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Abstract

For many linear problems, in order to check whether a certain property
is true for all matrices A from an interval matrix A, it is sufficient to
check this property for finitely many “vertex” matrices A € A. J. Rohn
has discovered that we do not need to use all 2" vertex matrices, it is
sufficient to only check these properties for 22" ~1 « 2"” vertex matrices
of a special type Ay.. In this paper, we show that a further reduction is
impossible: without checking all 22"~ ! matrices A, we cannot guarantee
that the desired property holds for all A € A. Thus, these special vertex
matrices provide an optimal finite characterization of linear problems with
inexact data.

1 Introduction

Many practical problems are described by systems of linear equations and/or
inequalities, i.e., as linear problems. The components A;; of the corresponding
matrices A are often not exactly known; for each of these components, we only
know the interval [4,;, A;;] of possible values. The class of all matrices A which

are consistent with this information is called an interval matriz
A=[AA={A: A<A<A}

where A is a matrix with components A4,;, A is a matrix with components 4;;,
and A < B means that A;; < B;; for all ¢ and j.

It is often convenient to represent an interval matrix by its midpoint AL
1 — of 1 — ] ~ -
§(A+ A) and its radius A ef §(A—A). In these notations, A = [A—A, A+ A].



In practical applications, all the elements of the matrices are computer-
represented numbers and thus, rational numbers; it is worth mentioning that
our results hold for arbitrary real numbers as well.

We say that an interval matrix A satisfies a property P (e.g., is non-singular
or positive definite) if all matrices A € A satisfy this property. It is known that
for many such properties, an interval matrix satisfies the property P if and only
if all its vertex matrices, i.e., matrices for which A;; € {A;;, A;} for all i and
j, satisfy this property. Thus, in order to check whether a given interval matrix
satisfies the property P, it is sufficient to check this property for a finite set of
vertex matrices.

This set is finite but huge: e.g., for square matrices (of size n x n), we have
on” possible vertex matrices; as a result, for large n, checking all such matrices
requires an unrealistic amount of computation time.

In [3, 6], it was shown that for many properties P, we do not need to check all

these matrices: it is sufficient to use vertex matrices from the following special

class. Namely, let us define e 1,...,1)7,

y & {y € R" : |y| = e} = the set of all +1 — vectors.

For every y,z € Y, we can can define a matrix A,, as A-— yAzT. In other
words, for every i and j,

o Zij lfyZZ]:—l
(Ayz)z] o { A lf Yi 'Zj =1

)

(these matrices were first introduced in [3], p. 43). Each such matrix is a vertex
matrix, but there are only 22"~! matrices 4,, compared to 27" vertex matrices
(2n — 1 since Ay, = A_, _.). For some problems, it is sufficient to check only
some of such matrices, e.g., only matrices Ay, or only matrices A, _, (in both
cases, we need only 2"~! vertex matrices).

For such problems, a natural question is: can we further decrease the set
of checked matrices? In this paper, we show that for most problems described
in [3, 6], further decrease is impossible: all 22"~! (corr., 2"~1) vertex matrices
A, (corr., Ay,,) are needed. To be more precise: there exist cases when the
property P holds for all but one of these matrices and still does not hold for the
corresponding interval matrix A. In this sense, finite characterizations presented
in [3, 6] are optimal.

These results are in good accordance with the fact that many of the corre-
sponding problems are NP-hard (see, e.g., [2]) and therefore, less than exponen-
tial finite characterizations are not to be expected.

Comment. The fact that a exponential ~ 2" finite characterization cannot be
decreased is not as pessimistic as it may seem:

e First, NP-hardness means that we cannot expect less than exponential-
time algorithms for solving the corresponding problems. Of course, this



does not necessarily mean that the algorithms based on checking all 27!
vertex matrices are necessarily optimal; we may have faster — although
still exponential-time — algorithms based on different ideas.

e Second, the fact that we need to check all 2"~ matrices does not nec-
essarily mean that the computation time of the corresponding algorithm
for checking the property P for an interval matrix is 27! times larger
than the computation time ¢ of checking this property for a single matrix.
For some properties, it was shown that many of these 2"~ ! checkings con-
tain the exact same computational steps; so, when we need to check all
these matrices, we can perform the common steps only once. As a result,
the total computational time for all the checkings is much smaller than
2n=b x ¢ [7).

2 Interval Matrix Properties

Definition 2.1.
o A square matrix A (not necessarily symmetric) is called positive
(semi)definite if its symmetric part %(A + AT is positive (semi)definite.
o A square matriz is called stable if Re A < 0 for each eigenvalue A of A.
Definition 2.2.
o A square interval matriz A is called regular if each A € A is regular.

o A square interval matriz A is called positive (semi)definite if each A € A
is positive (semi)definite.

o A square symmetric interval matriz A (i.e., both A, A symmetric) is called
stable if each A € A is stable.

