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Chapter 1
ERROR ESTIMATIONS FOR
INDIRECT MEASUREMENTS:
RANDOMIZED VS. DETERMINISTIC
ALGORITHMS FOR “BLACK-BOX" PROGRAMS
Vladik Kreinovich
and Raúl Trejo
Abstract

In many real-life situations, it is very difficult or even impossible to directly
measure the quantity in which we are interested: e.g., we cannot directly
measure a distance to a distant galaxy or the amount of oil in a given well. Since
we cannot measure such quantities directly, we can measure them indirectly: by
first measuring some relating quantities   , and then by using the known
relation between  and to reconstruct the value of the desired quantity .
In practice, it is often very important to estimate the error of the resulting indirect measurement. In this paper, we describe and compare different deterministic
and randomized algorithms for solving this problem in the situation when a program for transforming the estimates    for  into an estimate for is
only available as a black box (with no source code at hand).
We consider this problem in two settings: statistical, when measurements
errors    are independent Gaussian random variables with 0 average
and known standard deviations  , and interval, when the only known information
about  is that      for a known bound  . In statistical
setting, we describe the optimal error estimation algorithm; in interval setting,
we describe a new algorithm which may be not optimal but which is better than
the previously known ones.
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1.

ERROR ESTIMATION FOR INDIRECT
MEASUREMENTS – FORMULATION OF THE
PROBLEM

What Are Indirect Measurements. In many real-life situations, it is difficult
or even impossible to directly measure the quantity in which we are interested.
For example, it is, at present, practically impossible to directly measure a
distance to a distant quasar, or the amount of oil in a given area. Since we
cannot measure such quantities directly, we have to measure them indirectly:
Namely, we measure some other quantities  which are related to by
a known dependence    , and then apply the known function
    of measuring   .
to the results 
For example, to determine the amount of oil in a given area, we measure the
results  of sending ultrasound signals between the two parallel wells, and then
estimate by solving the appropriate system of partial differential equations
(in this example,      is a program for solving this system).
In general, such a two-stage procedure (measurement followed by compu  
    
tations) is called an indirect measurement, and the value 
resulting from this two-stage procedure is called the result of indirect measurement.
Toy Example. To make the exposition clearer, we will illustrate these notions
on the following toy example: Suppose that we are interested in the voltage  ,
but we have no voltmeter at hand. One possibility of measuring  indirectly
follows from Ohm’s law: we can measure the current  and the resistance



, and compute  as  . In this case,  is the current, !
, and
  " .
  of the current is 1.0, and the measured value
If the measured value 
of the resistance is   $# &% , then the result of the corresponding indirect
measurement is  (' &%) # &% *# &% .
Error Estimation for Indirect Measurements: A Real-Life Problem.
  of each direct
Measurements are never 100% accurate; hence, the result 
measurement is, in general, somewhat different from the actual value of the
 ./  ,
measured quantity. As a result of these measurement errors +,-
0
1

the result 
    of applying to the measurement result will be,
in general, different from the actual value 23     of the desired
quantity.
For example, in our toy problem, the actual value of the current may
be 
%5476   8' &% , and the actual value of the resistance is
 9# &%;:<6   9# &% . In this case, the actual value of the voltage is
= "! %54> # &%;: ?' 5@BAC:D*#
6 &% .
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Since the result  of indirect measurement is, in general, different from the
 .
actual value , it is desirable to know the characteristics of the error +
of indirect measurement. How can we estimate these characteristics?

Possible Information Available for Estimating the Error of Indirect Measurements. First, we know the function     . This function may
be given as an analytical expression, or, more frequently, as an algorithm. It
may be a program written in a high-level programming language (i.e., a source
code), which can be translated into an executable file ready for computations,
or it may be only an executable file, with no source code provided.
     of direct measurements.
Second, we know the results 
Finally, we need some information about the errors of the direct measurements. The errors +   come from the imperfection of the corresponding
measuring instruments. For an instrument to be called measuring, its manufacturer must supply some (well-defined) information about the measurement
errors. Ideally, this information must include the probability distribution of
different measurement errors.
The knowledge of these probabilities is desirable but not always required and
not always possible. In many practical cases, we only know the upper bounds
+ .
+  for the possible measurement errors, i.e., we only know that +, 
In such cases, after each direct measurement, the only information that have
about the actual value  of the measured quantity is that this value belongs to
 -.<+,     +, .
the interval  
For example, in our toy case, the manufacturer of the measuring instruments may guarantee that the measurement error +,  of measuring
current cannot exceed + 
% ' , and the measurement error +,- of measuring resistance cannot exceed +
%&%;: . If no other information about
the measurement accuracy is given, then, after we got the measurement
  ?' &% and ! *# &% , the only information we have about the acresults 
 %54  '  '  .
tual value of the current  is that    ' &% . % '  ' &%  % ' 
Similarly, the only information we have about the actual value of the resistance  is that    # &%,. %&%;:  # &%  %&%;:
 ' 54 :  # &%;: . (The
9'
%54 and !
&%;: , of course, belong to these interactual values 
vals; if they did not, this would mean that the manufacturer’s bounds are
incorrect.)
In the situations when we only know the upper bounds on the measurement
errors, the problem of estimating the error of indirect measurement is called
the problem of interval computations; for details and examples of practical
applications, see, e.g., [31, 65]. The setting when we only know intervals will
be one of the settings considered in this paper.
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Another setting which we will consider is a setting described in standard
engineering textbooks on measurement (see, e.g., [25, 56]; see also [13, 28]).
In this setting, the measurement error +,! of each direct measurement is
normally distributed with 0 average and known standard deviation  , and
measurement errors of different direct measurements are independent random
variables. These assumptions can be justified by two related reasons:
The first reason is more theoretical. Usually, the manufacturers of the
measuring instruments have made their best effort to eliminate the major sources of measurement error. The resulting measurement error
comes from a variety of small independent error sources, and thus, can
be described as a sum of a large number of small independent random
variables. According to the central limit theorem, such a sum, under
reasonable conditions, converges to normal distribution. Thus, if there
are sufficiently many small random components, the resulting error distribution is indeed close to normal.
The second reason for choosing Gaussian distribution is empirical: for
the majority of measuring instruments, the measurement error is indeed
normally distributed (see, e.g., [52, 54]).

In This Paper, We Will Only Consider Situations When the Measurements
Are Reasonably Accurate. In this paper, we will only consider situations
in which the direct measurements are accurate enough, so that the resulting
measurement errors +,  are small, and terms which are quadratic (or of higher
order) in +, can be safely neglected, and so, the dependence of the desired
  .D+,    . +   on +, can be safely
value =*    * 
assumed to be linear.
In our toy example, 

      5 , so *   .>+,     .)+, 
' &% ,
   ! . ! C+, .   ;+,!  +   C+, . In our case,  
#
=
*#
#

&% , so
&% . + . +, 2
 +, +  . The only non-linear
term in this expansion is the quadratic term +,  +  .
Here, + 
 ". (' &% .2%54 % ' , +  # &%). # &%;: . %&%;: ,
<
#
and +
&% . ' 5@BAC:
% ' : :  If we ignore the quadratic term, we




  8# &% . # +  . +,!
' 5@ : and
get approximate values

















'
 .
+
% : . The error of this linear approximation
:  % ' : .
is %&% %;
Comments.
To avoid possible confusion, we must emphasize the following. We are
not talking about functions which are linear for all possible values of
input data. In this paper, we are considering data processing functions
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which can be approximated by linear ones in the close vicinity of every
     . These linear approximations,
measurement result  
however, are different for different measurement results.
There are practical situations when the accuracy of the direct measurements is not high enough, and hence, quadratic terms cannot be safely
neglected (see, e.g., [31] and references therein). In this case, the problem
of error estimation for indirect measurements becomes computationally
difficult (NP-hard) even when the function    is quadratic
[43, 62]. However, in most real-life situations, the possibility to ignore
quadratic terms is a reasonable assumption, because, e.g., for an error of
1% its square is a negligible 0.01%.
With the above restriction in place, we can easily deduce the explicit expresof indirect measurement.
sion for the error +

Indirect Measurement Error: Derivation and the Resulting Formula.
Due to the accuracy requirement, we can simplify the expression for + <
*     .    if we expand the function in Taylor
 .
    and restrict ourselves only to linear terms
series around the point  
in this expansion. As a result, we get the expression



 "+,

+ =

  



+, 

where by  , we denoted the value of the partial derivative
     :

   
     





'

     at the point
# 

Probability Distribution of the Indirect Measurement Error: Derivation
and the Resulting Formula. In the statistical setting, the desired measurement error +
is a linear combination of independent Gaussian variables +,- ,
and hence, +
is also normally distributed, with 0 average and the standard
deviation



    









 

Comment. A similar formula holds if we do not assume that +,- are normally
distributed: it is sufficient to assume that they are independent variables with 0
average and known standard deviations  .

Interval of Possible Values of the Indirect Measurement Error: Derivation
and the Resulting Formula. In the interval setting, we do not know
the

probability of different errors +,! ; instead, we only know that +,!
+  . In
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this case, the sum (1) attains its largest possible value if each term
this sum attains the largest possible value:



If

%

  B+, in

, then this term is a monotonically non-decreasing function of
+, , so it attains its largest value at the largest possible value +,  +, ;
the corresponding largest value of this term is -+, .





If  % , then this term is a decreasing function of +,! , so it attains its
largest value at the smallest possible value + !
. +, ; the correspond B+, .
ing largest value of this term is . -+,







In both cases, the largest possible value of this term is
possible value of the sum +
is

+



+    



B+



B+  , so, the largest
A 

Similarly, the smallest possible value of +
is . + .
Hence, the interval of possible values of +
is  . +  +  , with + defined by
the formula (4).
Comment. In our toy problem, it is easy to compute the actual interval of
possible values of
 ; when    %54  '  '  and    ' 54 :  # &%;: :

Indeed, the function    
   is monotonically increasing as a
function of each of its variables (for 7% and 9% ). Thus, the largest
     is attained when both input variables take their
possible value of
'  ' and 
# &%;: , and is equal to
largest possible values, i.e., when 
'  '  # &%;:
#  # : : . Similarly, the smallest possible value of D    is
attained when both input variables take their smallest possible values, i.e., when
 %54 and  ?' 54 : ; this smallest value of is equal to %54  ' 54 : 1'  : : .
So, the interval of possible values of is equal to  '  : :  #  # : : . Hence, the
interval of possible values for + =  . =*# .
is  . % # : :  % # AC: .
On the other hand, applying formula (4), we get + *# &%  % '  ' &%  %&%;:
#
% : and the interval  . % # :  % # : . (We can see that this is indeed a good
approximation to the actual interval.)

Error Estimation for Indirect Measurement: a Precise Computational
Formulation of the Problem. As a result of the above analysis, we get the
following explicit formulation of the problem: given a function      ,
 numbers    , and  positive numbers  (or + +, ),
compute the corresponding expression (3) or (4).
Let us describe how this problem is solved now.
Textbook Case: The Function is Given by Its Analytical Expression.
If the function is given by its analytical expression, then we can simply
explicitly differentiate it, and get an explicit expression for (3) and (4). This is

Error Estimations for Indirect Measurements
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the case which is typically analyzed in textbooks on measurement theory (see,
e.g., [25, 56]).

