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Abstract—According to the traditional probability theory, all equations are invariant with respect to changing the order
events with a positive but very small probability can occur of time flow (¢ — —t). So, if we have a process that goes
(although very rarely). For example, from the purely mathe- om stated to stateB, then, if while atB, we revert all the

matical viewpoint, it is possible that the thermal motion of all lociti f all th t il get that
the molecules in a coffee cup goes in the same direction, so thisV€'0¢I€S o all the aloms, we will get a process that goes

cup will start lifting up. from B to A.
In contrast, physicists believe that events with extremely small  However, in real life, many processes are clearly irre-

probability cannot occur. In this paper, we show that to get vyersible: an explosion can shatter a statue but it is hard to
a consistent formalization of this belief, we need, in addition j,5ine an inverse process: an implosion that glues together
to the original probability measure, to also consider a maxitive . . .
(possibility) measure. shattered pieces into a statue. Boltzmann himself, the 19th
century author of statistical physics, explicitly stated that such
|. PHYSICISTS ASSUME THAT INITIAL CONDITIONS AND  nverse processes “may be regarded as impossible, even though
VALUES OF PARAMETERS ARE NOT ABNORMAL from the viewpoint of probability theory that outcome is only

To a mathematician, the main contents of a physical theoeytremely improbable, not impossible.” [1].
is its equations. The fact that the theory is formulated in ter . . . .
of well-defined mathematical equations means that the act mple 3. If we toss a fair coin 100 times in a row, and

field must satisfy these equations. However, this fact cads get heads all the time, then a person who is knowledgeable in
! ; Eﬂrobability would say that it is possible — since the probability

Is still positive. On the other hand, a physicist (or any person
who uses common sense reasoning) would say that the coin is
Example 1. At any temperature greater than absolute zeret fair — because if it is was a fair coin, then this abnormal
particles are randomly moving. It is theoretically possible that/ent would be impossible.

all the particles start moving in one direction, and, as a result,

a person starts lifting up into the air. The probability of this In all these cases, physicists (implicitly or explicitly) require
event is small (but positive), so, from the purely mathematicilat the actual values of the physical quantities must not only
viewpoint, we can say that this event is possible but highfigtisfy the equations but they must also satisfy the additional
unprobable. However, the physicists say plainly that such gandition: that the initial conditions shouttbt be abnormal
abnormal event igmpossible(see, e.g., [6]).

sense. Let us give three examples:

Comment.In all these examples, a usual mathematician’s

Example 2.Another example from statistical physics: Suppos@sponse to physicists’ calling some low-probability events

that we have a two-chamber camera. The left chamber“igipossible”, is just to say that the physicists use imprecise
empty, the right one has gas in it. If we open the door betwelmguage.

the chambers, then the gas would spread evenly between thi is indeed true that the physicists use imprecise language,
two chambers. It is theoretically possible (under appropriatedynd it is also true that in the vast majority of practical ap-

chosen initial conditions) that the gas that was initially evenlglications, a usual probabilistic interpretation of this language
distributed would concentrate in one camera. However, phyperfectly well describes the intended physicists’ meaning. In
cists believe this abnormal event to be impossible. This is ather words, the probability language is perfectly OK for most

example of a “micro-reversible” process: on the atomic levgbhysical applications.



However, there are some situations when the physicists’s if the computed probability of some event is larger than
intuition seem to differ from the results of applying traditional  pg, then this event can occur, while
probability techniques: « if the computed probability is < pg, the event cannot

