirement in precise terms.

Independence: towards a formal definition. The notion of independence is well known
in the probabilistic case, where it means that probability of getting a value x € X does not
depend on the value a € A: P(x|a) = P(x|d’) for all a,a’ € A. An interesting corollary of
this definition is that, in spite of being formulated in a way that is asymmetric with respect
to x and a, this definition is actually symmetric: one can prove that a is independent of x
if and only if z is independent of a.

In the interval case, we do not know the probabilities, we only know which pairs (z, a)

are possible and which are not. In other words, we have a set S C X x A of possible pairs
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(z,a). It is natural to say that the values x and a are independent if the set of possible

values of = does not depend on a. Thus, we arrive at the following definition.

Definition 4.1.1. Let S C X x A be a set.
o We say that a pair (x,a) is possible if (x,a) € S.

o Letx € X and a € A. We say that a value x is possible under a if (z,a) € S. The

set of possible-under-a values will be denoted by S,.

e We say that the variables x and a are independent if S, = Sy for all a,a’ from the

set A.

Proposition 4.1.1. Variable x and a are independent if and only if S is a Cartesian

product, i.e., S = S, X S, for some s, C X and s, C A.

Proof. If S = s, x s,, then S, = s, for each a and thus, S, = Sy for all a,a’ € A.

Vice versa, let us assume that z and a are independent. Let us denote the common set
S, = Sy by s,. Let us denote by s,, the set of all possible values a € A, i.e., the set of all
a € A for which (z,a) € S for some x € X. Let us prove that in this case, S = s, X s,.

Indeed, if (z,a) € S, then, by definition of the set s,, we have x € S, = s,, and, by
definition of the set s,, we have a € s,. Thus, by the definition of the Cartesian product
B x C as the set of all pairs (b,c) of all pairs of elements b € B and ¢ € C, we have
(x,a) € 55 X Sq.

Vice versa, let (z,a) € s, X 84, i.e., let © € s, and a € s,. By definition of the set s,,
we have S, = s,, thus z € S,. By definition of the set S,, this means that (z,a) € S. The

proposition is proven.

As a corollary, we can conclude that the independence relation is symmetric — similarly to

the probabilistic case.

Corollary. Variables x and a are independent if and only if a and x are independent.
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Proof: indeed, both case are equivalent to the condition that the set S is a Cartesian

product.

What can we now conclude about the dependence between A, X, and Y. Since
we assumed that ¢ and = are independent, we can conclude that the set of possible values
of the pair (x,a) is the Cartesian product X x A. For each such pair, the value of y is equal

to y = f(x,a). Thus, the set Y is equal to the range of f(z,a) when z € X and a € A.

The resulting solutions to interval systems of equations. So, we look for sets A for

which

def

Y =f(X,A) = {f(zr,a): x € X and a € A}.

It is reasonable call the set A satisfying this property an equality-type solution to the interval
system of equations.

Such solutions for the interval system of equations y = f(x,a), in which we want the
interval versions Y and f(X, A) of both sides of the equation to be exactly equal, are known

as algebraic or, alternatively, formal solutions; see, e.g., [11, 12, 46, 63, 84, 95, 96, 97].

4.1.3 What If the Interval System of Equations Does Not Have
an Algebraic (Equality-Type) Solution: A Justification for

Enhanced-Zero Solutions

But what if an equality-type solution is impossible: analysis of the problem. The
description in the previous section seems to make sense, but sometimes, the corresponding
problem has no solutions. For example, in the simplest case when m = n = k = 1 and
f(z,a) = x + a, if we have Y = [—1,1] and X = [-2,2], then clearly the corresponding
equation Y = X + A does not have a solution: no matter what set A we take the width of
the resulting interval X + A is always larger than or equal to the width w(X) = 4 of the
interval X and thus, cannot be equal to w(Y) = 2. What shall we do in this case? How

can we then find the desired set A?
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Of course, this would not happen if we had the actual ranges X and Y, but in reality, we
only have estimates for these ranges. So, the fact that we cannot find A means something

is wrong with these estimates.

How are ranges X and Y estimated in the first place? To find out what can be
wrong, let us recall how the ranges can be obtained from the experiments. For example, in
the 1-D case, we perform several measurements of the quantity x; in different situations.

Based on the corresponding measurement results xgc), we conclude that the interval of

possible values must include the set [z, %], where 27 % min 2\ and 77 & max 29 of
course, we can also have some values outside this interval — e.g., for a uniform distribution
on an interval [0, 1], the interval formed by the smallest and the largest of the C' random
numbers is slightly narrower than [0, 1]; the fewer measurement we take, the narrower this
interval.

So, to estimate the actual range, we inflate the interval [z7°, Z7]. In these terms, the
fact that we have a mismatch between X and Y means that one of these intervals was not
inflated enough.

The values x correspond to easier-to-measure quantities, for which we can make a large
number of measurements and thus, even without inflation, get pretty accurate estimates
of the actual range X. On the other hand, the values y are difficult to measure; for these
values, we do not have as many measurement results and thus, there is a need for inflation.

From this viewpoint, we can safely assume that the range for X is reasonably accurate,

but the range of Y needs inflation.

So how do we find A? In view of the above analysis, if there is no set A for which
Y = f(X,A), the proper solution is to inflate each components of the set Y so that the
system becomes solvable.

To make this idea precise, let us formalize what is an inflation.

What is an inflation: analysis of the problem. We want to define a mapping I that
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transforms each non-degenerate interval x = [z, 7] into a wider interval
I(x) D x.

What are the natural properties of this transformation? The numerical value x of the
corresponding quantity depends on the choice of the measuring unit, on the choice of the

starting point, and — sometimes — on the choice of direction.

e For example, we can measure temperature ¢ in Celsius, but we can also use a different
measuring unit and a different starting point and get temperatures in Fahrenheit

tp =18 -tc + 32.

e We can use the usual convention and consider the usual signs of the electric charge,
but we could also use the opposite signs — then an electron would be a positive electric

charge.

It is reasonable to require that the result of the inflation transformation does not change

if we simply change the measuring units or change the starting point or change the sign:

e Changing the starting point leads to a new interval [z, Z] + ¢y = [z + %0, T + x| for

some .
e Changing the measuring unit leads to A - [z, 7] = [\ - z, 7] for some A > 0.
e Changing the sign leads to —[z,7] = [-7, —z].

Thus, we arrive at the following definition.

Definition 4.1.2. By an inflation operation (or simply inflation, for short), we mean a
mapping that maps each non-degenerate interval x = [x,Z] into a wider interval 1(x) D x

so that:
o for every xo, we have I(x + xo) = I(X) + o,

o for every A > 0, we have [(A-x) = \-1(x); and
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e we have I(—x) = —1(x).

Proposition 4.1.2. FEvery inflation operation has the form
T—AT+A = [T—a - AT+ a4

for some a > 1.
Comment. A similar result was proven in [38].

Proof. It is easy to see that the above operation satisfies all the properties of an inflation.
Let us prove that, vice versa, every inflation has this form.

Indeed, for intervals x of type [-A, A], we have —x = x, thus I(x) = I(—x). On the
other hand, due to the third property of an inflation, we should have I(—x) = —I(x).
Thus, for the interval [v, 7] of I(x), we should have —[v, 7] = [T, —v] = [v,7] and thus,
v = —7. So, we have I([-A,A]) = [-A'(A), A'(A)] for some A’ depending on A. Since
we should have [-A, A] C I([-A, A]), we must have

A'(A) > A.

Let us denote A’(1) by a. Then, a > 1 and I([—1, 1]) = [—a, a]. By applying the second
property of the inflation, with A = A, we can then conclude that I([—-A, A]) = [-a-A, a-A].
By applying the first property of the inflation operation, with xqg = , we get the desired
equality

I([z-AZ+A)=T—a AT+ a-Al

The proposition is proven.

So how do we find A? We want to make sure that f(X,A) is equal to the result of a
proper inflation of Y.

How can we tell that an interval Y’ is the result of a proper inflation of Y7 One can
check that this is equivalent to the fact that the difference Y’ — Y is a symmetric interval

containing 0; such intervals are known as extended zeros [93, 94].
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Thus, if we cannot find the set A for which Y = f(X, A), we should look for the set A
for which the difference f(X, A) — Y is an extended zero.

Historical comment. This idea was first described in [93, 94]; in this section, we provide a

new theoretical justification of this idea.

Multi-D case. What if we have several variables, i.e., m > 17 In this case, we may have
different inflations for different components Y; of the set Y, so we should look for the set

A for which, for all ¢, the corresponding difference f;(X, A) —Y; is an extended zero.

4.2 Case of Interval Uncertainty: Explaining the

Need for Non-Realistic Monte-Carlo Simulations

4.2.1 Problem: The Existing Monte-Carlo Method for Interval

Uncertainty is Not Realistic

Monte-Carlo method for the case of probabilistic uncertainty is realistic. The

probabilistic Monte-Carlo method is realistic in the following sense:

e we know that each measurement error Axz; is distributed according to the probability

distribution p;(Az;), and

e this is exactly how we simulate the measurement errors: to simulate each value AE’“),

we use the exact same distribution p;(Aw;).

In contrast, the Monte-Carlo method for the case of interval uncertainty is
not realistic. In the case of uncertainty, all we know is that the measurement errors are
always located within the corresponding interval [—A;, A;]. We do not know how frequently
measurement errors will be observed in different parts of this interval. In other words, we do
not know the probability distribution of the measurement errors — we only know that this

(unknown) probability distribution is located on the interval [—A;, A;] with probability 1.

132



With this in mind, a realistic Monte-Carlo simulation would mean that for simulating
the values Al(»k), we select a probability distribution is located on the corresponding inter-
val [—A;, A;] with probability 1. Instead, the existing Monte-Carlo method for interval
uncertainty uses Cauchy distribution — and it is known that for this distribution, for any
interval, there is a non-zero probability to be outside this interval, and thus, the probability

to be inside the interval [—=A;, A;] is smaller than 1.

A natural question. A natural question is:

e is this a limitation of the existing method, and an alternative realistic Monte-Carlo

method is possible for the case of interval uncertainty,

e or this is a limitation of the problem, and no realistic Monte-Carlo method is possible

for interval uncertainty.

What we do in this section. In the two following subsections, we prove that the non-
realistic character of the existing Monte-Carlo method for interval uncertainty is a limitation
of the problem. In other words, we prove that no realistic Monte-Carlo is possible for the
case of interval uncertainty.

In an additional section, we explain why Cauchy distribution should be used.

The results from this section first appeared in [73].

4.2.2 Proof That Realistic Interval Monte-Carlo Techniques Are
Not Possible: Case of Independent Variables

To prove the desired result, it is sufficient to consider a simple case. To prove
the desired impossibility result — that no realistic Monte-Carlo algorithm is possible that
would always compute the desired range y — it is sufficient to prove that we cannot get the
correct estimate for one specific function f(xy,...,x,).

As such a function, let us consider the simple function f(z1,...,2,) =21 +...+x,. In
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this case, all the partial derivatives are equal to 1, i.e., ¢y = ... = ¢, = 1 and thus,
Ay = Az + ...+ Ax,. (4.2.1)

If we assume that each variables Ax; takes value from the interval [—d,d], then the

range of possible values of the sum is [—A, A], where A =n - 4.

Analysis of the problem. Under Monte-Carlo simulations, we have
Ay® = Az® + 4 Az, (4.2.2)

We assumed that the probability distributions corresponding to all ¢ are independent.

Since the original problem is symmetric with respect to permutations, the corresponding
distribution is also symmetric, so all Agk) are identically distributed. Thus, the value Ay
is the sum of several (n) independent identically distributed random variables.

It is known that due to the Central Limit Theorem (see, e.g., [98]), when n increases,
the distribution of the sum tends to Gaussian. So, for large n, this distribution is close to
Gaussian.

The Gaussian distribution is uniquely determined by its mean p and variance V = o2,
The mean of the sum is equal to the sum of the means, so u = n - py, where g is the
mean of the distribution used to simulate each Az;. For independent random variables,
the variance of the sum is equal to the sum of the variances, so V' = n -V, where 1} is the
variance of the distribution used to simulate each Az;. Thus, ¢ = V'V =/} - V.

It is well known that for a normal distribution, with very high confidence, all the values

are contained in a k-sigma interval [ — k-0, u+ k- o]:
e with probability ~ 99.9%, the value will be in 3-sigma interval,
e with probability ~ 1 — 1078, the value will be in the 6-sigma interval, etc.

Thus, with high confidence, all the values obtained from simulation are contained in the

interval [ — k- o, + k - o] of width 2k - 0 = 2k - \/Vj - /1.
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For large n, this interval has the size const - y/n. On the other hand, we want the range
[—A, A] whose width is 2A = 2§ - n. So, when n is large, the simulated values occupy a
part of the desired interval that tends to 0:

2k -/Vo-/n _ const
20 -n -

So, in the independence case, the impossibility is proven.

— 0. (4.2.3)

4.2.3 Proof That Realistic Interval Monte-Carlo Techniques Are
Not Possible: General Case

To prove the desired negative result, it is sufficient to consider a simple case.
Similarly to the previous section, to prove the impossibility result in the general case, it is
also sufficient to prove the impossibility for some of the functions.

In this proof, we will consider functions
flxy,...,xp) =81 1+ ...+ Sp - Ty, (4.2.4)

where s; € {—1,1}.

For each of these functions,
Ay=s1-Ax1+ ...+ 8, Az, (4.2.5)

so we have ¢; = s;. Similarly to the previous section, we assume that each of the unknowns
Ax; takes value from the interval [—§, ¢], for some known value 6 > 0.
For each of these functions, |¢;| = |s;| = 1, so the desired range is the same for all these

functions and is equal to [-A, A], where

A=) lel-Ai=n-6 (4.2.6)
=1
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Towards a precise formulation of the problem. Suppose that we want to find the
range [—A, A] with some relative accuracy €. To get the range from simulations, we need

to make sure that some of the simulated results are e-close to A, i.e., that

Zsi-AxEk)—n-(S <e-n-d, (4.2.7)
i=1

or, equivalently,

n-5-(1—5)§23i-Aa:§k)§n-5-(1—|—5). (4.2.8)
i=1
We are interested in realistic Monte-Carlo simulations, for which |A§k)| < 9 for all 7.
Thus, we always have
si-AxEk)§n~5<n-5-(1+5). (4.2.9)
i=1

So, the right-hand inequality is always satisfied, and it is thus sufficient to make sure that

we have
n

si- Al >n.6.(1—¢) (4.2.10)
=1

for some simulation k.

For this inequality to be true with some certainty, we need to make sure that the proba-
bility of this inequality exceed some constant p > 0. Then, if we run 1/p simulations, then
with high probability, the inequality will be satisfied for at least one of these simulations.

Thus, we arrive at the following condition.

Definition 4.2.1. Lete >0, d >0, and p € (0,1). We say that a probability distribution

on the set of all vectors
(Aq...,Ax,) € [=4,0] X ... x [=0,]] (4.2.11)

is a (p,e)-realistic Monte-Carlo estimation of interval uncertainty if for every set of values

s; € {—1,1}, we have

Prob(s; - Axy + ...+ 8, Az, >n-5-(1—¢€)) > p. (4.2.12)
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Proposition 4.2.1. Let § > 0 and ¢ > 0. If for every n, we have a (py,,)-realistic Monte-

Carlo estimation of interval uncertainty, then p, < [ -n-c"* for some >0 and ¢ < 1..