A More Complicated Case: Analytical Differentiation. In many practical
cases, we do not have an explicit analytical expression, we only have an
algorithm for computing the function     , an algorithm which is
too complicated to be expressed as an analytical expression.
When this algorithm is presented in one of the standard programming languages such as Fortran or C, we can apply one of the existing analytical
differentiation tools (see, e.g., [8, 27]), and automatically produce a program
which computes the partial derivatives  . These tools analyze the code and
produce the differentiation code as they go.



InMany
Practical
Applications, We Must Treat the Function
   

As a Black Box. In many other real-life applications, an
algorithm for computing    may be written in a language for which
an automatic differentiation tool is not available, or a program is only available
as an executable file, with no source code at hand. In such situations, when we
have no easy way to analyze the code, the only thing we can do is to take this
program as a black box: i.e., to apply it to different inputs and use the results
of this application to compute the desired value .
In this paper, we will analyze such black-box situations, and describe the
optimal algorithm for computing , and a new algorithm for computing + .
Before we describe these algorithms, we must do two things: formulate the
black-box approach in mathematical terms, and describe known black-boxoriented algorithms.
Comment. Algorithms designed for the black-box situation can be also used
when we do have a code of a program , and we can, in principle, use automatic differentiation tools; we can always ignore this knowledge and treat
the program as a black box. In some practical situations, this turned out to
be useful, because both the automatic differentiation algorithms and the blackbox-oriented algorithms come with a substantial computational overhead, and
the overhead for black-box-oriented algorithms is sometimes smaller.

Error Estimation for Indirect Measurements: Towards a Mathematical
Reformulation of the Black-Box Approach. The general idea of a black     of
box approach is that, in addition to computing the result  * 
the indirect measurement, we also apply the function to other inputs which
     .
are different from  
Our ultimate goal is to analyze how errors in ! induce errors in the value
of the function . We have already assumed that the errors in   are small,
so the vector   of the actual values is close to the measured values
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   .2
(so close that the squares of measurement errors +,!
can be neglected). From the viewpoint of this goal, we are only interested in
the values of the function in the small vicinity of the measurement point, i.e.,
for the values 
    for some small  (so small that their squares are
negligible). Since quadratic terms are negligible, we can expand in Taylor
series and only keep linear terms in this expansion. As a result, when we apply
the function to the values     , we get the result
   

 




 

 



   

 








So, in effect, for sufficiently small vectors (i.e., for vectors for which  






 :;


for some real number  % ), we get the dot (scalar) product  between the
input vector (   and the (unknown) vector (   .
Thus, for an arbitrary small vector , we can find its dot product  with
the (unknown) gradient vector by a single call to the black-box computing :

.  . We can use a slightly more complex idea to compute
namely, as    





the product









If







for an arbitrary (not necessarily small) vector




, then we compute






, then we compute

 of the given vector . Then:






as

 



as follows:

. 

.

– first, we compute the normalization coefficient
– then, we
ponents
 
vector, 



as follows:





First, we compute the length
If





  ;




  with com
compute the auxiliary vector





; due to normalization, for this auxiliary










;

– third, we compute



– finally, we compute



*








as

 

 









. 


;



.

Let us explicitly repeat the resulting mathematical reformulation.

Error Estimation for Indirect Measurements: A Mathematical Reformulation of the Black-Box Approach. We know the values  , 
(or 
and +   +, ); we know that there is a vector ,3   but we do
not know the values of its components. For any given vector (   ,
we can compute the dot product 
   * 
  Based on the
results of these computations, we must compute, correspondingly, the value (3)
or (4).
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A Straightforward Method of Solving This Problem: Numerical Differentiation. The most straightforward algorithm for solving this problem is to
compute the derivatives  one-by-one, and then use the corresponding formula
(3) or (4) to compute the desired . To compute the -th partial derivative,
    for some  , and leave other inputs
we change the -th input  to 
unchanged, i.e., we take 
 for this and
% for all 6 . Then, we
estimate  as











'

 





      

           





.  !

This algorithm is called numerical differentiation.
We want the change  to be small (so that quadratic terms can be neglected);
we already know that changes of the order  are small. So, it is natural to
 (or, correspondingly,  +  ). In other words, to compute  ,
take 

 
%, 
 (or 
+, ),
we use the following values: 
  
%.
This choice of  has an additional advantage: it decreases the computation
time. Namely, no matter which values  we use, we need the same number of
calls to (i.e.,  calls), but by using the above values  , we decrease the total
number of additional computations. Indeed, e.g., in interval setting:

















For general  , we need three arithmetic operations to compute each
value  : one addition to compute      , one subtraction to compute the
                  .   and one division
difference  
to divide this difference by  . So, to compute all  partial derivatives,
we need  arithmetic operations. Then, we need  takings of absolute
value,  multiplications and  . ' additions to compute the sum (4),
 . ' arithmetic
which brings the total to         . ' 
operations.















         
For the above values of  , the difference  
        .  is equal to   
  +, , so there is no
need to first divide it by  and then multiply it by +  : we can di                   .  .
rectly estimate  +, as  
 ,  subtractions
Thus, to compute + , we now need  additions    
                 C.  ,  absolute values to compute
the terms   +, , and  . ' additions to add all these terms, to the total
of A  . ';   . '  arithmetic operations.







 





 







For statistical setting, we get a similar decrease in computation time.
Comment. The above numerical differentiation algorithm is the simplest possible. There are other algorithms that give better results for non-linear functions
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(see, e.g., [26]); e.g., we can estimate

 


'

  as










         #      .







   . #      







Such algorithms take longer to compute (e.g., the above algorithm requires # 
calls to instead of  ). Spending this extra time make sense if terms quadratic
in  cannot be neglected. However, since we assumed that we can neglect
these quadratic terms, even our simplest numerical differentiation algorithm
leads to exact value of  and therefore, there is no need to spend time on more
sophisticated differentiation techniques.
A natural next question is: can we use an even simpler numerical differentiation algorithm which would allow us to compute the quantity (3) or (4)
with fewer than  calls to ? As we will soon see, if we restrict ourselves to
deterministic algorithms, the answer is: No,  is the smallest we can get.





Sometimes, Numerical Differentiation Takes Too Long. If a function
  is simple and fast-to-compute (e.g., if it is given by an explicit
analytical expression), then we do not need the black-box-oriented algorithms
at all. We only need these algorithms when the program is itself timeconsuming (e.g., computing may involve solving an inverse problem). In this
case, applying the function is the most time-consuming part of this algorithm.
So, the total time  that it takes us to compute is (approximately) equal to
the running time  for the program multiplied by the number of times
that we call the program .
 (we call  times to compute 
For numerical differentiation,
partial derivatives). Hence, if the program takes a long time to compute,
and  is huge, then the resulting time  may be too long. For example,
if we are determining some parameters of an oil well from the geophysical
measurements, we may get  in the thousands, and  in minutes. In this case,

   may take several weeks. This may be OK for a single measurement,
but too long if we want more on-line results.
If We Do Not Have Enough Time for Numerical Differentiation, We May
Use Randomized Algorithms. The only way to save on computation time is
to limit the number of times we call , i.e., to limit
.
If we limit this number of calls to
  , we cannot get an answer which
is always correct: Indeed, if applied
   different vectors (  
and computed the values  , then we get  . ' equations for  variables
  ; therefore, this system does not have a single solution; it has at least
a 1-D line of possible solutions , and for points of this line which go to , both
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expressions (3) and (4) tend to
as well. Thus, we can have arbitrarily large
values of and + which are consistent with the results of black-box testing,
and we cannot, therefore, deduce the exact value of or + from these testing
results.
Since we cannot use deterministic algorithms, i.e., algorithms which always
guarantee an answer, we can try randomized algorithms, which provide us with
an answer with a certain probability. In real-life applications, the fact that these
algorithms have a (small) probability of erring is OK, because the measuring
instruments themselves have a small probability of failing anyway.
Randomized algorithms can indeed speed up computations: e.g., in statistical
setting, a straightforward simulation (Monte-Carlo type) saves time drastically:

Monte-Carlo Simulation for Statistical Setting. In this algorithm, we use a
computer-based random number generator to simulate the normally distributed
error. A standard normal random number generator usually produces a normal
distribution with 0 average and standard deviation 1. So, to simulate a distribution with a standard deviation  , we multiply the result  of the standard
-  .
random number generator by  . In other words, we take 

As a result of
Monte-Carlo simulations, we get
values 
     
   which are normally distributed with the desired
standard deviation . So, we can determine by using the standard statistical
estimate

'
  

. '  













The relative error of this estimate depends only on
(as  ' 
), and not

on the number of variables . Therefore, the number of steps
needed to
achieve a given accuracy does not depend on the number of variables at all.
The error of the above algorithm is asymptotically normally distributed, with
 # . Thus, if we use a “two sigma" bound, we
a standard deviation 
conclude that with probability 95%, this algorithm
 #  *#leads  to# an estimate for
which differs from the actual value of by
.
This is an error with which we estimate the error of indirect measurement;
we do not need too much accuracy in this estimation, because, e.g., in real life,
we say that an error is  ' % or  # % , but not that the error is, say,  ' ' 5@ .
Therefore, in estimating the error of indirect measurements, it is sufficient to
estimate the characteristics of this error with a relative accuracy of, say, 20%.
For the above “two sigma" estimate, this means that we need to select the
 #
% #  , i.e., to select
:%.
smallest for which #  *#
In many practical situations, it is sufficient to have a standard deviation of
20% (i.e., to have a “two sigma" guarantee of 40%). In this case, we need only
?' calls to .
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On the other hand, if we want to guarantee 20% accuracy in 99.9% cases,
which correspond
which 
 # to “three sigma", we must use for
#
?'
' , etc.


%  , i.e., we must select



 required
For   ' % , all these values of
are much smaller than
for numerical differentiation.
So, if we have to choose between the (deterministic) numerical differentiation and the randomized Monte-Carlo algorithm, we must select:
a deterministic
when
the number of variables
 algorithm


(where
*: % ), and
inequality 
a randomized method if 





satisfies the

.

These two algorithms are the most widely used. A natural question is: are they
optimal? Our answer is: no, for many different values of  , it is possible to
find an algorithm which is better than both.

What We Are Planning To Do. In this paper, we will describe the best
randomized algorithm for estimating (which is better than the Monte-Carlo
simulation), and a new algorithm for estimating + .
Our main ideas and the preliminary (restricted) versions of our results were
first announced in [33, 37, 40, 41, 42, 44, 45].

2.