For each of these four properties — regularity, positive definiteness, positive semi-
definiteness, and stability — the problem of checking whether a given interval
matrix has this property is known to be NP-hard (see, e.g., [2]).

Theorem 2.1. [1, 3, 5]

o A is regular if and only if for all the matrices A, ., the determinant det A,
has the same sign.

o A is positive (semi)definite if and only if Ay, is positive (semi)definite for
eachy eY.

o A is stable if and only if A, _, is stable for each y € Y.



The following result shows that for these properties, all the above matrices A, .
are needed for this characterization:

e all 227~ different matrices A4, are needed for checking regularity;

e all 27! different matrices A,, are needed for checking positive definite-
ness, and

e all 27! different matrices A, _, are needed for checking stability.

Theorem 2.2.

e [or every n, and for every pair (y,z), y,z € Y, there exists an interval
matriz A, for which

o for all pairs (y, z) # (Y, 2), (=Y, —Z), all the values det A,. have the
same sign;

e A is not reqular.

o For every n, and for every y € Y, there exists an interval matriz A, for
which

o the matriz Ay, is positive (semi)definite for all y # ¥y, -y, and

e A is not positive (semi)definite.

o For every m, and for every y € Y, there exists an interval matriz A, for

which

o the matrixz Ay _y is stable for all y # y,—y, and

o A is not stable.

Proof. We will show that for all four properties, we can select the desired inter-

val matrix in the form A(a,b,d), where ¢ is a real number, a and b are vectors,
d

A(a,b,6) = (2n+ 6)Da Dy — ab”, A(a,b) = ee”, and D, et diag(ay,...,an) is
the diagonal matrix built from the vector a. Specifically:

e for regularity, we can take A(y,z,0);

e for positive definiteness, we can take A(%y,7,0);

e for positive semi-definiteness, we can take A(y,y, —¢) for a small € > 0;

e for stability, we can take A(y, —y,0).



For the case of regularity, due to our choice of the interval matrix A(g, Z,0), we

have
Ay, =2nDyD; — gzl — 2T,

Let us show that the problem corresponding to arbitrary ¢ and Z can be reduced
to the case when y =z =e.

Indeed, if we denote p; def y; - y; and g; def Zi * Zi, then y; = ¢; - p; and
2; = ¢; * %, hence A, = DQA;qu, where A;q o onl — eeT — pq”. Hence,
det Ay, = det Dy -det A7 -det D;. Since Dj and D3 are diagonal matrices
with +1 on diagonals, they are non-degenerate. Hence, to prove that all the
matrices Ay, (y,2) # (¥, 2), (—y, —Z2), have the determinants of the same sign, it
is sufficient to prove that all the matrices A}, (p,q) # (e, e), (—e, —e), have the
determinants of the same sign; specifically, we will prove that all these matrices
Az, are positive definite and therefore, they all have positive determinants. We
will also prove that A%, (hence, Ayz) is a singular matrix.

Indeed, for every vector x, we have
2" Ar @ = e - (")~ (2" p) (g2") = 20|~ (e, 2) "~ (p, ) (g, %) , (2.1)

where (a,b) denotes a scalar (dot) product of the two vectors. For the scalar
product, we have the well-known Cauchy-Schwartz inequality |(e, x)| < |le]|- ||zl
in which the equality is possible only if vectors e and x are collinear: e||z. Here,

e=(1,...,1)7%, so [le] = v/n, [(e,2)] < v ||z], and
(eﬂx)g <n- HCL‘||27 (2'2)

and the equality is possible only if x||e.
Similarly, |(p, )| < v - 2] and |(q, 2)] < v/7 - [Jo]|. Hence,

(p.x) - (g.2) <n- a2, (2.3)

and the equality is possible only if p||z, ¢||z, and p = a - ¢ for a > 0 (else we
would have (p,z) - (¢,7) = —n - ||z||?). Substituting (2.2) and (2.3) into (2.1),
we conclude that

et Apr > 2nlz® — nflz|® - nfz|* =0, (2.4)

and the equality is possible only when z|le, z||p, and z||q (hence pl|le and g||e),
and p = «-q for @ > 0. Since p,q € Y, the only possibility for equality is, hence,
when either p = ¢ = e, or p = ¢ = —e. So, for all other pairs, the equality is
impossible, and the matrix Ay  is indeed positive definite.

For p = q = e, we have A% e = (2n] — 2ee”)e = 0, so Af, is a singular
matrix; thus, Agg is also singular. The regularity part is proven.

