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                                           ABSTRACT 

Endohedral fullerenes, which represent a novel family of carbon nanostructures, are 

fullerene cages with atoms, ions or clusters trapped in their cavities. The encapsulated 

molecule or cluster can determine the properties of the fullerenes as charge transfer 

often occurs from endohedral unit to the outer cage leading to high stability. Endohedral 

fullerenes hold a lot of fascinating properties with potential applications in biomedicine, 

molecular electronics and photonics etc. In this work, novel endohedral fullerenes 

containing transition metal oxide cubane cluster are studied for possible magnetic 

properties. The motivation is to examine whether the encapsulation can lead to 

stabilized transition metal clusters with high magnetic anisotropy energy. The electronic 

and magnetic properties of Co4O4@C70, Co4O4@C76, Co4O4@C78, Co4O4@C80, 

Mn4O4@C70, Mn4O4@C76, Mn4O4@C78 and Mn4O4@C80 are calculated using density 

functional theory.  The magnetic anisotropy energy of these endohedral fullerenes is 

calculated using a perturbative approach for including the spin-orbit interaction. 

   The density functional theory calculations employ approximations to the exchange-

correlation functional, which are not free from self-interaction.  The self-interaction leads 

to delocalized d-orbitals and can lead to incorrect spin states in some systems. We test 

the recently developed self-interaction correction scheme based on Fermi-Lowdin 

orbitals. The final motivation is to apply the scheme to transition metal based systems.  

In this proposal we present the preliminary work done using the Fermi-orbital based 

scheme to closed-shell atoms. In future, this work will be extended to transition metal 

oxide clusters. 
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CHAPTER 1 
 

                                           INTRODUCTION 
 
Scientific work can be divided into two parts: one is experimental, in which two elements 

of experiment are equipment and operation and the other is theoretical. Experimental 

research may consume a lot of monetary resources and the operation demands human 

beings to face potentially dangerous materials. Also, some hypothesis cannot be 

directly tested experimentally. So computational method can be the good replacement 

being safe and inexpensive.  

Numerous computational methods were developed along with the development 

of the modern computers. In computational physics, based on Newtonian mechanics, 

there is a molecular dynamics method used to study large molecules like proteins. 

Other methods are constructed on quantum mechanics which are useful to the study of 

electronic structure and properties of the molecules. Density functional theory (DFT) 

formalism is our main theme here. If we wish to study the electronic structure and the 

properties of an interacting system such as electrons in a molecule or solid, we have to 

consider many electron wave function i.e. 𝜓(𝑟1,⃗⃗⃗⃗ 𝑟2⃗⃗  ⃗, …… 𝑟𝑁⃗⃗⃗⃗ ) , 𝑟𝑖⃗⃗  , which denotes the 

electrons’ co-ordinate and spins [1]. We underline the structure and properties of 

specific materials rather than universal properties of all, and here, total energy and its 

component is important. Currently the most popular method is DFT in quantum physics 

and chemistry, hence we focus on DFT in this thesis.  

 

With the combination of low computational cost and accurate results, DFT is one 

of the most useful and promising approach in quantum physics to study the large and 
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complex molecular system. DFT has established itself a leading method to study the 

magnetic and electronic properties of molecules. It faces some problems in some 

applications caused by approximate exchange correlation functional and electron self-

interaction introduced by approximate density functional [2]. 

Using the approximate functional in exchange correlation part results self-

interaction error (SIE). SIE is the residual interaction of an electron with itself. SIE 

comes from the self-interaction in the exchange part and the coulomb part cannot 

cancel each other exactly.  

 Since this work highly discusses about fullerene, the major composition of this 
research, it is highly important to go over its introduction. 
 

1.1 Discovery of fullerene 
 

For the first time, Fullerenes were discovered in September 1985 [3]. The number of 

carbon atoms ranged from 20 to hundreds in fullerene. C20 is the smallest fullerene. 

Fullerenes are hollow closed carbon cages which consist of hexagons and pentagons 

that has three-fold co-ordination. We need exactly 12 pentagons to make the fullerene 

closed. Hence, C20 is the smallest fullerene cage possible as it is composed of exactly 

12 pentagons. To make bigger cages, we can increase the number of carbon atoms 

with different pentagonal and hexagonal arrangements. The Bucky ball, which has 60 

carbon atoms, is the most popular one named after Buckminster Fuller. This fullerene 

was first observed by the group of scientists, Richard Smalley, Robert Curl and Harry 

Korto, at Rice University, Houston and they were awarded with Nobel prize in 1996 for 

their novel discovery. The first fullerene discovered was C60. Total number of isomers of 

C60 is 1812 with different arrangements of pentagons and hexagons, in which one has 
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icosahedral symmetry. Fullerene is further hybridized into exohedral and endohedral. 

However, this thesis focuses on the endohedral fullerene. 

1.2 Endohedral fullerene 

Immediately after the discovery of fullerene in 1985, scientists proposed that 

fullerene can encapsulate some atoms, molecules, ions or clusters inside it because of 

its completely closed cage nature.  

Endohedral metallo-fullerene are an interesting class of fullerenes because the charge 

transfer can occur from encaged unit to the carbon cage and this dramatically alters the 

properties of the fullerenes [4].  

The first metallo-fullerene was presented by the joint research group from Sussex 

University-Rice University in 1985. They concluded that lanthanium atom can be 

encaged within the fullerene. It was the first discovery of concept of Endohedral metallo-

fullerene. They first tried with Fe and failed to encapsulate. The encapsulated unit plays 

important role for the electronic and magnetic properties of the endohedral fullerene. 

Depending upon the endohedral unit, endohedral fullerene can be differentiated as non-

metal doped fullerene, metallo-fullerene and molecular endo-fullerene. Endohedral 

fullerene has a wide application as a contrast agent in MRI in biomedicine, magnetic 

memory in electronics and various other forms in many research fields depending on 

the unit inside it. 

With the presence of metallic species and also the strong interaction of endohedral 

unit with the fullerene, the electronic properties and the structures differs explicitly with 

those of fullerene only. Due to this unique chemical properties, research on it has 

expanded vastly encompassing various fields. 
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An important feature of endohedral fullerene is the electron transfer from inside 

clusters to the cage, which produces novel structure, properties and potential use of 

these hybrid molecules. The number of electron transfer from metal to cage differ 

depending upon the cluster properties.  

1.3 Mechanism of endohedral fullerene 

Usually the production mechanism of endohedral fullerene through two methods 

experimentally, they are 

1. Ion bombardment method: 

  With this mechanism small atoms or ions such as H+, He may directly 

penetrate through pentagonal or hexagonal rings of fullerene and stay inside the 

fullerene cage to form endohedral structure but for large atoms or ions the five or 

six membered rings is too small to pass inside.  

2. Arc discharge method: 

In this method, the arc is discharge by using vaporizing graphite/metal 

composite rods in helium atoms. This is a widely used method for the production 

of metallo-fullerene. 

Since the goal of this research is to make magnetic material using metal oxides as 

an endohedral unit, it is crucial to discuss the idea of magnetism. 

1.4 Magnetism 

In our daily lives magnetic materials plays an important role. Magnetism was first 

discovered by ancient Greeks and used by the Chinese to make a “south pointing” 

compass. Some applications of magnetic materials include frictionless bearings, 

medical devices, magnetic separators, loudspeakers, microphones, sensors, switches, 
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storage devices, generators and motors. The widespread commercial possibility of 

magnetic materials has driven research in this particular area. 

Traditional magnetic materials are composed of two or three dimensional arrays of 

inorganic atoms, transition metals that contains spin magnetic moments. To produce 

this kind of material we use metallurgical methodologies in very high temperatures. 

The transition metals are the elements of periodic table which have a partially 

occupied d orbital by electrons. 

 

Fig. 1. The d orbitals of transition elements are at the origin of the magnetic, conducting 

and optical properties of those elements. 

 

1.5 Classes of magnetic materials 

The best way to present the different types of magnetism is to define how the 

materials respond to magnetic fields. All matter is magnetic some are much more 

magnetic than others. 

The magnetic behavior of materials can be classified into the five major groups: 

1. Diamagnetism 

2. Paramagnetism 

3. Ferromagnetism 
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4. Anti-ferromagnetism 

5. Ferrimagnetism 

Diamagnetism is based on the interaction in between magnetic fields and the 

electrons. All materials are diamagnetic because all material contains electrons [5]. 

Diamagnetic substances are those substances which are feebly repelled by a 

magnet. Diamagnetic materials create an induced magnetic field in a direction opposite 

to an externally applied magnetic field and they are repelled. There are no permanent 

dipoles in diamagnetic materials. Some properties of diamagnetic materials are 

- when diamagnetic materials brought near the pole of a strong magnet it 

experiences a repelling force. 