ERROR ESTIMATION FOR INDIRECT
MEASUREMENT: STATISTICAL SETTING

2.1

ERROR ESTIMATION FOR INDIRECT
MEASUREMENT REFORMULATED AS A
TOMOGRAPHY PROBLEM

 
 

  

 

When
, The Error Estimation Problem Has a Natural
(' , then

Geometric (Tomographic) Interpretation. When 
7
the formula (3) becomes a formula for the length of a vector
  .
Therefore, the above error estimation problem for indirect measurements can be
reformulated in the following geometric terms: We have an (unknown) vector
. We want to know its length
. In order to compute this length, we can
pick an arbitrary vector and compute a scalar product  . The question is:
how to estimate the desired length by picking the smallest possible number of
vectors. Alternatively, if the number of picked vectors is fixed, the question


is: How to select these vectors    in such a way that from the scalar




products    , we will able to get the best possible estimate  for the
desired length .
From the mathematical viewpoint, knowing the scalar product  of the
unknown vector with a known vector is equivalent to knowing the projection
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 . Therefore, the above problem means that we need to

reconstruct the length of a vector from its projections to different directions.
In general, problems in which we want to reconstruct a certain property of
an unknown object based on the characteristics of its projections are called
tomography problems. Therefore, the above problem can be viewed as a
(simple) case of tomography problems.

 

 

 

The General Case Can Be
Naturally
Reduced to the (Geometrically Inter 

pretable) Case When
. Let us show that the general
case of the error estimation problem for indirect measurements can be natu' . Indeed, in the general case, we must find
rally reduced to the case of 
the expression (2) for unknown values  . Instead of considering the

   . Then,
values  as unknowns, we can introduce new unknowns:


  

 of the new unknown
the desired expression (3) is simply the length



















vector  (      .
' , we need to reformulate
To complete the reduction to the case of 
  in terms of the new variables
the expression for the observed quantity

   ,
   . Such a reformulation is straightforward:
  



  . If we know  , then we can reconstruct  as 
where 
  .
Therefore, if we know how to solve the geometrizable problem (with  ?' ),
we can then solve the problem with arbitrary  as follows:









first, we generate a vector
problem, and
then use the values





  





which is appropriate for the geometrized
to solve the given problem.

This reduction is very natural, because in both above algorithms – numerical
differentiation and Monte-Carlo – the values  were actually of the form

!  for some values  which did not depend on  .

Precise Formulation of the Corresponding Geometric Problem. In view
of the above reduction, it is sufficient to solve the geometrizable particular
case of the error estimation problem. Let us formulate this problem in precise
mathematical terms.
Definition 1. Let positive integers  and be given. By an algorithm which
solves the  -variable error estimation problem in calls (or simply an     algorithm, for short), we mean a tuple 7       , where:



for every from 1 to
    
from

is a function which assigns, to every element

  ,, a probability
measure on
, and



 is a function which assigns to every element of     a probability

measure on

.
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 % . By a     -computational trajectory, we mean
Definition 2. Let  
      





         , where  is a real number, and
a sequence


for each from 1 to ,  
is an  -dimensional vector and  is a real
number.









Definition 3. Let 7       be an
 -dimensional vector 
, the algorithm
bility distribution on the set of all possible  







 

 -algorithm. Then, for each
generates the following proba -computational trajectories:




for ?' , a random vector  is generated according to the probability

   ;
distribution  , and we compute 






next, for #   , a random vector  is generated according to
        ; then,
    
the probability distribution

  ;
we compute 



 





 

finally, a random value  is generated according to the probability mea



sure         
.

 







 


Let     be a function which, for each , attains its minimum for >
is convex in .



and

 

This function will be called the inaccuracy of approximating by  .
For each vector
of an algorithm







 

6 % , the inaccuracy 
of length >
   
on this vector is defined as    


 



   . 




By an inaccuracy    of an algorithm , we mean the largest possible
value of its inaccuracy on any vector 6 % .



Example. For example, we can take

 

  

 . 
 


Comment. In the above definitions, we define a randomized algorithm for
solving our problem. In particular, if all probability distributions are degenerate
(i.e., concentrate on a single vector with probability 1), we get a deterministic
algorithm.
Definition 4. Let  
1% . We say that an
has the smallest possible inaccuracy.

 

 -algorithm is optimal if it

Now, we are ready to formulate and to prove the main result of this section:
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2.2

THE MAIN RESULT FOR STATISTICAL
SETTING: OPTIMAL ERROR ESTIMATION
ALGORITHM FOR INDIRECT MEASUREMENTS

In this subsection, we will explicitly describe, for each  and and for each
inaccuracy criterion, the optimal     -algorithm. For readers’ convenience,
all the proofs are located in a special (last) section.

 , numerical differentiation is the optimal     Theorem 1. When
algorithm.
      is optiWhen
  , the following     -algorithm
mal:




is a uniform distribution on a unit sphere in
;

        is a uniform distrifor each  ' ,    

which are orthogonal to  . ' 
bution on the set of all unit vectors of








vectors
(this set is an

.  -dimensional sphere);

 



 



finally, the probability distribution     
concentrated, with probability 1, on a real number
 

where 
criterion



 










    



     

 



is



 


is a function of one variable which depends on the

.

Comments.

So, if we allow at least  calls to a black-box program , then the
deterministic numerical differentiation algorithm is optimal for error estimation; when we allow fewer than  calls, we have to use a randomized
algorithm.





As we will see from the proof, a similar result holds if instead of estimating the length of the vector , we estimate an arbitrary function of this
length. For example, if we want to estimate
, then it is natural to
choose a criterion

 

  

    .  






For this criterion, the optimal estimate comes from

! 

  #


 #
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 follows from the fact that the problem is invariant under
that ! 
scaling
 for an arbitrary  % , and the specific optimal choice
of comes from the explicit computations.



A similar theorem holds if instead of arbitrary     -algorithms, we
will only consider algorithm which produce un-biased estimates for
or for an appropriate function of . For example, if we are estimating
, and we want to choose an unbiased estimate which is optimal
under the above criterion, then we get the estimate









 
Here, !

 ( 



 

















.

When we choose the desired accuracy of an error estimation algorithm,
then we select the algorithm which requires the smallest number of
calls to the black-box program    . For the three algorithms
that we have so far described – numerical differentiation, Monte-Carlo
simulation, and the new (optimal) algorithm – a typical dependence of the
corresponding number of calls on the number of variables  is depicted
in Figure 1.1.

Monte Carlo
Numerical
Diff.
New Algorithm

Figure 1.1

2.3

Comparison of different algorithms

HOW TO ACTUALLY PROGRAM THIS
OPTIMAL ALGORITHM

The mathematical description of the above optimal algorithm may look
somewhat complex, but in reality, this algorithm is rather easy to program.

In this programming, we must know the value
such that for vectors
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with  



of the (black-box) function
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, we can neglect quadratic terms in the expansion




 

.

in

First Auxiliary Algorithm: Gram-Schmidt Orthogonalization. In the first
auxiliary algorithm, we use the well-known Gram-Schmidt orthogonalization


procedure: If we have
vectors    , then the following formulas
  


produce orthogonal unit vectors
,  which span the same linear space



as the vectors
:
 
 
 


    


and then for each

 '

,
 




where
 

 

.

 
  







 


  







 @;


Second Auxiliary Algorithm: Gaussian Random Number Generator. We
must use a random number generator for generating a normally distributed
random variable with 0 average and unit standard deviation, so that consequent
calls to this program produce independent and equally distributed random
variables (some programming languages have explicit commands for such a
generator, others have known algorithms for it).
The Algorithm Itself.

First, we apply the above random number generator  times, and get 

components of the first vector  . Then, we apply this same random

number generator more times, and get  components of the second

vector  , etc.




After we have generated
such vectors, we apply Gram-Schmidt or

thogonalization to generate the vectors    .

Then, for each from 1 to , we compute 
   by applying
  

the function to the values   
, and then computing  as








'









 





 







.  

(This computation is slightly easier than in the general case, because we
   
  is a unit vector, so its length

 equals 1.)
know that
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Finally, we compute the estimate  by using the formula (6).

3.
3.1

ERROR ESTIMATION FOR INDIRECT
MEASUREMENT: INTERVAL SETTING
MONTE-CARLO SIMULATION FOR INTERVAL
SETTING: A KNOWN ALGORITHM

Main Idea Behind the Known Randomized Algorithm. In statistical setting, Monte-Carlo simulation is a known error estimation algorithm. It is
somewhat less well known that a similar simulation algorithm can be designed
for interval setting. Let us explain how such an algorithm can be designed.
In this explanation, we will try to show that the resulting algorithm is not
an unnatural mathematical trick, it does appear naturally. (A reader who is
only interested in the algorithm itself, not in its motivations, is welcome to go
directly to the next subsubsection.)
In Monte-Carlo algorithm for statistical setting, we start with  independent
variables 
which are normally distributed with 0 average and standard deviation 1. The variable  simulates the error +  when the standard
deviation  of +, equals 1. To simulate the error +,! for a general  , we
   . The simulation algorithm is based on the fact that for all
use 
% ,  ,
% , the
possible sequences of real numbers  , and 
distribution of the linear combination

  



     

is the same as for  , where

 
    



   





is determined by the formula (3).
To design a similar algorithm for the interval setting, it is therefore desirable
to find a new probability distribution which will play the same role for this
setting as a standard normal distribution plays for the statistical setting. In
other words, we would like to be able to start with  independent variables
 which are all distributed according to this new distribution. The
variable  simulates the error +  when the bound +  corresponding to +,
+   .
equals 1. To simulate the error +  for a general +  , we use 
For this idea to work, we must select the distribution in such a way that if
  are  independent random variables distributed according to this
distribution, then for all possible sequences of real numbers  , and
+ % ,  , +
% , the distribution of the linear combination



 



    

is the same as for +  , where +

 

+      



+





is determined by the formula (4). Let us find
distributions which satisfy this condition.
A natural way to describe a probability distribution is to describe its probability density function !  . However, this may not be the best way to represent
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the (unknown) desired probability distribution, because the probability density
for the sum of several independent random variables is described by a convolution, and hence, in terms of !  , the above condition becomes a complex
integral equation. We therefore need to look for alternative descriptions of a
probability distribution which will enable us to handle the sum of independent
random variables easier.
Independence of two random variables  and   means, in particular, that
the mathematical expectation      of their product is equal to the product
       . Independence of
of their mathematical expectations:  =  


 and  also means that for any two functions  and    , the variables
 - and      are also independent and therefore,







          









     





  

Therefore, to use the condition that is a sum of independent random variables

+  , we can use the fact that for an exponential function
      , we have   (  *    (         ,
and thus,    
      C     , i.e.,



  

              "+"    ;;       +, 
The requirement that  has the same distribution as +? implies that
    B+?          +       ;       +












 
describing the function  





When the real part    of the coefficient
 
  is different from 0, then   attains arbitrarily large values either
for
(if    7% ), or for
.
(if    ?% ). In both cases,
the mathematical expectations may become infinite, thus making the above
formula meaningless. So, to make this formula always meaningful, we should
only consider coefficients with   
% , i.e., purely imaginary coefficients
,  for real values . For such , all the above expectations are of the form
       for some real number . This expression is called a characteristic
function of the probability distribution and denoted by   . If we use this
notation, then the above formula becomes

























 + 
For  ' , +  9' , and 
 .
conclude that  



  "
 +   C   +, 
' , so we can
. ' , the formula (4) leads to +
 , i.e., that the value   depends only on the
 .
absolute value of and not on it sign:  

3#
'
+=
 % , we have +
  ,
For
,+ 
,   % , and



so we can conclude that
  
  
 . It is known that the
only measurable function which satisfies this functional equation is  
 
  for some real value  [1]. (The proof is that ’s logarithm is an
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additive function, and it has been, basically, known since Cauchy that the only
 % , we have
measurable additive functions are linear ones.) Hence, for
 
      , and for general , we have  
  . Since
  is defined as a mathematical expectation of the expression      
whose absolute value is 1, the absolute value of   cannot exceed 1, thus

 % . For simplicity, we will take  . ' (but any other value will also work).
By definition, the characteristic function is a Fourier transform of a probability density function !  ; thus, we can reconstruct the probability density by
 
.
 . As a result, we get
taking the inverse Fourier transform of  
 '  called Cauchy distribution.
the probability density !  ('   



Towards Implementation of the Main Idea. In our simulations, we multiply
variables distributed according to this distribution by positive real numbers
+ . If is distributed according to this distribution, then the probability density
+? is equal to
for

- 

 

+

 +



This more general formula is also called Cauchy distribution. The value + will
be called the scale parameter of this distribution, or simply a parameter, for
short.
The property that we aimed for (and that we will use) is that if 
are independent random variables, and each of  is distributed according
to the Cauchy law with parameter += , then their linear combination
   < 
 is also distributed according to a Cauchy law, with a scale
 +   
+ .
parameter +
Therefore, if we take random variables  which are Cauchy distributed with
parameters +  , then the value







*   





  


 .      