Comments.

e As we have mentioned, when the probability is equal to p, we need 1/p simulations
to get the desired estimates. Due to Proposition 4.2.1, to get a realistic Monte-Carlo

estimate for the interval uncertainty, we thus need

1 c "
— ~ 4.2.13
simulations. For large n, we have
1. 4.2.14
5 >n+ ( )

Thus, the above results shows that realistic Monte-Carlo simulations require even
more computational time than numerical differentiation. This defeats the main pur-
pose for using Monte-Carlo techniques, which is — for our problem — to decrease the

computation time.

e [t is worth mentioning that if we allow p, to be exponentially decreasing, then a
realistic Monte-Carlo estimation of interval uncertainty is possible: e.g., we can take
Ax; to be independent and equal to § or to —§ with equal probability 0.5. In this
case, with probability 27", we get the values Ax; = s; - ¢ for which

Zsi-Axi:Z(S:n-é>n-(5~(1—5). (4.2.15)
i=1 i=1
Thus, for this probability distribution, for each combination of signs s;, we have

Prob(s; - Axy+ ...+ s, Az, >n-0-(1—¢))=p, =27". (4.2.16)
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Proof of Proposition 4.2.1. Let us pick some o € (0,1). Let us denote, by m, the

number of indices ¢ or which s; - Az; > o - . Then, if we have
S1-Axy+ . s, Ar, >n6- (1 —e), (4.2.17)

then for n — m indices, we have s; - Az; < « -0 and for the other m indices, we have

s; - Ax; < 6. Thus,
n-5-(1—5)Sisi-Ami§m~5+(n—m)-a-5. (4.2.18)
i=1
Dividing both sides of this inequality by ¢, we get
n-(l1—¢)<m+(n—m)-a, (4.2.19)

hence n- (1 —a—¢e) <m- (1 —«) and thus,

1 —a—
m>n-—o ¢ (4.2.20)

11—«

So, we have at least

1— o —
e (4.2.21)

l—«

indices for which Ax; has the same sign as s; (and for which |Az;| > a - §). This means

that for the vector corresponding to a tuple (si,...,s,), at most
€
ne— (4.2.22)
l—a-—c¢
indices have a different sign than s;.
It is, in principle, possible that the same tuple (Axy,...,Az,) can serve two different
tuples s = (s1,...,5,) and ' = (s],...,s],). However, in this case:
£
e going from s; to sign(Ax;) changes at most 7 - [ p—— signs, and
—a—¢
£
e going from sign(Axz;) to s; also changes at most n - pp—— signs.
—a—c¢
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€
Thus, between the tuples s and s, at most 2- Cp— signs are different. In other words,
—a—c¢

for the Hamming distance

d(s,s") o #{i: s # si}, (4.2.23)
we have
€
d N<2ne ——. 4.2.24
(s.8) <2m (4.2.24)
Thus, if
€
d N>2n —Mm— 4.2.25
then no tuples (Azy,...,Ax,) can serve both sign tuples s and s’. In this case, the
corresponding sets of tuples for which
s1-Axy 4 ...+ 8, Az, >n-d-(1—¢) (4.2.26)
and
si-Ax 4.+, Ar, >n-0-(1—¢) (4.2.27)

do not intersect. Hence, the probability that the randomly selected tuple belongs to one
of these sets is equal to the sum of the corresponding probabilities. Since each of the
probabilities is greater than or equal to p, the resulting probability is equal to 2p.

If we have M sign tuples sV, ... s for which

d(s® sy >9. 5 4.2.98

for all i # j, then similarly, the probability that the tuple (Axzy,...,Ax,) serves one of
these sign tuples is greater than or equal to M - p. On the other hand, this probability is
< 1, so we conclude that M -p <1 and p < %

So, to prove that p, is exponentially decreasing, it is sufficient to find the sign tuples
whose number M is exponentially increasing.

def &

Let us denote g = ] . Then, for each sign tuple s, the number ¢ of all sign

—a—¢
tuples s’ for which d(s,s’) < - n is equal to the sum of:

e the number of tuples <g> that differ from s in 0 places,
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n

e the number of tuples ( )

) that differ from s in 1 place, ...,

e the number of tuples "
B-n

t= (g) + (g‘) ot (n%) (4.2.29)

When f < 0.5 and f-n < g, the number of combinations (n

k
t<p-n- (5nn) Here,

) that differ from s in 3 - n places,

ie.,

) increases with &, so

a a!
o) = e o DR (4.2.30)
Asymptotically,
nl ~ (ﬁ>n (4.2.31)
e
SO

' R <Sl>_n NG
oy (=)

One can see that the term n™ in the numerator cancels with the term n?™ . n(=#n = pn

t<B-n (4.2.32)

in the denominator. Similarly, the terms e and €™ - e(1=#)" = ¢" cancel each other, so we

conclude that

t<pB-n- (ﬁﬂ T 1_ 5)15) : (4.2.33)
Here,
o 1
N A5 exp(9), (4.2.34)
where
S _g.m(B) = (1-B) In(l—pB) (4.2.35)

is Shannon’s entropy. It is well known (and easy to check by differentiation) that its largest
possible values is attained when § = 0.5, in which case S = In(2) and v = exp(S) = 2.
When 5 < 0.5, we have S < In(2), thus, v < 2, and t < - n - 4™ for some v < 2.

Let us now construct the desired collection of sign tuples s, ..., ().
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e We start with some sign tuple sV, e.g., s = (1,...,1).

e Then, we dismiss t < 4™ tuples which are < [-close to s, and select one of the

remaining tuples as s(?).

e We then dismiss ¢t < 4™ tuples which are < f-close to s?. Among the remaining

tuples, we select the tuple s, etc.

Once we have selected M tuples, we have thus dismissed t- M < g -n-~" - M sign tuples.
So, as long as this number is smaller than the overall number 2" of sign tuples, we can
continue selecting.

This procedure ends when we have selected M tuples for which g-n-~"-M > 2". Thus,

M > (%)n . 5% (4.2.36)

tuples. So, we have indeed selected exponentially many tuples.

we have selected

Hence,
1 Y\ ™
W< —<pB-n-(=), 4.2.
p—M—ﬁn<2> (4.2.37)
ie.,
pn < B-m-c”, (4.2.38)
where
c T, (4.2.39)

2

So, the probability p, is indeed exponentially decreasing. The proposition is proven.

4.2.4 Why Cauchy Distribution

Formulation of the problem. We want to find a family of probability distributions with
the following property:

e when we have several independent variables Xy, ..., X, distributed according to a

distribution with this family with parameters Ay, ..., A,,
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e then each linear combination Y = ¢; - X1 + ... + ¢, - X,, has the same distribution as

A - X, where X corresponds to parameter 1, and A = > |¢;| - A;.
i=1

In particular, for the case when Ay = ... = A,, = 1, the problem becomes even easier to
describe, since then, we only need to find one probability distribution: corresponding to

the value 1. In this case, the desired property of this probability distribution is as follows:
e if we have n independent identically distributed random variables X;,..., X,

e then each linear combination Y = ¢; - X7 + ... + ¢, - X,, has the same distribution as

A - X;, where A = ¢
i=1

Let us describe all probability distributions that satisfy this property.

Analysis of the problem. First, we observe that from the above condition, for n = 1
and ¢; = —1, we conclude that —X and X should have exactly the same probability
distribution, i.e., that the desired probability distribution be symmetric with respect to 0
(even).

A usual way to describe a probability distribution is to use a probability density function
p(x), but often, it is more convenient to use its Fourier transform, i.e., in probabilistic terms,
the characteristic function xx(w) = Elexp(i- w - X)], where E|.] indicates the expected
value of the corresponding quantity and i o V1.

The advantage of using a characteristic function is that for the sum S = X; + X, of

two independent variables X; + X5, we have
Xs(w) = Elexp(i-w-9)] = Elexp(i-w- (X1 + Xo)] = Elexp(i-w- X; +1-w-Xy)| =

Elexp(i-w- X7) -exp(i-w - Xy)]. (4.2.40)

Since X; and X, are independent, the variables exp(i-w - X;) and exp(i- w - X3) are also

independent, and thus,

Ys(w) = Elexp(i-w- X1) - exp(i-w- Xz)] = Elexp(i-w - X1)] - Blexp(i-w - Xz)] =
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X (W) - X (W) (4.2.41)

exp (i:i-w-ci-Xi>] =
i=1

Hexp i~w-c- ,] HEexp (w- ) HXX W) (4.2.42)

The desn"ed property is that the linear combination Y should have the same distribution

n
Similarly, for a linear combination Y = > ¢; - X;, we have
i=1

Xy(w) = Elexp(i-w-Y)|=F - F

exp (i-w-zn:ci-XZ)

i=1

as A - X. Thus, the characteristic function yy(w) should be equal to the characteristic

function of A - X, i.e., to
Xa.x(w) = FElexp(i-w- (A-X))] = FElexp(i- (w-A)-X)] = xx(w-A). (4.2.43)

By comparing expressions (4.2.42) and (4.2.43), we conclude that for all possible combina-~

tions ¢y, ..., ¢,, the desired characteristic function xx(w) should satisfy the equality
Xx(er-w)- .o xx(en-w) = xx((la]+ ...+ |el) - w). (4.2.44)
In particular, for n = 1, ¢; = —1, we get xx(—w) = xx(w), so xx(w) should be an even

function. Forn =2, ¢; >0, co > 0, and w = 1, we get

xx(c1+¢2) = xx(c1) - xx(c2). (4.2.45)

The characteristic function should be measurable, and it is known that the only measurable
function with the property (4.2.45) has the form xx(w) = exp(—k - w) for some k; see,
e.g., [1]. Due to evenness, for a general w, we get yx(w) = exp(—k - |w|). By applying the

inverse Fourier transform, we conclude that X is Cauchy distributed.

Conclusion. The only distribution for which the independent-case Monte Carlo simula-

tions lead to correct estimate of the interval uncertainty is the Cauchy distribution.

143



4.3 Case of Probabilistic Uncertainty: Why Mixture
of Probability Distributions?

If we have two random variables & and &, then we can form their mizture if we take & with
some probability w and & with the remaining probability 1 — w. The probability density
function (pdf) p(x) of the mixture is a convex combination of the pdfs of the original
variables: p(x) = w - pi1(z) + (1 — w) - p2(z). A natural question is: can we use other
functions f(p1, p2) to combine the pdfs, i.e., to produce a new pdf p(z) = f(p1(x), p2(x))?
In this section, we prove that the only combination operations that always lead to a pdf

are the operations
fp1,p2) =w-pr+ (1 —w)-p

corresponding to mixture.

Results from this section first appeared in [76].

4.3.1 Formulation of the Problem

What is mixture. If we have two random variables & and &, then, for each probability
w € [0,1], we can form a mizture £ of these variables by selecting &; with probability w
and & with the remaining probability 1 — w; see, e.g., [98].

In particular, if we know the probability density function (pdf) p;(x) corresponding to
the first random variable and the probability density function py(x) corresponding to the
second random variable, then the probability density function p(x) corresponding to their

mixture has the usual form

pla) = w - pr(z) + (1 = w) - pa(2). (4.3.1)

A natural question. A natural question is: are there other combination operations

f(p1, p2) that always transform two probability distributions p;(x) and py(z) into a new

144



probability distribution
p(x) = f(pr(2), pa(x). (1.3.2)

Our result. Our result is that the only possible transformation (4.3.2) that always gener-

ates a probability distribution is the mixture (4.3.1), for which

flor,p2) =w-pr+(1—w)-ps (4.3.3)

for some w € [0, 1].

4.3.2 Main Result of This Section

Definition 4.3.1. We say that a function f(p1,p2) that maps pairs of non-negative real
numbers into a non-negative real number is a probability combination operation if for every
two probability density functions p1(x) and ps(z) defined on the same set X, the function
p(x) = f(p1(x), p2(x)) is also a probability density function, i.e., [ p(x)dx = 1.

Proposition 4.3.1. A function f(p1, p2) is a probability combination operation if and only

if it has the form f(p1,p2) = w - p1 + (1 —w) - py for some w € [0, 1].
Proof.
1°. Let us first prove that f(0,0) = 1.

Indeed, let us take X = IR, and the following pdfs:
e pi(z) = po(z) =1 for z € [0,1] and
e pi(x) = po(x) = 0 for all other values x.
Then, the combined function p(x) = f(p1(z), p2(x)) has the following form:
e p(z) = f(1,1) when z € [0,1] and
e p(x) = f(0,0) for z & [0, 1].
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Let us use the condition [ p(z)dz =1 to prove that f(0,0) = 0.
We can prove it by contradiction. If we had f(0,0) # 0, i.e., if we had f(0,0) > 0, then

we would have
/p(x)dx:f(l,l) 14 £(0,0) - 50 = 00 # 1.
Thus, we should have f(0,0) = 0.

2°. Let us now prove that f(0, ps) = ks - py for some ky > 0.

Let us take the following function p;(z):
e pi(x)=1forx € [-1,0] and
e pi(x) =0 for all other z.
Let us now pick any number py > 0 and define the following pdf ps(x):
o po(x) = po for x € [0,1/ps] and
o po(z) =0 for all other .
In this case, the combined function p(x) has the following form:
e p(x) = f(1,0) for z € [-1,0];
o p(z) = f(0,p2) for x € [0,1/ps], and
e p(z) = f(0,0) = 0 for all other x.

Thus, the condition [ p(z)dx =1 takes the form

f(L,0) + £(0,p2) - (1/p2) = 1,

hence f(0,p2) - (1/p2) = 1 — f(1,0) and therefore, f(0,p2) = ko - p2, where we denoted

ko €1 — £(1,0).

3°. Similarly, we can prove that f(p;,0) = k; - p; for some k; > 0.
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4°. Let us now prove that for all p; and ps, we have f(p1,p2) = k1 - p1 + ko - po.

We already know, from Parts 1, 2 and 3 of this proof, that the desired equality holds when
one of the values p; is equal to 0.

Let us now take any values p; > 0 and p; > 0. Let us then pick a positive value
A < 1/max(p1, p2) and define the following pdfs. The first pdf p;(z) is defined by the

following formulas:
e pi(z) = p1 for z € [0, A],
e pi(x)=1forxe[—(1—A-p;),0], and
e pi(x) =0 for all other z.
The second pdf ps(z) is defined by the following formula:
o po(x) = po for x € [0, Al
o po(z)=1forz e [AJA+(1—A-ps)], and
e po(x) =0 for all other z.
Then, the combined function p(x) = f(p1(z), p2(x)) has the following form
e p(z) = f(1,0) =k for z € [-(1 = A py),0],
o p(z) = f(p1,p2) for x € [0, A],
e p(z) = f(0,1) =ky for z € [A,A+ (1 — A - py)], and
e p(z) = f(0,0) =0 for all other x.
For this combined function p(z), the condition that [ p(x)dx = 1 takes the form
Ei-(1—=A-p1)+ flp1,p2) A+ka-(1—A-py) =1 (4.3.4)

Let us now consider a different pair of pdfs, p}(x) and ph(x). The first pdf pf(x) is
defined by the following formulas:
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o pi(x) =2p; for z € [0,A/2],
o pi(z)=1forxe[—(1—A-p1),0], and
e pi(x) =0 for all other z.
The second pdf p(z) is defined by the following formula:
o ph(x) =2py for x € [A/2,A],
o ph(zr)=1forz e [A;A+(1—A"-ps)], and
e ph(x) =0 for all other z.
Then, the combined function p'(z) = f(p|(x), p4(z)) has the following form
o (x) = [(1,0) = ky for z € [-(1 = A p1), 0],
o p(x) = f(2p1,0) = k1 - (2p1) for z € [0, A/2],
o 0(2) = £(0.202) = ki - (2p) for 3 € [A/2, A,
o p(x)=f(0,1) =kyfor z € [A;A+ (1 —A"ps)], and

o p(x)= f(0,0) =0 for all other x.