- the magnetic susceptibility 𝜒 of these materials is always negative. 

- the relative permeability 𝜇𝑟 is always less than one. 

- in the absence of external magnetic field, the net magnetic dipole moment is 

zero. 

- Examples: Bismuth, Copper, Lead, Zinc etc. 

Using one of the five major classes of magnetism, we can describe the magnetic 

behavior of material. These classes are described according to how the adjacent 

magnetic moments would interact with each other at absolute zero. 

Interaction for all four classes are shown below in the figure.  
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   Fig 2. The alignment of magnetic moments for all four classes of magnetism at absolute zero. 

For paramagnets, no adjacent alignment is observed. Ferromagnets show 

parallel alignment of adjacent magnetic moments. Anti-ferromagnets show antiparallel 

alignment and the Ferrimagnets exhibit antiparallel alignment and are composed of two 

magnetic spins of different strength. 

Paramagnetic substances are those which are feebly attracted by a magnet. It 

results from the presence of atoms that have permanent magnetic moments. 

Paramagnetic materials exhibit magnetism when the external magnetic field is applied 

and tend to line up with the field. The basic need for paramagnetism in solid is some 

degree of isolation in the individual magnetic dipole moments.  

In ferromagnetic material, parallel alignment of adjacent magnetic spins which 

results in a large net magnetic moment even in the absence of magnetic field. The 

magnetic moments in these materials exhibit very strong interaction with applied fields. 

Two distinct features of ferromagnetic materials are: 

- Spontaneous magnetization 

- Magnetic ordering temperature i.e. Curie temperature 

Below the curie temperature, the ferromagnet is ordered and above it, 

disordered. 
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In antiferromagnetic materials, magnetic spins alignment are anti-parallel that 

results in a material with no net magnetic moment. Anti-ferromagnetically alignment is 

analogous to the process of bonding and thus, is favorable. Anti-ferromagnetism is the 

most commonly found bulk magnetic behavior. 

In ferromagnetic materials, the adjacent magnetic spins have an antiparallel 

alignment with different magnitudes. The resulting material shows net magnetic moment 

in the absence of an applied magnetic field. Ferrimagnetism is a special case of anti-

ferromagnetism since the material consists of an alternating spins of different 

magnitudes.  

So, magnetic material has a memory effect that is very useful for constructing 

memory devices. Here, we are going to investigate the magnetic material that can be 

used for magnetic storage devices and has many other applications. The magnetic 

material discussed above carries an anisotropy energy which is calculated for the 

potentiality of making storage devices. 

1.6 Magnetic anisotropy energy 

Magnetic anisotropy energy (MAE) is the energy required to change the magnetic 

moments from easy to hard direction inside a crystal. Magnetic material takes a 

stronger field to magnetize in a specific direction compared to other materials. To get a 

magnetic saturation, depending upon the orientation of the field with respect to the 

crystal lattice, one would need a different magnetic field strength. This leads to the two 

types of axis in the crystal, easy axis and the hard axis, due to the interaction of the spin 

magnetic moment with the crystal lattice [13]. 
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Directionally specific energy is known as the anisotropy energy, hence 

"directionally dependent". Magneto-crystalline anisotropy is the most common form of 

anisotropy energy [13,14].  

Likewise, directional dependence magnetic anisotropy is the material's magnetic 

properties [14]. The magnetic moment of magnetically anisotropic materials will tend to 

align with an "easy axis", which is an energetically favorable direction of Spontaneous 

magnetization. The two opposite directions along an easy axis are usually equivalent, 

and the actual direction of magnetization can be along either of them. 

 

To have a hysteresis in ferromagnets, magnetic anisotropy is a pre-requisite, 

otherwise it is supermagnetic. 

The main cause of anisotropy energy is the spin orbit coupling. In quantum mechanics, 

the spin orbit coupling is an interaction of a particle’s spin with its motion. 

 

The electron has orbital angular momentum l and has a spin s. There is a 

magnetic moment associated with each angular momentum i.e. spin magnetic moment 

𝜇𝑠 and orbital magnetic moment 𝜇𝑙. Interaction between 𝜇𝑠 and 𝜇𝑙 is the spin orbit 

coupling. 

 

𝜇𝑙=𝐼×𝐴 

 

Where I is the current and A is the area of orbit. 

We know that time period of the orbital motion of electron is, 
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𝑇 =
2𝜋

𝑤
 

Also  

                                                                                       𝐼 = −
𝑒

𝑇
  

Substituting T in above equation, we will get 

𝜇𝑙 = −
𝑒𝑤

2𝜋
𝜋𝑟2 

And we know angular momentum is defined as, 

|𝑙| = ⌊𝑟 × 𝑝| 

we know, 𝑃 = 𝑚𝑣 

 

                              𝑣 = 𝑤𝑟 

 

|𝑙| = 𝑚𝑤𝑟2 

 

                              Fig 3. Orbital Motion of electron. 

Finally, 

𝜇𝑙 = −
𝑒

2𝑚
𝑙  
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                                           fig 4. spin-orbit interaction 

1.5.1 Magnetic moment 

In an external magnetic field, magnet will experience the torque. The magnetic 

moment of a magnet is a quantity that determines the torque. It is considered to be a 

vector quantity having a magnitude and direction. Most precisely, it is a system’s 

magnetic dipole moment. The mathematical relationship is given by, 

𝜏 = 𝜇 × 𝐵 

Where 𝜏 is the torque, 𝜇 is the magnetic moment and B is the external magnetic field. 

 

1.5.2 Calculation of magnetic anisotropy energy 

I already mentioned that the cause of magnetic anisotropy primarily originates 

from spin orbit coupling and in the order of micro-hartree. Considering electron is not 

spinless and moving with velocity v, the interaction is written as, 

𝑈(𝑟, 𝑝, 𝑠) = −
1

2𝑐2
 𝑆. 𝑃 × ∇𝜑(𝑟) 
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Where, p is the momentum operator and 𝜑𝑟 is the coulomb potential. 

For the numerical solution of Schrödinger equation, we have to determine the spin-orbit   

coupling matrix element of the form [15]. 

 

𝑈𝐽,𝜎,𝑘,𝜎′ = ⟨𝑓𝑗𝜒𝜎|𝑈(𝑟, 𝑝, 𝑠)|𝑓𝑘𝜒𝜎′⟩ 

= ∑
1

𝑖
⟨𝑓𝑗|𝑉𝑥|𝑓𝑘⟩

𝑥

⟨𝜒𝜎|𝑆𝑥|𝜒𝜎′⟩ 

 

The calculation of magnetic anisotropy energy was conducted with density functional 

theory implemented in Naval Research Laboratory Molecular Orbital Library (NRLMOL) 

code. The density functional theory and methodology for MAE calculation is further 

discussed in next chapter. 
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                                                     CHAPTER  2 

                                        THEORY AND METHODOLOGY 

2.1 Density functional theory 

Density functional theory is one of the most successful method to investigate the 

electronic structure and properties of the matter. It is computational quantum method 

used to examine the electronic structure of atoms, molecules and also complex 

systems. It has become very useful and popular among the computational field due to 

its efficiency and considered to be more accurate to predict the electronic structure, 

potentials, vibrational frequencies, ionization energies, binding energy, band structures 

of solids, polarizability of dielectric materials, anisotropy energy of magnetic materials, 

and so on. Hohenberg-Kohn theorem and Kohn sham equations are the main 

fundamental concept of density functional theory [1,2]. 

 

According to quantum mechanics, the primary goal of it is to find the wave 

function that contains all the information of the system. Once we know the wave 

function of the system it is easy to study the system’s properties. The Schrödinger 

equation for single electron acted upon an external potential V(r) takes the form, 

⌈
−ℏ2

2𝑚
∇2 + 𝑣(𝒓)⌉Ψ(𝒓) = 𝐸Ψ(𝒓) 

where, the first term is the kinetic energy, second term is the potential energy and E is 

the energy eigenvalue. 
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The fundamental aspect of density functional theory is to find the ground state 

properties of the system by using ground state electron density. 

 

If we know the ground state electron density we can predict all the properties of 

the system. We can write the electron density as, 

 𝜌 (𝒓𝟏) = ∫ 𝜓
∗ (𝑟1,𝑟2,......𝑟𝑁), 𝜓 (𝑟1,𝑟2,......𝑟𝑁)𝑑𝑟2 𝑑𝑟3 .........𝑑𝑟𝑁  

In quantum mechanics, system’s wave-function contains all the information. With 

the help of that, we can calculate the expectation values of operator. The binding of 

electrons appears in atoms, molecules, clusters and so on because of nuclear-electron 

interaction. The potential energy V(r) acting on the electron is the effect of nucleus or 

nuclei on the system.  

