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Intervals is All We Need: An Argument

Masao Mukaidono!, Yeung Yam?, and Vladik Kreinovich?

Abstract— In many practical applications
of fuzzy methodology, it is desirable to go be-
yond the interval [0,1] and to consider more
general fuzzy values: e.g., intervals, or more
general sets of values. In this paper, we
show that under some reasonable assump-
tions, there is no need to go beyond intervals.

I. INTRODUCTION

The ultimate goal of using fuzzy logic is to make
decisions. It is therefore desirable to be able, given
an alternative A, to decide whether A is preferable,
or its negation —A is preferable, or whether A and
—A are equivalent to each other.

This possibility is there if we use real numbers to
describe uncertainty: indeed, in this case, both the
degree of belief a in A and —a = 1—a in = A are real
numbers, and for every two real numbers, either the
first is larger, or the second is larger, or they are
equal to each other.

In some applications, it is desirable to use not only
real numbers but also subintervals of the interval
[0.1] to describe uncertainty; see, e.g., [1, 2, 3, 4, 5]
and references therein. For intervals, the fact
that we can always compare A and —A is a lit-
tle bit less trivial but still true: Indeed, if we
use intervals as degrees of belief, with the relation
[a=,a™] < [b7,b7] if and only if a= > b~ and
at™ > bt and —[a",a"] = [1 —a*,1 — a~], then
[a™,at] > —[a”,a™] if and only if a= > 1 —a* and
at > 1 —a~. Both inequalities are equivalent to
a” +at > 1. Similarly, [a—,a™] < =[a,a™] if and
only if a= + a™ < 1. So, the result of comparing A
and ~A depends on the comparison between a~ +a®
and 1:

e ifa” +at > 1, we have A > —A4;
e ifa™ +at <1, we have A < = A4;
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e ifa” +at =1, we have A ~ —A4;

Thus, for subintervals of the interval [0, 1], we can
always decide whether A is better than —A, or —=A
is better than A, or A and —A are of equal quality.

As we have mentioned, it is sometimes desirable
to go from a linearly ordered set [0,1] to a more
general partially ordered set V' of truth values. Of
course, the set of intervals is, by itself, not linearly
ordered. However, we may go one step further,
and consider intervals over intervals, etc. A nat-
ural question is: if this further step necessary? Will
the property of comparison between A and = A hold
for intervals over intervals? Or, even more gener-
ally, for what sets V' will the similar property hold
for “intervals” in V7 In this paper, we show that if
we want to preserve the comparison property, then
there is no need to go beyond intervals: Intervals is
all we need.

II. DEFINITIONS AND THE MAIN RESULT

We want to consider “intervals” over arbitrary sets
V. How can we define such intervals I? The set I
describes possible values of degree of truth. There-
fore, a natural requirement on I is that if two values
a < b are possible, i.e., if for some statement S, it
is possible that the actual degree of belief in S is
a, and it is also possible that the actual degree of
belief in S is larger (and equal to b), then all inter-
mediate values ¢ (i.e., values for which a < ¢ < b)
are possible as well. Thus, we arrive at the following
definitions:

Definition 1. By a set of values, we mean an or-
dered set V with an operation - : V. — V which
satisfies the following two properties:

e —a > b if and only if a < b, and
e —(—a) = a for all a.

Definition 2. Let V be a set of values. By an
interval I C'V we mean a subset of V' which has the
following property: for every a, b, and ¢, ifa < ¢ < b,
a€l,andbel, thencel.

Standard intervals are a particular case of this defi-
nition:



Definition 3. By a proper interval, we mean a set
[a,b] = {v]|a < v < b} for some a > b.
Proposition 1. If a < b, then every proper interval
is an interval (in the sense of Definition 2).

