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Abstract
Different web search tools often complement each other. So, if we want
to have a good coverage of all relevant web items; a reasonable strategy
is to use different search tools and then merge the resulting lists. How to
merge them? In this paper, we describe reasonable axioms for the merging
procedure and describe all mergings that satisfy these reasonable axioms.

1 Introduction

Currently, the World Wide Web contains a great amount of (often poorly or-
ganized) information. To get the information about a certain topic, we can use
one of the known search tools. Several successful tools are used on the web,
and the reason why they all successfully co-exist is that they are based on rad-
ically different principles and as a result, these tools complement each other.
For example, while one tool may be better to find the most visited pages that
contain the search words, other tools may complement these many-hit pages by
adding other webpages, which may not be visited that frequently but in which
the searched words are truly central.

Usually, if we want a good coverage of all relevant websites, it is reasonable
to use several search tools, and then combine (merge) the resulting lists. The



question is: What is the best way of combining these lists?

The reason why this question is important is because each of the lists usually
comes sorted: first comes the webpage that 1s, according to the search tool, the
most relevant; then comes the page that is next in relevance, etc., and the last
item on the list is (according to this search tool) the least relevant of those
found. We would like to merge the lists coming from different search tools
into a single list that is similarly sorted, so that this list would start with the
(possibly) most relevant item, then continue with second most relevant, etc. So,
in mathematical terms, the question is: how to combine merge sorted lists?

In this paper, we consider the situation when the merged lists do not overlap
(i.e., that lists coming from different search tools only complement each other).

This situation happens, e.g., when different search tools cover different
sources. Suppose, for example, that we are interested in news about the
Thailand economy. To get the full picture, we go to the websites of differ-
ent periodicals that cover economic news, such as e.g., Financial Times,
Economist, Wall Street Journal, etc. Each of these websites has its own
search tool, which returns the webpages that contain the corresponding
articles. As a result, for each periodical, we have a list of relevant articles
published in this periodical. Different lists describe articles published in
different periodicals, so these lists do not overlap.

What information can we use for this merger?
e Definitely, we have an order for each list.

e This order, usually, originates from the numerical values that this search
tool assigns to each found item. It may seem, at first glance, that we can
use these values too in our merging. However, since different search tools
are based on completely different ideas and principles, there is no known
way to meaningfully compare the numerical values generated by different
search tools.

So, order is the only information about each list that we can use, and the
problem becomes: How to merge sorted lists?

2 Towards mathematical formulation of the
problem

We want numerical values. Let us denote the number of lists that we want
to merge by n. The lists themselves can be denoted by L1,..., L,. For each j
from 1 to n, let us denote by N; the number of items in j-th list.

A natural way of merging these n lists into a single sorted list is to assign, to
each element of each of the lists, a value v, and then sort all Ny + No+...4+ N,



elements in the increasing order of this value. So, the question is: how can we
determine this value v for each item?

We need a function of two variables. An item is uniquely characterized by
two parameters:

e the number j of the list L; from which this item comes and

e the order 7 of the given item in the corresponding list L; (first item is No.
1, second item is No. 2, etc.).

Hence, the desired value v must be uniquely determined by the values of these
two parameters j and 1.

The only information we use to produce a merged list consists of the lists
themselves. Therefore, if we have two lists L; and Ly of equal length (i.e., two
lists with the same number of elements N; = Ny ), we have no reason to believe
that one of these lists is better than the other one. So, if two lists L; and L
have the same number of elements, then i-th element of the list L; should be
assigned the same value as i-th element of the list Lj.

This argument in the same spirit as the principle of insufficient reason
that lies in the foundations of statistics (especially Bayesian statistics)
and of decision making [4, 3]. This principle, first introduced by Jacob
Bernoulli, and then popularized by Pierre Simon de Laplace in his famous
treatise on probabilities [2], states that if there is no evidence leading one
to believe that one event is more likely than another, then the events
should be judged equally probable. Similarly, since we have no evidence
that one of the two lists with the same number of elements is better than
another, we assign equal values of v to similarly placed elements of these
two lists.

In other words, the dependence on j can only appear through dependence on
N;. Hence, the value v must be uniquely determined by ¢ and ;, i.e., we should
have v = v(i, N;).

The question is: which function of two variables ¢ and N; should we choose?

First requirement: the function v(i, N) should preserve the equality
between drops in relevance. Our first requirement is as follows: For each
list, the only information that we consider is its order. This order describes
the decreasing relevance of the items on the list: the first item is of the largest
relevance to the query, the second item is of smaller relevance, etc.