 

    







is Cauchy distributed with the desired parameter (4). So, repeating this exper

iment
times, we get
values    which are Cauchy distributed
with the unknown parameter, and from them we can estimate + .
The bigger , the better estimates we get.
There are two questions to be solved:
how to simulate the Cauchy distribution;
how to estimate the parameter +

of this distribution from a finite sample.

Simulation can be based on the functional transformation of uniformly distributed sample values: 
+       . %5:; , where   is uniformly
'
distributed on the interval  %  .
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 we can apply the Maximum Likelihood Method

In order to estimate

!   !

  - 
  , where !  is a Cauchy distribution density
with the unknown + . When we substitute the above-given formula for ! 
and equate the derivative of the product with respect to + to 0 (since it is a
maximum), we get an equation

'
' 

   

'

  

+

' 

 
+



 4;

# 




   
 

#  for
The left-hand side of (9) is an increasing function that is equal to %  
  
#
for +
; therefore the solution to the equation
+
% and 


(9) can be found by applying a bisection method to the interval %   
.
So, we arrive at the following algorithm:



?'  #  B

Algorithm. For

    
 

, repeat the following:

 
use the random number generator to compute  numbers  
'  # B  , that are uniformly distributed on the interval  % '  ;

 
+,-       .<%5:; ;
compute 



compute the length 





   of the vector  
  

compute the normalized coefficient


compute the auxiliary vector 
  
 
  
;


  
   into the program
substitute 





compute

+



 









  

  

 





(    



 

;

   ;
  

with components

and compute

   

  

. 



by applying the bisection method to solve the equation (9).

Philosophical Comment: Sometimes, Distortion of Simulated Phenomenon Makes Simulation More Efficient. The use of Cauchy distribution in the above algorithm may seem somewhat counter-intuitive (see, e.g.,
[36, 49]). Indeed, in the interval setting, we do not know the exact probability
distribution of each error += , but we do know that each error +  belongs to the
corresponding interval  . +   +   , so the actual (unknown) probability distribution for +, must be located on this interval with probability 1. So, at first
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glance, if we want to design a simulation-type technique for computing + , we
should use one of such possible distributions in our simulations. Instead, we
use a Cauchy distribution for which the probability to be outside the interval
 . +   +   is non-zero. In other words, in order to make the simulations work,
in these simulations, we distort the actual distributions.
At first glance, it may therefore seem natural to use, in our simulations,
instead of  independent variables distributed according to Cauchy distribution,
 independent variables  distributed according to some distributions which are
actually located on the interval  . +   +   . It is sufficient to select a distribution
corresponding to +  ?' ; let and denote the average and standard deviation
of this variable. Then, by scaling (namely, by multiplying by +  ), we can get
a distribution corresponding to an arbitrary += . In this case, for each variable
 , its average is equal to + ! , and its standard deviation is equal to +=! .
As a result of each simulation, we get the value    D 
 . For large
 , we can apply the limit theorem to this sum and conclude that this value is

approximately normally distributed, with an average
;+, and the standard


deviation
 +  . The larger , the closer this resulting distribution to
normal. It is known that a normal distribution is uniquely determined by its
first two moments; hence, for large  , the only information that we will be able
to extract from the simulation results are the average and the standard
 deviation
  +  and   +  , we
of the resulting distribution. From these two sums

 +, . Thus, we cannot use
cannot uniquely determine the desired value
un-distorted simulation, and distortion is inevitable.
A general conclusion is: In simulation, sometimes distorting the simulated
process leads to a faster simulation-based algorithm.
At a more general level, the advantages of simulations with distortions over
accurate simulations may explain:


















why an artistic (somewhat geometrically distorted) portrait often captures
our impression of a person much better than a (geometrically correct)
photo, and
why, in spite of humans’ high optical abilities, we sometimes (as in
optical illusions) distort the image that we are trying to reproduce.

When Is This Randomized Algorithm Better Than Deterministic Numerical Differentiation. To determine the parameter + , we use the maximum
likelihood method. It is known that the error of this method is asymptotically
 , where
normally distributed, with 0 average and standard deviation ' 
 is Fisher’s information:









'



 
+ 
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'  # +  , so the error of
For Cauchy probability density !  , we have 
the above randomized algorithm is asymptotically normally distributed, with a
standard deviation   +1 #
. Thus, if we use a “two sigma" bound, we
conclude that with probability 95%, this algorithm
leads to an estimate for +

which differs from the actual value of + by #  ?# +9 #
. So, if we
want to achieve a 20% accuracy in the error estimation, we must use the smallest
*# % % .
% # + , i.e., to select
for which #  # +? #
When it is sufficient to have a standard deviation of 20% (i.e., to have a “two
: % calls to . For   ' % , both
sigma" guarantee of 40%), we need only

are much smaller than
required for numerical differentiation.
values
So, if we have to choose between the (deterministic) numerical differentiation and the randomized Monte-Carlo algorithm, we must select:







a deterministic
when
the number of variables
 algorithm


 # % % ), and
inequality 
(where
a randomized algorithm if 




satisfies the

.

A natural question is: is this the optimal choice? In the interval setting,
in contrast to the statistical setting, we do not know the optimal algorithm.
However, we will still be able to conclude that the answer to the above question
is: No, for many different values of  , it is possible to find a new algorithm
which is better than both above algorithms. This algorithm was first announced
in [45].

3.2

MONTE-CARLO SIMULATION FOR INTERVAL
SETTING: A NEW ALGORITHM

Main Idea Behind the New Algorithm. In the interval setting, we have the
following error estimation algorithms for indirect measurements:
we have a (deterministic) numerical differentiation algorithm ) which
 calls to a black-box program and returns the exact
requires
result + (with 0 standard deviation);


for every positive integer
  , we have a (randomized) Cauchybased algorithm  which requires
calls to a black-box program ,
and which returns an approximate estimate whose standard deviation is
#

+ .





The larger the number
of calls to , the better the estimate of + , until

we reach
for which we can get the exact estimate. In many real-life
situations, as we have mentioned earlier, we cannot afford  calls to , so we
must use approximate approximate estimates.
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Let be the average number of calls which we can afford. Then, instead of
simply using the randomized algorithm corresponding to this number of calls,
we can use the following combined algorithm:

 

select probabilities
with probability

for which



 ?'

; and

 , use the algorithm  .


The probabilities  serve as parameters for the new algorithm. Which values
of these parameters should we choose to get the best estimate?

Optimal Choice of Parameters of the New Algorithm. We must select the
parameters  of the new algorithm so as to minimize the standard deviation
(or, equivalently, the variance) of the resulting algorithm under the condition
that the average number of calls is equal to a given number .
for   and to 0 for
The variance  of an algorithm  is equal to # +
 ; the number of calls for  is equal to . Thus, the above optimization
problem takes the following form:
















#+

!

under the conditions that



%



 

 ?'




    


 ' %C







!

' '

2



The solution to this problem is given by the following theorem:

.  its
Theorem 2. Let 
denote the integer part of , and
fractional part. Then, the solution to the problem (10), (11) is as follows:







 ,    , and  % for all other
' . 

*# + 
    '  
 (' and  % for all
is an integer, we have

 # , we have
When
. In this case,

(In particular, when
other .)

  #

When

and


%

?' .



, we have

     .  #


for all other . In this case,



3.

     

#+

    #  #  

  . 
 #   # 
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Comment. In slightly less formal terms, we can reformulate this theorem as
follows:



when
with




  #
, combination does not help much, but
  # , it is better, instead of using a randomized algorithm

when








calls to , to “flip a coin" and use either a randomized algorithm
with   # calls, or numerical differentiation > .







  # , the combined algorithm is indeed better: e.g., when  is even
For
 . ' , the combined algorithm has a variance @ +  , while the
and
 has a variance # +   . '   +  which is
randomized algorithm
  A times larger. This algorithm may be not optimal; finding an optimal
algorithm for interval setting is an important open problem.



4.











NECESSITY AND POSSIBILITY OF
PARALLELIZATION

Parallelization Is Necessary. The most time-consuming part of the above
algorithms is calling the program .
Even for the optimal algorithm corresponding to statistical setting, when the
number of variables  is large, we need at least 50 calls to . If each call
requires a minute, the resulting time takes about an hour, which may be too
long for on-line results.
Since this algorithm is optimal, we cannot decrease the number of calls, so
the only way to decrease the total computation time is to run these calls in
parallel.
Parallelization Is Possible. Not every algorithm can be easily parallelized.
In principle, we could have algorithms for which the next vector depends
on the results of the previous call (and our general definitions allow such
algorithms).
Luckily to us, however, for the above optimal algorithm (and for all other
algorithms described above), the vectors do not depend on the results of
the previous calls. Thus, we can make all the calls in parallel (see, e.g.,
[6, 7, 9, 14, 15, 16, 39, 40, 41, 42, 47, 63]). If we do not have the actual parallel
machine, we can use several processors connected into a net [7, 9, 47].
The more processors we have, the less time the resulting computation will
take. If we have as many processors as the required number of calls, then the
time needed to estimate the error of indirect measurement becomes equal to the
time of a single call, i.e., to the time necessary to compute the result  of this
indirect measurement. Thus, if we have enough processors working in parallel,
we can compute the result of the indirect measurement and estimate its error
during the same time that it normally takes just to compute the result.
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In particular, if the result  of indirect measurement can be computed in real
time, we can estimate the error of this result in real time as well.

Optimal Choice of Parallel Architecture. The efficiency of parallelization
depends on the exact computer architecture. For the above Monte-Carlo-type
algorithms, asymptotically optimal parallel architecture is described in [63].
Practical Applications. The above parallelization techniques have been applied to real-life problem: to expert systems [14, 15], to geophysics and
petroleum engineering [9, 16, 47], etc.