For positive definiteness, we take A(g,7,0), so

Ayy =20l —jij" —yy" = Dy A} Dj. (2.5)



T _ T * (1£f . . . .o, . .
Hence, z* Ay, = 2% A} 2, where z = Dyx; thence, Ay, is positive definite if

and only if A}, is positive definite. We can therefore conclude that for all
y # y,—y, the matrix A,, is positive definite, while for y = y, it is only
positive semi-definite and not positive definite. Thus, for positive definiteness,
the theorem is also proven.

To prove a similar result for positive semi-definiteness, we consider an in-
terval matrix B & A(y,9,—) = A(9,9,0) — eI for some small ¢ > 0. For
this interval matrix, for every y € Y, we have By, = A,, —cl. Since all
the matrices Ay, for y # y, —y were positive definite, for sufficiently small ¢,
the new matrices B, are still positive definite. On the other hand, since the
matrix Agy was positive semi-definite, with one of the eigenvalues 0, the new
matrix By = Agg — €I has a negative eigenvalue —e and hence, is not positive
semi-definite. So, for positive semi-definiteness, the theorem is also proven.

For stability, we take A(g,—9,0). For this interval matrix, A, _, =
—2nI +§§" + yyT. This matrix is equal to (2.5) times —1, so for all y # ¥, —7,
this matrix A, _, is negative definite (hence stable), while for y = g, the corre-
sponding matrix has a 0 eigenvalue (and is, hence, not stable). Q.E.D.

3 Linear Interval Equations and Inverse Interval
Matrices

Definition 3.1.

e For an interval matriz A and an interval vector b, we define [x,T] as the
interval hull of the solution set

X ={z : Az =b for some A € A,b € b}.

e For a regular A, we define [B, B] as the interval hull of the set

{A71 . Aec A}

The problems of computing each of these interval hulls are known to be NP-hard
(see, e.g., [2]).

Both interval hulls can be characterized in terms of the matrices A,, and — for
solution set — vectors b,, which are defined, for every y € Y, as follows:

(by): = { b ity =—1



Theorem 3.1. [3, 4]

o If A is regular, then we have:

x = min A;;by; T = max A_lby.
y,2€Y y,z€Y

e For a reqular A, we have

B = min A;;; B = max A}
Y,2€Y Y,2€Y

The following result shows that all the combinations (y, z) are needed for this
characterization:

e all 227 different pairs (y, z) are needed for describing the solution set hull;

e all 22771 different matrices A, are needed for describing the inverse ma-
trix hull.

Theorem 3.2.

e For every n, and for every pair (y,z), y,z € Y, there exists a regular
interval matriz A and an interval vector b, for which either
x# min A lb,

- Yz

(y,2)#(9,2)

or
T max A lb,.
#<y,z>¢<g,z> vz Y

e For every n, and for every pair (y,2), y,z € Y, there exist:
e a reqular interval matrix A for which

B min AL
B# (v,2)2(5,2) (~5,~2) 7

o a reqular interval matriz A for which

max ;21.
(¥,2)#(9,2),(=9,—2)

Proof. Let us start with the case of an interval linear system. We will show that
in this case, for an arbitrary positive real number € > 0, the desired property is
true for the interval matrix A (g, Z,e) (as described in the proof of Theorem 2.2)
and for the interval vector b = e[—1,1], i.e., the vector for which b, = [-1,1]
for all 4. For this vector, b, =y for every y € Y.



To prove that this pair of an interval matrix and an interval vector always
satisfy the desired property, let us first reduce the case of the general vectors
U,z € Y to the case when y = Z = e. Indeed, in this case, similarly to the
reduction with which we started the proof of Theorem 2.2, we have

Ay. = (2n+¢e)DgD: — 2" — y2" = Dy A’ Ds,
where A%, def (2n 4+ e)I — ee” — pg" corresponds to the case when §j = 7 = e.
Since each diagonal matrix Dy has £1 on the diagonal, we have Dy 1= Dy
hence A;zl = DgA;;q_ng. Since, as one can easily check, b, = Dgb,, we can
conclude that A;;by = Dg(A;q_lbp). Since Dy is a diagonal matrix consisting
of +1, we get the desired reduction.

Because of this reduction, we can, without losing generality, consider only
the case when § = Z = e. In this case, A,, = (2n + ¢)I — eel — yzT. In the
proof of Theorem 2.2, we have shown that for € = 0, this matrix is semi-definite,
hence, when we add e- I, we get a positive definite matrix — which is thus regular.
We need to describe the vector A;zlby, i.e., the solution x to the linear system
Ay.x = by.