For N electron system, we can write the Schrodinger equation as 

[∑ [
−ℏ2

2𝑚 
∇𝑖

2 + 𝑣(𝑟𝑖)]
𝑁
𝑖 + ∑ 𝑈(𝑟𝑖𝑖<𝑗 , 𝑟𝑗)]𝜓(𝑟1𝑟2 … . . 𝑟𝑁) = 𝐸𝜓(𝑟1𝑟2 ……𝑟𝑁)  

properties of the system including the energy E, can be expressed as functionals of the 

electron density i. e. they are determined by a knowledge of the density alone. 

The exact energy functional for DFT: 

𝐸𝐷𝐹𝑇 = 𝑇𝑠[𝑛] + 𝑈𝑐𝑜𝑙[𝑛] + 𝑈𝑒𝑥𝑡[𝑛] + 𝐸𝑥𝑐[𝑛] 

To solve the Schrodinger equations for N electron system, there are numerous 

powerful method like perturbation theory and configuration interaction method, but they 

are less efficient for large and complex system. Though DFT is less precise, it gives 

practical alternatives for the case where we need to analyze the properties of a large 

system. DFT tells us that for all the non-relativistic coulomb systems differ only in their 
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external potential i.e. v(r) and gives the way how to deal with the operators 𝑇̂ (kinetic 

energy operator) and 𝑈̂ (Potential energy operator). 

2.2.1 Some problem in DFT  

If we can find the exact exchange-correlation functional, we can say DFT is exact 

but the exact functional is not available. Due to the approximate functional in DFT, there 

are some problems. 

The orbital energy calculations of DFT are somewhat useless caused by wrong 

asymptotic behavior of the approximate functional. Orbital energies are not able to 

reflects real physical quantities such as ionization energy. Due to the interaction of 

electron with itself, also called self-interaction introduced by functional, DFT produce 

wrong results when we applied to the open shell systems [2]. There will be more or less 

self-interaction error in those exchange-correlation functional. 

2.2.2 The Hohenberg-Kohn theorems 

  Basics of density functional theory are the two Hohenberg-Kohn theorems.  The 

first states that “the external potential 𝑉𝑒𝑥𝑡(r) is a unique functional of 𝜌(r); since in turn 

external potential fixes Hamiltonian. We see that the full many particles ground state is 

a unique functional of 𝜌(r)”. With this theory we can write the ground state electronic 

energy as [2, 8]. 

                                               𝐸0[𝜌0] = 𝑇[𝜌0] + 𝐸𝑒𝑒[𝜌0] + 𝐸𝑁𝑒[𝜌0]   

In the above expression the first term is kinetic energy, second term is the 

potential energy due to electron-electron interaction and the last term is the potential 

energy due to coulomb interaction between electrons and nucleus. 
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In the second theorem it proves the variational principle held for electronic ground 

states; “The functional that delivers the ground state energy of the system, delivers the 

lowest energy if and only if the input density is the ground state density”. With this for an 

N-electron system, 

𝐸0 ≤ 𝐸[𝜌] = 𝑇[𝜌] + 𝐸𝑁𝑒[𝜌] + 𝐸𝑒𝑒[𝜌] 

Where, 𝜌 is any trial density. DFT is now also applied to the study of excited state not 

only the ground state. 

2.3 Kohn-Sham equation 

Kohn-Sham reformulated the system in such a way that the interacting electrons 

system is replaced by non-interacting fictitious particle system i.e. each particle 

experiences an average potential due to all the other electrons. In the exchange 

correlation functional, all the interaction, like correlation and exchange between the 

particles, are included. Kinetic energy can be expressed in terms of orbitals. The set of 

equations leads to the variational process known as Kohn-Sham equations. The ground 

state charge density for a system of non-interacting particle is, 

𝑛(𝑟) = 2∑|𝜓𝑖

𝑖

(𝑟)|2 

Where 𝜓𝑖(r) is the kohn-sham orbital, which are the solution of the Schrodinger 

equations. 

 

−ℏ2∇2

2𝑚
+ 𝑉𝑘𝑠(𝑟) =∈𝑖 𝜓𝑖(𝑟) 

or we can write 
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[
−ℏ2

2𝑚
∇2 + 𝑣(𝑟) + 𝑣𝐻(𝑟) + 𝑣𝑋𝐶(𝑟)]𝜓𝑖(𝑟) = 𝜖𝑖𝜓𝑖(𝑟) 

The KS orbital must obey certain constraint. 

To get the density, KS introduce an orbital like equation, 

                           [−
ℏ2

2𝑚
∇2 − ∑ 𝑍𝐴𝐴

𝑒2

|𝑟−𝑅𝐴|
+ 𝑒2 ∫ 𝜌(𝑟′)

1

|𝑟−𝑟′|
𝑑𝑟′ + 𝑈𝑥𝑐(𝑟)]𝜓𝑖 = ℰ𝑖𝜓𝑖  

The first term of the equation is the kinetic energy, second term is the nucleus electron 

interaction and the third and fourth term being the coulomb potential and exchange 

correlation potential respectively. Implementation of Kohn-Sham procedure is to, first, 

choose a basis functions and write a molecular orbital as a linear combination of the 

basis functions times the coefficients i.e., 

𝜓𝑗 = ∑𝐶𝑗𝑖

𝑖

𝑥𝑖 

Where 𝐶𝑗𝑖 are the coefficients and   𝑥𝑖 are the basis functions. To get the electron 

density we need to sum up all the orbital densities of occupied orbitals. 

𝜌 = ∑ 𝑛𝑗|

𝑗=𝑜𝑐𝑐

𝜓𝑖(𝑟)|2 

we use this density to find the potential. Once we know the effective potential we can 

solve the KS equations. This process is continuing till the convergence is reached. 

We have the KS energy expression, 

𝐸[𝜌] = ∑ ⟨𝜑𝑖|−
ℏ2

2𝑚 ∇2|𝜑𝑖⟩

𝑗=𝑜𝑐𝑐

+ ∫𝜌(𝑟)𝑉(𝑟)𝑑3𝑟 +
𝑒2

2
∫𝜌(𝑟′)𝜌(𝑟)

1

|𝑟 − 𝑟′|
𝑑3𝑟′𝑑3𝑟 + 𝐸𝑥𝑐[𝜌] 

The exact functional form of exchange correlation energy is not known and hence 

various approximations to this functional exists.  
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From the above discussion, we are trapped with the problem of how to define the 

exchange correlation function. In this DFT calculation, GGA (generalized gradient 

approximation) is used, which has all the information from both local electron density 

and local density gradient. There are numerous GGA functions; among all, here we 

used Perdew-Burke-Ernzerhof (PBE) functional implemented in the parallel NRLMOL 

code [9]. 

2.4 Variational principle 

In quantum mechanics, variational principle is one of the method for finding 

approximations to the lowest energy eigenstate or ground state, and also some excited 

states. This allows the calculation of approximate wave functions such as molecular 

orbitals. The root for this is the variation theorem [10]. 

This theorem explains that the expectation value of the energy for any trial wave 

function is equal to or greater than the ground state energy. This result gives a very 

powerful means of obtaining an upper bound to the exact ground state energy [5]. 

A widely useful approximation method is the variational method. This method is 

the basis of quantum chemistry, Hartree-Fock theory, density functional theory and 

variational quantum Monte Carlo [11].  

The basic idea of this method is to guess a trial wave-function, which consists of 

some adjustable variational parameters. These parameters are adjusted till the energy 

of the trial wave-function is decreased. The resulting trial wave-function and its 

corresponding energy are variational method approximations to the exact wave-function 

and energy [11,12]. 
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We can prove this easily. Let the trial wave-function be denoted by Φ. We can 

magnify the trial wave-function as a linear combination of the exact eigen-functions, 

which is denoted by 𝜓𝑖. In practice, we don't know the 𝜓𝑖 since we're supposing that 

we're employing the variational method to a problem which we can't solve analytically. 

The trial wave-function can be written as 

Φ = ∑𝑐𝑖

𝑖

𝜓𝑖 

And the energy analogous with this wave-function is given by 

𝐸[Φ] =
∫Φ∗𝐻̂Φ

∫Φ∗ Φ
 

In an exact wave-function substitute the expansion we will get, 

𝐸[Φ] =
∑ 𝑐𝑖

∗𝑐𝑗 ∫𝜓𝑖
∗𝐻̂𝑖𝑗 𝜓𝑗

∑ 𝑐𝑖
∗𝑐𝑗𝑖𝑗 ∫𝜓𝑖

∗𝜓𝑗

 

we know the Eigen-function of Hermitian operator form an orthonormal set. 

