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Abstract

Many problems from Al have been successfully solved
using fuzzy techniques. On the other hand, there are
many other Al problems, in which logic programming
(LP) techniques have been very useful. Since we have
two successful techniques, why not combine them?

1 Introduction

Two techniques, each successful: why not com-
bine?

e Many problems from Al have been successfully
solved using fuzzy techniques.

e On the other hand, there are many other Al
problems, in which logic programming (LP) tech-
niques have been very useful.

Since we have two successful techniques, why not com-
bine them? Hopefully, with this combination, we will
then be able to solve problems which cannot be easily
solved by fuzzy techniques only:

e fuzzy part will attack the part of the problem on
which it works best;

e on the other hand, LP part will attack the re-
maining parts of the original problem.

They are different but consistent. At first glance,
these two techniques may look different (and even in-
consistent). However, in our previously published pa-
pers, we showed that, e.g., interval-valued fuzzy expert
systems and LP-based expert systems has the same un-
derlying logic and are, thus, consistent [14, 15]. We
have also shown that such logically unusual fuzzy tech-
niques as Mamdani’s approach to fuzzy control become
very natural if we consider LP instead of classical logic

[9, 15].

What do we gain by adding LP techniques to
fuzzy? In addition to a better understanding of fuzzy
techniques (as with Mamdani’s approach), we can im-
prove these techniques. Indeed, when designing a for-
malism for representing uncertainty, we want this for-
malism to be:

e adequate for representing how we actually think;
e adequate for describing the real world, and
o fast and easy to process.

We show that by adding LP, we can gain in all three
objectives:

e LP clearly describes how we think.

e LP gives a better understanding of physics.
Namely, we show how a LP representation of
physical knowledge automatically leads to a phys-
ical phenomenon known as spontaneous symme-
try violation and thus, enables us to naturally ex-
plain the shapes of celestial bodies, faults in solid
bodies, etc., and the evolution of such shapes.

e LP, by its very origin, is a modification of logic
whose aim was to make it easily computable.
Prolog and other LP languages make LP effi-
cient. In addition to this sequential efficiency,
LP has a natural parallelization. This paralleliza-
tion is so powerful that even such algorithmic
breakthroughs as Fast Fourier Transform, break-
throughs that required ingenious ideas to invent,
can be naturally obtained by parallelizing the cor-
responding LP. We also show that the existing se-
mantics of LP is consistent with this paralleliza-
tion.

Beyond Fuzzy Prolog. One natural combination of
fuzzy techniques and LP is Fuzzy Prolog. But what we
propose goes deeper than fuzzy prolog:

e we propose to use not only the algorithms of LP,
but also its semantics and foundations;



e we also propose to use the inherent parallelism of
LP (which is not yet reflected in fuzzy prolog) to
speed up the corresponding knowledge process-
ing.

Comment. The examples we give in this paper ex-
plain how the collaboration between fuzzy logic and
logic programming can benefit fuzzy logic. We believe
that this collaboration will benefit logic programming
as well, and we can give two arguments in favor of this

belief:

e Many heuristic methods in logic programming,
in its algorithms and its foundations, can be for-
malized and thus made understandable if we use
fuzzy logic (see, e.g., [16]).

e In applying each knowledge representation for-
malism, it is important to be sure that the formal-
ism can be applied. In fuzzy control and, more
generally, in fuzzy system modeling, such a pos-
sibility follows from the universal approrimation
theorems; at present, there are so many theorems
covering different possible problems and differ-
ent approximation criteria that a recent survey
[10] takes more than 60 pages (without proofs!).
Until recently, no such theorems were known for
logic programming approach. Currently, there
are some universal representation and approxi-
mation results [1, 8], but there are still many open
problems (some of them mentioned in [1]), and
the experience of universal approximation results
in fuzzy logic can definitely help.

2 Logic programming gives a better
understanding of physics

In this section, we show that a LP representation of
physical knowledge automatically leads to a physical
phenomenon known as spontaneous symmetry viola-
tion and thus, enables us to naturally explain the
shapes of celestial bodies, faults in solid bodies, etc.