Thus, for example, the “drop in relevance” between the first and the third
elements of the list is larger than the drop in relevance between the first and
second elements, because:



e the drop in relevance from 1st to 3rd elements occurs in {wo steps (a drop
from 1st to 2nd, and then further drop from 2nd to 3rd), while

e the drop in relevance from 1st to 2nd elements consists of only one step.

On the other hand, if we compare two drops in relevance that take only one
step, e.g.:

e the drop in relevance from the 1st to the 2nd element, and
e the drop in relevance from the 2nd to the 3rd element,

then there is no reason to believe that one of these “drops in relevance” is larger
than the other one, and therefore, following the same “principle of insufficient
reason” as we used before, we can conclude that these two “drops of relevance”
are equal.

It is reasonable to require that this equality of drops in relevance should
be preserved by the value-assigning function v(é, N') (which defines the merged
list). We introduce the function v(i, N') to describe the ordering in the merged
list: first, we will list the item with the smallest value of v, then the item with
the second smallest value of v, etc. Our objective is to describe the items in
the merged list in the order of their relevance to the query: the most relevant
item should come first, the second relevant should second, etc. Thus, the value
v(4, Nj) describes the relevance of item 4 from j-th list in the merged list. Hence,
the informal notion of “drop in relevance” from item ¢ to item ¢ + 1 can be
naturally formalized as the difference between the corresponding values of the
function v (which describe their relevance), i.e., as the difference v(i 4+ 1, N) —
v(i, N).

Within this formalization, the requirement that the function v should pre-
serve the equality between the drops in relevance means that the above-defined
“drop in relevance” (difference) from 1st to 2nd items must be the same as
the “drop in relevance” difference from the 2nd to the 3rd items, etc. In other
words, this requirement means that v(2, N) — v(1,N) = v(3, N) — v(2,N) =
o=+ L,N)—w({,N)=...

Similarly, the “drop in relevance” from the 1st to the 3rd item must be same
as the drop in relevance from the 2nd to the 4th, from the 3rd to the bth. etc.,
e, v(3, N)—v(l,N)=v(4, N)—v(2, N)=...=v(i+2,N)—v(i, N) = ...

In general, if k—7 = k' — ¢, i.e., if the in original list, the “drop in relevance”
from #-th to k-th items is the same as the drop in relevance from #'-th to k’-th
items, then in the resulting list, we should also have equal drops in relevance,
i.e., the drop in relevance v(k, N)—v(i, N) from i-th to k-th items must be equal
to the drop in relevance v(k’, N) — v(¢’, N) from ¢'-th item to the k’-th item.



Since the cut-off that led to each list is, usually, reasonably arbitrary,
the function v(i, N) should be defined for ¢ > N as well. In the above
text, we proposed to define the values v(i, N;) for every element ¢ in j-th list.
Since j-th list has NV; elements, we want to define this expression for all values
i=1,...,N;. Thus, we need a function v(, N) to be defined for all possible
pairs of positive integers for which ¢ < N.

The restriction ¢ < N is indeed reasonable if each of the search tools produces
exactly IV; items and nothing else. In reality, the situation is more complicated:
each search tool produces much more than what it shows us, and then cuts off
the resulting long list. In other words:

e first, a search tool produces a long list of possibly relevant items, and

e then, it cuts off the tail of the original list, keeping only the most relevant
items.

The cut-off is usually done according to some heuristic (and reasonably ar-
bitrary) criterion, and often, some items that were cut off are not much less
relevant than the items that remained in the list.

With the possibility of this too-harsh cut-off in mind, it makes sense to
consider the possibility that some items, which were initially cut off from the
search tool lists, will be later on added to these lists, and thus, these additional
items will be available for merging.

Let us describe the consequences of this possibility in mathematical terms.
Originally, we had a list with IV; items numbers 1,2,..., N;. To this original
list, we add further elements, i.e., elements numbers N; + 1, N; 4+ 2, etc. We
now have additional elements to merge, so we need to assign the values v to
these additional elements.

e From the theoretical viewpoint, the new situation does not require any
new definitions. Namely, since we added elements to j-th list, its length
increases, from the original value IV; to some new value N]( > Nj. So, all
we have to do is:

— re-calculate the values v(i, NJ) for old items i = 1,..., Nj, and

— calculate the values v(i, Nj) for new items i = N; +1, N; +2,..., NJ.

In both cases, we only need to consider the function v(i, N) for ¢ < N.
e However, from the practical viewpoint, the above theoretical procedure

does not make much sense. Indeed, suppose that we only added one
element. Then:



— Adding an extra element does not change the relative relevance of
all other elements, so, at first glance, we should preserve the values
of old elements, and calculate a single new value: the value of the
new element (so that we will be able to find its proper place in the
merged list).