5.6 Computational method  

All electron theoretical calculations were carried out within the density functional 

formalism. Our density functional based computations were implemented with the all-

electron Gaussian-Orbital based Naval Research Laboratory Molecular Orbital Library 

(NRLMOL) program using PBE GGA to describe the exchange correlation effects.  
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                    CHAPTER 3 

   SELF-INTERACTION METHODS  

3.1 Self-Interaction Correction 

In this chapter self-interaction correction for the atomic system will be given. 

SIE is the one error that come from the construction of most approximate exchange-

correlation functional, which comes from the interaction of electron with itself. 

Precise knowledge of electronic properties is necessary for the application of 

microelectronic devices. To calculate these properties density functional theory has 

been established as an extremely useful method. Although the density functional theory 

in principle is exact, the exchange-correlation energy is unknown and therefore needs to 

be approximated. Among all the approximations most are semi-local approximations 

that assumes that at a given point the exchange-correlation energy only depends on the 

density and the derivatives of the density. The use of approximate exchange-correlation 

functional results in self-interaction error (SIE), which arises from the fact that the self-

coulomb is not exactly canceled out by the self-exchange term and some residual self-

interaction remains [16]. The self-interaction error does not arise in the Hartree-Fock 

theory where the exchange term is calculated exactly. The presence of SIE results in a 

number of problems in predicted properties such as band gap, lattice constant, 

dissociation curve, reaction barriers, fragment charges, charge transfer excited states, 

Rydberg states, d-state and f-state localization etc. [2,15]. 

The self-interaction problem in DFT was pointed out by Perdew and Zunger in a 

seminal paper published in 1981. The self-interaction correction (SIC) suggested by 
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Perdew and Zunger handled the problem by presenting orbital dependent correction to 

the XC energy functional as: 

𝐸𝑋𝐶
𝑆𝐼𝐶[𝑛↑, 𝑛↓] = 𝐸𝑋𝐶[𝑛↑, 𝑛↓] − ∑∑{𝑈[𝑛𝑖𝜎] + 𝐸𝑋𝐶[𝑛𝑖𝜎

𝑁𝜎

𝑖𝜎

, 0] 

 

where 𝐸𝑋𝐶 is the exchange-correlation energy of a system containing n up and n down 

electrons, U is the coulomb energy, 𝜎 is the spin index and 𝑁𝜎 is the number of 

occupied orbitals. The self-interaction corrected total energy of the system is 

𝐸𝑆𝐼𝐶−𝐷𝐹𝑇 = 𝐸𝐷𝐹𝑇[𝜌↑, 𝜌↓] − ∑{𝑈[𝑛 ∑∑{𝑈[𝑛𝑖𝜎] + 𝐸𝑋𝐶[𝑛𝑖𝜎

𝑁𝜎

𝑖𝜎

, 0]}𝐹 [𝜌𝜎

𝑖𝜎

 

 

Perdew and Zunger used this approach for calculations on atoms using atomic 

orbitals. However, any straight-forward similar applications using Kohn-Sham orbitals in 

larger systems such as molecules, solids, 1-and 2-dimensional periodic systems 

becomes complicated due to the size consistency problem. In an extended system the 

Kohn-Sham orbitals becomes more and more extended as the system size increases. 

Thus, the SIC correction to energy, which will be non-zero in an isolated atom, will 

become vanishingly small per atom in an extended system. To achieve the size 

consistency, the correction term is orbital dependent and as a result the total energy is 

not invariant under unitary transformation within the occupied orbital space. Thus the 

Kohn-Sham orbitals cannot be used for calculation of SIC in a multi-atom system and 

localized orbitals need to be used. It was demonstrated by Harrison, Heaton and Lin 

that wannier functions in solids, which are localized functions constructed from Bloch 

functions, yield self-interaction corrections of same magnitude as in atoms. Pederson et. 
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Al. [16] showed that the local orbitals that minimize the self-interaction corrected energy 

need to satisfy the equation 

⟨𝜙𝑖𝜎|𝑉𝑖𝜎
𝑆𝐼𝐶 − 𝑉𝑗𝜎

𝑆𝐼𝐶|𝜙𝑗𝜎⟩ = 0 

 

also known as localization equation, apart from the eigenvalue equations 

{𝐻0𝜎 + 𝑉𝑖𝜎
𝑆𝐼𝐶}|𝜙𝑖𝜎⟩ = ∑𝜆𝑖𝑗

𝜎

𝑗

|𝜙𝑗𝜎⟩ 

Due to the additional pairwise localization equations, the self-interaction 

correction calculations tend to be slow and therefore are not widely used. The initial 

applications were on small molecules that showed promising results [17]. 

The local orbitals can be obtained from a unitary transformations of the occupied 

orbitals. The localized orbitals should also be the set that minimizes the total energy. 

The advantage in using fermi orbitals is that they are dependent on a quantity which is 

unitary invariant – density matrix. A Fermi orbital is just the ratio of one particle spin 

density matrix to the square root of spin density: 

 

𝐹𝑖(𝑟) =
𝜌(𝑎𝑖, 𝑟)

√𝜌(𝑎𝑖)
 

 

 

𝐹𝑖(𝑟) =
∑ 𝜓𝛼𝜎

∗ (𝑎𝑖𝜎)𝜓𝛼𝜎(𝑟)𝛼

√{∑ |𝜓𝛼𝜎(𝑎𝑖𝜎)|2𝛼 }
= ∑𝐹𝑖𝛼

𝜎 𝜓𝛼𝜎(𝑟)

𝛼

 

 

Here 𝑎𝑖𝜎 are called the Fermi orbital descriptors. 

The fermi orbitals are normalized, span the same space of the Kohn-Sham wave-

functions but they are not orthogonal to each other by construction. In the applications 
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they are orthogonalized by following the Lowden’s orthogonalization scheme. In the 

applications, the first step to find the descriptor positions which will generate 𝑁𝜎 linearly 

independent local orbitals. The set of FOs are then Lowden orthogonalized. The third 

step is to minimize the energy as a function of the FOD is achieved by calculating the 

“forces” on the FODs from the equations: 

𝑑𝐸𝑆𝐼𝐶

𝑑𝑎𝑚
= ∑𝜆𝑘𝑙

𝑘

𝑘𝑙

{⟨
𝑑𝜋𝑘

𝑑𝑎𝑚
|𝜙1⟩ − ⟨

𝑑𝜙1

𝑑𝑎𝑚
|𝜙𝑘⟩} ≡ ∑𝜆𝑘𝑙

𝑘

𝑘𝑙

Δ𝑙𝑘,𝑚 

The FOD positions are updated using a conjugate-gradient scheme till the forces are 

smaller than a predetermined threshold. 

The optimization of FODs is however, a non-trivial task. The initial guess of the 

FODs need to be made judiciously. To elucidate how the FODs changes depending on 

the exchange-correlation, we have carried out initial calculations on a few close shell 

atoms. These results are described in the chapter 4. 

𝐸𝑋𝐶
𝑆𝐼𝐶[𝑛↑, 𝑛↓] = 𝐸𝑋𝐶[𝑛↑, 𝑛↓] − ∑∑{𝑈[𝑛𝑖𝜎] + 𝐸𝑋𝐶[𝑛𝑖𝜎

𝑁𝜎

𝑖𝜎

, 0] 

Where 𝜎 is the spin index and 𝑁𝜎 is the number of occupied orbital. 
 
Perdew and Zunger expression for a spin-polarized system is, 
 

𝐸𝑆𝐼𝐶−𝐷𝐹𝑇 = 𝐹𝑎𝑝𝑝𝑟𝑜𝑥[𝜌↑, 𝜌↓] − ∑𝐹𝑎𝑝𝑝𝑟𝑜𝑥[𝜌𝑖𝜎

𝑖𝜎

, 0] 

 

𝜌𝜎(𝑟) = ∑⌈𝜙𝑖𝜎(𝑟)]
2

𝑖

= ∑⌊𝜓𝛼𝜎

𝛼

(𝑟)⌉2 

 

Localized orbitals is given by,  𝜌𝑖𝜎(𝑟) = ⌈𝜙𝑖𝜎(𝑟)⌉2. 
 