Shapes of celestial bodies: a physical problem.
Celestial bodies such as galaxies, stellar clusters, plan-
etary systems, etc., have different geometric shapes
(e.g., galaxies can be spiral or circular, etc.). Usually,
complicated physical theories are used to explain these
shapes; for example, several dozen different theories ex-
plain why many galaxies are of spiral shape; see, e.g.,
[2, 22, 23, 25]. Some rare shapes are still unexplained.
How can we explain these shapes?

How have the shapes been formed? To find out
how shapes have been formed, let us start from the be-
ginning of the Universe (for a detailed physical descrip-
tion, see, e.g., [26]). The only evidence about the earli-
est stages of the Universe is the cosmic 3K background
radiation. This radiation is highly homogeneous and

isotropic; this means that initially, the distribution of
matter in the Universe was highly homogeneous and
isotropic. In mathematical terms, the initial distribu-
tion of matter was invariant w.r.t. arbitrary shifts and
rotations.

We can also say that the initial distribution was invari-
ant w.r.t. dilations if in addition to dilation in space
(i.e., to changing the units of length), we accordingly
change the units of mass. In the following text, we will
denote the corresponding transformation group (gen-
erated by arbitrary shifts + — = + a, rotations, and
dilation # — A - x) by Gb.

On the astronomical scale, of all fundamental forces
(strong, weak, etc.) only two forces are non-negligible:
gravity and electromagnetism. The equations that de-
scribe these two forces are invariant w.r.t. arbitrary
shifts, rotations, and dilations in space. In other words,
these interactions are invariant w.r.t. our group Gp.
The nitial distribution was invariant w.r.t. Gy; the
evolution equations are also invariant; hence, we will
get Go-invariant distribution of matter for all moments
of time. But our world is not homogeneous. Why?

The reason why we do not see this homogeneous dis-
tribution is that this highly symmetric distribution is
known to be unstable: If, due to a small perturbation,
at some point a in space, density becomes higher than
in the neighboring points, then this point a will start
attracting matter from other points. As a result, its
density will increase even more, while the density of
the surrounding areas will decrease. So, arbitrarily
small perturbations cause drastic changes in the mat-
ter distribution: matter concentrates in some areas,
and shapes are formed. In physics, such symmetry vi-
olation is called spontaneous.

Spontaneous symmetry violations: an impor-
tant result from statistical physics. In principle,
it is possible to have a perturbation that changes the
initial highly symmetric state into a state with no sym-
metries at all, but statistical physics teaches us that it
1s much more probable to have a gradual symmetry vio-
lation: first, some of the symmetries are violated, while
some still remain; then, some other symmetries are vi-
olated, ete. (Similarly, a (highly organized) solid body
normally goes through a (somewhat organized) liquid
phase before it reaches a (completely disorganized) gas
phase.) At the end, we get the only stable shape: ro-
tating ellipsoid.

Before we reach the ultimate ellipsoid stage, perturba-
tions are invariant w.r.t. some subgroup G’ of the ini-
tial group Gy. If a certain perturbation concentrates
matter, among other points, at some point a, then,
due to invariance, for every transformation ¢ € G’,
we will observe a similar concentration at the point
g(a). Therefore, the shape of the resulting concen-



tration contains, with every point a, the entire orbit
G'a = {g(a)|g € G'} of the group G'. Hence, the re-
sulting shape consists of one or several orbits of a group

G’

This result from statistical physics explains the
shapes of celestial objects. As a result, we can now
describe all possible shapes as all possible orbits of sub-
groups G’ of the group Gy (= all shifts, rotations, and
dilations), and the most likely evolution of the shape
as a transition from a group G’ to a largest possible
subgroup G” C G’. Tt turns out that this explanation
indeed describes all observed celestial shapes, from the
most widely observed ones like logarithmic spirals of
the spiral galaxies to the most rare and most weird ones
like conic spirals or parallel line-like bars, and not only
describes the shapes themselves, but also their relative
frequency and evolution (see [3, 4, 5] for details).