For this combined function p/(z), the condition that [ p'(z)dx =1 takes the form

Er-(1—=A-p1) +ki-(201) - (A/2) + ko~ (2p2) - (A/2) +hy- (1 = A-po) = 1.

If we subtract (4.3.5) from (4.3.4) and divide the difference by A > 0, then we conclude

that f(p1,p2) — k1 p1 — ko - p2 = 0, i.e., exactly what we want to prove in this section.

5°. To complete the proof, we need to show that ks =1 — kq, i.e., that ky + ko = 1.

Indeed, let us take:

e pi(z) = po(z) = 1 when z € [0,1] and
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o pi(z) = pao(x) for all other z.

Then, for the combined pdf, we have:
o p(z) = f(p1(x), pa(x)) = k1 + ko for x € [0,1] and
e p(x) =0 for all other z.

For this combined function p(z), the condition [ p(z)dz = 1 implies that

ky + ko = 1.

The proposition is proven.

4.4 Case of Fuzzy Uncertainty: Every Suffliciently
Complex Logic Is Multi-Valued Already

Usually, fuzzy logic (and multi-valued logics in general) are viewed as drastically different
from the usual 2-valued logic. In this section, we show that while on the surface, there
indeed seems to be a major difference, a more detailed analysis shows that even in the
theories based on the 2-valued logic, there naturally appear constructions which are, in
effect, multi-valued, constructions which are very close to fuzzy logic.

Results of this section first appeared in [74].

4.4.1 Formulation of the Problem: Bridging the Gap Between
Fuzzy Logic and the Traditional 2-Valued Fuzzy Logic

There seems to be a gap. One of the main ideas behind fuzzy logic (see, e.g., [28, 62,
109]) is that:
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e in contrast to the traditional 2-valued logic, in which every statement is either true

or false,

e in fuzzy logic, we allow intermediate degrees.

In other words, fuzzy logic is an example of a multi-valued logic.
This difference has led to some mutual misunderstanding between researchers in fuzzy

logic and researchers in traditional logic:

e on the one hand, many popular articles on fuzzy logic, after explaining the need for
intermediate degrees, claim that in the traditional 2-valued logic, it is not possible to

represent such degrees — and thus, a drastically new logic is needed;

e on the other hand, many researchers from the area of traditional logic criticize fuzzy
logic for introducing — in their opinion — “artificial” intermediate degrees, degrees
which are contrary to their belief that eventually, every statement is either true or

false.

What we plan to show in this section. In this section, we plan to show that the above
mutual criticism is largely based on a misunderstanding.

Yes, in the first approximation, there seems to be a major difference between 2-valued
and multi-valued logic. However, if we dig deeper and consider more complex constructions,
we will see that in the traditional 2-valued logic there are, in effect, multiple logical values.

The usual way of introducing multiple values in 2-valued logics is based on ideas which
are different from the usual fuzzy logic motivations. However, we show that there is a
reasonably natural alternative way to introduce multi-valuedness into the traditional 2-
valued logic, a way which is very similar to what we do in fuzzy logic.

Thus, we bridge the gap between the fuzzy logic and the traditional 2-valued fuzzy

logic.

Why this may be interesting? Definitely not from the practical viewpoint; we take

simple techniques of fuzzy logic and we interpret them in a rather complex way.
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But, from the theoretical viewpoint, we believe that bridging this gap is important. It

helps to tone down the usual criticisms:

e Contrary to the opinion which is widely spread in the fuzzy logic community, it s
possible to describe intermediate degrees in the traditional 2-valued logic. However,
such a representation is complicated. The main advantage of fuzzy techniques is that

they provide a simply way of doing this — and simplicity is important for applications.

e On the other hand, contrary to the opinion which is widely spread in the classical
logic community, the main ideas of fuzzy logic are not necessarily inconsistent with
the 2-valued foundations; moreover, they naturally appear in these foundations if we

try to adequately describe expert knowledge.

We hope that, after reading this section, researchers from both communities will better

understand each other.

The structure of this section. In Section 4.4.2, we describe the usual view of fuzzy logic
as a technique which is drastically different from the usual 2-valued logic. In Section 4.4.3,
we remind the readers that in the 2-valued approach, there is already multi-valuedness —
although this multi-valuedness is different from what we consider in fuzzy logic. Finally, in
Section 4.4.4, we show that the 2-valued-logic-based analysis of expert knowledge naturally
leads to a new aspect of multi-valuedness, an aspect which is very similar to the main ideas

behind fuzzy logic.

4.4.2 Fuzzy Logic — the Way It Is Typically Viewed as Drastically
Different from the Traditional 2-Valued Logic

Usual motivations behind fuzzy logic. Our knowledge of the world is rarely absolutely
perfect. As a result, when we make decisions, then, in addition to the well-established facts,

we have to rely on the human expertise, i.e., on expert statements about which the experts

themselves are not 100% confident.
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If we had a perfect knowledge, then, for each possible statement, we would know for
sure whether this statement is true or false. Since our knowledge is not perfect, for many

statements, we are not 100% sure whether they are true or false.

Main idea behind fuzzy logic. To describe and process such statements, Zadeh pro-
posed special fuzzy logic techniques, in which, in addition to “true” and “false”, we have
intermediate degrees of certainty; see, e.g., [28, 62, 109].

In a nutshell, the main idea behind fuzzy logic is to go:
e from the traditional 2-valued logic, in which every statement is either true or false,

e to a multi-valued logic, in which we have more options to describe our opinion about

he truth of different statements.

From this viewpoint, the traditional 2-valued logic and the fuzzy logic are dras-
tically different. Namely, these logics correspond to a different number of possible truth

values.

4.4.3 There Is Already Multi-Valuedness in the Traditional 2-

Valued Fuzzy Logic: Known Results

Source of multi-valuedness: Godel’s theorem. At first glance, the difference does
seem drastic. However, let us recall that the above description of the traditional 2-valued
logic is based on the idealized case when for every statement S, we know whether this
statement is true or false.

This is possible in simple situations, but, as the famous Goédel’s theorem shows, such
an idealized situation is not possible for sufficiently complex theories; see, e.g., [16, 92].
Namely, Godel proved that already for arithmetic — i.e., for statements obtained from basic
equality and inequality statements about polynomial expressions by adding propositional

connectives &, V, -, and quantifiers over natural numbers — it is not possible to have a
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theory T in which for every statement S, either this statement or its negation are derived

from this theory (i.e., either T'F S or T'E =9).

We have, in effect, at least three different truth values. Due to Godel’s theorem,

there exist statements S for which T'# S and T ¥ —S. So:
e while, legally speaking, the corresponding logic is 2-valued,

e in reality, such a statement S is neither true nor false — and thus, we have more than

2 possible truth values.

At first glance, it may seem that here, we have a 3-valued logic, with possible truth values

“true”, “false”, and “unknown”, but in reality, we may have more, since:

e while different “true” statements are all provably equivalent to each other, and
e all “false” statements are provably equivalent to each other,

e different “unknown” statements are not necessarily provably equivalent to each other.

How many truth values do we actually have: the notion of Lindenbaum-Tarski
algebra. To get a more adequate description of this situation, it is reasonable to consider
the equivalence relation F (A < B) between statements A and B.

Equivalence classes with respect to this relation can be viewed as the actual truth
values of the corresponding theory. The set of all such equivalence classes is known as the

Lindenbaum-Tarski algebra; see, e.g., [16, 92].

But what does this have to do with fuzzy logic? Lindenbaum-Tarski algebra shows
that any sufficiently complex logic is, in effect, multi-valued.

However, this multi-valuedness is different from the multi-valuedness of fuzzy logic.

What we do in this section. In the next scstion, we show that there is another aspect
of multi-valuedness of the traditional logic, an aspect of which the usual fuzzy logic is, in
effect, a particular case. Thus, we show that the gap between the traditional 2-valued logic

and the fuzzy logic is even less drastic.
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4.4.4 Application of 2-Valued Logic to Expert Knowledge Nat-
urally Leads to a New Aspect of Multi-Valuedness — An
Aspect Similar to Fuzzy

Need to consider several theories. In the previous section, we considered the case
when we have a single theory T'.

Godel’s theorem states that for every given theory T that includes formal arithmetic,
there is a statement S that can neither be proven nor disproven in this theory. Since this
statement S can neither be proven not disproven based on the axioms of theory T', a natural
idea is to consider additional reasonable axioms that we can add to T

This is what happened, e.g., in geometry, with the V-th postulate — that for every line
¢ in a plane and for every point P outside this line, there exists only one line ¢ which
passes through P and is parallel to £. Since it turned out that neither this statement nor
its negation can be derived from all other (more intuitive) axioms of geometry, a natural
solution is to explicitly add this statement as a new axiom. (If we add its negation, we get
Lobachevsky geometry — historically the first non-Euclidean geometry; see, e.g., [7].)

Similarly, in set theory, it turns out that the Axiom of Choice and Continuum Hypoth-
esis cannot be derived or rejected based on the other (more intuitive) axioms of set theory;
thus, they (or their negations) have to be explicitly added to the original theory; see, e.g.,
[45].

The new — extended — theory covers more statements that the original theory 7.
e However, the same Godel’s theory still applies.

e So for the new theory, there are still statements that can neither be deduced nor

rejected based on this new theory.
e Thus, we need to add one more axiom, etc.

As a result:
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e instead of a single theory,
e it makes sense to consider a family of theories {T, },.

In the above description, we end up with a family which is linearly ordered in the sense that
for every two theories Ty, and Tj, either T,, = T or T F T,,. However, it is possible that on
some stage, different groups of researchers select two different axioms — e.g., a statement
and its negation. In this case, we will have two theories which are not derivable from each

other — and thus a family of theories which is not linearly ordered.

How is all this applicable to expert knowledge? From the logical viewpoint, process-
ing expert knowledge can also be viewed as a particular case of the above scheme: axioms
are the basic logical axioms + all the expert statements statements that we believe to be

true.

e We can select only the statements in which experts are 100% sure, and we get one

possible theory.

e We can add statements S for which the expert’s degree of confidence d(S) exceeds a

certain threshold o — and get a different theory, with a larger set of statements

{S:d(S) > a}.

e Depending on our selection of the threshold «, we thus get different theories T,.

So, in fact, we also have a family of theories {T,},, where different theories T,, correspond

to different levels of the certainty threshold «.

Example. For example, if we select a = 0.7, then:

e For every object x for which the expert’s degree of confidence that x is small is at

least 0.7, we consider the statement S(z) (“x is small”) to be true.

e For all other objects x, we consider S(z) to be false.
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Similarly, we only keep “if-then” rules for which the expert’s degree of confidence in these

rules is either equal to 0.7 or exceeds 0.7.

Once we have a family of theories, how can we describe the truth of a statement?

If we have a single theory 7', then for every statement S, we have three possible options:
e cither T'F S, i.e., the statement S is true in the theory T,
e or T'F =S, i.e., the statement S is false in the theory T,
e or T'H S and T ¥ =S5, i.e., the statement S is undecidable in this theory.

Since, as we have mentioned earlier, a more realistic description of our knowledge means
that we have to consider a family of theories {T,},, it is reasonable to collect this infor-
mation based on all the theories T,.

Thus, to describe whether a statement S is true or not, instead of a single yes-no value
(as in the case of a single theory), we should consider the values corresponding to all the

theories Ty, i.e., equivalently, we should consider the whole set

def

deg(S) = {a: T, F S}.

This set is our degree of belief that the statement S is true — i.e., in effect, the truth value

of the statement S.

Logical operations on the new truth values. If a theory T, implies both S and 5’,
then this theory implies their conjunction S & S’ as well. Thus, the truth value of the

conjunction includes the intersection of truth value sets corresponding to S and S’
deg(S & S") D deg(S) N deg(S").

Similarly, if a theory T,, implies either S or S’, then this theory also implies the disjunction
S v S’. Thus, the truth value of the disjunction includes the union of truth value sets

corresponding to S and S’:

deg(SV S") D deg(S) Udeg(S").
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What happens in the simplest case, when the theories are linearly ordered? If
the theories T,, are linearly ordered, then, once T, F S and T} F T, we also have T3 F S.
Thus, with every T,, the truth value deg(S) = {a : T,, F S} includes, with each index «,
the indices of all the stronger theories — i.e., all the theories T} for which T F T4,.

In particular, in situations when we have a finite family of theories, each degree is equal

to Do, of {a: T, ET,,} for some ap. In terms of the corresponding linear order

aﬁﬁ@Tath,

this degree takes the form D,, = {a: a < ap}. We can thus view g as the degree of truth

of the statement S:

Deg(5) L .

In case of expert knowledge, this means that we consider the smallest degree of con-
fidence d for which we can derive the statement S if we allow all the expert’s statements

whose degree of confidence is at least d.

o [f we can derive S by using only statements in which the experts are absolutely sure,

then we are very confident in this statement S.

e On the other hand, if, in order to derive the statement S, we need to also consider
expert’s statement in which the experts are only somewhat confident, then, of course,

our degree of confidence in S is much smaller.
These sets D, are also linearly ordered: one can easily show that
D, CDsgea<p.
In this case:

e the intersection of sets D, and Dy simply means that we consider the set Dpina,3),

and
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e the union of sets D, and Dy simply means that we consider the set Dyax(a,8)-

Thus, the above statements about conjunction and disjunction take the form
Deg(S & S") > min(Deg(S), Deg(S"));

Deg(S Vv S") > max(Deg(S), Deg(S")).

This is very similar to the usual fuzzy logic. The above formulas are very similar
to the formulas of the fuzzy logic corresponding to the most widely used “and”- and “or”-
operations: min and max. (The only difference is that we get > instead of the equality.)
Thus, fuzzy logic ideas can be indeed naturally obtained in the classical 2-valued envi-
ronment: namely, they can be interpreted as a particular case of the same general idea as

the Lindenbaum-Tarski algebra.

4.5 General Case: Explaining Ubiquity of Linear
Models

Linear interpolation is the computationally simplest of all possible interpolation techniques.
Interestingly, it works reasonably well in many practical situations, even in situations when
the corresponding computational models are rather complex. In this section, we explain
this empirical fact by showing that linear interpolation is the only interpolation procedure
that satisfies several reasonable properties such as consistency and scale-invariance.

Results from this section first appeared in [77].

4.5.1 Formulation of the Problem

Need for interpolation. In many practical situations, we know that the value of a
quantity y is uniquely determined by the value of some other quantity x, but we do not

know the exact form of the corresponding dependence y = f(x).
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To find this dependence, we measure the values of x and y in different situations. As
a result, we get the values y; = f(z;) of the unknown function f(x) for several values
x1,...,Z,. Based on this information, we would like to predict the value f(x) for all other
values x. When z is between the smallest and the largest of the values x;, this prediction
is known as the interpolation, for values x smaller than the smallest of x; or larger than

the largest of z;, this prediction is known as extrapolation; see, e.g., [9].

Simplest possible case of interpolation. The simplest possible case of interpolation
is when we only know the values y; = f(x1) and yo = f(x3) of the function f(z) at two

points 1 < x5, and we would like to predict the value f(z) at points x € (z1, z2).

In many cases, linear interpolations works well: why? One of the most well-known
interpolation techniques is based on the assumption that the function f(z) is linear on the

interval [z1, z5]. Under this assumption, we get the following formula for f(x):

flz) = ==L f(aa) +

To — T1 To — T

To — X

- f(z1).

This formula is known as linear interpolation.