— However, according to the above procedure, we still need to re-
calculate all the values.

It is desirable to avoid this waste of computation time, and be able to
simply add one number (corresponding to the new element) to the results
of previous calculations. In other words, it is desirable to add the value
v(N; + 1, N;) that corresponds to the first additional element.

Similarly, it is reasonable to consider the values v(N; 4+ 2, N;) , v(N; + 3, N;),
etc., which correspond to second, third, etc. elements. In general, it is, thus,
reasonable to consider the values v(i, N) not only for i < N, but for ¢ > N as
well.

In other words, it makes sense to consider the function v(i, N) for arbitrary
positive integers ¢ and N.

Second requirement: the merged order should not change if we simply
change the granularity. In order to describe this second requirement, we
must elaborate a little bit on a fine point of web search tools. This point is best
illustrated by an example.

One of the authors (V.K.) is a co-maintainer of the Interval Computations
website (http://cs.utep.edu/interval-comp/main.html). This website consists of
the main page, a dozen pages that this page points to, and several dozen pages
that these pages, in their turn, point to. Some web search tools, if asked to
provide all the information relevant to interval computations, produce only the
main page of this website, while other web search tools generate the list of all
(or at least many) pages from this website.

This example can be reformulated in more abstract terms: different search
tools use different levels of granularity: where one tool returns a single page, an-
other tool may return several of them. Even for the same web search algorithm,
it is usually possible to tune this algorithm in such a way that the resulting tool
may exhibit different levels of granularity.

A natural requirement is that if we change the level of granularity for all
the tools, then the merged order should not change. How can we express this
requirement in mathematical terms?

Let us assume that we have tuned all search algorithms so that they now
produce several pages where they used to produce a single one. A natural way to
describe this “tuning” in quantitative terms is by describing the average increase
t in the number of pages, i.e., by the average number of new pages per single
old page.



Due to this increase, a list that originally contained N; items would now
contain approximately ¢ - N; items, and, since each item on the old list corre-
sponds to t items in the new list, the item number 7 in the old list has, in the
new list, number & ¢ - 7.

If each old page correspond to ezactly t new pages, then instead of approxi-
mate equality, we get an exact equality: item number ¢ (of N;) on the old j-th
list (i.e., on the list obtained by j-th web search tool before tuning) is item
number ¢ -7 (of ¢ - N;) on the new j-th list (i.e., on the list produced by j-th
search tool after tuning). In this case, the requirement that the tuning should
not change the order of the merged list can be formulated as follows:

If in the original merged list, item # ¢ from the list of N was placed before
item # ' from the list of N/ (i.e., if v(é, N) < v(¢', N')), then in the new
list, the corresponding items should be placed in the exact same order,
Le,v(t-i,t-N)y<o(t-i,t-N').

In real life, ¢ is only the average increase in the number of pages, not the ezact
one. Since ¢ is an average increase, the values ¢ -7 and ¢ - N need not be integers.
It is, therefore, natural to consider non-integer (real) values of ¢ and N as well,
and thus, to consider the function v(é, N) for arbitrary real values ¢ and N.

This is not just a mathematical trick: The possibility of changing the gran-
ularity level leads to a natural interpretation of such non-integer values of ¢
and N. This interpretation is best described by the example of the opposite
transformation, from an extended list to the shortened one, a transformation in
which instead of an increase, we get a decrease in the number of pages (i.e., in
which t < 1). For example, if two old pages correspond to a single new one, then
t = 0.5, and so, old item No. 2 correspond to new item No. 1, old item No. 4
is new No. 2, etc. Items Nos. 1, 3, b, etc. in the old list are simply absent from
the new list, in the sense that their information is still available, but not directly
anymore: to get the information from old item No. 1, we have to go to new item
No. 1, and then click on its subpage, etc. To describe the “indirect” presence
of these items in the new list, we can assign to them non-integer numbers ¢ - ¢:
e.g., old No. 1 is now No. 0.5, old No. 3 is now new No. 1.5, etc.

In view of this interpretation, it is reasonable to require that the function
v(, N) be defined for arbitrary rational numbers ¢ and N, and that for arbitrary
i, N, ¢, N, and t, v(i, N) < v(¢', N') should imply v(¢ -i,¢- N) < o(t-¢,t-N').