For example, from the original group Gy, the most
likely transition is to a symmetry group correspond-
ing to a plane, and from there — to a group correspond-
ing to the logarithmic spiral (which explains why spiral
galaxies are so widely spread).

The problem with this explanation. To explain
the observed shapes, we started with the theories which
used very specific physical equations to explain them,
and ended up with a new explanation which is (almost)
physics-free. The new explanation only uses the sym-
metries and geometry. The problem is in the word “al-
most”: in addition to geometric features of shapes and
symmetries, our explanation also uses a rather compli-
cated (and, at least at first glance) not very intuitive
fact from statistical physics — that after a spontaneous
symmetry violation, the most probable states are the
ones with the largest remaining symmetry group.

Logic programming helps. We will show that this
fact becomes very intuitively clear if we described it in
terms of logic programming.

In logic programming, knowledge is represented by
facts (elementary statements), and if-then rules of the
type “if A; and ... and A, then B”. To distinguish
between these “commonsense” (intuitive) if-then rules
and the formal-logic (sometimes counterintuitive) im-
plication, researchers in logic programming usually de-
note their if-then rules by an inverted arrow B «

Ar, .o Ay

We start with a set (¢ of symmetries; and we want
to describe which symmetries remain after the spon-
taneous symmetry violation. We will describe the fact
that ¢ remains a symmetry after the violation, i.e., that
the matter distribution remains invariant w.r.t. ¢, as
inv(g). Clearly, if the distribution is invariant w.r.t. g1
and g2, 1t will remain invariant if we apply both trans-
formations, 1.e., their composition gj 0 g2, or the reverse

transformation gl_l. Thus, we get the following rules:
inv(gy o g2) — inv(g1), inv(gs2). (1)

inv(g™t) — inv(g). (2)

To these rules, we may also want to add the fact
that typically, unless forced out, the invariance stays.
In logic programming, such facts are traditionally de-
scribed by using a special predicate “abnormal” (ab for

short), as

inv(g) — not ab(g). (3)

One of the possible interpretation of commonsense
rules like (1)—(3) is through the so-called circumserip-
tion (see, e.g., [13]). According to circumscription,
common sense corresponds to models in which the set
of all abnormal objects is the smallest possible (in some
reasonable sense, e.g., in the sense that no proper sub-
set of it can serve as a set of abnormal objects here).
Let us apply circumscription to our knowledge base
(1)=(3). According to the rules (1)—(2), the set of all
transformations g for which inv(g) is true is closed un-
der composition and taking the inverse element, and
is, therefore, a subgroup G’ of the original group G.
According to the rule (3), every non-invariant transfor-
mation ¢ is abnormal. Since we are minimizing the set
of all abnormal elements, we can make two conclusions:

o first, that when G’ is fixed, the smallest possi-
ble set of abnormal transformations is when only
non-invariant transformations (i.e., ¢ € G’) are
abnormal and none else;

e because of that, to minimize the set of abnormal
elements, we must select the largest possible sub-
group G’.

This is exactly what we were trying to explain. Thus,
logic programming indeed leads to an intuitive expla-
nation of shapes of celestial bodies.

First physical comment. Similar shapes happen not
only in celestial bodies, but also in fracture theory: for
a symmetric body, each fault (crack, etc.) is a spon-
taneous symmetry violation [24]. This fact not only
explains the shapes of the faults [24], it enables us to
describe the best sensor locations for detecting these

faults [18, 19, 20].

A knowledge representation comment. In many cases,
abnormal elements are rare, so that some researchers
even proposed to interpret “abnormal” as “having a
small probability” and thus, use probability theory in-
stead of logic programming. McCarthy [13], the author
of circumscription, strongly opposes this identification,
correctly claiming that there are some cases when most
objects are abnormal. Here, we have an extreme exam-
ple, where typically, the group G’ is of smaller dimen-
sion than G and thus, not only most, but even almost
all elements of G are abnormal. Thus, we have an ex-
ample where a straightforward probabilistic interpreta-
tion would not work.