Here is the alternative two step procedure for minimization of energy to solve for the 
localized orbitals must satisfy: 

{𝐻0𝜎 + 𝑉𝑖𝜎
𝑆𝐼𝐶}|𝜙𝑖𝜎⟩ = ∑𝜆𝑖𝑗

𝜎

𝑗

|𝜙𝑗𝜎⟩ 
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⟨𝜙𝑖𝜎|𝑉𝑖𝜎
𝑆𝐼𝐶 − 𝑉𝑗𝜎

𝑆𝐼𝐶|𝜙𝑗𝜎⟩ = 0 

 
To avoid solving the localization equation and rebuild unitary invariance, 

localized orbitals can be derived from the fermi orbitals which is classically electronic 
position. However, determined from the density matrix [18]. 
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         CHAPTER 4 
 
RESULTS AND DICCUSSION 
 

 
Carbons form planar graphene sheet in which the orbitals are in sp2 hybridization 

forming covalent bonds with three nearest neighbors. The graphene sheet is made up 

of hexagons.  By adding pentagons to the sheet curvature in the sheet can be 

introduced. To form a closed carbon cage, according to Euler theorem, we need exactly 

12 pentagons with hexagonal rings. Fullerenes are carbon cages that are formed by 

exactly 12 pentagons mixing with different number of hexagons given by the Euler’s 

theorem.   

The discovery of C60 marked an important step in the advances of nano-

materials. Soon after the discovery, it was proposed that C60, which has a diameter of 

7.1 𝐴0, can encapsulate atoms or small molecules. Early experiments identified various 

atoms entrapped inside the C60 under different experimental condition and methods. 

Later on, a host of endohedral fullerenes of various carbon cage sizes was discovered. 

The endohedral carbon fullerenes are found to encapsulate various units some of which 

are not even stable when isolated. For example, the Sc3N@C80 molecule is the third 

most abundant carbon fullerene but the Sc3N unit or the C80 itself are not stable when 

isolated.  The endohedral fullerenes offer the possibility of developing functional 

materials for targeted applications through encapsulation.  

  In this project, we are exploring the possibility of designing magnetic molecules 

through exploring possibilities for the endohedral unit. For the magnetic endohedral unit 

we have chosen units of type Mn4O4 where Mn is a transition metal. The Mn4O4 cluster 

is usually forms a cubane structure which has been found in single magnetic molecules 
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such as Mn12O12-acetate, Ni4O4 single molecule magnets, Co4O4-hmp magnetic 

molecule. Another consideration is that there is charge transfer between the endohedral 

unit and the carbon cage which stabilizes the whole complex. Typically, in the magnetic 

molecules there is covalent bonds formed between the cubane core and the outer 

ligands. The outer organic ligands are typically large and the intermolecular interactions 

are small. The magnetic molecules form molecular crystals.  In the fullerene molecules 

the carbon cages are large enough to encapsulate the cubane unit. This work is 

exploratory in nature and our goals are to calculate the spin magnetic moment and the 

magnetic anisotropy energies of such molecules.  

 We have chosen two cubane units, Mn4O4 and Co4O4, as the endohedral unit.  The 

carbon cages we have chosen are C70, C76, C78, and C80.  Out of the four cages studied 

here, only the C80 is not stable as a pure carbon cage. The C70 cage has an oval 

shaped structure with D5h symmetry that follows the IPR rule. However, the isomer of 

the cage in Sc3N@C70 is a non-IPR cage.  We have chosen the isomer 7960 which is 

the non-IPR cage in Sc3N@C70, for encapsulating the Mn4O4 unit.  The C76 carbon 

fullerene has D2 symmetry in its isolated structure which follows the IPR rule. However, 

endohedral DySc2N@C76 has the Cs symmetry.  The charge transfer from the 

endohedral unit plays a significant role on the cage structure. The extra charges on the 

cages mostly reside on the pentalene units which are formed by fusion of two 

pentagons. The C78 fullerene cage has three stable isomers – one with D3 symmetry 

and two with C2v symmetry.  The encapsulation of the Sc3N@C78 is seen however in a 

D3h cage, which is an IPR structure. The C80 cage has 7 isomers that follows the IPR 

rule.  The endohedral Sc3N@C80 is the most abundant endohedral cluster and can exist 
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in Ih and D5h symmetry for cage.  While selecting the cage structures for encapsulation, 

we used the cages of the fullerenes in the endohedral form. Therefore, we chose the 

isomers 7960 for C70, 17490 for C76, 22010 for C78, and isomer 31924 for C80 for 

encapsulation. Here is the table for total number of isomers for each carbon cage. 

            Table:  Cages and number of isomers for each cage 

System Number of isomers Number of IPR 

C70 8149 1 

C76 19151 2 

C78 24109 5 

C80 31924 7 

 

 In choosing 31924 isomer for C80, we first choose 300 lowest energy isomer and 

generate 900 different isomer by rotating endohedral unit. We optimized all of them at 

PM6 level. We took 10 lowest energy isomer for calculation in DFT level, we found that 

the lowest energy isomer was 31924. 

  We have also generated 7 number of isomers for each of the endohedral 

fullerenes studied here by rotating the endohedral unit about three mutually 

perpendicular axes by 120 degrees which led to a total number of 28 isomers for a 

given complex.  The complexes are then optimized at the DFT level and their magnetic 

anisotropy energy is calculated as mentioned in Chapter 2. The optimized structures of 

the lowest energy isomers of each cluster in the ferromagnetic state are shown in Fig. 

4.1. 
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           Fig. 4.1. Optimized structures of magnetic endohedral fullerenes. 

Co4O4 cluster: 

                                                

 

The structure of the isolated Co4O4 cluster is tetrahedral with the Co and O 

atoms forming inverted tetrahedral.  The Co atoms in this cluster are in +2 charge state 

Fig. 4.2   The Co4O4 cluster optimized at the PBE-GGA level. The oxygen and Co atoms are 

shown in red and pink, respectively.  
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with a magnetic moment of 3 𝜇𝐵 per Co atom in a ferromagnetic structure leading to a 

S=6 spin state for the whole cluster.  The O-O average distance is 3.05 Ao and the Co-

Co distance is 2.39 Ao which shows that the two tetrahedral are of different sizes. The 

Co-O distances are 1.95 Ao. The second order magnetic anisotropy energy is however 

small (0.7K) in this cluster with high symmetry. 

   

Co4O4@C70   

We have optimized 7 isomers in the ferromagnetic state first, generated through 

rotation of the Co4O4 unit along 3 perpendicular directions by 120o. The difference in the 

energies of the optimized fullerenes shows that the rotation of the unit is not free inside 

the C70 cage.  In the lowest energy ferromagnetic structure we note that the Co atoms 

are located on top of the hexagons.  The Co-C distances, where C atom are from the 

hexagons near to the Co atom range from 2.13 – 2.93 Ang. The Co atoms form a 

tetrahedral which is similar to what was earlier found for Co4O4 cubane core 

experimentally (Christou). Bond length in between Co and Co is 2.49 angstrom and O-O 

is 2.83. The distance between Co and O is 1.8 angstrom. 
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   Fig 4.3 HOMO-LUMO plot for the system Co4O4@C70 

The HOMO-LUMO gap of the Co4O4@C70 system is 0.11 eV which is small. The 

density of states plot and the plot of the frontier orbitals show the delocalization of these 

orbitals over both the cage and the endohedral unit.  The Co d-orbitals are also shown 

the DOS plot.  
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Fig 4.4 Density of States plot for the system Co4O4@C70 

            The lowest energy ferromagnetic isomer has a magnetic moment of 4𝜇𝐵. 

Considering the nearly identical coordination of all the four Co atoms, it points to a +4 

charge state of the Co atoms. Similar conclusions were also reached by Hadt et al. from 

X-ray absorption spectra of Co4O4 cubane (doi.10.1021/jacs.604663). The magnetic 

anisotropy energy of this complex is small at 9 K and shows a tri-axial magnetic system.  

The lowest ferromagnetic state isomer was further studied in an anti-

ferromagnetic (AFM) spin ordering. There are 4 Co atoms in the cluster so 7 

antiferromagnetic spin ordering is possible which is shown in table below.  We find that 

the anti-ferromagnetic structure, when optimized, reached the same ferromagnetic 
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solution. One of the Co atom has spin charge 2 around it whereas the other three has 

small spin charge. The spin charge is spread over the whole Co4O4 unit and also over 

the nearest carbons. 

 

Table 4.1 Data for the system Co4O4@C70 

System(FM) H-L gap 

(eV) 

M.M. 

(𝜇𝐵) 

M.A.E. 