« From the probability theory viewpoint, there is no fun- ~ OCCUI.
damental difference between such low-probability evenEor example, the probability that a fair coin falls heads 100
as a person winning a lottery and the same person beiimges in a row is27190, s, if the threshold probability,
lifted up into the air by the Brownian motion. If a persorsatisfies the inequality, > 2719, then we will be able to
plays the lottery again and again, then — provided that thisnclude that such an event is impossible.
person lives for millions of years — he will eventually win.
Similarly, if a person stands still every morning, then — !1l- TH"‘E ABOVE FORMALIZATION OF THE NOTION OF
provided that this person lives long enough — this person TYPICAL™ 1S NOT ALWAYS ADEQUATE
will fly up into the air. In the previous section, we described a seemingly natural
« On the other hand, from the physicist viewpoint, therformalization of the notion “typical” (“not abnormal”): if a
is a drastic difference between these two low-probabilifyrobability of an event is small enough, i.e, po for some
events: yes, a person will win a lottery but no, a persarery smallp,, then this event cannot happen.
will never lift up into the air no matter how many times The problem with this approach is thawery sequence
this person stands still. of heads and tails has exactly the same probability. So, if
We have just mentioned that the traditional mathematicale choosep, > 2719, we will thus exclude all possible
approach is to treat this difference of opinion as simply cause@quences of 100 heads and tails as physically impossible.
by the imprecision of the physicists’ language. What we pldriowever, anyone can toss a coin 100 times, and this proves
to show is that if we take this difference more seriously arilat some such sequences are physically possible.

deve'lo'p a, new formallsm that more accurately captures tplestorical commentThis problem was first noticed by Kyburg
physicists’ reasoning, then we may end up with results an

directions that are, in our opinion, of potential interest tgﬁuder the name olf_otter)'/.paradqx[g]: in a big (e.g.,.stafte-
. . wide) lottery, the probability of winning the Grand Prize is so
foundations of physics.

. . . small that a reasonable person should not expect it. However,
In other words, what we plan to show is that if we continu P P

to use the traditional probability approach, it is perfectly O ome people do win big prizes.

but if we try to formalize the physicists’ opinion more closely, IV. RELATION TO NON-MONOTONIC REASONING

we may sometimes get even better results.
y 9 Lottery paradox has been known for several decades, and

Comment.t is known that the probabilistic approach is, ifTmany solutions have been proposed to resolve this paradox.
principle, quite capable of describing uncertainty in physical One possible solutions comes from the fact that in deriving
systems; in particular, the probabilistic approach is capalitee above paradox, we used classical logic, a logic that is
of describing rare events in physical systems. Some problemenotonicin the following sense: once we made a logical
related to rare events require new probabilistic techniques, loaihclusion, this conclusion remains valid no matter what new
overall, within a traditional probabilistic approach, there seenmksowledge we acquire. In classical logic, if we increase the
to be no need to introduce possibility measures. set of facts and rules, the set of conclusions can only increase.
It is also known that possibility measures can be useful for Our objective, however, is to formalize expert reasoning
physical applications, e.g., to reflect considerable vaguenésgecifically, physicists’ reasoning), and it is known that the
in the dynamical laws of complex physical systems, to dexpert reasoning is, in general, not monotonic. For example,
scribe the vague, fuzzy character of the experts (= physicisifsjve know that birds normally fly, and we see a bird, then we
knowledge about these systems. normally conclude that this bird can fly. However, if it later
What we plan to show, in this paper, is that there iurns out that this bird is an abnormal bird, e.g., a penguin,
one more area where possibility measures can be helpfultfat we take back our original conclusion and conclude that
physical applications: in describing the physiciststuition this particular bird does not fly.
about rare events, an intuition that is somewhat different fromlt is known that if we take the non-monotonic character of
its traditional probabilistic description. expert reasoning into consideration, then the lottery paradox
stops being a paradox, it becomes simply one of the non-
monotonic features of expert reasoning; see, e.g., Poole [11],
[12] (see also [7]). Specifically, if we use formalisms like
The above-mentioned property of being “not abnormabiefault logic that have been designed to capture commonsense
(“typical”) has a natural formalization: if a probability(E) reasoning, we can explain the above paradox.
of an eventE is small enough, i.e., ip(E) < po for some From the pragmatic viewpoint, this approach is very satis-
very small thresholgbg, then this event cannot happen. factory; however, from the foundational viewpoint, the existing
In other words, there exists the “smallest possible probabilescription of commonsense non-monotonic reasoning is still
ity” po such that: being developed, better and better semantics of non-monotonic