Second physical comment. Another physical property
that can be thus explained is Laplace’s principle of in-
sufficient reason [12, 21], according to which if we have
no reasons to assume that two elements a, b have differ-
ent probability P(a), P(b), then they should have the
same probability. This principle 1s one of the foun-
dations of statistical applications, but, if formulated
too generally, as P(a) = P(b) for all pairs of events
(a,b) about which we have no reasons to believe that

P(a) # P(b), i.e., as
P(a) = P(b) — not B(P(a) # P(b))

(where B stands for “believe”), it can lead to incon-
sistencies [12, 21]. Since the most general formulation
of this principle is inconsistent, there sometimes ex-
ist abnormal pairs for which there are no reason to
believe that P(a) # P(b) but nevertheless for which
P(a) # P(b). With these abnormal pairs in mind, we
can formalize this principle as

P(a) = P(b) — not B(P(a) # P(b)), not ab(a,b).

Thus, we have a consistent formalization of this princi-
ple, in which the set of abnormal pairs is the smallest
possible and thus, the set of pairs for which P(a) =
P(b) is the largest possible.

Similarly, we can consistently formalize Occam’s razor,
according to which, if we have no reasons to believe
that two quantities are different, they should be equal.
Again, a straightforward formalization of this principle
leads to a contradiction [6]: e.g., if we know that a €
[0,1], b € [1,2], and ¢ € [2, 3], then it is possible that
a = b and it is possible that & = ¢, but we cannot
conclude that a = b and b = ¢, because then we would
have to conclude that a = ¢, which contradicts to the
fact that the intervals of possible values for ¢ and ¢ have
no common elements. We can, however, consistently
formalize it as

a="b—not Bla#b),not ab(a,b).

In this formalization, in the above example, we would
conclude that either a = b or b = ¢ (but not a = ¢).

3 LP is naturally parallelizable

Another aspect of LP is that it is often very algorith-
mically efficient. This is not surprising because LP, by
its very origin, is a modification of logic whose aim was
to make it easily computable.

In this section, we will show that in addition to this
sequential efficiency, LP has a natural parallelization,
and that this parallelization is so powerful that even
such algorithmic breakthroughs as Fast Fourier Trans-
form, breakthroughs that required ingenious ideas to

invent, can be naturally obtained by parallelizing the
corresponding LP.

Indeed, many signal processing techniques are based on
the use of Fourier transform [17], i.e., a transformation
which transforms a sequence of values x,...,x, into
a sequence of Fourier coefficients

. kg
& = E z - exp(i—= - 7).
n
k
How can we compute Fourier coefficients?

First of all, we must input the coefficients x1,..., z,.
In Prolog (and in most other logic programming lan-
guages), the only available datatype is a list. Hence,
we must present the original data as a list [z, ..., 2]
(we use capital letters because in Prolog, variables are
capitalized, while constants are not). The only list op-
eration of Prolog is the operation that enables us to
pick up the first element (“head”) z; of the list and
leave the remaining list (called “tail”) [z, ..., zp].

Let us consider what will happen if we have fwo proces-
sors which can work in parallel. Since the only thing
we can do with the list is take the first element out,
this is what one of the processors (e.g., the first one)
will have to start with. While the first processor picks
up the element x1, the second processor has nothing to
do, so it is idle. After the element is picked, the first
processor can then do some processing with this first
element (e.g., multiply it by an appropriate coefficient,
to prepare for computing the above-given Fourier sum).
While the first processor starts processing its element
x1, the second processor can now use the list. The only
thing it can do is pick up the second element from the
list, and start processing it. When the second proces-
sor has picked up the element x5, the first processor
can come back to the list and pick the third one, etc.