For linearly ordered sets of values, this definition
leads exactly to intervals; to be more precise, it leads
to intervals with endpoints in limit points which are
not necessarily in V' (e.g., for rational numbers we
may get the set of all rational numbers from 0 to
V?2):

Definition 4. Let V be a linearly ordered set. For
each point v € V', we define

Q () ={weV|w < v}

By a limit point, we mean a set (Q which contains,
with each point v, all smaller points. For conve-
nience, we will associate each point v with a limit
point Q~(v). If @ and @' are two limit points, we
say that Q < Q' if Q C Q'. The set of all limit
points will be denoted by V*.

It is easy to check that for elements from V,
Q (v) < Q@ (w) if and only if v < w, i.e., that
the order on the set V* of all limit points extends
the original order on V. It is also known that for
real numbers, every limit point is either equal to
(—o00,a), or to (—oo,al, or to (—oo, 00).
Proposition 2. If the set of values V is linearly
ordered, then:

e every interval I (in the sense of Definition 2)
has the form {v|a < v < b} for some limit
points a,b € V*, and

e for every two limit points a,b € V*, the set
{v|a < v < b} is an interval (in the sense of
Definition 2).

How do we compare two intervals? Since both sets
I and J represent possible sets of degrees in belief
in some statement A and B, the meaning of I > J
is as follows:

e whatever possible value a € I we take, it is
possible that it is larger than (or equal to) the
degree of belief in B, i.e., a > b for some value
be J;

e similarly, whatever possible value b € J we
take, it is possible that it is smaller than (or
equal to) the degree of belief in B, i.e., a > b
for some value a € I.

So, we arrive at the following definition:

Definition 5. Let I and J be intervals. We say
that I > J if and only if Ya,ecr3bpes (a > b) and
VbyesIaser (a > b).

For proper intervals, this relation coincides with the
standard one:

Proposition 3. For proper intervals A = [a™,a™)]
and B=1[b",b%], A< B if and only if a~ < b~ and
at <bt.

Negation for intervals is defined element-wise:
Definition 6. For every interval I, its negation —I
is defined as I = {-w|v € T}.

For proper intervals, this operation coincides with
the standard one:

Proposition 4. For a proper interval A = [a™,a™],
-A= [—|a+, —wf].

Now, we are ready to formulate the main result of
this paper:

Definition 7. We say that an element a € V is a
midpoint if a = —-a. We say that a set V is almost
linearly ordered if for every two elements a,b € V
which are not midpoints, a < b or b < a.

In other words, an almost linearly ordered set is a
linearly ordered set in which, instead of a single ele-
ment a with a = —a, we may have several elements
with this same property; these elements may be un-
related to each other or to other elements from V',
but all other elements are linearly ordered.

To give an example of an almost linearly ordered
set, we can take an interval [0,1] and replace the
point 0.5 by many points a = (0.5, z) for all of which
a = —a, so that a < (0.5,2) < B forall « < 0.5 < 3,
and (0.5,z) || (0.5,y) for x # y (where a || b means
a£band b £ a).

Theorem 1. For every set of values V', the follow-
ing two conditions are equivalent to each other:

o The set'V is almost linearly ordered.

e For every interval A, either A > —A, or
—-A>A.

In other words, if we want to be always able to com-
pare A with —A, then the underlying set V' should
be almost linearly ordered.

III. FIRST AUXILIARY RESULT: PAIRS OK,
TRIPLES NOT

In particular, we should not have intervals over in-
tervals (i.e., quadruples). It turns out that we can-
not even consider triples:

Definition 8. Let V be a set of values. By the
corresponding set of triples, we mean the set Vs
of all triples (v1,v2,v3) with vi < vy < w3 with
a component-wise order (vi,v2,v3) < (v],vh,v5)
if and only if vi < v}, va < vh, and vy < v,
and the component-wise negation —(vy,ve,v3) =
(_I’Ug,_l’l)2,_l’l)1),

Proposition 5. Let V be a linearly ordered set of
values with at least four elements. Then, there exist
a triple A € Vs for which neither A < —A nor - A <
A.