This motivation justifies only the use of rational numbers ¢ and N. However,
most mathematical functions, methods, and formulas use arbitrary real num-
bers. It is therefore convenient to use arbitrary real values ¢ and N instead of
only rational ones. By using real numbers, we do not add anything, because an
arbitrary real number can be approximated, within an arbitrary accuracy, by a
rational one, so, from any practical purposes, whether we consider only rational
numbers or arbitrary real values is rather irrelevant (for example, inside a com-
puter, every real number is represented as a rational number anyway). Since
the only reason for our using irrational values is, thus, to approximate rational



ones, 1t 1s natural to require that for close inputs, the function should have close
values, i.e., that this function v(é, N') should be continuous.

Thus, we arrive at the following definition:

3 Definition and the main result

Definition. We say that a continuous real-valued function v(i, N) of two posi-
tive real variables describes merger if it satisfies the following two conditions:

e foreveryi, k, v, k', and N,
ifhk—i=*k —1, then v(k, N) —v(i, N) = v(k', N) — v(¢, N);

e for everyi, i, N, N', and t,
v(i, N) < v(¢/, N’) if and only if v(t -i,t - N) < v(¢ -7t N').

Comment. The first condition means that equally spaced items remain equally
spaced; the second condition says that the resulting order should not not change
if we change granularity level.

Theorem. A function v(i, N) describes merger if and only if it has the form
v(i, N)=N*-(e1 i+ ca- N)+ cy for some real numbers «, ¢y, ¢1, and ca.

Comment. Since we are only using the values v(¢, N') to compare different items,
we can safely set ¢g = 0, because adding an arbitrary number ¢g to all values
v(i, N) does not change the relative order of these values.

Similarly, multiplying all values v(i, N) by a positive constant does not
change the order, so, we can safely assume that ¢; = 1.

After these two simplifications, we get an expression v(i, N) = N« (i+cz-N)
with only two parameters: « and cs.

In [5, 6], we considered a formula v(é, N) =i+ ¢z - N which corresponds to
a = 0, and we showed that already this simplified formula enables us, by finding
an appropriate value of ¢z, to produce a merger that expert would consider
reasonable. We hope that if we are allowed not only this parameter ¢y, but also
the additional parameter «, then the resulting merged list that would be even
closer to how an expert would manually merge the corresponding lists.

4 Proof

Let us first fix N and consider v(i, N') as a function of ¢. From the first condition
(that equally spaced items remain equally spaced) we conclude, in particular,
that v(2, N) —v(1,N) = v(3,N) —v(2,N) = ... = o(i+ I, N) = v(i, N) = ...
for all positive integers i. If we denote this common difference by 6(N), we thus
conclude that:



e v(2,N)—v(l,N) =b(N), hence

v(2, N)=ov(l, N)+ b(N);

e v(3,N)—v(2,N) = b(N), hence

v(3, N)=v(2, N)+ b(N) = v(1, N) 4+ 2b(N);

e v(i, N) —v(i — 1, N) = b(N) and hence,

(i, N) = v(i — 1, N) + b(N) = v(1, N) + (i — 1) - (N),

Thus, for all integer ¢, we have v(i, N) = v(1, N) + (i — 1) - b(N'). This formula
can be further simplified if we denote v(1, N)—b(N) by a(N), then this formula
takes the form

v(i, N) = a(N)+17-b(N). (1)

We have shown that this formula holds for all nteger values of 7. Let us

show that it also holds for “half-integer” values, i.e., values of the type i = p/2,
where p is an integer. Indeed, let us show, that this formula is true for

1
=k 4+ —.
7 —1—2

We know that v(k + 1, N) — v(k, N) = b(N). We also know that, since

(k+1)— (/H—%) = (/H—%) — k,

v(k—i—l,N)—v(k—i—%,N) :v(k—i—%,]\f) — vk, N).

we have

The sum of these two equal values is equal to

(v(k—i—l,N)—v(k—l—%,N)) + (v <k+%,N) —v(k,N)) =

v(k+1,N)—v(k,N)=b(N),
and thus, each of these terms is equal to (1/2) - b(N). Thus,



v(k—i—%,]\f) =v(k,N)+ (v <k+%,N) —v(k,N)) =

(a(N)+k~b(N))—|—%~b(N):a(N)—|— <k+%) b(N).

A similar proof can be repeated for all half-integer values z.

Similarly, we can prove that the formula (1) holds for all “quarter-integer”
values 1, i.e., values of the type p/22, also for values of the type p/23, p/2%, and
p/2¢ for arbitrary p and ¢. Since we can approximate an arbitrary real number
i by such values, and we have assumed that the function v(, N') is continuous,
we thus conclude that the formula (1) is true for all ¢ and N.