Thus, in a natural parallelization, the first processor
will pick up odd-numbered elements 1, x3, ..., while
the second processor will pick up even-numbered ele-
ments s, T4, . ... Thus, we reduce the original problem
of computing the Fourier transform of this sequence
z1,...,Z, to the two problems of processing odd and
even half-lists. This idea, which naturally occurs in a
parallel logic programming setting, is, actually, the ex-
act idea behind the well-known Fast Fourier Transform
(FFT) algorithm [17]: to compute the Fourier trans-
form of a list, we compute Fourier transforms of two
half-lists and then combine the resulting Fourier trans-
forms. (If we have more processors at our disposal, we
can repeat the same parallelization for each half-lists,
and reduce computing for each of them to computing
FFT for quarter lists, etc.)

Thus, FFT, the main signal processing breakthrough
algorithm, can be naturally obtained by parallelizing
the corresponding logic program.



4 The existing semantics of LP is consistent
with parallelization

Simple logic programs are straightforward and easy to
understand, and do not require any clarification. More
complicated ones require special semantics. The ex-
isting semantics were developed with sequential com-
puters in mind. Thus, it 1s not a priort clear whether
parallelization is consistent with these semantics. In
this section, we will show that parallelization is consis-
tent with these semantics. Before we prove it, let us
describe the standard semantics for logic programs.

Basic logic programming: a natural choice of
semantics. The description of what answers the sys-
tem should return for each formal specification (and
for each queried property) is called the semantics of
the specification language.

For basic logic programs (i.e., programs without nega-
tion), semantics immediately follow from the fact that
these programs are actually a particular case of formu-
las of first order logic. In general, if specifications are
described by an arbitrary first order formula F', then
for every queried property (2, we have one of the fol-
lowing three situations:

e The property @) follows from the formula F'; in
this case, this property @ is true for every pro-
gram that satisfies this formula (or, in logical
terms, in all models of this formula F).

e The negation =@ of the property @ follows from
the formula F'; in this case, this property @ is
false in all models of the formula F'.

e Neither the property @, nor its negation follow
from the formula F'; in this case, this property is
true for some models that satisfy these formula
but false for the other models that also satisfy
the same formula F'.

(Of course, theoretically, there is a fourth possibility:
that the formula F" are inconsistent.)

This classification can be also applied to rules and facts
that form a basic logic program. Fortunately, basic
logic programs are a particularly simple case of general
first order formulas, and due to this simplicity, for first
order formulas, we get a simplification of this classifica-
tion. Indeed, all facts and rules that form a basic logic
program remain true if we simply consider a model in
which all elementary properties are true. Therefore,
whichever of these properties ) we ask about, it 1s al-
ways possible that this property is true. In other words,
for basic logic programs, instead of the above three pos-
sibilities, we have only two possibilities:

e First, it 1s possible that the property @ is true for
all models of this logic program.

e Second, it is possible that in some models of the
logic program F', this property Q) is false.

The actual Prolog compiler, given a logic program F
and a query ), decides which of these two cases holds.
Of course, it makes no practical sense to let the com-
piler return either of these two long messages that de-
scribe the corresponding cases. Therefore, only the
shortened messages are returned:

e In the first case, the compiler returns the short-
ened message “true” (or, even shorter, “yes”);

e in the second case, it returns a shortened message
“false” (or, even shorter, “no”).

Semantics of generalized logic programs. In logic
programs, the negative condition not C' is interpreted
as: “if we have no reasons to believe in C” (this inter-
pretation is called negation as failure). For generalized
logic programs, with negation, we also need to deter-
mine a semantics, 1.e., we also need to be able to de-
termine, for a given program F', whether a given query
() is true or not.

Negation as failure is not a typical logical connective,
and therefore, in contrast to the case of basic logic pro-
grams, we cannot directly deduce the semantics of a
generalized logic program from the known semantics
of first order logic. However, we can still deduce this
semantic indirectly, by checking the consistency of the
resulting assignment of “true” and “false” to different
elementary statements from the program.