The usual motivation for linear interpolation is simplicity: linear functions are the
easiest to compute, and this explains why we use linear interpolation.

An interesting empirical fact is that in many practical situations, linear interpolation
works reasonably well. We know that in computational science, often very complex compu-
tations are needed, so we cannot claim that nature prefers simple functions. There should

be another reason for the empirical fact that linear interpolation often works well.

What we do. In this section, we show that linear interpolation can indeed be derived

from fundamental principles.

159



4.5.2 Analysis of the Problem: What Are Reasonable Property

of an Interpolation

What is interpolation. We want to be able, given values y; and y, of the unknown
function at points x; and x9, and a point = € (x1, z3), to provide an estimate for f(z). In
other words, we need a function that, given the values x1, y1, =2, y2, and x, generates the
estimate for f(z). We will denote this function by I(xy,y1,x2, Y2, x).

What are the reasonable properties of this function?

Conservativeness. If both observed values y; = f(z;) are smaller than or equal to some
threshold value y, it is reasonable to expect that all intermediate values of f(z) should

also be smaller than or equal to y. Thus, if y; < y and yo < y, then we should have

1(3717y1>372ay27$) é y.

In particular, for y = max(y1, y2), we conclude that

[(xb Y1,T2,Y2, .CC) S maX(Z/l» yQ)

Similarly, if both observed values y; = f(x;) are greater than or equal to some threshold
value y, it is reasonable to expect that all intermediate values of f(z) should also be greater
than or equal to y. Thus, if y < y; and y < yo, then we should have y < I(x1, y1, 2, Y2, T).

In particular, for y = min(y1,y2), we conclude that
min(y, y2) < I(z1,91, 22, Y2, )
These two requirements can be combined into a single double inequality
min(yr, y2) < I(z1, Y1, T2, Y2, ) < max(yy, ya).

We will call this property conservativeness.

zr-scale-invariance. The numerical value of a physical quantity depends on the choice of
the measuring unit and on the starting point. If we change the starting point to the one

which is b units smaller, then b is added to all the numerical values. Similarly, if we replace
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a measuring unit by a one which is @ > 0 times smaller, then all the numerical values are
multiplied by a. If we perform both changes, then each original value z is replaced by the
new value '’ = a - x + b.

For example, if we know the temperature x in Celsius, then the temperature z’ in
Fahrenheit can be obtained as 2’ = 1.8 - x + 32.

It is reasonable to require that the interpolation procedure should not change if we
simply change the measuring unit and the starting point — without changing the actual

physical quantities. In other words, it is reasonable to require that

I(a-x1—l—b,yl,a-xg—i—b,yg,a-ﬂc—i-b) :[<xlay17$27y27x)'

y-scale-invariance. Similarly, we can consider different units for y. The interpolation
result should not change if we simply change the starting point and the measuring unit.
So, if we replace y; with a - y; + b and yo with a - y2 4+ b, then the result of interpolation
should be obtained by a similar transformation from the previous result: I — a -1 + b.

Thus, we require that

I(xy,a -1 +b,20,a-yo +b,2) = a- I(x1,y1, T2, Y2, %) + b.

Consistency. Let us assume that we have x; < 2} <z < 2, < 5. Then, the value f(x)

can be estimated in two different ways:

e we can interpolate directly from the values y; = f(z1) and yo = f(z2), getting

I(x1,y1,72,12,2), OF

e we can first use interpolation to estimate the values f(z}) = I(z1, y1,x2, Yo, 7)) and

f(zh) = I(x1, y1, 2, y2, x,), and then use these two estimates to estimate f(z) as
(w1, f(27), 22, f(2),2) =

]('IllvI(xlaylvz?ay27$3)7$év]($17y1ax27y27zé)7x)'
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It is reasonable to require that these two ways lead to the same estimate for f(x):

I('Ilvylax%y%w) = -[('IllvI(xlvylvw?ay27'rll)7xl27](xhylax%y%xg)ax)'

Continuity. Most physical dependencies are continuous. Thus, when the two value x
and 2’ are close, we expect the estimates for f(z) and f(2’) to be also close. Thus, it is
reasonable to require that the interpolation function I(xy,y1, 2, y2, z) is continuous in x —

and that for both ¢ = 1,2 the value I(xy,y1, Z2, Y2, ) converges to f(z;) when z — x;.

Now, we are ready to formulate our main result.

4.5.3 Main Result of This Section

Definition 4.5.1. By an interpolation function, we mean a function I(z1,y1,2,ys,T)

which is defined for all x1 < x < x5 and which has the following properties:
e conservativeness:
min(y1, y2) < I(x1, y1, T2, Y2, 7) < max(yi, ya)
for all x;, y;, and x;

o x-scale-invariance: I(a-x1+ b,y1,a - xo+ b, Yo, a - x + b) = I(x1,y1, T2, Yo, x) for all

i, Yi, , a >0, and b;

e y-scale invariance: I(xy,a -y +b,x9,a-ys +b,x) = a- I(x1,y1,%2,Y2,x) + b for all

i, Yi, x, a >0, and b;
e consistency:
](xlaylvx%y%x) = ](55/17I(mlayl>$27?/2affl1)>$,2;1(551791;172,92793,2)7@

for all x;, %, y;, and x; and

162



o continuity: the expression I(xy,y1, X2, Y2, ) 18 a continuous function of x
) Y ) ) J

I(x1,y1, %2, Y2, ) = Y1 when x — x1 and I(x1, Y1, T2, Y2, ) — Yo when x — .

Proposition 4.5.1. The only interpolation function satisfying all the properties from
Definition 4.5.1 is the linear interpolation

r — T To — X
Cyo +

I<x17y17x27y27$) =
To — T1 Ty — X1

Discussion. Thus, we have indeed explained that linear interpolation follows from the

fundamental principles — which may explain its practical efficiency.
Proof.

1°. When y; = ys, the conservativeness property implies that (z1,y1, 2,1, %) = y1. Thus,
to complete the proof, it is sufficient to consider two remaining cases: when y; < yo and
when yo < 1.

We will consider the case when y; < y,. The case when ys < ¥y is considered similarly.

So, in the following text, without losing generality, we assume that y; < ys.

2°. When y; < 19, then we can get these two values y; and y, as y; = a -0+ b and

Yo =a-1+bfor a =y, —y; and b = y;. Thus, the y-scale-invariance implies that
I(z1,91, 2, y2,2) = (y2 — y1) - [(21,0, 29,1, 2) + y1. (4.5.2)
If we denote J(z1,z, x) o I(x1,0, 29,1, ), then we get
(@1, 91,2, 42, 2) = (y2 — 1) - J (21, 2, ) +y1 =

J(x1,29,2) - yo + (1 — J(x1, 20, 2)) - 1. (4.5.3)

3°. Since x1 < x9, we can similarly get these two values xy and x5 as xr1 = a -0+ b and
To=a-1+b, fora=xy— 21 and b = x1. Here, x = a -r + b, where

r—0b T — I

r = .
a To — I
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Thus, the x-scale invariance implies that

J(x1, 29, 7) = J(O,l, — )

To — T1

So, if we denote w(r) o J(0,1,7), we then conclude that

J<x17x27x):w(x_xl>7

To — 1

and thus, the above expression (4.5.3) for I(xy,y1, T2, Y2, x) in terms of J(xy, zo,x) takes

the following simplified form:

r—=x T—x
I(z1, 41, 22, Y2, ) —w< : ) Yo + (1 —w( : ) -yg) Y1 (4.5.4)

To — I To — I

To complete our proof, we need to show that w(r) = r for all r € (0,1).

4°. Let us now use consistency.

Let us take 1 = y; = 0 and x9 = y = 1, then
1(0,0,1,1,2) =w(z) - 1 + (1 —w(x)) - 0 = w(x).

Let us denote o < w(0.5).
0+0.5

By consistency, for x = 0.25 = , the value w(0.25) can be obtained if we apply

the same interpolation procedure to w(0) = 0 and to w(0.5) = a.. Thus, we get

w(0.25) = a - w(0.5) + (1 — a) - w(0) = .

0.5+1

Similarly, for x = 0.75 = , the value w(0.75) can be obtained if we apply the same

interpolation procedure to w(0.5) = a and to w(1) = 1. Thus, we get

w(0.75) = a-w(l) + (1 —a) - w(0.5) =a-1+ (1 —a) - a=2a — o

0.25+ 75

2
interpolation procedure to w(0.25) = o? and to w(0.75) = 2a — . Thus, we get

Finally, for z = 0.5 = , the value w(0.5) can be obtained if we apply the same

w(0.5) = a-w(0.75) + (1 — ) - w(0.25) =
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a-(2a—a®)+(1—a)-a® =3a* - 2a°.

By consistency, this estimate should be equal to our original estimate w(0.5) = a, i.e., we
must have

3a* — 20° = a. (4.5.5)

5°. One possible solution is to have o = 0. In this case, we have w(0.5) = 0. Then, we
have

w(0.75) = a-w(l) + (1 — ) - w(0.5) =0,

and by induction, we can show that in this case, w(l —27") = 0 for each n. In this
case, 1 —27" — 1, but w(l —27") — 0, which contradicts to the continuity requirement,
according to which w(1 —27") — w(1) = 1.

Thus, the value @ = 0 is impossible, so a # 0, and we can divide both sides of the
above equality (4.5.5) by «a.

As a result, we get a quadratic equation
3a — 20 =1,

which has two solutions: o« =1 and o = 0.5.

6°. When a = 1, we have w(0.5) = 1. Then, we have
w(0.25) = a - w(0.5) + (1 — a) - w(0) =1,

and by induction, we can show that in this case, w(27") = 1 for each n. In this case,
27" — 0, but w(27") — 1, which contradicts to the continuity requirement, according to
which w(27") — w(0) = 0.

Thus, the value a = 1 is impossible, so a = 0.5.

7°. For a = 0.5, we have w(0) = 0, w(0.5) = 0.5, and w(1) = 1. Let us prove, by induction

over ¢, that for every binary-rational number r = % € [0, 1], we have w(r) = r.

2
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Indeed, the base case ¢ = 1 is proven. Let us assume that we have proven it for ¢ — 1,

2k
let us prove it for ¢. If p is even, i.e., if p = 2k, then TRt so the desired equality
comes from the induction assumption. If p = 2k + 1, then
_p _ 2k+1 2k 2-(k+1) k E+1

By consistency, we thus have

k k+1

By induction assumption, we have

( k ) k (k + 1) k+1
w = and w = —.
2¢-1 2¢-1 29-1 2¢-1

So, the above formula takes the form

k k+1
9¢—1 + 0.5 - F,

w(r)=10.5-

2k +1 B
20
The statement is proven.

hence w(r) =

r.

8°. The equality w(r) = r is true for all binary-rational numbers. Any real number x
from the interval [0, 1] is a limit of such numbers — namely, truncates of its infinite binary
expansion. Thus, by continuity, we have w(z) = z for all .

Substituting w(z) = z into the above formula (4.5.4) for I(x1, y1, 2, Y2, ) leads exactly
to linear interpolation.

The proposition is proven.

4.6 General Case: Non-Linear Effects

To measure stiffness of the compacted pavement, practitioners use the Compaction Meter

Value (CMV); a ratio between the amplitude for the first harmonic of the compactor’s
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acceleration and the amplitude corresponding to the vibration frequency. Numerous ex-
periments show that CMV is highly correlated with the pavement stiffness, but as of now,
there is no convincing theoretical explanation for this correlation. In this section, we pro-
vide a possible theoretical explanation for the empirical correlation. This explanation also
explains why, the stiffer the material, the more higher-order harmonics we observe.

Results from this section first appeared in [71].

4.6.1 Compaction Meter Value (CMV) — An Empirical Measure

of Pavement Stiffness

Need to measure pavement stiffness. Road pavement must be stiff: the pavement
must remain largely unchanged when heavy vehicles pass over it.

To increase the pavement’s stiffness, pavement layers are usually compacted by the
rolling compactors. In the cities, only non-vibrating compactors are used, to avoid hu-
man discomfort caused by vibration. However, in roads outside the city limits, vibrating
compactors are used, to make compaction more efficient. In this section, we denote the
vibration frequency by f.

Compaction is applied both to the soil and to the stiffer additional pavement material
that is usually placed on top of the original soil. To check whether we need another round
of compaction and/or another layer of additional material on top, we need to measure the

current pavement stiffness.

Ideally, we should measure stiffness as we compact. In principle, we can measure
stiffness after each compaction cycle, but it would be definitely more efficient to measure
it during the compaction — this way we save time and we save additional efforts needed for
post-compaction measurements.

What we can rather easily measure during compaction is acceleration; it is therefore

desirable to estimate the pavement stiffness based on acceleration measurements.

Compaction Meter Value (CMV). It turns out that reasonably good estimates for
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stiffness can be obtained if we apply Fourier transform to the signal describing the depen-
dence of acceleration on time, and then evaluate Compaction Meter Value (CMV), a ratio
Ay/A; between the amplitudes corresponding to the frequencies 2f and f. This measure
was first introduced in the late 1970s [21, 103, 104].

Numerous experiments have confirmed that CMV is highly correlated with more direct
characteristics of stiffness such as different versions of elasticity modulus; see, e.g., [20, 56,
57, 107, 108].

CMYV remains one of the main ways of estimating stiffness; see, e.g., [55].

Can we use other Fourier components? Since the use of the double-frequency compo-
nent turned out to be so successful, a natural idea is to try to use other Fourier components.

It turns out that when the soil is soft (not yet stiff enough), then even the double-
frequency Fourier component is not visible above noise. As the pavement becomes stiffer,
we can clearly see first the first harmonic, then also higher harmonics, i.e., harmonics

corresponding to 3f, 4f, etc.

Remaining problem. While the relation between CMV and stiffness is an empirical
fact, from the theoretical viewpoint it remains somewhat a mystery: to the best of our
knowledge, there is no theoretical explanation for this empirical dependence.

In this section, we attempt to provide such a theoretical explanation.

4.6.2 A Possible Theoretical Explanation of an Empirical Corre-

lation Between CMYV and Stiffness

Analysis of the problem: towards the corresponding equations. Let us start our
analysis with the extreme situation when there is no stiffness at all. Crudely speaking, the
complete absence of stiffness means that particles forming the soil are completely indepen-
dent from each other: we can move some of them without affecting others.

In this extreme case, the displacement x; of each particle 7 is determined by the Newton’s
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equations
d227i 1
= — . F, 4.6.1

where m; is the mass of the i-th particle and F; is the force acting on this particle. For a
vibrating compactor, the force F; is sinusoidal with frequency f. Thus, the corresponding
accelerations are also sinusoidal with this same frequency. In this extreme case, after
the Fourier transform, we will get only one component — corresponding to the vibration
frequency f.

Stiffness £ means that, in addition to the external force Fj, the acceleration of each
particle ¢ is also influence by the locations of other particles x;. For example, if we move
one of the particles forming the soil, other particle move as well so that the distances
between the particles remain largely the same. Thus, instead of the simple Newton’s

equations (4.6.1), we have more complicated equations

dQZL'Z' 1
a2 :EF;‘Ffz(kaxlawa)? (462)

for some expression f;(k,x1,...,zxn).

Displacements are usually small. We consider the case when stiffness is also reasonably
small. It is therefore reasonable to expand this expression in Taylor series and keep only
the first few terms in this expansion.