(K) 

Energy 

(Hartree) 

Co4O4@C70 0.11 4 9 -8496.24796 

 

Anti-ferromagnetic calculation: 

Calculation Energy 

(Hartree) 

                     Spin 

AFM1 -8496.240275 ↑↓↓↓ 

AFM2 -8496.240275 ↓↑↓↓ 

AFM3 -8496.240218 ↓↓↑↓ 

AFM4 -8496.240275 ↓↓↓↑ 

AFM5 -8496.240275 ↑↑↓↓ 

AFM6 -8496.240275 ↑↓↑↓ 

AFM7 -8496.240275 ↑↓↓↑ 
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Co4O4@C76 

   We have chosen the C76 cage of isomer 17490 with Cs symmetry for 

encapsulation. Following the procedure described above we have generated 7 isomers 

for optimization. We have found two ferromagnetic isomers within an energy separation 

of 0.007 eV which shows that there are degenerate in energy. However, the complex 

structures are different and the spin states are also different. In one the structures, the 

spin magnetic moment is 2 𝜇𝐵. In this complex the Co-Co bonds are more stretched up 

to 3.05 compared to the C70 complex and the O-O bonds are 2.4 Angstrom long. In the 

7 isomers generated by rotation we note that the magnetic moments have optimized to 

a range of values from 2 -10 𝜇𝐵.  Since the lowest energy structures differ only in the 

spin state, we refer to them as 2  𝜇𝐵 and 4 𝜇𝐵 structures.  In the 2 𝜇𝐵 structure, two of 

the Co atoms cap two hexagonal faces, one caps a pentagonal face and the fourth one 

is on top of a carbon shared by three hexagons.  The density of states of this complex is 

shown in Fig. 4.5.  The DOS near the Fermi level is dominated by the Co d orbitals with 

some contributions from the carbon p orbitals on the C76. The orbital densities of the 

frontier orbitals are shown in Fig. 4.6. This complex has a HOMO-LUMO gap of 0.26 eV 

and the second order magnetic anisotropy energy is 40K.  
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             Fig, 4.5.  The density of states of the ferromagnetic structure with S=1.  
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Fig. 4.6. The orbital densities of the HOMO, HOMO-1, LUMO, LUMO+1 of the 

ferromagnetic lowest energy structure with S=1. 

    There are 7 AFM spin ordering possible for any of the isomers. We have optimized 7 

anti-ferromagnetically ordered states for the lowest energy 2 𝜇𝐵 complex. We label the 

complexes as shown in the table and find the lowest energy anti-ferromagnetic structure 

is the true ground state of the complex. This complex has one Co spin ordered opposite 

to the other ones. The Co-Co distances range from 2.8 to 3.06 angstron. where the 

tetrahedral symmetry of the isolated Co4O4 is lost. The O-O distances range from 2.34 

to 2.47 angstron. The HOMO-LUMO gap in this complex is 0.177 eV and the magnetic 

anisotropy energy is 17.6 K. 

                                 Table 4.2 Data for the System Co4O4@C76 
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System(Ferromagnetic) H-L gap 

(eV) 

M.M. 

(𝜇𝐵) 

M.A.E. 

(K) 

Co-Co 

(𝐴0) 

Energy 

(Hartree) 

Co4O4@C76 (S=1) 0.260 2 40 3.05 -8724.79934 

 

Calculation Energy (Hartree)                  Spin   

ordering 

M. M. 

(𝜇𝐵) 

Ferromagnetic  S=1 -8724.79934         2 

Ferromagnetic S=2 -8724.817079  4 

AFM1  -8724.806178 ↑↓↓↓ 2 

AFM2 -8724.808357 ↓↑↓↓ 4 

AFM3 -8724.808301 ↓↓↑↓ 4 

AFM4 -8724.743843 ↓↓↓↑ 4 

AFM5 -8724.792759 ↑↑↓↓ 4 

AFM6 -8724.806050 ↑↓↑↓ 4 

AFM7 -8724.808145 ↑↓↓↑ 4 

 

System (AFM2) H-L gap 

(eV) 

M.M. 

(𝜇𝐵) 

M.A.E. 

(K) 

Energy 

(Hartree) 

Co4O4@C76  0.177 4 17.01 -8724.808357 

 

Co4O4@C78  

The C78 cage has 5 isomers that follow the isolated pentagon rule. Out of these 

five two isomers have C2v symmetry, another two have D3h symmetry and one has D3 
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symmetry. The Sc3N encapsulating C78 cage is found to have the isomer number 24109 

with D3h symmetry. However, later on it was found that with relatively large Y3N and 

Lu3N as endohedral unit, the preferred cage structure actually not IPR and has C2 

symmetry. The isomer number of this cage is 22010.  In the isomer 22010 the 

endohedral units Y3N and Lu3N are planar.  We have used this isomer for 

encapsulating the Co4O4 unit.  

 We started with 7 ferromagnetic isomers which in the optimized structures have spin 

magnetic moment ranging from 2 to 8  𝜇𝐵.  The lowest energy ferromagnetic structure 

has a mangetic moment of 4 𝜇𝐵 . Two of the Co atoms cap two hexagonal faces and the 

other two occupy bridge positions between a hexagon-pentagon bond and a hexagon-

hexagon bond.  The Co4O4 unit is fairly asymmetric with Co-Co bonds ranging from 2.56 

to 2.91 Ao. The O-O bonds range from 2.31 to 2.53 Ao.   

Table 4.3. Data for the System Co4O4@C78 

System(AFM1) H-L gap 

(eV) 

M.M. 

(𝜇𝐵) 

M.A.E. 

(K) 

Energy 

(Hartree) 

Co4O4@C78 0.178 6 17.275 -8800.951306 
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                          Fig 4.8 Density of States plot for the system Co4O4@C78 

 

Co4O4@C80  

The C80 cage has seven isomers that follow the isolated pentagon rule. These 

cages have the symmetries Ih, D3, D2, D5h, D5d and two with C2v symmetry. The two 

most stable endohedral isomers are Sc3N@C80 with Ih and D5h symmetry.  Since the 

experimentally derived endohedral C80 fullerenes are found to follow the isolated 

pentagon rule, we have chosen the Ih structure for encapsulation of the Co4O4 cluster. 

For this complex too we have started with 7 isomers, which were optimized. All the 

structures optimized to the same spin state with S=3 in the ferromagnetic state.  We 
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have calculated the approximate spin charges on the atoms and find that two of Co 

atoms have spin moment 3 𝜇𝐵 located around them whereas the other two Co atoms 

show comparatively very small but opposite spin charge located around them.  The 

Co4O4 structure is distorted but less than the C78 structure. The Co-Co bond lengths 

vary between 2.79 – 2.94 Ao and the O-O bonds vary from 2.35 – 2.67 Ao.  The Co 

atoms that have small spin charge are closer to the carbon cage with a distance of 

anout 2.22 Ao from the cage and the other two are further away at 2.37 Ao.  The 

proximity to the cage increases the interaction and reduces the spin charge. This 

system has a HOMO-LUMO gap of 0.33 eV.  The second order magnetic anisotropy 

energy of the complex is 44.5 K. 

 

                         Table 4.4. Data for Co4O4@C80 System 

System (AFM1) 

 

H-L gap 

(eV) 

M.M. 

(𝜇𝐵) 

M.A.E. 

(K) 

Energy 

(Hartree) 

Co4O4@C80 0.33 4 45.24 -8877.17793 

 

Anti-ferromagnetic calculation: 

Calculation Energy (Hartree)                      Spin M. M. 

(𝜇𝐵) 

AFM1 -8877.177935 ↑↓↓↓ 4 

AFM2 -8877.177924 ↓↑↓↓ 6 

AFM3 -8877.166572 ↓↓↑↓ 2 

AFM4 -8877.177084 ↓↓↓↑ 6 
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AFM5 -8877.177318 ↑↑↓↓ 6 

AFM6 -8877.177270 ↑↓↑↓ 6 

AFM7 -8877.177084 ↑↓↓↑ 6 

 

 

         Fig 4.9 HOMO-LUMO plot for the system Co4O4@C80 
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            Fig 4.10 Density of states plot for the system Co4O4@C80 

Mn4O4: 
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Fig. 4.11: The Mn4O4 cubane. The Mn and O atoms  are shown as purple and red 
balls, respectively. 
 