Indeed, let us assume that F'is a generalized logic pro-
gram, and that to every elementary statement from
this program, we somehow assign “true” or “false”. In
mathematical terms, this means that we have selected,
in the set of all atoms of the original logic program,
a subset T' formed by those atoms that our semantic
deems “true”.

In this case, we can determine which rules with nega-
tion are applicable and which are not and thus, trans-
form the original rules into new rules that do not con-
tain negation as failure. This transformation can be
done as follows:

e If one of the conditions of a rule is not C' for some
atom C' that is true, then this rule is not appli-
cable, and we can safely delete it. (Informally,
the presence of the condition not ' means that
this rule 1s only applicable in normal situations,
in which there is no way to prove ('; the fact
that C'is true means that we have an ezceptional
situation, and thus, the rule is not applicable.)

e If for all exception-type conditions not C; of a
rule, C; is not true (i.e., C; € T), then this rule
is indeed applicable and therefore, we can simply
delete these conditions not C; from the list of
conditions. (Informally: this situation is indeed
non-exceptional, so the rule is applicable.)

As a result of this transformation, we get a new logic



program without negation as failure. For this new basic
logic program, we can use the above-described seman-
tics and find the resulting set Tieg of true atoms (i.e., of
elementary statements that are true according to this
transformed logic program). This set should, of course,
coincide with the original set 7.

This consistency requirement Ti.s = 71" only holds for
some sets of atoms T'. Sets of atoms for which T = T,
i.e., sets that remain stable (do not change) under this
transformation from 1" to TL..s, are called stable models
[7] of the original logic program.

Splittings of logic programs. How can we actually
compute the stable models? In many cases, a logic
program has a natural structure which allows us to
reduce this problem to the problem of computing stable
models for simpler programs. The most general types
of this structure was defined in [11] under the name of
a splitting.

In that paper, this notion was defined for class of logic
programs that is more general than we have allowed:
namely, for the so-called disjunctive logic programs
that allow an additional connective “or” in the con-
clusion of “if”—“then” rules, 1.e., which allows rules of
the type

Bi|...|Bg— A1,...,Ap,not Cy, ... not Cp,

where “Bi|...|Bg” means “By or ...or By”. (For such
rules,; instead of a stable model, we need a more general
definition of an answer set.)

The main definition from [11] can be reformulated as
follows: for every two literals @ and b from a logic pro-
gram, let us denote a > b if in one of the rules, a
appears in the head (i.e., in the conclusion part of the
rule), and b appears elsewhere in this rule, i.e., either
in its head (as one of the possible rule’s conclusions)
or in its body (as one of the conditions of the rule).
By a splitting of the program, we mean a mapping s
from the set of all literals into a linearly well-ordered
set (i.e., into the set of all ordinal numbers that are
smaller than some ordinal number p) for which a > b
implies s(a) > s(b). In other words, to every literal a,
we assign a level s(a).

Comment. For finite programs, we do not need infinite
ordinal numbers; since finite ordinal numbers are ex-
actly natural numbers 0,1,2,3,..., a reader who does
not feel comfortable with general ordinal numbers can
use natural numbers instead. In this case, instead of a
transfinite recursion, 1.e., recursion over ordinal num-
bers, the reader can substitute normal recursion, i.e.,
recursion over natural numbers.

Answer sets for split logic programs: intuitive
description. Intuitively, the existence of a splitting
sequence means that rules that define literals from level

« only use literals from this and lower levels. Thus, e.g.,
rules that define literals of level 0 only use literals from
the same level and thus, these rules are self-sufficient
to define which of the literals of level 0 are true and
which are not.

As soon as we have defined the truth values of all liter-
als of level 0, we can define the truth values of literals
of level 1, etc.

