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Abstract

Imagestakelot of computer space; in many practical situ-
ations, we cannot storeall original images, we haveto use
compression. Moreover, in many such situations, com-
pression ratio provided by even the best | ossless compres-
sion is not sufficient, so we have to use lossy compres-
sion. In alossy compression, the reconstructed image 1
is, in genera, different fromthe original image I.

There exist many different lossy compression methods,
and most of these methods have several tunable parame-
ters. In different situations, different methods lead to dif-
ferent quality reconstruction, so it isimportant to select,
in each situation, the best compression method. A nat-
ural idea is to select the compression method for which
the average value of some metric d(1, ) is the small-
est possible. The question is then: which quality met-
ric should we choose? In this paper, we show that un-
der certain reasonable symmetry conditions, L? metrics
d(I,I) = [|I(z) — I(z)|P dz are the best, and that the
optimal value of p can be selected depending on the ex-
pected relative size r of the informative part of the im-

age.

1 Formulation of the Problem
1.1 Image Compression |sNecessary

Images tend to take up a lot of computer space, so in
many applications, where we cannot store the original
images, we must use image compression. |deally, we
would like to use a lossless compression, but unfortu-
nately, there are serious limitations on how much we can
compress without losing information. For a more radical
compression, we must therefore use lossy compression
schemes. In these schemes, some information about the
image is lost; as a result, for every point z, the inten-
sity I(z) of reconstructed image I at this point may be
dightly different from the intensity I(z) of the origina
image I at this point.
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1.2 It Is Important to Select Optimal (Or At
Least Good Enough) Compression Scheme

There exist many different compression schemes, from
standard ones like gif, jpg, jpg2000, etc., to specialy
designed ones. Most of these schemes comes with one
or several parameters which we can select.

One of the reasons why so many different schemes co-
exist is that in different applications, different schemes
(with different values of parameters) work better. It is
vitally important to select an appropriate compression
scheme, i.e., a scheme which provides the best compres-
sion ratio within the same accuracy. How can we do that?

1.3 TheNotion of a Quality Metric

Intuitively, the quality of a compression scheme can be
characterized by how close the decompressed image is
to the original one. In order words, the quality of a com-
pression scheme can be described by using an appropriate

metric d(1, I) onthe set of all images. Such metrics de-

scribing the “distance” d(1, I') between the two images /
and I are called quality metrics.

1.4 It Is Important to Select Optimal (Or At
Least Good Enough) Quality Metric

If we select a quality metric, then we can choose the op-
timal compression scheme as the one for which the aver-
age value of the selected metric is the smallest possible.
So, within this approach, in order to select the optimal
compression scheme, we must first select the appropriate
quality metric.

In some cases, it is clear how to select the quality met-
ric. For example, in some practical applications, we are
interested in only one characteristic ¢(I) of the observed
image I: eg., we may only need to know the total in-
tensity ¢(I) within a certain zone which characterizesthe
tumor size. In such cases, our goal is to reconstruct the
value ¢(I) as closely as possible, so we can take the ab-

solutevalue |¢(I) — ¢(I)| of the differencec(I) — ¢(I) as



the desired metric d(I, I) = |c(I) — ¢(I)]. In such appli-
cations, the choice of the best compression is straight-
forward: there is no need to store the entire image I,
it is sufficient to store only the single value ¢(I) as the
compressed image. This compression is, in general, ex-
tremely lossy, but from the viewpoint of the problem of
reconstructing the value ¢(I), this compression is loss-
less.

Similarly, if we intend to use only a few characteristics
¢i(I) 1 < i < m)of animage I, it is natura to com-
press an image I by storing only the values of these char-

acteristics ¢y (I), ..., em (). Thus, we get adrastic com-
pression ratio and a perfect reconstruction of all desired
values¢; ().

In many practical situations, however, we do not know
a priori which characteristics we will be interested in;
depending on the situation, we may use the stored image
to evaluate many different characteristics. How can we
determine the metric in this case?

1.5 What We Are Planningto Do

Since the problem is not precisely formulated, it is rea
sonable to use method of soft computing (specifically,
fuzzy logic) which were specifically designed to formal-
ize imprecise statements to formalize and solve this prob-
lem. In this paper, we propose athree-step solution to this
problem:

e First, we use soft computing techniques to describe
ageneral class of quality metrics.

e Second, we use natural symmetry requirements to
select a subclass of quality metric characterized by
asingle parameter p.

e Finally, we show how to select the best value of the
parameter p depending on the image.