Il. A SEEMINGLY NATURAL FORMALIZATIONS OF THIS
IDEA



reasoning — in particular, reasoning about what is typical anandom was the motivation behind Kolmogorov and Martin-

what is normal — are appearing all the time. Lof's formalization of randomness (and behind the related
What we plan to do in this paper is restrict ourselves only twtion of Kolmogorov complexity; the history of this discovery

the description of rare events. For this narrow specialized atisadescribed in detail in [10]).

of reasoning, we will provide a formalization of the notions This notion of Kolmogorov complexity was introduced

of “typical” and “normal”, and thus, in effect, we provide aindependently by several people: Kolmogorov in Russia and

specificnon-monotonic logic — a logic is reasonably final (an&olomonoff and Chaitin in the US. Kolmogorov defined com-

thus, does not depend on the fact that gemeraldescription plexity K (x) of a binary sequence as the shortest length

of non-monotonic reasoning is still far from being final).  of a program which produces this sequence. Thus, a sequence

Commentlt is worth mentioning that there is an interesting©"Sisting of all 0s or a sequence 010101...both have very

alternative approach to the above solution of the lottery pardi@ll Kolmogorov complexity because these sequences can

dox: namely, we can, alternatively, conclude that our intuitiof® 9enerated by simple programs; on the other hand, for a

is simply wrong and that events with very small (even Ogequence_ of resqlts (_)f tossing a coin, probably the shortest
probability can actually happen. rogram is to writeprint(0101...) and thus reproduce the

This alternative approach was pioneered by such wefiitire sequence. Thus, whéf(z) is approximately equal to

known specialists in philosophical foundations of probabilit}’ !engthlen(x) of a sequence, this sequence is random, oth-
theory as K. Popper and B. de Finetti (see, e.g., [3]). This apWise it is not. (The best source for Kolmogorov complexity

proach is currently being successfully developed by G. Coletf, 2 book [10].) o ]
A. Gilio, R. Scozzafava, W. Spohn, and others (see, e.g., [Z]However, the existing Kolmogorov complexity theory does

and references therein). Within this alternative approach, th&gt Yet lead to a formalism describing when low-probability
ents do not happen; we must therefore extend the original

is a natural hierarchy of zero probability events (induced o ) _
the corresponding conditional probabilities), and this hierarctyPlmogorov's idea so that it would cover this case as well.

also leads to a maxitive measure!

Since our objective is to formalize the physicists’ intuition,
not to reject it, we do not follow this alternative approach. Let us start with motivations. We have mentioned that
However, the very fact that both approaches lead to the same cannot consistently claim that an evdtitis possible if
formalism of maxitive measures makes us think that mayla@d only its probabilityp(E) exceeds a certain threshalg;
there is a deep relation and similarity between these timstead, we must take into consideration that “complexity”
approaches. ¢(FE) of an event, and claim, e.g., that an evéhts possible

V. KOLMOGOROV' S IDEA: USE COMPLEXITY if:and only if p(E) > po&(ng), -e., equivalentlym(E) > po,
where we denoteth(E) = p(E)/c(E).

Crudely speaking, the main problem arises because we
select the same thresholg for all events. For example, if CommentTo handle events with O probability, we must extend
we toss a fair coin 100 times then a sequence consisting ofthk ratiom(F) to such events — otherwise, e.g., for the uniform
heads should not be possible, and it is a reasonable conclusitribution on the interval0, 1], we would havep({z}) =
because the probability that tossing a fair coin will lead to this < pg - ¢({z}) hence no point: would be possible.

sequence is extremely smad71%0, ) . s
On the other hand, whatever specific sequence of heads nie \_NOUId_ like t_o_c_;har_act_erlze the *ratio measureS(E)“
tails we get after tossing a coin, this sequence also has f‘%Wh'”Ch this dEfm.'t'O” Is, in some reasonable sense, *con-
same small probabilitp %%, In spite of this, it does not seemSistent” for all possible thresholgs. In order to do that, let
us first find out how to formalize the notion of “consistency”.