With respect to k, in the first approximation, we just keep linear terms. With respect
to x;, it is known that the corresponding processes are observably non-linear (see, e.g.,
[5, 50, 65]) so we need to also take non-linear terms into account; the simplest non-linear

terms are the quadratic ones, so we end up with the following approximate model:

d?z; 1 al &
AT YIRS 5 SR
(] ]:1

j=1 ¢=1

Solving the resulting equations. In general, the solution to the equations (4.6.3) de-

pends on the value k: z;(t) = z;(k, ).
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When deriving the equations (4.6.3), we ignored terms which are quadratic (or of higher
order) in terms of k. It is therefore reasonable, when looking for solutions to this equation,

to also ignore terms which are quadratic (or of higher order) in k, i.e., to take
zi(k,t) = 2 (t) + k- 2V (). (4.6.4)

If we plug in the formula (4.6.4) into the equation (4.6.3) and ignore terms which are

quadratic in k, then we end up with the equation

d*x” dca) 1 = (0) S © 0
dtQ ‘l‘k dt2 ZEE—I—/{ZQU% +k~22aijg-xj -xe . (465)

j=1 ¢=1

This formula should hold for all &, so:
e terms independent on k should be equal on both sides, and
e terms linear in k should be equal on both sides.
By equating terms in (4.6.5) that do not depend on k, we get the linear equation
291

= — . F, 4.6.6

which, for the sinusoidal force F(t) = A; - cos(w - t + ®;), has a similar sinusoidal form
ngo) (t) = a; - cos(w -t + ;) (4.6.7)

for appropriate values a; and ¢;.

By equating terms linear in k& on both sides of the equation (4.6.5), we conclude that

d2$(1) N ©) N N
EI DOTELES ) SRRl (169
j=1 j=1 (=1
For the sinusoidal expression (4.6.7) for xEO):
- 0
e linear terms ) a;; - ¥;  in the right-hand side are sinusoidal with the same angular
j=1

frequency w (i.e., with frequency f), while
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N N
e quadratic terms > > a;j¢ - $§O) '$é0) are sinusoids with the double angular frequency

j=1i=1
2w (i.e., with double frequency 2f).

Thus, the right-hand side of the equation (4.6.8) is the sum of two sinusoids corresponding

to frequencies f and 2f, and so,

Bz, &2z a2z

dtQ == dtQ +k7 dt2 :AZCOS(wt—f—CI)Z)—f—
k - (Agl) - COos (w t+ CI>§”> + AZ@) - COS (2w “t+ <I>Z(2)>> . (4.6.9)
. . . . d2$io (t)
The measured acceleration a(t) is the acceleration of one of the points a(t) = proa

thus the measured acceleration has the form
a(t) = AES) - CO8S (w “t+ Q)Eg)) +

ke (A -cos (wet+00)) + AP - cos (2wt + 0} (4.6.10)

In this expression, we only have terms sinusoidal with frequency f and terms sinusoidal
with frequency 2f. Thus, in this approximation, the Fourier transform of the acceleration

consists of only two components:

e a component corresponding to the main frequency f (and the corresponding angular

frequency w), and

e a component corresponding to the first harmonic 2 f, with the angular frequency 2w.

The amplitude A, of the first harmonic 2w is equal to Ay = k - Agf). The amplitude A; of
the main frequency w is equal to A; = AE;) + k - ¢ for some constant ¢ depending on the

relation between the phases. Thus, the ratio of these two amplitudes has the form

A ko A®)
BT (4.6.11)
Ay A§O) +k-c

In all the previous formulas, we ignored terms which are quadratic (or of higher order) in

terms of k. If we perform a similar simplification in the formula (4.6.11), we conclude that

2 _k.C (4.6.12)



A(2)
def 14,

where we denoted C =
A(l)

)
first approximation, indeed proportional to stiffness.

. In other words, we conclude that the CMV ratio is, in the

Main conclusion. We have explained why, for reasonable small stiffness levels, we can
only see two Fourier components above the noise level: the component corresponding to
the vibrating frequency f and the component corresponding to the first harmonic 2f.

We have also explained the empirical fact that the CMV — the ratio of the amplitudes

of the two harmonics — is proportional to the pavement stiffness.

Case of larger stiffness: analysis and corresponding additional conclusions.
When the stiffness £ is sufficiently large, we can no longer ignore terms which are quadratic
or of higher order in terms of k. In general, the larger the stiffness level, the more terms we
need to take into account to get an accurate description of the corresponding dynamics.

Also, when the stiffness k is small, then, due to the fact that the displacements x;(t)
are also reasonably small, the products of k and the terms which are, e.g., cubic in z;(¢)
can be safely ignored. However, when k is not very small, we need to take these terms into
account as well. Using the corresponding expansion of the equations (4.6.3), and taking
into account more terms in the expansion of x;(k,t) in k, we end up with terms which
are cubic (or higher order) in terms of the w-sinusoids x§°) (t). These terms correspond to
triple, quadruple, and higher frequencies 3f, 4f, etc.

This is exactly what we observe: the higher the stiffness, the more higher order har-

monics we see. Thus, this additional empirical fact is also theoretically explained.
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Chapter 5

Decision Making Under Uncertainty

The ultimate goal of data processing is to make appropriate decisions. In this chapter, we
analyze how different types of uncertainty affect our decisions. In Sections 6.1 and 6.2, we
consider decision making under interval uncertainty: the usual case of decision making is
considered in Section 6.1, and the case of decision making in conflict situations is analyzed
in Section 6.2. In Section 6.3, we consider decision making under probabilistic uncertainty

and in Section 6.4, we consider the case of general uncertainty.

5.1 Towards Decision Making under Interval Uncer-
tainty

In many practical situations, we know the exact form of the objective function, and we
know the optimal decision corresponding to each values of the corresponding parameters
x;. What should we do if we do not know the exact values of x;, and instead, we only
know each x; with uncertainty — e.g., with interval uncertainty? In this case, one of the
most widely used approaches is to select, for each ¢, one value from the corresponding
interval — usually, a midpoint — and to use the exact-case optimal decision corresponding
to the selected values. Does this approach lead to the optimal solution to the interval-
uncertainty problem? If yes, is selecting the midpoints the best idea? In this section,
we provide answers to these questions. It turns out that the selecting-a-value-from-each-
interval approach can indeed lead us to the optimal solution for the interval problem — but

not if we select midpoints.
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The results described in this section first appeared in [73, 78].

5.1.1 Formulation of the Practical Problem

Often, we know the ideal-case solution. One of the main objectives of science and
engineering is to provide an optimal decision in different situations. In many practical sit-
uations, we have an algorithm that provides an optimal decision based under the condition

that we know the exact values of the corresponding parameters x1,...,x,.

In practice, we need to take uncertainty into account. In practice, we usually know
x; with some uncertainty. For example, often, for each i, we only know an interval [z;, T;]

that contains the actual (unknown) value x;; see, e.g., [83].

A problem. In the presence of such interval uncertainty, how can we find the optimal
solution?

One of the most widely used approaches uses the fact that under interval uncertainty,
we can implement decisions corresponding to different combinations of values z; € [z;, T;].
If this indeed a way to the solution which is optimal under interval uncertainty? If yes,
which values should we choose?

Often, practitioners select the midpoints, but is this selection the best choice? These

are the questions that we answer in this section.

5.1.2 Formulation of the Problem in Precise Terms

Decision making: a general description. In general, we need to make a decision
u = (u1,...,uy) based on the state x = (z1,...,x,) of the system. According to decision
theory, a rational person selects a decision that maximizes the value of an appropriate
function known as utility; see, e.g., [19, 47, 60, 85].

We will consider situations when or each state x and for each decision u, we know the
value of the utility f(z,u) corresponding to us choosing u. Then, when we know the exact

state = of the system, the optimal decision u°P*(x) is the decision for which this utility is
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the largest possible:
fx,u (1)) = max f(z,u). (6.1.1)

Decision making under interval uncertainty. In practice, we rarely know the exact
state of the system, we usually know this state with some uncertainty. Often, we do not
know the probabilities of different possible states x, we only know the bounds on different
parameters describing the state.

The bounds mean that for each ¢, instead of knowing the exact values of x;, we only
know the bounds z; and Z; on this quantity, i.e., we only know that the actual (unknown)
value z; belongs to the interval [z;,7;]. The question is: what decision u should we make
in this case?

We also assume that the uncertainty with which we know x is relatively small, so in
the corresponding Taylor series, we can only keep the first few terms in terms of this

uncertainty.

Decision making under interval uncertainty: towards a precise formulation of
the problem. Because of the uncertainty with which we know the state x, for each possible
decision u, we do not know the exact value of the utility, we only know that this utility is
equal to f(z,u) for some x; € [z;,T;]. Thus, all we know is that this utility value belongs
to the interval

min _ f(z1,...,2,,u), max f(z1,...,x,,u)|. (6.1.2)

i €x;, T i €[x;,T;

According to decision theory (see, e.g., [25, 33, 47]), if for every action a, we only know
the interval [f~(a), fT(a)] of possible values of utility, then we should select the action for

which the following combination takes the largest possible value:

a-fHa)+ (1 —a)- f(a), (6.1.3)

where the parameter « € [0, 1] describes the decision maker’s degree of optimism-pessimism:
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e the value a = 1 means that the decision maker is a complete optimist, only taking

into account the best-case situations,

e the value o = 0 means that the decision maker is a complete pessimist, only taking

into account the worst-case situations, and

e intermediate value o € (0, 1) means that the decision maker takes into account both

worst-case and best-case scenarios.

Resulting formulation of the problem. In these terms our goal is:
e given the function f(x,u) and the bounds z and 7,

e to find the value u for which the following objective function takes the largest possible
value:
a- n%ax ]f(xl, e Zpu) + (1 —a) - n[lin ]f(xl, ooy Tpyu) = max.  (6.1.4)
T €T, T Ti€|Z;, T4 u
Comment. The simplest case when the state = is characterized by a single parameter and

when a decision u is also described by a single number, was analyzed in [73].

5.1.3 Analysis of the Problem

We assumed that the uncertainty is small, and that in the corresponding Taylor expansions,
we can keep only a few first terms corresponding to this uncertainty. Therefore, it is
convenient to describe this uncertainty explicitly.

. N i B
Let us denote the midpoint =——

of the interval [z;,T;] by Z;. Then, each value z;

from this interval can be represented as x; = x; + Ax;, where we denoted Ax; def Ti — Ti.
The range of possible values of Ax; is [z; — T;,T; — ;] = [—A;, A;], where we denoted
A, def T — L.

2

The differences Azx; are small, so we should be able to keep only the few first terms in

Al’i.
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When all the values z; are known exactly, the exact-case optimal decision is u°P*(x).
Since uncertainty is assumed to be small, the optimal decision v = (uq,...,u,;) under
interval uncertainty should be close to the exact-case optimal decision w = (uy, ..., Upy,) o
u°P*(Z) corresponding to the midpoints of all the intervals. So, the difference Au; of U — U,
should also be small. In terms of Aw;, the interval-case optimal value u; has the form
u; = u; + Auj. Substituting z; = z; + Az; and u; = u; + Au; into the expression f(z,u)
for the utility, and keeping only linear and quadratic terms in this expansion, we conclude

that
flz,u) = f(T+ Az, u+ Au) =

T, u) +foi 'A$i+Zij - Auy+
i=1 j=1

5 S e A A £ 30 oy A Dyt
=1 ¢/=1

i=1 j=1

1 m m
5 SN fupuy - Auy - Ay, (6.1.5)
j=1 j'=1
where we denoted
det Of def Of
£ L@ W), f, @),
7 J
ef 82]0 ~ ~ def 82f ~ o~
fwixi/ d: —(Z’,U), fxiuj - (I,U),
8[@'81}1‘/ 39528%
af  Of
fu]'uj/ - aujauj/ (xyu)

To find an explicit expression for the objective function (6.1.4), we need to find the
maximum and the minimum of this objective function when w is fixed and z; € [z;, ;]
i.e., when Azx; € [—A;, A;]. To find the maximum and the minimum of a function of an

interval, it is useful to compute its derivative. For the objective function (6.1.5), we have

af - fxl +fo,z/ sz +Zleuj C AU (616)

7j=1

In general, the value f,, is different from 0; possible degenerate cases when f,, = 0 seem

to be rare. On a simple example — when the state is described by a single quantity x = x;
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and the decision u is also described by a single quantity u = u; — let us explain why we

believe that this degenerate case can be ignored.

5.1.4 Explaining Why, In General, We Have f,, # 0

Simple case. Let us assume that the state x is the difference x = T' — Tiqea1 between the
actual temperature 7" and the ideal temperature Tigea. In this case, T' = Tiqea + .

Let u be the amount of degree by which we cool down the room. Then, the resulting
temperature in the room is 7" =T — u = Tiqea1 + ¢ — u. The difference T" — Tlgea between
the resulting temperature 7" and the ideal temperature Tiqe, is thus equal to x — u.

It is reasonable to assume that the discomfort D depends on this difference d: D = D(d).
The discomfort is 0 when the difference is 0, and is positive when the difference is non-zero.
Thus, if we expand the dependence D(d) in Taylor series and keep only quadratic terms in
this expansion D(d) = dy + d; - d + dy - d?, we conclude that dy = 0, that d; = 0 (since the
function D(d) has a minimum at d = 0), and thus, that D(d) = dy - d* = dy - (x — u)?, for
some dy > 0.

So the utility — which is minus this discomfort — is equal to f(z,u) = —dy - (z — u)?.

In this case, for each state x, the exact-case optimal decision is u°?*(x) = x. Thus, at

the point where = 2y and u = up = u°®*(x) = xo, we have

0
fx:a_£:—2d2'(l'o—uO):O.

So, we have exactly the degenerate case that we were trying to avoid.

Let us make the description of this case slightly more realistic. Let us show that
if we make the description more realistic, the derivative f, is no longer equal to 0.
Indeed, in the above simplified description, we only took into account the discomfort
of the user when the temperature in the room is different from the ideal. To be realistic,
we need to also take into account that there is a cost C(u) associated with cooling (or

heating).
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This cost is 0 when © = 0 and is non-negative when u # 0, so in the first approximation,
similarly to how we described D(d), we conclude that C'(u) = k - u?, for some k > 0. The

need to pay this cost decreases the utility function which now takes the form
flz,u) = —dy - (2 —u)* — k- u?.

For this more realistic utility function, the value u°P*(z) that maximizes the utility for a
given x can be found if we differentiate the utility function with respect to v and equate

the derivative to 0. Thus, we get
2dy - (u—x)+2k-u=0,

hence (do + k) -u —dy - 2 = 0, and

do
opt — .
uPt(z) A x.
For = zg and u = ug = u°P"(xg) = L - xg, we thus get
do+k =7
of do 2k
= = 2 — — 2 - * - : 0'
Jo = gy = 2@~ o) (x“ dy + k mo) ik W7

So, if we make the model more realistic, we indeed get a non-degenerate case f, # 0

that we consider in this section.

5.1.5 Analysis of the Problem (continued)

We consider the non-degenerate case, when f,, # 0. Since we assumed that all the differ-
ences Az; and Awu; are small, a linear combination of these differences is smaller than | f,,].
Thus, for all values Az; from the corresponding intervals Ax; € [—A;, A;], the sign of the

derivative is the same as the sign s, def sign(f,,) of the midpoint value f,..

al’i

Hence:

e when f,. > 0 and s,, = +1, the function f(z,u) is an increasing function of x;; its
maximum is attained when x; is attained its largest possible values 7;, i.e., when

Ax; = A;, and its minimum is attained when Ax; = —A;;
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e when f,, < 0 and s,, = —1, the function f(z,u) is an decreasing function of x;; its

maximum is attained when z; is attained its smallest possible values z,, i.e., when

Azx; = —/A;, and its minimum is attained when Az; = A,.

