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Hartmanis� observation� How important is theory for practical problems� In his recent talk
���� J� Hartmanis analyzed several cases when a long�standing open theoretical problem was solved�
and came up with a rather unexpected conclusion	 that if some theoretical result is very di
cult
to prove or disprove� then usually� this result has little or no practical usefulness�

This observation seemed troubling to us� because it runs contrary to the usual theoreticians�
belief that complex theoretical results are practically useful� Because of this� we decided to formalize
this observation and to investigate whether Hartmanis� informal statement is true or not in the
resulting formalization� We started with a very simple formalization� and� somewhat to our surprise�
discovered that in this simple formalization� Hartmanis� intuition is right and our original intuition
was wrong	 complex theoretical results are indeed� in some precise sense� of little practical use�
Thus� this gives a �partial
 explanation of Hartmanis� observation�

In this paper� we describe this result� Our result is simple� but we believe the readers will
be interested because it does provide a justi�cation of an otherwise unexplained observation� Of
course� the reader should take into consideration that this result is based on a rather simple possible
formalization� and more adequate and more sophisticated formalizations are necessary�

Towards formalization� general idea� In order to formalize Hartmanis�s observation� we need
to formalize two intuitive notions	 what it means for a statement S to be �practically useful�� and
what it means for a statement to be �di
cult to prove��

Both terms are di
cult to formalize in a way that would best �t our intuitive understanding
of the corresponding notions� In view of this di
culty� we will only formalize the features of these
notions which are necessary to prove our formal version of Hartmanis� statement� Namely� we will
de�ne the following three notions	

� The �rst is the notion of a potential application� this notion will be de�ned in such a way that
every application �in the intuitive sense of this word
 is also �hopefully
 an application in the
sense of this de�nition�

As we will see from our de�nition� the inverse is not necessarily true	 a potential ap�
plication in the sense of our de�nition is not necessarily an application in the intuitive
sense of this word�

� The second notion will be related to the usefulness of an application�
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� The third is the notion of a potentially complex proof� this notion will be de�ned in such a
way that every proof which is complex in the intuitive sense is also complex in the sense of
our de�nition�

Again� the inverse is not necessarily true	 a proof which is potentially complex in the
sense of our de�nition is not necessarily complex in the intuitive sense of this word� in
the last section of this paper� we speculate on how to make this de�nition closer to the
intuitive notion of proof complexity�

Our result will then be that whenever we have a potential application of a potentially complex
proof� this potentially application is not very useful� As we have just mentioned� we are choosing
our de�nitions in such a way that	

� every application �in the intuitive sense of this word
 is a potential application in the formal
sense� and

� every proof which is complex in the intuitive sense is also potentially complex in the sense of
our de�nition�

Thus� from our formal �proved
 proposition� we can make an informal conclusion	 that every
application of a complex proof is not very useful�

Before we give formal de�nitions� let us �rst provide motivations for them�

Towards de�ning potential applications� Let us start with the notion of a potential applica�
tion� A typical expected practical application of a theoretical statement S is that it would lead to
a practical algorithm for solving a practically useful problem� For example� one of the remaining
long�standing important open problems in mathematics is the generalized Riemann hypothesis� it
is known that if Riemann�s hypothesis is true� then a certain fast and simple algorithm U would
be a �provable
 primality test �see� e�g�� ��� ��
�

Without the Riemann�s hypothesis� we can only conclude that the algorithm U is correct if it
says that a given number n is composite� if the algorithm U concludes that n is prime� then� without
Riemann�s hypothesis� it may be possible that n is actually a composite number n � n� � n� for
some integers ni � �� Thus� the correctness of the algorithm U means that for every pair �n�� n�

of integers ni � �� the result of applying the algorithm U to the product n� � n� is �composite��
Since the algorithm U is feasible� we can express its correctness as �n��n�A�n�� n�
� where A is a
feasible �polynomial�time computable
 predicate� This formula can be further simpli�ed as follows	
by adding ��s in front of one of ni� we can always guarantee that the binary descriptions of ni
have the same length �or lengths di�ering by �
� Thus� the correctness of the algorithm U can be
described as �xP �x
� where x runs over all possible binary input strings� and P �x
 is a feasible
predicate �namely� the result of applying U to the product n� � n�� where n� is the integer whose
binary code is the �rst half of the string x� and n� is the integer whose binary code is the second
half of x
�

Similarly� in general� by a potential application of a statement S� we mean the fact that from S�
we can conclude that �xP �x
� where x runs over all binary strings� and P �x
 is a feasible predicate�

In accordance to what we mentioned in describing the general idea of our paper� this formulation
only works one way	 a �potential application� in the above sense means that we have deduced an
implication S � �xP �x
� but the fact that we have this implication for some predicate P �x
 does
not necessarily mean that S is a real application �because the only thing we require about the
predicate P �x
 is that it is feasible� and not all feasible predicates come from useful algorithms
like U
�
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Towards de�ning potential usefulness� The fact that P �x
 is a potential �or even real
 appli�
cation of a statement S does not necessarily mean that this is actually a useful application�

For example� if we can easily prove the universal statement �xP �x
 without using the complex
statement S� then S is clearly not useful at all in guaranteeing that the algorithm �corresponding
to the predicate P �x

 works for all inputs x�

Similarly� if we can prove� without using the statement S� that P �x
 is true for �almost all�
x �i�e�� for a large portion of the strings
 � and therefore� that for almost all inputs� we can
guarantee that the corresponding algorithm works correctly � then� intuitively� for this application�
the statement S is not very useful�

We can� therefore� de�ne the usefulness of a statement S in an application P �x
 for given input
length n as� e�g�� the largest portion of the strings for which P �x
 is true irrespective of whether S
is true or not�

To avoid de�ning too many new terms� we will not give a new de�nition for usefulness� but we
will incorporate this notion into our main result�

Towards de�ning a notion of a potentially complex proof� Let us now consider how to
formalize the notion of a �potentially complex proof�� In mathematical logic� a complexity of the
proof is often measured by its length� So� it seems reasonable to de�ne a potential complexity of a
proof as its length� and a potential complexity of a statement as the shortest length of its proof�

The reason why we added the word �potentially� is that this de�nition does not necessarily
coincide with the intuitive notion of a complexity of a proof� This is especially true if we measure
the length of a traditional proof in� say� �rst order logic� or any other similar formalism� For
example� intuitively� a long proof which consists of a series of long routine computations �e�g�� a
straightforward proof of an arithmetic equality
 is complex in the above sense� but intuitively� it is
clearly simpler than a short proof which consists of several di
cult�to�grasp innovative ideas� In
short� if a certain part of a proof can be easily programmed and implemented by a computer� then
this part is �intuitively
 simple� To eliminate this discrepancy between the intuitive and formalized
complexity of a proof� it makes sense to count each simple application of a feasible program as a
single step of the proof�

Since we mentioned a computer� it makes sense to add that a computer can also use a random
number generator �we mean a true random number generator� in which random numbers come from
the physical process like a resistor noise and not from a pseudo�random algorithm
� The reason
why this addition is useful is that� e�g�� if we have two di�erent functions f��x
 and f��x
 from real
numbers to real numbers� then it is very easy to prove that they are di�erent by simply plugging
in a random number � into both functions	 if f���
 �� f���
� then the functions fi�x
 are di�erent�
and� e�g�� for analytical functions� the probability that �f��
 � f���
 � f���
 � � is �close to
 ��
It therefore makes sense� when de�ning the proof�s complexity� to consider one call to a random
number generator as one step of the proof�

As a result� we arrive at the following de�nitions	

De�nition ��

� Let L be a �xed �rst order language� with axioms and deduction rules �e�g�� language of set
theory which is used as a basis for mathematics�� For this language� we have a natural notion

of a proof�

� Let S be a statement from the language L� By a potential application of S� we mean a feasible

predicate P �x
 �whose truth value is de�ned for an arbitrary binary string x�� for which we

have a proof p �of length len�p
� of the implication S � �xP �x
�
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De�nition �� By a computer proof of a statement from L� we mean a sequence of steps of the
following type�

� generating a random binary string of a given length n�

� checking whether a given feasible predicate Q�x
 holds for a given binary string x�

� applying one deduction step �of the original deduction system��

By the potential complexity of a computer proof� we mean the total complexity of all its steps�

where�

� a generating step has complexity n� and

� a checking or a deduction step have complexity 	�

Let � � � be a positive real number� We say that the computer proof is correct if it leads to a

correct proof with probability � �� ��

Comment� We de�ned each checking step as having complexity �� Alternatively� we could de�ne its
complexity as the number of elementary computational steps which are necessary for this checking�
Since we only consider feasible �polynomial time
 algorithms P �x
� with the new de�nition� we can
prove a similar proposition �with a slightly di�erent numerical estimate
�

De�nition �� Let C be a positive integer� We say that a statement S is C�potentially complex if

any correct computer proof of S or �S has potential complexity � C�

Proposition� Let S be a C�potentially complex statement� and let P �x
 be its potential application

�with a proof p of length len�p
�� Then� regardless of whether S is true or not� for every integer n�
the portion Pn of strings x of length n for which the predicate P �x
 is true satis�es the inequality

Pn � �n��C�len�p�����

Comment� When the statement is very complex �i�e�� C is large
� and the strings are of reasonable
length �i�e�� n is small
� then n	 C� and

�n��C�len�p���� � exp

�
�

ln��
 � n

C � len�p
� �

�

 ��

ln��
 � n

C � len�p
� �
�

Since C � n� this probability is very close to �� Thus� if� from a complex theoretical statement
S� we can deduce a universal practically motivated statement �xP �x
� then even without S� for a
reasonable length n� we can guarantee that P �x
 is true for �almost all� strings of this length�

In our motivation of the notion of a potential application� we mentioned that the intended
meaning of the truth value of a predicate P �x
 for a given string x is that a certain practical algo�
rithm works correctly for this input x� In these terms� the above proposition means the following	
for �almost all� inputs� we do not need the complex statement S to guarantee that the practical
algorithm works for these inputs�

Proof� If S is true� then �xP �x
 is also true� so the portion Pn is equal to �� Therefore� to prove
the proposition� it is su
cient to consider the case when S is false� Let us prove that in this case� if
Pn � �n��C�len�p����� then� contrary to our assumption� we will get a computer proof of �S whose
potential complexity is � C�

Indeed� from S � �xP �x
� it follows that for any string z� we have �P �z
 � �S� Thus� for
any positive integer t� we can consider the following computer proof	 t times run a random number
generator to generate a random string � of length n� and then check whether P ��
 is true� If P ��
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is false for one of these strings �� then use the proof p to conclude that �S� The total potential
complexity of this proof is t �n�len�p
�� �one step to conclude �S from �P ��
 and S � �xP �x

�
Thus� if t � �C � len�p
 � �
�n �e�g�� if t � �C � len�p
 � �
�n
� then we get a computer proof of
�S of potential complexity � C�

To get a contradiction with our assumption� we must show that this computer proof is correct�
i�e�� that it leads to an actual proof with a probability � � � �� Let us check this inequality� For
each �� the probability that P ��
 holds is equal to Pn� Since consequent tests are independent�
the probability that P ��
 will be true for all t tests is equal to P t

n� Thus� with probability �� P t
n�

we get a string � for which �P ��
� and hence� a proof of �S� Thence� if �� P t
n � � � � �which is

equivalent to P t
n � �
� this computer proof is correct� So� if Pn � ���t� we get a contradiction� Thus�

Pn � ���t� Substituting the above formula for t� we get the desired inequality� The proposition is
proven�

Where do we go from here� As we have mentioned� we only provide a rather simple formaliza�
tion of Hartmanis� idea� In particular� our formalization of the proof�s complexity is very crude�
Just like a more intuitive formalization of the notion of complexity of a string is its Kolmogorov
complexity� probably a better formalization of the notion of complexity of a proof p is a �resource�
bounded
 Kolmogorov complexity of this proof �resource�bounded since we are interested in feasible
algorithms only
 ��� ��� For this formalization� we expect a similar result� �Note a similarity with
���� where we showed the relation between Kolmogorov complexity and testing program correctness�
i�e�� a statement of the similar type �xP �x
�
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