to be reasonable to dismiss such sequences. ‘ )
Several researchers thought about this, one of them A'LetX be the set of all possible outcomes. Aventis then

N. Kolmogorov, the father of the modern probability theorySMPly @ subset of the setX', andp is a probability measure
Kolmogorov came up with the following idea: the probabilit)Pn ac-algebra of sets fronk.
threshold t(E) below which an event® is dismissed as L€t 7 & X Dbe the set of all outcomes that are actually
impossible must depend on the event's complexity. The evéitSSiPle. Then, an everi is possible if and only if there is
E, in which we have 100 heads is easy to describe aﬁd)OSSIbIe outcome that belongs to the Bei.e., if and only
generate; so for this event, the threshe{d, ) is higher. If it ENT #0. ) o
t(E1) > 2719 then, within this Kolmogorov's approach, we Now, we are ready for the main definition:
conclude that the everf; is impossible. On the other hand,pefinition 1. Let X be a set, and led C 2 be ac-algebra
the eventE, corresponding to the actual sequence of heads ¢ ,psets of the set. By aratio measuren we mean a
and tails is much more complicated; for this eveif, the manping fromA to the set of non-negative real numbers (and,
thresholdt(E>) should be much lower. lf(E>) < 271%, we possibly a valuerco) such that for every real numbeyg > 0,
conclude that the everf, is possible. there exists a sef'(po) for which

The general fact that out &* equally probable sequences
of n Os and 1s some are “truly random” and some are not truly VE € A(m(E) > py < ENT(py) #0). (1)

VI. FORMALIZATION AND THE MAIN RESULT



e m(E) < Sl(ip m(Ey).

To describe our main result, we need to recall the definitidret us show that in both cases, we have a contradiction.
of a maxitive (possibility) measure [5], [13], [14]: Indeed, by definition of a ratio measure, for evegy there
exists a sefl’(py) such that for every sef, we havem(S) >
po if and only if SN T(pg) > 0.

If m(E) < supm(FE,), let us selecp, for which

Definition 2. A mappingn from sets to real numbers (and pos
sibly a value+oo) is called amaxitive (possibility) measure
if for every family of set&,, for whichm/(E,) andm(UE,)
are defined, we have m(E) < po < supm(E).
m (U Ea) = supm(Ey). Since m(E) < po, we conclude that the everff is not
a ¢ possible, i.e.,
ENT(po) = 0. (2)
Comment.Our definition is slightly more general than the . .
definitions from [5], [13], [14]: On oth'er hand, sincg, < SI;p m.(Ea), there .e>.<|.sts a value(?
« in[5], [14], only valuesm(E) € [0,1] are allowed, while for which py < m(E,,). For thisayg, by definition of a ratio
we allow arbitrary non-negative values: measure, the evetff,,, is possible, so there exists an outcome
« in [13], the maxitive property is only required for finite? oM Eq, that also belongs to the séi(p,) of possible
families E,, while we allow arbitrary (in particular, €V€Nts. However, sincé = UE,, we haver € F, sox € EN
T(py) — which contradicts our previous conclusion (2). This
contradiction shows that the inequality(E) < supm(E,)
Theore.m 1.For.a given probgbility measqrp(_E), a functign is impossible. «
m(E)_ is a ratio measure if and only if it is a maxitive | m(E) > supm(E,), let us selecp, for which
(possibility) measure. o

Comment about the resulSince m(E) = p(E)/c¢(E) is a m(E) > po > supm(Ea).
possibility measure, we thus havw¢E) = m(E)/p(E). In '
other words,

infinite) families of sets.