As aresult, we get a data-driven technique for selecting
the optimal quality metric and thus, of the optimal com-
pression scheme.

2 First Step: Using Soft Computing Tech-
niquesto Select a General Class Of Qual-
ity Metrics

Intuitively, the two images are close if for every pixel z,

their intensities are close I(z) ~ I(z), i.e., if for every
pixel z, the difference AI(z) = I(z) — I(x) is small.
To formalize this requirement, we will follow the path
described in [8,12].

Let us denote the value of the difference AI(z) at apixel
with coordinates ¢ and j by Al;;. Interms of this nota-
tion, require that all the difference values are small, i.e.,
that A, issmal, and Al;; issmall, and . ..

A natural way to formalizethisrequirement isto use fuzzy
logic. Let u(z) be amembership function that describes
the natural-language term “small”. Then,

e our degree of belief that AI;; is smal is equal to
p(l);

e our degree of belief that A, is smal is equal to
p(lh2),

e etc.

To get the degree of belief b that all conditions are satis-
fied, we must use a t-norm (a fuzzy analogue of “and”),
i.e, useaformula

b=pu(Aln) & p(ALz) & ...,

where & isthist-norm.

In [13] (see also [2,3,4]), we have shown that within an
arbitrary accuracy, an arbitrary t-norm can be approxi-
mated by a strictly Archimedean t-norm. Therefore, for
all practical purposes, we can assume that the t-norm that
describes the experts' reasoning, is strictly Archimedean
and therefore, hastheform a&b = ¢ 1 (p(a) + (b)) for
some strictly decreasing function ¢ [5,14]. Thus,

b(AD) = o~ (p((AL)) + (u(AT12)) + ...

We want to find the compression scheme for which, on
average, the difference AT is as small as possible, i.e,
for which our degree of belief b(AI) (that the difference
is small) is the largest possible. Since the function ¢
is strictly decreasing, b(AI) attains its maximum if and
only if the auxiliary characteristic B(AI) = ¢(b(AI))
attains its minimum. From the formula that describe
b(AI), we can conclude that

B(AT) = p(u(ALn)) + ¢(u(ALz)) + . ...

This sum is, in effect, an integral sum, and therefore, as
the pixels get denser, this sum tends to the integral

B(AT) = d(I,T) = / F(AI(z)) de,

where F'(z) denotes ¢(u(z)). Thus, thisintegral isarea
sonable metric.

Since we interpret a metric as a distance, we want the
metric to be equal to 0 when the compression is lossless,
i.e., when AI(z) = 0foradl z. Thus, wewant F'(0) = 0.
It is also reasonable to require that the function F'(z) be
everywhere differentiable (i.e., smooth).

3 Second Step: Using Natural Symmetry
Requirements to Select a 1-Parametric
Subclass of Quality Metrics

Once a metric d(1,I) is fixed, we can determine which
compression is better: if d(I,I;) < d(I, 1), then the
compression which leads I is clearly better.

In principle, we can use different units to measure the
image’s intensity. When we select a new unit which is
A times smaller than the old one, then the numerical val-
uesof intensity I(x), I(z), and AI(x) gets multiplied by
Al Alyew(z) = X - Alya(x). As aresult, the numeri-
cal value of the metric may change. It is, however, rea-
sonable to expect the mere change of the measuring unit



should not affect our conclusion on which compression
was better. Thus, we arrive at the following definition:;

Definition. By a quality metric, we mean the expres-
sion of the type B(AI) = [ F(AI(z))dz for some
differentiable function F(z) for which F(0) = 0. We
say that a quality metric is unit-invariant if for every
A > 0, the inequality B(AI) < B(AI) implies that

Theorem. The only unit-invariant quality metrics arethe
LP-metrics B(AI) = const - [ |AI(z)|P dz for p > 1.

Main idea of the proof. (Details are similar to [6];
for a general description of how symmetry requirements
can help, see [11].) From unit-invariance, one can con-
clude that if the change AI(z) — AI(z) + ¢ - §I(x)
does not affect B(AI), then this change should not affect
B(X - AI) ether. Since F(z) isadifferentiablefunction,
whene — 0, the changein B(AI) = [ F(AI(z))dx
is asymptotically equal to ¢ - [ F'(AI(z)) - 6I(z) dz,
where F'(z) is the derivative of F'(z), and the corre-
sponding changein B(A - AI) isasymptotically equal to
e X [F'(N\-Al(z))-6I(z) dz. Thus,if [ F'(AI(z))-
0I(x)dxz = 0, then we have

JF'(N-AI(z)) - 01 (z)dz = 0.