In both cases, the maximum of the utility function f(z,u) is attained when Az; = s,, - A,

and its minimum is attained when Az; = —s,, - A;. Thus,

max  f(z1,..., 2T, u) = f(T1+ Spy - A1ye oo, Ty + Sp, - Ay, U+ Au) =

x; €z;,T;)

i=1 Jj=1

n

1 n n m
5 : ZZ.}CIEZ(EZ/ : Sil?i : SCEZ-/ : Al : Ai, + szl'z’u] : le ' Al : Auj+
i=1 i'=1 i=1 j=1
1 m m
5 SN fupuy - Auy - Ay, (6.1.7)
Jj=1j'=1
and
n[nn ]f(xl,...,mn,u) = f(T1 — Suy - A1, Ty — Sy, - A, U+ Au) =
Ti€|X;,T;
u _Zf% " Sz, Az"‘wa Au3+
i=1 j=1
1 n n n m
5 . Zfolxl/ *Sa; t Say Az . Ai’ - Z Zfa:luJ * Sy Az : AU]+
=1 /=1 i=1 j=1
1 m m
5 ]Z Z - - Aug. (6.1.8)
Therefore, our objective function (6.1.4) takes the form
a- rrfax }f(xl,...,xn,u) +(1-a)- Ir[lln ]f(xl,...,xn,u) =
TiE|T;,T; T;€E|X.,T;

FE)+ Qo= 1) for sa A+ Y fu, - Auyt
=1 7j=1

%zn:zn:f%xl,s% A Ay 4+ (2a—1) ZZf%uj-smi-Ai-Auj—l—

i=1 i'=1 i=1 j=1
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YD fupuy - Ay - Auy, (6.1.9)

j=1j'=1

N —

To find the interval-case optimal value Auj** = w; — u; for which the objective func-
tion (6.1.4) attains its largest possible value, we differentiate the expression (6.1.9) for the

objective function (6.1.4) with respect to Au; and equate the derivative to 0. As a result,

we get:
Fo, Q20 =1) > foruy S0 Ay + Z Fuyu, - Auli™ = 0. (6.1.10)
i=1
To simplify this expression, let us now take into account that for each x = (z1,...,z,),

the function f(z,u) attains its maximum at the known value u°*(x). Differentiating ex-

pression (6.1.5) with respect to Au; and equating the derivative to 0, we get:

Fuy + D fouiy - A2+ fupu, - APty =0, (6.1.11)
i=1 J'=1
where we denoted A°Ptu; dof u?pt — uj.

For x = z, i.e., when Az; = 0 for all 7, this maximum is attained when u = wu, i.e.,
when Awu; = 0 for all j. Substituting Az; = 0 and Au; = 0 into the formula (6.1.11), we
conclude that f,, = 0 for all j. Thus, the formula (6.1.10) takes a simplified form

20 = 1) fry - S, Dt Y fugu, - Aul™ =0, (6.1.12)
i=1 §'=1

In general, we can similarly expand u?pt(x) in Taylor series and keep only a few first

terms in this expansion:

u;)pt(xl, e X)) = u;pt(il + Azy,..., T, + Ax,) = uj + Zum - Az, (6.1.13)
i=1
a opt
def U
where we denoted u;,, = 5 . Thus, for the exact-case optimal decision,
x’L
Au™ = uP (z) — Uy = Z W)y - ATy (6.1.14)
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Substituting this expression for Au‘;pt into the formula (6.1.11), we conclude that

n n m
E fmiuj : sz + § E fu]-uj/ C UGy sz - O,
i=1 i=1 j'=1

i.e., that
Z Ax; - (fxlu] + Z ijUj/ : uj’@i) =0
i=1 j'=1

for all possible combinations of Az;. Thus, for each i, the coefficient at Ax; is equal to 0,

ie.,
fﬁiuj + Z fujuj/ ' uj’,xi =0
i'=1
for all ¢ and j, so
fory; == Y fupuy * e, = 0. (6.1.15)
j'=1

Substituting the expression (6.1.15) into the formula (6.1.12), we conclude that

—(QQ - ]') : Z Z fujuj/ T UGy (Sa:i : Az) + Z fujuj/ : A?}ax = 07

i=1 j/=1 J'=1

i.e., that

i": fuguy - (Au?}ax - (2a—1)- zn:ujlvxi - (8g, - Az)) = 0.
i=1

j'=1

This equality is achieved when
Auj™ = (2 — 1) - iu%xi (Sg, - D) (6.1.16)
i=1
for all j'. So, the interval-case optimal values u}** = u; + Auj** can be described as
up™ = u; + (2a — 1) - i Wjws * (Szy D). (6.1.17)
i=1

In general, as we have mentioned earlier (formula (6.1.13)), we have

u(’)pt<§§1 + Axlu S 7jfn + Axn> = ﬂ] + ZU%% . sz (6118)

J
=1
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max

: opt
P s equal to uj”(s)

J

By comparing the formulas (6.1.17) and (6.1.18), we can see that u

when we take s; = 2; + (2ac — 1) - s, - A, i.e., that

WP =y (T 4+ 20— 1) spy c Ar T+ e — 1) s, - A). (6.1.19)

Here, s,, is the sign of the derivative f,,. We have two options:

o If f,, > 0, i.e., if the objective function increases with z;, then s,, = 1, and the

expression s; 2 7, + (2cc — 1) - 84, - A; in the formula (6.1.19) takes the form

si:¥+(2a—1)~xi;%:a'fi—i—(l—a)-gi. (6.1.20)
o If f,. <0, ie., if the objective function decreases with x;, then s,, = —1, and the

expression s; = T; + (2a — 1) - sz, - A; in the formula (6.1.19) takes the form

T, + T
2

e TR (6.021)

2

So, we arrive at the following recommendation.

5.1.6 Solution to the Problem

Formulation of the problem: reminder. We assume that we know the objective
function f(x,u) that characterizes our gain in a situation when the actual values of the
parameters are x = (x1,...,,) and we select an alternative u = (uy, ..., up).

We also assume that for every state x, we know the exact-case optimal decision u°P*(x)
for which the objective function attains its largest possible value.

In a practical situation in which we only know that each value x; is contained in an

max

max) that maximizes the

interval [z;, T;], we need to find the alternative u™** = (u"** ... u

Hurwicz combination of the best-case and worst-case values of the objective function.

Description of the solution. The solution to our problem is to use the exact-case optimal

solution u°P*(s) corresponding to an appropriate state s = (s1,. .., $,).
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Here, for the variables x; for which the objective function is an increasing function of

x;, we should select

si=a-T;+(1—a)- g, (6.1.22)

where « is the optimism-pessimism parameter that characterizes the decision maker.
For the variables z; for which the objective function is a decreasing function of x;, we

should select

si=a-z,+(1—a) 7. (6.1.23)

Comment. Thus, the usual selection of the midpoint s is only interval-case optimal for
decision makers for which o = 0.5; in all other cases, this selection is not interval-case

optimal.

Discussion. Intuitively, the above solution is in good accordance with the Hurwicz crite-

rion:

e when the objective function increases with x;, the best possible situation corresponds
to 7;, and the worst possible situation corresponds to z,; thus, the Hurwicz combina-

tion corresponds to the formula (6.1.22);

e when the objective function decreases with x, the best possible situation corresponds
to z;, and the worst possible situation corresponds to Z;; thus, the Hurwicz combina-

tion corresponds to the formula (6.1.23).

This intuitive understanding is, however, not a proof — Hurwicz formula combines utilities,

not parameter values.
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5.2 What Decision to Make In a Conflict Situation
under Interval Uncertainty: Efficient Algorithms
for the Hurwicz Approach

In this section, we show how to take interval uncertainty into account when solving con-
flict situations. Algorithms for conflict situations under interval uncertainty are known
under the assumption that each side of the conflict maximizes its worst-case expected gain.
However, it is known that a more general Hurwicz approach provides a more adequate de-
scription of decision making under uncertainty. In this approach, each side maximizes the
convex combination of the worst-case and the best-case expected gains. In this section, we
describe how to resolve conflict situations under the general Hurwicz approach to interval
uncertainty.

Results presented in this section first appeared in [40].

5.2.1 Conflict Situations Under Interval Uncertainty: Formula-
tion of the Problem and What Is Known So Far

How conflict situations are usually described. In many practical situations — e.g., in

security — we have conflict situations in which the interests of the two sides are opposite.

For example, a terrorist group wants to attack one of our assets, while we want to defend

them. In game theory, such situations are described by zero-sum games, i.e., games in

which the gain of one side is the loss of another side; see, e.g., [102].

To fully describe such a situation, we need to describe:
e for each possible strategy of one side and
e for each possible strategy of the other side,

what will be the resulting gain to the first side (and, correspondingly, the loss to the other

side). Let us number all the strategies of the first side, and all the strategies of the second
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side, and let w;; be the gain of the first side (negative if this is a loss). Then, the gain of
the second side is v;; = —u;;.

While zero-sum games are a useful approximation, they are not always a perfect descrip-
tion of the situation. For example, the main objective of the terrorists may be publicity.
In this sense, a small attack in the country’s capital may not cause much damage but it
will bring them a lot of media attention, while a more serious attack in a remote location
may be more damaging to the country, but not as media-attractive. To take this difference

into account, we need, for each pair of strategies (i, j), to describe both:
e the gain wu;; of the first side and
e the gain v;; of the second side.

In this general case, we do not necessarily have v;; = —u;; [102].

How to describe this problem in precise terms. It is a well-known fact that in conflict
situations, instead of following one of the deterministic strategies, it is beneficial to select
a strategy at random, with some probability. For example, if we only have one security

person available and two objects to protect, then we have two deterministic strategies:
e post this person at the first objects and
e post him/her at the second object.

If we exactly follow one of these strategies, then the adversary will be able to easily attack
the other — unprotected — object. It is thus more beneficial to every time flip a coin and
assign the security person to one of the objects at random. This way, for each object of
attack, there will be a 50% probability that this object will be defended.

In general, each corresponding strategy of the first side can be described by the proba-
bilities pq, ..., p, of selecting each of the possible strategies, so that

ipi = 1. (6.2.1)
=1
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Similarly, the generic strategy of the second side can be described by the probabilities
q1i, - - -, @m for which

d =1 (6.2.2)
j=1

If the first side selects the strategy p = (p1, ..., p,) and the second side selects the strategy
q=(q1,-..,qm), then the expected gain of the first side is equal to
91(p,q) = Z sz' " U, (6.2.3)
i=1 j=1
while the expected gain of the second side is equal to
92(0.0) =Y > pi- ;- vij. (6.2.4)
i=1 j=1
Based on this, how can we select a strategy? It is reasonable to assume that once
a strategy is selected, the other side knows the corresponding probabilities — simply by
observing the past history. So, if the first side selects the strategy p, the second side should
select a strategy for which, under this strategy of the first side, their gain is the largest
possible, i.e., the strategy ¢(p) for which

92(p,q(p)) = max 92(p, Q) (6.2.5)

In other words,
q(p) = argmax ga(p, q)- (6.2.6)

Under this strategy of the second side, the first side gains the value ¢;(p, ¢(p)). A natural
idea is to select the strategy p for which this gain is the largest possible, i.e., for which

g1(p,q(p)) — max, where g(p) & arg max 92(p, q)- (6.2.7)

Similarly, the second side select a strategy ¢ for which

92(p(q), q) — max, where p(q) < arg max gy (p, q). (6.2.8)
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Towards an algorithm for solving this problem. Once the strategy p of the first
side is selected, the second side selects ¢ for which its expected gain go(p, ¢) is the largest
possible.

The expression go(p, ¢) is linear in terms of ¢;. Thus, for every ¢, the resulting expected

gain is the convex combination

92(p:q) = Y a5 - 42(p) (6.2.9)
j=1
of the gains
def
925(p) = Y i vy (6.2.10)
=1

corresponding to different deterministic strategies of the second side. Thus, the largest
possible gain is attained when ¢ is a deterministic strategy.

The j-th deterministic strategy will be selected by the second side if its gain at this strat-
egy are larger than (or equal to) gains corresponding to all other deterministic strategies,

i.e., under the constraint that

sz‘ Vi 2 sz‘ " Uik (6.2.11)
i=1 i=1
for all k # j.
For strategies p for which the second side selects the j-th response, the gain of the first
side is .
> pi- . (6.2.12)
i=1
Among all strategies p with this “j-property”, we select the one for which the expected
gain of the first side is the largest possible. This can be found by optimizing a linear func-
tion under constraints which are linear inequalities — i.e., by solving a linear programming
problem. It is known that for linear programming problems, there are efficient algorithms;
see, e.g., [49].
In general, we thus have m options corresponding to m different values j = 1,...,m.
Among all these m possibility, the first side should select a strategy for which the expected

gain is the largest possible. Thus, we arrive at the following algorithm.
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An algorithm for solving the problem. For each j from 1 to m, we solve the following

linear programming problem:

Zpgj) - Uw;; — Mmax (6.2.13)
i—1 pl’)
under the constraints
S =1, pP =0, Y p? vy =P vy for all k # . (6.2.14)
i=1 i=1 i=1
Out of the resulting m solutions pt¥) = <p§j), e p%j)>, 1 < j < m, we select the one for

n .
which the corresponding value pgj ). u;; is the largest.
i=1

Comment. Solution is simpler in zero-sum situations, since in this case, we only need to

solve one linear programming problem; see, e.g., [102].

Need for parallelization. For simple conflict situations, when each side has a small
number of strategies, the corresponding problem is easy to solve.

However, in many practical situations, especially in security-related situations, we have
a large number of possible deterministic strategies of each side. This happens, e.g., if we
assign air marshals to different international flights. In this case, the only way to solve the
corresponding problem is to perform at least some computations in parallel.

Good news is that the above problem allows for a natural parallelization: namely, all m
linear programming problems can be, in principle, solved on different processors. (Not so
good news is that this exhausts the possibility of parallelization: once we get to the linear
programming problems, they are P-hard, i.e., provably the hardest to parallelize; see, e.g.,

[99].)

Need to take uncertainty into account. The above description assumed that we know
the exact consequence of each combination of strategies. This is rarely the case. In practice,
we rarely know the exact gains u;; and v;;. At best, we know the bounds on these gains,

i.e., we know:

e the interval [u,;, ;] that contains the actual (unknown) values u;;, and

—1
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e the interval [v;;,7;;] that contains the actual (unknown) values v;;.

ij>
It is therefore necessary to decide what to do in such situations of interval uncertainty.
How interval uncertainty is taken into account now. In the above description of
a conflict situation, we mentioned that when we select the strategy p, we maximize the
worst-case situation, i.e., the smallest possible gain g;(p, ¢) under all possible actions of the
second side. It seems reasonable to apply the same idea to the case of interval uncertainty,
i.e., to maximize the smallest possible gain g (p, ¢) over all possible strategies of the second
side and over all possible values u;; € [u,;, Us)-

For some practically important situations, efficient algorithms for such worst-case for-

mulation have indeed been proposed; see, e.g., [27].

Need for a more adequate formulation of the problem. In the case of adversity, it
makes sense to consider the worst-case scenario: after all the adversary wants to minimize
the gain of the other side.

However, in case of interval uncertainty, using the worst-case scenario may not be the
most adequate idea. The problem of decision making under uncertainty, when for each
alternative a, instead of the exact value wu(a), we only know the interval |[u(a),@(a)] of
possible values of the gain, has been thoroughly analyzed.