Sincem(E) > po, we conclude that the evelf is possible,
possibility i.e., there exist an outcome that belongs both td&Z and to
probability’ T(po). SinceE is the union of the sek,, this eventr belongs

to one of the set&,,,. Thus,E,,NT(po) # (), so by definition

of a complexity measure, we should have

complexity=

Comment about the result and about the following pradiis
result is in perfect accordance with a recent paper by D. m(Ea,) > po (3)

Dubois, H. Fargier, and H. Prade [4] in which the authorf%r this ao. However, from our assumptionn(E) >

Prove e crl ncerianty o) Conerent it e 0l 7, ) an from the fact thakp 1 (Fu) > (i)
Moreover, even our proof is similar to the proofs from [4]We conclude thain(E.,) < po — a contradiction with our
[5]. In principle, we could drastically shorten our proof if’previous conclusion (3). This contradiction shows that the

instead of presenting our proof step by step, we would instegquality m(E) > Sgpm(Ea) is also impossible.
simply explain what needs to change in these proofs. ThisThus, every ratio measure:(E) is indeed a maxitive
would be sufficient for specialists in possibility theory. measure.

However, one of our main objectives is to win more converts
for the possibility theory. For the benefit of these potential TO, complgte the prqof of Theorem 1, we must- now prove
converts who are not yet familiar with the possibility theor@f‘at if m(E) is a maxitive measure, then it is a ratio measure.

and its proofs, we decided to present the proof “from scratch® Prove this, we will show that for every positive real number
po, there exists a séf(py) that satisfies the condition (1). We

will show that as such a set, we can take a complement to the
Proof. Let us first prove that every ratio measure(E) union of all setsS € A for which m(S) < po, i.e.,
is indeed a maxitive measure. By definition of a maxitive

measure, we need to prove thatff, is a family of sets from T(po) = —U{S € A[m(S) < po}. (4)
the o-algebraA for which the unionE = UE,, also belongs \we must prove that for everff € A, E N T(po) # 0 if and
to A, we havem(E) = supm(Ej). only if m(E) > po. Actually, we will prove an equivalent

Let us prove this ineqﬁality by reduction to a contradictiorstatement: that for everfy € A, ENT(py) = 0 if and only
Let us assume that(E) # supm(E,). In this case, we have if m(E) < po.
o If m(E) < po, thenE is completely contained in the union
U{S € A|m(S) < pp}, thus, E cannot have common points
with the complement’(py) to this union.

two options:
o m(E) > supm(E,) and



Vice versa, let us assume that for some evEnt A, we Proof. To prove this theorem, we will assume that a universal
have ENT(po) = 0. This means that the sét is completely complexity measure:(E) exists, and from this assumption,

contained in the complement ®(py), i.e., that we will deduce a contradiction.

First, let us show that ifA C B are two sets from the-
algebraA for which B # X, thenc(A) > ¢(B). Indeed, let
us prove that ifc(A) < ¢(B), then we get a contradiction.

If ¢c(A) < ¢(B), then we can set up a probability measpre

ECu{SeA|lm(S) <po}.
Thus,

E=U{SNE|S € A&m(S) < po}. (5)

If the setS and £/ belongs to ar-algebra, then their intersec-

tion and their difference also belong to thealgebra. From

S = (SNE)U(S—E) and the definition of a maxitive measure

we thus conclude that(S) = max(m(S N E),m(S — E))
hencem(S N E) < m(S). So, if m(S) < pg, we have
m(SNE)<m(S) <py hencem(SNE) < pp.

Applying the definition of a maxitive measure to the formul

(5), we can now conclude that(F) = supm (SN E), where
supremum is taken over afl € A for which m(S) < pg. We
have already shown that for all sush we havem(SNE) <

a

for which p(A) = ¢(B) > 0 andp(B — A) = 0. For this

probability measurep(B) p(4) + p(B — A) ¢(B),
hencep(B) < ¢(B) and p(B) > 0. By definition of a
universal complexity measure, this means that theBsétas
no common points withl'[p]. Since A is a subset ofB, it
also has no common points wiffijp]; due top(A) > 0, we
should havep(A4) < ¢(A). However,p(A) = ¢(B) > ¢(A) —a
contradiction shows that the casgd) < ¢(B) is impossible.