 

The bare Mn4O4 cluster is first optimized at the PBE-GGA level. The 

ferromagnetic solution shows that the Mn atoms are in +2 charge state and the cluster 

has a tetrahedral structure each type of atoms forming a tetrahedral. Each Mn is 

coordinated with three oxygens. The Mn-Mn distances are 2.79 𝐴0 and the O-O 

distances are 2.92 𝐴0 long. The Mn-O bonds are 2.02 𝐴0 long. The overall spin 

magnetic moment of the cluster is 20 𝜇𝐵. However, the anti-ferromagnetically ordered 

cluster with zero magnetic moment is more stable by 0.86 eV. In this cluster the Mn are 

in +3 charge state with 4 𝜇𝐵 moment per atom. The Mn tetrahedral is slightly distorted 

with Mn-Mn distances ranging 2.6 – 2.75 𝐴0 but the O-O distances are more uniform at 

2.9 - 3.0 𝐴0. The Mn-O bonds are 1.95 𝜋0 to 2.01 𝐴0 long. The Mn4O4 typically occurs in 

the (Mn4O4)^+6-L_6 form where the L is a ligand.  

 
 

Mn4O4@C70:  
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We have optimized 7 isomers in the ferromagnetic state first, generated through 

rotation of the Mn4O4 unit by 1200 along three perpendicular directions. The differences 

in the energies of the optimized fullerenes shows that the rotation of the encapsulated 

unit is not free inside the C70 cage. In the lowest energy ferromagnetic structure we 

note that the two Mn atoms are located on top of the hexagons and other two are 

connected with pentagons bond ranges from 2.2 to 2.32 angstron. The Mn-C distances, 

where C atom are from the hexagons near to the Mn atom ranges from 2.29 to 2.42 

angstron. Bond length in between Mn and Mn vary from 2.72 to 3.08 angstron and O-O 

is 2.33 to 2.62 angstron. The distance between Mn and O is 1.79 to 2.13 angstron. 
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      Fig4.12 HOMO-LUMO plot for the system Mn4O4@C70             

 The HOMO-LUMO gap of the Mn4O4@C70 system is 0.24 eV. The density of states plot 

and the plot of the frontier orbitals over both the cage and the encapsulated unit. The 

Mn d-orbitals are also shown in the density of state plot. 

                    

           Fig. 4.13 Density of states plot for the systemMn4O4@C70  

The lowest energy ferromagnetic isomer has a magnetic moment 8 𝜇𝐵. The magnetic 

anisotropy energy in this system is 10.54 K. The lowest ferromagnetic state isomer was 

further optimized in an anti-ferromagnetic (AFM) spin ordering. There are 4 Mn atoms in 

the clusters so 7 anti-ferromagnetic spin ordering is possible which is shown in table 

below. 
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                               Table 4.5 Data for Mn4O4@C70 System 

System(FMX2) H-L gap 

(eV) 

M.M. 

(𝜇𝐵) 

M.A.E. 

(K) 

Energy 

(Hartree) 

Mn4O4@C70 0.242 8 10.54 -7569.19115 

 

Antiferromagnetic calculation: 

Calculation Energy 

(Hartree) 

                   Spin M.M. 

(𝜇𝐵) 

1 -7569.186635 ↑↓↓↓ 8 

2 -7569.185920 ↓↑↓↓ 4 

3 -7569.184047 ↓↓↑↓ 6 

4 -7569.179982 ↓↓↓↑ 4 

5 -7569.181152 ↑↑↓↓ 0 

6 -7569.188474 ↑↓↑↓ 4 

7 -7569.184915 ↑↓↓↑ 2 

 

 

Mn4O4@C76 

We have chosen the cage C76 having isomer number 17490 with Cs symmetry 

for encapsulation. We have generated 7 isomers for the optimization. In this complex, 

the spin magnetic moment is 6 𝜇𝐵. In this complex the Mn-Mn bonds are 2.77 to 3.02 

angstron long. In the 7 isomers generated by rotation we note that the magnetic 

moments have optimized to a range of values from 4 to 8 𝜇𝐵. In this structures, three Mn 
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atoms cap hexagonal faces and another one with pentagon. The density of states of this 

system is shown in fig. 14. The density of states near the fermi level is dominated by the 

Mn d-orbitals with some contribution from the carbon p orbitals from the C76 cage. The 

orbital densities of the frontier orbitals are shown in fig 4.15. This complex has a 

HOMO-LUMO gap of 0.29 and the second order magnetic anisotropy energy is 17.94 K. 

 

              Fig 4.14 Density of States plot for the system Mn4O4@C76 
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   Fig 4.15 HOMO-LUMO plot for the system Mn4O4@C76             

  There are 7 AFM spin ordering possible for the lowest energy isomer. We further 

optimized 7 anti-ferromagnetically ordered states for the lowest energy complex having 

spin magnetic moments 6𝜇𝐵 . AFM spin ordering data is in table below. 

 

                           Table 4.6 Data for Mn4O4@C76 System 

System(FMY1) H-L gap 

(eV) 

     M.M. 

(𝜇𝐵) 

M.A.E. 

(K) 

Energy 

(Hartree) 

Mn4O4@C76 0.299 6 17.94 -7797.78004 
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Antiferromagnetic Calculation for the system Mn4O4@C76: 

 

Calculation Energy                   Spin 

AFM1 -7797.76589 ↑↓↓↓ 

AFM2 -7797.76381 ↓↑↓↓ 

AFM3 -7797.75699 ↓↓↑↓ 

AFM4 -7797.76745 ↓↓↓↑ 

AFM5 -7797.76469 ↑↑↓↓ 

AFM6 -7797.76469 ↑↓↑↓ 

AFM7 -7797.76469 ↑↓↓↑ 

 

Mn4O4@C78 

The C78 cage has 5 isomers that follow the isolated pentagon rule. Out of these 5 

two isomers have C2v symmetry, another two have D3h symmetry and one has D3 

symmetry. The Sc3N encapsulating C78 cage is found to have the isomer number 24109 

with D3h symmetry. The isomer number here we used 22010 for encapsulating the 

Mn4O4 unit. 

We have 7 isomers generated by rotating the encapsulated unit have spin magnetic 

moment ranging from 4 to 12 𝜇𝐵. The lowest energy ferromagnetic structure has a 

magnetic moment of 4 𝜇𝐵. The Mn4O4 unit is fairely assymetric with Mn-Mn bonds 

ranging from 2.87 to 3.02 angstron. The O-O bonds range from 2.37 to 2.55 angstron.  
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         Fig 4.16 HOMO-LUMO plot for the system Mn4O4@C78 
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                   Fig 4.17 Density of States plot for the system Mn4O4@C78 

 

                            Table 4.7 Data for Mn4O4@C78 System 

System(FMY2) H-L gap 

(eV) 

    M.M. 

(𝜇𝐵) 

M.A.E. 

(K) 

Energy 

(Hartree) 

Mn4O4@C78 0.264 4 42.82 -7873.93632 
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Antiferromagnetic calculation 

Calculation Energy 

(Hartree) 

                  Spin M.M. 

(𝜇𝐵) 

AFM1 -7873.93087 ↑↓↓↓ 6 

AFM2 -7873.93087 ↓↑↓↓ 6 

AFM3 -7873.93108 ↓↓↑↓ 8 

AFM4 -7873.93087 ↓↓↓↑ 8 

AFM5 -7873.93087 ↑↑↓↓ 2 

AFM6 -7873.93087 ↑↓↑↓ 0 

AFM7 -7873.93087 ↑↓↓↑ 0 

 

  Mn4O4@C80 

    The C80 cage has seven isomers that follow the isolated pentagon rule. These cages 

have the symmetries Ih, D3, D2, D5h, and two with C2v symmetry. The two most stable 

endohedral isomers are Sc3N@C80 with Ih and D5h symmetry. Since the experimentally 

resultant endohedral C80 fullerenes are found to follow the IPR, we have chosen the Ih 

structure for encapsulation of the Mn4O4 unit. Also for this system we have generated 7 

isomers for the ferromagnetic spin state, which were optimized. The Mn-Mn bonds vary 

between 2.51 to 2.53 angstron and the O-O bonds vary from 2.72 to 2.74 angstron. This 

system has a HOMO-LUMO gap 0.14 eV, which is small. The second order magnetic 

anisotropy energy of the complex is 2.96 K. 
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      Fig 4.18 HOMO-LUMO plot for the system Mn4O4@C80 
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              Fig 4.19 Density of States plot for the system Mn4O4@C80 

                       Table 4.8 Data for Mn4O4@C80 System 

System(FMX3) H-L gap 

(eV) 

     M.M. 

(𝜇𝐵) 

M.A.E. 