5.

ERROR ESTIMATION FOR INDIRECT
MEASUREMENT: MORE COMPLICATED
SETTINGS
In the above text, we considered typical settings, when:
we either know that the errors +,! are independent (statistical setting),
or we have no information about probabilities at all (interval setting), and
we have a program which computes

  

exactly.

In real life, in addition to these typical settings, we sometimes encounter more
complicated situations. In this section, we describe how the above algorithms
can be modified to cover such settings.

5.1

POSSIBLE CORRELATIONS IN STATISTICAL
SETTING

In the above text, we assumed that the errors +,- are independent random
variables with 0 average and known standard deviations  . In real life applications, some of the measurement errors may be caused by the same physical
phenomenon and thus, may be correlated. It is therefore desirable to consider a more general setting in which about some variables are known to be
independent from each other, while others may be correlated.
When all the variables +,! are independent, the standard deviation of the
error +
(defined by the formula (1)) is uniquely determined by the known
values  (formula (3)). In a more general setting, the actual value of may
also depend on the correlation between +,  ; if we do not know this correlation,
we can only determine the upper bound  for the standard deviation .
We can describe the general information about independence between 
variables by an (undirected) graph if we take  vertices corresponding to 
variables and connect two vertices by an edge if and only if the corresponding
variables are known to be independent. In Section 2, we considered the setting
in which this graph is complete. As another extreme case, we can consider
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the case when the graph is fully disconnected, i.e., when we have no information
about independence. In this case, the largest possible value  of the standard
deviation is attained when all the variables are fully correlated, and it is given
by a formula
 A C 

     
 





This formula is identical to the formula (4) from interval setting, and thus, all
the above-described interval-setting algorithms can be also used to estimate  .
In real life, in addition to these two extreme cases, we have many intermediate
situations. In practical problems, usually, we can divide the variables + - into
several classes of related variables so that within each class, variables are
related and thus may be dependent, but variables belonging to different classes
are mutually independent. In graph terms, such situations can be described
by hierarchical graphs, in which the vertices of a graph can be divided into
subgraphs 
so that within each graph  there are no edges, but
each two vertices belonging to different sets are connected by an edge. In this
case, we can find the desired estimate  as follows:


where

  


  



 

 



 




 

These formulas describe a two-level hierarchy, in which we have subgraphs
 (level 1) and the graph itself (level 2). These formulas can be naturally generalized to a multi-level hierarchy. Such a hierarchy can be described
by a tree of clusters (subsets of the graph):
the root of this tree is the graph

highest level of the hierarchy;
its direct children are the clusters

itself; this cluster corresponds to the



of the next level



. '

;

etc., until we reach the leaves of the tree – vertices – “clusters" of the
lowest possible level 0.
The intuition behind this hierarchy is that vertices from a node of level 1 may be
dependent; clusters of level 1 belonging to a cluster of level 2 are independent;
clusters of level 2 belonging to a single cluster of level 3 may be dependent,
etc. In other words, to determine whether two vertices are connected or not,
we must find the smallest cluster which contains both;
if this cluster is on the even level, these vertices are connected;
if this cluster is on the odd level, the vertices are not connected.
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For such a hierarchical graph, we can estimate the desired bound  corresponding to the largest cluster  by first estimating similar bounds   for the
standard deviation of the sum    +   corresponding first to clusters of
level 0, then to clusters of level 1, etc.:





For clusters of level 0 (i.e., for clusters
  .

   , we have    

If we have already computed   for all clusters of levels % . ' ,
then, to compute   for clusters of level , we must do the following:
– for odd , we must use the formula

 

 

 

where the sum is taken over all subclusters of level ,.
– for even , we must use the formula

 

 

'

;

 

This generalized situations covers a lot of practical situations, but sometimes,
the graph has a more complicated structure. For two variables, they are either
connected or not, so nothing more complicated can happen. But already for
three variables, we can have a non-hierarchical situation when +   and +, are
independent, +,! and +, are independent, but we have no information about
the dependence between +   and +  . This particular 3-variable situation has
            , but in general, we do not
an explicit solution: 
know of any efficient algorithm which would work for an arbitrary graph.
It is known that normally distributed random variables can be represented
as vectors in multi-D space, so that linear combinations turn into linear combinations, and a length of a vector is equal to its standard deviation. Due to
this representation, the above open problem can be reformulated in geometric
terms:
we have a graph
     ;

with



nodes, and we have



positive real numbers

we want to find the largest possible length  of a vector 
   for which the following two conditions hold:



– for every , 



 









   , and



– if nodes and are connected in the graph



%.
and   are orthogonal:     

    
  


, then the vectors  
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5.2

POSSIBLE CORRELATIONS IN INTERVAL
SETTING

Formulation of the Problem. In the interval setting, in addition to the upper
bounds +  on each of the errors +,  , we may have some additional information
about the
between
errors +,! : e.g., in addition to knowing that
 relation
 the
+,
% ' and +,
% ' , we may also know that the sum +,  +  of
these two errors should also not exceed 0.1. This additional information can
be easily reformulated in geometric terms:
in the standard interval setting, the possible values of the vector
 +, +, form a box (parallelepiped)  . +D  +     
+

 . +, +, 
;
when we have an additional information about the errors, not all points
from this box are possible; as a result, the set of possible values of the
vector + can have a more complicated shape than a box.
In this more complicated setting, we also want to be able, given a black-box
    , to determine the interval of
program   and  values 
possible values of +
(determined by the formula (1)).
In more precise terms, we are interesting in computing the endpoints of the
interval  +
 +         , where we denoted

 



         





 

 

    




Solution: Main Idea. We will show that this problem can be solved by an
appropriate modification of the Cauchy-distribution based randomized algorithm described in Section 3.1 (this modification was first described in [67] and
announced in [49]). The main difference will be that instead of using  independent random variables  , we will now use an appropriate joint distribution
for the vector in which components are not necessarily independent.
Specifically, we will be using an  -dimensional distribution for which the
probability density - - is equal to the inverse Fourier transform of the complex
function     ;  .    where   and B  are, correspondingly, the
  and   :
antisymmetric and symmetric parts of the above functions




'

# 

 



 

C



'

# 



  .



  

The resulting algorithm consists of two stages:
first, a preliminary stage: when we know the set , but before we know
anything about the function , we prepare the random number generator
to generate numbers distributed according to the probability density !  ;
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then, the main stage: for any given black-box program , we use the random number generator constructed on the preliminary stage to estimate
  .
the desired interval    

 



Algorithm: Preliminary Stage. To simulate the desired distribution, we first
do some preliminary computations:

    and    for several values  .
Then, we compute the values    and     .
First, we compute the values

After that, we compute the inverse Fourier transform !
    

.   

 

-

of the function



The density !   tends to 0 as 
, so there exists a number
such that for  
, the value of - - is so small that we can safely
assume that it is equal to 0; let us compute such a .

 

Finally, we compute the maximum

  

- -

of the density !

 .

Now, we are ready to design the desired random vector generator. Namely, to
get a vector with the desired probability density function !  :
we run   ' times a standard random number generator which produced
random numbers        uniformly distributed on the interval
 % '  ;
then, we form a vector  (   with components
  ( #  !. '   , and check whether   - - ;



, otherwise, we generate   anew,



if this inequality holds, we return
etc.

One can easily see that for this algorithm, the probability of a point  
 .   to be produced is proportional to ! - , and thus, we get the desired
distribution.

('  #  

Algorithm: Main Stage. For

, repeat the following:

use the random number generator designed on the preliminary stage to
 
 

compute a random vector  ?  
;

compute the length 








   of the vector   ;

compute the normalized coefficient

  



   ;
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compute the auxiliary vector
  
 
  
;


  

 
substitute 





into the program

 











and compute

   

'




with components








  



. 



 by applying the bisection method to solve the equation

+

compute

  

' 
compute

  

  

  

compute the average

+



 


+

'
.< +
+
+







.<+

  
 and

+

 

' 
+



'


+

.< +



 4C
#



 + .

Comment. The justification of this algorithm is given in the Proofs section.

Special Case When the Set is an Ellipsoid. An important particular case
is when the set is an ellipsoid with a center at % . Ellipsoids are often used to
describe uncertainty domains; see, e.g., [4, 11, 12, 22, 24, 51, 57, 58, 60, 61].
Moreover, it has been shown, both experimentally [11, 12] and theoretically
[23], that for many practical problems, ellipsoids are an optimal family for
describing domains.
For ellipsoids, we can describe the optimal error estimation algorithm (the
idea of this algorithm was first partly presented in [35]).
 , i.e., the
Let us start with the case when is a sphere of a given

 radius

  

+,  +,  for which  + 
set of all the vectors +
. We want



to find the maximum and minimum of the scalar product   + under
this




inequality. Geometrically, the scalar product is equal to
  +     ,
where is an angle between the two vectors, so maximum and minimum are
' or   
. ' , i.e., when the
attained, correspondingly, when   
vectors are parallel or anti-parallel. Thus, the maximum is this attained for
+
 
 , and the resulting maximum is equal to  +
.

Similarly, the minimum is equal to .
 .
Thus, to find both maximum and minimum, it is sufficient to estimate the
length
of the (unknown) gradient vector . This is exactly the problem
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that we solved in statistical setting, a problem for which we even produced the
optimal algorithm. Thus, we can use that algorithm here as well.
This idea can be naturally generalized to a general non-spherical ellipsoid.
 
Namely, for each ellipsoid, one can easily find new coordinates  
in which this ellipsoid becomes a sphere. By inverting the matrix  , we
can get
expression of the old coordinates   in terms of the new ones:
 the

 
    , which enables us to re-describe the function in terms of the
!       , where
new coordinates   :   

  





  

-        



                


For the new function , the corresponding region is a sphere, so, as we have
mentioned, we can solve the problem of finding the interval of possible values
by using the smallest possible number of calls to . According to the
for +
above explicit formula for , every call to consists of a single call to (plus
a few simple computations); thus, we still get the optimal number of calls.

5.3

A PRACTICALLY USEFUL CASE OF KNOWN
CORRELATION

Description of the Case: Determining Parameters of a Known Model. In
this paper, we consider situations in which the program      implements a complex algorithm which is given as a black box. In many practical
applications, we have an explicit parameterized model, with unknown parameters   , which predicts the values of the measured quantities 
as         . In these applications, one of the main goals of data
processing is to find the values of these parameters which fit with the known
  . Usually, the functions   which represent these modmeasurement results 
els are either explicitly given or rather easy to compute.
When the functions   are highly non-linear, the program – which solves
these equations and actually finds the values  – can be really complicated,
and thus, require a lot of computation time (much more than computing

     for known values ). If we use the above algorithms to
estimate the error of the corresponding indirect measurement of  , we thus
have to make several calls to and hence, further increase the computation
time.



In This Case, It Is Possible to Estimate the Error of Indirect Measurements
Without Any Extra Calls to . Let us show that in this case, we can estimates
the errors of indirect measurements much faster than in the general situation:
namely, we can do it without any extra calls to the time-consuming program .