Let us now show ifA C B and¢(B) > 0, thenc(A)

po. Thus,m(E) is the supremum of a set of numbers each ef B). We already know that(A) > ¢(B). Thus, it is sufficient

which is < pg. We can therefore conclude that(E) < py.
The theorem is proven.

VIl. AUXILIARY RESULT

to show that ifc(4) > ¢(B), then we get a contradiction.
Indeed, since:(B) > 0 and B — A C B, we have

c(B—A)>c¢(B)>0.

Our definition of complexity depends on the choice of th .
probability measure. In other words, complexity of an eve E[et C(A) > ¢(B), then we can set up a probability measpre
or which p(A) = ¢(A) and

depends on the problem that we are trying to solve. This makes
sense because what we are looking for is complexity relevant 0<p(B—A)<c(B-A).

to the problem.

However, a natural question is: is it possible to have fPr this probability measuregy(A4) < ¢(A) and p(A) > 0,
“universal” complexity measure, i.e., a complexity measuﬂb?n?e the setl cannot have any common points wiff{p|.
that will serve all possible probability measurg&)? The Similarly, since0 < p(B — A) < ¢(B — A), the setB —
answer is “no”, even if, instead of all possible threshglgs A cannot have any common points wiffip]. Since neither

we just consider a single one. This result is true evenXor the setA nor the setB — A can have common points with

o universal complexity measure and the fact th@B) > 0, this
Definition 3. Let X = [0, 1], and let.A C 2% be ac-algebra

: < would mean thap(B) < ¢(B), but p(B) > ¢(A) > ¢(B).
of all Lebesgue-measurable sets. Byumiversal complexity The contradiction shows that the casel) > ¢(B) is also
measurec we mean a mapping fromd to the interval[0, 1] impossible.
for which 0 < ¢([a,b]) < 1 for every interval[a,b], and for

. , S0, A C B and¢(B) > 0 imply thatc(A4) = ¢(B).
every probability measurg on A, there exists a set’[p] for Let [a,b] be an arbitrary intervag [0,1]. Then, by defi-
which

nition, ¢([a,b]) > 0, so, for every setF C [a,b], we have
VE € A(p(E) >0 — (p(E) > c¢(E) < ENT[p] #0)).

¢(E) ¢([a,b]). Let us select an integet > 1/c¢([a,b])
and divide the intervala,b] into n subintervals of equal
size. For the uniform distribution on the interval, b], the
probability p(E) of each subintervak is equal tol/n. Since

n > 1/c¢(]a,b]), we thus conclude thap(F) = 1/n <
¢([a,b]), i.e., p(E) < ¢(E) = ¢([a,b]). Thus, none of these
n subintervals can contain elements frdifp]. On the other
hand,p([a,b]) = 1 > ¢([a, b]) hence the unioifs, b] of thesen
Comment 2The term “complexity” has many meanings; insubintervals does contain elements frdip] — a contradiction.
this paper, we only use it as a way to describe which rareThe theorem is proven.

events are possible and which are not. From this viewpoint,

Theorem 2 is not so much a theorem complex complexity VIIl. CONCLUSION

but rather a result about the impossibility of representing According to the traditional probability theory, events with
physicists’ reasoning about rare events in purely probabilisécpositive but very small probability can occur (although very
terms — a result similar, in spirit, to results from [4]. rarely). For example, from the purely mathematical viewpoint,

Theorem 2. A universal complexity measure is impossible.

Comment 1Since we gave a rationale that( £') has the form
p(E)/c(E), and another rationale for having(FE) maxitive,
the impossibility result is not unexpected.



it is possible that the thermal motion of all the molecules irs]

a coffee cup goes in the same direction, so this cup will sta&ts

lifting up.

. . . [
In contrast, physicists believe that events with extremely

7]

small probability cannot occur. In this paper, we show that

to get a consistent formalization of this belief, we need,

in

addition to the original probability measure, to also consider

a maxitive (possibility) measure.
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