For y = z = e, one can easily check that the vector x = (1/¢)e with compo-
nents x; = 1/¢ is the desired solution. Let us show that for every index ¢ and for
every pair (y, z) # (e, e), the i-th component z; of the corresponding vector z is
smaller than 1/e. Thus, the maximum in x; is attained only for (y, z) = (e, e),
and so, if we omit this pair, we do not get the correct interval hull of the solution
of the system of linear equations. Hence, for solving an interval linear system,
the theorem will be proven.

Indeed, for (y,z) # (e, e), the vector z is a solution to the linear system
Ay.x =by =y, i.e., to the system:

2n+¢e) -x; — (x,e) — (x,2) -y = Yi, (3.1)

Moving the term 2(x, e) to the right-hand side and dividing both sides by 2n+e¢,
we conclude that

o wt @0+ (,2)
L 2n +¢e '

(3.2)

n n

By definition, (x,e) = > a;, hence, |(z,e)] < > |x;|; the equality is attained
i=1 i=1

only in two cases:

e if every component of x; is non-negative (i.e., has the same sign as e;), or

e if every component of x; is non-positive (i.e., has the same sign as —e;).

n
Similarly, |(z,z2)] < Y |x;|, and the equality is attained only in two cases:
=1

1=

e if every component of x; has the same sign as z;, or



e if every component of x; has the same sign as —z;.

Thus,

i+ (z,€) + i - (2,2)] S T+2- ) |, (33)
i=1
with the equality possible only if all the values y; have the same sign, same as
(z,e), and all the values (z, z) are positive (hence, all the components of z; and
e; have the same sign, and so do z; and z;). Applying the inequality (3.3) to
the formula (3.2), we conclude that

1+2- 3 |z
< —= 3.4
] < 2n+e. (3-4)
Adding these inequalities for i = 1,...,n, we conclude that

n

2n
142 i . il 3.5
( * Z|x|> 2n+€ 2n+e¢ le' (35)

i=1

n
D lil <
i=1

hence

<1 2”+€> Z ‘*2n+s (3.6)

=1

n

i 3.7
2n+ 21 |_2 + e (3.7)

and

From (3.4) and (3.8), we can now conclude that

1+2n/e 1
- 3.9
o < S = (39)
hence
1

and the equality is only possible if all the components of the vectors e, y, and z
have the same signs, i.e., if e = y = z. For linear interval systems, the theorem
is proven.

For matrix inversion, we take the same interval matrix A(y, Z, ) as in solving
interval linear systems. Due to the above-mentioned properties A, = DgA; D:
and A;} = DgAzqing, we can reduce the general case to the case when
§ = Z = e; for each (ij)-component of the resulting bounds B and B, we may



have to switch minimum to maximum, depending on the sign of the product
Zilj-

Therefore, it is sufficient to prove this theorem for the case when § =z = e.
In this case, Ace = (2n + &)I — 2ee’. One can easily check that the inverse
matrix has the form

1 2
-1 T
= I 5
“  2n+4e +6-(2n—|—5)66

2 2
i.e., it has entries _cte on the diagonal and off the diagonal.
e-(2n+e) e-(2n+eg)
Let us show that such high values cannot be attained for all other inverse
matrices M = A;;. Indeed, the matrix M satisfies the equation A,.M = I,

i.e.,
n n
(2n+€) C MGl — ijk — i+ ZZj “Mjp = Oik-
j=1 j=1
Therefore, we have
n n
Do Myl +Yi Yo zj Mg+ G
j=1 j=1
2n+e

Mgk =

n n n n n
Here, 32 mjp < 37 [myil, and also 35 ;- myn < 32 [ys] - [mgel = 22 [myel;
Jj=1 Jj=1 Jj=1 Jj=1 Jj=1

therefore,
n
23 [mgl + i
Jj=1
Mig <
2n+¢
Since the value m;;, cannot exceed a non-negative number, its absolute value
|m;x| cannot exceed the same number:

(3.11)

n

2> Imjnl + 0k
< 7
ikl < 2n + ¢

Adding the corresponding inequalities for all 7 from 1 to n and taking into
n
consideration that > d;x = 1, we conclude that
i=1
n
n 2n - Zl|mjk|—|—1
mik| < =
; ikl < 2n+¢

10



n
Moving all the terms proportional to the sum ) |mj| to the left-hand side, we
i=1

conclude that

n
€ 1
. mig| <
2n + ¢ ;l Jk‘_Qn—i—E’

n
ie., that > |m;g| < 1/e. Thus, from (3.11), we can conclude that m;, <
j=1

2/e + ik ) . .
éi_’_lk. By recalling the expression for AZ!, we can see that the right-hand
n+e
side of the last inequality is exactly the entries for A2}, so we can conclude that
ATl <A}
yz — “‘lee

Similarly to the linear equation case, we can see that the only possibility for
the equality is when y = z = e. The theorem is proven.
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