It is known that in such situations, the most adequate decision strategy is to select an

alternative a for which the following expression attains the largest possible value:

[o

w(a) o a(a) + (1 - a) - ula), (6.2.5)

where a € [0, 1] describes the decision maker’s attitude; see, e.g., [25, 33, 47]. This expres-
sion was first proposed by the Nobelist Leonid Hurwicz and is thus, known as the Hurwicz
approach to decision making under interval uncertainty.

In the particular case of o = 0, this approach leads to optimizing the worst-case value

u(a), but for other values «, we have different optimization problems.

What we do in this section. In this section, we analyze how to solve conflict situations

under this more adequate Hurwicz approach to decision making under uncertainty.
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In this analysis, we will assume that each side knows the other’s parameter «, i.e.,
that both sides know the values «a,, and «, that characterize their decision making under
uncertainty. This can be safely assumed since we can determine these values by analyzing

past decisions of each side.

5.2.2 Conflict Situation under Hurwicz-Type Interval Uncer-

tainty: Analysis of the Problem

Once the first side selects a strategy, what should the second side do? If the

first side selects the strategy p, then, for each strategy ¢ of the second side, the actual
n m

(unknown) gain of the second side is equal to Y > p; - ¢; - v;j. We do not know the exact

i=1j=1
values v;;, we only know the bounds v < vij <y Thus, once:

e the first side selects the strategy p and

e the second side selects the strategy ¢,

the gain of the second side can take any value from
9,(0:0) =) pi vy (6.2.15)
i=1 j=1

to

%P 0) =D > pi-a; Ty (6.2.16)

i=1 j=1
According to Hurwicz’s approach, the second side should select a strategy ¢ for which

the Hurwicz combination

' p.a) = av Tp.a) + (1 — ) - g,(p,q) (6.2.17)

attains the largest possible value.
Substituting the expressions (6.2.15) and (6.2.16) into the formula (2.3), we conclude
that

n

a0a) =Y pi-g-vl, (6.2.18)

i=1 j=1
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where we denoted

def _
géav-vij+(1—av)-g

v - (6.2.19)

Thus, once the first side selects its strategy p, the second side should select a strategy ¢(p)
for which the corresponding Hurwicz combination g’ (p, ¢) is the largest possible, i.e., the

strategy ¢(p) for which
%' (p4(p)) = max g5’ (p, q). (6.2.20)
In other words,

a(p) = arg max g’ (p, q). (6.2.21)

Based on this, what strategy should the first side select? Under the above strategy
q = q(p) of the second side, the first side gains the value

n m
gi(p,a(p) =D Y i gy - . (6.1.22)
i=1 j=1
Since we do not know the exact values u;;, we only know the bounds w;; < u;; < g, we

therefore do not know the exact gain of the first side. All we know is that this gain will be

between
9,(P.aP) =D pi-a; -y (6.2.23)
i=1 j=1
and
9(pap) =Y pi-a; -y (6.2.24)
i=1 j=1

According to Hurwicz’s approach, the first side should select a strategy p for which the

Hurwicz combination

W (p.q) = o Ta(p,ap) + (1= ) - g, (p.q(p)) (6.2.25)

attains the largest possible value.
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Substituting the expressions (6.2.23) and (6.2.24) into the formula (6.2.25), we conclude
that

g () =Y pigi-ull, (6.2.26)

i=1 j=1
where we denoted

ugdgau-ﬂlj+(l—au)-g

(6.2.27)

ij

What strategy should the second side select? Thus, the first side will select the

strategy p for which this Hurwicz combination is the largest possible, i.e., for which

def
91 (p,q(p)) — max, where ¢(p) = arg mgng (p,q). (6.2.28)

Similarly, the second side select a strategy ¢ for which

def
93 (p(q), q) — max, where p(q) = arg mgng (p,q)- (6.2.29)

We thus reduce the interval-uncertainty problem to the no-uncertainty case.
One can easily see that the resulting optimization problem is exactly the same as in the
no-uncertainty case described in Section 6.2.1, with the gains ufj and vg described by the
formulas (6.2.27) and (6.2.19).

Thus, we can apply the algorithm described in Section 6.2.1 to solve the interval-

uncertainty problem.

5.2.3 Algorithm for Solving Conflict Situation under Hurwicz-
Type Interval Uncertainty

What is given. For every deterministic strategy ¢ of the first side and for every deter-

ministic strategy j of the second side, we are given:

—1

e the interval [u,;,%;;] of the possible values of the gain of the first side, and
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e the interval [v,;, ;] of the possible values of the gain of the second side.

We also know the parameters «,, and «, characterizing decision making of each side under

uncertainty.

Preliminary step: forming appropriate combinations of gain bounds. First, we
compute the values

ul] € oy T+ (11— ) -y (6.2.30)
and

= Y G R R TI (6.2.31)

Main step. For each j from 1 to m, we solve the following linear programming problem:

Zpgj) -ufl — max (6.2.32)
: )
i=1 b;
under the constraints
Zpgj) =1, pz(-j) >0, Zpgj) . vg > Zpgj) vl for all k # j. (6.2.33)
i=1 i=1 i=1

Final step. Out of the resulting m solutions pt¥) = (pgj), e ,pg)>, 1 <5 < m, we select

the one for which the corresponding value
Sp? -l (6.2.34)
i=1

is the largest.

Comment. In view of the fact that in the no-uncertainty case, zero-sum games are easier
to process, let us consider zero-sum games under interval uncertainty. To be more precise,
let us consider situations in which possible values v;; are exactly values —u;; for possible
Uiji

[, 0ij] = {—uwij : wy; € [w;;, U]} (6.2.35)
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One can easily see (see, e.g., [26, 59]) that this condition is equivalent to

Qij = _ﬂij and 61‘]‘ = _Qij‘ (6236)

In this case, we have

vg:av-@j—l—(l—av)-yij

= qay - () + (1 — ) - (=), (6.2.37)

and thus,

H

By comparing this expression with the formula (6.2.30) for u;j, we can conclude that the

resulting game is zero-sum (i.e., v]] = —u,!

= —u;;) only when a, = 1 — .
In all other cases, even if we start with a zero-sum interval-uncertainty game, the no-
uncertainty game to which we reduce that game will not be zero-sum — and thus, the general

algorithm will be needed, without a simplification that is available for zero-sum games.

5.2.4 Conclusion

In this section, we show how to take interval uncertainty into account when solving conflict
situations.

Algorithms for conflict situations under interval uncertainty are known under the as-
sumption that each side of the conflict maximizes its worst-case expected gain. However,
it is known that a more general Hurwicz approach provides a more adequate description
of decision making under uncertainty. In this approach, each side maximizes the convex
combination of the worst-case and the best-case expected gains.

In this section, we describe how to resolve conflict situations under the general Hurwicz

approach to interval uncertainty.
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5.3 Decision Making Under Probabilistic Uncer-
tainty: Why Unexpectedly Positive Experiences
Make Decision Makers More Optimistic

Experiments show that unexpectedly positive experiences make decision makers more op-
timistic. However, there seems to be no convincing explanation for this experimental fact.
In this section, we show that this experimental phenomenon can be naturally explained
within the traditional utility-based decision theory.

Results described in this section first appeared in [79].

5.3.1 Formulation of the Problem

Experimental phenomenon. Experiments show that unexpectedly positive experiences
make decision makers more optimistic. This was first observed on an experiment with rats
[89]: rats like being tickled, and tickled rats became more optimistic. Several later papers
showed that the same phenomenon holds for other decision making situations as well; see,
e.g., [23, 66].

Similarly, decision makers who had an unexpectedly negative experiences became more

pessimistic; see, e.g., [67].

Why: a problem. There seems to be no convincing explanation for this experimental

fact.

What we do in this section. In this section, we show that this experimental phenomenon

can be naturally explained within the traditional utility-based decision theory.

5.3.2 Formulating the Problem in Precise Terms

In precise terms, what does it mean to becomes more optimistic or less opti-

mistic? The traditional utility-based decision theory describes the behavior of a rational
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decision maker in situations in which we know the probabilities of all possible consequences
of each action; see, e.g., [19, 47, 60, 85]. This theory shows that under this rationality as-
sumption, preferences of a decision maker can be described by a special function U(z) called
utility function, so that a rational decision maker selects an alternative a that maximizes
the expected value u(a) of the utility.

In this case, there is no such thing as optimism or pessimism: we just select the alter-
native which we know is the best for us.

The original theory describes the behavior of decision makers in situations in which we
know the probability of each possible consequence of each action. In practice, we often have
only partial information about these probabilities — and sometimes, no information at all.
In such situations, there are several possible probability distributions consistent with our
knowledge. For different distributions, we have, in general, different values of the expected
utility. As a result, for each alternative, instead of the exact value of the expected utility,
we have an interval [u(a),u(a)] of possible values of u(a). How can we make a decision
based on such intervals?

In this case, natural rationality ideas lead to the conclusion that a decision should select

an alternative a for which, for some real number « € [0, 1], the combination
u(a) = a-u(a) + (1 — a) - u(a)

is the largest possible; see, e.g., [33]. This idea was first proposed by the Nobelist Leo
Hurwicz in [25].

The selection of «, however, depends on the person. The value a = 1 means that
the decision maker only takes into account the best possible consequences, and completely
ignores possible less favorable situations. In other words, the values o = 1 corresponds to
complete optimism.

Similarly, the value @ = 0 means that the decision maker only takes into account the
worst possible consequences, and completely ignores possible more favorable situations. In

other words, the value o = 0 corresponds to complete pessimism.
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Intermediate values @ mean that we take into account both positive and negative pos-
sibilities. The larger «, the close this decision maker to complete optimism. The smaller
«, the closer the decision maker to complete pessimism. Because of this, the parameter
a — known as the optimism-pessimism parameter — is a numerical measure of the decision
maker’s optimism.

In these terms:
e becoming more optimistic means that the value « increases, and
e becoming less optimistic means that the value a increases.

Thus, the above experimental fact takes the following precise meaning:

e if a decision maker has unexpectedly positive experiences, then this decision maker’s

« increases;

e if a decision maker has unexpectedly negative experiences, then this decision maker’s

« decreases.

This is the phenomenon that we need to explain.

5.3.3 Towards the Desired Explanation

Optimism-pessimism parameter o can be naturally interpreted as the subjective
probability of positive outcome. The value o means that the decision maker selects
an alternative a for which the value a - u(a) + (1 — ) - u(a) is the largest possible.

Here, the value @(a) corresponds to the positive outcome, and the value u(a) corresponds
to negative outcome.

For simplicity, let us consider the situation when we have only two possible outcomes:
e the positive outcome, with utility @(a), and

e the negative outcome, with utility u(a).
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A traditional approach to decision making, as we have mentioned, assumes that we
know the probabilities of different outcomes. In this case of uncertainty, we do not know
the actual (objective) probabilities, but we can always come up with estimated (subjective)
ones.

Let us denote the subjective probability of the positive outcome by p,. Then, the
subjective probability of the negative outcome is equal to 1 — p,. The expected utility is
equal to p, - u(a) + (1 — pi) - u(a).

This is exactly what we optimize when we use Hurwicz’s approach, with a = p,. Thus,

the value a can be interpreted as the subjective probability of the positive outcome.

A new reformulation of our problem. In these terms, the above experimental phe-

nomenon takes the following form:

e unexpectedly positive experiences increase the subjective probability of a positive

outcome, while

e unexpectedly negative experiences decrease the subjective probability of a positive

outcome.

To explain this phenomenon, let us recall where subjective probabilities come from.

Where subjective probabilities come from? A natural way to estimate the probability
of an event is to consider all situations in which this event could potentially happen, and
then take the frequency of this event — i.e., the ratio n/N of the number of times n when
it happens to the overall number N of cases — as the desired estimate for the subjective
probability. For example, if we flip a coin 10 times and it fell heads 6 times out of 10, we
estimate the probability of the coin falling heads as 6/10.

Let us show that this leads to the desired explanation.

Resulting explanation. Suppose that a decision maker had n positive experiences in the
past N situations. Then, the decision maker’s subjective probability of a positive outcome

is py =n/N.
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Unexpectedly positive experiences means that we have a series of new experiments, in
which the fraction of positive outcomes was higher than the expected frequency p,. In
other words, unexpectedly positive experiences means that n'/N’ > p, where N’ is the
overall number of new experiences, and n’ is the number of those new experiences in which
the outcome turned out to be positive.

How will these new experiences change the decision maker’s subjective probability?

Now, the decision maker has encountered overall N + N’ situations, of which n + n’ were
n+n'

positive. Thus, the new subjective probability p’, is equal to the new ratio p/, = NI N

Here, by definition of p,, we have

n=py N

and, due to unexpected positiveness of new experiences, we have n’ > p, - N'. By adding

this inequality and the previous equality, we conclude that n+n’ > p, - (N + N’), i.e., that

, n+n'
Py = NN > Pt-
In other words, unexpectedly positive experiences increase the subjective probability of a
positive outcome.
As we have mentioned, the subjective probability of the positive outcome is exactly the

optimism-pessimism parameter «. Thus:

e the original subjective probability p, is equal to the original optimism-pessimism

parameter «, and

e the new subjective probability p’, is equal to the new optimism-pessimism parameter

o'

So, the inequality p/, > p; means that o/ > «, i.e., that unexpectedly positive ex-
periences make the decision maker more optimistic. This is exactly what we wanted to

explain.
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Similarly, if we had unexpectedly negative experiences, i.e., if we had n’ < p, - N’ then

we similarly get n 4+ n' < p; - (N + N’) and thus,

,  n+n -
and o' < a. So, we conclude that unexpectedly negative experiences make the decision
maker less optimistic. This is also exactly what we observe. So, we have the desired

explanation.

5.4 Decision Making under General Uncertainty

There exist techniques for decision making under specific types of uncertainty, such as
probabilistic, fuzzy, etc. Each of the corresponding ways of describing uncertainty has its
advantages and limitations. As a result, new techniques for describing uncertainty appear
all the time. Instead of trying to extend the existing decision making idea to each of these
new techniques one by one, we attempt to develop a general approach that would cover all
possible uncertainty techniques.

Results described in this section first appeared in [72].

5.4.1 Formulation of the Problem

Need for decision making under uncertainty. The ultimate goal of science and
engineering is to make decisions, i.e., to select the most appropriate action.

Situations when we have full information about possible consequences of each action
are rare. Usually, there is some uncertainty. It is therefore important to make decisions

under uncertainty.

There are many different techniques for describing uncertainty. There are many
different techniques for describing uncertainty: probabilistic, fuzzy (see, e.g., [28, 62, 109]),

possibilistic, interval-valued or, more generally, type-2 fuzzy (see, e.g., [52, 53]), complex-

201



valued fuzzy [13], etc. For many of these techniques, there are known methods for decision
making under the corresponding uncertainty.

All the current techniques for describing uncertainty have their advantages and their lim-
itations. Because of the known limitations, new — more adequate — techniques for describing
uncertainty appear all the time. For each of these techniques, we need to understand how

to make decisions under the corresponding uncertainty.

A problem that we try to solve in this section. At present, this understanding mostly
comes technique-by-technique. A natural question is: can we develop a general framework
that would allow us to make decision under general uncertainty?

The main objective of this section is to develop such a general formalism.

Towards a precise formulation of the problem. Let us start with a monetary problem.
Suppose that we need to make a financial decision, such as investing a given amount of
money in a certain financial instrument (such as shares or bonds).

If we knew the exact consequences of this action, then we would know exactly how
much money we will have after a certain period of time. This happens, e.g., if we simply
place the given amount in a saving account with a known interest rate.