In terms of L2-metric [(f(z) — g(z))? dz on the space
of al functions, the condition of this implication means
that the function 41 is orthogonal to thefunction F'(AT).
Thus, the implication says that every function 67 which
is orthogonal to F'(AI) is also orthogonal to F’(\ - I).
From the geometric viewpoint, this can happen only if the
functions F'(AI) and F'(X - I) are collinear, i.e., when
F'(\-AI(z)) = c¢- F'(AI(z)) forall x.

The coefficient ¢ does not depend on z, but it may de-
pend on A and aso on the function z — AI(z). From
the above condition, however, we can conclude that the
coefficient ¢ depends only on the value AI(z) at agiven
point z. So, if two different functions havethe sasmevalue
somewhere (AT (x) = Al(y)), the corresponding val-
ues of ¢ are the same. Hence, ¢ can only depend on \:
F'(\- AI(z)) = ¢(\) - F'(AI(x)).

Thisis a known functional equation, whose only differ-
entiable solutionsare F'(z) = ¢, -z for some real num-
bers ¢; and a (see, e.g., [11]). Since the function F'(z)
is everywhere differentiable, the value F’(0) must be fi-
nite, i.e., « > 0. Hence, F(z) = ¢y - 2P + ¢a, Where
p=a+1>1. From F(0) = 0, we can conclude that
¢ = 0. Thetheorem s proven.

Comment. The LP-quality metrics are indeed widely
used. Thevaluep = 2 (correspondingto the mean square
decompression error) is most widely used, because for
p = 2, the optimality criterion is quadratic, and thus,
when we minimize it by equating the derivativesto 0, we
get an easy-to-solve linear system of equations. How-
ever, in many cases, different values of p lead to better
compressions.

So, the question is: how to select the value p which isthe
best for a given practical problem?

4 Final Step: Selecting the Parameter p of
the Quality Metric
4.1 Our Main Idea
We are interested in the values of several characteristics
¢(I) of theimage I. Instead of using the origina image
I, we use a degraded image I = I — AI. Since the
corruption is small, we can neglect the terms quadratic in
AT inthe expression for the resulting error Ac = ¢(I) —
¢(I), and get alinear integral expression Ac = [ AI(z)-
a(z) dz for some function a(z).
For each choice of the parameter p, the only informa-
tion that we have about the difference AT is the up-
per bound D on the corresponding distance d(I, ) =
J|AI(z)|P da. According to the Holder-Minkowski in-
equality (see, eg., [1], Section 4.11.2), for every two in-
tegrable functions f(x) and g(z), and for every two real
numbersp, ¢ > 1 forwhich1/p + 1/q = 1, we have

<

‘ [ 1@ gty

([1spe dx)l/p- (f1se dx)l/q.

Moreover, it is known that for any function g(zx),
the largest possible value of | [ f(z) - g(z)dxz| over
al functions f(z) with a given LP-norm ||f|, =

([ 1£(@)[/?dz)"'" is equal to ||fll, - llgll, where

lglly = (f 1g(x)]*/« dz)""* . Thus, we can conclude that
the best possible upper bound for |Ac| is the product
D'/P. Al wherel/p+1/g=1and A = [ |a(z)|? dz.
It is therefore reasonable to choose p for which the max-
imum of this product (over the functions a(z) which cor-
respond to al desired characteristics ¢(1)) is the smallest
possible.

4.2 Case Study: Description

As a case study, we take the imaging problems in which
the goal isto find the center of gravity of the bright zone,
e.g., the center of a tank or the center of atumor in a
medical image. Let us show how, in these problems, we
can estimate the values D and A and how we can find the
optimal value of p.

4.3 Case Study: Formalization

Let is first estimate d(I,1) = [|AI(x)? dz. To find
the upper bound D for this distance, we need to estimate
the difference AI(x) = I(x) — I(x) between the recon-
structed and the original images, and we also need to es-
timate the area over which we integrate this difference.
Let A, denote a“typical” error of reconstructing an im-
age fromits lossy compression. Then, we can expect that
onaverage, |AI(z)| < Ag and |AI(z)[P < Ab.