IV. SEcOND AUXILIARY RESULT: IN OUR
ProOF, WE NEED ALL INTERVALS, NOT
ONLY PROPER ONES

The following counterexample shows that to con-
clude that the set is almost linearly ordered, we must
require the above property for all intervals A, not
just for all proper intervals:

Proposition 6. There exists a set of values V
which is not almost linearly ordered, and for which

for every proper interval A, either A < —A, or
-A<A.

V. THIRD AUXILIARY RESULT: WE WANT
Logic To BE A LATTICE

There is another reason for V' to be linearly ordered:
normally, we consider lattices, i.e., ordered sets with
operations V and A (corresponding to logical “or”
and “and”), with the properties that a V a = a,
aVb>a,aNb<a, etc. These lattice operations
are easy to generalize to intervals: if we do not know
the exact degree of belief a in a statement S, we only
know the set A of possible values of degree, and we
also know the set B of possible values of degree of
belief b in some other statement 7', then, naturally,
we want to define the set of possible degrees of belief
in SV T as the set AV B of all possible values a Vb
with a € A and b € B. It is natural to expect that
these intervals should also form a lattice. It turns
out that this is only true for linearly ordered sets V:

Definition 9.

e By a logic, we mean a set of values V' with two
lattice operations V and A.

o LetV be alogic. For every two intervals A, B C
V', we define AVB ={aVb|la€ A,bc B} and
ANB={aAb|la€ A,be B}.

Proposition 7. Let V be a logic. If the set of
intervals over V. forms a lattice, then V is linearly
ordered.

It turns out that V is linearly ordered even if we
simply require that the logical combination of two
intervals be an interval:

Definition 10. A logic is called continuous if for
every a < b, there exists ac € V for whicha < ¢ < b.

Proposition 8. Let V be a continuous logic for
which, for every two intervals A and B, the sets
AV B and AN B are also intervals. Then, V is
linearly ordered.

VI. PROOFS

Proof of Theorem 1. If the set V is linearly or-
dered, then every interval A in the sense of Defi-

nition 2 is an interval in a usual sense. For such
intervals, [a™,a™] < [b7,b"] in the sense of Defini-
tion 4 if and only if a= < b~ and a™ < b*, and
=[a™,a™] = [~a*,—a~]. Therefore, A = [a™,a™] <
-A = [-aT,~-a"] if and only if a= < -at and
at < =a~. Due to Definition 1, these two inequali-
ties are equivalent. Therefore, if a~ < =a*, we have
at™ < =a” and A < =A. Similarly, if a= > —a™,
then A > —A. Since V is linearly ordered, we either
have a= < —at (and A < —=A), or a= > —a* (and
A > -A).

Similarly, one can prove that the same is true for
almost linearly ordered sets V. The first part of the
theorem is proven.

To complete the proof of the theorem, let us now
assume that for every interval A over a set V, we
have either A < =4 or =4 < A. From this assump-
tion, we want to conclude that the original set V'
is almost linearly ordered, i.e., if a || b, then either
a = —a, or b= —b.

Let us first consider the one-point (degenerate)
interval A = {a}. For this interval, the above prop-
erty of V' means that either a < —a or a > —a. Sim-
ilarly, we can conclude that either b < = or =b < b.
So, to prove that either a = —a or b = —b, we must
therefore exclude the following four possibilities:

e a < —a and b > —b;
e a < —aand b < b
e a > —a and b > —b;
e a > —a and b < —b.

Let us show that in the first case (¢ < —a and
b > —b), we get a contradiction. Indeed, let us now
consider the set A = {a,b} (it is easy to see that
since a || b, this set is also an interval). For this set,
either A < -4 or -4 < A.

o If A = {a,b} < —-A = {-b,—a}, this means,
in particular, that for b € A, there exists an
element ¢ € = A for which b < ¢. Since b > —b,
we cannot have ¢ = —b and therefore, ¢ = —a
and b < —a.

e Similarly, if A = {a,b} > —=A = {-b,—~a}, this
means, in particular, that for a € A, there ex-
ists an element ¢ € —A for which a > ¢. Since
a < —a, we cannot have ¢ = —a and therefore,
¢ =-band a > —b.