In most situations, however, we are uncertainty of the possible financial consequences
of this action. In other words, for each investment scheme, there are several possible
consequences, with monetary amounts zi,...,x,. By using an appropriate uncertainty
technique, we can describe our degree of certainty that the ¢-th alternative is possible by

the corresponding value p;. Depending on the formalism for describing uncertainty,
e a value pu; can be a number — e.g., when we use probabilistic or fuzzy uncertainty,
e it can be an interval — when we use interval-valued fuzzy,
e it can be a complex number — if we use complex-valued fuzzy,

e it can be a fuzzy set — if we use type-2 fuzzy techniques, etc.
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For another investment scheme, we can have n’ different possible consequences, with mon-

etary values x/, ..., 2/

' and degrees of certainty g, ..., ul,.

To make a decision, we need to compare this investment, in particular, with situations
like placing money in a saving account, in which we simply get a fixed amount of money

after the same period of time.

e [f this fixed amount of money is too small, then investing in an uncertain financial

instrument is clearly better.

e [f this fixed amount of money is sufficiently large, then getting this fixed amount of

money is clearly better than investing in an uncertain financial instrument.

There should be a threshold value of the fixed amount at which we go from the instrument
being preferable to a fixed amount being preferable. This threshold fixed amount of money
is thus equivalent, to the user, to the investment in an uncertain instrument.

So, for each uncertain investment, in which we get:
e the amount x; with degree of possibility 1,

e the amount xy with degree of possibility us,

e amount x, with degree of possibility i,

we have an equivalent amount of money. We will denote this equivalent amount of money
by f(Z1,. . Ty fi1s -y fhn)-

Our goal is to find out how this equivalent amount of money depends on the values x;
and p;. Once we know the equivalent amount of money corresponding to each uncertain
investment, we will be able to select the best of the possible investments: namely, it is
natural to select the investment for which the corresponding equivalent amount of money

is the largest possible.
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What about non-financial decision making situations? It is known (see, e.g., [19, 47, 60,
85]) that decisions of a rational person can be described as optimizing a certain quantity
called wtility.

Thus, in general, we have the following problem: for each uncertain situation, in which

we get:
e utility xy with degree of possibility 1,

e utility x5 with degree of possibility us,

o utility x,, with degree of possibility i,

we have an equivalent utility value. We will denote this equivalent utility value by
fl@r, oo @y iy ey ).

Our goal is thus to find out how this equivalent utility value depends on the values z;
and p;. Once we know the equivalent utility value corresponding to each possible decision,
we will be able to select the best of the possible decisions: namely, it is natural to select

the decision for which the corresponding equivalent utility value is the largest possible.

Comment. In the following text, to make our thinking as understandable as possible, we
will most talk about financial situations — since it is easier to think about money than

about abstract utilities. However, our reasoning is applicable to utilities as well.

5.4.2 Analysis of the Problem

First reasonable assumption: additivity. We are interested in finding a function
f(z1, .o @, i1, - - - i) Of 2n variables.

Suppose that the money that we get from the investment comes in two consequent
payments. In the i-th alternative, we first get the amount z;, and then — almost immediately

— we also get the amount ;.
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We can consider the resulting investment in two different ways. First, we can simply
ignore the fact that the money comes in two installments, and just take into account that
in each alternative 7, we get the amount x; +v;. This way, the equivalent amount of money

is equal to

@i+ vy, T 4 Yny 1y ooy )

Alternatively, we can treat both installments separately:
e in the first installment, we get x; with uncertainty p;,

e in the second installment, we get y; with uncertainty ;.

Thus:
e the first installment is worth the amount f(z1,..., 2, 1, ..., iy), and
e the second installment is worth the amount f(y1, ..., Yn, 1y -« tn)-

The overall benefit is the sum of the amounts corresponding to both installments. So, in
this way of description, the overall money value of the original investment is equal to the

sum of the money values of the two installments:

f(xlu"'7xn7ﬂl7"'7:u’n)+f(y17"'7yn7,ula"‘)/vbn)'

The equivalent benefit of the investment should not depend on the way we compute it,

so the two estimates should be equal:
f($1 +y17"'7xn+ynhula"'7ﬂn) -

f(xla"'axnmula"'a,un)+f(y17"'7yn7,u17-"7ﬂn)'

Functions satisfying this property are known as additive. Thus, we can say that for each

combination of values ug, ..., u,, the dependence on z, ..., z, is additive.
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Second reasonable assumption: bounds. No matter what happens, we get at least
min z; and at most max x;. Thus, the equivalent benefit of an investment cannot be smaller
7 7

than min z; and cannot be larger than max z;:
7 (2

minz; < f(xy,. .., T, 1, -y fy) < MAX T
(2 (2

What we can conclude form the first two assumptions. It is known (see, e.g., [2])

that every bounded additive function is linear, i.e., that we have

n

f(xlw"axna,ula"'?,un) :ch(,ulav,un)xl

i=1
So, instead of a function of 2n variables, we now have a simpler task for finding n functions

¢i(p1, .., pn) of n variables.

Nothing should depend on the ordering of the alternatives. The ordering of the
alternatives is arbitrary, so nothing should change if we change this ordering. For example,
if we swap the first and the second alternatives, then instead of

Cl(ul,ﬂg,...> T +CQ(M1,M2,...) cTo+ ...

we should have
Copho, p1s - - -) - 1 4 cr(plo, pay - ) - To 4. .

These two expression must coincide, so the coefficients at x; must coincide, and we must

have
colpha, pias - - ) = cr(pn, fia, - - -)-

In general, we should thus have

Ci(:ula ce Mn) = Nl(ﬂiaﬂla e Mi—1y i1y - - 7:“’")'

Thus, the above expression should have the form

f(l’l, e ,i[)n) = ch(,ui,,ul, ey Mi—1y i1y - - ,/.Ln) T
i=1
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Now, the problem is to find a single function ¢ (1, ..., py,) of n variables.

Combining alternatives with the same outcomes. Based on the above formula, the

value ¢y (p1, f2, . . ., ftn) corresponds to f(1,0,...,0), i.e., to a situation when we have:
e the value 1 with degree of possibility puq,

e the value 0 with degree of possibility us,

e the value 0 with degree of possibility f,.

In alternatives 2 through n, we have the same outcome 0, so it makes sense to consider them
as a single alternative. To find the degree of possibility of this combined alternatives, we
need to apply some “or”-operation & to the degrees of possibility pus, ..., u, of individual
alternatives.

For probabilities, this combination operation is simply the sum a & b = a + b, for fuzzy,
it is a t-conorm, etc. In general, the degree of certainty of the combined alternative is equal
to o @®. .. p,. Thus, the equivalent value of this situation is equal to ¢y (g1, o ® ... B fiy)-

So, we have

cr(pin, oy - - oy i) = C1(ptn, 2 @ ... © fin),

and the above expression for the equivalent benefit takes the following form

floy, ... 2) = ch(ﬂmﬂl D i1 D g1 D ... D fin) - Ty
i=1
Now, the problem is to find a single function ¢; (1, p2) of two variables.

Let us simplify this problem even further.

Yet another reasonable requirement. Let us consider a situation in which we have

three alternatives, i.e., in which, we get:

e the amount x; with degree of possibility uq,
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e the amount x, with degree of possibility us, and
e the amount x3 with degree of possibility us.

According to the above formula, for this situation, the equivalent benefit is equal to

cr(pn, p2 @ p3) - w1+ cx(pa, i O pz) - T2 + (s, pa © pa) - 2.
On the other hand, we can consider an auxiliary situation A in which we get:
e the amount x; with degree of possibility p; and
e the amount x5 with the degree of possibility .

This situation is equivalent to the amount

xa = c1(pr, 2) - 1 + 12, p) - T2,

and the degree of possibility of this auxiliary situation can be obtained by applying the
corresponding “or”-operation to the degrees py and o and is thus, equal to pa = 1 & po.
By replacing the first two alternatives in the original 3-alternative situation with the

equivalent alternative, we get the equivalent situation, in which we get:
e the value x4 with degree of possibility u4 and
e the value z3 with degree of possibility pus.
For this equivalent situation, the equivalent amount is equal to
cr(pias p13) - xa + (s, pa) - 3.

Substituting the expressions for x4 and py4 into this formula, we conclude that the equiv-

alent amount is equal to
c1(pr @ pa, pg) - (er(p, o) - 1 4 1 (o, p2) - o) + 1 (ps, 1 ® pio) - 3 =
c1(pn @ pra, p3) - cr(pn, po) - o1 + c1(pn @ pio, p3) - c1(pa, pio) - T2+
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c1(ps, 1 D p2) - 3.

We get two expressions for the same equivalent amount. These expressions must co-
incide. This means, in particular, that the coefficients at x; at both expressions must

coincide, i.e., that we should have

Cl(Ml; M2 B ,u3) = 01(,LL1 D o, ,u3) : 01(M17M2)-

What can we extract from this requirement. Let us consider an auxiliary function
c(a,b) o c1(a,b©a), where bSa is an inverse to @, i.e., the value for which a ® (b&a) = b.

By definition of the new operation ©, we have
b= (a®b)SDh.

Thus, we have

cla,a®b)=ci1((a®b) ©a)=ci(a,b).

In other words, for every a and b, we have
ci(a,b) = cla,a ®b).
Substituting this expression for ¢;(a,b) into the above formula, we conclude that

(1, i1 @ po @ p3) = c(pr © po, p1 © pro O p3) - c1(pn, 1 D pa).

The left-hand side depends only on two values x dof w1 and z def (1 D us @ 3, and does not

depend on the value y o 1 D g

c(x,z) = ey, 2) - c(z,y).

Thus, if we fix some value 1y, we conclude that

c(x,2) = g(2) - h(x),
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where we denoted g(z) o c(yo, z) and h(z) o c(x,yo)-

Describing ¢ (a,b) in terms of the auxiliary function ¢(a,b), we can transform the ex-

pression for the equivalent monetary value to

n

ZC(Miaﬂl@---@Mn)'%’-

i=1
Substituting the expression c(z,z) = g(z) - h(z) into this formula, we conclude that the

equivalent monetary value takes the form
Z h(pi) - g - @i,
i=1

where we denoted g o gl B ... D ).
For the case when z; = 25 = ... = z,,, the boundedness requirement implies that the

equivalent value is equal to x;. Thus, we have
T = Zh(,ui) cg -
i=1

Dividing both sides by x1, we conclude that

and hence, that

S hu)

=1

So, the equivalent monetary value is equal to the following expression:

h(pi) -

1

n
1=

S i)

i=1

So, now we are down to a single unknown function h(u).
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5.4.3 Conclusions

General conclusion. We need to decide between several actions. For each action, we
know the possible outcomes x4, ..., x,, and for each of these possible outcomes i, we know
the degree of possibility pu; of this outcome. The above analysis shows that the benefit of

each action can then be described by the following formula
2 h(pi) - i

1
n J

2 hlpi)

i=1

1

for an appropriate function A(pu).

How can we find the function h(u)? If we have two alternatives with the same outcome

r1 = T9, then we can:

e cither treat them separately, leading to the terms
h(p) - g @ pa @ - .) - an + hipe) - g S pe & ..) -1 + ...

e or treat them as a single alternative x1, with degree of possibility i @ uso, thus leading

to the term

h(pn @ p2) - g @ pa @ ...) - 1.
These two expressions must coincide, so we must have
h(pa @ p2) = hipa) + h(pz).

Let us show, on two specific cases, what this leads to.

Probabilistic case. In this case, the values y; are probabilities, and as we have mentioned,

we have 1 @ ps = pq + p2. So, the above condition takes the form

h(pa + p2) = h(pa) + h(pe).

Thus, in the probabilistic case, the function h(p) must be additive.
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The higher probability, the more importance should be given to the corresponding
alternative, so the function h(u) should be monotonic. It is known (see, e.g., [2]) that
every monotonic additive function is linear, so we must have h(u) = ¢- u for some constant

. Thus, the above formula for the equivalent amount takes the form
n
D C i T
i=1

;C'Mi

For probabilities, > pu; = 1. So, dividing both the numerator and the denominator by e,
i=1
we conclude that the equivalent benefit has the form

n
Z Mg - Ty
i=1
This is exactly the formula for the expected utility that appears when we consider the

decision of rational agents under probabilistic uncertainty [19, 47, 60, 85].

Fuzzy case. In the fuzzy case, a @ b is a t-conorm. It is known (see, e.g., [61]) that every
t-conorm can be approximated, with arbitrary accuracy, by an Archimedean t-conorm, i.e.,
by a function of the type G~*(G(a) + G(b)), where G(a) is a strictly increasing continuous
function and G~! denotes the inverse function. Thus, from the practical viewpoint, we can

safely assume that the actual t-conorm operation a @ b is Archimedean:
a®b=G (G(a) +G(D)).
In this case, the condition a @ b = ¢ is equivalent to
G(a) + G(b) = G(c).

The requirement that
h(pn @ p2) = h(pa) + h(pe)
means that if a @ b = ¢, then

h(a) + h(b) = h(c).
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In other words, if G(a) + G(b) = G(c), then
h(a) + h(b) = h(c).

If we denote A ¥ G(a), B € G(b), and C ¥ h(c), then a = G-1(A), b = G-Y(B),
¢ = G7YC), and the above requirement takes the following form: if A+ B = C, then

WG (A) + h(GH(B)) = h(GTH(C)).

So, for the auxiliary function H(A) o h(G7*(A)), we have A + B = c¢ implying that
H(C) = H(A) + H(B), i.e., that H(A+ B) = H(A) + H(B). The function H(A) is
monotonic and additive, hence H(A) = k - A for some constant k.
So, H(A) = h(G'(A)) = k - A. Substituting A = G(a) into this formula, we conclude
that
h(G7(G(a)) = h(a) = k- G(a).

Thus, in the fuzzy case, the equivalent monetary value of each action is equal to
n
>k Glw) - i
i=1

Zk  Gl)

Dividing both the numerator and the denominator by the constant k, we get the final

formula
n

;G(Ui) )

z G(1:)

where G(a) is a “generating” function of the t-conorm, i.e., a function for which the t-

Y

conorm has the form

GY(G(a) + G(b)).

Fuzzy case: example. For example, for the algebraic sum t-conorm

adb=a+b—a-b,
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we have

l—a®db=(1—-a) - (1-0)

and thus,
—In(1—a®b)=(—In(l —a)) + (—In(1 — b)),

so we have G(a) = —In(1 — a).
Thus, the formula for the equivalent amount takes the form

zn:lln(l — i) x;
i In(1 — 1)

=1
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Chapter 6

Conclusions

In many practical application, we process measurement results and expert estimates. Mea-
surements and expert estimates are never absolutely accurate, their results are slightly
different from the actual (unknown) values of the corresponding quantities. It is therefore
desirable to analyze how this measurement and estimation inaccuracy affects the results of
data processing.

There exist numerous methods for estimating the accuracy of the results of data pro-
cessing under different models of measurement and estimation inaccuracies: probabilistic,

interval, and fuzzy. To be useful in engineering applications, these methods:
e should provide accurate estimate for the resulting uncertainty,
e should not take too much computation time,
e should be understandable to engineers, and
e should be sufficiently general to cover all kinds of uncertainty.

In this dissertation, on several case studies, we show how we can achieve these four

objectives:

e We show that we can get more accurate estimates by properly taking model inaccu-

racy into account.

e We show that we can speed up computations by processing different types of uncer-

tainty differently.

o We show that we can make uncertainty-estimating algorithms more understandable.
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e We also analyze how general uncertainty-estimating algorithms can be.

We also analyze how to make decisions under different types of uncertainty.
We apply the corresponding algorithms to practical engineering problems, in particular,

to the inverse problem in geosciences and to the problem of pavement compaction.
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