Error Estimations for Indirect Measurements



33

Indeed, since we assumed that the errors +,! and +
are small, we can
linearize the above system of equations, and get a linear system



+,









 +, 

Here, the derivatives   of the functions   can be computed, e.g., by
applying numerical differentiation to the functions   . Since computing  
is much faster than computing (i.e., than solving the system of equations),
the computation time necessary for computing these partial derivatives is much
smaller than a single call to .
Inverting the matrix   , we can explicitly express +
in terms of +, –
  
 
as +
  ;+,  with known coefficients  . Then, we can use the
corresponding formula (3) or (4) to estimate the error of indirect measurement
of .
This method was successfully used in pavement engineering [10, 21].





5.4









WHAT IF THE BLACK BOX PROGRAM IS
ITSELF A RANDOMIZED ALGORITHM

Formulation of the Problem. In the previous text, we assumed that we
have a black-box program which computes     exactly. In many
practical cases, the black-box program implements a randomized algorithm
which, instead of computing exactly, returns an approximate value  of .
In most such cases, in good accordance with the central limit theorem, the
 .    is almost
distribution of the corresponding error +
normal, so for all practical purposes, we can assume it to be normal. We can
also assume that the estimate  is unbiased, i.e., that the average approximation
error  +  is 0.
To get a more accurate estimate, we can run the original black-box (random

ized) program several ( ) times, get
results      , and compute




their arithmetic average  )(   /    
    . As a
result of this averaging, the random error component of +
will decrease 
times. For example, if we want to decrease it 10 times, we must use ?' % % .


We can also use these same values     
to estimate the standard
deviation
of the original +
as





'


. '







   .

 



To estimate the error of indirect measurement, we can, in principle, apply one
of the above black-box-oriented algorithms directly: namely, every time the
algorithm asks us to apply the function to a vector          
,
we apply the black-box procedure times and do the averaging.
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The problem with this direct application is that in the above algorithms, we
already had quite a few calls to (for large  , 50 or 200), and if each call
(' % % ) applications of the black-box program  ,
requires quite a few (e.g.,
then we have a lot of applications of the black-box program which take a lot of
time.
It turns out that if the function is smooth enough
so that the quadratic

terms can be neglected for reasonable  (i.e., that is large enough), then we
can drastically decrease the number of calls to a black box. We will describe
the corresponding modified algorithms for statistical and interval settings.

Algorithm for Statistical Setting: Motivation. In the standard Monte-Carlo
simulation for statistical setting, we do the following for ('  :
 
first, we simulate random values  which are independently normally
distributed with 0 average and standard deviation  ;
then, we apply the black box program (in our case,  ) to the vector  
and compute the value



We know that
 
 

  

  












    

  

 

*


 



.  




    

  



 

 

 +




where +  is a normally distributed random variable with 0 average and
standard deviation . We also know that





    

  



 









 



 

  





 






Therefore, 
      =   +   is a linear combination
of independent normally distributed random variables. Hence, the standard

deviation  of  is equal to




i.e., to





    








. Thus, we can estimate  by using standard statistical

techniques, and then determine
at the following algorithm:

as

  .



As a result, we arrive
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?' 

Algorithm for Statistical Setting. For

, repeat the following:
 
use a random number generator to compute  numbers  
'  # B  , that are normally distributed with 0 average and standard
deviation 1;

 
   ;
compute 
 
substitute      into the black box  and compute
 
 
 
 



  

compute

'

  


. '









. 





.





Comment. If  provides a biased estimate, with non-zero  +  , then this

algorithm still works, because when we compute the differences  , the biases
cancel each other.



Algorithm for Interval Setting: Motivation. If we apply the interval-setting
algorithm based on Cauchy distribution, then we conclude that the random

variable  is a sum of two independent random components: a component
 which is Cauchy distributed with the desired parameter + and a normally
distributed component +
with 0 average and standard deviation .
Since these components are independent, the characteristic function
0        of this sum is equal to the product of the corresponding
 
.
;+ .
   Hence, to
characteristic functions, i.e., to  

determine + , we can estimate
 , compute its negative logarithm, and then
compute + (see the formula below).
Since the value   is real, it is sufficient to consider only the real part

    of the complex exponent      . Thus, we arrive at the following
algorithm:










Algorithm for Interval Setting. For

?'  #  

, repeat the following:
 
use a random number generator to compute  numbers   
'  # B  , that are uniformly distributed on the interval  % '  ;

 
compute 
+         .<%5:; ;
 
substitute      into the black box  and compute
 
 
 
 



  

  



. 
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 %

for a real number

, compute

'

 
compute

+

.



  
.



















 # 

Comment. Instead of a statistical information about the error + , we sometimes
only have an upper bound for + , i.e., an interval of possible values for .
In this case, the exact error estimation for indirect measurements becomes
exponentially hard [38].

6.

ERROR ESTIMATION ALGORITHMS CAN BE
APPLIED TO OTHER PRACTICAL PROBLEMS

In the previous sections, we mentioned that the above black-box-oriented
algorithms have been actually used to estimate the error for actual indirect
measurements. Let us give two examples in which these same algorithms can
be also used in solving other practical problems.

6.1

TOLERANCE ANALYSIS

Main Problem of Tolerance Analysis. The shape of a manufactured object
is provided by several manufacturing operations. Each operation produces
a simple geometric form, and each operation is not perfectly accurate: the
resulting characteristics ! of a shape (position of a hole, radius of a circle, size
  . +,     )+, .
of an line, angle, etc) are maintained only within a certain limit  
  is called its nominal value, and += is
The ideal value of the characteristic 
called tolerance.
When after several operations, we assemble the parts into the final product,
we want to know the geometric characteristics of the resulting shape. For the
ideal case when all manufacturing operations are precise, the corresponding
value  of the desired characteristic (it is called a nominal value of ) have
been computed during design. So, we are only interested in the interval of
 .
possible deviations +
of this characteristic from the nominal one.
Computation of such an interval is called tolerance analysis [2, 3, 55, 59, 64].
Tolerances are small, so we can usually safely neglect quadratic terms and
consider a linearized problem.
From the physical viewpoint, this situation is slightly different from our
main problem:
we do not actually measure   ; we just rely on the nominal values that
have been supplied to us; and
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we do not actually calculate ; we simply use the value that has been
pre-calculated during the design.
However, mathematically, we have exactly the same problem as with indirect
measurements.

Inverse Problem of Tolerance Analysis. If after estimating the interval of
possible values for , we find out that all these values lie within the desired
tolerance interval, then the analyzed manufacturing process is thus verified.
However, sometimes, the interval of possible values of turns out to be too wide.
In this case, we are interested in finding the parameters of the manufacturing
process that need to be improved.
In principle, this problem can be solved by computing the contribution of
each manufacturing parameter. However, if there are many parameters (as,
e.g., in VLSI manufacturing), then this algorithm takes too long. It turns out
that the ideas of Cauchy-based simulation can lead to a faster algorithm [5].

6.2

PROCESSING EXPERT ESTIMATES

The Need for Expert Estimates. In the interval setting, the above algorithms
of indirect measureenable us to compute the upper bound + on the error +
ment. This upper bound is based on the guaranteed upper bounds += for the
errors +, of the corresponding direct measurements. These upper bounds
must be guaranteed, therefore, they are based on the worst-case estimations.
In many cases, the actual error
 will be much lower. E.g., if in 99% of all
measurements the error was %&% ' V, and in only one
 case out of 100 it was
equal to %&%;: V, then we can only guarantee the error %&%;: V.
In some cases, the manufacturer also provides us with the probabilities of
different values of error; in these cases, we can also estimate probabilities of
different values of + . But to obtain these probabilities, we must undertake
many experiments. The necessary statistical analysis of a sensor is often very
time- and cost-consuming, and is, therefore, often avoided.
In many of such cases, when we do not have statistically justified probabilities
(because we did not make enough experiments), we often have an opinion of
the experts who designed and tested the sensors about what the errors can be.
For example, in the above-described case, the guaranteed estimate for a sensor
is 0.05 V, but since an expert who designed
this sensor knows that usually (in

' , he can also say that usually, this

%
&

%
99 cases out of 100)
the
error
was

error is of order %&% ' V.
He cannot guarantee that, because it is not a precise statement (e.g., what
does “of order” mean?). However, this is an additional information about the
errors of +,  , and it is desirable to use this information in estimating the error
+ of an indirect measurement.
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How to Formalize Expert Estimates.  We are interested in formalizing a
statement “the error is (usually) of order
”. This is not a precise statement,
therefore,
for
given
and
,
we
cannot
say
whether
it is exactly true or not.

'
If
, this is true; if
for some
5: , this is probably true. If =
 % , then, the bigger , the smaller is our degree of belief that this particular
satisfies this statement.
This degree of belief is usually expressed by numbers from the interval [0,1]
(0 corresponds to no belief, 1 to absolute belief, and values between 0 and 1
correspond to intermediate degrees of belief). This idea was first proposed by
L. Zadeh [66] under the name of fuzzy set theory. There are many different
procedures that enable to obtain these numerical values (see, e.g., [19, 32]). If
we apply any of these procedures, then for every , we get the degree of belief
  that this satisfies the above statement. In mathematical terms, we get a
function from the set of all real numbers to the interval [0,1]. This function is
called a membership function. So, for each , we get a separate membership

function. How
are
these
functions
related?
First,
let’s
notice
that
if and
 '

only if
. Therefore, if we know that
, then we
 is usually of order
can conclude that
is usually of order ' , and vice versa.
In
other
words,

for every and , our degree of belief
that
is
of
order
is
equal
to the
 '
degree of belief that
is of order
.
Therefore,
it
is
sufficient
to
describe

only one membership function   that describes degrees of belief
for ?' .

Then,
for an arbitrary , the degree of belief that is of order
, is equal to
 
.

What are the properties of the function   ?











The
value


. 



is
of order  ' if and only if . is of order
 
 (i.e., is an even function).

 '
; therefore,

If we consider only positive values of , then the bigger , the smaller is
our
degree of belief that is of order ' . In other words, for positive ,

is a non-increasing function.


Because of these two properties,
is non-decreasing
for  % , and it is
non

increasing for 1% . For such functions , membership functions 

were called LR-numbers by D. Dubois and H. Prade who introduced them in
[17, 18]. They also described how to apply arithmetic operations to these
“fuzzy numbers”. For detailed expositions of LR-numbers, see [19], Section
II.2.B; [30], Section 1.9; [20], Chapter 2 and Section 3.2.4; [69], Chapter 5.
Let’s describe their main formulas in application to our problem.





How to Describe a Resulting Expert Estimate For
? Extension Principle For LR-Numbers: General
Idea. For each , we know (from the

 . How to compute the membership function
experts) that +,  is of order
that correspond to + ?
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The value +
is possible if and only
if there exists the real  numbers +   ,

 ,  , +, is of order
such that +,  is of order
, and after
applying formula (1) to these +,! , we get this particular value of + . In other
words, +
is possible if and only if:

 , +,



    

  +,






 





 +,

 

 "+,

+ =



  



   







+,   

Here,  means “there exists”, which is the same as “or” (i.e., either for one set
of values +,  , or for some other set, the statement in the square brackets must
be true).
statements: for “ + ! is of order
 We know the degrees of the component
 
 ”, the degree of belief is equal to +,    . For “ +   ;+, 
     +  ”, the degree of belief is equal to 1 if and only if this statement
is true, else it is equal to 0.
So, to find the membership function for + , it is sufficient to find out how
to estimate our degree of belief  
 (    ) of a composite statement
(obtained by applying “and” and “or” to the component ones and ) if we
know the degrees of beliefs  ) and  = of the component statements.