Let us now estimate the area. In the above-described
problems, we are only interested in the points 2 which
are reasonably bright, i.e., for which the brightness I'(x)
exceeds a certain threshold I. In such problems, after
we reconstruct the image, we can eliminate all the values



for which I(z) < Iy. Thus, when the reconstruction is
good enough, both the original image I(x) and the re-
constructed image I (z) are concentrated approximately
at the same zone. So, their difference AI(z) isalso con-
centrated on this same zone.

Let L denote the linear size of the entire image [0, L] x
[0, L] (including pixelswith O intensity). Let  denotethe
portion of the image which we expect to be informative
(i.e, filled with non-zeros). Then, the total area of the
informative part of the image is approximately equal to
r- L2

Since |AI(z)|P < A}, and the integration area is equal
tor-L2, wehaved(I, 1) = [ |AI(z)[?dz < [ AP dz =
Ab .. L? Thus, wecantake D = AB - r - L%

For each component ¢; of the center of gravity, e.g., for
the 1st component, we have

[z - I(z)dx
=77 —7—".
er(l) [I(z)dx
In our problems, the value d of the denominator stays
approximately the same, namely,
d= I, -r- L%

Therefore, when we substitute I = I — AT into the above
formula and ignore quadratic and other terms, we con-
cludethat a(z) = z1/d. Therefore,

1 L L
A= / la(z)|?dz = — / dm/ |z1]9dz, =
drJo 0

1 q+1
— . L- L .
d1 qg+1
We want to find the value p which minimizes the product

DI/P . Al/q =
Ag-rl/P . L2/P. é ALV LY (g4 1)

4.4 Case Study: Optimization

Some factors in the minimized expression, such as Ay,
do not depend on p at all. So, when we find the minimum
of the product, we can aswell divide by these factors and
only minimize what remains without changing the value
of p for which this product takes the smallest possible
value. Since1/p + 1/q = 1, the product of all powers
of L in this expression is equal to L2/Pt2/1t1 = [3 oo
these terms can also be eliminated without changing the
desired value of p. Asaresult, we must find p as a solu-
tion to the following problem: /7 - (¢ +1)~'/¢ — min.
Sincel/q=1-1/p = (p—1)/p,wehaveq = p/(p—1)
andg+1=(2p—1)/(p—1), sotheminimization prob-
lem takes the form:

PP (2p — DYPE L (p— 1) YP 5 min .

Minimizing this expression is equivalent to minimizing
its logarithm

1~1n(1“)— <1—1> ~ln<2p_1> — min.
p p p—1

Differentiating the minimized function relative to p and
equating the derivative to 0, we get the following equa-

tion:
1 1 2p—1
2

(3) (5o 5m) =

If we subtract the fractions, multiply both sides by p?, and
move In(r) to the other side, then we get the following
equation

or, equivalently, r = 22;);—1I .eP/(2p=1) |n particular, the

L?-method (p = 2) isoptimal for r = €2/3 /3 ~ 0.65.

If we differentiate the right-hand side of the equation
(1) and add the resulting fractions, we conclude that this
derivativeis equal to -—; _1’(21) —y e itisaways

positive. Thus, In(r) is an increasing function of p and
hence, p isaincreasing function of In(r) and hence, of r.
Whenp — 1, wegetln(r) - —oco andr — 0. When
p — oo, wegetln(r) - —In(2)+0.5,i.e,r = e/2 =
0.82. Thus, we arrive at the following conclusions:

5 Conclusions

In many image-processing situations, we must select the
optimal lossy compression scheme. Due to the lossiness
of such compression schemes, the reconstructed image
I may differ from the original image I, i.e, Al(z) =
I(z) — I(z) # 0. We show that a natural way to select
an optimal compression scheme is to select a scheme for
which the average value of the quality metric d(I, I) =
[ |AI(z)|P dz if the smallest possible. The value p

should be selected depending on what images we expect:

o If we expect a smal image (eg., a micro-
cacification in mammography), then the optimal
value of p is closeto 1, corresponding to d(I, I) =
J|AI(z)| da.

e When r increases, the value of p increases, and it

reaches p = oo, which correspondsto d(I,I) =
max |AI(z)|, forr = y/e/2 =~ 0.82.

In general, to find the optimal value of p, the must solve
the equation (1).
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