Answer sets for split logic programs: a formal
description. Formally, this process corresponds to
transfinite recursion, i.e., recursion over all possible lev-
els (in our case, over all ordinal numbers < p; if p is
finite, this becomes a simple recursion):

e First, we take all the rules whose heads are of
level 0. By definition of a splitting, all conditions
from these rules are also of level 0. Then, we find
an answer set Ag for the the corresponding logic
program.

e If for some level «, we have already described the
answer sets A, for all levels v < «, then we can
define the answer set A, corresponding to this
level « as follows:

— consider the union A., of all already de-

fined sets A, ;

— select all the rules whose heads contain only
literals of levels & and lower;

— delete all the rules in which one of conclu-
sions 1n the head is a literal from the set
Acq (because these rules are automatically
true);

— if one of the conclusions of a rule is a lit-
eral of level < « that does not belong to
Ay, we delete this literal from the conclu-
sion (because this literal cannot be true);

— delete all the rules in which one of the con-
ditions is not p for some literal p included in
Acq (intuitively, since p € Acq, the condi-
tion p 1s true and thus, the opposite condi-
tion not p is not satisfied);

— delete all the rules in which one of the condi-
tions is p for some literal p of level < « that
is not included in A, (intuitively, since
p & Aca, the condition p is not true and
thus, the rule is not applicable);

— from each of the remaining rules; delete all
conditions p and not p that are literals of
levels < « (after our previous deletions, all
these conditions are automatically true);

As a result, we get a logic program which only
contains literals of level «. If this logic program
has an answer set, we add all literals from this
answer set to Ac, and get A,. (If this logic pro-
gram turns out to be empty, we take simply A,

as Agy.)



As a result of this procedure, we get a set 4,.

The main result about split logic programs. The
main theorem from [11] consists of the following two
statements:

o if this set A, is consistent, then it is an answer
set of the original logic program;

e vice versa, every consistent answer set A to the
original logic program can be obtained by this
transfinite recursive procedure.

Parallelization. Splitting helps to compute the an-
swer sets on a sequential computer, but it does not help
much for parallel computers, because splitting means
that we cannot process the next level until we are done
with the previous one. A natural parallelization occurs
if, instead of linearly ordered levels, we only have par-
teal order. Then, it 1s natural to handle unrelated levels
in parallel. Let us give a simple example: we have a
bottom layer, with the rules

a—not b. b—not a.
the first layer, with rules
c—a. c+—b
the second layer, with rules
p<—mnot r. r—a,b.
and the final layer:
q—cp.

In this case, we have a partial order:

It 1s, therefore, desirable to generalize the result from
[11] to logic programs for which the splitting map maps
literals into a partially ordered set.

This generalization can be obtained by a simple mod-
ification of the original proof. As above, for every two
literals @ and b from a logic program, we use the de-
notation a > b to indicate that in one of the rules, a
appears in the head (i.e., in the conclusion part of the
rule), and b in the body of this rule.

Let us recall that a (partially) ordered set M is called
well-ordered if 1t does not have an infinite monotoni-
cally decreasing sequence my > mg > ... > m, > ...

Definition. By a generalized splitting of a logic pro-
gram, we mean a mapping s from the set of all literals

into a well-ordered set (not necessarily linearly ordered)
for which a > b implies s(a) > s(b).

For a program that allows a generalized splitting, we
can, almost literally, repeat the above construction,
and get the following result:

Theorem. If a logic program allows a generalized split-
ting, then:

o if a set A, obtained by the above-described trans-
finite recursion is consistent, then it is an answer
set of the original logic program;

e vice versa, every consistent answer set A to the
original logic program can be obtained by the
above transfinite recursive procedure.

Proof. There are two main possibilities to prove this
result:

e One possibility 1s to simply repeat the proof from
[11].

e Another possibility is to take into consideration
the fact that every well-ordering can be extended
to a linear well ordering and therefore, we can
apply the original theorem from [11] to prove our
result. From the recursive construction, it easily
follows that if in the original ordering, levels «
and [ were unrelated by the ordering relation,
then the corresponding reduced logic programs
on stages o and § do not depend on each other.
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