Which  - and  -Operations Should We Choose. Experiments with expert estimates showed [29, 53, 68] that, on average, the following estimates
  
describe the human reasoning the best:

)    for  = and
  



)  = for = . Second best fits are  )"   for  =

and )   .  )    for  = .
Thus, we have two possibilities for each operation, and hence we must
consider four possible combinations of these operations. Let’s show that two
of them are meaningless for our problem. Namely, we will show that  > 
 =.  >   = is not applicable to it.
Indeed, we are applying “or” to infinitely many statements that correspond
  .   has the following
to different tuples +, . The  -operation  
property: when we apply it to several statements with equal degrees of belief,
then the resulting degree of belief increases. If we combine two statements, we
 ) to # .
?' .  ' .  ; if we combine three statements,
go from
'

'
we get .
.  , and when we combine statements, we get ' .  ' .  .
, the result of this combination tends to 1. So, if we apply this
When
operation to describe the membership function for + , we will get a function
whose value is 1 for all + , which is meaningless.
Therefore, for our problem, the only possible  -operation is
    )   = . As a result, we are left with two cases:





















































 =









 

  )   =


and

 =










  )   = ;
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  )   = ,  =






Let’s consider these two cases.

 )   .




Extension Principle For the Case When
is Used as an  -Operation.
is possible”, we formalize “and” as
If in the above definition of the term “ +

 , and “or” as   , then we will obtain the following expression for the
desired membership function  +  (i.e., for the degree of belief  +  that
+ is possible):










+,
+,
 
  


and maximum is taken over all values +,! for which + 0
 +, * 
+, (if + 6 +,   
+, , then the degree of belief in this
equality is 0, hence the minimum of   ' terms is 0, so these values need not

+









   


 











be considered at all).
Comment. This formula is called an extension principle. It was proposed by
Zadeh in his pioneer paper [66].
 
+
 , where
     
In [18], it was shown that  + 
 . To describe this membership function, it is therefore sufficient to
compute the value . The formula relating with  is exactly the formula (4).
Thus, we can use the above algorithms for interval setting to find the expert
estimate for + .









Extension Principle for the Case When a Product Is Used as an  Operation. If in the above definition of the term “ +
is possible”, we for
malize “and” as a product, and “or” as  , then we will obtain the following
expression for the desired membership function  +  (i.e., for the degree of
belief  +  that +
is possible):








+,
+ 
 C
  


 +  < 
where maximum is taken over all values +,! for which + = +, .

+







  
 





In this case, the result of applying extension principle essentially depends
on what exactly membership function
we use. Dubois
and Prade considered
a
 

  
Gaussian membership function

.   for some constant  %
(additional arguments in favor of choosing a Gaussian membership function are
presented in [46]). For this function, they showed that the extension principle
+
 , where is determined by the
leads to the membership function
formula (3). This is exactly the same formula as for statistical setting, so we
can use the above algorithms for interval setting to find the expert estimate
for + .
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7.

PROOFS

7.1

PROOF OF THEOREM 1

The Main Idea of the Proof. The original problem is rotation-invariant.
Therefore, if we have an     -algorithm for solving this problem which is
not rotation-invariant, we can design a new algorithm if we first apply a random
rotation and then apply this algorithm to the rotated problem. The resulting
new algorithm is rotation-invariant, and because the function (inaccuracy) that
we want to minimize is assumed to be convex, additional randomization can
only decrease its expected value, and thus, can only improve the algorithm.
This, when we are looking for an optimal algorithm, we only need to consider rotation-invariant algorithms. We will show, step-by-step, that the only
rotation-invariant algorithm is the algorithm described in Theorem 1.
Comment. For a general overview of how the general ideas of symmetry and
invariance help in solving optimization problems in computer-related areas,
see, e.g., [50].
When Looking
 for an Optimal Algorithm, We Can Always Assume That
Produced by an Algorithm Form an Orthonormal Basis.
the Vectors
Indeed, let us show that an arbitrary     -algorithm can be modified, without changing its inaccuracy, into a new algorithm which only deals with the
orthonormal bases.
Ultimately, whenever the original algorithm produces a sequence of vectors
     , the new algorithm will produce the Gram-Schmidt orthogonal

ization    of this sequence of vectors. To be more precise, a new
algorithm follows the original one, with the following modifications:

On the 1st step, when the original algorithm produced a vector  and

wants to compute the value 
   , the new algorithm first produces



the unit vector
by applying the first orthogonalization step (7), then
 
computes a new scalar
product 
   , and then reconstructs  














    .
as 















# , on -th step, when the original algorithm produced
For each



a vector
, and wants to compute the value 
   , the new
algorithm first performs the -th step (8) of the orthogonalization pro 

cedure, i.e., produces a vector  , then computes 
   , and
reconstructs the desired value as
 
  
 
 
 
  
  













  













 

The possibility
 of this reconstruction follows from the fact that the vectors
   , ' 
, form an orthonormal basis in a space which includes
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  and therefore,
 






 






 







multiplying both sides of this equality by and taking into consideration


 , we get the above formula.
that  
The final result of the new algorithm is exactly the same as for the old one, so
the inaccuracy of the new algorithm is the same as for the old one. On each
step, we replace each call to (i.e., each computation of a scalar product) by
exactly one call (computation); thus, the total number of calls ( ) remains the
same. However, in the new algorithm, we only compute the scalar product for
a sequence of vectors which forms an orthonormal basis.
In view of this transformation, we can, without losing generality, assume that
an     -algorithm only uses orthonormal bases, i.e., that with probability 1,


in each trajectory, the vectors    form an orthonormal basis.

A Known Result: There Is Only One Rotation-Invariant Probability Measure on the Set of All Bases. We want to generate random orthonormal
bases. Since the problem is rotation-invariant, it is reasonable to look for
rotation-invariant probability measures on the set of all such bases.
In our further proof, we will use the fact that there is only one such measure.
This result is known, but, for completeness, we will describe the main idea
of the proof. To describe the probability measure on the set of all -element
orthonormal bases, we must describe: the probabilities of different values of
  , the conditional probabilities of different values of the
the first vector  
   
second vector given the first vector  
, and, for all
 ,
 



the conditional probabilities



  

 







  



' , all possible vectors
For
form a unit sphere (since the bases
are orthonormal). On the unit sphere, there is a only one rotation-invariant
distribution: uniform distribution on this sphere, for which the probability
measure is equal to the normalized Lebesgue measure on this sphere. Similarly,

  are fixed, then, due to orthonormality,  
when the vectors   
   . ' .
must be a unit vector orthogonal to all the previous vectors  , '

Thus, all such vectors form a unit sphere in a linear subspace of
, namely, on
 

   

which is formed by all vectors orthogonal
a space


to all . ' previous vectors. Again, on a unit sphere, there is only one rotationinvariant probability distribution, for which the probability measure is equal to
the normalized Lebesgue measure on the corresponding linear subspace.
The uniqueness is proven.
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The Algorithm from Section 2.3 Produces a Basis Which Is Random
With Respect to a Rotation-Invariant Distribution. Indeed, according
to the construction from Section 2.3, each component  of each vector
*     is an independent Gaussian variable with 0 average and
standard deviation 1. Thus, the corresponding probability density for each
component  is equal to   )
    .  #  , and the resulting probability density for each vector
is equal to the product of these densities:
 
#  . This probability
   
.  . .

      .
of the vector , and is, therefore,
density depends only on the length
rotation-invariant.

Since the distribution of each of the vectors  is rotation-invariant, and
these vectors are, by construction, statistically independent, the resulting dis

tribution on the set of all tuples      is also rotation-invariant.
Since Gram-Schmidt orthogonalization is also a rotation-invariant procedure,
the resulting probability distribution on the set of all the bases is also rotationinvariant. The statement is proven.


























 

 















When Looking
   for
 an Optimal Algorithm, We Can Always Assume That
the Vectors
Form an Orthonormal Basis Which Is Random With
Respect to a Rotation-Invariant Distribution. Indeed, let us show that an
arbitrary     -algorithm can be modified, without worsening its inaccuracy,
into a new algorithm in which orthonormal bases are random with respect to
the rotation-invariant distribution.
To produce this new algorithm, we will use a random rotation  , which
can be defined as a linear transformation that turns the coordinate unit vectors
 
 '  %B %C B   $ % % '  into elements of an  -element


random orthonormal basis    . Due to linearity, this rotation turns
(
every vector 
    into a vector                 
Now that a random rotation is defined, we can describe the new     algorithm. First, we pick a random rotation  . Then, we follow the old

algorithm step-by-step. Every time the old algorithm generates a vector 




for computing
, in the new algorithm, we call with the new




 
vector 
    , i.e., compute  
    .
Let us show that for the new algorithm, the inaccuracy can only become
smaller. Indeed, since the scalar product is rotation-invariant, the new value of

 
 , which we obtained by combining the new (rotated) vector   with the
  C   of combining the old (unrotated)
old vector , is equal to the result 

    (which is obtained from by
vector  with the new vector 
the reverse rotation).
If we fix  , the trajectory of an old algorithm for a vector is a trajectory
of the new algorithm for the rotated vector 
    . Thus, when 
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is fixed, the new algorithm has the same inaccuracies as the old one, except
that the new algorithm has them for different vectors . So, if we had fixed  ,
the maximum over would be exactly the same for the old and for the new
algorithms.
In the actual new algorithm, there is a new randomization step: instead of
fixing  , we choose  according to the (rotation-invariant) random distribution.
As a result, for each vector , the actual average for a new algorithm is equal
to the inaccuracy averaged over different (to be more precise, averaged over
   for a random rotation ). The average cannot exceed the
all vectors 
maximum, and therefore, for every , this average (i.e., the inaccuracy of the
new algorithm) cannot exceed the worst-case inaccuracy of the old algorithm.
Thus, the inaccuracy of the new algorithm is indeed smaller than or equal to
the inaccuracy of the old one.
To complete the proof of this statement, it is sufficient to show that in the
 
new algorithm, the resulting probability distribution of the bases  is indeed
rotation-invariant. Indeed, if we apply an additional rotation to all bases, it
is equivalent to changing from  to the composition
 of the rotations,


i.e., equivalently, to replacing a random orthonormal basis    in







the definition of the rotation  by a rotated basis
 
 . The
distribution on the set of all bases is rotation-invariant; thus, applying a fixed
rotation to all elements of all the bases should not change the probabilities.
 
Therefore, the resulting distribution of the bases  is also rotation-invariant.
The statement is proven.