In view of formula (1), to describe the function v(i, N), it is sufficient to
describe the functions a(N) and b(N). To obtain such description, let us use
the second condition from our definition. Namely, according to this condition,
for every ¢, i, N, N', and ¢, a(N) 4+ b(N) -1 < a(N') + b(N') - ' if and only if
a(t-NY4+b(t-N)-t-i<a(t-N")y+b(t-N')-t-i.

So, if

a(N)+b(N)-i=a(N')+bN") ¢, (2)

then:

e we cannot have a(t - N)+b(t-N)-t-i <a(t-N')4+b(t-N')-t-i, because
otherwise, we would have a(N)+ b(N) -i < a(N') + b(N') - ¢/;

e we cannot have a(t - N)+b(t-N)-t-i>a(t-N')4+b(t-N')-t-i, because
otherwise, we would have a(N)+ b(N) -i > a(N') + b(N') - ¢/;

and therefore, we must have
a(t-N)+b(t-N)-t-i=a(t-N)+b(t -N')-t-i. (3)
From the equation (2), we can uniquely determine ¢':

o oN)—a(N) | B(N)
i = V) +b(N’) -1 (4)

From equation (3), we similarly conclude that

L a(t-N)y—a(t-N')  b(t-N)
CETTayy eyt 5)

Thus, the second condition means that for every ¢, N, N’ and ¢, the right-hand
sides of the equations (4) and (5) must coincide, i.e., that we must have
a(N)—a(N")  b(N) a(t-N)—a(t-N') bt -N)

vy Ty T ey Tweay O

10



Both sides are linear functions of 7. Since the two linear functions are always
equal, their coefficients at ¢ should be equal, and their free terms are equal.
Hence, we get the following two equalities:

B(N)  b(t-N)

BN ~ bt N')’ ™

a(N)—a(N’):a(t~N)—a(t~N’) (8)
b(N') t-b(t-N') ’

The equation (7) contains only one of the unknown functions (6(N)), while (8)
contains both of them. So, for simplicity, let us start with analyzing equation
(7). Let us start by exploiting particular cases of this equation. Substituting
N’ =1 into equation (7), we conclude that

b(N) b(t-N)

(1) ()

and hence, that

(9).

This functional equation can be further simplified if we introduce a new unknown
function ¢(N) = b(N)/b(1). If we substitute b(N) = ¢(N)-b(1) into the equation
(9) and divide both sides of this equation by (1), we conclude that ¢(t - N) =
¢(t) - ¢(N). This functional equation dates back to Cauchy, and it is well known
that every continuous solution to this equation is of the form ¢(N) = N for
some real number « (see, e.g., [1]). Thus, b(N) = b(1) - N*. This is exactly the
coefficient at ¢ that we want to obtain in our Theorem, with the only difference
that in that formulation, we used ¢ instead of b(1). So, if we denote b(1) by ¢,
we get the desired expression

B(N) = ¢, - N°. (10)
For this b(N), formula (8) take the following form:

a(N)y—a(N') a(t-N)—a(t-N)

Cl~(N/)a - t~61~(t~N/)a

Multiplying both sides of this equation by ¢1 - (N/)* - t17% we conclude that
a(t-N)—a(t-N")=t"T* . (a(N) — a(N")).

Substituting N’ = 1, and moving the term a(¢ - 1) = a(¢) into the right-hand
side, we conclude that

a(t-N) =a(t) +t+* . a(N) — 1T . a(1). (11)

11



“Swapping” ¢ and N and taking into consideration that t - N = N - ¢, we can
conclude that

a(t-N)=a(N -t) = a(N)+ Nt . a(t) - N'T* . q(1). (12)

Since the left-hand sides of equations (11) and (12) coincide, their right-hand
side must also coincide for arbitrary ¢ and N:

a(t) + 1T q(N) =t q(1) = a(N) + NP a(t) — N1t a(l).  (13)

If we move terms that contain a(N) to the left-hand side and all other terms to
the right-hand side, we conclude that

=1 -a(N) =t -a(l) + N a(t) = N7 a(l) —a(t).  (14)

This equality must be true for all £. Let us pick one value of ¢, e.g., t = 2
(one can easily check that any other value of ¢ would lead to the same result).
Substituting ¢ = 2 into the equality (14), we conclude that

(27 — 1) a(V) = 2" ca(1) + NP a(2) = NP a(l) — a(2),  (15)

i.e., that
a(N):c2~N1+a—|—co, (16)

where we denoted
a(2) — a(l)

2T ol

and
olta. a(l) —a(2)
Cyp = 21+oz — 1 .

Substituting expressions (16) and (10) into the formula (1), we get the de-
sired expression for the merging function. The theorem is proven.
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