(K) 

Energy 

(Hartree) 

Mn4O4@C80 0.146 2 2.96 -7950.0568 

 

Antiferromagnetic calculation: 

Calculation Energy                   Spin 

AFM1 -7950.19064 ↑↓↓↓ 
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AFM2 -7950.19061 ↓↑↓↓ 

AFM3 -7950.19067 ↓↓↑↓ 

AFM4 -7950.19061 ↓↓↓↑ 

AFM5 -7950.19064 ↑↑↓↓ 

AFM6 -7950.19065 ↑↓↑↓ 

AFM7 -1950.19061 ↑↓↓↑ 
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                                                CHAPTER 5 

                                             CONCLUSION 

Using the accurate density functional calculation we predict that the system with Co4O4 

and Mn4O4 clusters can exist as stable magnetic endohedral fullerenes. The magnetic 

anisotropy energy in Co4O4@C70, Co4O4@C76, Co4O4@C78 and Co4O4@C80 is 9, 40, 

17.25 and 44.5 K respectively. And for the Mn4O4 cluster we found that the most 

favorable isomer is in FM state and anisotropy energy is 10.54,17.94, 42.82 and 2.96 K 

respectively, but in Co4O4 first two Co4O4@C70 and Co4O4@C76 are in ferromagnetic 

state and other two Co4O4@C78 and Co4O4@C80 are in anti-ferromagnetic state. In 

parent clusters the magnetic anisotropy energy was low because of high symmetry so in 

EMFs we found that the increase in MAE. 
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                                                  CHAPTER 6 

                                            SIC APPLICATION 

The self-interaction correction method outlined in Chapter 3 based on the Fermi Lowdin 

orbitals is a variational method in which the total energy of the system can be minimized 

through variation of the Fermi orbitals and through variation of the Kohn-Sham orbitals.  

In practice, this leads to optimization of the Fermi orbital descriptor positions.  Our goal 

here is to apply the FLO-SIC scheme to FeO4 cluster for which the DFT functionals 

predict a spin state different from the MR method.  However, to understand how the 

FOD positions change we have first applied it to a few closed shell atoms at the 

Hartree, LDA-exchange only and LDA exchange-correlation levels.  We have applied it 

to Be, Ne, Mg and Ar atoms.  

  Be atom 

The Be atom has the shell structure 1s22s2 and therefore requires only two 

positions of FODs for each spin.  The Fermi orbitals in this case are close to the Kohn-

Sham orbitals in that one is related to the 1s orbital and the second one is related to the 

2s orbital. We have noted the general trend that the position of the FOD for the 1s 

orbital is same as that of the nucleus which makes is easy to determine the position of 

the 1s orbital.  The position of the second FOD that pertains the 2s orbital can be placed 

isotropically around the atom.  We have first carried out the total energy calculations 

within the Hartree approximation only.  Since the position of the 2s FOD can be 

isotropic we have incrementally changed the position and calculated the total energy.  

The total energy vs. the FOD position curve is shown in Fig. 4.20.  In the Hartree 

approximation, the total energy is minimum with the second FOD at 1.905 Bohr from the 
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center.  To obtain the exchange-only position we started from the 1.905 Bohr position of 

the second FOD. The exchange–only calculations with SIC led to a point 3.602 Bohr 

away from the center. Simillarly after including the LDA correlation as given in the PW91 

approximation, the optimized FOD position was found at 3.605 Bohr.  This picture is 

consistent with the exchange interaction since it removes electrons of parallel spin from 

around an electron.  The correction to coulomb energy is 2.656 Hartree in the absence 

of any exchange interaction.  The exchange-only energy is 2.316 Hartree and the 

exchange-correlation energy is 2.547 Hartree.   

          Table 4.9 Data for the atom Beryllium 

Atom Hartree  Exchange 

only +SIC 

LDA Exchange-

Correlation+SIC 

Expt. 

Be -14.563 

(2.656) 

-14.589 

(0.371) 

-14.706  

(0.264) 

-14.667 
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                                          Fig. 4.20 Energy vs 2nd FOD position plot for the atom Be 

Neon atom 
 
The Ne atom has the shell structure 1s22s2 2p6 and therefore requires only five positions 

of FODs for each spin.  The Fermi orbitals in this case are one is related to the 1s-

centroid was placed at the origin and the second one 2sp were placed at the vertices of 

the tetrahedron. We have noted the general trend that the position of the FOD for the 1s 

is same as that of the nucleus which makes is easy to determine the position of the 1s 

orbital.  The position of the second FOD, that is 2sp orbital can be placed at the vertices 
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of tetrahedron by symmetry operation.  We have first carried out the total energy 

calculations within the Hartree approximation only.  Since the position of the second 

FOD (2sp) that is vertices of the tetrahedron can be symmetric so we have 

incrementally changed the distance from origin to vertices of the tetrahedron and 

calculated the total energy.  The total energy vs. the FOD position curve is shown in the 

Fig.4.21.  In the Hartree approximation, the total energy is minimum with the 2sp FOD 

at 0.66 Bohr from the center. To obtain the exchange-only position we started from the 

0.66 Bohr position of the 2sp FOD. The exchange–only calculations with SIC led to a 

point 1.08 Bohr away from the center. Simillarly, after including the LDA correlation as 

given in the PW91 approximation, the optimized FOD position was found at 1.10 Bohr.  

This picture is consistent with the exchange interaction since it removes electrons of 

parallel spin from around an electron. 

Atom Hartree Exchange 

only+SIC 

LDA Exchange-

Correlation+SIC 

Expt. 

Ne -127.371 

(9.934) 

-128.864 

(1.36) 

-129.280 

(1.03) 

-128.938 
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                        Fig. FOD plot for Ne 
 
Argon atom 
 
 
The Ar atom has the shell structure 1s22s2 2p6 3s2 3p6 and therefore requires only nine 

positions of FODs for each spin. The Fermi orbitals in this case are one is related to the 

1s-centroid was placed at the origin, the second one 2sp-centroid were placed at the 

vertices of the 1st tetrahedron and the third one 3sp fermi orbital also the vertices of 2nd 

tetrahedron structure. We have noted the general trend that the position of the FOD for 

the 1s is same as that of the nucleus which makes is easy to determine the position of 

the 1s orbital. The position of the second FOD, that is 2sp orbital can be placed at the 

vertices of tetrahedron by symmetry operation and the third one is also the vertices of 

2nd tetrahedron. We have first carried out the total energy calculations within the Hartree 

approximation only. Since the position of the second (2sp) and the third (3sp) FOD that 

is vertices of the tetrahedron can be symmetric so we have incrementally changed the 

distance from origin to vertices of the 1st and 2nd tetrahedron position and calculated the 
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total energy.  The total energy vs. the FOD position that surface plot curve is shown in 

the Fig. 4.21.  In the Hartree approximation, the total energy is minimum with the 2sp 

FOD at 0.311 Bohr away from the center and 3sp FOD at 1.24 Bohr from the center. To 

obtain the exchange-only position we started from the 0.311 Bohr position of the 2sp 

FOD and 1.24 Bohr position of the 3sp FOD. The exchange–only calculations with SIC 

led to a point 0.380 Bohr away from the center to the first tetrahedron and 1.34 Bohr 

away from the centre to the second tetrahedron. Similarly after including the LDA 

correlation as given in the PW91 approximation, the optimized FOD position was found 

at 0.39 Bohr for 2sp FOD and 1.34 Bohr for 3sp FOD. The correction to coulomb energy 

is 25.863 Hartree in the absence of any exchange interaction.  The exchange-only 

energy is 2.582 Hartree and the exchange-correlation energy is 3.20 Hartree.   

Atom Hartree Exchange only 

+SIC 

LDA Exchange-

Correlation+SIC 

Expt. 

Ar -522.670 

(25.863) 

-527.741 

(2.582) 

-528.536 

(3.20) 

-527.544 
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                                                     Fig. 4.22 Surface plot for the atom Ar 

Magnesium Atom 

Atom Hartree Exchange 

only 

LDA 

Exchange-

Correlation 

Expt. 

Mg 196.400 

(12.558) 

199.423 

(1.372) 

199.933 

(0.987) 

200.054 
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The Mg atom has the shell structure 1s22s2 2p6 3s2 and therefore requires only six 

positions of FODs for each spin. It is found that the position viewed as a tetrahedron 

with an additional FO capping one of the triangular faces. The surface plot for this atom 

is as shown in fig.4.23. 

 

 

Future Work 

1. Our goal here is to apply the FLO-SIC scheme to FeO4 cluster for which the DFT 

functional predict a spin state different from the MR method, so we will apply this 

method to the molecules: 
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Fig. Stationary Fe-4O isomers: molecular structure, oxidation state of Fe (II-VIII), and 

spin multiplicity (7-1). 
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