 









First Preliminary Conclusion. Thus, when we are looking for an optimal
algorithm, we can always assume that the bases are distributed according to the
rotation-invariant distribution. The only difference between different     algorithms of this type is how they estimate based on these bases and on the

results  of multiplying and the vectors from these bases. Let us therefore
analyze which estimations lead to smaller inaccuracy.









When Looking for an Optimal Algorithm, We Can Always Assume that
the Final Estimate  Is Deterministic. In our general definitions, we as
sumed that after we get all the values  , we may still need to use some
(Monte-Carlo) randomization to produce the final estimate  . Let us show
that if this is the case, then we can replace this randomized estimate  by
0   and not increase the
its deterministic mathematical expectation  
algorithm’s inaccuracy. (To be more precise, by a mathematical expectation,
we mean a conditional mathematical expectation, under the condition that the


values  and  are fixed.)
    is convex in  , and for conIndeed, since the inaccuracy
 0 function

0


 0      

 , we have     
vex functions,
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0       . Therefore, the inaccuracy of the new algorithm (with the deterministic last step) cannot exceed the inaccuracy of the old algorithm (with
possibly stochastic last step). The statement is proven.

When Looking for an Optimal Algorithm,
We Can Assume That the

 
Final Estimation Depends Only On
And Not on the Vectors
.
Indeed, let us take an arbitrary     -algorithm which have passed through
all our previous modifications. In particular, for this algorithm, the final step is

             for some function  .
deterministic, i.e., 
For an arbitrary rotation  , we can consider an alternative function





             
                 









 




The use of this function is equivalent to using the new (rotated) basis   
and the new (rotated) unknown vector 
   .
Since we consider an algorithm which has already passed through our

improvements, the bases  are simply randomly distributed in a rotationinvariant way, so adding a rotation  should not change the distribution of
these bases. For the same reason, the quality of the new algorithm should not
change is we replace by its rotation. Therefore, the new algorithm should
have the same inaccuracy as the old one. This is true for all rotations  , i.e.,
  and get the same inaccuracy.
for every  , we can take 
Now, we are ready for the final step in the proof of this statement: we can
take an average of such estimates for all possible rotations  (average over the
rotation-invariant measure on all  ):







 

 


 



              
                

  
   





Due to convexity, this averaging can only decrease the inaccuracy of the original
algorithm. Since the basis is randomly distributed according to a rotationinvariant distribution, averaging over all  is equivalent to averaging over all
possible bases. Hence, this averaging leads to an estimate which does not
depend on the basis vectors at all. The statement is proven.



Second Preliminary Conclusion. Thus, when we are looking for optimal algorithms, it is sufficient to consider final estimates of the type <

       . For the following arguments, it is convenient to combine
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the values    into a single -dimensional vector . (We will denote -dimensional vectors differently to avoid confusion with  -dimensional
  .
ones.) In these terms, 



When Looking for an Optimal
We Can Assume That the Final
 Algorithm,
   
Estimate Only Depends on
. This statement can be proved in a
similar way, with the only difference that instead of arbitrary rotations in a  dimensional space, we can consider only rotations within the -dimensional



.
space generated by the vectors from the basis  , '

Indeed, if we rotate the basis by such a rotation , we get a new algorithm, which is equivalent to the old one (because additional rotation does
not change the rotation-invariant
distribution), but for which the new vectors

     

 


 , where is an  rotation matrix in a -dimensional

 
space. For this new basis, the new values 
    are obtained by the

 

  
same rotation from the old value  : 
   . In other words, the

new -dimensional vector  is obtained from the old vector by a rotation :
  

 . Thus, instead of the old estimate  C  , we can, for every
   -rotation matrix  , consider a new estimate          .
Now, we are ready for the final step in the proof of this statement: we can

take an average of such estimates for all possible -dimensional rotations
   


(average over the rotation-invariant measure on all  ):  
   
only decrease the inaccu
  . Due to convexity, this averaging can

racy of the original algorithm. Since the rotation is randomly distributed ac
cording to a rotation-invariant distribution, the vector   is rotation-invariant
distributed; all such vectors have the same length as the original -dimensional

vector . Therefore, the vector   is uniformly distributed over a sphere of
   
  Hence, this averaging leads to an estimate which
radius 0













 







 





does not depend on the actual values of the components of the vector , but
only depends on this length.
The statement is proven, and so is the theorem.

7.2

PROOF OF THEOREM 2

Main Idea of the Proof. The problem of minimizing (10) under the condition
(11) is equivalent to minimizing

   
    
 

 ' %C

under the same condition (11). The optimization problem (10a), (11) is a
linear programming problem, and it is known that for such problems, the
optimum is always attained at one of the vertices. Therefore, to find the
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solution to our problem, it is sufficient to enumerate all such vertices, i.e.,
in this case, all combinations  in which at most two probabilities  are
different from 0. Without losing generality, we can therefore assume that
 % except for two values  and ,    , which may be different
' and that
from 0. From the conditions (11), we conclude that  


. From the first of these equations, we conclude that
 

8' .  . Substituting this expression into the second equation, we
conclude that     ' .   
and hence,


*



.





.

?' .


3.

.




 , we conclude that
Since
  the probabilities have to be positive and
.
Similarly,
from
the
fact
that
,
we
can
conclude that 
,
%

 
so 
.
, the value of the expression (10a) depends on
For these values  and
 or    . Let us find the find for each of these cases, and
whether 
then find the actual minimum by comparing the resulting two minima.

First Case:
the form












 

. If 



, then the minimized expression (10a) takes

' .





 









. 


'



'


'
.

 



'






Substituting the above expression for  , we conclude that


.






'






For a fixed  , this expression is a decreasing function of  ; thus, its minimum
is attained when  takes the largest possible value. Since  can only take
values from 1 to , we therefore conclude that 
.
Similarly, we can conclude that

 








' .
.





 






Substituting the above expression for

.



'


. 

'





.

'







, we conclude that

3.


 


'


 


'
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For a fixed  , this expression is an increasing function of  ; thus, its minimum
is attained when  takes the smallest possible value. Since  can only take
values from to  , we therefore conclude that 
.

Second Case:
the form

 





. In this case, the minimized expression (10a) takes

 .
 
.  






Hence, its minimum is attained
 when the value
possible among the values 
.
The function   .    is increasing until 
So:

  #

if
and


 .



 #



is the largest

and then decreases.

  #  ,

, the maximum of this function is attained at 

 .



  #
, its maximum is attained when 

if

 

Comparing the Two Cases: General Idea. To find the optimal values of 
and  , we must compare the optimal values corresponding to the two cases

 . Since in the second case, we get different values of
  and 
  #
 depending on whether
  # or
, let us consider these two
situations separately.
Within each two situations, the formulas will be slightly different depending
on whether is an integer or not. In this proof, we will describe the generic
>   '.
situation when is not an integer. In this generic case, we have
Situations when
is an integer can be either considered separately (and
similarly), or can be obtained from the generic situation as a limit case, when
tends to an integer.





 

  



  

  


. Let us first show that when
Comparing the Two Cases When
 leads to a better estimate. In this proof, we will
  # , then 
  #
consider two subcases: when
  # and when  # 
.
 ,
  ',
In the first subcase, when    , we get 
 1'
. ,
, and the optimized expression takes the value



When 





, we get 

' .





   #  , so




 



 

 '

 

 .   
 .  # 
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and the corresponding value of


is equal to

   

 .   
  #     # 

 .

 leads to a better solution, i.e., that 
 .
We want to prove that 



, where by ,
We will prove it in two steps: first, we will prove that

('     , and then, we will prove that
 .
we denoted


is equivalent to
The inequality





' .







 
 '

 

'



Multiplying both sides of this desired inequality by the product of all three
denominators, we get an equivalent inequality:

' .

        





 '   >     

    '  

If we perform all the multiplications and group together terms proportional to
 , to  , and to 1, we get an equivalent inequality

        ' .         ' .       
Terms proportional to  and to  cancel each other, so we get the
 equivalent
% which is true for every    % '  . So,
inequality  ' .   
.
Let us  now prove the second auxiliary inequality
. Since  .
   #    # , the inequality
can be reformulated in the following
equivalent form:
'
   #  .     .       #  
  
 ' .











Multiplying both sides by the common denominator, we get an equivalent
inequality

   #    .    # 

 

   

.  

  

This inequality is true because, as we mentioned earlier, the function    . 
 # , and we are considering the case when
 
is decreasing for
 # . Thus,
 and hence, 
 , i.e., the solution corresponding
 is indeed optimal.
to the case 
  # , we must now consider the
To complete the proof for
case
 the

#

#
situation when

. This is only possible if  # is not an

#

  ' , and 
#   ' . In this
integer; then,
, so  #

 takes the following form:
case, the desired inequality

  




   
  
 
' . 
  ' . 



 '   '
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Multiplying both sides by      '  and performing all the multiplications,

 .
we get the equality, so, in this case, we also have

#
 is

Thus, when
, the solution corresponding to the case 
indeed optimal.









Comparing
. Let us now
  that when
  # the Two  Cases When
 prove
, then
 leads to a better estimate, i.e., that
. Here,
is described by the same expression as in the case
  # , but the expression
 , we now have 
 and hence
for  is now different, because for 







 



In this case, the desired inequality

' .



 .   
   .   





takes the following form:

  .   
 
   .   
 '

Reducing the left-hand side to the common denominator, we get the equivalent
inequality





  ' .
  .   
    ' 
   .   

Multiplying both sides by the common denominator, we get an equivalent
inequality


   

  ' .

.  

  '    .  .







If we perform all the multiplications and cancel equal terms
sides of
 on both




the inequality, we get an equivalent inequality .  
.  .  , which, in
 , i.e., to #   and to    # . Since we
its turn, is equivalent to  . 

  #
 # and /
consider the  case
, therefore, indeed 
,
 
and hence,
.
  #
  is
Thus, when
, the solution corresponding to the case 
indeed optimal. The theorem is proven.



7.3

 





CORRELATIONS IN INTERVAL SETTING:
JUSTIFICATION OF THE ALGORITHM




Let us show that the values  are distributed according to Cauchy law with
the parameter +  *  and the average +  *   , i.e., that its probability
density is equal to
+ 
- 
  .<+    +   









Indeed, by construction,
 , where is distributed according to the
probability density !   . Thus, the characteristic function
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         , i.e.,  
of this distribution is equal to  
        , where we denoted
 .
By definition, the characteristic function         is equal to the
Fourier transform of the probability density function !   . Since this density
function was defined as an inverse Fourier transform of the expression










 


  .








   
      .



 
  Substituting
  into this formula,
we conclude that
      C 2  .  2   
From the definition of the functions  and , we can easily conclude that
for  % , we have   2  
     and         ;
for  % , we have   2  
    and          .
Thus, for  and  , we have, for arbitrary real , that C   
 C  
    . Hence,       C  .
    
and    
This is a known characteristic function of Cauchy distribution with an average     and a parameter     . Thus, we can estimate     as the average
+  of the sample values    . For the values    . +      .     , the
average is 0, so we can use the above maximum likelihood method to determine
the parameter    of this distribution.
From the resulting estimates +   C   and +      , we can conclude
 .
+  . +     .     *     and similarly that + 
that + 
we thus conclude that
the expression


The justification is completed.
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