So, either b < —a or a < —b.

To be able to exclude these possibilities, let us
show that if a || b, then a || =b. We will prove
this by reduction to a contradiction. If a |f b, this
means that either a < —b or -b < a.

e In the first case a < —b, a proper interval A =
[a,—b] is an interval and therefore, either A <
—-Aor —A < A.



— If A =[a,~b] < A = [b,—a], then, due
to Proposition 4, we have a < b, which
contradicts to the assumption that a || b.

— If A =[a,—b] > =A = [b, —al, then, due to
Proposition 4, we have a > b, which also
contradicts to the assumption that a || b.

So, this case is impossible.
e The second case =b < a is similarly impossible.

In both cases, we get a contradiction and therefore,
a || —b.

So, if a || b, we cannot have a < —a and b > —b.
If @ < —a and b < —b, then we can take b’ = —b.
As we have just proven, a || b implies a || b’, and
for the new elements a and b', we have a < —a
and b > —b'. We have already shown that this is
impossible. Similarly, we can show that the cases
(a > —a and b > —b) and (a > —a and b < —b) are
also impossible. The theorem is proven.

Proof of Proposition 5. Let us first show that
in a linearly ordered set V', there is at most one
midpoint element m, i.e., at most one element m
with m = —-m. Indeed, if n # m, then either n < m
and then -n > -m = m > n, or n > m and then
—-n < —m =m < n. In both cases, n # —-n.

Since a set V' can only have one midpoint, and
the set V has at least four elements, it must have an
element n which is not a midpoint. If -n < n, then
we can take n' = —n and get n’ < —-n’. Therefore,
without losing generality, we can assume that n <
M.

Since the set V has at least four elements, it must
have at least one element p in addition to the (two
or) three elements n, —n, and maybe m. Since
p # m, this p cannot be a midpoint and therefore,
p # —p. Similarly to the above case, without losing
generality, we can assume that p < —p.

Now, we have two different points n and p for
which n < —n and p < —p. Since n # p and the set
V' is linearly ordered, we have n < porn > p. If
n > p, then we can switch n and p and therefore,
without losing generality, we can assume that n < p.
So, we have n < p < -p < —m. Let us now take
A = (n,—p,—p). Then, —-A = (p,p,—n). Here, n <
p and —p > p, so we cannot have neither A < =4
nor = A < A. The proposition is proven.

Proof of Proposition 6. Let us take, as V, the set
of all pairs (a,s), where a € [0,1] and s € {—,+},
with the order (ai,s1) < (a2,s2) if and only if
s1 = s9 and a; < as. Then, every proper interval
A is an interval within one of the linearly ordered
components [0,1] x {—} or [0,1] x {+}, and there-
fore, A < =4 or =A < A. On the other hand, we
have (a;,—) || (a2,+) for any a; and a» and there-
fore, the set V' is not almost linearly ordered. The

proposition is proven.

Proof of Propositions 7 and 8. We will prove
these proposition by reduction to a contradiction.
Let V' be not linearly ordered. This means that
there exist a,b € V for which a || b. Then, A =
{a, b} is an interval. For this interval,

AVA={aVa=a,aVbbVb=b}

By definition of a lattice, a Vb > a and a V b > b.
Since a || b, we cannot have a V b = b, because else,
b>a. Thus,aVb>aand aVb>b.

In the proof of Proposition 7, we now conclude
that a Vb # a, aV b # b, and therefore, AV A # A,
which contradicts to our assumption that the set of
all intervals is a lattice. This contradiction proves
that a || b is impossible and hence, the set V is
linearly ordered. The proposition is proven.

In the proof of Proposition 8, we conclude that
due to continuity of the logic V', there exists an in-
termediate value ¢ such that a Vb > ¢ > b. Since
c & AV A, this contradicts to our assumption that
the set AV A is an interval. This contradiction
proves that a || b is impossible and hence, the set
V is linearly ordered. The proposition is proven.
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